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PREFACE

The present volume is designed as a textbook in mechanics for
the use of students in our colleges and universities, particularly
those students who are interested in astronomy, physics, or
mathematics. It is not designed primarily for the student of
cngineering, particularly those who are interested only in the
technical aspect of engineering; but it should make an appeal to
that relatively small group of engineers who wish to extend their
knowledge beyond the mere rule of thumb into the deeper foun-
dations and developments of general theory.

The treatment of the subject is elementary in the sense that it
begins at the beginning by developing the concepts and postu-
lates which are peculiar to mechanics. The chapter devoted to
vectors requires a knowledge of geometry only. Velocity,
acceleration, and force require the notion of a limit, and work
that of a definite integral. While this is true, an extended knowl-
edge of the calculus is not required in the first part of the book.
The second part, on statics, draws somewhat more heavily on the
calculus, while the third part, on the dynamics of a particle,
requires a thorough working knowledge of it. It is evident, there-
fore, that if the student is not already familiar with calculus, a
study of this volume must be supplemented by studies in pure
mathematics. The two studies can go on together, however,
and it is even desirable that they should, for progress in both
subjects will be slower, and more time will be allowed for a
proper assimilation of the ideas which have been received.

Mechanics is not an easy subject: not only is it not easy for
the student, it has proven to be a difficult subject for the entire
human race, as is evidenced by the fact that it came into existence
two thousand years later than its allied subject, geometry.
Philosophers are not yet satisfied with its foundations, and
doubtless will not be for some time to come. The difficulties
of the subjeet make many problems desirable, and many problems
have been furnished in the text. Familiarity is gained only by
much practice, and much material for this practice is necessary.
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vi PREFACE

Inasmuch as students are rarely certain of their results, the
answers are given to all of the problems.

An adequate treatment of the entire subject of mechanics
cannot be given in a single volume. The present volume con-
tains those subjects which are usually taught in our colleges and
universities, namely statics, and the dynamics of a particle.
It is the intention of the author to deal with the theory of the
potential and the dynamics of rigid, elastic, and fluid bodies in
future volumes.

The author’s colleague, Dr. Walter Bartky, has very kindly
assisted in reading the final proofs.

W. D. MacMILLAN.

Tre UntveErsiTY oF CHICAGO,
Aprd, 1927.
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STATICS AND THE DYNAMICS
OF A PARTICLE

PART 1

THE FUNDAMENTAL CONCEPTS OF
MECHANICS '

CHAPTER 1
VECTORS

1. Directed Quantities.—Certain quantities oceur in nature

which are not completely characterized by magnitude alone.
When speaking of four dollars or of ten tons, the quantities are
tompletely characterized by the numbers four and ten. But
in speaking of the wind, it is not sufficient to say that the wind is
blowing six miles per hour, for the direction from which the wind
is blowing may be more important than its rate. It would be
quite sufficient, however, to say that the wind was blowing six
miles per hour from the northeast (Fig. 1a) or nine miles per hour
from the west (Fig. 1b). Forces and accelerations also can be
completely characterized only by giving both their
magnitudes and directions. Quantities of this (a)
kind can be represented geometrically by an
arrow, or a directed segment of a straight line, _____
the length of the arrow being equal (on a suitable Fia. 1.
scale) to the numerical value of the quantity in
question, while the direction of the arrow is, of course, the same
as the direction of the quantity which it represents.
.. 2. Definition of a Scalar.—A scalar:is a quantity which
possesses magnitude but not direction. It can be measured by
means of a suitable scale. The ordinary numbers of arithmetic
or algebra are typical scalars. They are measures of length,
time, weight, etc.
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3. Definition of a Vector.—A veclor is a directed quantity which
combines with other directed quantities of the same kind in
accordance with the parallelogram law. Its position is not
material, so that it can be moved about freely provided its length
and direction are not altered.

Velocities, accelerations, and forces are typical vectors, as will
Le shown later in the proper place; but a directed quantity is not
necessarily a vector.

4. The Parallelogram Law.—If two directed quantities of the
same kind taken together are equivalent to a single directed quan-
tity of the same kind which in mag-
nitude and direction is the diago-
nal of the parallelogram of which
the first two quantities form two of
the sides, then the two quantities
Fra. 2. are said to combine in accordance

with the parallelogram law. Thus,

— —
in Fig. 2, if the directed quantities AB and AD taken together

—
are equivalent to AC, which is the diagonal of the parallelogram

— —
formed on the two sides AB and AD, then AB and A D are directed
quantities which obey the parallelogram law and are therefore
vectors.

— - —
If the lengths of AB, AD, and AC are b, d, and c, respectively,

— —
and 6 is the angle between AB and AD, then from the cosine law
of trigonometry applied to the triangle ACD it is found that
A —————————— Y

¢ = b2 4 d? + 2bd cos 6. (1)
— — —
The vector AC is called the resultant of AB and AD.

6. Composition and Resolution of Vectors.—The process of
combining two or more vectors into a single one by means of the
parallelogram law is spoken of as the comgpsition of vectors. Itis
readily verified that the result of the composition is quite inde-
pendent of the order in which the vectors are combined.

Conversely, a single vector can be resolved into two or more
components, and this process is called the resolution of vectors.
Any set of vectors, no two of which have the same direction,
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which taken together are equivalent to a single vector is called
pu—y

the components of the single vector. Thus, in Fig. 3, AC and

— — — —

AD are components of AB; but so alsoare AE and AF com-

—*
ponents of AB. If the directions of the components are specified,
the resolution is unique, but if nothing at all is specified a vector
can be resolved into components in an unlimited number of
ways.

6. Vectors in Three Dimensions.—Vectors which lie in three
dimensions can be combined into single vectors just as they are
in two dimensions, for the resultant of any two vectors can be
combined with .a third vector even though the third vector does
not lie in the same plane as the first two. The resultant of the
first three vectors can be combined with a fourth vector, and so
on. The number of the dimensions is not material.

The resultant of three vectors which do not lie in the same plane
is the diagonal of the parallelepiped of which the three vectors

— — —
form three of the edges. Let AB, AC, and AD (Fig. 4) be three
vectors not lying in the same plane, and let ABEC-DGFH be
the parallelepiped constructed on these three vectors. Then

—_ = — — —
the resultant of AB, AC, and AD is AF, for the resultant of AB

— — — — —
and AC is AE, and the resultant of AE and AD is AF.

7. Miscellaneous Properties of Vectors.—A vector can vanish
only if its magnitude vanishes, and in this event direction ceases

to have any meaning.
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Two vectors are equal if, and only if, they have the same
magnitude and the same direction.

Since position is not material, a vector is completely specified
by giving its projections upon three intersecting axes which have
different directions, provided the three axes do not lie in the same
plane. If the end points of a vector are the points z,, y1, z; and
Z3, Yo, 22, respectively, the projections of the vector upon the axes
of reference are

T2 — 2y, Y2 — Yy, 2y — 2y,
and these three numbers determine the vector.

A vector is specified in polar coordinates by giving its length r
and the polar angles of its direction ¢ and 6.

u—y
If AB is a vector, the point A is called its origin and the point
B is called its terminus.

8. Example. Displacements are Vectors.—Perhaps the sim-
plest example of a vector is the displacement of a point. If a

N

point P moves from the position 4 to the position B, the length A B

is the magnitude of the displacement, and its direction is from
the origin A to the terminus B. ' ‘

That such a displacement can be represented by an arrow is

evident. To prove that it is a vector it is necessary to show that

two such displacements are equivalent to a

D single displacement which can be obtained by

taking the diagonal of the parallelogram of

which the two given displacements form two

of the sides.

-
C B In Fig. 5, let A-I’i and AC be two displace-
ments. Let the point P move first from 4
to B and then be displaced from B by an
amount which is equal in magnitude and

A —
Fra. 5. direction to AC. It arrives then at the

point D. Or, the order of the displacements
can be reversed by letting the point move first from A to C and
then be displaced from C by an amount which is equal in magni-

—>
tude and direction to AB. It arrives again at the same point D,
since ABDC is a parallelogram. But the point P vould be moved

from A to D by a single displacement A_i), and furthermore z?D
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is the diagonal of the parallelogram of which z-i—l)? and Xb are two
of the sides.

Hence, the displacement of a point is a vector, since it satisfies
all the requirements of the definition. .,

9. Vector Notation.—The symbol II} which has been used to
denote a vector is convenient when it is desired to indicate the
origin and terminus of a vector. But since a vector is essentially
a single concept, independent of position, it is desirable to repre-
sent vectors by means of single letters. Since, however, they
differ in their nature from ordinary magnitudes, it is customary
to represent them by bold-face type in order to call attention to
their vector character, italic type being used for scalar magni-
tudes. Thus, A is a vector and A4 is its length, or numerical
value; a is a vector and a is its
length, ete. This practice will be
followed throughout the book when- A C
ever vector notation is in evidence,
as it defines once for all the scalar
magnitude of a vector. B

10. The Vector Sum.—In Fig. Fic. 6.

6, the vectors B and C taken
together are equivalent to the vector A. This suggests the
notation

Y

A=B+C, ¢))
where the - ‘sign means the vector sum, 7.e., compounded
according to the parallelogram law, and not according to numeri-
cal addition, which would have no meaning. No confusion arises
from this use of the addition symbol as the vector notation itself
indicates the vector character of the sum.

With such a notation, it would be desired also to have
B+ (-B) =0,
so that —B would have to be interpreted as differing from B
only in that its direction is exactly opposite to that of B. If, in
Fig. 6, A is imagined to diminish in length, the triangle remaining

always closed, it is evident when A vanished that C = —B,
and then Eq. (1) becomes
B+ (—B) =0.

11. The Vector Difference.—In Fig. 7, the vectors A, B,and C

form a closed triangle, so that
A —R.LO (1)
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With the same origin as A, draw the vector —C. On compound-
ing the vectors A and —C, that is, taking their vector sum, there
results )

A - C =B;
but this is just what would have been obtained had C been
subtracted from both sides of Eq. (1) just
as in ordinary algebra.

Rule.—To jform the vector difference of
two vectors, reverse the direction of the sub-
trahend and then take the vector sum; or, if
the minuend and subtrahend have the same
origin, draw the vector connecting the two
termani from the terminus of the subtrahend
to the terminus of the minuend.

12. Commutative and Associative
Laws.—In a similar manner, it is very

Fi6. 7.

simple to prove that
A +B =B+ A (commutative law)
and
A+B+C=(A+B)+C=A+(B+C) (associative law),

which are equivalent to the statement that the order of com-
pounding vectors is immaterial.

13. Multiplication of Vectors by Scalars.—It is evident that
a vector can be multiplied by a scalar and that the result is again
a vector. The multiplication alters the length of the vector,
but not its direction. Thus, if a is a scalar, aA is a vector whose
length is a4 and whose direction is the same as that of A.

If m and » are two scalars, it is simple to prove that
m(nA) =n(mA) = (mn)A (associative and commutative laws),

(m + n)A = mA + nA (distributive law of scalar factors),
m(A + B) = mA + mB (distributive law of vectors),
—(A+B) = —A — B (distributive law for negative sign).

Each of these statements should be worked out carefully by
the student.

It follows, therefore, that the laws which govern addition,
subtraction, and scalar multiplication of vectors are identical with
those governing these operations in ordinary algebra. This fact
permits the use of the notation and the operations of algebra for
the corresponding operations with vectors.
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14. Example.—Suppose there are given the vector equations
2A+B =M,
A+2B =N,

nd it is desired to express A and B in terms of M and N. The

quations can be solved just as though they were algebraic, with
he result

2 1
A= +3M - N,

B

]

1 2

which the student should verify geometrically.
Vectors that are parallel to the same straight line are said to
be collinear. Two collinear vectors differ only by a scalar factor.
Vectors that are parallel to the same
plane are said to be coplanar. Any
two vectors are necessarily coplanar.

16. Three Coplanar Vectors.—If A,
B, and C are coplanar vectors and A
and B are not collinear, it is possible to
express C in terms of A and B. Fra. 8.

The vector C can be resolved into
components C; and C, parallel to A and B, respectively, so that

C=C,+C..
Since C, and A are‘collinear,
C, =dA,
where a is a scalar. Similarly,
C, = bB,
and therefore C = aA + bB.

Hence, between any three coplanar vectors there exists a linear
relationship of the form

aA 4+ bB + ¢C = 0,

where a, b, and ¢ are scalars.
If C = 0 and A and B are not collinear, then e = 0 and b = 0.

16. Vector Equation of a Straight Line.—If A and B are two
given non-collinear vectors with the same origin O and the lines of
these vectors are cut across by a third line J, the three sides of
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the triangle so formed (Fig. 9) can. be regarded as the thr
vectors A, bB, and D; so that
D = dA — bB.

Now let C be any vector whose origin is at O and whose terminus
lies in [. Evidently, -
C=tB+D, where ¢=2Y,
LN
= bB + t(cA — bB),
= taA 4+ (1 — #)bB.
If t is regarded as a variable parameter, C is a variable vector;
but its terminus always lies in the line .. Hence,
C =taA + (1 — ¢)bB 1)
is the vector equation of the straight linel.

The vector equation
C=zxA4+4yB

Fia. 9.

will be a straight line if  and y satisfy the algebraic equation

T Y _
a + b 1,
which is obtained by eliminating ¢ between the equations
z = at, y = (1 — ¢)b.

If the line [ is parallel to the vector B, the parameter b is
infinite. In this event x = a and y is arbitrary, so that the equa-
tion of a line parallel to B is

C = aA + yB.

17. Four Non-coplanar Vectors.—If A, B, and PC are non-
coplanar, any vector in space D can be expressed in terms of A, B,
and C; for D can be resolved into three components D, D2, and
D; parallel to A, B, and C respectively, Fig. 10, so that

D = D1 + Dz + Da.
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Since D, is collinear with A, D, with B, D; with C, there exist

three scalars a, b, and ¢ which satisfy the relations

D; = dA, D, = B, D; = ¢C;

and therefore '
D = aA 4 bB + cC.

Hence, between any four vectors in space there exists a linear
relation of the general form

aA + bB 4 ¢C + dD = 0,
where a, b, ¢, and d are scalars.

18. Relations Independent of the Origin.—Suppose the system

of vectors Ai, A; Aj; - - - has a
common origin O with the termini
at the points pi, ps2, ps, * + +, and

that between these vectors there
exists the relation
01A1+02A2+03A3+ e =0 (1)
Suppose further that this equation
holds wherever the origin may be,
provided the points pi, ps, ps, * - -
remain fixed. Under these con-
ditions the vector equation (1) is said
to be independent of the origin.

If the origin is changed from O
to @ (Fig. 11) and if the vector

— —
0Q is denoted by Q, Qp: by B, then

=B1+Q) A2=B2+Q, A3=B3+Q, “ ey
and Eq. (1) becomes

a(B1+ Q) +a:B: +Q) +axB:s+Q) + - -- =0.
But, by hypothesis,
aB, + a:B: +asBs+ - - - =0.
Therefore,

(ar+as+as+ - -)Q =0,
from which it follows that
ar+az+as+ - - =0
From this the following theorem is obtained: A necessary and
sufficient condition that the vector equation

01A1+(12A2+03As+ s =0
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shall be independent of the origin is that the algebraic equation

art+a+as+ --- =0
shall hold.
It has been proved that this condition is necessary. It will be
left to the student to prove that it is sufficient.

19. Examples.—It has already been seen that if the vectors
A, B, and C have the same origin and the terminus of C lies in the
straight line which passes through the termini of A and B,

C=tA+(1-1B,
or A+ (1-t)B~-C=0.

For a given set of terminals it is evident from the manner in which
this equation was derived that it is independent of the origin, and
it will be observed that the sum of the coefficients is zero.
More generally, if A, B, and C are coplanar vectors with the
same origin, and if
aA + bB + ¢C = 0,

and a+b+c¢c=0,

then A, B, and C terminate in the same straight line, for, since
b= —(a+0),

it follows that

aA — (a+¢)B+cC =0,

or a(A —B) =¢B - C);
that is, the two vectors (A — B) and (B — C) are collinear, and
since the terminus of B is common to both of them they lie in
the same straight line.

The converse of this proposition also is true, that is, if A, B, and
C have the same origin and terminate in the same straight line
then there exist three numbers a, b, and ¢ such that

aA 4+ BB 4 ¢C =0,
and a+b+c=0.

A similar argument shows that if four vectors in space A, B, C,
D have the same origin, a necessary and sufficient condition that
their termini lie in the same plane is that

aA 4+ B + ¢C + dD = 0,
with a+b+c+d=0
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20. Centroids.—Let there be given in space a set of points p;,

i=1, -+ ,n From any point O draw the vectors A; = 0—;‘.
Let the vector C be definéd by the relation
1
C=‘n(A1+Az+"'+An)~ @))]

The terminus of the vector C defines a new point p. If all of the
terms of Eq. (1) are taken to the same side of the equality sign,
then the sum of the coeflicients of all of the vectors is zero. Hence
the point p, thus defined, is independent of the choice of the
origin. It is called the centroid of the set of points p;.

21. Rectangular Coordinates of the Centroid.—Let i, j, and k
be three vectors each of length unity and each perpendicular to
the other two. Each of the vectors A, can be resolved into its
components in these three directions. Thus

A.=x.i+y.j+2¢k, s=1,2,‘-',n, (1)

where the scalars x,, ., 2, are nothing other than the rectangular
coordinates of the point p,. On adding together all of the equa-
tions of Eq. (1) and then dividing by =, it is found that

c =($1+w2+ c +xn)i+(£+y2_t:ﬂ’___'__‘i_’_y_u)j

n n

+ <Z1j-22_+_ o ',j_ﬁ‘)k,

. n
which says that the rectangular coordinates of the centroid p, v12.,
gtz t - - T g___y1+yz+---+y“,.’

n n
s_atat -t
n

aresthe averages of the corresponding coordinates of the points p;,
whatever the orientation of the vectors i, j, and k may be.

22. The Weighted Centroid.—Suppose each of the points p; is
to be counted m; times. The vector analogous to Eq. (20.1)* is
c =m1A1+’m2A2+ T +mnA_n.

my+me+ - - -+ my
* In references to previous equations the integral part of the reference

number is the section number and the decimal part is the equation number.
The section number is not given when the reference is to the current section.
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The numbers m; are called the weighting factors, and the terminus
of the vector C, thus defined, is the centroid of the set of points
p: for the weighting factors m;. It is evidently independent of
the choice of the origin.
In terms of the rectangular components, it is found, just as
before, that
C = (’mx-’l?l + Moo + -+ mnxn)i +

my+my+ -+ Ma
my1tmeye+ - - - +maya i+ gm_zj—_rngj— | M\
m1+mz+---+mn my + my + - +m.. ’

which gives the rectangular coordinates of the welghted centroid.

23. ‘Application of Vector Methods to Geometry.—For the
purpose of obtaining familiarity with vectors and gaining facility
in their use, it will be helpful to apply vector methods to the solu-
tion of problems in elementary geometry, a subject with which,
it is assumed, the student is already familiar.

L m

(0] B N
Fig. 12.

Ezample 1.—The line which joins one corner of a parallelogram
to the middle point of an opposite side trisects the diagonal and
is trisected by it.

Let the parallelogram be LMNO, and let the point @ bisect
the side MN. Let the lines LN and OQ intersect in the point P.
It is desired to show that PN/LN = PQ/0Q = 1/3.

— — — —
Let OL = A,ON = B,0P = R,and 0Q = S. Since Rand S
are collinear
R =18,
where z = OP/0Q is some unknown number.
Since the terminus of R lies in the diagonal LN,

=tA 4 (1 —¢)B, where t ="~

also S = 5 A + B.
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On multiplying the second of these equations by z and sub-
tracting from the first, there results

R—xS=0=(t—éx>A+(l—t—-m)B.

Since A and B are not collinear,
1

t— oz =0, 1—t—z=0.
Therefore,
L2
3 3
Hence,
PN _PQ_1
LN 0Q 3

and the lines LN and OQ trisect each other.

Example 2.—If through any point within a triangle lines be
drawn parallel to the three sides, terminating at the sides, the
sum of the ratios of these lines to their corresponding sides is 2.

A a N c C
Fia. 13.

Let ABC be the triangle (Fig. 13). Through the interior
point O, draw
avy parallel to AC,
ba parallel to BA,
and ¢f parallel to CB.
It is desired to prove that

ay ba B _
acTBatep=?

— — — —
Le¢ AB=1L, BC=M, AC=N, AO=R,
4a Aa

=1m —_— = N

AR ’ A0
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Then !
ay _aB _ ba _ oC _
Ac=AB=1—™  BA~4c=1-™
Now
R = mL + nN
= (m 4+ n)L +2(N — L)
= (m + n)L + nM.

But, taken directly from the figure,
— — Aﬂ
R =A48+80 = L + B M

C
CBL +
()n comparing these two expressions for R, it is seen that
B
cg=mtm

and, therefore,

et et = —m + A =m) + mtn) =2

Ezample 3.—If through any point within a parallelogram two
lines be drawn parallel to the sides, the diagonals of the smaller
parallelograms thus formed intersect upon the diagonal of the
given parallelogram.

-z7P
-
-7,
e
- s 7
- Ry
’o‘ 4
- P ,/
-
B M_- 4

A T K -0
Fra. 14.

Let ABCD be the parallelogram and let LN and KM be drawn
parallel to BC and CD, respectively. It is desired to prove that
the diagonals LM and KN intersect at a certain point P on the
diagonal AC.

For this purpose, let

— — AL
S=4B, T=4D, m=%% n-=

AK
4D
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(- \

Since the intercepts of line LM on the lineso” .he ctors Sand T
S and mn T, . C
are mS and — —— respectively, any vector, V, whose origin is

at A and whose terminus lies in the line LM car be written (hy
Sec. 16)
mr_n

1 —m

V=2mS - (1-2)

Likewise, the intercepts of the line KN are —mn/(1 — n) S and
#T. Hence, the equation of any vector W whose origin is at A
and whose terminus is in the line KN, is

W =

y)nT.

At the intersection of the lines LM and KN the vectors V and
W are identical and, therefore, the corresponding coefficients in
the two expressions are equal. That is,

mn mn
mr = — 1Y, (l—a')l_m——(l— y)n.
The solution of these equations is
n n—1
= r —— - ) y = —- -
m-—+n—1 m+n—1

These values substituted in the expression for either V or W

. ol
give for the vector AP

—
. AP = m+ n — (S+T)
— —
which shows that AP is collincar with AC = S 4 T; and since
they have the same origin 4, they lie in the same straight line.
In a similar manner it is proved that the diagonals KL and MN
intersect on the diagonal BD.

Problems I

1. The vectors A and B have a common origin. A is one component of
a rectangular resolution of the vector P, and so also is B. Show how to
construct the vector P.

2. Three vectors, A, B, and C, arranged so that the terminus of each is
the origin of the next following, form a closed triangle. Show that

A+B+C=0.
Generalize to n vectors.
8. Prove the converse of problem 2.
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4. Show that the vector equation of a line through the origin has the form
C = i(eA + bB)

and interpret the parameters a, b, and .

6. Using vector methods, prove that the diagonals of a parallelogram
bisect each other.

6. Prove that the medians of a triangle considered as vectors can be
arranged in the form of a closed triangle.

7. Prove that the medians of a triangle meet in a point which trisects
cach of them.

8. Prove that the components of a sum of vectors are cqual to the sum
of the components of the individual vectors.

9. If A and B are the lengths of the vectors A and B, respectively, and if
A, B, and C have the same origin, then the vector

C =BA + AB

bisects the angle between A and B.
10. The bisectors of the angles of a triangle meet in a point.

11, If A, B, and C form a closed triangle and R has the same origin as
A and B, then

B A
A+ 82T 1B
bisects the angle betwecen A and B and terminates in C.

12. The sides of a right triangle are «, 8, ¥ with the right angle opposite
a. The perpendicular from the right angle to « is 6. If b, ¢, and d are
unit vectors along the lines B, v, 8, show that

d

b, 6 ¢
pta=w

R = B

18. If A, B, C form a closed triangle, the vector P which has the same
origin as A and B, is perpendicular to C and terminates in C, is

B4 C— A2, | A2 42— B

P= 503 A+ 501 B.

14. Prove that the perpendiculars from the three vertices of a triangle
to the opposite sides meet in a point.

15. If, in problem 13, the vector P terminates at the intersection of the
three perpendiculars (the orthocenter) its expression is

(Bt + C?* — A?)A + (A2 4 C? — B?)B

A2B? + 2B2C? + 2C24% — A4 — B¢ — C*

16. The vector to the center of the circumseribing circle terminating there
is

P = (B! + A7 — ()

R = BUA? +C? — BYA 4 A¥B? + C? — AYB
= T24*B* 1 2B + 207AT — A% — Bi — (+

17, If the angle between two vectors A and B is 2¢, and if the angle 0 is
measured from the biscctor of this angle, then any vector C which makes
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an angle 0 with this biscctor is represented in terms of A and B by the

formula
C _sin(p +0) A sin(e —0) B,

C sin2y A sin2¢ B

18. The intersection of the three medians of a triangle is the centroid of
the three vertices.

19. The origin O of a system of vectors Fy is at the centroid of their termini.
The lines &, in which the veetors lic are cut by any transversal at distances
L; from O. A distance Ly is to be taken negatively if the transversal cuts
I on the opposite side of O from Fr. Show that

F;
L;

20. If A, B, and C are the vertices of a triangle with sides @, b, and ¢,
and 7 is the center of the inseribed circle, then I is also the centreid of the
points A, B, C for the multiplicrs a, b, and ¢, respectively.

=0.



CHAPTER 11
VELOCITY

24. Motion.—The concept of motion involves both the notion
of speed and the notion of direction. The simplest type of
motion is uniform motion along a straight line. The average
speed of a particle moving in a straight line is defined to be the
quotient of the distance covered by the time required in covering
it;

’ distance

average speed = h
ge Sp time

If this quotient has the same value for every segment of the
straight line, irrespective of the length of the segment, the speed
is constant. The motion, therefore, can be represented by a
directed straight line, the direction of which is parallel to the line
of motion and the length of which is equal to the speed. This
directed quantity is the velocity of the particle.

26. Composition of Constant Velocities.—A particle may have
two or more such velocities at the same time. Consider, for
example, a small bug crawling along a sheet of paper with a con-
stant velocity Vi. Suppose the sheet of paper also, is being trans-
lated (but not rotated) with a constant velocity V., with respect
to the table on which it lies. With respect to the table the bug
has two velocities; for, evidently, he partakes of the motion of
the paper.

Consider a short interval of time df. During this interval the
bug has two displacements D, = V,dt and D; = Vodt. These two
displacements are equivalent to a single displacement (Fig. 15)

D; =D, + D,

of the bug with respect to the table. If the velocity V3 is defined
by the relation D; = Vdi, it is evident also that

v3 = vl +V21

and V; is the velocity of the bug with respect to the table. Since
V. and V; are constant it follows that V; also is constant. The
18
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parallelogram of velocities differs from the parallelogram of dis-
placements only in scale, for the velocities and the displacements
differ only by the scalar factor df. Since displacements are
vectors (Sec. 8), it is evident that constant velocities also are
vectors.

26. Variable Speeds.—It may happen for straight-line motion
that the quotient, distance divided by time, depends upon the
particular segment that is chosen for measurement. [n this
event, the speed is certainly not constant, and the quotient merely
gives the average speed over the segment measured.

Imagine the point P at the center of a segment AB (Fig. 16)
of the line. The shorter this segment the more nearly will the

v — e e —————

| ) V3 ’

/
A P B
Dy / S/ ——t
Fig, 15. Fia. 16.

average speeds over subsegments, which contain P as a center
point, agree. The speed of the particle at the point P is defined as
the limit of the average speed over these subsegments as
the lengths of the subsegments tend to zero. If the particle is
at the point P at the particular instant ¢,, this limit is also called
the speed of the particle at the instant t,. The velocity of the par-
ticle is variable, for even though the direction of the motion is
constant the speed varies from one point P to another.

In the notation of the calculus, if z is the coordinate of P and
z, and z, are the end points of the subsegments which contain
P, then the speed at P is

. L, T2— 2 dx
Speed = limit 'tz‘:_-Tl‘ = ‘d‘t‘

27. Curvilinear Motion.—If a particle is moving along a curved
path its speed at a point O is defined in a manner analogous to the
speed at a point in a straight line.

Suppose the particle is moving along the curve OA;4.434,
and that it arrives at the points A4,, A, A3, A, after passing the
point O at the expiration of the intervals of time ¢,, ¢, t3, {4, respec-

(1



20 STATICS AND THE DYNAMICS OF A PARTiC’LE

tively. The average velocity during the interval of time ¢, is the
displacement vector 04 4 divided by the time ¢4, namely, the vector
OB;; for if the particle had had the velocity OB4 when it was at
the point O, and had maintained that velocity constantly, it would
have arrived at the point A4 after the interval of time ¢,.

Similar statements hold for the points A;, A, and A,. Since
t; < t4, it is evident that OB; compared with OA; is longer than
OB, compared with OAs. The points Bs;, Bs, - - - lie upon
some curve L. As the time intervals tend toward zero, the aver-
age velocity vectors tend toward tangency to the curve O4 4, while
the terminus of the average velocity vector moves toward the
point B, where the tangent at O inter-
sects the curve L. This limiting value
of the avcrage velocity vector is, by
definition, the velocity of the particle
at the point O.

28. Definition.—Velocity is the rate
of change of position, and ts a directed
quantity.

29. Composition of Variable Veloc-
ities.—A particle may have two var-
iable velocities. Suppose a small bug
is crawling on a sheet of paper with
variable speed along a curved line. At
the same time the sheet of paper is

Fie. 17. being translated along the surface of
the table with variable speed along a
curved line on the table. The bug partakes of both motions.

To analyse the motion with respect to the table, consider the
positions of the bug with-respect to the table at the instants ¢ and
t + dt. Let it be supposed that the interval of time dt is very
small. During thisinterval the bug will have undergone two small
displacements D; and D2, which together are equivalent to the
single displacement D3 = D; + D,. If these small displace-
ments are divided by the small interval of time di, the average
velocities obtained are V,, Vs, and V3; that is, velocities which,
had they been constant, would have produced the displacements
D,, D;, and D; in the interval of time d¢. Evidently

Vai=V,+ V..
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If a sequence of such small intervals of time, df, which have
the limit zero, and the corresponding set of diagrams are imagined,
it will be seen that the displacements D1, D, and D; not only tend
toward zero, but also tend toward definite directions, namely,
the directions of the tangents to the two curves mentioned at
the instant ¢&. The average velocity vectors V,, V., and V; tend
toward definite lengths and directions; V; and V, tend toward the
velocities of the bug and the paper, respectively, at the instant ¢,
and V; tends toward the velocity of the bug with respect to the
table. DBut at all stages of the sequence, V; = V; 4+ V,. Thatis,
at the limit the velocity of the bug with respect to the table is
the vector sum of the velocity of the bug with respect to the paper
and the velocity of the paper with respect to the table.

It is evident therefore that velocities are true’vectors. They
compound according to the parallelogram law.

Rule 1.—If the velocity of B with respect to A is Vi and the
velocity of C wuth respect to B is Va, then the velocity of C with respect
to A is

V:; = V1 + Vz.

Rule II.—If the velocity of B with respect to A is Vi, and the
velocity of C with respect to A is Vo, then the velocity of C with
respect to B 1s

Va = V2 - V;.

30. Units.—Many systems of units are in common use for
expressing speeds. The speed of a runner may be expressed in
yards per minute; the speed of a railroad train in miles per hour;
the speed of a rifle bullet in feet per second, ete. In the scientific
or c.g.s (centimeter-gram-second) system, it is expressed in
centimeters per second.

It goes without saying that in compounding velocities, all
velocities must be expressed in the same units.

Ezxample 1 (Numerical).—The steamer Selwyn is making 18
knots on a course 10° north of cast. The steamer Bernice
is making 14 knots on a course 30° east of south. What is the
velocity of the Selwyn with respect to the Bernice?

Let S be the velocity of the Selwyn, and S its speed,

B be the velocity of the Bernice, and B its speed,
and V the velocity of the Selwyn with respect to the Bernice.
Then, by rule II,
V=S-B.
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The lengths of the sides of the closed triangle (Fig. 18) are
S=18, B=14 V=21
The angle between S and B, (S/I\B), is 70°. Consequently
V2 = 82 4 B? — 28B cos 70°,

=324 + 196 — 2-18 - 14 - 0.3420 = 347.6,
and ¥V = 18.64 knots.

Also,
(18 14 18.66
sing sinf sin 70°
Hence,
sin 'B = .1.___.4 . Sin~7_0_°;
~ 18.66
and

B = 44° 535, ¢ = 65°6.'5, a = 35°6."5

IS QS S
Fia. 18. Fia. 19.

With respect to the Bernice, the course of the Selwyn is north,
35°10.’5 east, and its speed is 18.66 knots.

Exzample 2—What is the velocity of a point on the rim of a
rolling wheel if the center of the wheel is moving forward with a
speed V?

With respect to its axle the wheel is merely turning around,
and all points of the rim have the same speed in this motion,
although different points move in different directions. The
speeds are the same but the velocities are different.

Let G be the point in contact with the ground, and therefore
at rest with respect to the ground. Its speed with respect to
the axle is V, since the speed of the ground with respect to the
axleis V. Hence, in the rotation about the axle, all points of the
rim have the speed V. In the diagram the wheel is supposed to
be rolling toward the right, and therefore the wheel is turning
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clockwise with respect to the axle. A point P on the rim has a
velocity V, with respect to the axle, the length of V, being V
and its direction is tangent to the rim. The axle, however, has
a velocity V. with respect to the ground. By rule I, therefore,
the velocity of P with respect to the ground is
Vs =Vi+V,,

the magnitude of V; being the same as the magnitude of Vi,
namely V.

The vector V; is perpendicular to the radius OP, and V. is
perpendicular to OH. Since V; bisects the angle between V.
and Vg, it is perpendicular to the bisector of the angle POH and
therefore perpendicular to PG. That is, the point P is moving
just as though it were pivoting on the point G.

If 6 is the angle which PG makes with the vertical, it is easily
verified that

Vs = 2V cos 6.

The highest point of the wheel, for which 6 = 0, has the
greatest speed with respect to the ground; in fact, just twice the
speed of the axle with respect to the ground.

Example 3.—Three horses in a field are at the vertices of an
equilateral triangle. Their motions relative to a person riding
along a road with a speed V are in the directions of the sides of the
triangle (in the same sense) and with the samespeed V. Show that
the three horses are moving with respect to the ground along
concurrent lines.

Since the velocities of the horses are given relative to the man,
and the velocity of the man relative to the ground, rule I applies.

Let V be the velocity of the man relative to the ground and
let L, M, and N be the velocitics of the horses located at A4,
B, and C, respectively, relative to the man (Fig. 20), with

L=M=N=1YV.
Then the velocities of the horses relative to the ground are
Vi=L+4YV, V=M 4V, Vsi=N+4 V.
It will be assumed that the length of the side of the triangle is s,
and it will be proved that the lines of the vectors V3, V,, and V3
meet at a point P.

First Solution.—At A draw a vector K = —N, and let K
and L be the fundamental vectors in terms of which the other
vectors are to be expressed. Let the angle beween V and K
be 2a. Let F be the position of the man. At F draw lines parallel
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—_
to L and K, and at G draw GH parallel to L. Let FG = V.
In the triangle FGH
__FfH __ HG __V
sin (60° — 2a) ~ sin 2« sin 120°
-7y _ Sin (60 2a)K — sin 2«

1 190° HG = & ~opel

Fia. 20.

Since V is the sum of these two vectors and V, = V + L,
2 sin 2« 2sin (60° — 20:)K
b

= L +
v V3 V3
2 sin 2« 25in (60° — 2q)
4 2sm2a\, 280 (60° —2a)p
(1 V3 )L V3 ’
or
Vi = —_: cos (30° — a)[sin (30° 4+ &)L + sin (30° — a)K].

\/3
1t is readily verified that V3N = 90° — a. Let D be the point
where the line of V; intersects AB extended. Then from the
triangle ACD, it is found that
AD _ s .
sin (90° — &) sin (30° + a)’
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AD = - 3%%*

sin (30° 4+ «)
(‘onsequently the general expression (Eq. (16.1)) for the vector
whose origin is at A and whose terminus lies in the line CD is

S —L+(1-9K

and therefore

s cos a
~ ysin n (30° + a)
Similarly, since V,; makes an angle of 90° + « with the side
BA, and E is the point where the line of V, intersects the side
AC extended,
8 COS @
AV = G0 (30° — &)
The general expression for the vector whose origin is at 4 and
whose terminus lies in the line BE is

T=z L+(1-

s COS a
™)y sin (30° — @)
At the intersection P of the two lines CD and BE, the vectors R
and T are identical. Hence, on comparing coefficients,

8 ts cos a S
Ty Zosin 30° Fay L THy=0-9)

and therefore

t= ; sin? (30° + a), z = %cos a sin (30° + a).

On substituting these values in the expression for either R or T,
it is found that

AP - cos afsin (30° 4+ a)L + sin (30° — a)K],

K.

__Scosa |
v sin (30° — a)’

- _1_ §_csa  y

T V/3veos (30° —a)
It is therefore collinear with V, and, since it has the same origin 4,
the two vectors lie in the same straight line. The line of V,, there-
fore, also passes through P and the lines of the three vectors V,,
V., and V; are concurrent.

Second Solution.—The angle BCP equals 30° — a, and the
angle CBP equals 30° + a. Therefore, the angle CPB = 120°.
Regarding the direction of V as a variable, the angle « is a vari-
able, and so also is the position of the point P. The points B
and C, however, remain fixed, and the angle CPB = 120° remains
constant. Hence, the point P lies on an arc of a circle which
passes through B and C, and since the angle at P is always 120°
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the circle also passes through the point A. Hence, the lines of
V: and V; intersect on the circle which circumscribes the triangle
ABC. :

Likewise, the lines of V; and V; intersect on the circumscribing
circle, and so also do the lines of V, and V;.  Aside from the points
A, B, and C these lines cut the circle but once each. Hence, they
must all cut in the same point, and the lines therefore are
concurrent.

Problems II

1. A certain distance is covered by a man walking 4 miles per hour
in 18 min. less than by a man walking 2.5 miles per hour. What is the
distance? Ans. 2 miles.

+ 2. A passenger on a railroad train observes that a train 528 ft. longon a
parallel track requires 6 sec. to pass him. If the two trains are traveling in
opposite directions with equal speed, what is the speed of each train?
Ans. 30 miles per hour.

7/ 8. A particle moves with constant speed around the circumference of a
circle in the same time that a second particle moves uniformly across a
diameter. Compare their speeds. Ans. As = is to 1.

4. What is the speed of a particle on the surface of the earth in latitude
1 due to the rotation of the earth, assuming the radius of the earth to he 3960
miles and the length of the sidereal day to be 86,164 sec.? Ans. 1524.7
cos ! ft. per second.

v b. A man standing on the top of a train, which is moving at the rate of
30 miles per hour, throws a ball with a speed of 22 ft. per second in a direc-
tion perpendicular to the train. What is the speed and direction of the ball
with respect to the track? Amns. Speed = 22 X 4/5 ft. per second; angle
= tan~1 1/2.,

8. When a steamer is in motion it is found that an awning 8 ft. above the
deck protects from rain the portion of the deck which is more than 4 ft.
behind the vertical projection of the edge of the awning; but when the
steamer comes to rest the line of separation of the wet and dry parts is 6 ft.
in front of this projection. If the speed of the rain is 20 ft. per second, what
is the speed of the steamer? Ans. 20 ft. per second.

7/ 7. If a wheel is rolling along a horizontal road, is there any point of the
rim which has a velocity which is straight up or straight down? Ans. No.

} 8. In what direction must a boat be steered across a river which flows at
the rate of 3 miles per hour by a man who rows 4 miles per hour in order to
make a course at right angles to the bank? Ans. At sin~! 3/4 upstream.

9. Two particles move uniformly in straight lines. At a given time the
distance between them is D and their relative velocity is V, the components
of which in the direction of D and perpendicular to it are V, and V.. Show
that when they are nearest together their distance is DV3/V, and that they
arrive in this position after the interval of time DV,/V32.
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10. A steamer sailing by compass has a velocity of 20 knots due south in
a current making 3 knots to the east. The wind is blowing 15 miles per hour
from the southwest. Assuming that the smoke does not partake of the
motion of the steamer, what is the velocity of the smoke with respect to
the steamer? (A knot is 1 nautical mile = 6080 ft. per hour.) Ans. 50.4 ft.
per second in a direction N. 12° 17’ E.

11. A balloon which is rising with a speed of V21 ft. per sccond is carried
northward by the wind with a speed of 8 ft. per sccond. What is the
velocity of the balloon with respect to a person who is walking westward
with a speed of 6 ft. per sccond? Ans. Speed = 11 ft. per second; direction,
altitude 24° 37, azimuth N. 36° 52’ E.

12. If an aeroplane flics at the rate of 100 miles per hour in still air,
how long will it take to fly around a square each of whose sides is 6 miles,
(a) when the wind is not blowing, (b) when it is blowing 28 miles per hour
parallel to two of the sides of the square, (¢) when it is blowing 28 miles per
hour parallel to a diagonal? Ans. (@) 14.4 min.; (b) 15 5/16 min.; (¢) 15.31
min,

18. If a bicyclist rides faster than the wind, show that the wind will
always seem to be against him in whatever direction he may ride.



CHAPTER III
ACCELERATION

31. Definition.—Acceleraizon is the rate of change of velocity.
In ordinary language, an object is said to be accelerated if its speed
isincreased; it is retarded if its speed is diminished. In mechanics
the single term acceleration takes into account not only the change
in speed but also the change in the direction of motion.

It will be observed that it is not the rate of change of speed. It
is the rate of change of velocity. If a particle is moving in a
straight line, its velocity changes only as its speed changes, the
direction of the motion being constant. In this case the rate of
change of speed, and the rate of change of velocity are identical.
If, however, a particle is moving uniformly in a circle, its speed is
constant, and therefore its rate of change of speed is zero; but its
velocity is always changing since the direction of the motion is
always changing, and therefore its rate of change of velocity is
never zcro.

In mechanics acceleration always refers to the change in the
vectors and not, as in common conversation, to the change in
the scalars.

32. The Hodograph.—Consider a particle which is moving
with constant or variable speed along a curve, and imagine a
vector with a fixed point O as origin to represent the velocity of
the particle. As the particle moves along its curve C, the veloc-
ity vector changes its length and direction, so that its terminus
decribes a curve H, which is called the hodograph of the particle.

For a particle which is moving uniformly along a straight line
the velocity is constant both as to magnitude and direction. Its
hodograph, therefore, is merely a point. For a particle which is
moving with constant speed in a circle, the magnitude of the veloc-
ity is constant but, as the direction is always changing, the hodo-
graph, too, is a circle. The hodograph of a ball which describes
a parabola under the action of gravity is a straight line. The
hodograph of a planet in its motion about the sun is an eccentric
circle, etec.



33| ACCELERATION 29

33. Accelerations are Vectors.—Let V, (Fig. 22) be the velocity
of the particle at the instant ¢, and let V, be the velocity at the
instant ¢ + At. The change in the velocity during the interval
At is

Va = V2 - Vl,

and the average rate of change is V3/A¢, which also is a vector with
the same direction as Vs but of different magnitude. It will
be relatively much longer if Az is very small with respeet to unity.

(Vo M

Fra. 21. Fia. 22,

If the instant ¢ be kept fixed and the interval At be diminished
the terminus of the vector V, will move along the hodograph as V,
approaches V. The magnitude V3 diminishes, but V;/At tends
toward a limit. The direction of V; also tends toward a limit
which is evidently the direction of the tangent to the hodograph
at the terminus of Vi. Thus the vector V;/At, the average rate
of change of the velocity during the interval A¢, tends toward a
limit which may be denoted by A, and which is ¢
called the acceleration of the particle at the instant t.

It will be observed that the acceleration of the Y
particle A is simply the velocity of the terminus of

the velocity vector in the hodograph. Since veloc- £ A
ities are vectors, so also are accelerations. It is not
necessary, therefore, to repeat the arguments which

were used for velocities. F1a. 23.

34, Résumé.—If a particle is moving along a curve C (Fig. 23),
at each point O of the curve it has a velocity V which is tangent
to the curve and an acceleration A which is directed toward the
concave side of the curve. The magnitude of V is the speed at
0. The magnitude and direction of the acceleration A depend
upon the speed of the particle V and the curvature of C at O.
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36. Constant Acceleration .for Straight-line Motion.—The
simplest case of accelerated motion is the motion of a particle in
a straight line. If the change in the speed is proportional to the
time elapsed, the acceleration is constant; for, the direction of
the acceleration is in the line of motion, which is constant, and its
numerical value is

Vg — 0
4=t M
where v; is the speed at the instant ¢;, and v, is the speed at the
instant ¢,, which also, by hypothesis, is constant.

36. Variable Acceleration for Straight-line Motion.—If the
quotient (Eq. (35.1)) is not constant, that is, if its value depends
upon the segment chosen, then the acceleration is the limit of
A in Eq. (35.1) for decreasing values of the interval (¢, — ¢,), that
is

v — vy _ dv

A=t —w = a W
But since (Eq. (26.1)), for straight-line motion,
» =%,
Todt
fq. (1) becomes
dv _ dx
A=a=

Hence, if the position of a particle which moves along a straight
line is given as a function of ¢, the velocity and acceleration can be
obtained by differentiations.

37. Example.—The position of a particle is given by the formula

x = a cos ni.

Find its velocity and acceleration at any instant.
By differentiation, it is found that

v =(—ld—:;= —ansin nt = +nvVa® — 22
and A = %2—; = —an? cos nt = —n2r.

If 0 <t < n/n, the particle is moving toward the left (according
to the usual conventions) and the velocity is negative. If /n
<t < 2w/n, the particle is moving toward the right and the
velocity is positive.
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If the particle is on the right side of the origin, the acceleration
is directed toward the left. If it is on the left side of the origin,
the acceleration is directed toward the right. Thus, whichever
side the particle may be on, the acceleration is always directed
toward the origin.

38. The Acceleration of Gravity.—Experiments, carefully
conducted, show that the numerical value of the acceleration of
all bodies freely rising or falling in a vacuum near the surface of
the earth is approximately 32.2 fect per second per second. That
is, if a body is dropped from rest in a vacuum, at the end of the
first second its speed will be 32.2 feet per second; at the end of
the second second its speed will be 64.4 feet per second, and so on.
In general, denoting by v the velocity (positive if directed upward)
measured in feet per second, by ¢ the number of seconds which
have elapsed from the initial instant, by v, the velocity at the
initial instant (which may be positive, negative, or zero) then

v =19 — ¢i,
where g = 32.2. The corresponding vector equation is
v = vy + g,

where g is a vector directed towards the earth and represents the
velocity change in one second. The constant ¢ is called the
acceleration of gravity.

For heavy bodies, such as a stone, and for speeds that are not
too high, the resistance offered by the air is usually not important
and ean be neglected, the motion being regarded as occurring in
a vacuum. For light bodies, such as a bit of paper or a fluffy
feather, the resistance offered by the air is very important, and
the motion of such bodies in the air is very different from what it
would be in a vacuum.

7;'39. Uniform Circular Motion.—A simple and very common
type of motion is the motion of a particle in a circle with constant
speed. It is desired to examine the nature of the acceleration in
this case.

Let EFB, in Fig. 24, be an arc of the circle of which O is the
center. Let E and B be any two points on the circle, and let v,
be the velocity of the particle at E, and v, be the velocity of the
particle at B. Since the speed is constant,

V) = Vg =0,
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The change in the velocity is
V3 = Vg — V5.

If v; and v, have their origin at E, and C is the terminus of
vi and D is the terminus of vy, then the parallelogram ECBD is a
rhomb. Its diagonals bisect each
other perpendicularly, and since BE
is a chord of the circle, the line of CD
passes through the center of the cir-
cle, wherever the points £ and B
may be.

Suppose the point B is close to the
point £ and that the particle moves
from E to B in the interval of time
dt. In the limit, as B tends toward
K,

—_
EB = odt, v; = CD = Adt.

Fra. 24. . .
Also, if (@ is the center of the rhomb,
GD BG 1 1 EB
B~ Bo O 2P =2 o VB

Let a be the radius of the circle and A the magnitude of the accel-
cration. The equation

EB
becomes
Adt =" - ode,
a
or 2
A=—

Hence, the acceleration is always directed toward the center of
the circle; its magnitude is constant and is equal to the square
of the speed divided by the radius of the circle (see Sec. 34)

If the angular speed be denoted by w then

v = aw and A = av?
which is another form of this very useful formula.

40. Vector Equations.—Let i be a unit vector along the z-axis,
and j a unit vector along the y-axis. Let the particle be at the
extremity of a radius which makes an angle 8 with the z-axis.
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Then the vector equations for the velocity and acceleration of a
particle in uniform circular motion are

v=ov(—sinf-i+ cosb-j),
2
A =:;~(——cos0-i——sin0-j).

Problems III

1. A stone dropped over a cliff strikes the ground in 5 see.  With what
speed did it strike and how high was the ¢lifi?  Ans. 161 ft. per second;
402.5 ft.

2. The brakes are applied to a train running 60 miles per hour.  Assum-
ing the retardation to be constant and equal to 4 ft. per second per second,
how long doex it take to bring the train to rest, and how far will the train
go? Ans. 22 sec.; 968 ft.

3. A brick sliding on the sidewalk with a speed of 12 ft. per second comes
to rest after sliding 24 ft. What is the retardation, assuming it to be con-
stant? Ans. 3 ft. per sccond per second.

4. If the acceleration of a train is .3 ft. per sccond per sccond, how long
will it take to increase its speed from 15 miles per hour to 60 miles per hour?
Ans. 3 min. 40 sec.

6. What is the acceleration of gravity, (a) when the units arc centimeters
and scconds, (b) miles and minutes? Ans. (a) 981.5; (b) 21.95.

6. Five stones in suceession are dropped over a ¢liff 1sce. apart.  What is
the distance between the stones 2 sce. after the last one is dropped?  Ans.
16.1 ft. multiplied by 11, 9, 7, and 5, respectively.

7. The speed of a particle in uniform circular motion is 4 ft. per second.
The radius of the wheel is 2 ft. What is the acceleration?  Ans. 8 ft. per
second per second.

8. A windmill 12 ft. in diameter turns 40 times per minute. What is
the acceleration of a point on the rim of the wheel?  Ans. 327x2/3 ft. per
second per second.

9. A and B are two points on a spoke of a wheel that is turning with
uniform angular spced. Show that the motion of A with respect to B is
uniform circular motion.

10. A horizontal disk is spinning uniformly and falling freely in a vacuum.
Write the expression for the acceleration vector of a particle of the disk.
Ans. A = —aw?cos 0-i — aw?sin 0-j — gk, where ais the distance of the par-
ticle from the center of the disk, w is the angular specd, and k is a unit vector
directed upward and perpendicular to i and j.

11, What is the acceleration of a particle on the equator, assuming that
the diameter of the earth is 7927 miles and that there are 86,164 sec. in a
sidercal day? Ans. g/289.4 = 0.1113 ft. per second per second.

12. Assuming that the carth is perfectly rigid, what would be the length of
the day if the acceleration at the equator were just equal to g? Ans.
1n 24™ 27° = 1/17 of present day (nearly).
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13. Assuming that the orbit of the moon is a circle of the radius of 238,000
miles and that its period is 27.3 days, what is the acceleration of the moon
towards the earth as compared with g? Ans. g/3611.

14. What is the acceleration of the carth toward the sun, if the distance
of the sun is 92,900,000 miles and the year is 365 1/4 days? Ans. g/1656.

16. A particle A moves uniformly across the diameter of a cirele from
left to right with the speed V. A particle B moves uniformly around the
circle counterclockwise with the speed V. 1f the radius to B makes an angle
0 with the given diameter, what is the velocity of B with respect to A ?

Ans. V.= V[ — (1 + sin 6)i + cos 0-j].

16. Prove that the acceleration vector is always directed toward the con-
cave side of the curve of motion (Scc. 34). Suggestion: Use the hodograph.

17. By means of the hodograph, show that in uniform circular motion
the acceleration is always directed toward the center of the circle.
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THAPTER TV

MASS AND FORCE

41, The Nature of the Mass.—Thc mass of a body corresponds
to the idea of the quantity of matter which the body contains.
It is independent of the body’s position, of its state of motion, and
of the forces which may be acting on the body. How the quan-
tity of matter contained in a body shall be measured is not a
simple question. If two bricks are physically alike, it is easy
to see that taken together thcy contain twice as much matter as
either one of them. But how can it be determined that they are
‘“physically alike’’? Given a cube of clay and a cube of lead of
the same size, what is the ratio of their masses? If, as modern
theories would indicate, all substances are merely different
arrangements of electrons which are all alike then the ratio of
the masses is inerely the ratio of the number of clectrons which
the bodies contain. There are difficulties, however, not the
least of which is the uncertainty that o1l eclectrons are alike.
Nature does not seem to produce any two things which are just
alike. The question will be passed over for the moment and taken
up again in Sec. 47. Ilvidently mass is a scalar quantity.

42. Definition of a Particle.—A particle is a portion of matter
which is sufficiently small for our purposes. It may be the size
of the carth, or it may be the size of an electron, depending upon
circumstances. Ordinarily it is desired to exclude the notion of
its rotation, and also it is desired to be able to assert with sufficient
exactness that it is located ‘‘at a certain point.”” The statement
that ‘““a particle is a material point’’ would be ideal, if only
it had any sense.

43, Definition of Momentum.—The momentum of a particle
is the product of its mass and its velocity,
momentum = mass X velocity.

It corresponds to the notion ‘‘quantity of motion.” Since
velocity is a vector and mass is a scalar, momentum is a vector.
35
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44. Undefined Concepts.—No cffort is made to define time,
force, or mass. It is assumed that the student knows their
meaning from the way they are used. But it is important that
it should be known how to measure them. This is accomplished
by means of three postulates known as Newton’s laws of motion.

45. Newton’s Laws of Motion.—The science of mechanics rests
primarily upon three statements:

1. Every particle continues in its state of rest or uniform motion
in a straight line unless 1t is acted upon by some exterior force.

II. The rate of change of momentum of a particle is proportional
to the force impressed upon t, and is in the direction in which the
force is acting.

III. To every action there is an equal and oppositely directed
reaction.

46. Discussion of the First Law.—If a body slides along a rough
horizontal board with a certain initial speed, it will travel a
certain distance and then will stop. If the same experiment be
tried with a smoother board and a smoother body, but withthe
same initial speed, the body will again stop, but it will have
traveled farther than the previous one. If a third body be
mounted on wheels to still further reduce the friction, it will
travel much farther than the former two, but eventually i}, too,
will stop. From such simple experiments Galileo inferfed that
if the resistance of the air and the force of friction could be elim-
inated altogether, the body would not stop at all, but would
continue to move along a straight line and would eventually pass
any assigned point of the linc that was in the direction of its
motion, however remote the point might be. This was not
exactly an induction; rather, it was an inference drawn from his
observations. :

There was no basis for the inference that the motion along the
straight line was uniform, because uniform motion means equal
distances in equal times. As no means of measuring time has,
as yet, been assigned, there is no criterion for telling when two
intervals of time are equal. Thanks to the Euclidean postulate,
it is known when two intervals on a straight line are equal.
For the purposes of mechanics, an analogous postulate is needed
to tell when two intervals of time are equal.

Imagine a particle moving along a straight line subject to no
force whatever, and consider two intervals of equal length along
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that line. Geometrically, there is nothing to distinguish one
irterval from the other save the difference of location ; and mechan-
ically there is nothing to distinguish the passage of the particle
acryss the two intervals, save that one is subsequent to the other.
It is natural to assume, therefore, that the corresponding inter-
vals of time are equal. Accordingly, it is made a part of the
postulate that this is so by the introduction of the word ‘“uui-
formly.” 1t follows then from the first law that the distance
traveled by the particle along the straight line is proportional
to the interval of time during which it was traveling; and this is
the postulate by means of which time is measured.

47. Discussion of the Second Law.—Since momentum is a
vector, the rate of change of momentum, that is, force, also is a
vector and is equal to mass times acceleration, the mass being
a mere constant and acccleration being the rate of change of
velocity. Accordingly, the second law states that

Force = mass X acccleration.

It must not be supposed that this expression tells what force
is. It tells merely how forces are measurcd, namecly, by the
accelerations with which they are associated. Force, however, is
always thought of as a push or a pull.

It will be observed that Newton’s second law says nothing
about causation. Since the force and the accecleration are
simultaneous, there is no more reason for asserting that force is
the cause of the acceleration than for asserting that acceleration
is the cause of force. The fact that force is commonly spoken of
as the cause of acceleration merely shows that in the order of
our thoughts, force is commonly placed before acccleration.
In the philosophical sense, nothing is known about causation.
The common language, however, is convenient, and will do no
harm if it is properly understood.

If two forees act successively upon the same mass, then the
two forees are proportional to the accelerations produced; and
thereby the forces are measured if the mass is known. The
second law of motion would serve as a means of measuring masses
if we had some independent means of knowing when two forces
are equai; for, if two different masses are acted upon by forces
which are equal, the accelerations can be measured and then the
masses are invecsely proportional to the accelerations. It is
natural to supuose, for example, if a given elastic string is
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stretched to half again its original length (supposing such a
stretch to be possible) that the force required to stretch it the
first time is the same as that required the second time, but thorgh
this is commonly done it is easy to see that a new postula.‘re is
used and should be stated explicitly.

In a sense the first law of motion is a corollary of the second
law; for, if the rate of change of momentum is zero, the second
law reduces to the first. But the rate of change of momentum
cannot be measured until a criterion for the measurement of time
has been established, and for this the first law is necessary.

The first two laws werc known to Galileo, although he did not
state them explicitly.

48. Discussion of the Third Law.—The words ‘““action’ and
‘“reaction’’ are here to be understood as forces. The law states
that in nature forces always occur in pairs, the two components
of which are equal in magnitude and opposite in direction. If
the particle A acts upon the particle B, then the particle B also
acts upon A equally but in the opposite direction. A force, so
to speak, cannot hitch itself to nothing.

The third law of motion is due to Newton. The law of gravita-
tion also is due to Newton, and on account of its importance it
will be given here.

49. The Law of Gravitation.—As stated by Newton:

Every particle in the universe attracts every other particle with o
force which is directly proportional to the product of the masses of
the particles, and inversely proportional to the square of the distance

between them.
ma ’m‘z

[ =K
where f is the magnitude of the force, m, and m; the masses of
the particles, » the distance between the particles, and &2 is
a constant which depends upon the units which are employed.
In the English system of units (See. 51) k* = 1.068 X 162,
In the c.g.s. system of units %% = 6.66 X 10-8, It will be
observed that the law of gravitation is stated only for particles,
but it can be shown that it holds also for uniform spheres, the
distance being measured from the centers of the spheres.

650. Weight and the Acceleration of Gravity.—As a particular
consequence of the law of gravitation, the earth ettracts all bodies
near its surface with a force which is called the w.:ight of the body.
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The acceleration toward the carth due to the attraction of the
ealjth is called the acceleration of gravity and is denoted by the
letter g, so that, if w is the weight of the body and m is its mass,
by Newton’s second law,

w = my, g = 32.171 — 0.085 cos 2!,

where [ is the latitude. This is the value of the acceleration of
gravity for an observer who is at rest with respect to the surface
of the carth at the place where the acccleration is measured.

If the carth were a sphere and not rotating and g, were the
corresponding value of the acceleration, it would follow upon
applying the law of gravitation that,

mB
mgo = k? i 5
whenee
kK
Jo = pu’

where E is the mass of the carth and R is its radius.

The rotation of the earth does not affect a body which is freely
falling near its surface, but the oblateness of the carth does affect
it. Denoting the acceleration of gravity for a freely falling body
by @, it is found that

G = 32.225 — 0.026 ces 21.
This would be the value of the acceleration for an observer at
rest relative to the center of the earth.

The cffect of the oblateness of the carth upon the attraction
near its surface belongs to the theory of the potential which lies
beyond the scope of this work; but the effect of the rotation of the
carth will be considered in Sections 265 and 360.

Since, by the law of gravitation, the force of attraction of the
earth upon any body is proportional to the mass of the body, it
follows that the acceleration of gravity ¢ is the same for all bodies
at ¢fe same place on the earth, and therefore, the mass of a
body is proportional to its weight at any gwen place.

b1. Systems of Units.—Among Inglish speaking people, there
are two systems of units in common use.

THE ENGLISH SYSTEM

In the old English system
the unit of length is the foot,
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the unit of time is the second,
the unit of mass is a mass
which weighs one pound.

The standard of mass is a certain mass of platinum which is
kept in London and which weighs one pound in London.

The standard of length is a certain bronze bar on which two
lines are engraved one yard (equal to three feet) apart. The
yard is defined to be the distance betwcen these two lines when
the bar is at a temperature of 62°F. Accurate copies of these
standards are kept in the United States Bureau of Standards at
Washington.

By the sccond law of motion, force is proportional to mass times
acceleration. It is convenient to choose the units so that force
cquals mass times acceleration. If gravity acts upon a one-pound
mass, it follows that

force = 1 X 32.2 = 32.2 units of force,

and that this force is equal to the weight of a one-pound mass.
The wunit of force is called a poundal and, therefore,
the weight of a one-pound mass
32.2

and is approximately equal to the weight of one-half an ‘ounce.
A constant force of one poundal acting on a mass of one pound for
one second will generate a speed of one foot per second. The
poundal is called the absolute unit of force.

In statics it is usually more convenient to use the weight of
a one-pound mass, namely one pound, as the unit of force, or even
the weight of a ton mass. This is a gravitational unit of
force. But when motion is involved, the unit of force is
the poundal and the unit of mass is the mass of a onc-
pound weight.

A mass of one pound and a weight of one pound are very differ-
ent concepts. Mass is independent of position while the Wht
is not.

the poundal =

THE SCIENTIFIC OR C.G.S. SYSTEM
The second system of units is the scientific system, since it is
used by scientists the world over. In this system

the unit of length is the centimeter,
the unit of time is the second,
the unit of mass is the gram.
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The gram is defined as the mass of one cubic centimeter of pure
water at a temperature of 4°C.  The unit of force is the dyne, so
that a force of one dyne acting for one second upon one gram will
generate a speed of one centimeter per second.

Between these two systems of units the following relations
exist:

1 foot = 30.18 centimeters,
1 pound = 453.59 grans,
1 poundal = 13,825.5 dynes.

Since the unit of time is the same in the two systcms, the
acceleration of gravity in the c.g.s. system is 32.18 X 30.48 = 481
centimeters per second per second, and the weight of one gram is
equal to 981 dynes.



CHAPTER V

WORK AND ENERGY

62. Definition of Work.—If a man drags a weight along a’level
surface, or if he raises a weight against the force of gravity, he
is conscious of doing work. In the first case, assuming the fric-
tional resistance to be constant, the amount of work done is pro-
portional to the resistance which the surface offers and the
distance through which the weight is dragged. In the second
case the work done is proportional to the weight raised and to the
height through which it is raised. In each of these cases the
resisting force is constant and its direction is the same as that of
the motion of the body. Under these conditions then,

work = force X displacement.

If the unit of force is one pound and the unit of length is one
foot, the unit of work is one foot-pound. If the unit of force is
one poundal, the unit of work is one foot-poundal. One foot-
pound is equal to 32.2 foot-poundals.

If the unit of force is one dyne and the unit of length is one
centimeter, the unit of work is one erg. One foot-poundal is
equal to 421,400 ergs. Since the erg is a very small unit of
work, it is sometimes convenient to have a larger unit which is
called the joule. One joule is equal to ten million (107) ergs.

63. The Force and the Displacement are Oblique.—If the
displacement is perpendicular to the force which is acting, then
there is no work done, e.g., moving a body along perfectly smooth
ice against gravity. Of course, perfectly smooth ice d ot
exist in practice. There is always a certain amount of friction,
and the work done against this friction is not zero. The friction
is in the line of the displacement, however, and is not perpendic-
ular to it. The work done against gravity is zero.

If the force F makes an angle 6 with the displacement D, it can
be resolved into two components, F; in the line of the displace-
ment and F; perpendicular to this line. The second component
does no work, since it is perpendicular to the displacement. The

42
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work done by the first component is the total work which is done
by F; hence,

W = F:D = FD, = FD cos 6.

Stated in words, the work done by a force is the product of the magni-
tudes of the displacement and the component of the force in the dircc-
tion of the displacement; or

The work done by a force is equal to the product of the magnitudes
of the force and the component of the displacement in the direction of
the force; or,

The work done by a force is equal to the product of the magnatudes
of the force and the displacement and the cosine of the angle between
them.

64. Positive and Negative Work.—If the displaccment is in the
direction of the force which is acting, the work done by the force
is positive. If the displacement is in the opposite direction, the
work done by the force is negative, that is, work has been done
against the force. Thus, if a weight wis raised through a height
h, the work done by gravity is W = —wh and, if it is lowered
through the same distance, the work done by gravity is W
= 4wh. Hence, the total work done by gravity on a weight
which is raised and then lowered to its original position is zero.

66. Vector Products.—Both the force F and the displacement
D are vectors. These vectors enter symmetrically in the expres-
sion for the work done; ncvertheless, work is manifestly not
a veetor. It is an example of what is called, in the algebra of
vectors, the scalar product of two vectors, and is expressed by the
formula

W =F D = FD cos 6.

It is also called the dot product.
e exists also a second kind of multiplication of vectors
ca“he vector product of two vectors or the cross-product,

A=F XD,

where the direction of A is perpendicular to the plane of F and D

and, in magnitude.
A = FD sin 6.

There will be an occasion in Sec. 133 to notice an example of
this second type of multiplication.
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56. Resolution of Both Force and Displacement.—Let the force
and the displacement both be resolved into their components
with respect to any rectangular set of axes, and let

F=X+4+Y+12Z,
D=x+4y+az

The work done by the force F in the displacement x is zX, for
the components Y and Z are perpendicular to x and, therefore,
do no work. Similarly, the work done by the force F in the dis-
placement y is yY, and in the displacement z it is 2Z. Hence,
the total work done in the displacement D is

W =F:-D =FDcos § =X 4 yY + 27Z. (1)

57. Example in Which the Force is Constant.—A weight of w
pounds is dragged up a smooth (frictionless) plane which makes
an angle a with a horizontal plane
through a distance ». How much
work is done?

The component of the weight
(force) in the line of the displace-
ment D is w sin @ pounds. Hence,
the work done is wr sin a foot-

Fia. 25. pounds. But since 7 sin o = &, the

height through which the weight is

raised, the work done is wh foot-pounds and, as this expression

is independent of «, it makes no difference how far the body is

moved horizontally; it is only the height through which it is raised
that counts.

b8. The Work Done by a Variable Force.—If the force varies
from point to point either in magnitude or direction, or both, the
Eq. (56.1) will hold only for an infinitesimal displacement dz, dy,
dz. Therefore only an element of work is obtained, viz.,

dW =F -ds-cos § = Xdx + Ydy + Zde. ’1)
The total work done is the sum of all the elements of work, th

W= chosO~ds = fXd:c+dey+dez,
the integrals being taken along the path of motion.

69. Example in Which the Force is Variable.—How much

work is required to raise a one-pound weight from the surface of
the earth to the distance of the moon?

1s,
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According to the law of gravitation, the force varies inversely
as the square of the distance from the center of the earth. I.ct
the radius of the earth expressed in feet be I, and let the distance
of the moon be 60R. If the unit of force is one pound, then at a
distance r from the center of the earth, the magnitude of the force
is

2
= E- pounds.

The work done in an infinitesimal displacement dr is

R2
aw = Fdr foot-pounds,

and, therefore,

60R 2
W = f R = 59R foot-pounds.

Taking the radius of the carth to be R = 20,908,800 feet, it is
found that
W = 20,560,320 foot-pounds.

60. The Work Done in Stretching an Elastic String.—It is
required to find the work done in stretching an elastic string of
natural length [ from a length a to a length b.

It is found from experiments that the fonsmn of a stretched
string is proportional to the amount of the stretch that is, if z is
the stretched length of the string, T is the tension, and k is a
factor of proportionality,

T =k(x —1).

Hence, the work done in stretching the string from a to b is
W = j;dex = kfab(z — ldx
- k(“ + b_ l)(b —a) = Talb — a),

where T., is the tension of the string at the point midway between
z =aqandz =D

61. Work Represented by an Area.—If the displacement is
measured along the z-axis and the force F(x) is a function of z,
the work done in moving the body from a to b against the force is

W = f *F(x)dx.
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This integral evidently is the arca included between the curve
y =F(),

the z-axis, and the two ordinates at *+ = a and x = b. In the
example of the preceding section,

F(z) = k(z — D),

that is, a straight line. The work done in stretching the
elastic string is the area of the trapezoid ABCD, which is evi-
dently equal to the product of the middle ordinate T, by the

base AB.

c
D :
1 Tm
|
i 1
[0} / A B
F1a. 26.

62. Power.—The rate at which work is being done is called
power. The ordinary unit of power is the horsepower, which was
defined by James Watt to be 33,000 foot-pounds per minute, or
550 foot-pounds per second. It requires an unusually good horse
to work at this rate continuously, but even a poor horse can work
at this rate for a short interval. In electrical measurements the
term watt is used, one watt being equal to 107 ergs (one joule) per
second. It is the rate of working in a circuit when the e.m.f. is
one volt and the current is one ampere. One horsepower is equal
to 746 watts, approximately.

The rate at which work is being done is evidently equalgp the
product of the force and the rate of displacement, if the d ce-
ment is in the line of the force, that is,

power = force X speed.
If the displacement is not in the line of the force, the general
formula, derived from Eq. (58.1), is

aw ds _ dx Y 2
Y = F-3 cos 0 th+yd +zd
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63. Example.—At what rate can a steam roller of 30 hp.
and of a weight of 3 tons move along a road if the horizontal
resistance to its motion is equal to its own weight?

Since the horizontal force is 6000 1b., it requires 6000 ft.-1b. of
work to move the roller 1 ft. If the amount of work available is
30 hp., or 990,000 foot-pounds per minute, it can move

990,000
- 6000
or 1 7/8 miles per hour.

= 165 ft. per minute,

64. The Force Function.—Returning to the formula for the
element of work (Eq. (58.1)),

dW = Xdx + Ydy + Zde,

the components of the force X, Y, and Z are functions of the
coordinates x, y, and z; that is, the force acting depends upon
the position of the body. They may also depend upon the com-
ponents of the velocity,

d.z: . dl/ . dz

dat’ Y= a e

as is the case when friction enters. They may also depend upon
the time ¢.

There is a very important class of cases, such as gravitation
for example, in which the force depends upon the position
of the body alone. Suppose X, Y, and Z are single-valued
functions of x, y, and z which do not contain %, ¥, 2, ¢; and
furthermore, that therc exists a function, U(z, y, 2), such that

oU ,__f)U _{*)U_
X=0 Y=i Z=%

Then, for reasons that are obvious, U(z, y, 2) is called the force
function, or sometimes, for reasons that are not quite so obvious,
the potential function. If these conditions are satisfied, the for-
mu]‘r the element of work done by the forces becomes

dW—aUd + dj+—~ 2 = dU,

T =

which is an exact differential. It can be integrated from any
point z,, y1, 21, to any other point z,, ¥, 25, without any knowl-
edge of the path (Sec. 58) along which the motion occurred, pro-
vided U also is a single-valued function of z, ¥, zz Thus

W= U(.’L‘g, Yo, 52) - U(xl’ Yy, 21), (1)
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whatever the path may have been. The work done is independent
of the path.

If X, Y, and Z are single-valued functions of z, ¥, and 2, inde-
pendent of &, ¥, 2, ¢, the necessary and sufficient condition that a
force function U(z, y, 2) exists is that

oX _aY  9Y _oz  9Z _oX

dy oz az Yy ar 9z

66. The Force Function is Not Single Valued.—If the force
function is not single valued, Eq. (64.1) does not have a precise
meaning, since there would be doubt as to which value of U to
take. Suppose, for example, for the motion of a particle,

U = tan— %,
z

so that
X Yy 4

z
= —:;2—+ yz’ = —{—:;2 _*:72;
Notwithstanding U is multiple valued, X, Y, and Z are single
valued at all points, except the origin where X and Y are not
defined. The element of work is

Z =0.

zdy — ydzx
W="pfy
or, if
x =7rcos 0, y = rsin @,
in polar coordinates,
aw = do.

Since this expression does not depend upon dr, no work is done if
the particle is moved along a radius vector, either away from or
toward the origin. The work done is equal to the angle about
the origin through which the particle turns. °It is equal to 2r for
each complete circuit about the origin. Hence, the work dgne in
moving the particle from A to B depends upon the nu r of
circuits about the origin made in the path from A to B.

Such uncertainties do not arise if U is single valued. If X,
Y, and Z are not single valued, the physical situation is not
uniquely defined.

66. Energy.—It is commonly stated that energy is the capacity
for doing work, or that work is the measure of energy. In reality,
energy cannot be defined. Along with space and time it is one
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of the fundamental concepts in terms of which an attempt is made
to interpret nature and, therefore, it lies beyond the reach of a
definition. Energy is recognized in two forms, namely, potential,
the energy which a body possesses by virtue of the position which
it occupies, and kinetic, the energy which a body possesses by
virtue of the fact that it is moving. * Energy is either kinetic or
potential, we know of no other form: and it is assumed that
enzynﬁl be neithfay«fated nor destroyed. .

7. Conservative and Dissipative Forces‘.——/Let W be the work
required to move a system of bodies from a certain configuration
A to a certain other configuration B against the system of forces F
which are acting upon the system of bodies.' If the work done by
the system of forces upon the system of bodies when it is returned
from the configuration B to the configuration 4 also is equal to
W, then the system of forces F is said to be conservative. The
energy which was absorbed by the system in the displacement
from A to B is restored, or given back, in the displacement from
B to A. All gravitational forces, for example, are conservative.

If, on the other hand, the work done by the system of forces
F in the return displacement from B to A is less than W, then F
is said to be a dissipative system of forces. Friction and viscosity
are typical dissipative forces. When such forces occur, a certain
amount of the energy passes from the mass to the molecules
where it is recognized as heat, which is radiated away, and some
of it, doubtless, becomes submolecular; at any rate, it is not
available in restoring the system of bodies from the configuration
B to the configuration 4.

Under no circumstances is the work done by the forees F in
the return from B to A greater than the work done against them
in the displacement from A to B. Itis this principle which denies
the . possibility of what is commonly called perpetual motion.
Since friction cannot be eliminated in any terrestrial experiment,
no tewrestrial mechanism can be made to run indefinitely without
supplying it with energy from the outside.

68. Potential Energy.—Suppose that the system of farces is
conservative and that there exists a force function U, If the
function U were multiple valued, it would be possible to move the
system of bodies from a configuration A around a certain circuit
back to the configuration A in which U changed from one of its
values at A to another one of its values at A. If it were necessary
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to do work upon the system in order to make it go around this
circuit, then, on account of the fact that the forces are conservative,
work would be done by the system if the circuit were reversed.
Since, by hypothesis, the system has returned to its initial con-
figuration, it could go through the reversed circuit a second time
and therefore do some more work, and so on. Perpetual motion
would be possible and the delightful situation would exist of being
able to get something out of nothing. Since this is manifestly
impossible the force function U must be single valued for every
physical situation.

The potential energy of a system of bodies in a configuration
B with respect to a configuration A is the amount of work which
must be done upon the system in order to bring it from A to B,
and this is independent of the path. It will be observed that
potential energy is always relative, that is, one configuration with
respect to another.

Let m be the mass of a particle, o, ¥o, 2its initial position, z, , 2
its terminal position, and U(z, y, 2) the force function. Then the
potential energy of its terminal position with respect to its initial
position is

V(x) Y, z) = U(xO: Yo, 20) - U(x’ Y, 2))

since the work is done against the forces of the system. Its
potential energy with respect to any other position z;, y1, 2;, will
differ from this only by the constant value

U(xh Yy, 21) - U(xOJ Yo, zO)‘

From these relations, it is seen that the potential energy differs
from the negative of the force function (Sec. 64) only by an addi-
tive constant. Therefore, if V is the potential energy, the com-
ponents of force can also be written
vV v av
X Yy I
Stated in words, the z-, y-, and z-components of the force at
any point are the values of the negative derivatives of the potential
" energy with respect to z, y, and z, respectively, at that point.

69. Generalization.—More generally, it is true that the negative
derivative of the potential energy at any given point in any specified
direction is the component in the assigned direction of the force
acting at that point,
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In order to show this, let xo, yo, 20 be the given point and let £, 4, ¢
be aset of rectangular axes with origin at xo, 4o, 20and with the £-axis
in the given direction. Then the coordinates of any point in the
two systems are related by the equations

z = ¢+ a1t + o + asf,
Y =1Yo + B1& + Bon + Bs¢,
2 = 2o+ v1f + van + vsf.

The coefficients a;, 8;, and +; are the direction cosines of the
angles between the various axes as indicated in the table:

I

| & n |_¢
x a a l asg
y B B2 ‘ B3
2 Y1 Y2 ‘ v3

Since ¢ enters the expression for V only through the coordinates
x, ¥, and 2z, it follows that

3t  dr 9t ' dy 9t ' 9z A’
and, since
av , v _ - vV _
—&_—-——X, oy = Y, Fh Z,
ér Qy _ dz _
aé — ay, ot = f, EY: Y1,
it follows that
av

—52' = a;X + BlY + ’YLZ.

Let the components of the force along the &, 9-, and ¢-
axes be E, H, and Z, respectively. Then since a1, 81, ¥1 are the
cosines of the angles between the #-axis and the z-, y-, and 2-
axes, respectively, it follows by projection that

E=aX + /Y + viZ.
Therefore,
- _ 9V,
— _‘ég,
av av

—_————) f, = — --

an a¢ '
which proves the proposition.

and similarly H
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70. Kinetic Energy.—The second form of energy which a body
may possess is that which it possesses by virtue of the fact that it
is in motion, for a body in motion will do work in being brought to
rest or even to a lower speed. A windmill is a familiar example
of this fact. The wind blowing upon the mill is reduced
in speed and the energy which it loses is converted into useful
work.

Consider a particle in motion along a straight line and let its
distance from a fixed point in the line be denoted by the
letter . Let the force which is acting upon the particle along
the straight line be denoted by the letter f. Then, since the accel-
eration is & = d*x/d#?, Eq. (36.2), and the force is equal to the mass
of the particle m multiplied by its acceleration (Sece. 47),

mi = f.

After multiplying this equation by dz, it can be written
%md(a‘c)"’ — fda, 0

for &dx = @di = 1/2d(z)?. let z, be theinitial position of the
particle and , its initial velocity. Then by integration of Eq.
(1), there results

1 1 ‘
mez — 2mx02 =Lof - dr. 2)

The right member of Eq. (2) is the work done upon the particle
in the displacement z, to . The expression
;;micz = émvﬂ,
where v is the speed, is the kinetic energy of the particle. Hence,
Iiq. (2) states that the change in the kinetic energy of the particle is
equal to the work which is done upon the particle by the forcef. If the
displacement dr has the same direction as the force f in the interval
z¢ — z, the product fdz is positive, the right member of Eq. (2) is
positive, and 42 > #¢?; therefore, the speed of the particle has
been increased. Work has been done by the force upon the par-
ticle. If the displacement dz is in the opposite direction to the
force, the product fdr is negative and therefore the right mem-
ber of Eq. (2) is negative; #% < & and the speed has been
decreased. Work has been done against the force f, and the
kinetic energy of the particle has been reduced. It will be
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observed that the kinetic energy vanishes with the speed and that
it is never negative.

If f is a function of z alone, that is, it does not depend upon %
or ¢, and is an integrable function of z, then there exists a function
V(z) such that

1@ = =9L.

In this event the forces acting are conservative, and V () differs
from the potential energy only by an additive constant. Hence,
the.integral of Eq. (1) can be written

;m:i:2 + V(z) = constant; 3)

or, in words, the sum of the kinetic and potential energies of the par-
ticle is constant. This result, which is proved here in a very simple
case, is characteristic of conservative systems, however compli-
cated they may be. The encrgy cquation (Iiq. (3)) obviously
does not exist for a dissipative system.

71. Dimensions.—When it is said that the line 4 B is of length
a, what is meant is that a unit of length L has been chosen and

that the length AB is a times the length L. That is
AB =a-L.

The unit of length having been adopted, the unit of area is
1.2 and the unit of volume is L3, that is, a square and a cube each
of whose edges is equal to L. When it is said that the area of a
rectangle, whose sides are aL and bL, is equal to ab, it is meant
that the area is equal to ab times the unit of area L?; and similarly,
the volume of the parallelepiped whose edges are aL, bL, and cL
is the product abc times the unit of volume L3.  From this explana-
tion it will be clear what is meant when it is said that a line has
the dimension L, an area has the dimension L? and a volume
has the dimension L3. A product of four lengths would have
the dimension L% and so on. The quotient of a volume by an
area is of the form (aL3)/(bL?) = cL, that is, its dimension is L.

In mechanics there are three fundamental units, length, time,
and mass, denoted respectively by the letters L, T, and M, and
therefore the mechanical concepts, velocity, acceleration, momen-
tum, force, energy, power, etc., have dimensions which are
expressible in these three units. Thus



54 STATICS AND THE DYNAMICS OF A PARTICLE

velocity = length -+ time = LT,
acceleration = velocity = time = LT
momentum = mass X velocity = MLT-,
force = mass X acceleration = MLT-2,
work (or energy) = force X length = ML?T-2,
power = work =+ time = ML*T-3.

72. Homogeneity.—A mechanical quantity, which with respect
to the fundamental units is of the form MiL:T%, is said to be
of dimensions 7 in mass, j in length, and k in time. Two quanti-
ties that are alike, that is, of the same mechanical nature, must
have the same dimensions. By an elementary principle of
arithmetic, only quantities that are of the same nature can be
added together. From this principle it follows that the terms
of an equation must all have the same dimensions in the funda-
mental units. That is, the equations of mechanics are homogeneous
in the fundamental units. This principle is frequently of value
for the detection of errors.

73. Changing the Units.—It is desired occasionally to trans-
late the numerical value of a physical magnitude, given in one
set of units, to its equivalent numerical value in another set of
units. Let X be a mechanical magnitude; let L,, M,, and T, be
one set of units, Ly, M3, and T’ be a second set of units, and, finally,
let

X = leliMl’.le (1)
and X = 2oLy’ M T,

where z; and z, are the numerical values for the two sets of
units respectively. Kvidently the first equation of (1) can be

written
LNt/ M\ /TN, .. .
X = <71—21> <n{2) <—T~i) inlefT’zk;

and, on comparing this expression with the second equation of
(1), it is seen that

2 = (Y (MY (TaY,
2 = L2 M T2 | ¥
or, on setting

A = L, - M T
Ly Ty TTTY
the simpler expression
T2 = Nuith . xq.
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_74. Example.—The value of the gravitational constant in
astronomical units is log k% = 6.4712 — 10. What is its value
in c.g.s. units?

In the astronomical system, the unit of mass is the mass of the
sun (= 1.990 X 1033 g.). The unit of length is the mean distance
of the earth from the sun (= 1.493 X 10'3 centimeters), and the
unit of time is the mean solar day (= 86,400 sec.).

From the law of gravitation is derived, Sec. 49,

mum
force = k2=,
7

or, dimensionally,
MLT-? = k*M2L2

Hence, from the point of view of dimensions,
k2 = M-UAT-2,

Also,
N = 1493 X 103, n = 1.990 X 1033, 7 = 86,400,
1 = +3, j= -1, k= -2
Therefore,

log [Nuir*] = 6.3504 — 10,
and the value of the log k? expressed in c.g.s. units is
log k? = 2.8216 — 10.

Problems IV

1. A man weighing 150 lb. runs up a flight of stairs 55 ft. high in 30 sec.
How much power does he develop? Anrs. 1/2 hp.

2. How fast can a team of 2 hp. draw a loaded wagon weighing 2 tons,
if the resistance to rolling is one-twentieth of the weight of the load? Ans.
3 3/4 miles per hour.

8. How much power is required to pump 1000 gal. of water per minute
from a well 110 ft. deep if a gallon of water weighs 8.34 1b. and half of the
total work done is used in overcoming internal friction? Ans. 55.6 hp.

4. Three horsepower arc required to drag a 220-1b. weight at the rate of
10 ft. per sccond along an inclined plane which makes an angle of 30° with
the horizontal. What is the force of resistance due to friction? Ans. 551b.

6. From the relations between the fundamental units, show that 1 foot-
poundal equals 421,400 ergs.
6. The speed of the earth in its orbit is 18.5 miles per sccond. What is
its speed in astronomical units? Ans. 0.0172 A.U. per day.
7. The numerical value of the acceleration of the earth toward the sun
in astronomical units is 0.0002959. What is its value in c.g.s. units?
Ans. 0.592 cm. per second per sccond.
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8. What horsepower is required to move a body with the speed » ft.
per sccond if it is resisted by a force of p poundals? Ans. pv/17,710.

9. A steamship of 22,000 hp. travels 3300 miles in 6 days. What is the
average resistance to the motion of the ship? Ans. 180 tons.

10. A locomotive pulls a train of 3000 tons up an incline of 1 ft. per 100 ft.
at 5 miles per hour. What is the power of the cngine if the resistance due
to friction is 1/200 of the weight of the train? Ans. 1200 hp.

11. Fifty horsepower is transmitted from one shaft to another by mecans
of a belt and pulleys. The linear speed of the belt is 250 ft. per minute.
What is the difference in the tensions of the two sides of the belt? Ans.
6600 1b.

12. Multiply together by dot multiplication the expressions for F and D
in Sec. 56, thus

FD=x-X+xY+ xZ+:---.
Evaluate the individual terms and verify the result there given.

13. What is the potential energy of a particle, if the components of the
force acting on it, expressed in pounds, are 6z, 6y and 62? Ans. —3r?
ft.-lb., if 1 ft. is the unit of length.

14. A uniform sphere of mass M attracts an exterior particle of mass m in
accordance with the law of gravitation. Show that the potential energy of
the particle in any position is

V= - kzM_Tm,

where r is the distance of the particle from the center of the sphere.

16. A particle is attracted toward a fixed center by a force which is
directly proportional to its distance from the fixed center. If the magnitude
of the force at a unit distance is j2, show that the potential energy of the
particle is

1
—_ = 122
V=g

16. An elastic string of length [ ft. and of negligible weight stretched
to twice its natural length exerts a pull of k1b. A weight of m oz. is attached
to the end of the stretched string and the string is then released. Whatis the
maximum speed imparted to the weight? Ans. V = 4+/lkg/m ft. per second.

17. A bullet with a speed of 1000 ft. per second will penetrate a block of
wood 12 in. Assuming that the resistance to the bullet is constant, show
that it will penetrate and emerge from a plank 2 in. thick with a speed of
913 ft. per sccond.

18. Two equal weights W, are supported by a string which passes over two
frictionless pulleys at A and B in the same horizontal line. A third weight,
W, = 2W./ \/3, is attached to the string half way between A and B, and
allowed to drop from a state of rest. Show that it will descend until AW,B
is an equilateral triangle. What will happen after this? Ans. It will rise
to its initial position.
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19. The weight of a spider, which is hanging from the ceiling by its web,
doubles the natural length of the web. Show how the spider can climb
back to the ceiling with an expenditure of work which is only three-quarters
of what would be required if the web were inclastic.

¢ 20. A rod of length 21 and weight w rests horizontally in an ellipsoidal
bowl of which the semiaxes are a, b, and ¢. If the rod, always horizontal
with its ends in contact with the bowl, is turned through an angle 6, show
that its potential energy is

a? — [2 T leosto  I'sin?g
N
21. What speed must be imparted to a projectile which is fired vertically

from the surface of the earth in order that it may never return? Ans.
6.95 miles per second.




CHAPTER VI
GEOMETRICAL CONCEPTS

76. Explanation.—In dealing with bodies of finite dimensions
there are two notions which are constantly presenting themselves
and which belong properly to the geometry of the bodies rather
than to mechanics; but, inasmuch as they are indispensable for
mechanics, they will be treated here briefly. The first of these
concepts is the center of gravity and the second, moments of
inertia.

I. THE CENTER OF GRAVITY

76. The Center of Gravity of a Discrete Set of Particles.—
Suppose there is given a system of n particles; that the mass of the
ith particle is m; and that its coordinates with respect to a fixed
set of axes are z;, ¥;, and z;. The center of gravity of the system
is a point the coordinates of which are the weighted mean of the
corresponding coordinates of the particles, the weighting factors
being the masses of the particles. If &, 7, and Z are the coordi-
nates of the center of gravity, then

2 ZM&i _ maTy + meTy + - - -+ MaZa
my my+meg+ - - - + m,

__ Zmys _ maypn +mayp + - - -+ Mnlfn,
Zm; my+me+ - - - + m,

s _ Zmizi _ mazy + meze + - - - 4 maza
T Zmi maitmet - Fomg

From this definition, it is seen that the center of gravity (or the
center of mass) is the centroid of the points z;, i, and 2; for the
weighting factors m;. Its position with respect to the particles is
therefore (Sec. 22) independent of the coordinate system chosen.
It is recommended that this be verified directly by a translation
and a rotation of axes according to the usual geometrical methods.

77. The Center of Gravity of a Continuous Mass.—If the
system of particles forms a continuous mass, the sums which enter

into the expressions for the coordinates of the center of gravity
RR
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pass over into definite integrals, which are commonly thought of
as the limit of a sum. Each mass m; decrcases as n increases but
in such a way that this sum remains finite. On writing dm
instead of m;, dropping the subscripts which are not needed in
the calculus notation, and replacing the summation symbols by
the integration signs, there results

_I ,,xdm _ ,,1/rlm I ,,zdm
Sodm’ 9= fum’ "2 T

the integration to be extended over the entire body.

Actual bodies, of course, are not regarded as continuous in the
mathematical sense; but the continuity ideal furnishes an approx-
imation which is sufficiently exact for most purposes.

78. The Density at a Point.—The average density of a body is
its mass divided by its volume (dimensions ML~3),

average density = mass
volume

The density at a point is the limit for diminishing volumes of the

average density of volumes which contain that point. Let it be

supposed that the density of a body varies in a continuous man-

ner and that at the point z, ¥, 2 its value is the value of the func-

tion ¢(z, y, 2) at that point. Then, in rcctangular coordinates,

dm = odzdydz.
If it is desired to use the polar coordinates

X = r cos ¢ cos 0,
y = r cos g sin 0,
z = r8in @,

the expression for the element of mass is
dm = or? cos pdedldr.

79. The Center of Gravity of an Area or of a Line.—In case the
body is a thin planc sheet of uniform density, like a sheet of paper,
it is necessary to determine only two of the coordinates of the
center of gravity, and the center of gravity of an area is spoken of.
In case the body is a thin rod, even though the density be not
uniform, there is but one coordinate to be determined, and the
center of gravity of a line is spoken of. The center of gravity of a
uniform straight rod is evidently the center of the rod.
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For a thin plane sheet, not necessarily uniform, the density is a
function of two coordinates o(x, ) and

dm = odzdy,
or, in polar coordinates, )
x = 7 cos 6, y = rsin é, dm = o(r, 0)rdrds.
TFor a thin rod dm = o(z)dz.

80. Center of Gravity of Portions of a Body.—It happens at
times that a body can be thought of as the union of two or more
masses for each of which the center of mass is easily found. Let
M, and M. be the masses of two parts of a body of mass M, so
that

M=M 1+ M 2,
let %, 71, %1, and Z2, #2, Z2 be their respective centers of gravity.
If %, §, Z is the center of gravity of the entire mass M, then

_ Mz, + My, 7 _ Mg + Moy 5 = Mz + Moz,
M1+M2 M1+M2 M1+M2

Let the particles of the first portion be m,, - - -, m and of
the second portion mg4y, + + -, ma. Then, by definition,

£, = Mt mey + - - - F mum — M i@rsr + ¢ o ¢+ Mo

' meFmy -+ : Migr + + o ma
But

F = Mo + max; + - - - + Muxk + MpprTega + - - - + Maln

my+my e M Mg - - -+m,.
_ (maz + maxe + - - -+ M) + (MiyrTrg + Tt M)
- (my + mz + - - ‘+mn)+(mk+l+ +mn)
= (my + my + - - - + m)E, + (m{e+1 + - + mn)-’zz

ma +mz + -« « +m) + (Magr + - - -+ + my)

or
= Mz, + M 22
M, ¥ M, ’
and similarly for 7 and 2. From this it follows that the center of

gravity of a body is unaltered if the body is divided up into parts,
and the mass of each part is concentrated at its center of gravity.

81. Symmetry.—If a body is symmetrical with respect to a
.certain plane, the center of gravity will lie in the plane of symme-
try, but the symmetry must hold with respect to the density as
well as to the geometrical figure. If a body has two planes of
symmetry, the center of gravity will lie on the line in which the
planes of symmetry intersect. If there are three planes of
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symmetry which intersect in a point, the center of gravity will
lie at the point of intersection of the three planes.

For example, the center of gravity of a homogeneous body
(i.e., constant density), which has a figure of revolution, will
lie on the axis of revolution. The center of gravity of homoge-
neous parallelepipeds, spheroids, and ellipsoids coincides with
the center of figure.

82. Example of a Line.—lLet the density at any point of a thin
rod of length ! be proportional to the distance of the point from
ong end of the line. It is required to find the center of gravity of
the line.

dx b

Let ab be the rod, dz an element of the rod at the distance =
from the end «a, and let kx be the density of the element du.
Then the element of mass dm at dz is

dm = kxdzx.

Then )
fxdm = kf 2:dx = 1kl’;
B 0 3
and
L 1
f dm = Icf zdx = =k
B 0 2
Therefore,
1 3
j__[‘”d"}_ﬁ_?_l (1)
T Sdm 1, 37
le

It will be observed that the center of gravity does not depend
upon the factor of proportionality k.

83. The Center of Gravity of a Triangle.—Let the triangle
abe be divided up into infinitesimal strips parallel to the base bc.
The length, and therefore the mass, of each strip is proportional
to its distance z from the vertex of the triangle. The center of
gravity of each strip is at the center of the strip, and therefore
lies on the line ad which joins the vertex to the center of the base.
Imagine the mass of each strip concentrated at its center of
gravity, and therefore on the line ad. The density along the line

ad is now proportional to the distance from a. Hence, by Eq.
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(82.1), the center of gravity is at the point which is two-thirds of
the distance from a to d.

It can be regarded in another way. Since the center of gravity
' of each strip lies on the
median ad which bisects
the base the center of
gravity of the triangle
also lies on ad. But
either one of the other
two sides could have
been regarded as the
\ base and, therefore, the
\ center of gravity lics on
d all three of the medians
ad, be, and ¢f- It is
known from geometry that the three medians of a triangle meet
at a point which is two-thirds of the distance from the vertex to
the center of the opposite side.

The center of gravity of a polygon of any shape can be deter-
mined by breaking up the polygon into triangles.

84, Pyramids and Cones.— a
Let a-bedef be a homogeneous
pyramid, and let g be the center
of gravity of the base. Divide
the pyramid into thin laminae
of equal thickness by planes
parallel to the base. The line
ag passes through the center of
gravity of each of them. The
mass of each lamina is propor-
tional to the square of its dis-
tance from a measured along ag.
If the mass of each lamina be
concentrated at its center of
gravity, the density along the
line ag will be proportional to
the square of the distance from a. But for such a line

/f___’_‘:fngsﬁ‘:g[;
ch;:czdx

Fra. 29.
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hence, the center of gravity of a pyramid lies on the line joining
the vertex to the center of gravity of the base and is one-fourth
of the distance from the base to the vertex.

Since this result is independent of the number of sides of the
base, the base can have any number of sides, or be bounded even
by a plane curve, in which case the pyramid becomes a cone.

-

86. An Arc and a Sector of a Circle.—It is evident from sym-
metry that the center of gravity of a circular are lies on the radius
which bisects the arc. Let this bisector be taken as the z-axis

ah

b

Fia. 30.

with the origin at the center of the circle. Then § is zero if the
density of the arc o is uniform as is supposed to be the case.
Using polar coordinates,

dm = ordf
o f:ﬂr cos 0 - rdo sin a
&nd :E = -———_Fa_"_‘— =7r-—
a'f_a rdf a

If the sector Oab is divided up into narrow strips by concentric
circular ares, it is seen from this result and the analogy with a
triangle that the center of gravity of the sector Oab is

& =3gr— =’ 7 =0.

86. A Homogeneous Hemisphere.—Let the hemisphere be the
upper half of the sphere
22+ 2+ 22 =a
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By virtue of symmetry, the center of gravity lies on the z-axis.
Let the hemisphere be divided into thin laminae of thickness dz
by planes parallel to the zy-plane. The area of the lamina
bounded by planes whose distances from the zy-plane are z and
2 + dz is w(a® — 2?) and its mass is7o(a? — 2%)dz. Imagine this
mass concentrated at the center of gravity of the lamina. If
this is done for every lamina, the mass will all lie on the z-axis, the
law of density being wo(a?—22). Therefore,

(a2 — 2%)zdz 3 /
Sa.v

wo f (a2 — 28)dz -8

87. Any Homogeneous Solid of Revolution.—Let the z-axis be
the axis of revolution. It follows from symmetry that

2 T=4=0.
Let ‘
x = [(2)

be the equation of the intersection of the xz-
plane with the bounding surface. The area of
a cross-section of the solid perpendicular to its
axis at a distance z from the origin is z2? =
7f%(z). Hence, if the mass be concentrated on
the z-axis, which passes through the center of
X gravity of every cross-section, the center of
gravity of a straight line the density of which

Fia. 31. is f2(2) must be computed.
Hence,
fw@&
[r@iz

88. First Theorem of Pappus.—The area of a surface generated
by revolving a plane curve about any .axis in its plane is equal to
the length of the curve multiplied by the length of the circum-
ference described by its center of gravity.

Let the axis about which the curve is revolved be the z-axis, and
let ds be an arc element of the curve. If the density of the curve
is taken equal to unity, dm = ds. Then the z-coordinate of the

center of gravity is
f xds

fds
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and therefore
27%s = 2 f zds.

But 27 is the length of the circumference described by the center
of gravity, and 2r [ zds is the area of the surface generated by the
curve. The theorem is therefore proved.

89. Second Theorem of Pappus.—The volume generated by
any planc area revolving about any axis in its plane, which does
not penetrate the area, is equal to the gencrating area multiplied
by the length of the circumference described by its center of
gravity.

Let the generating area lic in the zz-plane, and the z-axis be the
axis of revolution. If the density of the area be taken equal to
unity, dm = dxdz, and the z-coordinate of the center of gravity of
the generating arca is

5 _ f Sz
J S dxdz
Therefore.

2rZA = w | 2%z,

the integral being taken around the curve

z = f(2)
which bounds the arca. But this integral is the volume gener-
ated by the area,! and 2x% is the circumference described by the
center of gravity of the area A.

{ (0] |

Fia. 32.

90. Example with Polar Coordinates.—To find the center of
gravity of a homogeneous solid which is bounded by a cone and a
sphere whose center is at the apex of the cone. Let a be
the radius of the sphere, a the generating angle of the cone and
the z-axis the axis of the cone. Since the z-axis is an axis of sym-

1 Sec WILLIAMSON’S, ‘‘Integral Calculus,” p. 254.
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metry the center of gravity lies on it. It is necessary therefore to
compute only the z-coordinate, which is defined by

5 = Juzdm
Jedm

Using polar coordinates this expression becomes
% a (*2r
f f f (r sin @)1r? cos ¢ dedrdd
- 0 Jo
5 2”7 “
Z = -
2 a 2x
f f f r2 cos ¢ dedrdd
LG 0 JO
2

n kg
5 @ . i 3
r? sin ¢ cos ¢dedr sin ¢ cos pdg
£ 3 0 T

g« 3 3”@

= ——= - ——_— e - = - —- e—
2 a 2
r2 cos pdedr cos ode
£ 0 L
g7 27
Hence, finally
;s _ 3 1—cos2a 3
2= 6% T vosa — 8a(l + cos a).
Problems V

Verify the following statements:

1. The distance of the center of gravity of a sector of angle 20 from the
center of a circle of radius a is

2. The distance of the center of gravity of a segment of angle 26 from the
center of a circle of radius a is .
2 sin3 @
39 —sindcos 6

8. The distance of the center of gravity of the volume of uniform den-
sity contained between a hemisphere and a right circular cone of the same
base and altitude from the base is one-half this common altitude.

4. If the vertex of a right circular cone lies in the surface of a sphere, if
its generating angle is a, if its axis coincides with a diameter, and if its
base is the intercepted portion of the sphere, the distance of its center of
gravity from the vertex is

2 =

_ 1 —costa

2 = ——"——a.
l—cos‘aa
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6. The center of gravity of threc equal particles at the three vertices of
a triangle coincides with the center of gravity of the area of the triangle.

6. The center of gravity of three particles at the three vertices of a
triangle, the masses of which are proportional to the lengths of the opposite
sides, is at the center of the inscribed circle.

7. The center of gravity of a spherical cap cut off from a sphere of
radius a by a plane at a distance b from the center of the sphere is

1 (a = b)(3a +b)

2 @a+b above the base of the cap,
3(a+b):
4 (2a + b)

- 8. The distance from the base to the center of gravity of a solid hemi-
sphere whose density varics as the square of the distance from the center
of the base is five-twelfths of the radius.

or from the center of the sphere.

9. The coordinates of the center of gravity of an octant of an ellipsoid

are
3

.‘E=8a, 7 =7z3h 2=gc.

10. The area of the surface of an anchor ring which is generated by
revolving a circle of radius @ about an axis in its own plane and at a distance
b > a from the center of the circle is 4x2ab.

11. The volume of the tore generated by revolving an cllipse of semiaxes
a and b about any axis in its plane at a distance ¢ from the center of the
ellipse (provided the axis does not penetrate the ellipse) is 2r2abe.

12. The area of the surface and the volume of the solid generated by
revolving a single wave of a cycloid about its base are respectively twice
and five times as great as the surface and volume generated by revolving
it about the tangent at its highest point.

18. If an equilateral triangle of side a is revolved about one of its sides
as an axis, the area of the surface generated is V/3ra? and its volume is
wad/4.

3

II. MOMENTS OF INERTIA

91. The Moment of Inertia Defined.—The second of the
geometric concepts referred to in Sec. 75 is the moment of inertia
which is a quadratic expression of the coordinates, the center of
gravity being a linear expression. It plays a réle in the theory
of rotating bodies which is analogous to that which mass plays
in the theory of translation. As it is not an important concept
for that portion of the theory of mechanics which is considered in
this volume, the subject will be considered here but biicfly.

Suppose there are n particles of mass mi, mse, + <+, Ma,
with coordinates =z, 1, 21} Ta, Y2, 22; * * * ; Tny Yny 2n. The
moment of inertia I of this system of particles with respect to a
plane, line, or point is the sum of the products of the mass of the



68 STATICS AND THE DYNAMICS OF A PARTICLE

particles into the square of the perpendicular distance to the plane
or line (or merely the square of the distance in the case of a point).

I = Zmipsz = mp? + MmeP? + ¢ -+ + Mapad,

where p; is the perpendicular distance mentioned.
If the system of particles forms a continuous body, this sum
passes over into the definite integral

I = j; p*dm,
the integral being taken over the entire body.

92. The Various Types of Moment of Inertia.—If I,, is the
moment of inertia with respeet to the yz-plane, then

I, = Em.':c,?, or J; 2%dm;
and similarly, L. = Symyd,  or  [ydm;

I, = Zm.zﬁ, or j; 22dm.

If I., I,, and I, are the moments of inertia with respect to the
z-, y-, z-axes, repectively, then

I, = z:m.~(y.-2 + 22), or j;(yz + 22)dm = I1,, + 1.,
I, = 3m@t+22), o [@+a)dm =L, +1,,
I, = Em;(ar:,-2 +yd), or J;(ac2 + y)dm = I, + I.,.
The moment of inertia with respect to the origin is
I, = 2m.~(x.~2 +y®+2%), or j; (@® + y* + 2%)dm,
=TIy + Iy + I
= ’21'(11 +1,+ IL.).

Since the choice of the coordinate system is quite arbitrary,
it is seen from these relations that

The moment of inertia with respect to any line is the sum of the
momzius of tnertia with respect to any two mutually perpendicular
planes which pass through that line.

The moment of inertia with respect to any point is equal to the
sum of the moments of inertia with respect to any three mutually
perpendicular planes which pass through that point, or one-half
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the sum of the moments of inertia with respect to any three mutually
perpendicular lines through that point.

93. Products of Inertia.—Similar expressions which involve
the cross-products of the coordinates are called products of
inertia, namely,

zm,x,-y.-, Zm.ﬂ Zi, 2"7«{2{3:{,
or zydm f zdm f zxdm.
Szvim,  [yedm, .

94. The Radius of Gyration.—Suppose that the entire mass M
of the body is concentrated into a single particle of mass M at a
distance k& from a given axis with respect to which the moment of
inertia of the body is I. If k is chosen so that

Mk2 =1,
it is called the radius of gyration of the body with respect to that
axis.

The principal radius of gyration is the radius of gyration with
respect to a parallel axis which passes through the center of
gravity of the body or system of particles.

95. The Principal Radius of Gyration is a Minimum.—Let I
be the moment of inertia with respect to a given axis, which will
be taken as the z-axis of the coordinate system. Let k be the
radius of gyration of the body with respect to this axis, and let
ko be the radius of gyration of the body with respect to a parallel
axis through the center of gravity of the body, so that k, is a
principal radius of gyration. Let o, %o and 2o be the coordinates
of the center of gravity and

$=.’L'0+$, 3/=?/0+’7, Z=20+§',
so that, £, 7, and { are the coordinates of a particle with respect
to the center of gravity. Then,

Mk = 2:,m.-(£;2 + 7.2

and Zm,-f.- = me; = ZMJ.- = 0.

Also
Mk?= Zm;(:c.z + %),
= Yml@ + £)* + (o + 297,
= Somied + nd) + Mze' +ye) +2a0 2 mat i+2y0 2 mens.
If p is the perpendicular distance between the two axes, then
p* = 2 +yd;
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and the above expression reduces to
Mk = Mk + Mp?,
or k? = k¢ + pi

Thus k, ko and p can be represented by the three sides of a right
triangle, as is shown in Fig. 33. From this relation it is seen that,
for any system of parallel axes,
the radius of gyration is least for
that one which passes through
k/ | ko the center of gravity; that is, the
principal radius of gyration is a
minimum one.

96. The Moment of Inertia

P / of an Area.—If the body under
discussion is a thin plane lamina,

the clement of mass dm is equal

to the mass per unit area o times
the element of area da. In this case, if ¢ is constant, the moment

of inertia is
=g f r’da
A

where 4 is the total area, and the integral

L r’da

is called the moment of inertia of the area.
In the same way there arises the term moment of inertia of a

volume
f r2dy
14

and the moment of inertia of a line

j; r2dl.

97. The Moment of Inertia of a Rod.—What is the moment of
inertia of a uniform rod of length I with respect to an axis per-
pendicular to the rod through its center?

Let o be the mass of the rod per unit length and M = lo its
total mass. Then

F4

Fia. 33.

++ 1
= 2 2, = — M
I o'j:l_ z%dx 12Ml"’,

2
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and its radius of gyration is
l
- 24/3
With respect to a parallel axis at a distance d from the center,
—_ 1 2
1= u(lp+ o)
so that, if the axis is at the end of the rod,
= lyp
I= 3M 2

98. Moment of Inertia of a Parallelepiped.—Lct the parallele-
piped be homogeneous with edges a, b, and ¢ and let the axis,
with respect to which the moment of inertia is taken, pass through
its center parallel to the edge ¢. Then

I= Uf f f (@* + y?)dzdydz
a _'1 K
= acf f (x2 + y?)dzdy

aabc(a2 + b?) = - »M (a? + b?).

ll

99. Moment of Inertia of a Sphere.—Let, R be the radius of a
homogeneous sphere. The moment of inertia with respect to
a diameter, the z-axis say, is

+2
I—uff fp cos? o dpdepd,

= 151FG'R

2 2
= -5M R2,
Problems VI

Verify the following statements:
1. Routh’s Rule.—The square of the radius of gyration of a homogeneous
(@) rod, rectangular lamina, or parallelepiped; (b) elliptical or circular disk;
(c) ellipsoid, spheroid or sphere about an axis of symmetry is
k2 = Sum of the squares of the perpendicular semiaxes
3, 4,0ord

according as the object belongs to class (a), (b), or (c).
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2. The radius of gyration of a triangle with respect to an axis through
one vertex and parallel to the opposite side is the altitude of the triangle
divided by the square root of 2.

3. If bis the base of a triangle and ! is the distance from the vertex to the
midpoint of the base, the square of the radius of gyration of the triangle
with respect to an axis through the vertex and perpendicular to the plane
of the triangle is

=lp oy L
k2 = Gl + 5bt

4. With respeet to the diagonal of a rectangle of which the sides are a
and b,

k2 = __a®%t
6(a? + b?)
6. The radius of gyration of a cube about a diagonal of which the length
isdis
o = V54,
6

6. For a regular tetrahedron with edges of length I, about an axis through
a vertex and perpendicular to the opposite face,

l
V20

7. The radius of gyration of a spherical shell of radius r about a diameter

k= ¢§r

8. The radius of gyration of the arc of one complete wave of cycloid of
length a is

k=

= % .
"~ V30

9. The moment of inertia of a lamina in the form of a regular polygon
with n sides about a line through its center and perpendicular to its plane,

in terms of the perpendicular distance p from the center to the sides is
1 T
—_ 2 P 2 .
I = 6Mp (3 + tan n)

10. The moment of inertia of a homogencous cone about an axis through
its center of gravity and perpendicular to its axis of figure is

__3 2 2
I = SOMh (1 + 4 tan? a).

11. The radius of gyration of an elliptical lamina about its major axis is
1 .

k =§a.

12. The moment of inertia of an anchor ring of which the radius of the
generating circle is a and the distance from the axis of revolution to the center
of the generating circle is b > a, about the axis of revolution, is

7= M(b” + %ﬁ)-



PART 11
STATICS

CHAPTER VII
THE STATICS OF A PARTICLE

100. Definitions.—By the term ‘‘statics’’ is meant the study
of the conditions under which a particle or a body remains at
rest. A particle or a body which remains at rest under a given
set of forces is said to be in equilibrium under those forces.

101. Theorem I.—If a particle s in equilibrium under the
action of a single force F, then F is equal to zero.

According to Newton’s second law the rate of change of
momentum is proportional to the force acting. If the particle
remains at rest its momentum is constantly zero. Its rate of
change of momentum is zero, and therefore F is zero.

102. Theorem II.—If a particle is in equilibrium under the
action of two forces qnly, F; and Fy, then

F1 + F2 = 0,
and the two forces are equal in magnitude and are oppositely

directed.
F| Fz

- ~
d

Fia. 34.

Since forces are vectors, F; and F;, acting at the same point, are
equivalent to a single force F; that is,

F1 + Fz = F.
Since the particle is in cquilibrium under the action of a single
force F, by theorem I, F is zero and therefore
F,+F; =0;

that is, the forces are equal in magnitude and oppositely directed.
73
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103. Theorem IIL.—If a particle is in equilibrium Hrough
action of three forces Fi, F2, and Fs, then - friangle

Fi+F.+F; =0. to the
iangle

The proof is omitted as it is quite similar to the p: plane

theorem II. As has already been seen in Chap. I, prok
the condition

Fi4+F+F;=0
implies that if the three vectors are taken sequentially, so that
the origin of the second coincides with the terminus of the first,
and so on, the three vectors will form a closed triangle.

er the

Fia. 35. Fi1a. 35a.

roof of

lem 2, . 35 represent the three forces acting upon the particle,
che angles between them be represented by a, b, and c.
. 35a be the same vectors when arranged sequentially,

and let the corresponding angles be «, 8, and 4. Then

a=7r—a, "b=m—8 c=7r—7.
Since Fi, F;, and F; are the three sides of a triangle, it follows
from the sine law of trigonometry that
F, F, Fs .

sina snp sny’
Fy Fy Fy

gina sinb sinc

and therefore

This formula suggests a very useful form of theorem ITI known
" by the name of Lami’s theorem.

Lami’s Theorem.—If a particle is in equilibrium under the action
of three forces, the three forces lie in the same plane and the magni-
tude of each force is proportional to the sine of the angle between the
other two.
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104. Theorem IV.—If a particle is in equilibrium under the
action of n forces F1, Fyy - - - , F,, then
Fi+Ft+ - +F, =
and the vectors representing these forces, if arranged sequentially,
will form a closed polygon.
The n forces acting simultancously on a single particle arc
cquivalent to a single force
F=F1+F2+ st +Fn)
and, since the particle is in equilibrium,
. F =0,
by theorem I. Hence, the resultant of the n veectors is zero and,
if the vectors are placed end to end, the terminus of the last vector
will coincide with the origin of the first, and the vector polygon
will be closed. The vectors need not all lie in the same plane; so
that, in general, the vector polygon is not a plane polygon.

106. Components of Forces Along Three Rectangular Axes.—
Let i, j, and k be three mutually perpendicular unit vectors (Sec.
21). Each force can be expressed in terms of these three vectors:

thus
F, = zi 4+ y.j + z.k.

Fia. 36.

On taking the sum of all of the forces, there results
ZF=@tmte o mit @t F )]
+ @ +2+ - +2)k=0;

from which it follows that
i+ 2+ - +x=0,
hity2+ - +ya=0,
atant - +2.=0
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and the sum of the projections upon any axis whatever is zero.
If N, us, and », are the direction angles of F, with respect to the
axes of i, j, and k, then
Ty =Fsc08N,y Yy =Fsco8pyy, 2, =F, 08 v
and, since
cos? \, + cos? y, + cos? v, = 1,

which is true for the direction cosinecs of any line, it follows that
'+ yl + 2t =F2

106. Common Types of Force.—The theorems which have
just been proved are independent of the physical nature of the
forces which are acting, but as everyone knows there is a great
variety of forces. A few of the commonest will be discussed
briefly, namely, weight, tension in strings and chains, the reaction
of surfaces, and friction.

107. Weight.—Every particle is acted upon by the attraction
of the earth in accord ance with Newton’s law of gravitation, and
the magnitude of the attraction is the weight of the par-
ticle. Its direction is downward; in fact, the meaning of
down is in the direction of the acceleration of the earth. If
a mass is suspended by a string and is at rest, the mass is
acted upon by two forces, namely, its weight W and the
tension of the string T. These two forces are equal in
magnitude and lie in the same straight line, which is called
the plumb line or the vertical.

']

T 108. Tension of Strings and Chains.—In most of the

instances in which strings and chains are employed, the
o weight of the string or chain is sufficiently small in com-
w parison with the other forces that it may be neglected
Y altogether. Unless something to the contrary is stated,
Fra. 37. strings and chains will be regarded as weightless. The
term ‘“‘a light string’’ is used to call attention to the fact
that the weight of the string is disregarded and is contrasted
with the term “a heavy string” when the weight of the string is
important.

A string or a chain can be regarded as a series of particles which
are held together by forces. The nature of these forces does not
need to be considered beyond the fact that they act only on
adjacent particles and along the straight line which joins their
centers. Under these conditions they will be perfectly flexible,




108] THE STATICS OF A PARTICLE 77

by which is meant that they will take the form of any desired
curve without offering any resistance to their being bent or curved.

If a string or chain is in equilibrium under the action of two
forces T, and T. (not zero), acting at the extremities, then each
particle of the string separately is in equilibrium under the two
forces which attach it to the adjacent particles. Hence, by
theorem II, these two forces lie in a straight line and are equal in
magnitude. In Fig. 38, the particle a is acted on by T, and the
force which attaches it to the particle b. Likewise, the force
joining b to ¢ is equal to the force joining b to a (which, of course,
is equal and opposite to the force joining a to b by Newton’s third
law) and lies in the same straight line. Hence, the three particles
a, b, and c lie in the same straight line. Continuing step by step,

T T

abcde -

F1a. 38.

it is shown that all of the particles lic in the same straight line
and that all of the forces between the adjacent particles are equal
in magnitude to T.. The last particle, however, is acted on by a
force T, and a second force T and, since it is in equilibrium, it
must be true that

T, + T, =0.

From these relations is derived the definition: The tension of a
string at any point is the magnitude of the force joining the adjacent
particles at that point. If, therefore, a perfectly flexible weightless
string ic in equilibrium under the action of two non-vanishing
foreces at its extremities, then the string forms a straight line and is
under the same tension throughout. It isconvenient language to
say that the string transmits the force unaltered. It will be
shown in Sec. 118 that, if the string is bent around a convex sur-
face that is perfectly smooth (that is, without friction), the force
is transmitted unaltered as to magnitude.

109. Elastic and Inelastic Strings.—There are two types of
strings: the inelastic and the elastic. The length of an inelastic
string is not altered by tension, and all chains are inelastic. This,
of course, is merely a convenient fiction. ' All strings and chains
will stretch under tension but, in case the stretch is so small as to
be negligible, the chain or string is regarded as inelastic. Elastic
strings alter their length perceptibly under tension. It is found
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by experiment that, if the tension is not too great, Hooke’s law is
very closely satisfied.

Hooke’s Law.—The increase in length of an elastic string s
proportional to its tension. The factor of proportionality, natu-
rally, depends upon the particular string which is used. The
natural length of a string is its length when its tension is zero, that
is, its unstretched length. The modulus of elasticity of a string
is the force required to double its natural length.

If the natural length of a string is ! and its stretched length is
z, the amount of the stretch is x — 7 and, since the tension is pro-
portional to the stretch,

T =k(x—1),

where k is the factor of proportionality. If \ is its modulus of

elasticity, then
A=k@ - 1) =k,

so that k= ?’
and therefore
T = )\x;_,l.

By means of this formula the value of the modulus of elasticity
of a given string can be determined by experiments with small
stretches. Many strings, indeed, would break before stretching
to double their natural length.

If \ is very great the string is virtually inelastic. It will be
observed that \ has the same dimensions as a tension or force.

110. Weight Suspended by Two Inelastic Strings.—A weight
of ten pounds is suspended by two inelastic strings of lengths
three and four feet, respectively. The strings are attached to
two pegs in a horizontal line five feet apart. What are the ten-
sions of the strings?

Let A and B be the pegs and W the weight. In the triangle
ABW,

AB = 5 feet, AW = 3 feet, BW = 4 feet.
Therefore, the angle at W is 90°. Denote the angle whose tan-
gent is 3/4 by a = 36° 52/, so that the angle at Bisa. Then W
is in equilibrium under the action of three forces, T,, Ts, and W,
namely, the tensions of the two strings and its weight of ten
pounds. The angle between T, and W is 90° + a, and the angle



110] THE STATICS OF A PARTICLE 79

between T, and W is 180° — «. Hence, by Lami’s theorem
(See. 103),
10 _ T, _ T,
sin 90°  sin (90° + &)  sin (180° — &)
from which is derived
T:1 = 10 cos a pounds = 8 pounds,
T2 = 10 sin a pounds = 6 pounds.

)

W10 tbs.

Fia. 39. Fia. 40.

111, Weight Suspended by Two Elastic Strings.—In the
previous problem, the strings were inelastic. Now suppose that
they are elastic with the same modulus of elasticity, A, equal to
twenty pounds, that their natural lengths are three and four feet,
that the weight of W is ten pounds, and that the distance between
the pegs A and B is five feet.

Since the pegs A and B are fixed, the position of W is deter-
mined if the stretched lengths of the strings z; and z,, or the
angles opposite them, a; and a; are known. By Lami’s theorem,

T1 — I? - _*19______
sin (90 + a1) sin (90 + a2)  sin (a1 + ag)’
by Hooke’s law (Sec. 110),

-3 T2 — 4
Tl = ZO(xl 3 )) T2 = 20(?3.4,__);

and finally, from the geometry of the triangle ABW,
2 2 _ 8
sin @y sinaz sin (o + az)
These six equations determine the six unknowns ai, az, 1, T2,
T,, and Ts. After eliminating xi, xs, T1, and T's, it is found that

% + sin a2 % + sin oy
=t 5 tan = —.
tan a § — cosas T cosay
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It is not advisable to climinate any further. If a reasonable
guess is made as to the value of a; and this value substituted
in the first equation, it gives a value of ay, and this value of «,
substituted in the second equation gives a new valuc of a..
Repeating the process with this new value of a2, a second value
of e, is obtained, and so on. The process arrives quickly at the
solution

ap = 480 33’, az = 640 48'.
Since
10 cos a; 10 cos a;
' sin (o + )’ * = gin (e + a2)’
5 sin a; g = 5 sin ae

Ty = - — =__Unne
' sin (a; + az)’ sin (a; + az)’

it is readily found that

T: = 7.21 pounds, z, = 4.08 feet,
T, = 4.64 pounds, T2 = 4.93 feet.

On comparing these results with the corresponding results of the
preceding section, it is seen that the angle between T and T,
has diminished, as has also each of the tensions 7'; and T’.

Had the angle diminished to zero, the sum T, 4 T, would,
of course, have been equal to ten pounds.

Problems VII

1. A weight of 100 1b. iy suspended by two strings, each of which makes
an angle of 60° with the vertical. What are the tensions? Awns. 100 lb.
each.

2. A weight W suspended by a string is pulled aside by a second hori-
zontal string until the first string makes an angle 0 with the vertical. What
are the tensions of the two strings? Ans. W sec 0 and W tan 6.

3. A rubber band is placed around three nails which are driven part way
into a board at the vertices of an equilateral triangle of which the side is
6 in. The natural length of the band is 12 in. and its modulus is 2 1b. If
the tension of the band is everywhere the same, what is the pressure on cach
nail? Ans. /3 lbs.

4. A weight of 100 lb. is suspended by two clastic strings of natural
lengths 20 and 25 ft., modulus of elasticity 1000 lb., from two pegs in a
horizontal line 40 ft. apart. Determine the conditions of equilibrium. How
far is the weight below the line of the pegs? Ans. 13.91 ft.; z; = 21.82;
me = 27.04; Ty = 90.95; T, = 81.71; o = 30° 57'; &y = 39° 36".

6. A weight W is suspended by three inelastic strings cach of length I

from the vertices of a horizontal equilateral triangle of which the sides are

5 . . . . _ i v
8/3.  What is the tension of each string? Ans, T = Va3
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112. Reaction of a Surface.—Imagine a body at rest upon a
horizontal table. The body is maintained in equilibrium by the
action of two forces, its weight W acting downward and the
reaction of the table or the support of the table. Since the body
is in cquilibrium under the action of only two forces, these two
forees lie in the same straight line, are equal in magnitude, and
opposite in direction. Hence, the reaction of the table R is
cqual to the weight in magnitude and is directed upward. It
will be observed that the table develops sufficient reaction to
support the body (provided the body is not too heavy for the
table) but nothing more. Actually, the table yields under the
weight of the body, the amount of the yielding being propor-
tional to the weight of the body; but, the modulus of elasticity
being very large, the amount of the yicld is so small that for the
present purposes it can be cntirely ignored.

113. Friction.—Imagine now that a string is attached to the
body of Sec. 112 and that the string is pulled gently with a force
P which is horizontal. If P is not
too great the body still remains at
rest, but it is now under the action
of three forces, namely, P, W, and
R. The weight W is, of course,
unchanged, but the reaction of the
table R, since it must satisfy Lami’s

Fie. 41. theorem, is not now normal to the

table. It makes a certain angle a

with the normal. It can be resolved into two components one of

which, N, is normal to the table and is called the normal com-

ponent, and the other, F, parallel to the table, is called the

frictional component of the reaction. Ividently, sincg equilib-
rium exists,

W+ N =0, P+F =0,

F _ P
N W

If the magnitude of the pull P be increased gradually, the angle
a will increase until it reaches a certain maximum value, whicl:
will be denoted by e and, if the pull be still further increased,
the body will start into motion and the equilibrium is destroyed
This maximum angle ¢ which the reaction of the surface makes
with the normal to the surface is called the angle of friction.

and

tan a =
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Experiments show that the angle of friction depends only on the
nature of the substances in contact. Within reasonable limits,
it is independent of the areas in contact and of the normal
pressures. ’
Let
tane = u
for the sake of notation; then for any body which is just about
to slip upon a given surface

F =N K,
where F is the magnitude of the frictional force parallel to the
surface and N is the magnitude of the force normal to the surface.

The quantity u is called the coefficient of friction. The following
table gives some idea of its values:

COEFFICIENTS OF FRICTION

Wood on wood, dry..... ...... ............. 0.25-0.50
Metals on metals, dry. .. e 0.15-0.20
Metals on metals, wet. e 0.30
Hemp on oak, dry. .. .. e ... 0.53
Hemp on oak, wet .... .... . e 0.33

Friction doubtless is due to the irregularities of the surfaces
in contact. If the surfaces were smooth in the mathematical
sense of the word, there would be no friction. Accordingly,
when it is desired to exclude the action of friction it is said that
the surfaces are smooth. When it is desired to include the action
of friction the surfaces are said to be rough.

The reaction of a smooth surface is always normal to the
surface.

114, Equilibrium on an Inclined Plane.—A body will remain
at rest upon an inclined plane if, and only if, the inclination of
the plane to the horizontal « is less than, or at
most equal to, the angle of friction.

Since the body is acted upon only by gravity
and by the reaction of the plane, these two
forces lie in the same straight line and are equal
in magnitude. The reaction R, therefore,
makes an angle with the normal which also is
equal to . Since slippage can occur only if
R makes an angle with the normal equal to or greater than the
angle of friction, the body will remain at rest only if « < e.

Fia. 42.
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115. Breaking the Equilibrium with a Minimum Force.—
A mass of weight W rests upon a rough horizontal plane. What
is the magnitude and direction of the smallest force that will
just start it into movion?

When the mass is n the point of slipping, the reaction of the
surface R makes an anyle e with the vertical. If the applied force
P makes an angle 6 with the horizontal, Lami’s theorem gives

W R R
sin (90° + ¢ — 0)  sin (180° —¢)  sin (90° + 6)
so that

_ Wsine
~ o =)

Since W and ¢ are given numbers, P is a minimum when cos
(e — 6) is o maximum. Hence 6 = ¢, and the smallest force that
will just move the mass is
P = Wsine,

its direction making an angle e with the horizontal.

Fia. 43.

116. A Ring on a Vertical Hoop.—A small ring, the weight of
which is one ounce, is free to slide on a vertical, circular wire
hoop of radius a, the angle of friction being 10°. It is attached
to an elastic string which is fastened to the highest point of the
hoop. The natural length of the string is the radius of the hoop,
and its modulus of elasticity is seven ounces. Find the limiting
positions of equilibrium of the ring on the hoop.

The ring is in equilibrium under the action of three forces,
v1z., its weight W, the tension of the string T, and the reaction of



84 STATICS AND THHE DYNAMICS OF A PARTICLE

the hoop Rj; and, if the ring is on the point cf slipping, R makes
an angle of 10° with the normal to the hoop. In other positions
of equilibrium, R makes an angle o with the normal which is
less than 10°.

Let 6 be the angle which the radius to the ring P makes with
the radius to the highest point H. If the angle 6 is less than 60°
the string does not act upon the ring, aud, by Sec. 114, the ring
is in equilibrium for any value of 8 less than 10°. There certainly
is no position of equilibrium for 10° < 6 < 60°. For 6 > 60°,
it is seen that the angles

TR=4r4+30—a,RW =7 — 0 + o, WT = ir + 30.
Then, by Lami’s theorem,
RO T _ W
cos 0 sin (0 —a) cos (30 — a)
Also, by Hooke’s law for the tension of the stretched string,

n lpg —
T = 7(2i337;‘1——“) = 7(2 sin 10 — 1)-

On equating these two values of 7', it is found that, since W = 1,

cf)]:—(é?o{—acz')“ =7(2sin 36 — 1); )

and, after solving this equation for «, there results

___cos 36(7 — 12 sin 36)

(1 — 3 sin 30) (1 — 4 sin 16)

This expression for tan « changes sign for

6 = 2sin~! ¥ = 29° approximately, 60 = 2sin~1§ = 39°
6 =2sin™' % =71°22, and 6 = .

It is positive for 6 = 60°, vanishes if 6 = 2 sin—1,%; = 71° 22/,
and is negative for all values of  between 71° 22’ and 7, which
means that the reaction R lies on the opposite side of the normal.
Lastly, it vanishes for 6 = .

In order tofind the points at which slippage is about to occur, it
is necessary to set « = +10° and to solve for 6. For this pur-
pose, it is better to take Eq. (1) in the form

sin (6 — &) = §(cos (}0 — a) — sin a)-

tan a =

For a = +410° there is a single solution, namely, § = 69° 9’.
For a = —10° there are two solutions, § = 74° 24’ and 9 =155°
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48’.  The ring will be in equilibrium, therefore, in the following
intervals:
0=<60<10°% 69°9 <0 <74°24', 155°48' < 9 < 180°.

In other intervals of this semicirele, equilibrium cannot exist.
There are, of course, symmetrical intervals on the other half of
the hoop.

117. Direction of Motion on an Inclined Plane.—A body at
rest upon an inclined plane is acted upon by a force in the plane
just large cnough to start it into motion. In what direction does
the body start to move?

Let W be the weight of the body, T the tension of the string by
which it is pulled, and R the reaction of the plane. Let a be the

Fia. 45.

inclination of the plane, ¢ the angle which T makes with the line
of greatest slope in the plane, and e the angle of friction, so that
when the body is on the point of slipping R makes an angle equal
to e with the normal to the plane. Since equilibrium exists, the
three forces W, T, and R lic in a plane which since it passes
through W is a vertical plane; but the normal to the inclined plane
does not lie in it unless 0 is zero or =.

From the resolution of the three forces along the normal, it is
found that

R cos e = W cos a.

L.et R, be the component of R in the inclined plane, so that
Rsine =R, = Wu cos «,

and let the angle which it makes with the line of greatest slope
be denoted by w. Let W; be the component of W in the inclined
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plane; then W, lies in the line of greatest slope pointing down the
plane, and
W, = W sin a.
The three forces T, W1, R; lie in the inclined plane and are in
equilibrium. Also
WTR1=1r-—w, RTT=0+w, TW1=1r—0.

R, _ Wi _ T

Therefore, & 6 = Gn 0+ — sinw
_ Wising _ :
and R, = sm (0 +w) Wu cos a;

from which is derived
sin (0 + w) = i-tana'sin 6,

an equation which determines w if 6 is given. If an infinitesimal
increment is made to 7, slippage will occur in the direction
opposite to R; which is the frictional component: that is, the
direction of the motion is w + .

118. The Friction of a Rope on a Curved Surface.—Imagine a
vope or belt in contact with a rough cylindrical surface, not neces-

Fia. 46.

sarily circular, with the coefficient of friction u. The tension on
one end of the rope is greater than on the other and the rope is on
the point of slipping. It is required to find the pressure of the
rope upon the surface and the manner in which the change in the
tension depends upon the coefficient of friction.

Let As be an element of the rope which subtends an angle A8
at the center of curvature, with p as the radius of curvature. Let
the tensions which act upon the two ends of As, due to the adja-
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cent elements of the rope, be —T and T + AT, and let R be the
reaction of the surface. If the rope is about to slip, R makes an
angle e with the normal to the surface. Then

) R - T _ T + AT
sin (x — A0) 1 o 1V
.7 - sin 90+e+§A0 sin 90—e+§A0
- ...._AT )
. 1 . 1.\
sin (90 — €+ —2—A0) — sin (90 “+ e+ §A0>
or

R _ AT
sin (r — A6) 2 sin € sin ~1—A0

2
On passing to the limit, these equations become

R_ T _1_dT
dd cose sine df

I

Hence,
- %' = uwdd and T =T, ef‘”,

where T, is the value of the tension where the rope first touches
the surface and 6 is the angle through which the normal has
turned from this point. It will be observed that this result is
independent of the equation of the surface, although obviously
the surface must be everywhere convex toward the rope. If u
is zero, the tension of the rope is constant.

If P is the normal pressure of the rope per unit length and N is
the normal component of R, then

N = R cos ¢ = Pds.
Tdo = Pds,

Hence,

and therefore,

that is, the pressure per unit length is directly proportional to the
tension and inversely proportional to the radius of curvature.

119. Effect of a Snubbing Post.—If a horse can pull 1500 pounds
on a rope and a man can hold 100 pounds, and if » = 1/4, how
many times will it be necessary to wrap the rope around a snub-
bing post in order that the man may be able to hold the horse?
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On setting T = 100, T = 1500, and p = 1/4, in the formula
for the tension, it is found that

0 = 4 log,.. 15.
10.8322 = 1.72 X 2r.

The man will require at least one and three-fourths coils of the
rope around the post.

I

Problems VIII

1. How high can a bug crawl up the inside of a hemispherical bowl if his
coefficient of friction with the bowl is 0.25?

2. If a man can excrt a horizontal pull of 200 Ib., how much of a vertical
pull must a crane apply to a stone that weighs 1000 Ib. before the man can
move the stone, the coefficient of friction being 1/3? Ans. 400 1b,

3. A body, resting on an inclined plane which makes an angle of 30°
with the horizontal, is acted on by a horizontal force which is equal to the
weight of the body., If the body is just on the point of slipping up the
plane, what is the coefficient of friction? Ans. p =2 — V3.

4. A weight W is sustained on a smooth inclined plane by three forces
in the same vertical plane, cach equal to W/3; one is directed toward the
zenith, the second up the plane, and the third is horizontal. What is the
inclination « of the plane? Ans. a = 2tan™11/2.

6. A smooth pulley is placed at the edge of a horizontal table. To a
weight W resting on the table is attached a string which passes over the
pulley and supports a weight w. Assuming that equilibrium exists and that
the angle of friction is ¢, through what angle & can the table be tipped before
W begins to slip? Ans. @ = ¢ — sin™! (w cos ¢/W).

6. Two weights W, = 3 lb. and W, = 5 1lb. are ticd to a small ring by
means of inelastic strings and arc then placed upon a rough horizontal table
for which u = 0.25. When the strings are taut the angle between them is
60°. A third string, on which the tension is 7', is tied to the ring and its
direction makes an angle a with the bisector of the angle between the other
two strings. What are the values of T and « if both weights are on the point

of slipping? Ans. T =7/4 = 1.75 1b.; sin &« = 1/7; a = 8°13’.

7. Two weights w2 > w; connected by a string rest on the surface of a
smooth horizontal cylinder with the string on the surface of the cylinder in a
plane perpendicular to its axis. What angle does the chord joining the
two weights make with the vertical if the length of the string is one-fourth
of the circumference of the cylinder? Ans. w/4 + tan—! wy/w.

8. A body of weight W is sustaincd on a smooth inclined plane by two
forces each equal to W /2, one acting horizontally and the other along the
plane. What is the inclination of the planc? Ans. a = sin~! 4/5.

9. A weight on a rough inclined plane is acted upon by a force directed
up the plane, and is on the point of slipping down. If the angle of inclina-
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tion 30° of the planc be doubled and the force also doubled, the weight is on
the point of slipping upward. What is the coeflicient of friction?
Ans. p =(5V/3 — 8)/11.

10. The inclination of a smooth plane to the horizontal is « < 45°.
If a horizontal force of magnitude 7 sustains a body on the inclined plane,
what other force of magnitude T also will sustain it? Compare the reactions
of the plane in the two cases. Ans. Bi/R; = cos 2a.

11. Two weights are supported on a double inclined rough plane by means
of a string which connects them, which passes over a smooth pulley in the
ridge of the two planes and lies in a vertical plane perpendicular to the ridge.
The two weights are on the point of slipping. Show'that if the planes are
tipped through an angle 2¢ the weights again are on the point of slipping.

12. If the two planes in problem 11 make angles « and g with the hori-
zontal, and if the two weights arc w; and w,, with w; on the point of slipping
down, prove that the greatest weight that can be added to w, without dis-
turbing the equilibrium is

__sin (& + B) sin 2¢
sin (@ — e)sin (B — ¢)

18. A hody is supported on a rough inclined plane by a force acting
along it. If the least magnitude of the force, when the plane has an angle
a with the horizontal, is equal to the greatest magnitude when the plane
is inclined at an angle g, show that the angle of friction is ¢ = (@ — 8)/2.

14, If, in problem 7, the string passes along the chord instead of along the
surface and if this chord subtends an angle 2« at the center of the cylinder,
the inclination of the chord ¢ with the vertical is given by

tan 6 = L2 TP oot o
W2 — W,
16. Two rings, each of weight wy, are free to slide on a rough horizontal pole,
the coefficient of friction being p. The rings are connected by a string of
length ¢ which supports a smooth ring of weight 2w,. What is the greatest

possible separation of the rings without sliding? Ans.
o Mw twde
V(Wi + w) 2 + we?

16. Two weights of different materials are laid on a rough plane, the
inclination of which to the horizontal is @, and are connceted by a taut
string which makes an angle of 45° with the line of greatest slope of the
plane. The lower weight is twice as heavy as the upper but the coefficient
of friction of the upper weight, 2y, is twice that of the lower. What is the
value of uif both weights arc on the point of slipping? Ans. p = V5/8 tan a.

17. Two rings of weights w; and ws are connected by a string and slide
on two fixed smooth wires in the same plane, the former of which is vertical
and the latter inclined at an angle a; with the horizontal. A weight w, is
tied to the string and, when equilibrium is established, the two por-
tions of the string make angles a; and a; with the vertical. Prove that

cota!_‘cotag _ cot a3

w, wy + w, w1+ w2 + ws
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18, A heavy ring of weight w is free to slide on a smooth elliptic wire in a
vertical plane. The eccentricity of the cllipse is ¢, and the major axis makes
an angle a with the horizontal. A string fastened to the ring passes over
a smooth peg at the center of the ellipse and supports a body also of weight
w. Show that, when equilibrium is established, the angle ¢ which the tan-
gent to the ellipse at the ring makes with the horizontal satisfies the equation

tan (¢ + @) = (1 — €?) tan ( 2¢ + ).

19. A small ring slides frecly upon a smooth elliptical hoop which is in a
vertical plane with the major axis horizontal. It is acted on by two forces
F, and F; directed toward the two foci and by F, directed toward the center.
Find the distance of the position of equilibrium from the center of the

ellipse. Ans.
aV1 —e?

REG)

20. A small ring slides freely upon a wire bent into a curve whose equation
in bipolar coordinates is 7,7, = a, where a is a constant. It is acted upon

by two forces which are directed toward the two poles and such that.
k2 k?
Fi==— and F;=-—
71 T2

where k? is constant. Show that the ring is always in cquilibrium.

21. Two weights W, and W connected along the surface by a string of
length [, rest upon the convex side of a smooth cycloidal cylinder, the radius
of the generating circle of the cycloid being a. If 6 is the angle between the
vertical and the radius of the generating circle which corresponds to the
position of W, show that

W, 1
W1 + Wz 4a

22. Two weights W, and W rest on the concave side of a smooth parabola
which has a horizontal axis, a vertical plane, and a latus rectum equal to
4p. The two weights are connected by a string of length I- p which passes
over a smooth peg at the focus. If 6 is the angle which the string to W,
(the higher of the two weights) makes with the axis, and B = W,/W,, show

that ) )

1 1+ R?

tan 50 = \/‘z -2
238. A weight is tied to two strings of length I, and l; and the other ends
of the strings are attached to two points not necessarily at the same level.
If the weight hangs in equilibrium, the horizontal components of the two
tensions are equal, say equal to H. If the lengths of the strings are varied
in such a way that H remains constant, prove that the weight describes a
parabola which passes through the two points of suspension and has its

axig vertical,

sin 10 =



CHAPTER VIII
STATICS OF RIGID BODIES

I. THE DISPLACEMENTS OF RIGID BODIES

120. Definition of a Rigid Body.—A rigid body is a body in
which the mutual distances of the particles remain invariable
for every system of forces which can be applied to the body.

No physical body satisfies this definition. A rigid body in
the mechanical sense is a mathematical fiction, which is con-
venient for the reason that many physical bodies act sensibly
like rigid bodies if the applied forces are not too great. Such
bodies are ordinarily called rigid because the deformations which
they undergo escape detection. In the present chapter it will
be supposed that the bodies dealt with are rigid in the mechanical
sense of the word, unless something to the contrary is stated.

121. Definition of a Translation.—Suppose a fixed rectangular
set of axes x, ¥, and 2, which will be called a #rihedron, is given to
which the motion of the rigid body is referred. Imagine a
second trihedron £, 5, ¢ which is rigidly attached to the body
with the axes £ #, and { parallel to the corresponding z-, -, and
z-axes of the trihedron of reference.

If the body moves in such a way that the axes of the trihedron
which is attached to the body are always parallel to the axes of
reference, the motion is said to be a pure translation. It is
characteristic of a pure translation that every particle of the
body has the same velocity and the same acceleration as every
other particle, the speeds and directions of motion being the
same for all. The curves described by the particles form a
system of parallel curves.

' 122. Definition of a Rotation.—If a body moves in such a way
that two of its particles remain fixed with respect to the trihedron
of reference, its motion is one of pure rotation about an axis which
passes through the two fixed particles. Evidently each of the
particles of the body describes a circle about the axis of rotation,
the radius of the circle being equal to the perpendicular distance

91
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of the particle from the axis. The speeds of the particles are
proportional to the radii of the circles which they deseribe. Only
those particles which lie on the same straight line parallel to the
axis of rotation have the same velocity.

123. Displacements of a Rigid Body.—Any change of position
of a rigid body is called a displacement. Any displacement of a
rigid body can be effected by a pure translation and a pure rotation
in infinitely many ways.

In order to prove this statement, let O be any particle of the
body and S a sphere of any convenient radius with O as its center.
Let A and B be any two particles of the body which lie on the
sphere 8. It is sufficiently evident, without argument, that by a
pure translation of the body the particle O can be brought from
its first position into coincidence
with its second position. After this
translation has been effected, the
particles A and B will occupy cer-
tain positions upon the sphere S
which will be denoted by A, and B,.
In the second position of the body,
they also lie on the sphere S in
certain other positions which will
be denoted by A, and B, It
remains to be shown that the par-
ticles A and B can be brought simul-
taneously from A; and B; to A; and B; by a pure rotation about
an axis which passes through the point O; for, if three non-collincar
points of the body be brought into coincidence, then the entire
body comes into coincidence with its second position.

Pass a great circle through 4, and Bj, and a second great circle
through A, and B,. Since the body is rigid,

Fia. 47.

arc AB; = arc A:B,.

Pass a third great circle through the points 4; and A., and a
fourth through B; and B;. Bisect the arc 4,4, by a fifth great
circle perpendicularly. Bisect the arc B.B: by a sixth great
circle perpendicularly. The fifth and sixth great circles intersect
at a point C and in a second point C, diametrically opposite to C.
The diameter CC; which, of course, passes through O is the axis
of rotation which is sought. Since C lies on the perpendicular
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bisector of the are A4, it is equally distant from A; and 4,

that is,
arc A,C = arc A,C;

arc B.C = are B,C.

Hence, the spherical triangles A,CB; and A4.CB; are equal, since
the three sides of the one are equal, respectively, to the three
sides of the other. Consequently, if the body is rotated about
the axis COC, through the angle A,CA, the point A, will be
brought into coincidence with A, and, since the triangle A,CB;
equals the triangle A.CB,, the point B; comes into coincidence
with B, at the same time. Since three non-collinear points
have been brought into coincidence with the corresponding
points of the second position, the entire body has been brought
into coincidence. Thus the given displacement has been effected
by a pure translation and a pure rotation. Since the point O
and also the path of translation were arbitrary, the displacement
could be effected in infinitely many ways.

124. Coplanar Displacements.—Let A, B, and C be three
particles of a body lying in a plane m; but not in a straight line,
and let D be a fourth particle in a plane 7, parallel to =,. If the
displacement is of such a nature that A, B, and C continue to lie
in the plane 7 and D in the plane =, then the displacement is
said to be coplanar; and if during a state of motion the points 4, B,
and C continue to lie in the plane =, the motion is said to be
coplanar. .

A coplanar displacement can always be cffected by a pure
rotation without translation and, furthermore, there is but one
way in which it can be done. The axis of rotation will not, in
general, lie within the body; it may even recede to infinity, in
which case the rotation degencrates into a pure translation.
This shows that a translation can be regarded as a rotation about
an infinitely distant axis.

The proof is so similar to the proof for rotation in the preceding
section that it will be left to the student.

125. The Transmissibility of Force.—In Sec. 108, it was shown
that a string in equilibrium can be regarded as transmitting a
force from one end to the other unaltered, since each particle
is in equilibrium under the action of two forces only, and there-
fore the force acting on the last particle is the same as that acting
on the first.

similarly,
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Other particles can be attached to the string without altering
the equilibrium or the two forces acting on its extremities. In
fact, as many as is desired can be added. Thus a body of finite
width and thickness can be built up which continues in equilibrium
and which transmits the force just as the string did, but it is
not possible to analyse the forces acting on the individual

r particles. As the proof cannot be
< >- made precise at this point, the validity
of the statement, a rigid body acted on
by two equal and opposite forces in the -
same straight line is in equilibrium, must be assumed. This is
commonly known as the principle of the transmissibility of force.
It is evident that it makes no difference at what points in the line
the forces are applied. It is essential, however, that the two
forces shall lie in the same straight line, and that they shall be
equal and opposite.

Fia. 48.

126. Theorem I.—Two forces F, and F; 1n the same plane and
such that
F, 4+ Fp = 0,

acting at the points A and B of a rigid body, are equivalent to a
single force
F=F,+F 2)

which lies in the same plane and which has a certain definite line
of action.

Fia. 49.

Let F, and F, act at the points A and B, respectively. Let
their line of action be continued until they intersect in the point
C. Let two pairs of equal but opposite forces F; and —F; and
F; and —F; be introduced at C. These forces will have no effect
upon the particle at C and, therefore, no effect upon the rigid
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body. By the principle of the transmissibility of foree, the body
is in equilibrium under the actions of the two forces F, acting
at 4 and —F, acting at C; and also in equilibrium under the
actions of F, acting at B and —F; acting at C. There remain
then the forces F; and F; acting on the particle at C. But F,
and F; acting on a particle are equivalent to their resultant

F=F.+F.

acting on the same particle.

Now let the forces —F and +F be introduced at the points
C and D, respectively, where D is any point in the line of F
through C. The introduction of these forces will have no effect
upon the body. The forces F and —F acting at C are in equilib-
rium, and there remains only the force F acting at the point D.

Fia. 50.

F acting at D, therefore, is equivalent to F, and F, acting at A
and B, respectively. The force F and the line in which it acts
is uniquely determined, but the particular point of that line at
which it is applied is not material.

If the lines of action of F, and F, were parallel, the point C
would not exist. This difficulty is avoided by introducing two
forces F; and —F; acting at B and A, respectively, in the line
AB (Fig. 50). Now F;, — F; = R, acting at 4,and F; + F; =
R; acting at B, so that, the system of forces F, and F; acting at
A and B, respectively, is equivalent to the system R, and R,
acting at the same points. But, if

F1+F2?50, then R+ Ry 0.

The lines of action of R; and R, intersect at some point C, and the
forces R; and R; can be slid along their lines of action to the point
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C. Let F be their resultant acting at C. Then F is the equivalent
of the original pair of forces F, and F; acting at 4 and B, respec-
tively. Furthermore,

F=Ri+Ry=F —Fy) + F:+F;)) =F, +F,
and, since F, and F; are parallel to each other, F likewise is parallel
to each of them. Therefore,

F=F1+F2, or F=IF1—F2I, .
according as F; and F; have the same or opposite directions. where
|F\ — Fy| means the numerical value of the difference.

If D is the point where the line of F intersects the line A B, and
if F1 and F; have the same direction, the point D will lie between A
and B, and
iD _F,
DB I
But if F, and F, have opposite directions the point D lies outside
of the interval AB.

127. Theorem II.—The n forces Fi, Fqy - - -, F, in the same
plane and such that

Fi+F,+ - - +F,.#0,
acting at the points A, Aq, - - -, An, respectively, of arigid body,
are equivalent to a single force

F=F.+F+ - - +F:

whach lies in the same plane and has a certain definite line of action.

This theorem is a generalization of theorem I which is immedi-
ately apparent. By combining any two of the forces into a single
one, the number of forces is reduced from n to n — 1 and a repe-
tition of the process leads eventually to a single force with a definite
line of action. .

If the forces are all parallel, the resulting single force will be
parallel to the original system of forces and its magnitude will
be the sum, in the algebraic sense, of the magnitudes of the
original forces.

128. The Equivalent of a System of Coplanar Forces—Graph-
ical Construction.—Let the plane system of forces Fy, Fyy - - -,
F;s be acting upon a rigid body along lines as indicated in Fig. 51.
It is desired to find the single force F and its line of action which
is the equivalent of the given system. The resultant force F is
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obtained by constructing the polygon of forces (magnified in the
ratio 1:2 in the diagram), that is, by placing the vectors end to
end and then joining the origin of the first vector to the terminus
of the last.

In order to obtain the line of action of F, take any point O in
the plane of the polygon of forces and join it to each of the vertices
of the polygon. Let these lines be regarded as vectors with ori-
gins at the point O and termini at the vertices of the polygon.

\\ // \ J/ F
-\ [/ \njte,
[ S \
+ <

3 F,
’ F‘ k‘
, \

Fia. 51

Let the vector to the origin of F; be Gy, to the origin of F; be
Gy, and so on, the last one Gq being drawn to the terminus
of Fs. Then the following relations are evident from the closed
triangles:

G1+F1’—Gz=0, G4+F4—G5=O,
G2+F2—G3=0, G5+F5—G6=0, (1)
G3+F3-—G4=0, GG—F—G1=0.

Through any point A of the rigid body on the line of action of
F,, draw a line parallel to G, and also draw a line parallel to G,.
Let the intersection of this second line with the line of action of
F; bec B. From B draw a line parallel to G; intersecting theline
of action of F; at C. Let this process be continued until finally
the line parallel to G intersects the line parallel to G, at a point
H. Then the line of action of the equivalent force F passes
through H.
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To prove this, let the forces —G; and +G; be introduced at
H and A, respectively; —G;and +Gsat A and B; —G; and+G;
at B and C; and so on, until finally —G¢ and +Gg are introduced
at E and H, respectively. The forces thus introduced have no
effect on the rigid body, since they occur in pairs which are equal
and opposite and lie in the same straight line. But since, by Eq.

1

()’ G1+F1—'G2=0,
the forces acting at A are in equilibrium; and likewise those at
B, C, D, and E are in cquilibrium. Only at the point H are the
forces not in equilibrium; and since, by the last equation of Eq.

(D),
Ge - G1 = F,

the given system of forces Fy, Fy, - - - | F; are equivalent to the
single force F acting at H.

129. The Center of Gravity.—The attraction of the earth acts
upon cach particle of a body with a force

W = mg,

where m is the mass of the particle and g is the acceleration of
gravity which is the same for all particles. The line of action of
the equivalent single force is sought.

Let m: and ms; be the masses of two particles at A and
B, respectively, and let W; and W be their weights. Let P be
the point on the line AB through which passes the line of action

R of the equivalent single force W; 4+ W..
P .- Then, by Sec. 126,
w AP _ W2 _ ma
I' W l+w PB W, my
It will be observed that the position of the
point P is independent of the direction of g.
It depends only upon the ratio of the masses.

Let z,, 1, and 2, be the coordinates of the point 4 ; zs, y,, and
2» the coordinates of B; and %, §, and Z the coordinates of P. Let
A, u, and » be the angles which the line AB makes with the z-.
-, and z-axes, respectively. Then

7_125_=Zﬁ-cosx=f:—x1=1lz,
BP BP:-cosh Z:—Z% m

Fia. 52.
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and, on solving for &,
~ _ M1+ maks,

= my + mg ’
similarly, g = m;ZLi_ g&yﬁ, )
1 2
5 = Mot mazg
my + me

Let the single force W; + W acting at the point P be combined
with the weight W3 of a third particle of mass m; and coordinates
%3, U3, and 23. It is not necessary to repeat the argument since
Eq. (1) is now available. Thus, it is found for three particles that

Mm% + Mo

(’”h + ’mz) mle-?'Lz“ + mar3

(my + my) + my
_ Mm%y + meTy + mxs,
T TV T J

my + mq + ms

13
II

)

and similar expressions for ¥ and 2.
By mathematical induction, it is found in general that

g = Mt Moy - - - A MaTa | Zmay
my+me+ - - -+ m, Zm;

g = My + Mmays + - -+ MY _ Zmays @)
my+me+ - - -+ my Zm;

5= Mzt mest -t Maze | Zmaz
m,—}:fn2+ e 4y, Zm;

i

The point whose coordinates are , §, and Z is called the center of
gravity of the body. It will be observed that it is independent of
the direction of gravity. It is also the centroid of the points z;,
i, and z; for the weighting factors m;, (Sec. 21) and is therefore a
fixed point of the body which is independent of the coordi-
nate system. It is also called the center of mass.

However the body may be oriented the line of action of the
equivalent single force passes through the center of gravity,and the
magnitude of the equivalent force is the weight of the body. It
is for this reason that it is said tha{ the weight of a rigid body
acts at uts center of gravity.

130. Theorem III.—The work done in raising a rigid body
against gravity vs equal to the weight of the body multiplied by the
hesght through which its center of gravity is raised.
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Let m; be the mass of the ith particle, A;its height before the
body is raised, and A;* its height after the body has been raised.
Since no work is done upon the particle against gravity by a hori-
zontal displacecment, the total work done upon the particle is
mig(hi* — h;). The work done on the whole body is the sum of
the work done on the separate particles. Hence,

total work =2m;g(he* — k),

= g(Zm,-hi* - Z'm.-h;),

= g(MH* — MII),

= WH* — H),
where
M = Zm; = total mass,
W = Mg = total weight,
H* = height of center of gravity after raising,
and H = height of center of gravity before raising.

It will be observed that the property of rigidity was not used
in the demonstration. The theorem holds, therefore for bodies
or systems of bodies that are not rigid.

Since the work donec in raising a body from one position to
another is the potential energy of the body in the second position
with respect to the first (Sec. 68), it follows that the potential
energy of a body, whose center of gravity is at a height & above
the ground and whose weight is w, is wh with respect to the
ground.

Problems IX

1. A light rod, which passes through the centers of spheres of weights
of 1, 2, 3, 4, and 51b,, the distances of the centers being 1, 2, 3, 4, and 5 ft.
from the end of the rod, is supported in a horizontal position by a single
string. Where is the string attached to the rod, and what is its tension?
Ans. 32/3 ft. from end of rod; 15 1b.

2. A uniform bar 5 ft. long weighing 120 1b. rests on two supports which
are 10 and 20 in. from the cnds of the bar. How much weight does each
support carry? Ans. 40 and 80 lb.

3. A 30-lb. weight is placed on the end of the bar which has the closest

support in problem 2. What are the weights now carried by each support?
Ans. 80 and 70 1b.

4. A uniform bar 4 ft. long weighs 10 1b., and weights of 30 and 40 Ib.
are attached to its two extremities. At what point must the bar be sup-
ported in order that it may balance? Ans. 3 in. from the center.
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6. A bar, cach foot of which weighs 7 Ib. rests upon a fulerum 3 ft. from
onc extremity. What must be its length in order that a weight of 71 1/2
Ih. suspended from that extremity may be just balanced by 20 Ib. sus-
pended from the other? Ans. 9 ft.

6. Equal parallel forces act at five of the corners of a regular hexagon
whose diagonal is a. Show that the equivalent single force cuts the diag-
onal through the sixth corner at a distance of 3a/5 from the corner.

7. A 10 ft. bar weighing 30 1b. rests on two supports which are 1
and 3 ft. from the ends of the bar. A string attached to the bar is pulled
vertically upward until the supports each carry 121b. Where is the string
tied and what is its tension? Amns. 1 ft. from end of bar; 6 1b.

8. A square plate of side 1 ft. cannot be placed upon three pegs at the
three corners of an cquilateral triangle of side 1 ft. so as to distribute its
weight equally upon the three pegs.  Show that the best that can be done is
to distribute the weight in the ratios

1 1

1
—_— 11 — —-,
24/3°24/3 V3
9. A uniform chain passes over a pulley in the ridge formed by two
smooth planes which make angles « and g with the horizontal. Prove that
the chain will remain at rest if its two ends are on the same level,

Wy We:W3:

10. The length of the beam of a false balance is 3 ft. 9in. A body placed
in onc pan balances a 9-Ib. weight in the other; but, when placed in the
other, it balances a 4-1b. weight. Find the true weight w of the body and
the lengths @ and b of the arms. Ans. w =6 1b.,; a =11/2 ft.; b =
21/4 ft.

11. If a halance is false, having its arms in the ratio of 15:16, find how
much a customer really pays for an article which is sold to him from the
longer arm at 75 cts. per pound.  Ans. 80 cts.

12. A heavy horizontal plate is supported by five strings attached to the
plate at points whose coordinates are —1, +1; +1, +1; +1, —1; —1, —1;
and 0, 0. The tensions in the strings are, respeetively, 6, 7, 8,9, and 101b.
Where is the center of gravity of the plate? Ans. 2 = 0; 7 = —1/10.

II. MOMENTS OF VECTORS

131. The Concept of Moments.—If a force acts upon a
particle, the only motion that can occur is a translation. The
measure of the force is the product of mass of the particle and its
acceleration. If, however, a force acts upon a rigid body, it
may result in a translation, or in a translation and a rotation.
If merely a translation occurs, the force is measured by the
product of the mass of the rigid body and its acceleration, just
as for a particle. If a rotation also occurs, the matter is some-
what more complicated and the concept of moments is required
for its study.
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132. The Moment of a Vector with Respect to a Point.—The
moment of a vector with respect to a point is the product of the
magnitude of the vector and the perpendicular distance from
the point to the line of the vector.

Let the plane which passes through the vector and the point
be taken as the zy-plane, with the point O as the origin of a rec-
tangular set of coordinates.

In Fig. 53, let F be the vector, O
the given point, and p the perpendic-
ular from O to the line of F. Then
the moment of F with respect to O is
p-F, taken positively or negatively
according as F indicates positive or
negative motion about the point O.
Since p is the altitude and F is the
base of the triangle defined by the
vector F and the point (), the product_
p-F_is twice the area of this triangle. Let O-F denote the
area of the triangle. Then i

moment = 2:0-F.

Fi1a. 53.

The moment vanishes if the vector vanishes, or if the linc of the
vector passes through O, that is, if p vanishes.

If the origin of F is at the point z, y and 6 is the angle between
F and the positive direction of the z-axis, then

p =z 8in § — y cos 6;
for
OB =zsin8, AB =CD =y cos 6, p = 0B — AB.
Hence,
p-F = aF sin 6 — yF cos 6,
or p-F = aF, — yF,,

from which it is seen that the moment of a vector is the algebraic
sum of the moments of its components; for in the diagram it is
seen that the moments of F and F, are positive with respect to
0, while the moment of F. is negative.

133. The Moment of a Vector is Itself a Vector.—On the line
through O perpendicular to the plane which contains the vector F
and the point O, mark off a distance equal to p-F in the positive
direction from O, if F is directed counterclockwise with respect
to O, and in the negative direction, if F is directed clockwise
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with respect to O. The directed line thus indicated (M, Fig. 54)
represents in magnitude and direction the moment of F with
respect to O.

In vector analysis, the vector product of two vectors A and
B (Sec. 55) is defined as a vector C perpendicular to the plane
which contains A and B and in magnitude

C =A4-B-sin 6,

where 6 is the angle between A and B. The vector product is

written
C=AXB=—-BXA. (1)

The vector C is in the positive direction if the angle 6( < 180°)
measured from A to B is counterclockwise, otherwise it is in the
negative direction. This accounts for thc negative sign in

C M

L

TF1a. 54. Fia. 55. Fia. 56.

Eq. (1), since the angle from B to A is opposite in direction from
the same angle measured from A to B.

Given a vector F and a point O (Fig. 56). From O as an origin
draw P, any vector terminating in the line of F. The moment
of F with respect to O’is

M =P XF,

since M is perpendicular to the plane of P and F and the magni-
tude of P X FisP-F-sinf =p-F (P sin 0 = p).

134. The Moment of a Vector with Respect to an Axis.—The
moment of a vector with respect to an axis on which has been
chosen a positive direction is the projection on that axis of the
moment of the given vector with respect to any point of the axis.
It is necessary, however, to show that the moment so defined is
independent of the point chosen.

Let L be the given axis and F the given vector. Let O be any
point on L and G the moment of F with respect to 0. Let M
be the projection of G on L. Then M is the moment of F with
respect to L.
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In order to prove that M is independent of the position of the
point O, let P; be the plane through O which contains the vector
F and let P, be the plane through O perpendicular to L. Let
the angle of inclination between -P; and P, be 6; then 6 is also the
angle between G and M, since they are perpendicular to P,
and P, respectively.

.
— e . D

Fia. 57.

Let J be the projection of F on P;. The area of the triangle
0-] is independent of the position of O on L. But, by the pro-

jection of areas,
20-J = 20-F ¢ cos ¢

= ( - cos 0
=M
and, therefore, M also is independent of the position of the point
0.
Let v be the angle between the axis L and the line of F, and
let d be the shortest line between L and the line of F. Then
J =F -sin ».
The projection of d upon the plane P, is d itself, since d and P,
are both perpendicular to L. Hence,

20-J=M =d-J =F -d-sin v,
and it is seen that the moment of a vector with respect to an axis

vanishes if, and only if, the vector itself vanishes, intersects the
axis, or is parallel to the axis.
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If the vector F is resolved into its three rectangular com-
ponents, it is readily proved that the moment of F with respect
to an axis is the vector sum of the moments of its components
with respect to the same axis.

136. The Moment of a Force.—It is shown in dynamics, as a
consequence of the laws of motion, that the rate of change of
angular momentum s equal to the sum of the moments of the forces
acting; or, in simpler language, the moment of a force with respect
to an axis mecasures the effectiveness of the force in producing
rotation. It cannot be proved here, and it must therefore be
assumed.

It can be illustrated, however, very simply. Imaginc a capstan
with an arm of length a. At the end of the arm a force F is
acting in some direction. ILet F be resolved into three rectangu-
lar components; one, F, along the
arm; the second, F, perpendicular
to the plane which contains the arm
and the axis of rotation; the third,
F, parallel to the axis of rotation.
The moment of F is equal to the
vector sum of the moments of its
components. The moment of F. is
zero, since its line of action passes
through the axis of rotation. It is

also obvious that F, is a mere pull
(or push) on the arm and has no effcet in turning the capstan.

The moment of F, also is zero, since it is parallel to the axis.
The force F, itself is a pull, up or down, on the end of the arm
and evidently has no tendency to produce rotation. The only
component which has any effect in producing rotation is F,
which is perpendicular to the plane through the axis of rotation
and the point of application of the force. TFor a given length of
arm, the turning effect is proportional to F,; and a given F, is
more effective in producing rotation the longer the arm on which
it works (the principle of the lever). That is to say, the product
a - F, measures the tendency of F to produce rotation, and a - I,
is preciscly the moment of F with respect to the axis of rotation.

136. The Wheel and Axle.—A large wheel of radius R, is
attached to an axle of radius R, with the axis of the axle passing
through the center of the wheel. At the end of a rope which is
wound about the axle is suspended a weight W, Likewise, a

Fra. 58.
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weight W is suspended from a rope which passes over the circum-

ference of the wheel and is attached to it. The apparatus is

supported by two horizontal pivots on the axis of the axle about

which it is free to turn. The pivots are supposed to be friction-

less and the ropes of negligible weight. Under what conditions
will it be in equilibrium?

As represented in Fig. 59, the moment of

the weight W, with respect to the axis of

‘ rotation is 2,W; and, if not opposed, would

produce a counterclockwise rotation of the

wheel and axle. The moment of the other

weight is B,W, and this would produce a

[\ clockwise rotation. The only other forces

n acting are the weight of the wheel and axle

and the support of the pivots but, as their

lines of action pass through the axis, they

have no effect on the rotation. The condition for equilibrium

is, therefore,

Fia. 59.

R1W1 = szz,

that is, the two opposing moments must be equal. If this con-
dition is not satisfied, the wheel and axle will rotate in the direc-
tion of the larger moment. The smaller weight may actually
make the larger weight rise.

137. A Horizontal Bar.—A uniform bar AB of weight W
moves freely about the end B as on a hinge. It is supported
in a horizonal position by a string AC which ,
makes an angle of 45° with it. Tind the ten-
sion in the string.

The bar is prevented from turning about B
by two forces, the tension of the string T and
the weight of the bar W. Let the length of the

bar be 2I. The moment of W with respect to 7%

B isl- W, since the weight of the bar acts at its é' w
center. The moment of T with respect to B ¢ 4
isp-Tandp = V2l. The reaction of the wall Fia. 60-

on the bar passes through B so that its moment is zero. There
are no other forces acting on the bar and, therefore, since the
bar is in equilibrium,

w

\VeA-T=1-W, or T—-Vé
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138. A Three-legged Table.—The lIegs of a table are at the
corners of an equilateral triangle. If a weight W is placed upon
the table in a given position, what fraction of its weight is carried
by each leg?

Let ABC be the equilateral triangle, of which each side is S,
and let the position of W on the table be given by the lengths
of the perpendiculars to the
three sides of the triangle p,,
s, and p..

The table is in equilibrium
without the weight W and it is
also in equilibrium with the
weight resting on it. The top
of the table, therefore, is in
equilibrium under the weight of
W, W, and the reaction of the
three legs Rq, Ry, and R, due to
W, which are equal and oppo-
site to the fractional part of
the weight of W which each
supports. On taking moments
about the line BC, R, and R,
are eliminated, since their moments are each zero. The remain-
ing forces give

F1a. 61.

Do+ W =15A.§;£.
Also, oW = Rp - é\z/'%,
and pe-W = Re- %{5,

by taking moments about AC and AB, respectively. Hence,

R,:Rp:Re = Pa: Dol Doy
together with R4+ Rpg+ Rc =W
and Da + D6 + D = SV3/2.

If a fourth leg were fitted into the table somewhere, it is evident
that this fourth leg might be made to carry no weight at all, or
that one of the other three legs might be made to carry no weight
at all, or that any other distribution of weight between these
extremes might be made. The problem of a rigid table with
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four legs is therefore indcterminate. The problem becomes
determinate only when the table is deformable and this requires
that certain properties of the particular table used shall be known,
a very difficult condition, in general.

Problems X

1. A wheel, which is free to turn about a horizontal axis, has a weight of
2 Ib. attached to the end of a spoke which makes an angle of 60° with the
horizontal. What weight must be attached to the end of a horizontal spoke
to keep the wheel in equilibrium?

2. Two men walking 10 ft. apart carry a 200-1b, weight suspended from
a pole which they carry on their shoulders. If the weight is 4 ft. from one
of the men, how much weight does each man carry?

3. A table of negligible weight has any number of legs, which are not
necessarily vertical. How can a weight be placed on the table so that the
table will tip?

4. The two ropes of a wheel and axle are ticd together below the axle and
a 'weight is tied to them. Show that, in equilibrium, the weight is dircctly
below the axle.

6. A plank of negligible weight rests on a rough horizontal log of radius a
which is fixed. Two persons of weight w; and w,, w1 < w,, 15 ft. apart, are
sitting on the plank which is just on the point of slipping. What is the
inclination of the plank, and how far is each person from the point of con-
tact of the plank with the log? How far must w; move back in order that the
plank may be horizontal? Ans. aews/w, ft.

6. ABis alever and C is its fulcrum. Two forces F4 and Fp in the same
plane act on the ends of the lever, mnaking angles « and g (> 90°) with the
lever. The rcaction of the fulerum on the lever makes an angle ¢ with the
lever, show that, in equilibrium

_ Fasine + Fysin g
tan 0 “ F4qcosa — Fpcos B

7. Given two axles of the same diameter and their wheels which are pro-
vided with cogs. The first wheel has 60 cogs, the second 40 and they arcin
gear. If the first axle supports 160 lb., what must the second support?
What effect will it have if a small pinion of 10 cogs is placed between the two
wheels? Ans. 106 2/3 lbs.

8. A uniform bar 10 ft. long weighing 100 1b. is supported by two pegs
1 ft. apart, the end of the bar being just under one peg A and the bar pass-
ing over the other B. What is the rcaction of each peg? Ans. Fq = 400
lb.; Fg = 500 lb. ’

III. THEOREMS RELATING TO COUPLES

139. Couples.—A system of two forces F, and F; not lying in
the same straight line but such that F, + F, = 0is called a couple.
The two forces are parallel and equal in magnitude but oppositely
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directed. The perpendicular distance between the two parallel
lines of the forces is called the arm of the couple. A couple can-
not be reduced to a single force as are other systems; for if, in the
discussion of parallel forces under theorem I (Sec. 126), F, is
set equal to —F,, it results that R, = —R;; their lines of artion
are still parallel and, therefore, do not intersect. The artifice
of introducing two forces F; and —F; in the same straight line
does not succeed. The diffi-

culty is a recal one and cannot Fy R,
be avoided by artifices. _F "'B F
To show this, let F, and /”’%ﬂ
F, be parallel and oppositely eleemT :
directed, and let 7 <%
Fy =Fi4F, Fa. 62.

where F is small. Then, by theorem I, the resulting single force
is F and its line of action is parallel to those of F, and F,, inter-
secting the line A B at the point D (Iig. 62). If F, remains fixed
and F, diminishes in magnitude so that F' tends toward zero, its
line of action remaining unaltered, the point C recedes to infinity
along the line AC and the point D also recedes to infinity along
the line AD. In the limit, for F = 0, the resultant force F also
is zero but the arm on which it acts is infinitely long, so that its
moment with respect to any finite point is not determined.

140. Theorem IV.—The moment of a couple with respect to
any axis perpendicular to its plane

?,P v is tndependent of the position of

______ —— ' '~ the axis.
" 4 EQ' Let F, and F, be the two forces
- N R of the couple, and let a be its
Fa. 63. arm. The moment of the couple

with respect to any point P is
PQy-Fy — PQy-Fy = FA(PQy — IPQ))
=q-F 1)
and this result is true even if the point P lies between the two par-
allel lines. The following theorem, then, holds:

141. Theorem V.—The moment of a couple is the product of the
common magnitude of the forces and the perpendicular distance
between them.
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The moment is positive if the sense of the couple is counter-
clockwise; negative, if it is clockwise. This is most easily tested
by imagining the arm of the couple to be a rigid bar pivoted at its
center and the vectors to represent the velocity of its ends.  If the
bar is rotating counterclockwise the sense of the rotation (and,
therefore, also the sense of the couple) is positive. If the sense of
the rotation is clockwise the moment of the couple is negative.

142. Theorem VI.—T'wo couples which act in the same plane and
which have the same moment are equivalent.

This statement will be proved by showing that if one of the
couples is reversed the resulting system of two couples is in
equilibrium.

Let A; and A; be the lines of action of the forces F, and F; of
the first couple, and L, and L, be the lines of action of the second

Fia. 64.

couple reversed G, and G.. Slide the forces of the couples along
their lines to the points of intersection with the lines of action of
the other couple, as represented in Fig. 64. This is possible by
the principle of the transmissibility of force. After this is done,
F, and G, act upon the same particle and F; and G; act on the
same particle.
Let

R, =F, + G, R; = F; + G..
Then

R1+R2 =F1+F2+G1+G2 =0,

which shows that R, and R, are equal and opposite. It remains
to be shown that they act in the same straight line.
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Since the couples have the same moments,

A F
])2G1 = pll’ 1y or G‘i = ZP){'
The lines Ly, Lz, Ai, and A; form a parallelogram abed in which
ad _p2 _Fy
de - Y - Gl

Since the corresponding angles also arc equal, it follows that the
parallelogram abed is similar to the parallelograms of which F,,
G, and F3, G; are the sides. The straight line which contains
the diagonal bd, therefore, also contains the diagonals of the
parallelograms F,G; and F,G,. Hence, R; and R, lie in the same
straight line and the system of forces is in equilibrium. Q.E.D,

It follows that a couple which is acting 1n a plane can be repre-
sented by any pair of equal and opposite forces in the plane pro-
vided the perpendicular distance between their lines of action is
such that the product p-F is equal to the moment of the given
couple and the sense of rotation is preserved.

143. Theorem VIL.—Two couples which act in parallel planes
and which have the same moment are equivalent.

- /7‘_+F| R

P g it
/
R \ ' R, B
. l\ /I
I\ /
G! P - II :_// P!
/ // L——'>(;| !
Fia. 65.

As before, one of the couples will be reversed, and it will then
be shown that the system of two couples is in equilibrium. Let
F, and F; be the first couple acting in the plane P, and G;and G,
be the second couple reversed, acting in the parallel plane P,.
Let P; be a plane perpendicular to P, and P,. Let F, and F; be
parallel to the intersection of P; and P; and at equal distances
from it. Likewise, let G; and G; be parallel to the intersection of
P; and P; and at equal distances from it. Furthermore, let F,
= Fy = G4 = @, so that the perpendicular distance between F,
and F, is equal to the perpendicular distance between G, and G..
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Let the origin of F; and G lie in a plane which is perpendicular to
Py, P,, and P;; and also the origin of F; and G, as in Fig. 65.
This arrangement is possible by theorem VI. Then F,; and G,
can be replaced by the single force R;, and F, and G, can
be replaced by the single force R,. It is evident that

R1+R2=0,

and that each of them lies in the plane P; and also in a plane par-
allel to P, and P, and halfway between them. They, therefore,
lie in the same straight line and form a system in equilibrium.
Consequently, the two couples are in equilibrium.

144. Geometric Representation of a Couple.—It is interesting
tonotice that a couple can be represented by a directed segment of
a straight line. The azis of a couple is any line perpendicular to
the plane of the couple. If a segment of the axis of the couple
be taken equal in length to the moment of the couple, and its
direction along the line be determined according as the moment
of the couple is positive or negative, then this directed segment
completely represents the couple.

146. Theorem VIII.—Couples are vectors.

It has been shown that couples can be represented by directed
lines. To show that they are vectors, it is necessary to show that
they combine according to the parallelogram law.

Fi1a. 66.

Let F represent one couple and G another. They can be taken
at the same origin, since the axis of a couple is any line perpen-
dicular to the plane of the couple. Let F; and F; with the arm a
be:the couple represented by F, and G, and G with the same ori-
gins and the same arm a be the couple represented by G, (Fig. 66).

Then
F = aF,, G = aGy.
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Moreover, since F is normal to the plane of F;, F; and G is
normal to the plane of Gi, G, the angle FG is the same as the

angles F,G, and F,G,. The corresponding parallelograms, there-
fore, are similar. If

R=F+G, R1=F1+G1, R2=F2+Gz,
then also

RTG’[ = R/z\Gz = ﬁ\G,
and the vectors R; and R; lie in a plane which is perpendicular to
R. Since F = aF; and G = a@,, it follows that

R = aR,.

The sum, therefore, of the two couples F, F, and G;, G,
is the couple R;, R; which is represented by the directed seg-
ment R. But since

R=F+G’

it is proved that couples combine according to the parallelogram
law and are thereforc vectors.

It should be noticed that a couple acting on a rigid body is a free
vector, that is, it can be shifted about anywhere provided its direc-
tion and magnitude are preserved; while a force acting on a rigid
body is a sliding vector, that is, it can be slid anywhere along its
line of action but cannot be taken out of that line.

The resultant of any number of couples acting on a rigid body
is again a couple whose geometric representation is the vector sum
of the vectors which represent the individual couples. Further-
more, a couple C can be resolved into components C,, C,, and C,
along three mutually perpendicular axes and C,, C,, and C, are
the moments of the forces of C with respect to the 2-, -, and
z-axes, respectively.

The moment of a couple is frequently called a torque.

146. Theorem IX.—If a rigid body, acted upon by a couple, is
given a small rotation d6 about any axis which vs parallel to the axis
of the couple, the work done by the couple is the product of the angu-
lar displacement of the body and the moment of the couple.

Let B be a rigid body which is free to turn about an axis through
O perpendicular to the sheet of the paper. If Bisacted upon by a
couple of moment M, the axis of which is parallel to the axis
through O, the couple can be represented by a pair of forces F and
—F in the plane of the paper, the points of application of which



114 STATICS'AND THE DYNAMICS OF A PARTICLE

lie on a straight line which is perpendicular to their lines of action
and which passes through O (Fig. 67).

Let the distances of these points of application from O be b and

a + b. Then the moment of the couple is
M =a-F.

Now let the body be turned through an
angle df. The work done by the force F
is F - (a + b) - d0 and the work done by
the force —F is —F - b-df. The signs
are opposite because the displacement of
the point of application of one of the forces
is in the direction of the force while the
displacement of the point of application of
the other force is opposite to the direction of the force. The
total work done by the couple, therefore, is

W =qa-F-df = Mdb
which proves the theorem.

If the axis of the couple is not parallel to the axis of rotation,
the couple can be resolved into two couples, the axis of onc being
parallel to the axis of rotation and the axis of the other being per-
pendicular to it. The second couple does no work in a rotation
about the given axis of rotation, for the forces of the couple lic in
a plane which passes through the axis of rotation, and the
displacements of the points of application of these forces are per-
pendicular to the directions of the forces. The above theorem
can be applied to the parallel component. Hence, the more
general theorem follows:

Fia. 67.

147. Theorem X.—If a rigid body, acted upon by a couple, is
given a small rotation about any axis whatever, the work done by the
couple is equal to the angular displacement of the body multiplied by
the component of the moment of the couple which is parallel to the
axis of rotation.

Let A denote the infinitesimal rotation and C the couple, then
the work done by the couple is the scalar product A - C.

148. Theorem XI.—If the potential energy of a rigid body is
V (8), where 0 defines the orientation of the body about any fized line,
the moment of the forces acting upon the body with respect to this line

is
av

ETR
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(The positive end of the axis of rotation is understood to be the
direction in which a right-handed nut advances when it is rotating
in the sense of 6 increasing.)

To prove this theorem, let it be supposed that the rigid body is
rotated about the given line through a small angle d¢. Then the
inerease in the potential encrgy is

1%
00 do.

This measures the amount of work which has been done upon the
body. On the other hand, the work which has been done is
measured by the product of the angular displacement dé and the
moment of the couple M; which must be applied in order to
produce rotation against the forces which are acting naturally
upon the body. Hence,

v

oV
M1d0 = 35(10, or Ml = — -

ad

The moment of this couple is exactly opposite to the moment M

which the given forces produce; that is, M, = —M, and
therefore,
1% B a
M= -4

149. Example—the Bifilar Pendulum.
A uniform bar, of weight W and length
l, is suspended by two light strings of
equal length a attached to its two extrem- : G

ities and to two points in the ceiling at c.

a distan.ce.l apart! so that w.h.en at rest D D‘V(' = <
the bar is in a horizontal position. The o :
bar is rotated through an angle 6, the * Fra. 68

center of the bar rising vertically. What
couple is required to hold the bar in this position?
In Fig. 68, let
C:D; be the bar in its position of rest;
C3Ds, the bar after rotation;
C3D;, the projection of C3D, on the horizontal
plane through C,D;;
AC,, the projection of AC; on the vertical AC;;
C.Cs = h, the height through which the bar is raised;
M,, the moment of the required couple.
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The potential cnergy of the bar in its rotated position relative
to its position of rest is

V=W:h
and, by theorem XI, i
M1 = W('i‘g'

From the diagram, it is scen that
ACy — €L = (ACy — CiChy,

or a? — C,Cy’ = (a — h)™.
But C,C; = lsin 50,

and therefore h=a-— \/ a* — [I? sin? éa,
from which is derived
~ WPsing

My=- r—=—_— o

which is the moment of the couple required to hold the bar in this
position. The action of gravity and the constraint of the strings
is a couple acting upon the bar, the moment of which is

M= —-M,.

160. Theorem XII.—Any system of forces acting upon a rigid

body can be replaced by a suitably chosen single force acting at
o an arbitrarily chosen point and a couple.

~ > Let P be the point selected, and let F be

— 12 7 any force whose line of action does not pass
r through P. ILet two forces F; and F,, such
Fi1a. 69. that

F+F, =0  F,+F, =0  F=F =F,,

be introduced at P. The force F is now replaced by a force F,
acting at P and a couple, F and F,. Let this be done for every
force whose line of action does not already pass through P.
The forces now acting at P have a unique resultant R which also
acts at P; and since the couples are free vectors they also have a
unique resultant couple C (Sec. 145).

If the point P is the center of gravity and if the rigid body is
free to move, the resultant force R produces a pure translation
and the couple C produces a pure rotation about some axis
which passes through the center of gravity.
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161. Theorem XIII.—Any system of forces acting upon a rigid
body can be replaced by a wrench.

A wrench is a system of forces composed of a single force and
a couple, in which the axis of the couple is parallel to the line
of the force.

Let the given system of forces be replaced by an equivalent
system, viz., a force F and a couple C the axis of which makes an
angle a with the direction of F. Let C be resolved into two
couples C, and C, with C, parallel to F and C, perpendicular to
it, their moments being, respectively,

C: = C cos «, C; = Csin a.

The couple C; can be regarded as a
pair of forces F, and F; lying in a
plane which is perpendicular to C,
and which contains F. Let the arm
a of the couple be chosen so that

and, furthermore, let the line of F,
coincide with the line of F and its
direction be opposite. Then Fia. 70.

F +F, =0,

and there remains, in the place of the original system, a force F,,
which is equal in magnitude to F and parallel to it, and a couple
C,, the axis of which is parallel to F and thercfore parallel to F;
that is to say, a wrench remains. Hence, any system of forces
which act upon a rigid body can be replaced by an equivalent
wrench.

162. Theorem XIV.—Any system of forces acting upon a rigid
body, which is not equivalent to a single couple, can be replaced by
two forces which are perpendicular to each other, but whose lincs
of action, in general, do not intersect.

Let the given system of forces be replaced by a single force F
acting at P, and a couple C. Let P; be the plane which contains
F and which is parallel to C, or contains C. Let P; be the plane
through P which is perpendicular to C. The force F can be
resolved into two forces acting at P, one of which F, is perpendicu-
lar to P, and the other F, lies in the intersection of P; and P,.
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The couple C can be represented by two forces G, and G lying
in the plane P; with the arm @, and such that

aG’1 = an = C.
Let G, = —F

be applied at P. Then G; and F; are in equilibrium by them-
selves; and there remains F,, acting at P and perpendicular to
P,, and G, acting in the planc P, at
R, a distance a from P. It is evident
that G, and F, are mutually perpen-

Fo ___F | dicular and, if FF, = 0
PT/':F,

4 ¢
Gz L @ = I_'r éln [
P, G, The point P is arbitrary provided
Fre. 71 it does not lie upon the axis of the

equivalent wrench.

163. General Conditions for the Equilibrium of a Rigid Body.
It is now possible to state the conditions that must exist in
order that a rigid body may be in equilibrium under a given
system of forces Fy, Fy, - - - , F,.

164. Theorem XV.—Necessary and sufficient conditions that
a rigid body, acted upon by the forces Fi, Fqy - - - F, al the
points Dy, P2, + - * Dn, shall be in equilibrium are (a) that the
sum of the projections of the forces upon any three mutually per-
pendicular axes is zero, and (b) that the sum of the moments of the
forces with respect to these same three axes is zero.

Let the system of forces F,, Fy, - - - | F, be replaced by the
equivalent system: the force F =F, +F, 4+ - - - + F, act-
ing at the center of gravity and the couple C. The effect of
F acting at the center of gravity is to produce a translation of
the body. In order that a rigid body, initially at rest, may
not be set into translation, it is necessary and sufficient that
F = 0. This compels the three conditions

F,=F,=F, =0.

The effect of the couple C is to produce a rotation of the body
about some axis through the center of gravity. In order, there-
fore, that the body may not rotate, it is necessary and sufficient
that C = 0, or, what is equivalent, that its three components

C.=C,=C, =0;
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that is to say, the sum of the moments of the forces with respect
to each of the three axes is zero. It is evident that if these con-
ditions are satisfied, the sum of the moments with respect to any
axis whatever is zero.

166. Equilibrium of Coplanar Forces.—If the system of forces
is coplanar, let their common plane be taken as the zy-plane.
Then the conditions

FZ=O, Cz=0, Cy=0

are necessarily satisfied; the first, because the z-component of
cachr force is zero, and the other two because cach force either
intersects both of the z- and y-axes, or intersects one of them and
is parallel to the other. There remain only three conditions
to be satisfied, namely,

F. =0, F, =0, C. =0,

or stated in another form:

166. Theorem XVI.—A system of coplanar forces is in' equilib-
rium if the sum of the moments of all of the forces with respect
to each of three non-collinear points s zero.

The given system of forces is either equivalent to a single
force (Sec. 127) with a definite line of action, or to a couple. If
it is a couple, it is sufficient that the moment vanishes at any
one point, since it must vanish then at all points. If it is a
single force, its moment cannot vanish at three non-collinear
points unless the force itsclf vanishes. Its moment might vanish
at two specified points, however, for the two points might lie
on its line of action.

A very useful theorem for a rigid body which is acted upon by
three forces only is the following:

167. Theorem XVIL.—If a rigid body is in cquiltbrium under
the action of three coplanar forces, the three lines of action meet in a
point and the forces satisfy Lami’s theorem.

The force F, acting at p; and the force F, acting at p. are

equivalent to a force
R=F +F,

acting at ps;, the point of intersection of their lines of action.
The rigid body is now in equilibrium under the action of two
forces R and F;. Therefore, R = —F; and they both lie in the
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same straight line and the line of action of F; also passes through
ps. Consequently,
Fi4+F.+F; =0,

and the three lines of action meet at a point. If each of the
three forces be regarded as acting at ps, it is evident at once that
Lami’s theorem must be satisfied. It will be left to the student
to prove that if a body is in equilibrium under the action of
three forces, the forces are necessarily coplanar.

168. A Suspended Rod.—A heavy uniform rod of length 2/
is supported at its extremities by two strings of lengths /, and [,
which are tied to the same point of the
ceiling. I'ind thetensionin the strings.

The rod is acted upon by three
forces in the same plane, viz., T, T,
and W. Since the three lines of action
meet in a point and the two tensions
meet at the point of suspension, the
line of W, the weight of the rod, also
passes through the point of suspen-
sion. The center of the rod, there-
fore, is directly below this point.

Let « be the angle between the two strings and a1 and «, the
angles which the strings make with the rod. Let the vertical
line through the point of suspension divide the angle « into two
parts 8; and 8; and make an angle 8 with the rod. Then the
three forces which pass through the point of suspension are in
equilibrium and, by Lami’s theorem,

rn _ T, _ W

sinfB: sinf; sina

Fra. 72.

From the geometry of the two smaller triangles,

sin B, = ! sin 8, sin B; = ! sin 8.
, lz ll.
From these relations, it follows that
T, T: Wl sinp w

LT % Ik sina T V2R 2 = 4B
and the two tensions are proportional to the lengths of the
strings.
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169. A Man Stands on a Ladder.—Two uniform ladders, each
of length 12 feet and weighing 20 pounds, freely jointed at the
top, are connected at the bottom by a rope 5 feet in length and
rest on smooth ice. A man weighing 160 pounds stands on one of
the ladders 9 feet from its foot. What is the tension in the rope?

Let AC and BC be the two ladders, and let M be the point at
which the man is standing. Since the ice is smooth, its actions
upon the ladders P, and Py arc verti-
cal; and their sum is equal to the weight
of the entirc system. Therefore,

-

P, + Pz = 200 pounds.

Regarding the entire system A BC as
a rigid system, it is seen that the sum
of the moments of the forces acting upon
it with respect to the point A is zero.
Hence,

.
5P, = 20(2 + %‘3) + (160 X 18§> =400,

and therefore P, = 120, s = 80.

Now consider the moments of the
forces which are acting upon the ladder
AC alone with respect to the point C.
There is a pressure of the ladder BC at the point C whose mag-
nitude and direction is unknown, but as it passes through C its
moment is zero. From the moments of the remaining forces,
there is obtained

5 25 5 5
21’,, = T\/144 ~ + (20 X Zi) + <160 X 8)’

and therefore

Fia. 73.

_ 1
V/137.75
The magnitude and direction of the force which the ladder BC
impresses upon the ladder AC at the point C can now be found.
Let this force be denoted by R, and let the magnitudes of its
vertical and horizontal components be R, and R;. Since the
sum of the components of all of the forces acting upon AC with
respect to any axis whatever is zero, it is found, resolving verti-
cally and horizontally, that

R, = 60 pounds, R, = T = 14.91 pounds.

= 14.91 approximately.
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There is, of course, a force —R acting at C upon the ladder
BC. Tt will be found upon examination that the forces acting
on the ladder BC also are in cquilibrium.,

160. Four Spheres in a Bowl.—Iour equal spheres rest in
contact at the bottom of a spherical bowl, their centers being
at the corners of a horizontal square. A fifth sphere of the same
radius and density is placed upon them. It is required to find
under what conditions cquilibrium exists, all contacts being
regarded as smooth.

Let the radius of the bowl be a and the radius of the spheres be
b. If equilibrium exists, each sphere is in equilibrium under the

Fia. 74. Fia. 75.

action of its weight and the reactions of the bowl and the other
spheres. Since the contacts are smooth, all of the forces which
act upon a given sphere pass through the center of the sphere.
In particular, the top ball is in equilibrium under the action
of its own weight and the rcactions of the four lower spheres.
It is assumed from symmetry that these four reactions are numeri-
cally equal. Each of them makes an angle of 45° with the verti-
cal. If R, is the magnitude of cach of these reactions and W
is the weight of each sphere, then

412, cos 45° = W,

whence R, = W
242
Now consider the actions of the lower spheres on one another.
Again, from considerations of symmetry, these actions are all
equal and will be denoted by R,. Since they pass through the
centers of the spheres, the two actions on each sphere can be
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combined into a single horizontal force the magnitude of which
is v/2Rs, and the direction is perpendicular to the axis of the
bowl. Let the magnitude of the action of the bowl on each sphere
be denoted by R, since they are all of the same magnitude. If
the angle which this action makes with the vertical is a;, then
\V/2b
a—-1b

Thus the four forces which act upon each sphere can be
regarded as acting at the center of the sphere; they lie in the same
plane;.their directions are known; and the magnitude of two of
the forces I2;and W areknown. On resolving these forces horizon-
tally and vertically, the following equations are obtained:

V2R, = Rssin as — Ry sin 45°,
R3 cos a; = Ry cos 15° + 1V,

sin ag =

whence
R; = ZW see as

w
and R, = 4\72 (5 tan a3 — 1).
T'he pressures between the four lower spheres vanish if R, = 0;
that is, if tan a3 = 1/5. Iquilibrium can exist only if tan as
= 1/5 and, in order that this may be true, it is necessary that

a £ (2V13 + 1)b.

161. A Heavy Cube on a Rough Inclined Plane.—A heavy
cube, of edge 2a, is placed on a rough inclined plane with an
inclination of «, the lower edge being horizontal. Determine the
conditions of equilibrium, the angle of friction being e. It will
be supposed that the angle of friction is greater than the angle of
inclination and that the cube is at rest on the inclined plane. The
cube is acted upon by two forces only, the weight W acting in a
vertical line through its center, and the reaction of the plane.
These two forces, therefore, lie in the same straight line and are
equal and opposite. As the inclined plane acts only on the base
of the cube, it will be of interest to analyze this reaction.

For perfectly rigid bodies, this problem, like that of the table
with four legs, is indeterminate. If it is supposed, however, that
the cube makes a slight impression upon the plane, then, by a
law similar to Hooke’s law (Sec. 208), the pressure on any small



124  STATICS AND THE DYNAMICS OF A PARTICLE

area of the base will be proportional to the depth of the impres-
sion. With uniform substances the boundary between the plane
and the cube is still a plane but not necessarily parallel to the
inclined planc. In Fig. 77, let @ be the horizontal line in which
these two planes intersect. The depth of the impression will
then be proportional to the distance from the line @ and, there-
fore, the pressure will be constant along a strip of width dz par-
allel to the line @ or the lower edge of the cube. Let & be the

Fia. 76. Fi1a. 77.

distance up the inclined plane measured from the lower edge of the
cube. As the depth of the impression is a linear functon of x, so
also is the pressure which is acting vertically (pressure = forece
per unit area). Let W be the weight of the cube. Then

dW = k(1 — hx)dx 1

is the weight carried by a strip of length 2a and of width dz across
the base of the cube, & and k being two constants which are to be
determined by the conditions of equilibrium. One of these condi-
tions is that the total pressure on the base is equal to the weight
of the cube, that is,

W= j; k(1 — hz)dz. @)

The other is that the center of gravity of the pressures must be
at the point where the line of action of W pierces the base of the
cube, which is at the distance a(1 — tan «) from the lower edge.
Hence,

— - = g(1 — tan a). 3)

The integration of Eqs. (2) and (3) gives the two equations

2ka(1 — ha) = W,
ha = 3 tan o

and ¢ = f3tana
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Therefore,
k =—W—(1+3tana)
2a ’

On substituting these values of 4 and k in Eq. (1), it is found
that the weight carried by an clemental strip is
aw = 2K|:1 + 3(1 — Z)tan a]dz;

a

and this expression divided by the area of the strip 2adx gives the
pressure at the distance z from the lower edge, namely,

Po="T143(1-%tanal.
4q? a
At the upper edge, ¢ = 2a, the pressure becomes
W

Py = ia? [T — 3 tan a],

which vanishes if tan @ = 1/3, or a = 18° 26’. Evidently nega-
tive pressures are not admissible, and therefore these formulas
hold only if tan « = 1/3. For this value of «, the point @ lics
on the upper edge of the base of the cube,

and for larger values of « it is below the

upper edge, so that the upper edge of

the base of the cube does not touch the

inclined plane. The limits of integration Q
must be altered to take this fact into -
account. The formula for the pressure Fia. 78,

(Eq. (1)) changes from positive to nega-

tive for x = 1/h and, therefore, if « > 18° 26’, this must be the
upper limit of integration instead of x = 2a. On repeating the
calculation for this limit and denoting the change by the sub-
seript 1, it is found that

g = L -

He = 31 = tana)’ ' = 34(1 — tan a)
w z

P = g;;zaft‘am[‘ ~ 3a(i — tan a) oo]’

- ga(l — tan a), a = 18° 26",



126 STATICS AND THE DYNAMICS OF A PARTICLE

The expressions for the pressurce at the lower edge of the basc are

w ) 1
Po=4a—2(1+3tana), tanag.g,
w 1
Po—m’ 1>tana_>_=§,

which show how the pressures increase with a. At a = 45°,
the entire weight of the cube rests on the lower edge and the pres-
sure becomes infinite. The assumption that the cube is essentially
rigid, therefore, fails before this point is reached.

If @ is increased beyond 45°, the line of W falls outside of the
base of the cube. The reaction of the planc cannot pass the lower
edge. Hence, the moments of the forces are nolonger zero and the
cube topples over.

In the above analysis, it has been assumed that the angle of
friction was always greater than «; but if € < 45° there is a value
of « which is equal toe. For this value @ = ¢, equilibrium exists.
The two forces W and R lie in the vertical line which passes
through the center of the cube and are equal and opposite. But if
« is increased slightly beyond e, the frictional component of R is
no longer able to balance the component of W parallel to the plane,
although the normal component continues to balance the normal
component of W. The reaction R continues to pass through the
center of the cube but it is no longer in the vertical; R + W
applied at the center of gravity is equivalent to a single force
parallel to the plane, and the cube starts to slide down the plane.

162. Forces Actingona Cube.—Given a cube of which the edges,
of length two feet, are horizontal and vertical. Let the corners
of the base be numbered 1, 2, 3, and 4, in order; and let the corre-
sponding corners of the top be 5, 6, 7, and 8. A force is acting
upon the cube at each corner, and the projections of these forces
upon the axes of a trihedron with origin at the center of the cube
and axes parallel to the edges of the cube, expressed in pounds, is
as follows:

Corner z Y z Corner z Y z
1 0 0 0 5 0 1 1
2 0 0 1 6 1 0 1
3 0 1 0 7 1 1 0
4 1 0 0 8 1 1 1
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Determine the cquivalent force and couple for the center of
gravity of the cube.

The sum of the components of all of the forces acting along
each of the z-, y-, and z-axes is +4. Hence, the equivalent force
F acting at the center of gravity is equally inclined to each of
the three axes and its magnitude is

F =443 pounds.

Let the trihedron be right handed, as drawn in the figure.
In a left-handed trihedron, the positive x- and y-axes are inter-
changed. A positive rotation about the z-axis makes the positive
z-axis move toward the positive y-axis. A positive rotation

4
A V3 }
|
) : 6
N |y
x o~
4 —
A 3
1 2
Fra. 79.

about the z-axis makes the positive y-axis move toward the
positive z-axis. A positive rotation about the y-axis makes the
positive z-axis move toward the positive z-axis. The rotations
are therefore cyclical in the order

ToYy—z—oT.

Or, if an ordinary right-handed nut is thought of as turning
on a threaded axis, in every case a positive rotation is such as
would make the nut advance toward the positive end of the axis;
and this convention holds for any axis whatever.

With this understanding as to the meaning of positive and
negative rotations, the moments of each of the components of
the forces can be computed with respect to the z-, y-, and z-axes,
as follows:
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Corner x y F-1 Corner E7 Y 4
1 0 0 0 6 0 +1 -1
2 +1 -1 0 +1 -1 0
3 +1 0 -1 7 0 +1 -1
4 0 -1 +1 -1 0 -1
5{ -1 0 +1 0 +1 +1

-1 -1 0 8 -1 0 -1
-1 +1 0
Total -2 0 -2

The components of the couple C are, therefore,
C, =0, C. = -2

._2’

7

Fia. §0.

C, = C cos 6i«*,
If 6 is the angle between two lines whose direction cosines
are a1, B1, v1 and az, Ba, vs, then

The vector C itself bisects the
angle between the negative ends
of the x- and z-axes, and its
magnitude is 24/2 foot-pounds.
Both C and F lie in the plane P,
which passes through the edges
3-4 and 5-6, the equation of
which isz — 2z = 0.

163. The Equivalent Wrench.
If the vector C is resolved
along the line of F and perpen-
dicular to it, it follows that

¢, = C sin CF.

cos 8 = ajas + BiB2 + Yriva

The direction cosines of F and C are, respectively,

V3

Hence,

and since

it follows that

A, 1.
V3 V'3’
cos CF = —\/gy
= 24/2,

4

V¥

=1
V2

0,

V2

sin CF = +\/%;

5
G = 2\/3'
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The vector C,, which is perpendicular to F, lies not only in the
plane P,, for which the equation is
z—2z=0, (Py)

but also in the plane P, which is perpendicular to F, for which
the equation is

z+y+z=0, (Pa).
(In any plane the coefficients of x, y, and 2 are proportional
to the direction cosines of the normal, and if the planc passes
through the origin the constant term is zero. Since the direction
cosines of F are all equal, so also are the coefficients of x, y, and
z in the equation of the plane perpendicular to F all equal.) It,
therefore, lies in the intersection of the planes P, and P, and its
direction cosines are!

72

=L 2 -1 8 7
V6 N3 V6 z
Accordingly the plane P, through 5 '
the origin which is perpendicular |
to Cz is

x—2y+2=0, (Ps) 4 b‘
and this plane contains the vector 3
F. It cuts the edges of the cube 4\P,
in the points
1 1 1%, 2

1_2_, 6, 7%; and 4. Fra. 81.

Now let the couple C; be represented by two forces F; and F,
in the plane P;, and let
F1 = 1"2 = F
Since the moment of C, is C2 = 24/2/3, and since F = 44/3,
the arm of the couple is
%12 =Qq = __v._z'

and this is the perpendicular distance between F; and F..
Let F, lie in the line of F and be oppositely directed. Then

Fl ‘+' F = 0,
and this pair of forces has no effect on the cube. The force Fy,

which lies in the plane Pj, is parallel to F at the distance a =
1 See, for example, SmiTH and GALE, ““ Analytic Geometry,” p. 365.
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4/2/6, and it has the same direction. Its direction cosines are,
therefore,
1

1 1
— o F,).
V3 V3 3 )
The plane P; intersects the zy-plane in the line ! the equation of
which is

T —2y =0 ).
The direction cosines of the line I are, therefore,
2 1
~= —= 0 D).
RV ®

Let w be the angle between F; and I. Then

_\/3 N
COS w = 5’ SN w = 5

sonsider the right triangle formed by the line {, the line F., and

the perpendicular from the origin to the line of Fo. Let d be
the hypothenuse of this triangle.
8 7 Then

' F g Hence, the line of F; pierces the
X xy-planc at a distance v/5,/6 from
2 the origin, and the coordinates of
EI 3 this point are

1 1
x0=3-: y0=6-} 20=0-

1 2
Fro. 82. The vector Fs, which is the axis

of the wrench, is parallel to the
diagonal 4-6. The vector C; is parallel to F, but oppositely

directed. The magnitude of the force is 44/3 pounds, and the

moment of the couple, or torque, is A foot-pounds.

V3

Problems XI

1. A light ladder stands upon a rough floor and leans against a smooth
wall, making an angle of 60° with the floor. The ladder begins to slip when
a man, ascending jt, rcaches the halfway point. Find the coefficient of

friction of the ladder with the floor. Ans. u = \/5/ 6.
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2. A heavy uniforin rod rests with its extremities on the interior of a
rough hemispherical bowl and subtends an angle of 2« at the center of the
sphere. Find its maximum inclination to the horizontal. Ans.

tan ¢ = __sin2
" cos 2¢ + cos 2a

8. A parabolic curve is placed in a vertical plane with its axis vertical
and its vertex downward. Its latus rectum is 4. A smooth heavy beam of
length b rests against the conecave are and a peg at the focus. Required:

the inclination of the beam to the vertical. Ans. © = 2 cos™! (I/b)t.

4. Find the equation of the curve in a vertical plane such that a heavy
uniform bar of length 2! resting upon the concave side of the curve and upon
a peg at the origin is in equilibrium in all positions. Ans.r =1 + k sec 6,
where 6 is the inclination of the bar to the vertical and k is arbitrary.

6. A uniform ladder stands upon a floor where the coefficient of friction
is 1/2 and leans against a wall where the coefficient of friction is 1/3. If a
man, whose weight is three times that of the ladder, ascends the ladder and
succeeds in reaching the top, what is the smallest possible inclination of the
ladder to the horizontal? Ams. ¢ = tan—141/24,

6. A rectangular beam, the sides of which are a and b, is placed horizon-
tally with one edge on a rough floor and a second edge against a smooth wall.
Prove that equilibrium is not possible unless the height of the highest edge
of the beam exceeds

6 + 2uad + b1
Vet @ua+ 0¥

7. Two rough cylinders lic in contact with each other on a rough hori-
zontal plane. A third similar cylinder is placed on top of them with its
axis parallel to the other two axes. If equilibrium exists, show that the
coefficient of friction exceeds 2 — 13

8. Two heavy uniform rods have their ends connected by two light
strings and the whole system is supported at the middle point of one of the
rods. Prove that in equilibrium either the rods or the strings are parallel.

9. Two equal uniform spheres, each of weight w and radius a rest in a
smooth hemispherical bowl of radius b. Find the pressure P, between the
two spheres, and also the pressure P’;, of each on the bowl.

10. A circular ring of weight w, has a head of weight w, fixed on it. It
hangs on a rough peg. What is the smallest angle of friction for which the
ring will not slip no matter what point of the ring is in contact with the

peg? Ans.
e=sint (5 4)
wy + wy

11. Three equal spheres are held together on a horizontal plane by a rub-
ber band around them. If a cube of weight w is placed upon them with
one diagonal vertical and the three lower faces of the cube in contact with
the spheres, and if all of the contacts are smooth, show that the tension of
the band is increased by 1/3- v/2/3 - w.
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12. Show that any system of coplanar forces acting upon a rigid body is
equivalent to two forces F; and F; acting at two specified points P; and Py,
but that the determination of F; and F; is not unique.

13. A uniform bar is bent into the form of a V with equal arms and hangs
freely from one end. Prove that a plumb line suspended from this end will
cross the lower arm at a distance of one-third of the length of the arm from
the angle.

14. A uniform ladder of length I and weight w rests on a rough floor and
leans against a smooth wall, the inclination to the vertical being a. A
force F is applied horizontally to the ladder at a distance d from the foot of
the ladder so as to move the ladder nearer the wall. Show that F must

exceed
l——tf—_lﬁ (u + ;‘tan a)-

16. In the above problem, if F is horizontal but directed away from the
wall, the foot of the ladder will not slip if

ltan a
(l > —‘2;*

IV. VIRTUAL WORK

164. The Degrees of Freedom of a Rigid Body.—A body, or
even a particle, is said to be constrained if it is not perfectly free
to take all of the displacements which are geometrically possible.
A free particle has three degrees of freedom since three parameters
z, y, and z are required to specify its position. A free rigid body
has six degrees of freedom, since six parameters, or coordinates, are
required to specify its position in space, viz., three coordinates to
locate its center of gravity, two coordinates to indicate the direc-
tion of a given line which passes through the center of gravity and
is fixed in the body, and one coordinate to indicate rotation about
the given line, the last three coordinates being angles. A small
change in any one of these six coordinates represents a displace-
ment of the body; hence, the six degrees of freedom.

If the center of gravity of the body is compelled to remain on a
fixed surface, but the body is otherwise free, there is one degree of
constraint

f(i; v, E:) =0,

and five degrees of freedom. If the center of gravity is compelled
to remain on a fixed line, there are two degrees of constraint

fl("i) g,2) =0, J:(Z, 39,2) =0,
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and four degrees of freedom; and so on. The number of degrees of
freedom is the number of parameters necessary to specify completely
its geometrical position. A rough cylinder rolling on a plane has
only one degree of freedom since its position is specified by a single
parameter, viz., the angle through which it has rolled.

166. Virtual Work.—Although no displacements occur when a
body or a system of bodies is in equilibrium, nevertheless the
principle of work is of great value in determining the conditions
of equilibrium. One can imagine that displacements occur and
the imaginary work done by these imaginary displacements is
called virtual work. There is nothing essentially different from
real work about it.

Imagine a body or system of bodies in equilibrium. It may be
constrained, or it may not be. The sum of all the forces acting
upon it is zero, and the moments of all of the forces are zero, on
account of the equilibrium. Suppose the body is given any dis-
placement whatever, which is infinitely small and which is com-
patible with the constraints. The work required is obviously zero
since nothing opposes the displacement. Conversely, if a body
or system of bodies is in such a configu-
ration that the work done in every infini-
tesimal displacement which is compatible
with the constraints is zero, then the °
configuration is one of equilibrium.

166. Concealed .Mechanisms.—Sup-
pose, for example, there is a stationary
box which conceals a mechanism within. )
The only information available with
respect to it is derived from two ropes A
and B (Fig. 83) which hang down from it.

It is found that if A moves up or down one O

inch B freely goes down or up 7 inches, Fia. 83.

so that there is no work done within the box. A weight W, is
attached to B. What weight attached to A will leave the system
in equilibrium? The principles of forces and moments cannot
be applied as in previous examples on account of ignorance of the
mechanism; but the principle of work can be applied. Suppose
that W, balances the weight W5, and then give the system a
slight displacement, so that W, moves upward a distance d and
W5 moves downward a distance nd. The work done by W,

Wa We
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against gravity is d - W, and the work done by W, against grav-
ity is —ndWj,. Since the total work done vanishes, it is neces-
sary that .

d'WA —nd-Wg=0,
whence Wi =nWs

On opening the box, it may be found that the ropes are attached
to the two arms of a lever which have the ratio 1:7, in which case
it is seen by the principle of moments that the solution is correct.
Or, there may be found a system of frictionless pulleys in which n
strings support the weight W, and only one supports the weight
W s; or, any one of many other possibilities. '

167. The Screw.—The screw is a cylinder, usually of wood or
metal, on which a uniform thread has been cut in the form of a
helix. The screw turns in a hollow
cylinder on which a corresponding
thread has been cut, and which is i
called a nut. The nut just fits the =
screw and, as it is turned, it ad- '
vances along the axis of the screw.
The amount by which it advances
in one complete turn is called the
pitch of the screw.

The thread is simply an inclined
plane wound about the cylinder.
If the surface of the cylinder be

e
ay wl

2nr !
Fia. 84. ) Fia. 85.

1T
A\

o~

cut parallel to its axis and then rolled out flat, a single turn of the
thread becomes a straight line inclined at an angle « to a circular
section of the cylinder. If pis the pitch of the screw and r is its
radius, it is seen from Fig. 84 that

p = 27r tan a.

Imagine a vertical screw which turns in a fixed nut. If the
screw is attached to a weight W and is turned by means of an
arm of length a, measured from the axis of the screw, what force
applied at the end of the arm will hold the weight in equilibrium?
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Let P, which is applied perpendicularly to the plane which
passes through the axis of the screw and the end of the arm,
balance the weight W. If the arm is given a small rotation dé,
the amount of work done by P is aPdf. The height through
which the weight is raised is r tan « - dd. If there is no friction
acting, the principle of virtual work gives the equation

aPdf — Wr tan adf = 0
and therefore

P = gW tan a.

This analysis supposes that the weight of the screw itself is
negligible, but if this is not so the weight of the serew must be
included in W.

Consider now the effect of
friction. Since the screw and N
the nut act uniformly at all
points of the thread the fric-
tional action can be regarded o} ¥
as concentrated at a single Fra. 86,
point. If F and N are the fric-
tional and normal components of the action of the nut on the screw,
the components parallel to the axis of the screw give the equation

W = N cos @ — F sin a
on the(‘supposition that the screw is on the point of slipping
upward. Thercfore, since ¥ = Ny,
- w _ Weose

T Ceosa—psina  cos(a+te)
In the small rotation df, the displacement between the nut and
the screw is r sec adf, and the work donc against friction is
Nur sec adf. Hence, bearing in mind the value of N,

Wru sec adf

aPdg — Wr tan adf — —————: =0,
cos @ — u Sin «

from which is derived
= than (e +€).

If the screw is about to slip downward, it is necessary merely to
change the sign of ¢ in the expression. Equilibrium evidently
will exist for any value of P between the two extreme values so
obtained; that is,

£Wtan (a — ¢ §P_S_€Wtan (a + o).
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If the threads are V-shaped, with the angle at the V equal to

28, then
7. 8in a cos B COS € — COS a Sin ¢
@' oS a cos 3 €OS € + sin a Sin €
Ty Sik @ cos B cos € + cos a sin €

= a  cos acos B cos e — sin a sin €
the proof of which will be left as an exercise.

Problems XII
(Use the principle of virtual work)

1. A system of pulleys is arranged in such a way that when the end of the
rope is pulled 10 ft. a weight w is lifted 1 ft. What force is required to lift
the weight?

2. Four rods of equal length ! and weight w are freely jointed so as to
form a rhombus ABCD. The corners A and C are connected by a string of
length s, and the rhombus is suspended freely from thé corner A. What is
the tension in the string?  Ans.

T = 2w.

3. A rhombus, similar to that of problem 2, but of negligible weight, is
supported by two pegs in a horizontal line at a distance 2a apart touching
ABand AD. A wcight W is attached to the lowest corner C. The corners
B and D are in a horizontal line and are connected by a string. If the angle
at A is 2a, show that the tension in the string is

a 34 —-1)-
Wtana(Zlcosec a l)

4. A heavy elastic string of natural length a, modulus A\, and weight w
is placed upon a smooth vertical cone, the angle of the vertex of which is
2a. What is the distance of its plane of equilibrium from the vertex?

a w
Ans. d= 27 tan a (1 * Sextan a).

5. If a 10-1b. weight descending 4 ft. will drive a clock for 36 hr., what
couple must be applied to the minute hand to hold it still if the pendulum
and the escapement are removed? Ans. M = 5/9x ft.-lb,

6. A weight w is supported by two strings, one of which is of length a
and inextensible, while the other is elastic, modulus \, and natural length a.
The strings are tied to two pegs in a horizontal line distance a apart. Find
the configuration of equilibrium. Ans. The angle a opposite the elastic
string is defined by the equation

1 1 w
(2sm~2a - 1) cos,a — S cosa = 0.

7. A screw with a pitch p makes an angle a with the horizontal. If there

is no friction, what couple is required to hold a nut of weight w from running

down the screw? Ans, YRS,
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8. [f every particle of a uniform hoop of radius r is repelled from the
center by a foree ma? where m is the mass of the particle and a is a constant,
show that the tension in the hoop is era? where ¢ is the mass of the hoop per
foot.

9. A square board of sides a and weight w is supported by four light rods
of length I which are vertical and which are freely hinged at points in the
ceiling and at the corners of the board. The board is rotated through an
angle 6 and a string is tied around the four middle points of the rods (which
also form a square). What is the tension in the string, if the system is in
equilibrium? Ans.

wa cos ; /]
T =___ L .

4\/12 — a? sin*% 0

10. The legs of a tripod are of length I and make an angle with the vertical
equal to 6. However much the legs of the tripod are spread, they always
form an equilateral triangle. The tripod rests on a smooth plane and its
legs are kept from spreading by an endless string around the feet. If the
total weight of the tripod and the load which it supports is w, show that the

tension in the string is
w

3vV/3
11. Many of the problems in previous sets are solved more easily by the
principle of virtual work. The student is recommended to try some of these.

T = tan 6.

V. STABLE AND UNSTABLE EQUILIBRIUM

168. Different Types of Equilibrium.—In accordance with the
principles of equilibrium which have been set forth, a lead pencil
standing upon a sharpened point with its center of gravity in
the same vertical line with its point is in equilibrium. Yet
everyone knows that a pencil will not remain in such a position
unless it is otherwise supported.

On the other hand, a pencil can be suspended from its point
by a fine thread. 1f the center of gravity and the point of
suspension are in the same vertical line, the pencil is again in
equilibrium, but this time the position of the pencil will be main-
tained. This equilibrium is said to be stable. In the first case,
the equilibrium is said to be unstable.

Finally, if the pencil is laid on its side on a flat, horizontal
table, the pencil is in equilibrium in every position. In this
case, the equilibrium is said to be neutral.

In the first case, the center of gravity is at the greatest possible
height, for, if the point of the pencil be kept fixed, whatever
position the pencil may have the center of gravity lies on a
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sphere of which the point is the center. The maximum height
occurs when the pencil is vertical. This is also the position
for which the potential energy (Sec. 130) is a maximum. In
the second case, if the string is taut and in the same straight
line with the pencil, the center of gravity of the pencil lies on
the surface of a sphere which has the point of suspension of the
thread as its center. If the pencil and thread are not in a straight
line, the center of gravity of the pencil lies inside of this bounding
sphere. In the position of equilibrium, that is, when the pencil
hangs straight down, the center of gravity is at its lowest possible
point and the potential energy is a minimum. In the third

e S

(c)

(a)

-
(6)

Fia. 87.

case, the height of the center of gravity is constant and, therefore,
the potential energy also is constant. It will be shown that these
conditions are characteristic of the three states of equilibrium.

169. Relation between Potential Energy and Equilibrium.—
Suppose a body, or a system of bodies, is given which is acted upon
by conservative forces and which has n degrees of freedom. Its
potential energy is then a function of n» parameters:

potential energy =V (g1, g3, *+ * * , gn).

The parameters may be rectangular coordinates or polar coordi-
nates, or they may have other interpretations. Let one of the
parameters, say ¢i, be given a small increment dg,, the others
being kept fixed. The increase in the potential energy is

av

av =
aq1

d(l1
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and, from the definition of potential cnergy, this is the amount
of work which is done upon the body in making the displacement
dq,. Since the work done is the product of the force and the
displacement, the force which acts during the displacement is
dV/dq:, and the force which acts naturally upon the body is
—08V /dq: in the gi-direction, if permission is granted to use
the word direction in this generalized sense. But in a position of
equilibrium, the resultant of the forces acting is zcro in cvery
direction and, therefore,

ov v _

v
9V =0 oy _
aql ’ ("Qz

0, U an T 0;
that is, all of the first derivatives of the potential energy vanish
at a position of equilibrium of a body which is acted upon by con-
servative forces.

Conversely, if all of the first derivatives vanish for a given
set of values of g1, g2, + + + ¢a, then this set of values of the para-
meters defines a position of equilibrium of the body, for the sum

of the components of the forces acting vanishesin every direction.

170. Illustrative Example.—Two uniform rods each of length
2! and weight w connected at one of their extremities by a
smooth hinge are thrown across .

a smooth horizontal cylinder of :
radius a, but are constrained to ‘
remain in a vertical plane. It is

required to find the configuration
of equilibrium.

Let the line (Fig. 88) which
joins the center of the cylinder to
the hinge make an angle ¢ with
each of the rods and an angle 0
with the vertical. The center
of gravity of the two rods lies on
this line and on the line whieh joins the two midpoints of the
rods. Its height above the axis of the cylinder is

Fia. 88.

h = (a cosec ¢ — [ cos ¢) cos 6.

The potential energy of the system of rods, therefore, as long
as they are in contact with the cylinder, is

V(e, 6) = 2w(a cosec ¢ — [ cos ¢) cos 0.
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The hinge of the rods must be above the cylinder and not on one
side of it; otherwise, the constraint of the cylinder will cease to
act. This condition implies that

T
0<<P<§'

The conditions for equilibrium are

v _ . cos ¢ _

% Zw(l sine —a -, Ta) cos 6 = 0,
and

v .

0 = 2w(l cos ¢ — a cosee ¢) sin 68 = 0.

Since — 7/2 < 6<m/2, these conditions can be satisfied only by

_ _ 08¢ _ o
6 =0, Isin ¢ asm2¢ 5
or
0 =0, flp) =1lsin®p — acos ¢ =0.

0 =0 (3) =+
& _

£ =3lsin?pcos ¢ + asinp >0,

do
there is one and only one value of ¢ = ¢o in the first quadrant
which satisfies the conditions and, in the configuration of equilib-
rium, the hinge of the rods is above the axis of the cylinder

and the angle between the rods is 2¢,.

Since

171. Maxima and Minima of the Potential Energy.—For the
sake of simplicity, let the body have but one degree of freedom.
Let ¢ be the parameter which expresses this freedom which may
be a translation, a rotation, a rolling, etc. Thus, as has been
stated, the potential energy is a function of this parameter
which can be expanded by Taylor’s theorem, viz.,

Vig) = V(go) + -1 (@ — q0) + ----- (q Q)2+,

6
L P 9=

where qo is any ordinary value of the parameter q. Let ¢ = ¢o
be a value of the parameter which corresponds to a position of
equilibrium. Then the first derivative vanishes, ‘.e.,

av
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But this is the condition that V(g), considered merely as a
function of ¢, shall have a maximum or a minimum at q¢ = ¢,.
It follows, therefore, that a position of equilibrium is a position
tn which the potential energy, if it is not a constant, is either a
maximum, a mintmum, or a minimax. If the second derivative

Ll
2
aq a=qo
is positive, V(go) is a minimum; if it is negative, V' (q,) is a maxi-
mum; and if it is zero, but the third derivative not zero, V(g;) is
a mimmax.

172. Direction of Force Near Position of Equilibrium.—It
has been observed that the force acting upon the system is given
by —aV /dq, which, expanded by Taylor’s theorem, is

9V av| 8
ag oq|  9g?
¢=qo
If ¢ = qo is a position of equilibrium, the first term of the right
member vanishes and the expression becomes

_ov _ v

(¢—q)—---.

2=qo

force: aq__aq? (q—QO)“‘"'-
Q=qo
If -
a
S >0

fg=qo
this expression shows that the force is opposite in sign to the dis-
placement ¢ — go and, therefore, tends to make the body return
to the position of equilibrium if it is slightly displaced, and the
equilibrium is stable. If, however,
v

| <O

q=qo

the force has the same sign as the displacement ¢ — go and, there-
fore, tends to exaggerate the displacement. Accordingly,
the body moves away from the position of equilibrium and the
equilibrium is unstable.

A similar argument shows that if ¢ = ¢o is a minimax of V(g),
the force is directed toward the position of equilibrium on one
side of it and away from the position of equilibrium on the other
side. Hence, on one of the two sides, the body tends to move
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away from the position of equilibrium. Since it is necessary for
stability that the body should tend to return to the position of
equilibrium for every small displacement which the body may
have, a minimax in the potential energy denotes a position of
unstable equilibrium.

Theorem.—If the potential energy of a position of equilibrium
is either a maximum or a minimax, the equilibrium is unstable.
If the potential energy is a minimum the equilibrium is stable.

Since the maxima and minima of a continuous function oceur
alternately, so also do the positions of stable and unstable equilib-
rium of a body with one degree of freedom occur alternately.

If the potential energy V is a constant, then a4V /dq is zero
everywhere and the equilibrium is neutral. No force acts in the
direction in which the body is free to move.

1t is evident from the above discussion that if a body is at rest
in a conservative field of force but not in equilibrium, it starts to
move in such a way that its potential energy decreases.

173. Systems with Many Degrees of Freedom.—If a system of
particles has many degrees of frecdom, the potential function
will contain as many variables, in general, as there are degrees of
freedom. The argument for stability or instability is similar in
character to that for a single degree of freedom, but the mathe-
matics are more complicated. A position of equilibrium may be
stable for certain variables (or displacements) and unstable for
others. Such positions are unstable positions of equilibrium.
In order that a position of equilibrium may be stable, it must be
stable for every possible small displacement compatible with the
constraints. This means that the potential function must be a
minimum with respect to cach of the variables.

174. Illustrative Example.—Examine the character of the
equilibrium of the problem in Sec. 170. In this problem, it was
found that

V(p, 6) = 2w(a cosec ¢ — I cos ¢) cos 0
and that the position of equilibrium is defined by

=0, e=m<D
where J(po) = 1 sin? ¢y — a cos ¢y = 0.

With respect to changes in the angle o, it is found that

a2V 2 cos? ¢ + sin? ¢
52- = 2w<l COoS ¢ + a s‘l—m“——- ) CcoSs 0,
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which is positive for 8 = 0 and ¢ = ¢y, and therefore V is a mini-
mum with respect to ¢ alone. Also,
*V
062

which is positive or negative for 8 = 0 and ¢ = ¢, according as

= 2w(l cos ¢ — a cosec ) cos 0§

1 cos ¢y — a cosce gy 2 0.

But this expression is the negative of the height of the center of
gravity of the two rods above or below the center of the cylinder
in the position of equilibrium. If the center of gravity is above
the center of the cylinder,

l cos po — @ cosec ¢o < 0;

the potential cnergy has a maximum and the equilibrium is
unstable. If the center of gravity is below the center of the
cylinder,

l cos o — a cosec ¢y > 0;

the potential energy has a minimum, and the equilibrium is stable
both for changes in ¢ and 0. Hence, the equilibrium is stable
only if

l cos oo — a cosec ¢y > 0.

Problems XIII

1. A rod is supported in a horizontal position by u light string attached to
its two ends and passing over a smooth peg. Is its position stable? Ans.
No. R

2. A light string is attached to a fixed point O and passes over a fixed pul-
ley P, sn that OP = 2a is horizontal, and supports a weight W attached to
its end. A second weight W, < 2W, slides freely on the string between
O and P. Find the position of equilibrium and show that it is stable.

. . (lW2
Ans. D1§tance of W, below OP is Vi wa

8. The axis of a smooth parabolic wirc is vertical. Two similar beads are
strung on it and are connccted by a light string which passes over a smooth
peg at the focus. Show that the equilibrium of the beads is neutral.

4. The center of gravity of an elliptic disk is halfway hetween the center
of the disk and one end of the major axis. Show that if the eccentricity is
greater than 1/4/2, there are four positions of equilibrium and discuss their
stabilities.

6. Prove that a tumbler of thin glass composed of a cylindrical part and a
hemispherical basc of the same radius will stand upright on a table if the
height of the tumbler does not exceed its diameter; and that a liquid poured
into it will not disturb the equilibrium before it reaches the cylindrical part.
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6. A solid hemisphere with its planc face uppermost rests on a rough solid
sphere of the same radius. Is its equilibrium stable or unstable if it can-
not slide? Ans. Unstable.

7. A rod is thrown into a smooth elliptic bowl of semiaxes a > b > ¢.
In what position docs it come to rest?

8. A solid eylinder, resting on its base, is tipped sideways through various
angles. Construct the curve of its potential encrgy and determine its posi-
tions of equilibrium graphically.

VI. FRAMEWORKS

176. Rigid Frameworks.—A series of rods connected only by
hinges at their extremities forms a framework which may or may
not be rigid. Three rods in the shape of a triangle form a rigid
framework, while four rods in the shape of a quadrilateral do not.
If a fifth rod be inserted as a diagonal of the quadrilateral, the
framework becomes just rigid. If a sixth rod be inserted as the
other diagonal, the framework bccomes overrigid. A frame-
work is just rigid if no rod of the framework can be removed with-
out destroying its rigidity and is overrigid if any rod whatever can
be removed without destroying its rigidity.* Any such super-
fluous rod is called a redundant rod. 1f the framework is a quadri-
lateral with the two diagonals, any one of the six rods is
redundant.

176. Light Frameworks.—If the weight of the rods themselves
can be neglected, and if the hinges are smooth, the framework is
said to be a light framework. Suppose that such a light frame-
work is given and that it is acted upon by given forces at
the hinges. It is desired to find the magnitudes of the resulting
tensions or thrusts of the rods of the framework.

Let ABCD (Fig. 89) be the framework acted upon by the
known forces F; and F; at A and B, respectively; by the force Fs,
of which the direction only is known, at the point C; and by the
wholly unknown force F, acting at D. It is desired to determine
F,, the magnitude of F3, and the tensions (or thrusts) in the rods.

177. The Stress Diagram.—The solution of this problem is
very simply attained graphically by means of a system of polygons
known as the stress diagram (Fig. 90).

At the hinge A, there are three forces acting of which F, is
wholly known. The lines of action of the other two are, of course,
along the rods and therefore their directions are known. Since
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A is in equilibrium, these three forces can be arranged in the form
of a closed triangle which can actually be drawn since F, is known.
Let abc (Fig. 90) be this triangle, drawn to a suitable scale. If
ab represents F,, then be and ca will represent the actions of the
rods 1 and 2 on the hinge A4, if thelines bc and ca are drawn parallel
to the rods 1 and 2, respectively. The reactions of the hinge A
on the rods are thrusts represented by ¢b and ac, which are now
known. It is convenient to number the sides ¢b and ac, 1 and 2,

B
/)
c 5 D
F.
3 K
Framework ) Stress Diagram
Fia. 8. . Fae. 90.

respectively, since they represent the thrusts in the rods which
are numbered 1 and 2.

Of the four forces which are acting upon the hinge B, two are
wholly known and the lines of action of the other two are known.
These four forces form a closed quadrilateral which now can be
drawn. Let da = F;, and let de and ce be drawn parallel to the
rods 4 and 3, and numbered accordingly. Then daced is a closed
quadrilateral the sides of which, taken in succession, represent the
forces which are acting upon the hinge B. From the direction of
these forces ce represents a pull of the rod 3 on B and, therefore,

cc represents a pull of the hinge B on the rod 3. The rod 3 is
therefore under tension, while the rod 4 sustains a thrust which

is equal to de.
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At the hinge C, one force now is known and the lines of action
of the other two are known. Let ¢f be drawn parallel to rod 5,
and fd parallel to F;. Then

Jd = Fy
and ¢f represents the action of the rod 5 on C. Accordingly,

rod 5 is under tension of which the magnitude is ¢f. Finally,
since the entire system is in equilibrium,

Fi+F,+F;+F,=0
and, if placed end to end, these vectors form a closed polygon.
Hence, the force Fy acting at D is represented by the line 3.

178. Difficulties in Starting.—It will be observed that a
start was made at a point where only three forces were acting,

D

C
F1a. 91. Fia. 92.

one of which was known. If no such point can be found some
preliminary work may be necessary before a start can be made
on the stress diagram (the term stress includes both thrusts
and tensions). 1t may be that there is no single hinge at which
a known force is acting, in which case it may be necessary to
determine first all of the external forces which are acting on the
framework before attempting to determine the internal stresses;
or, if no single hinge occurs in the framework, it may be necessary
to determine the stress in some one rod before a start can be
made. .

Two rigid triangles, for example, can be rigidly connected by
means of a triple hinge and an extra rod, as in Fig. 91 or by
" means of three extra rods, asin Fig. 92. In this last framework
(Fig. 92), there are no single hinges anywhere. The triangle
DEF, however, can be regarded as by itself. If the moments
of all of the forces acting upon it be taken about the intersection
of AF and CE, the stress in BD will be determined.
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179. Forces Not at the Hinges.—If forces act at points of the

framework other than the hinges, they can be replaced by equiva-
lent pairs of forces acting at the ends of the rods. This sub-
stitution will not alter the actions upon the hinges, but it will
alter the stresses in the rods
for which a change of forces is F2 P;I Fi
made. Thus, if the force F is 1
acting at a point P of a rod (Fig. £ \L
93), let f1 and f» be two cross- F
sections of the rod which contain Fa. 93.
P between them. The small portion of the rod between f; and f,
is in equilibrium under the action of three forces, one of which is
F, and the other two F; and F, are equivalent to the stresses
across the planes fi and f,. Kvidently, F, and F; depend upon
F, and therefore the internal stresses in the rod are altered if
F is replaced by two cquivalent forces at the ends of the rod.

180. Heavy Frameworks.—If the rods which compose the
framework are heavy, so that their weight cannot be neglected,
the action upon the hinges can be determined by supposing that

~
N

“~C P 1
N N_\—_><-_-W_——l
N LT~ — -R
2 T K
3\ SN 2 e
B TONhee Wi
A 1 T \\\\‘é\ i Wse—Rg
\\\\ \\\ .
Rz Framework Rs 3¢ ‘\Q\ *
AN
\\\ R
W W Stress Diagram
3
W, Triangle PQR represents
Weights the forces acting at C

Fi1a. 94.

the rods are light and that vertical forces cach equal to half the
weight of the rods (if the rods are uniform) are acting at their
extremities. The stress diagram will then give the forces acting
upon the hinges. The stresses in the actual rods will vary from
point to point on account of their weight (see Sec. 223).

Let ABC (Fig. 94) be a rigid triangle built of heavy beams
smoothly jointed at the hinges. The lengths of the beams are
l;, 15, and I3, and their weights W1, W,, and W are proportional
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to their lengths. Let the weight of each beam be represented
by two forces each equal to half of the weight of the beam acting
at the hinges. Then it follows that,

acting at €, W, = -é(W2 + W) = ?2’(11 + 1),
acting at 4, Wi = J(Ws + W) = (s + 1),
and acting at B, W = ;(Wl + W) = ;(la + ).

If the framework rests on supports at 4 and B, it is also acted
upon by vertical forces of magnitude R, and R3 at these points.
Hence, W acts vertically at C, Wy — Ryat A, and W3 — Rz at B.
The action of the light rods on the hinges is given by the lines
1, 2, and 3 of the stress diagram. Since W, W,, and W; are
known, R, and R; are determined. By compounding the stress
2 with W,/2 acting vertically at C, the action of the bcam 2 on
the hinge is obtained. The resultant is the dotted line 2¢ in the
stress diagram. By compounding the stress 3 with the weight
W3/2 acting vertically at C, the action of beam 3 on the hinge C
is obtained. The resultant is marked 3¢ in the diagram. It
will be observed that 2¢ and 3c are equal, parallel, and opposite
as they should be, since no other force acts on the hinge at C.

The action of the beams on the other hinges can be obtained
in a similar manner.

Problems XIV

1. A light framework in the shape of a triangle A BC with sides AB = [,,
AC = Iy, and BC = I; is fastened to a vertical wall at the corner C, touching
the wall again only at the point B where the contact is smooth. A weight
W is suspended from the point A.  Find the foreces acting at B and C and
the stresses in the rods.

Ans. A tension in I, equal to Wl,/l;; a thrust in I, equal to Wiy/l;. If the
distance of A from the wall is p, and tan a = p/l;, the force at C makes an
angle & with the wall, and its magnitude is W sec . The force at B is nor-
mal to the wall and its magnitude is W tan a. '

2. A light framework forms a right-angled isosceles triangle of sides
U, = I, and /5 and is suspended freely at the right angle. A weight W is
suspended at the extremity of !; and a weight 2W at the extremity of I,.
Find the stresses in the rods.

Ans. Tensions in I, and I, equal to 3W/A/5 and 6W/~/5, respectively, and
a thrust in I equal to 2v/2W//5.
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3. A light truss built of 11 rods of the same length and smoothly jointed
is supported at its extremities P, and Py, and supports weights of 7 and 4
tons at the points P; and P;. Find the
stresses in the rods.

Ans, Thrusts in 1, 5, 7, 9, and 11 equal
to 12, 12, 2, 10, and 10 tons, respectively;
tensions in 2, 3, 4, 6, 8, and 10 cqual to 6,
12, 2, 11, 10, and 5 tons, respectively; all Py Py Py P,
divided by /3. Fia. 95.

4. Five uniform beams formm the sides of a rhombus ABCD and the
diagonal BD which is only half the lengths of the sides. If the weight of the
diagonal beam is W and the frame is suspended by the hinge at A, find
the agtion on the hinge at B of each beam joined to B.

Ans. BD exerts a thrust 1.16W and a downward foree W/2;

AB excrts a tension 3.62W and a downward foree W;
BC cxcerts a tension 1.03W and a downward force W,

Q, Q. Q

General Problems XV

1. Four forees Fy, - + -, Fy act along the sides of a square.  What is the
condition that the line of action of the cquivalent single force passes through
the center of the square?

2. Four forces act along the sides of a quadrilateral and in magnitude are
proportional to the sides along which they act.  If equilibrium exists, show
that the quadrilateral is a parallelogram.

3. Four forces act upon a rigid body and their lines of action form a
quadrilateral. Show that the quadrilateral must be planc if the body is in
cquilibrium.

4. Forces A, B, and C act along the sides of a triangle a, b, and ¢ and the
line of action of the equivalent single foree passes through the centers of the
inscribed and circumscribed cireles. Show that

4 _ B ___ C___.
cosb —cosc cosc—cosa cosa —cosb

6. Four forces act along the sides of a quadrilateral and in magnitude
are equal to @, b, ¢, and d times those sides. If equilibrium exists, show
that ac = bd and that the diagonals are divided by their points of inter-

scction in the ratios
a:b and c:d.

8. If the quadrilateral, in the previous problem, can be inscribed in a
circle and if the magnitudes of the forces are inversely proportional to the
lengths of the opposite sides, show that the line of action of the equivalent
single force passes through the intersections of the pairs of opposite sides.

7. If, in the previous problem, equilibrium exists, show that the mag-
nitudes of the forces are directly proportional to the opposite sides.

8. The ratio of the moments of a force of given magnitude, but of variable
direction and point, of application, about two fixed points A and B, is con-
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stant. Show that the line of action of the force always passes through a
fixed point which lies on the line joining A and B.

9. The ratios of the moments of a force about three points, which are not
collinear, are given. Find a graphical construction for the line of action
of the force,

10. The moments of a force with respect to the points (1, 0), (0, 2), and
(2, 3) are ¢y, ¢3 and c;. What angle does the force make with the z-axis?
Ans. tan g = & — 3ca + 20,

2c; —c2 — ¢

11. A rod of length 2 lics on a smooth table and has attached to it at its
ends and at its middle point light strings to which are tied weights Wi, W,
and W, + W.. The first two strings hang over one edge of the table and
the third over the opposite parallel edge. If the rod is kept in equilibrium
at an angle 6 to these edges by two smooth pegs fixed to the table at a dis-
tance a apart, find the pressures on the pegs. Ans. Each pressure is
I2W, + W) cos 6/a.

12. A smooth hemispherical bowl of radius 7 is held firmly. A uniform
rod rests against the rim with one end on the inner surface of the bowl. If
the length of the rod within the bowl is ¢, show that the length of the entire
rod is 4(c? — 2r?)/c.

13. A non-uniform rod of weight w, and of length 2a is pivoted at its
middle point which is at a distance A from its center of gravity. A weight
w, slides on a string of length 21 the ends of which are fastened to the ends
of the rod. Iind the distances of w, from the ends of the rod in the position
of equilibrium. Ans.

awy —Jwy g W e
alvs awz

L.

14. Equal forces act on a circular disk, one at a point A of the edge and
the other at the center O in a direction perpendicular to OA. Prove that
they cannot be balanced by any force whose point of application lies within
the disk, unless the angle 8 between the dircction of the equal forces satis-
fies the relation.

cos? 8 < 4 cos? é 6.

15. A squarc board is suspended from one corner by a string, equal in
length to the side of the square, which is attached to a point of a smooth
vertical wall. If the plane of the board is perpendicular to the wall, show
that in the position of equilibrium the distances of the corners of the squarc
from the wall are proportional to 0, 1, 4, and 3.

16. If a smooth sphere whose center of gravity is not at its center rests
in contact with any number of smooth surfaces, show that the linc join-
ing its center to its center of gravity must be vertical in the position of
cquilibrium.

17. Three equal smooth spheres are held in contact with one another on
a horizontal plane by a band around them. If a fourth sphere, similar to
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the other three, is placed upon them, show that the tension of the band is
increased by W/+/54.

18. A pentagon A BCDE, formed of equal, uniform, heavy rods conncected
by smooth hinges at their ends, is supported symmetrically in a vertical planc
with A uppermost and AB and AK in contact with two smooth pegs in the
same horizontal line. Prove that if the pentagon is regular, the pegs
divide AB and AF each in the ratio

. ™ . ™
1 +sin 16.3 sin 15

19. Two equal and similar isosceles wedges, each of weight W, and vertical
angle 2, are placed side by side with their bases on a rough horizontal planc
with their edges in contact. A smooth sphere of weight w; and radius r in
contact with a face of cach is supported between them. If equilibrium
exists, prove that

"> —— and r<asinatuna(y'+ﬂg)v
2

W2
where u is the coefficient of friction and a is the length of each base.

20. Two equal, smooth, circular disks of radius r arc placed on their flat
sides in a corner between two smooth vertical planes, inclined at an angle
2a, and touch each other in the line bisecting the angle. Show that the
smallest disk which can be pressed between them without causing them to
geparate is one of radius

p =r(seca — 1).

21. One end of a straight uniform heam rests on a rough floor, the other
end being connected by a string to a point in the ceiling in the vertical plane
which contains the beam. If 6, 8, and 6; are the inclinations of the string,
the beam and the reaction of the floor show that

cot 6, + 2 cot 8, — cot 8; = 0.

22. A right circular cone of vertical angle 2a rests with its base on & rough
horizontal plane. A string is attached to its vertex and pulled horizontally
with a gradually increasing force. In what way will equilibrium first be
broken? Ans. It will slide if ¢ < & and will tip if € > a.

23. A heavy bar of length 41 and weight w is suspended by its extremities
by two ecqual strings of length s which are attached to two points in the ceil-
ing at a distance of 2/ apart. If the bar, remaining horizontal, is turned
through an angle 6, what torque is required to hold it in this position?

Ans C = 2ws sin? p sin §

l
1—, where cos ¢ = 5
\/cos’ ¢ — 88in? ¢ sin? 20

24. A tight nut requires a force of 132 Ib. applied at the end of a wrench
18 in. in length to move it. If the bolt on which the nut is screwed has a
dismeter of 1 in., if the nut is 3/4 in. in length, and if the coefficient of fric-
tion is 0.3, what is the pressure of the nut on the bolt? Ans. 280 lb. per
square inch.
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26. Prove that the central axis of two forces F, and F;intersects the short-
est line, of length L, joining their lines of action and divides it in the ratio
Fy(F, + F, cos fl\l"z):i'z(ﬁ'z + cos fl\l“z),

and that the moment of the equivalent wrench is

__LRFsinFiBy,
'\/Fll + 2F1F2(SOS ﬁz +F22

26. A heavy solid cylinder of radius r and weight w rests on a rough
horizontal plane. Assuming the pressure on the base to be uniform and the
cylinder and the plane rigid, show that the torque required to turn the cylin-
der is 2uwr/3.




CHAPTER IX
STATICS OF DEFORMABLE BODIES

181. Introduction.—The bodies dealt with in the preceding
chapter were rigid in the sense that they maintained their shape
under all conditions. There arc no such bodies in nature, of
course, but the ideal serves as a very useful first approximation
to many actual situations where the variations in the forces acting
are small. A second approximation will be taken up in the
present chapter in the consideration of bodies that arc only
slightly deformed. In addition to such cases, there are other
bodies or systems of bodies that are freely deformable, such as
systems of weights connected by light strings, ropes, chains, cte.
The funicular polygon will be considered first.

I. FUNICULAR POLYGONS

182. The Funicular Polygon.—To a light string which is tied
to two fixed points, a number of weights are attached. When
the system is in equilibrium the segments of the string form the
sides of a polygon which is known as the funicular polygon (from
SJunicle, a light string).

In Itig. 96, let P, and P, be the points of suspension which are
connected by a light string to which four weights W, W, W3, and
W, are attached. Let the lengths of the five segments of the
string be 1y, Iz, 15, ls, and I5; and let these segments make angles
01, 03, 05, 04, and 0; with the horizontal toward the right, so that
the first of the angles is negative and the last is positive. Let
the corresponding tensions in the strings be Ty, T, T3, T4, and Ts.
Finally, let the coordinates of the point I’;, with respect to the point
P, as origin, be a and b.

On resolving horizontally and vertically the forces which act
upon the point of the string to which the weight W, is attached,
the following equations are obtained:

T, cos 0, = T cos 05,
-—Tl sin 01 + Tz sin 0y = Wl.
153
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These equations show that the horizontal component of the
tensions in the first two segments are equal. Similar equations
for the weight W, .
Ts cos 0, = T3 cos 03,
—Tg sin 02 + Ta sin 03 = Wz,

show that the horizontal component of the tension in the third
segment is the same as for the first two. A continuation of the

E

Fia. 97.

analysis shows that it is the same for all of the segments. Sup-
pose the string has » 4+ 1 segments and n weights. If I; and
l. +1 are two consecutive segments, it is evident that

T; cos 6; = T.’+1 COS 0,'.4..1 = H,
—T; sin 0; + Ti+1 sin 0.’+1 = W;',

the common value of the horizontal components being denoted
by the letter II. Hence,

, _ H
Ts = o8 0;
~—tan 0; + tan 6;,, = I;,IJ

These equations hold however many weights there may be.
The sum of the horizontal projections of the segments them-
selves is the horizontal coordinate of P;, and the sum of the vertical
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projections of the segments is the vertical coordinate of P,.
Hence, the following system of equations is derived:

W, .
—tan 6; + tan 6;,, = —17" i=1---,n. (1)
licos 0y +1lcos 0+ + - - + layy €08 O,y = a, 2)
l] sin 01 + lz sin 02 + o v + ln+1 sin 0n+1 = b, (3)
so that there are n + 2 equations with which to determine the
n + 2 unknowns 6, 6, - - - , 0,41 and H.

183. The Force Diagram.—On a vertical line (Fig. 97), mark
off the segments

AB = Wl, BC = Wz, CD = Wa, DE = W4.

Through the point A draw a line parallel to [;, and through B
draw a line parallel to l,. These two lines meet in a point O,
and the lines OA and OB are cqual in magnitude to T, and T,;
for Wy, T, and Ty, which are the forces acting on the point of
attachment of W,, if placed end to end, form a closed triangle.
Since 4 B is equal and parallel to W,, and OA and OB are parallel
to T, and T,, respectively, they are equal in magnitude to T,
and T Similarly, OC, OD, and OF are equal to T's, T's, and T,
respectively, and are parallel to Ts, T4, and Ts. Tinally, since

H = T; cos 6,
it is evident that H is the perpendicular distance from O to AE.

184. The Configuration of Equilibrium.—If the position of
equilibrium of the system is not known, it is not known imme-
diately how to locate the point O in the force diagram. But if
any point O’ is taken and the corresponding force diagram is
drawn, it is a simple matter to draw the funicular polygon which
is associated with it. From P, draw a line parallel to O’A with
a length /. Through the extremity of this line, draw a second
line of length I, parallel to O’B, and so on, arriving finally at a
point P,’. If the system be suspended from the points P; and
Py, it will take the position which has just been drawn, and
O’ABCDE is its force diagram.

Let a point O’ at a distance H’' from AE be chosen, and let the
corresponding angles 6’ be computed so they can be regarded as
known. The position of the point O could be determined if the

—_—

components of the vector 0’0 were known. Let the magnitude of
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the horizontal component be z-H’, and the magnitude of the
vertical component be y - H’. Let O” be a point directly above O’
and at a distance y - H' from it, and let the force diagram be drawn
for the point O’’. The angles 6, are related to the angles 6,
in such a way that
H'" tan 6;” = H' tan 6 — H'y and H" = H';

whence tan 6;” = tan 6/ — y i=1,---,n4+1

The points O and Q"' are on the same perpendicular to AE.
It is easily seen from the two force diagrams that

H tan 6; = H" tan 6,", H=(0-2H"

whence,

But these two transformations taken successively are equiva-
lent to the single transformation

., —
tan 0; = 20 0C =Y, H=(1-oH;
-
from which it is found that
-’ —
sin 6; = - 71’8110‘, -y,
V(1 — )2 + (tan 6/ — y)?
1—=x
cos 0; = -

V(1 — z)2 + (tan 6, - yA)Z'
After substituting these values for sin 8; and cos 6; in Eqgs.
(182.2) and (182.3), there results

"§ L1 =) —a
S AA —a)r+ (tan 6 — g2
"i‘ ~ Ltano/ —y)  _
2 V(1 — 2+ (tan 0 — y)?

This pair of simultancous equations determines z and y, since
the I;, 8/, a, and b arc known. They are algebraic, but in general
highly irrational. They can be solved when the numerical values
are given, but the process is laborious.

185. Systems with Equal Weights.—If the weights are all
equal, say equal to W, and if, for the sake of notation, the
substitutions

Ig =c and tan 0, = ¢,
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are made, then the equations of Scc. 182 become
tan 6, = t,
tan 8, = ¢ + ¢,
tan 0; = ¢t 4 2¢,

tan 6, =t + (n — 1)c;
that is to say, the series of tangents forms an arithmetic series.
Let the first point of suspension P; be taken as the origin ot a
system of rectangular coordinates. Let x; and y; be the coordi-
nates of the ¢*" weight, and finally, let
l; = hsec 6;,

so that the projections of the segments of the string upon the
z-axis are all equal. Then

zy = h, y1 = ht = M,
e =2h, y2=y1+h(t+c¢) = 2ht + he,

x3 =3h, ys =y:+ h(t + 2) = 3ht + 3he,

Tn = nh, Yo = Yna + At +[n — 1lc) = nht + n(n2 ——~)hc.

The elimination of n between the expressions for z, and y, results
in the equation
1 T,
Yn = tx«,. + 2(517"(% —_ 1)'

This is the equation of a parabola with a vertical axis which
passes through the origin and through all of the weights. By
the substitutions

= —_— t__l ’E, = — t_lczi,
In =2 2¢)e Yn =Y 2" ) 2

the equation takes the normal form

Yy = --c—x2 or y = W 2?
7 2h 2hH™ "

186. The Suspension Bridge.—These results have immediate
application in the form taken by the cables of a suspension bridge.
If the platform of the bridge is supported by wires equally spaced,
there will be a uniform distribution of the weight and the horizon-
tal projections of the segments of the cable between the wires
will all be equal. If w is the weight carried by each of the verti-
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cal wires, of which there are n for each cable, two in number, and
h is the horizontal distance between the wires, then

nw = 2W and (n + 1Dk =1L,
where 4W is the total weight of the platform of the bridge and L

is its length. Hence, the equation of the cable, referred to its
lowest point as origin, is

— W 2
Y= IH"
The quantity H is the horizontal component of the tension,
and since this is constant, it is the tension of the cable itself at
its lowest point. Let S be the sag of the cable, so that, in Fig. 98,
the sagis

S = 0cC.
Then, from the equation of the parabola,
WL WL
S = @, or H = ZS’"

Consider the equilibrium of one-half the cable from O to A.
Since the load is uniformly distributed, it acts halfway from O

N

L] a

to B. The equilibrium of the cable would not be disturbed if
it became rigid. This rigid body then is acted upon by the
horizontal tension H, acting at O, the tension T, acting at A4, and
the weight W, acting along the line z = L/4. Since equilibrium
exists, these three forces meet at a point. The slope of the curve is
dy 2W .
dz ~ LH"
therefore, if a is the angle which T makes with the horizontal,

Fia. 98.

tan o = w

H

By applying Lami’s theorem to the three forces at their common
point of intersection, it is found that

T = Hseca = W cosec a = VH? + W2,
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187. Systems of Hinged Rods.—Given a system of heavy
rods connected at their extremities by smooth hinges and sus-
pended from two points at which the hinges also are smooth.
Required: the configuration of equilibrium.

It is not nccessary to suppose that the rods are uniform in
any respect, but it will be assumed that the hinges are smooth.
Let W; be the weight of the it rod acting at its center of gravity.
Let L; and R; be the equivalent y
system of parallel forces acting at
the left and right hinges. Then the
system of heavy rods can be replaced
by a system of light rods (or light Fra. 99.
strings, since only tensions are in-
volved) and a system of weights acting at the hinges. The con-
figuration of equilibrium, therefore, is the funicular polygon in
which the #** weight is

Wi = R+ L.

The action on the hinge at A is obtained by adding vectorially
the tension in the first rod to that portion of the weight of the
first rod which acts at A; that is,

4 =T+ Ly
and similarly, at B,
Pu = Tn + R,..

Problems XVI

1. The span of a suspension bridge is 200 ft., the sag of the cable is 20 ft.
and its weight is 50 tons. What arc the tensions at the highest and lowest
points of the cable? Ans. 33.66 and 31.25 tons.

2. If the greatest tension permissible in the cable of the previous problem
is 100 tons, what is the smallest permissible sag? (The greater the tension in
the cable the steadier the bridge will be.) Ans. 6.3 ft.

II. CATENARIES

188. Flexible Chains and Ropes.—The same model which
served as a light string in Chap. VII (Sec. 108) will also serve
as a model of a chain or rope if the weight of the particles is
taken into account. It is not necessary that the particles should
all have the same weight. It is sufficient that the density of the
chain varies from point to point continuously according to some
specified law. The mean density of a section of the chain is the
mass of that section divided by its length, or the mass per unit
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length if the chain is uniform. The density at a point is the limit
of the mean density of sections which contain that point, the
sections being of diminishing length.

189. Conditions of Equilibrium under the Action of Gravity.—
It will be supposed that a heavy chain is suspended from two
fixed points by its extremitics, and the form of the curve which
it assumes when it is in equilibrium will be investigated.

Let ABC be such a chain hanging in equilibrium, and let B
be its lowest point. If the portion of the chain A B were replaced
by a horizontal force of magni-
tude H, equal to the tension which
the part A B exerts on the point B,
the remaining portion of the chain
BC would be undisturbed. The
external forces which are acting
‘H on the portion BC are then: a
horizontal force H acting at B, a
force T acting at C tangent to the
curve, and the weight of its individual particles. Let s be the
length of the arc as measured from B, and let ¢(s) be the density of
the chain at the point whose distance along the curve from B is s.

Let B be the origin of a system of rectangular axes of which
the z-axis is horizontal and the y-axis is vertical. Then the
equation of the curve assumed by the chain will be

y = f(z),

where f(z) is some function which depends upon the law of density
of the chain. The slope of the curve at C, which can be regarded
as any point of the curve, is the valuc of dy/dx at the point C;
that is,

Fia. 100.

dy

dr = tan 6.

Let it be imagined that the chain has become rigid in its
position of equilibrium. This would not alter the shape of the
curve nor the equilibrium, and it permits the application of the
theorems of rigid bodies. On resolving the external forces which
are acting upon the chain horizontally and vertically, it is found
that

H = T cos ¥, }

W = T sin #, )
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where W is the weight of the section of the chain between B
and C, and is therefore a function of s.
From the quotient of these equations, there is obtained:

_dy W

If ¢(s) is the density of the chain at the distance s along the
curve from B as defined in Sec. 188, and g is the acceleration of
gravity, then .
o(s) g = w(s)
is the weight which a unit length of the chain would have if its
density were constant and equal to o(s). 1t will be called the
wetght of the chain per unit length at the point C.

With this definition of w(s), the weight of the chain from B to
Cis

W = j; w(s)ds. 3)

quations (2) and (3) hold wherever the point C may be along
the arc of the curve. Hence, they determine the curve when the
function w(s) is given, or they determine w(s) when the curve
is given.

190. A Second Form of the Differential Equations.—On differ-
entiating both cquations of Eq. (189.1) with respect to s, and
bearing in mind, from Eq. (189.3), that

dW = wds,
it is found that .
sin 0 -dT + T cos 0 - df = wds, (1)
cos 0+dT — Tsin 6-df = 0. 2)

After multiplying Eq. (1) by sin 8, Eq. (2) by cos 6, and adding;
then multiplying Eq. (1) by cos 8, Eq. (2) by —sin 6, and adding;
it is found that

dT = w sin 0ds,

Tdé = w cos 6ds. o dy
But from the differential calculus, .-
dxz = cos 0ds dy = sin 0ds;
therefore :iT 4 ’ Fia. 101.
7}
d@‘ = w, Tdil_i = w. 3)

These equations also define the curve, and are sometimes useful
in place of Egs. (189.2) and (189.3).
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191. The Curve is a Parabola.—A heavy chain is suspended
by its two extremities and forms an arc of a parabola. It is
required to find the law of its density.

Let the equation of the parabola be

z? = 4qy,
and therefore W
dy _x© _
dz =2 " H by Eq. (189.2).
On differentiating again
L w(s) s w sec 0
2¢ dx dr :
Hence,

w(s) = glcos 0;

that is, the weight of the chain per unit length at any point, or if
preferred, the density of the chain at any point, is proportional
to the cosine of the slope of the curve at that point. If the
density of the curve is imagined projected upon the z-axis, that
is, that the mass in each element ds is distributed uniformly over
the corresponding element dz of the z-axis, then the density along
the z-axis is constant, as in the suspension bridge (Sec. 186).

192. The Catenary.—The curve which is formed by a uniform
heavy chain suspended by its extremities is known as the catenary.
The weight of the chain per unit length w is constant, and there-
fore the weight W of an arc of length s is

W = ws.
If, for the sake of notation, the constant c is defined by the
relation

H = cw (1)
where the constant ¢ has the dimensions of a length, Eq. (189.2)

becomes
dy _ s
iz = @

c

@~
dz) = \dz !

Eq. (2) can be written

ds "g2 ds
—=1/ ’ - — = (2.
dz 1+ & or \/1 . 3 T

Since,
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On integrating, and choosing the constant of integration so that
s vanishes with z, there results

s LT
= sinh ~c-- 3)

If this expression for s is substituted in Eq. (2) and a second
integration is performed, the equation of the curve of equilibrium,
which is called the catenary, is found to be
Yy _ z
. cosh K 4)
the constant of integration having been taken equal to zero.
From the relation
cosh? § — sinh* ¢ = 1,
which holds for every value of £, and from Egs. (3) and (4), it fol-
lows that
Y2 —c? = s »)

It is seen that when z vanishes, ¥ is equal to ¢, and it is evident
that the parameter c is merely a scale-constant. The z-axis of
Eq. 4 is sometimes called the directriz of the catenary.

193. Tension of the Chain.—It is found by squaring and adding
the two equations of Kq. (189.1) that

T? = W2 4+ H? = w?(c? + §?)
= w2c? (1 + sinh? :) = w>c? cosh? f,

whence )

T = wy. (1)
Equation (1) shows that if a long chain is thrown over two smooth
pegs with the two free ends of the chain coming down just to the
directrix, the chain will be in equilibrium; and conversely, if the
chain is in equilibrium, the free ends come down to the directrix.
The proof lies in the fact that the tensions on the two opposite
sides of the peg are equal.

If the two points of suspension are on the same level and their
common ordinate is y, then the sag of the chain hisy — ¢. Sup-
pose that the two free ends of the chain are very long relative to
the sag, so that the chain is very tightly stretched between the
pegs. On factoring its left member, Eq. (192.5) can be written

820
y—¢

ytec=
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Since y and ¢ are nearly equal, this becomes, approximately,
82

= ok @

Let the distance between the two pegs be [, and let W be the weight
of the chain between them. Then, from Eq. (192.1),

H
c=—
w
and, approximately, s = ;l, W = wl.

If these values are substituted in Kq. (2), there results the simple
approximate equation for the tension in terms of the total weight,

length, and sag,

wi
8’ ®)

The tension at the highest point of the catenary, the pegs or the
points of suspension of the chain, can be expanded as a power
scries in h?/I* which is convergent if h/[ is sufficiently small. The
result is

1 l wi 20 k2 704 ht
T =g W cothy; = 8h<1 Tapr Tasp T ) @)

It will be noticed that Eq. (3) is merely the first term of this

series. The demonstration of Eq. (4), will be left as an exercise.

H =

194. Approximations to the Catenary.—The expansion of the
function cosh z/c as a power series is

x 1 fz\*> 1 (xz\*
°°Shc=1+2!(c) +4!<c) T

If z/c is small, the series can be limited to the first two terms, and
Eq. (192.4) then becomes

xz
'!/—C+'2£,

or, on changing the origin to the vertex and replacing the value
of ¢ from Eq. (192.1),
xz _— ,2L1y
w

1

The latus rectum of this parabola is 2H /w, and the distance to
the focus is H/(2w). This approximation is useful for that part
of the catenary which is near the vertex.
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The function cosh x/c can also be written

z
Since ¢ diminishes very rapidly as z increases, for large values of
z the catenary closely approximates the exponential curve

the approximation improving as x increases.
The expansion for sinh z/c is

..z fx 1/z\* , 1 (z)\®
an? = ()30 5+

Hence, when z/c is small, Eq. (192.3) 4 Y B
18 approximately

or

If [ is the span of a stretched wire,
w3
24H?

C 2
is the increase in the length of the wire ] x
necessary on account of the sag. Fra. 102.

28 — | =

196. The Catenary of Uniform Strength.—In the ordinary
catenary, in which the chain is uniform, the tension is greatest at
the points of suspension, and the chain is most likely to break at
one of these points. It is of interest to enquire what must be
the cross-section of a wire for which breakage is equally likely
everywhere.

If the wire is uniform in every respect save in its cross-section,
then the cross-section at any point must be proportional to the
tension at that point. If ais the area of the cross-section and 7'

is the tension, then
T = ka, (1)

where k is a constant factor of proportionality, and a and T
are variable from point to point. If o is the weight of the wire
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per unit volume it will be constant, and the value of w the weight
of the wirc per unit length at the point is

w=o90-a.

If these expressions for T and w are substituted in the second
equation of Eq. (190.3), there results

e o 1

= = )

dz  k ¢

and since k/o = c is constant, this is immediately integrable and

the constant of integration being zero. Now

dy _ ., = z,
dz = tan 0 = tanc,
therefore, by a second integration,
Y _ op T
c log sec c

which is the equation of the curve,
the origin being at the lowest point
of the curve.

From the first of Fq. (189.1)

T = H sec 0,
and therefore, from Eq. (1),
a= ;I sec 0.
Since
T T
Frs. 103. ) <6< +2’
the curve is asymptotic to the lines
kw
= 42"
T= Ty

The area of the cross-section becomes infinite at these limits,
so that in practice these limits could not be attained.

196. The Maximum Span of Any Cable.—If a cable is built
out of uniform material, its breaking tension per unit area k
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is constant and depends only on the material. By Eq. (190.3),
dz _ T
do ~ w
for every cable, and the value of 6 cannot exceed 7/2, since the
cable is flexible. Hence, the maximum span for any cable is

+3 +5
maximum span =f sz() = lf 2Td¢9,

T w o » a
2 2
in which 7" and a are to be regarded as functions of . In order
that this integral may be a maximum, the ratio T/a must be a
maximum, which is the breaking tension per unit area k; that is,
the cable must be on the point of breaking everywhere. Hence,
the maximum span is
) k f 2k
maximum span = dg = -
g L4 g

2

which is the maximum span of the catenary of uniform strength;
or, rather, it is an upper limit, for this span itself is not attainable.

197. The Maximum Span of a Steel Cable.—Ior a steel cable
for which & = 130,000 pounds per square inch and ¢ = 480 pounds
per cubic foot, the maximum span is

m X 130,000 X 144 _ 195 500 fect = 23.2 miles.

480
If the factor of safcty is taken as 6, the maximum span of
safety (tension equal to one-sixth of 130,000) is only one-sixth
as much, or 4 miles nearly. If the extreme values of 6 are +/6,
then the total span will be kr/(3¢), and for the above cable and
factor of safety, the span is reduced to 4/3 mile. The sag of the
cable is,
k T
Sag = 5 log, sec ¢
which is about 932 feet. The cable is about 7 1/2 per cent thicker
at the ends than at the middle.

198. The Elastic Catenary.—In the previous examples, it has
been supposed that the wires or cables were inclastic. In the
present example, it will be assumed that the wire when not
under tension has a uniform cross-section a,, is homogeneous
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throughout, and has a modulus of elasticity N (Sec. 109). Let
the wire of length 2I be hanging in equilibrium. Let ds be an
element of the wire and a its cross-section; let dsp, be the length
of the same element when it is not stretched; and let ¢ be the
weight per unit volume after stretching and o, the weight per
unit volume before stretching.

Since the weight of the element is not altered by stretching,

cads = duaodSU.

But by Hooke’s law (Sec. 109),

ds T
a’s"(") = 1 + K,
hence,
oa = -2 oao_T_
1+ N

Since o - a is the weight of the wire per unit length,

o0 = w, 00ty = Wy,
it follows from Eq. (190.3), that
ar_ ., _ W .
dy 1+ )TT"
and therefore
aT’ _ _wo  dy
dx 1 +;IT' dx (¢))

From Egs. (189.1) and (189.2), it is found that

@_JP_
dIC - Hg 1; (2)

where H is the horizontal tension of the lowest point of the com-
plete curve. On substituting Eq. (2) in Eq. (1), the equation

becomes
T\dT T
O+X%E=%JE_L

1 + %, Wy

or
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After integrating and choosing the constant of integration so
that
z =0 when T = H,
it is found that
1 GO 7) -1 T _ W
)\\/Tﬂ H? 4 cosh H=g%
It is very convenient here to introduce a new parameter w
and constants ¢ and e, which are defined by the relations
H

H
T = H cosh o, c =0 e=3; (4)

3)

so that Eq. (3) becomes
= w + ¢ sinh w,

and dz = ¢(1 + ¢ cosh w)dw. »)
On substituting I%qs. (4) and (5) in Eq. (2), there results

I o118

%dy — (1 + e cosh w) sinh wdw,

and therefore, by integration,

Y 1
¢ = cosh w + 3¢ cosh? w,
the constant of integration being taken equal to zero.
The parametric equations of the elastic catenary are, therefore,

z = ¢(w + ¢ sinh w),

Y= c(cosh w + %e cosh? w>' ©6)
For e = 0, or what is the same thing, A = oo, the elastic catenary
reduces to the ordinary catenary as, of course, it should. Since
the ordinary catenary depends upon the single constant ¢, all
ordinary catenaries have the same shape. They differ from one
another only in size. Elastic catenaries depend not only upon
the constant ¢, but also upon the constant e which can be
regarded as defining the shape. Hence, elastic catenaries differ
from one another not only in size but also in shape.

199. The Stretch of the Wire.—The length of the wire in its
position of equilibrium measured from the lowest point of the
curve to the point of suspension, for which o = w,, is

8 = f"ds = cfm(l + e cosh w) cosh wdw,
0 0
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or

St

= ¢| sinh w; + ;(’<w1 +—21— sinh 2wl>J-

For the unstretched wire,

S = fs"dso = fsl(f;f’ds = cfml to co;h 2 cosh wdw
0 o ¥ 0 1+

w1
= cf cosh wdw = ¢ sinh w;.
0

Hence, the stretch of the wire is

stretch = s; — s = %ce(wl + ; sinh 2w;). (1)
The sag of the wire is
sag = y(w1) — y(0) = c[(cosh wy — 1) + ;e Sinh‘“’wl] (2)

T e
=V + ¢ — ¢+ o580

If the stretch in the wire is small, as in a steel wire, Iq. (2)
can be expanded as a power series in the parameter e. The sag
for the inclastic wire, using the same points of suspension, dis-
tance apart 2a, and the same length of wire s, is

Sago = '\/So2 + ¢ — ¢o

where ¢, is the scale constant for the inelastic wire. It is found
then for the elastic wire that

cosh w; —
sag = sago + re[ « - t 202] + -

coshw; — 1
0
8> that the extra sag due to stretch is

— 2
sag due to stretch = [ACC—)Sh—AwI -1 + §0,—:lcc + -0 3)

~ 200. Numerical Examples.—If the given length of the un-
stretched wire is 2s¢ and the horizontal distance between the two
points of suspension is 2a, then

cifwr + e sinh w.] = cl[w, +'L;°so:|,

S = ¢1 sinh w;.

a
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The value of w; is obtained from the equation
@ _ sinh w1

ol
Wo

o
X o

a fairly simple matter with a table of the hyperbolic functions.
Then ¢, is derived from the equation
c, = 8o .
! sinh [OF]
Consider, for example, a stecl wire 1/8 in. in diameter for which
w=21b,  A=43%10°1b.

The wire is 2100 ft. long and the distance between the points of
suspension is 2000 ft. What is the sag?
The value of w, is given by the equation
sinh w, sinh w, .
1,0 = ———— — — _— = .- - - - S
5= o 0.960 X 1077, — @y SonsiPly-
Hence,

w; = 0.5450, sinh @, = 0.5724, c1 = 1834 ft.

and the sag is 279.6 ft.

It will be observed that these figures are not sufficiently accu-
rate to make the sag duc to the stretch sensible, but it is easily
computed by means of Eq. (199.3), and is found to be about 10.2
inches.

201. A Rubber String.—Consider a rubber string 200 feet long
suspended from two points 150 feet apart. The value of w is

onc-twelfth pound and X is 25 pounds. From the equations of
the preceding section, it is found that

w) = 1.742, Cc = 3614;
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and, for an inelastic string under the same circumstances,
wo = 1.351, co = 55.51.

The two curves are drawn in Fig. 104 to illustrate the sag due to
stretch. The two sags are 86.8 and 58.9 feet, respectively.
The sag due to stretch is 27.9 feet, while Eq. (199.3) gives 36.6
feet, showing that higher terms of the expansion are necessary
when the stretch is so large. The first term is sufficicnt only
when the stretch is very small.

202. Catenaries in General.—Imagine a perfectly flexible
chain with infinitely small links fastened at its two ends in
equilibrium in an arbitrary field of force. Let ds be any one of
its Jinks which is acted upon by the tensions of the two adjoining
links T, and T; and by a force f which is due
to the field. Let o be the mass of the chain
per unit length, and let F be the force which
is due to the field acting upon a unit mass.
Then the mass of the link is

dm = ods
and

Fiac. 105, f = Fods.

Let the forces be resolved along the z-, y-, and z-axis, and let
X, Y, and Z be the magnitudes of the components of F. Then

(Ty — T1): = dT. = — Xods,
(T: — T, = dT, = — Yods,
(Ty — T1): = dT. = —Zads,

where T, T, and T, are the components of the tension 7 acting
at ds. Therefore, by projection upon the z-, y-, and 2-axes,

_p.ax _p.% _ .2
Te=T- 4 Ty =Ty T. =T

The differential equations for the catenary become, therefore,
df dz
as<T3‘> = —X
df dy\ _ _

£(rs) -
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203. Hypothesis—There Exists a Force Function.—Suppose
that there exists a force function V (Sec. 64), so that

v )4 _av
X=%% Y=o 2=

On multiplying the first equation Eq. (202.1) by dz, the second by
dy, the third by dz, and adding, there results

ilric)os+ imit)or+ i)

= ( dx + d + ——<d )
= —gdV.
If the left member of this equation is developed, it becomes

dT (dx)'~’+(dy)2+(dz)2) dodo_ dy dy | dz d2) _
ds( ds T\ Gs a5t tas de Tds do )= 94V
and since
(dr)* + (dy)* + (d2)* = (ds)’,
and
drdx | dyddy , dedz_ 1d[(dx)’ dy\* dz)2
dsds T ds @t t dsas™ 2d§( d—s> t\as) T \as
1d
3450 =0
it reduces to
dT = —adV.
For a uniform chain, ¢ is constant and the integral is
T=a(Vo—7). 1
The potential energy of an element of the chain
dm = ods

with respect to the given field of force is — Vods. The potential
energy of the entire chain is, therefore,

—ﬁaIVads,
the integral being taken along the catenarty itself.

Problems XVII

1. A heavy chain hangs over two smooth pegs on the same level and at
a distance a apart with the two ends hanging freely and the central part in
the form of a catenary. Show that if the chain is in equilibrium and its

length is !
1 = ae (e = naperian base).
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2. An elastic string, of natural length na, has n equal weights w attached
to it at distances a, 2a, 3a, - - - from the end by which it is suspended.
Find the amount of stretch and its potential cnergy. Ans. Stretch =
n(n + 1) wa/(2)\); potential energy = n(n + 1)(2n 4+ L)w?a/(12)0).

8. An clastic string 4 ft. long has two weights of 2 1b. cach attached to
it, onec at an end and one in the middle. The elasticity of the string is
such that a 1-lb. weight attached to its end lengthens the string 4/7 ft. The
string with its weights is lifted from the ground by its unweighted end.
What is the least amount of work which will lift both weights from the
ground? Ans., 8 ft.-lb.

4. A chain of weight C is suspended by its extremities from two points
on the same level and a weight W is attached to its lowest point. If ax
and a: are the angles with the horizontal made by the tangents to the
curve at W and the points of suspension, respectively, show that

tan a2
tan ay

C
=1+

6. A chain of length I is hung from two points on different levels, and
at these points makes angles « and g with the horizontal. Show that
the difference in level of the two points is

sin ) (a + )
—4 .
cos ;(a - B)

6. A chain 110 ft. long is suspended from two points in the same hori-
zontal line 108 ft. apart. Show that the tension at its lowest point is 1.477
times the weight of the chain.

7. A chain 10 ft. long and weighing 30 1b., suspended from two points in
the same horizontal line, has a sag of 4 ft. TFind the tension at its lowest
point and the angle which the tangents to the curve at the points of sus-
pension make with the horizontal. Ans. Tension = 3 3/8 1lb., angle =
77° 19,

8. An clastic string of natural length I and weight w per unit length is
attached to two fixed points in the same vertical line at a distance b apart,
80 that its stretch is greater than its own weight would produce. If Ais the
modulus of elasticity of the string, show that the total displacement of a point
whose natural distance from the top is z, is

wr bz
=)+ 7

9. A funicular polygon is formed by attaching n equal weights equally
spaced to a light string of length I. Show that if n is indefinitely increased,
but the sum of the weights is fixed, the funicular polygon has the catenary
as a limit.

10. A heavy non-uniform chain suspended from two points on the same
level forms a semi-circle. If y is the distance of a link of the chain
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below the line of suspension and r is the radius of the circle, show that the
density of the chain is proportional to
.
(r—y)?
11. Show that the work done in stretching the cord in the clastic catenary
is
W = 2wocze(sinh w+ ; sinh? w).

12. If the middle point of the chain in Fig. 102 is constrained to move along
the y-axis, show that the equilibrium is stable or unstable, according as
aZec

13. Prove that the configuration of Fig. 102 is also a configuration of
equilibrium for the elastic catenary.

14. The extremities of a chain are fastened to two fixed points A and
in the same horizontal line. Midway between A and C, at B, there is a
smooth peg over which the chain passes. Show that the symmetrical
configuration of equilibrium is unstable or stable according to whether there
exists or does not exist an unsymmetrical configuration of equilibrium.

16. The load supported by a chain is ax? + b per horizontal foot. What is
the cquation of its curve? Amns. Iy = ax4/12 4 bx?/2.

16. A chain hangs frecly from two points on the same level. At equal
distances from its two ends, a second chain is attached to the first. Required:
the configuration of equilibrium.

17. A smooth heavy wire is suspended from two pegs in a horizontal line,
at a distance 2a apart. It passes through a small ring which is attached by a
light wire to a point halfway between the pegs. The length of the fine
wire is less than half the distance between the pegs. Required: the con-
figuration of equilibrium.

III. ELASTIC SOLIDS

204. Deformation.—If the shape of a solid body is altered the
body is said to be deformed. Different substances react quite
differently to slight deformations. If a lump of putty is
deformed, it will stay deformed, showing no tendency to return to
its initial state. Such a substance is said to be plastic. If, how-
ever, a piece of spring steel is slightly deformed and then released,
it will return promptly to its initial state. Such a substance is
said to be elastic. In the remainder of the present chapter, solids
that are elastic will be discussed.

206. Strains.—Any definite alteration of the form or dimen-
sions of an elastic body is called a strain. The simplest types of
strains are a homogeneous elongation (or contraction), as of a rod,



176  STATICS AND THE DYNAMICS OF A PARTICLE

and a simple shearing strain such as that in which a right parallele-
piped is converted into an oblique parallelepiped, the base and
altitude, and therefore the volume, remaining unaltered. The
simple shearing strain is well illustrated by a deck of ordinary
playing cards which is deformed from its initial figure of a right
parallelepiped by sliding each card in its own plane parallel to
the edge of the deck by an amount which is proportional to its
distance from the bottom card.

o
)

(a) ) (c)
Fra. 106. F1a. 107.

If the natural length of a rod is ! and its strained length is [ + s,
the measure of the strain is s/l, which is the strain per unit
length, and is constant throughout the rod if the strain is
homogeneous, that is, all parts of the rod are strained alike. If the
rod is lengthened, s is positive; if it is shortened, s is negative.

The measure of a shearing strain, or more simply a shear, is
the tangent of the angle (bc/ab, Fig. 107, that is, the strain per
unit length), through which the edge of the parallelepiped is
rotated; or, since the angle is usually very small, it is the radian
measure of the angle ¢ itself.

206. Stress.—Any force acting between the parts of a solid
body is called a stress. Very little is known about the forces
that are acting between the parts of a solid body except that,
when the body is not acted upon by any external forces, the
internal forces are in equilibrium among themselves. When
external forces are applied to the body the internal forces
are altered and therefore, in general, the shape of the body
is altered. It is the alteration of the internal forces, brought
about by the application of external forces, with which this dis-
cussion is chiefly concerned. Thus, if a rod is subjected to equal
and opposite pulls at its two ends, the stress induced in the rod is
called a tension. If the pulls are replaced by pushes the induced
stress is a thrust, so that, from a mathematical point of view, a
thrust is merely a negative tension.
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207. Shearing Stress.—A shearing stress between two particles
tends to produce motion in a line which is perpendicular to the
line joining the particles. Thus, if a heavy box is resting on a
table, the mutual action of the box and the table across the plane
which separates them is a thrust. But if the box is given a slight
push or pull parallel to the table, without motion occurring, the
induced stress in the plane which separates
them is a shearing stress. It is evident that -4—:_—_>
shearing stresses produce shearing strains. Fra. 108.

The diagram which represents a shearing stress is like the
diagram of a couple with a very short arm. When the sign of a
shearing stress is of importance, it will be regarded as positive
when the moment of the couple would be positive and negative
when the moment of the couple would be necgative.

208. Generalized Hooke’s Law.—Many careful experiments
on elastic bodies show that Hooke’s law, originally stated for
clastic strings, can be extended to all kinds of stresses and
strains provided they are not too large. Thus, the stress pro-
ducing any strain is proportional to the strain produced. In the
form of an equation

Stress per unit area

Strain per unit length
for any given type of strain and any given substance. If the
strain is a simple clongation, this constant is called Young’s
modulus, and is denoted by the letter M. If the strain is a shear,
this constant is called the modulus of rigidity and is denoted by
the letter n. Approximate values of these moduli, measured in
pounds per square inch,! are given in the following table for a
few common substances:

= constant

n o= M= .
Substance D.m_ modulus of | Young's Breaking
sity 22 tension
rigidity modulus
Flint glass................ 2.94 | 3.45 X 10%| 8.5 X 108 1 X 10¢
Brass..................... 8.47 | 5.5 X 10%|15 X 10¢ 1 X 10¢
Steel..... ...l 7.85[11.9 X 10%|35 X 10¢| 10 X 10¢
Wrought iron.............. 7.68 [11.2 X 10%|28.5 X 108 7 X 104
Castiron................. 7.24 | 7.7 X 10%/19.6 X 10°]1.6 X 10¢
Copper................... 8.84 | 6.5 X 10%|17.5 X 108| 6 X 10*

1 To convert from pounds per square inch to dynes per square centimeter,
multiply by 68,900.
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209. Elastic Rods.—In the case of an elastic rod, the stress per
unit area is the tension in the rod T divided by the area of the
cross-section a. If s is the stretch of the rod (i.c., the extended
length minus the natural length) and [ is the natural length, the
above equation gives

T

Z=M% o T=Md
a l l

The constant Ma depends not only upon the substance but also
upon the body. It has heretofore becn denoted by the letter
X and called the modulus of elasticity.

210. Application to Overrigid Frameworks.—If a framework is
overrigid and the rods are regarded as rigid, the stresses in the
rods cannot be determined. If the rods are regarded as elastic,
the changes in the stresses due to the action of external forces
can be determined. Since the framework is overrigid, there may
exist stresses in the rods without any outside forces acting.
These stresses are, in gencral, unknown, and remain so. It is
only the changes in the stresses due to outside forces that are
sought.

211. First Example.—Let there be given a freely jointed
framework in the form of a square with the two diagonals, the
rods being all alike and of the
\\W \ same material. Iet the frame-
= work rest upon a table with one
diagonal vertical, and support
d a weight W. Required: the
! d changes in the stresses of the
2 rods due to the weight W.
Let s be the length of each of
the sides and d = d; = d; be
the length of the diagonals.
Then

& (L Ll 7
Fia. 109, d= 3\/2-

It is evident from symmetry that the stresses in the sides are
all alike and, therefore, these changes in length are all alike.
Let the stretches in these rods be denoted by ¢; let d; be the
vertical diagonal and §, its stretch; and let d; be the horizontal
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rod and . its stretch. Tt S, Di, and D, be the stresses in the
sides and diagonals, respectively. Then

8y
d,
After the load W is placed upon the framework, the diagonals

will still be perpendicular to each other, since the square has
become a rhomb. Hence,

di\? d2\? 1l + 6:\? 62\ 2
() - (3 (1 v

On neglecting the squares of the small quantities and bearing
in mind that

8 = x‘;, D, =22 Dy =2

d1 = dz = S'\/é,
it is found that .
8 + 82 = 20/ 20;
and on multiplying through by
A_ A
d  s4/2
it becomes
D1 + D2 = 2S.

Since the hinge at W is in equilibrium,
W + 842 + Dy = 0;
and since the hinges at the ends of the horizontal diagonal d, are
in equilibrium B

The solution of these last three equations gives
S =— ;(\/i —Hw,

D, = — ;'\/EW;

It

D, +;(2 —V2W.

There is a tension in d., and thrusts in d, and all of the sides.

212. Second Example.—Two heavy bars are connected by
three elastic rods, not necessarily alike but of the same length s.
The distances from the middle rod to the end rods are a and b,
respectively. A pull F, perpendicular to the bars, is applied at
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a distance ¢ from one end of the bars. Determine the stresses
in the rods.

Let the moduli of elasticity of the three rods be \;, X5, and \;,
respectively, and let their stretches be oy, o3, and ¢3.  Since the

TF heavy bars are essentially rigid,

J 91 =02 _02 " O3

227 z - P2
N N x| If S1, Sz, and Sy are the stresses

! 2 *l in the rods,

AIIIIIIIIIIIIIISY. Si=Mp S=A0 @)

v F Sz = A

gy g §

N1 Since the upper bar is in equi-
Fra. 110. librium, the resolution of the
forces parallel to the direction of the rods and the principle of

moments give the equations

Sl + Sg + Sa = F, (3)
aS2 + ((l + b)Sa = CF. (4)

The solution of Egs. (1) to (4), for Sy, Ss, and S; gives

a(@ —c)he + (@ +b)(@a+b— c)z\})\ r
@A + AN F (@ + b)) T
S _ ac)\l-f—b(a-}—b—c))\q XF
2T @ F bAAs + (@ + D)
_ (@4 b)eh —bla—c)h | 4
Ss - a2)\ )\2 + bZX2X3 + ((Z + b) )\1)\3)“11.

TFor the particular case in which

Sy =

)\1=x2=k3, (l=b, C"—‘-'O,
the stresses are

8, =3p 3, = 1p S, = —L

YT S 8 6

213. The Shear of a Snubbing Post.—A snubbing post is a post
planted firmly in the ground, in a dock or on the deck of a ship
around which a rope is thrown for the purpose of controlling the
motion of heavy objects, such as a horse, a barge, or a ship.

Suppose the snubbing post is a column of steel 8 inches in diam-
eter and a force of 120 tons is applied by means of a rope 30 inches
from the ground. How much does the shaft yield to the shearing
stress to which it is subject?
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It is clear that the shearing stress is constant throughout the
post, for, on considering any plane section of the post par-
allel to the ground, as at B (Fig. 111), it is apparent that the lower
part of the post BC exerts a force of 120 tons on the part
AB opposite in direction to AR, since the upper part of the post
AB is in equilibrium, and therefore ¢n the plane at B. There are,
of course, other forces acting
across the plane at B which is
equivalent to a couple acting
on AB and which balances the
couple due to the shearing
stresses. These forces are
effective in bending the post.
They arc neglected and only
the shear considered.

Since the shearing stress is
constant throughout the post the shearing strain also is constant.
Let the angle of shear be ¢. The shearing stress per unit area is

120 X 2000 .
T — pounds per square ireh.

The strain is tan ¢, and the modulus of rigidity » for steel is 11.9
X 10 pounds per square inch. Hence,

120 X 2000 _ 149 x 10° X tan ¢,
167

and . tan ¢ = 0.000401.

Fia. 111.

The deflection of the post duc to shear is
30 tan ¢ = 0.012 inches.

214. The Shear of the Frustum of a Cone.—The frustum of a
cone would make a poor snubbing post, but it will serve well
enough as an illustrative example. Let its height be £, the radius
of its top a, and of its base b. Let R be the magnitude of a hori-
zontal force applied at the top, and y the deflection of the cone at
the height x due to shear.

The total shearing stress in the horizontal plane at z is, of
course, I2; but the shearing stress per unit arca is

R )
r[b — - a)f;J2
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which is variable. The strain tan ¢ at the height z is dy/dz.

Hence,
dy _ R

"z «[b — - a)i]{

After integrating and choosing the constant of integration so that
y vanishes with x, there results

Rh_ T 1 1
y=n7r(b—a) z bl
[b — (b — a)}
h
The deflection at the top is obtained by setting
z=h
in this equation. Its value is
_ Bh
" nmwab

It is seen from this equation that the deflection for a cone, due
to shearing stress, is the same as that of a cylinder of the same
height and radius

r = /ab.

216. Torsion of a Uniform Cylindrical Shaft.—Torsion is a
strain of a solid body in which planes which are perpendicular to
a certain axis are rotated relatively
to one another about that axis.
Imagine that the lower end of a
uniform cylindrical shaft is kept
fixed while the upper end is twisted
through an angle 6 by a couple of
moment C. It is desired to deter-
mine the rclation between 6 and
C in terms of the known constants
of the shaft.

Let r be the radius of the cyl-
inder, [ its length, and n the
modulus of rigidity of the material
of which it is composed. Consider a thin section of the shaft of
thickness dl formed by two planes perpendicular to the axis.
‘When the shaft is strained the upper plane of this section is rotated,
relatively to the lower, through an angle df, the axis of rotation

Fia. 112.
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being the axis of the cylinder by virtue of symmetry. Let P,Q
be a cylindrical element of the volume of the section parallel to
the axis before it is strained, and let P, be the same element
after the strain has occurred. Let da be the area of the cross-
section of the cylindrical element made by the upper plane. If
p is the distance of this element from the axis of rotation, pdf is
the displacement of da from its unstrained position. Since the
length of the element before it is strained is dl, the measure of the
shearing strain of this element is pd6/dl.

The stress per unit area is, by Hooke’s law, npdf/dl; therc-
fore the force acting on the element da perpendicular to the line
joining it to the axis of rotation, and the moment of this force
with respect to the axis of rotation, respectively, are

do do

2
"y naP da.

da, and
The sum of the moments taken over the entire arca of the circular
cross-section is the moment of the couple, or the torque, which
acts upon the upper surface of the section. That is,

de
C = Il.al fpzd(l.

The integral in the right member of this expression is the moment
of inertia of the circular arca which, by Routh’s rule (See. 99), is
7rt/2. Hence, the moment of the couple is

_ 1 db
C = 21('7”' (lz (1)
There is nothing to distinguish one cross-section of the shaft from
another, except its position, and therefore the torsion is constant
throughout the shaft. That is,

do _ 9,
d =1

and accordingly,
_ wnrt

C—2—l-0.

The torsion, therefore, is proportional to the torque.
Since the work done by a couple of moment C in turning
through an angle df is

dW = Cdo,
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the work done in turning through the finite angle 6 is

wnr anrt
=5, "od0 = T i
This is, therefore, the potential energy of the twist.

If the cross-scctions of the shaft are not circles, they are not
only rotated but are also distorted, and the arguments given above
are not sufficient to determine exactly the corresponding relation-
ships; but they will give results which are quite close for regular
polygons of six or more sides. It was found by St. Venant that
the couple required to produce a given twist for a rod of square
cross-section is only 0.84 of that which is obtained by the
above method. The sharper the corners the poorer is the
approximation.

216. The Spiral Spring.—An elastic wire which has been
shaped by winding on a cylindrical core is commonly called a
spiral spring, although more accurately it is a helical spring. It
will be supposed that the ends of the wire have
been bent so as to lic on the axis of the cylinder.
It was pointed out by Binet in 1814, and veri-
fied by very careful experiments by J. Thompson
in 1848, that such a spring acts chiefly by torsion
of the wire, the flexure of the wire being unim-
portant. Assuming that this is true, the exten-
sion of the spring for a given pull can be
computed in terms of the constants of the wire.
Figure 113 is such a spring constructed of two
wires for the purpose of symmetry. It is, of
course, ]ust twice as strong as it would be if one of the wires were
removed, the other remaining unaltered.

Let r be the radius of the wire, a the radius of the coils, I the
length of the coiled wire, n its modulus of rigidity, and 6 the angle
of twist in the wire when the spring is under tension. It will
be assumed that the coils lie in planes which are perpendicular
to the axis of the cylinder, although this is not quite true. Let p
be any point on the coils of the spring when it is under a tension
due to two equal and opposite pulls of magnitude P (or 2P,
if it is a double spring as in Fig. 113) applied at the ends of the
spring on the axis of the cylinder.

Consider a cross-section of the wire at p formed by a plane
which passes through the axis of the cylinder. The action of the




216] STATICS OF DEFORMABLE BODIES 185

portion of the spring on onec side of this plane upon the portion
on the other side of the plane is equivalent to a force P parallel
to the axis and a couple. Since each portion of the spring is in
cquilibrium, the sum of the forces parallel to the axis of the
cylinder is zero and, therefore, the magnitude of the force is P;
and, since the two forces P acting on the two ends of either portion
have lines of action which are parallel but at a distance « apart,
these two forces produce a couple of moment aP which is balanced
by the couple acting at p. The moment of the couple acting
at p is, therefore, al’ also. By Eq. (215.1), therefore,

7rnrda =alP = ,1,,m«4?,

2 dl 2
and the work done in twisting the entire length I of the wire is

W= Tt _ W
T4 wnr

If z is the amount by which the spring is extended, the work
done by the force P in extending the spring is

W = f Pdx
0

and, since the work done by flexure is negligible, all of the work
going into the twist, it follows that

z 2
f Piz = pr
o wnr

On diﬂ'erent:iating, and then removing a factor P, there results
ar _ mnr*
dr ~ 2la®

which is constant. Therefore,

R 3
z = glﬁip = ilc(a) r,
nr nr\r

where ¢ is the number of the coils and, approximately,

l = 2rca.
This is the relation between the force P and the extension of the
spring which was sought.

217. Flexure.—Flexure is a strain in which certain planes
within the body are bent into cylindrical or conical surfaces.
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Suppose that a rod or a beam is given which, whatever its cross-
section may be, is uniform throughout its length. The forees,
which are acting on its ends only, can be thought of as tensions
or thrusts, shears or couples, or any combination of these; but
a beam in equilibrium will be considered first upon which the

4 PQ g only forces acting are couples at its
Q?IQA) extremities. Since the beam is in

cquilibrium, the two couples are
evidently equal and opposite.

Consider a cross-section at any point P. The part of the beam
AP, also, is in equilibrium, and thereforc the action of the part
PB upon the part AP is a couple which is equal to the couple at
B. The same is true of the cross-section at any other point
Q. Hence, every section of the beam included between two cross-
sections is acted upon, by the parts outside of the section, by
equal and opposite couples. However any thin section PQ
may be deformed, all such sections arc deformed alike, and the
curvature of the beam is constant. The beam, therefore, is bent
into the arc of a circle. '

Fia. 114.

218. The Bending Moment.—The radius of the circle in terms
of the applied couples and the constants of the beam will now
be determined.

Let 4,B1C1D, be a side view of the beam in its strained position
and A14:D,D, an end view, It is evident that the beam is

Fra. 115.

stretched along the top plane A.B; and compressed along the
bottom plane D;C;. There exists, therefore, a plane G,H,
which is neither stretched nor compressed, and which is called
the neutral plane. In the strained position of the beam this
plane is, of course, cylindrical with a radius R. If the beam
subtends an angle 6 at the axis of the cylinder and [ is the length
of the beam, then
l=RO = arc G,H,.
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Let E\F; be a thin planc section of the beam parallel to G, I,
and at a distance y from it; y is to be regarded as positive on
one side of the plane and negative on the other side. The length
of E\F, in its strained position is

arc E1F1 = (R + :Ij)G.

Its stretch is y8, and its strain per unit length is y/R.
Let da be the area of the cross-scction of this thin strip £, E,.
Then the tension necessary to stretch this strip is (See. 209)

Y.
MRda,

where M is Young’s modulus for the material of the beam. The
total force acting across the end is, therefore,

M
Rfyda)

and, since the force acting is a couple, this integral must be
zero. The line G\(,, therefore, passes through the center of
gravity of the end of the beam A4:D,D,.
The moment of the tension acting along E;FE, with respect
to the line (1@, is
Y, - M,
y - M- Rda 7Y da.
Consequently, the moment of the couple C which is acting upon

the end of the beam is

M MI
C =3 | vda =55

where I is the moment of incrtia of the cross-section of the beam
with respect to the line G,G. through the center of gravity of the
cross-section. The couple C is called the bending moment.
This equation gives the relation between the bending moment and
the radius of the cylinder.

219. The Work Done in Bending.—If the beam is naturally
straight and it is acted upon only by opposing couples on its
ends, the beam is bent into the arc of a circle of radius R.

Let I be the length of the beam, 8 the angle through which the
end of the beam is turned, and R the radius of the circle into
which the beam is bent. The work done by the couple is

0
W = f(‘d() MI 0520
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or, since

= 1 RO =1,
| ¥ MI [y ~ ML
' S W= 6d0 = ;0
| _MI l
] R / AN 2R2
Y N\
| . which is the potential energy of the
l / bent beam.

// The work done in bending the beam
L‘0\§/ from a circle of radius R; to a circle
: p of radius R, is
’ 1

Fia. 116. W = MIl(Rz R—f :

220. The Beam is Also under Tension.—If, in addition to the
couple in Sec. 218, there is also a tension acting across the end
of the beam, the sum of the tensions is not zero, and therefore

fyda=y1-a,

where a is the area of the end of the beam, and y, is a distance
perpendicular to the line G;(» through the center of gravity of
the area. The point of application of the single force T which is
equivalent to the sum of all of the tensions, lies on a line which
is parallel to G\G; and at a distance y; from it. This line is now
the neutral axis, since the moment of T with respect to it is zero.
The moment of the couple is

MI
R’
just as before. The bending moment is independent of the

existence of an additional tension or thrust, but the position of
the neutral axis is not.

C=

221. Beams Subject to Perpendicular Forces.—Let a beam be
held fixed at one end and be acted upon by forces A and B which
are perpendicular to it, the weight of the beam being negligible.
The beam is in equilibrium and is rigid enough to be essentially
straight.

Consider any cross-section P on the left of A (Fig. 117). The
part of the beam on the right of this section is in equilibrium.
Call this section R and the rest of the beam L. The section of
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the becam R is acted upon by A, B, and L. Hence, the action of
L at P has a component S perpendicular to the beam, which is a
shearing force and of such magnitude that

A+B4+S =0,
and a couple, of which the moment is
C =ad — bB,
where a and b are the distances
of A and B from P. Since
S =—(A+B),

it is independent of the position
of P so long as P is on the left X\
of A. If the point P passes to Fra. 117.
the right of A, the shear S be-
comes equal to —B and remains constant until P passes B when
it drops to zero.

The magnitude of the couple changes as P moves to the right.
If 2 is the distance that P moves to the right, then

C.=((@—2)A — (b—2)B = (ad —bB) — z(A — B)
=C —z(4 — B),

and the couple is a linear function of z, provided
A # B.

When the point P passes to the right of A, the equation for the
couple becomes

C.=—(0b—2)B.
The couple vanishes at B and remains zero to the end of the beam.

222. The Shearing Stresses and Bending Moments of a
Loaded Beam.—Suppose a horizontal beam is supported at two
points and supports weights W, W, - - - . It is desired to
find the shearing stress and bending moment at any point of the
beam, neglecting the weight of the beam.

Let the beam be supported at the points A and B (Fig. 118)
and let the weights be distributed as in the diagram. Let the
distance AB be a, and the distances of the weights from A be
Z1, %2, and z;. On taking moments about the points B and 4,
successively, it is found that

aWas =(a —2)W1+ (a — 22)W2 + (@ — z3) W3,
aWp W, + 2 Wy + 3 Ws.
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Let P be any cross-section of the beam at a distance x from 4 ;

and suppose, at first, that it lies in the interval W,W,. The
section of the beam AP is in equilibrium under the action of

the support at 4, W, and the action of the part PB in and across

\

TWA 1w. lwz Wa 1w3
|4 ' B i

A H
/A\
/ \
// \
/ - _l\ﬁ_
S // \
; \
o / o
7
\ /
\\ /
/
Y /
\ A
\ g
\| .~
L~
Fra. 118.

the plane P. This action at P can be resolved into a force —W ,
and a couple, of which the moment is

C = .’EWA.

Bearing in mind the conventions as to sign (Sec. 207), it is seen

that the shearing stress is positive. The bending moment will
be regarded as positive when the convex side of the beam is

TWA Tw w,

A A d
L3 | I
é?i _‘wA A S |

Fra. 119. Fra. 120.

upward. Hence, the bending moment at P is negative. Let
D be the bending moment and S the shearing stress. Then

—C =D = —zW, S =W,

It will be observed that S is constant, while D is a linear func-
tion of z.
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Now let P be in the interval WiW, Here then
S =W,—- W,
D= —2W,+ (z - )W, = —2iWi + 2(—Wa+ Wy).
The shear is again constant, and the bending moment is a linear
function of x.
Likewise, in the interval W,W,
S=WA—W1'“W2,
D= —@W,+x:W:) +2(—W,+ W, + Ws);
and, in the interval WyWs,
S=WA+WB—W1_W2=+W3,
D=—@Wi+z.Wys—aWp) +a2(—W,—We+W,+W,),
IL';;W:{ - il)Wa.

The shearing force and the bending moment are represented
below the beam in Fig. 118 which has been drawn for the values
W, =40, W, =150, W3=060, W, =27 Wy=123,
=4, 22=7, z3 =12, a = 10.

The bending moment is represented by the broken dotted line,
while the shearing stress is represented by the discontinuous
horizontal lines. 1t will be observed from the diagram that the
left end of the beam is bent downward while the right end is
bent upward. The point of inflection is at the point where the
bending moment vanishes.

223. The Shearing Stresses and Bending Moments of Heavy,
Uniform Beams.—In the previous section the weight of the beam
was supposed to be negligible. In the present one, it will be
assumed that the weight of the beam is the s
only force which is acting, aside from the N
supports of the beam. {D(\ATE' yowoj

Let AB be a section of a horizontal beam ’ l ({; s
of length dr and weight w per unit length, wdx
so that the force acting upon it, perpendic- Fia. 121.
ular to its length, is its weight wdz. Let S be the shearing stress
and D the bending moment acting at A4, and

S + dS and D + dD

the corresponding stresses acting at B.
Since the element A B is in equilibrium, a vertical resolution of
the forces gives the equation
—(S +dS)+8S — wdzx = 0.
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The equation of moments about the point B is
—(D + dD) + D — Sdz + <;dx)(wd:c) ~0.

From these two equations, the following are derived:
ds daD
&= TS M)
from which it is seen that the shearing stress and the bending
moment of the clement are defined by differential equations.
The solution of these differential equations depends, naturally,
upon the stresses existing in the ends of the beam, and these in
turn depend upon the mode in which the beam is supported.

224. The Deflection of Heavy Horizontal Beams.—It was seen
in Sec. 218 that the bending moment for a beam in the form of a
circular are is

MI

D="p
Since this expression is independent of the length of the are,
it can be imagined that the length of the arc is indefinitely dimin-
ished, and, in fact, is the arc element ds of a curve. In this
event, R becomes the radius of curvature p of the curve at the
element ds. Hence, the bending moment of an elastic bar or

beam at any point of the curve of equilibrium is

D=i]ﬂ.
P

If the z-axis is horizontal, the y-axis is vertical, and the radius of
curvature positive when the curve is concave upward, it follows
from the calculus that

But since it is convenient to have the bending moment positive
when the curve is concave downward, it follows that

MI%Y
D=-

3
dy\? 12
[+ (&)
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If S is eliminated between the two equations of Eq. (223.1), it is
found that
da:D
daz = W
and therefore

D = %w:c"’ + Bz + By,
where B, and B, are constants of integration. If these two

expressions for D are equated, and if the constants k, ¢, and c;
are defined by the relations

w Bl BO
i =B pp = ke ppp = ke
there results
d’y
dx?

ey e

This equation again is integrable, giving

—_——— k( - %aﬁ + %c;;:cz + cx + cl) =k -p(x)

which, on being solved for the derivative of y with respect to z,
gives

dy _  kp___

dz /1 — kp?
¥rom the table of values of Young’s modulus given in Sec. 208,
it is seen that the value of the constant k is very small so that it is
quite sufficient when the deflection is small to neglect the terms of
higher degree and take

— 133 ];.7355 P
= kp + F*p* + g g P +

___ _k(—»x3+ c_,x2+02x+61)

therefore, y k(—— =zt + caxa + c2x + cix + co)

where ¢, - - -, ¢ are the constants of integration which are
determined by the conditions which the beam must satisfy.

226. Heavy Beam Supported at One End Only.—Let one end
of the beam be held firmly both as to position and as to direction,
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while the other end is entirely free. At the fixed and free ends of
the beam,
z=0 and z =1,

‘respectively.  Also, at the fixed end,

dy _

\N ] y=0 and == 0
;\\§ At the free end, the shearing stress

Tra. 122. and the bending moment are both
zero. Hence, the four constants of
integration are determined by the four end conditions

2.
atr =0 and at x = 1;
dy _ Ty _,
dx dx3
whence
¢ =0, —2r e+ =0,
¢ =0, —l+ ¢ =
From the last column, it follows that
1
¢z =1, Cy = —212;

and therefore the curve of the beam in equilibrium is
y= k( ———.v‘* + - l:c" l2x2)~

The sag at the end of the beam is the value of y for 2 equal to I,
or '

End sag = — ;kl“.

226. Heavy Beam Supported at Both Ends.—If the beam is
supported at both ends, so that the end conditions are

y = y=0
1‘1—4—0 at z = and @_Oatx=l,
dv dx
then
1 1 1
Cp = 0, “ﬂl“ + 663l3 + 26212 = 0,

¢ =0, —gt+%m+cd=&
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From the last two equations, are derived

1 1
C3 = 2l, Cy = —1~2P

The curve of the beam is therefore given by the equation

Y= k( -—x“ + —lx3 - il"’acZ) \\“%
The value of y at the midpoint is

e A\
384

the sag, namely,

Aside from the constant factor + M1 (Sec. 222), the bending
moment is the second derivative of y, and the shearing stress is
the third derivative. Ience,

S = w(w — 11)

and D = w(— z? + lx — 1—212)

’///

Sag = — Fra. 123.

227. Elastic Wires with Applied Stresses at the Ends Only.—
In the present section an investigation will be made of the curves
which are assumed by naturally straight, elastic wires when a
force and a couple in the same
plane are applied at each end
of the wire in such a manner,
of course, that the wire is in
cquilibrium. A torsional stress
is excluded, since the resulting
curves would be in three dimen-
sions and the subject would be
too difficult for an elementary

Fra. 124. treatment.

Let ABCDE be an elastic rod, naturally straight, which has
been bent and its two ends A and E connected by a tight string.
The rod is in equilibrium under the action of the two external
forces T and —T, which are acting on its ends only along the same
string, and therefore in the same straight line. Let a rigid bar
BG@ be rigidly attached to the wire at some point B, and let G' be
the point where the bar and the line of the string intersect. The
triangle A BG can be regarded as a rigid triangle in equilibrium, or,
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if there is any difficulty in imagining this, let the bar be replaced
by a rigid triangle rigidly attached at B and A.

This rigid triangle is in equilibrium under the action of two
forces, the tension of the string acting at A, and a stress acting at B
due to the elastic rod CB. The point of application of the tension
T acting at A can be moved to G without altering anything else,
since, by hypothesis, the triangle is rigid. The triangle can now
be cut down to the bar, as drawn in the diagram. Hence, the
equilibrium of the rod BCDE will not be disturbed if a rigid bar is
rigidly attached to the rod at B, the string attached at the point
G, and then the arc of the rod A B removed. A second rigid bar
can be rigidly attached at, say, C and the string attached to the
point F where the bar crosses the line of the string, so that the
string now connects the points F and G. The rod CDE can be
removed leaving the equilibrium of the rod BC still undisturbed.

The nature of the stresses at B and C can now be examined.
Let y» and yc be the distances of B and C from the line FG. The
tension —T acting at G is equivalent to a force —T acting at B
and a couple of which the moment is —y,7T. Similarly, +T
acting at F is equivalent to a force +T acting at C and a couple of
which the moment is +y7'.

Let z and y be the coordinates of any point of the arc BC, the
z-axis being the line FG. It is evident that the bending moment
at the point z, y, which is simply the value of the couple at that
point, is

D=T-y,

where T is a constant all along the arc, and is, in fact, the magni-
tude of the single force in the string which connects two points of
the two bars.

If p is the radius of curvature at the point z, y, then (Sec. 224)

oo ML _MI1
y=-, y="7",

It will improve the notation if the substitution

o = M1
is made, so that
a!
Yy = @'
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Then
a® d*y
4 dac?w

@]

is the differential equation which is satisfied by the curve.
On multiplying through by 2dy/dz and then integrating, there
results

y=-

ol ﬁﬂ’

y2=0C + TV
\?
\/ 1+ ( dx)
where C is the constant of integration.

Let 6 be the angle which the tangent to the curve makes with
the x axis. Then

do _ dy _ g L+ (Y _ e b
ds = co8 6, ds = SIn 09, \/1 +<dx> = sec 0;

and the above equation can be written
y2=C + 1a2 — a? sin? 10 = h? — @? sin? 10:
2 2 2
where h =C + ;aZ,

and A is evidently the maximum value of g2
Further integration depends upon the relative values of & and

a, namely,
h? < a? h? = a?, h? > a

228. The Equation of the Elastic Curve for 4?2 < a?.—In the
cvent that

h2 < aZ,
let
h? = k*a? k< 1); —sin % 0 = k sin ¢;
then
y = h cos ¢.

In Fig. 125, let ABC be an arc of the curve and AC the line of
tensions. With the midpoint O of AC as a center and % as a
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radius, draw a semicircle which touches the curve at B. Let
p be any point on the curve, and QpP be parallel to AC. Then

¢ = LBOP,
since
Yy = h cos ¢;
also
.o _dy _dy do _ . dp
sin 6 = ds ~ do ds hsmgods:
. and therefore
W ds _ _,sing
de sin 6
Q P P From the rclation
.1 .
ol 6 B — sin 20 = k sin ¢,
y 17} ¢ it is found that
F1a. 125. .
—sin 6 =
2k sin /1 — k? sin? o.
Hence,

ds a 1

a0~ VT

k = sin 30° \ ’ /
\ /
\ /
AN /
\ 7
\\\ _ ,/
Fi1a. 126.
and
a do 1
8 = e = _aF(k,p)
2Jo V1 —ktsin?e 2 e

which is Legendre’s elliptic integral of the first kind.
Since

cos 6 =£l_:c’

ds
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it follows that

——————
-
S~ —————

\\ /I
\ /
\ /
\\\ I’,
k=sin45° “Se___-7
Fra. 127.
\
/I \ I/ \ // N\
/ \ \ /7 \
\ / \ / \
/ \ / \ \
! \ I | / \
l | I [ {
| | | {
\ ! \ / \
\ / \ / \
\\\ // \\ yd / \\ //
S -7 N~ ~N o
= gin 55° k = sin 65°22’
Fi6. 128. Fia. 129.
therefore

o — 1 14 do
= 1 — k2 sin? de — La —_—— T
v GO\/ ST e T g ,[)\/l—kzsinW’

a- Bk, ¢) — g3+ F(k, o),

It
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where E(k, ¢) is Legendre’s elliptic integral of the second kind.
On combining this expression for z with the equation

y = h cos ¢,

the parametric equations of the curve are obtained (see Figs. 126
to 130).

~ - < -
\\\x’/, \\\ /,/
N\ PeS
7/ \ /
/ \ / AN
/ \ / \
() \
\ ) ‘ !
\ / \ /
\ / . \ ,/
Se—7 k=sin75° ~___-
Fia. 130.
- g F=1 —_—
Fia. 131.
~ ~°~
/ N / N\
i \ l |
\

\ // \ /
\ \N ./
N XX
~___’/ \\_ __,’/ \\____,,

k = sin 80°
Fia. 132.

Since y vanishes for ¢ equal to = /2, and since the second deriva-
tive vanishes with y, the curve has a point of inflection wherever
it crosses the z-axis, or the line of tensions.
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229. The Equation of the Elastic Curve for 42 = q2—In case
the constants h and @ are equal the parameter £ is equal to unity
and the integrals for s and z are cxpressible in terms of the
elementary functions. Thus,

Y = a cos o,

Y _1 i, @ g
T = afo [cos ¢ — g sec <p]d<p =asing —, log tan(-2~ + Z)’

an
_afede _a ¢, T
§= 2]0 oS ¢ -2logtan<2+4)

Since r tends toward infinity as ¢ approaches r/2, the complete
curve has but a single loop the two branches of which are asymp-
totic to the z-axis (see Fig. 131).

230. The Equation of the Elastic Curve for h? > ¢2—If in
Sec. 227, the substitution

a? = kh? (K < 1),
is made, it is found that )
Yy = h\/l — k2 sin? ;0,
from which it is evident that y never vanishes. Since the curva-
ture vanishes only with y, it is clear that there are no points of
inflection on the curve. The radius of curvature always is
finite and of the same sign, and the tangent of the curve turns

always in one direction.
On setting

sin ¢ = —k sin %0

and carrying through an analysis similar to that in Sec. 228,
it is found that

el 1 1
— — k2 ain2 - = -“hk2J - )
y = h\/ 1 — k% sin 20, 8 th P(Ic, 20)

—_ 1 — — ;l 2 \Jf .1 .
T = hE<k, 20) h(l 2Ic )I <k, 20)
(See Fig. 132.)

231. The Potential Energy of a Bent Elastic Rod.—The work
done in bending a naturally straight elastic rod of length I to
the are of a cirele of radius R is (Sec. 219)

MIl
W=or

and



202 STATICS AND THE DYNAMICS OF A PARTICLE

If [ is an clement of arc ds and I is the radius of curvature, p,
the work done in bending an arc element from its natural straight-
ness to a curvature of 1/p is
dw = ]g—p{ds,
and the total work done in bending the rod is the integral of
this expression.

In the case of rods which have been bent to the shape of an
elastic curve (Sec. 227)

4y
= —&2;

D | -

so that
2
dWw = 2T" , ds.
a

In the first case, which was discussed in Sec. 228,

1
2ad¢

yZ
T V1S sinty

i k? cos? ¢, ds

so that
(L —#)

AW = Ta| V1 = Ksin2 ¢ — ——- -~ 2—= |d
[ T V1= ke sin%a] i

and
W = TalE(k, ¢) — (1 — K)F(k, ¢)] = Tlx + (2k* — 1)s].

In the second case (Sec. 229) in which %2 is equal to unity,

dW = Ta cos ¢dep,
and
W = Tasin ¢ = T(x + s).

In the third case (Sece. 230),

Yyt _ cos’ o ds _ _1 ak
a2k do 4 cose
Therefore, -
- 79 b _ _ — k2 sin? Lo 9.
aw = Tk cos ¢d2 = Th\/l k? sin 20 d2

The negative sign arises from the fact that, according to the
conventions, 6 is zero at the point B (Fig. 125), where s also is
zero, and decreases as s increases. Hence, the integral must be
taken from zero to some negative value of §. It is more conven-



231] STATICS OF DEFORMABLE BODIES 203

ient simply to change the sign of 8 and integrate over a positive
interval of the same numerical value. Then

0
2

W = Th- E(k, g) - T[x + (;2 _ 1)8].

It should not be forgotten that when ¢ is variable and a and &
are constants, arcs of the same curve but of different lengths are
dealt with. If it is desired to consider the work done in bending
the same rod to different curvatures, then s is constant and e,
k, and ¢ are variables.

aw = Th\/l — k* sin? %od
and

232. Equations of Equilibrium of a Plane Bent Elastic Rod.—
The elastic curve was derived under the hypothesis that no forces
were acting upon the rod except upon its ends. If forces act
upon each element of the rod as
well as upon the ends, such as y ©
gravity, for instance, the prob- o¥
lem is much more complicated.

In Fig. 133, let T', S, and C be CR
the magnitudes of the tension,
shear, and couple of the part of - O
the rod to the left upon the ele-
ment ds,and T + dT, S +dS, o X
and C + dC be-the correspond-
ing actions of that part of the
rod which joins ds on the right. Let Fds be the magnitude of the
external force acting upon the element ds, so that F is the magni-
tude of the force per unit length of the rod, and F,; and F, the
components of F along the tangent and normal of the curve. Let
the angle which the tangent makes with the x-axis be 6, so that

ds = p-do.

Fia. 133.

Then, on resolving the force along the tangent and along the nor-
mal and taking moments about the point P, the three following
cquations are obtained:

—T + (T + dT) cos d8 — (S + dS) sin df + Fds = 0,
-8 4+ (S + dS) cos df + (T + dT) sin df + F.ds = 0,
—C + (C +dC) + (S 4+ dS)ds = 0.
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On passing to the limit and replacing d@ by ds/p, there results

4—7*1 - S~ + Fg = 0

ds

a5 S+ TR =0,

dC v

s +8 =0.
Since C is the bending moment,

c =M
P

If S is climinated between these cquations, it is found that

4104 F =0
ds

and
d32 ¢, T+F = 0.

Let F, and F, be the components of F along the z- and y-axes
and 6 the angle which the tangent to the curve makes with the
z-axis. Multiply the first of these two equations by cos 6, the
second by —sin 8, and add. Then multiply the first equation
by sin 8, the sccond by cos 6, and add. Then, since

pdf = ds,

it will be found that the resulting equations can be written

ds

d
ds

or, by integration,

(T - —I-C)cos 0+ %(Csin 0) = —fF,ds - —@,
P ds

1 . d
(T - ;C) sin 6 — a—s(C cos 0) = -—fF',ds

On multiplying the first of these two equations by sin 6, the second
by —cos 6 and adding, there is obtained

dC
-d—s————G sin 0 + G, cos 0;

d[(T - 10) cos o] + @ Csino)+F. =0,
o ds

[(T - ~C) sin o] - g;(Ccos 6) + F, = 0;

-G,
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and since

sin 6 = %1!: cos b = Z:»

s
it follows that
C=—|G.dy +fG’,d :

The equation i
“y dy
MI M1 dx?

d dx
ST ey e oy
() ] ()
also holds. On equating these two values of C, there results
finally as the differential equation of the curve

dy
smr 4\ - _ f G.dy + f G, dz.

Vit (a&)

Problems XVIII

1. An overrigid framework in the shape of a square ABCD and its diag-
onals is formed by six similar rods joined by smooth hinges. Two equal
forces T act at A and B parallel to the sides AD and BC, and two opposite
forces —T act at C and D. Find the change in the stress of each rod.

Ans, Tension in AD = 3 (3 — \2) 7;
Tension in AC = 3(2 — \2) T
Thrustin AB =, (\ — 1) .

2. A rectangular gate ABCD is formed by five similar rods smoothly
jointed at the hinges. The sixth side AD is an upright post which allows
the gate to swing. A small boy of weight w stands on the hinge at C, CD
being the lower side of the gate. Find the changes in the stresses of the five
rods due to the boy’s weight. Ans. If a is the length of the horizontal rods,
b the vertical end, d the diagonal, and if

PONELE N
= Za% + b + 248
then the changes in the stresses are
+5( —fw in4B, +-gfw in AC,

‘%“ —fw inBD, ~%/w incD,
and +(1 — f)w in BC.
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3. A stcel beam projects 2 ft. beyond the wall which supports it. Its
vertical depth at the wall is 12 in. and at its extremity 6 in. Its thickness is
uniformly 3 in. It supports a weight of 50,000 1b. attached to its extremity.
What is the deflection due to shear? Ans. 0.0038 in.

4. Prove that the droop of the ends of a plank which is supported at its
center is only three-fifths of the droop which its center has when it is sup-
ported at its two ends.

5. Prove that if a plank is supported at its two ends the work done by
gravity in bending the plank is only one-half of the work done in lowering
its center of gravity.

6. A 10-lb. weight extends a helical spring 0.672 in. The spring con-
sists of 20 coils, 2 in. in diameter, of wire 1/5 in. in diameter. What is the-
modulus of rigidity of the material used in the spring? Ans. 11.9 X 108,

7. A steel bar, 2 in. in diameter, for which Young’s modulus is 29 X 109
Ib. per square inch is bent into the arc of a circle of radius 400 ft. What is
the maximum stress occurring at any point of a cross-section of the bar?
Ans. 12,080 lb. per square inch.

8. If w is the weight of a beam per unit length, what is the maximum
bending moment due to its own weight of a plank which is merely supported
at its two ends? Ans. wl2/8.

9. A beam is held firmly in a horizontal position at one end. The other
end is supported in such a way that its sag is only one-half of what it
would be if it were free. What part of the weight of the plank rests upon
this support? Ans. 3/16.

10. The two ends of a very flexible rod of length I are connected by a tight
string. Prove that the tension in the string is

MI
T =13.75 i
if the tangents at the ends of the rod are parallel (Fig. 127); and
MI
T =21.56 - 1

if the two ends are drawn into contact (Fig. 129).

11. Show that, if the two ends of a very flexible rod are in contact (Fig.
129), the angle between the two tangents is 81° 28'.



PART IIT
THE DYNAMICS OF A PARTICLE

CHAPTER X
MOTION IN A STRAIGHT LINE

233. The Meaning of Dynamics.—The carly students of
mechanics recognized two types of force which were called vis
viva and vis mortua, living force and decad force. The ideas lying
behind these terms were somewhat vague, but in a general way
the forces which were involved in equilibrium were dead forces
while those which resulted in motion were living forces. Among
modern students the term vis mortua has been discarded alto-
gether, while the term vis viva has been preserved, but with a
somewhat altered meaning. The distinction, between vis mor-
tua and vis viva is still preserved, however, not in the nature of
the forces themselves, but in the subjects of statics and dynam-
tcs. Statics is concerned with the study of forces which are in
balance, in equilibrium, while dynamics is concerned with unbal-
anced forces, or forces which result in motion.

234. Uniform Motign in a Straight Line.—The simplest type
of motion which can occur is uniform motion in a straight line.
In accordance with Newton’s first law of motion (Sec. 45) a
body which is moving in this manner is not acted upon by any
exterior force, or rather, more accurately, the resultant of all the
forces which are acting upon it is zero. An elevator which is
ascending with uniform speed is acted upon by gravity and
friction in one direction and by the tension of the ropes in the
opposite direction. The forces themselves are in equilibrium
and their resultant is zero. It is just the same as though no
forces were acting,

236. Non-uniform Motion.—If the motion is not uniform, even
though it be a particle moving in a straight line, the resultant of

the forces acting is not zero, and it is necessary to appeal to New-.
207
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ton’s second law of motion for guidance. The motions of rigid
and deformable bodies and of liquids and gases, which may be,
and usually are, very complicated, can be resolved into the
motions of their constituent particles. In order to analyze such
motions, it is evident that a thorough knowledge of the dynamies
of a single particle is necessary, and the remainder of the present
volume will be devoted to this subject. The present chapter will
consider the simplest type of such motion, namely, the motion
of a particle in a straight line.

236. Velocity.—If a particle is in motion along a certain
straight line, its position in that line at any instant ¢ can be
denoted by the letter s with the understanding that the coordi-
nate s is measured from a conveniently chosen origin O in the line.
Since the particle is in motion, s varies with the time; that is, s
is a function of the time, and when it is desired to call attention
to this fact, it will be written s(z).

Its velocity at the instant ¢ is (Sec. 28)

. s(t 4+ At — s(t) _ds
a2 A T d W)
Since the time is always the independent variable in mechanical

problems, it is not necessary that the notation should always
remind us of that fact, and it will be found that the notation

o =%, o = I8
T odt T ode?

which is similar to the fluxional notation of Newton, in which one
or two dots were placed over the letter, is much simpler and more
convenient. In this book, accents upon a letter will, with very
few exceptions, indicate derivatives with respect to the time.
In accordance with this notation the velocity of the particle in
straight-line motion at any instant is the value of s’ at that
instant. For straight-line motion, velocity differs from speed
only by the fact that speed is always positive, while velocity
may be cither positive or negative. .

If the particle is moving toward the positive end of the straight
line, it is seen from Eq. (1) that s’ is positive, for s(t + Af) is
algebraically greater than s(f), whether the position of the particle
s lies on the positive side of the origin or on the negative side.
Therefore, wherever the particle may be in the straight line, a
positive velocity can be represented by an arrow directed toward
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the positive end of the coordinate axis, and a negative velocity
by an arrow directed toward the negative end. The arrow repre-
sents the direction in which the particle is moving, and its speed.

237. Acceleration.—The acceleration at any; instant is (Sec. 31)

lim s'(t + At) — s'(8) =g
AL=0 At ’

The acceleration is positive if s’(¢ + At) is algebraically greater
than s§’(f). This is the case if the particle, wherever it may be
in the line, is moving toward the positive end of the axis with
increasing speed, or if it is moving toward the negative end with
decreasing speed. Positive acccleration can be represented by
an arrow directed toward the positive end of the axis. If the
particle is moving toward the positive end of the axis with decreas-
ing speed, or toward the negative end with increasing speed, the
acceleration is negative and can be represented by an arrow
directed toward the negative end of the axis.

For motion in a straight line, vector addition and subtraction
are identical with algebraic addition and subtraction. It will
not be forgotten, of course, that velocity and acceleration are
vectors.

238. The Equation of Motion.—In accordance with Newton’s
second law of motion, the rate of change of momentum of the
particle (that is, ms’’, Sec. 43, where m is the mass of the par-
ticle) is proportional to the force which is acting uponit. If the
units arc properly chosen ‘proportionality’”’ becomes equality,
and therefore, for straight-line motion,

ms”’ = the force acting.

In most of the problems which are taken up, the force which is
acting depends upon the position of the particle, and is therefore
a function of s, but it may also depend upon its velocity s’
as when friction occurs, or it may depend upon the time itself,
as in the case of sympathetic vibrations. Various constants
also may be in evidence, but thesc can be neglected and the
equation becomes:

ms'' = f(s: .S", t)- (1)
This is called the equation of motion. From a physical point of
view, it is the force equation; but from a mathematical point of
view, it is a differential equation of the second order, and its
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solution requires two constants of integration. On the physical
side, these two constants of integration correspond to the fact
that the law which expresses the force does not depend upon the
particular position nor the particular velocity which the particle
may have had at the particular moment ¢ = 0. These particular
values are called the ¢nitial conditions. The constants of inte-
gration are determined when the initial conditions are given;
or, perhaps better, the constants of integration are determined
by the initial conditions.

I. GRAVITY AND GRAVITATION
239. Freely Falling Bodies.—Every particle near the surface
of the earth is attracted toward the earth by a force which,
according to the law of gravitation, is

- _pmE
f=-k"

where %2 is a factor of proportionality which depends upon the
units employed, m is the mass of the particle, £ is the mass of
the earth, and r is the distance from the center of the earth to the
particle. For particles that remain near the surface of the earth,
that is, within a thousand feet or so, the variation in 7?is rela-
tively so small that f is essentially constant. It can be written,
therefore
f=—myg,

where mg is what is called the weight of the particle, and ¢
is the acceleration of gravity (Sec. 50). The minus sign indicates
that the positive end of the vertical line is upward, or toward the
zenith.

If this expression for f is substituted in Eq. (238.1), it becomes

ms'"’ = —mg.
The mass factor m can be divided out (which shows that the

motion is independent of the mass) leaving the acceleration

equation
g = —q. 1)
This equation is easily integrated, the first integral being
8 =0 — gt, (2)

where v, is the constant of integration and indicates the value
of the velocity at the instant ¢ = 0. A second integration gives

1
s = 8 + vot — 5952, (3)
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where s, is the constant of integration and denotes the initial
value of the coordinate s. The values of s, and vy may be cither
positive or negative.

If Eq. (1) is multiplied by 2s’, it becomes

’

2s's" = —2¢¢,

each member of which is an exact differential; and the integral is

8?2 = —2¢s + c.
On imposing the initial conditions, namely,
at t =0, s = 8y, s = v,
it is found that
¢ = vg> + 2ys,,
and therefore
8,2 - 1)()2 = _29(8 —_ S()) (4)

which is an integral of Eq. (1). This same equation, (4), can be
obtained also by eliminating ¢ between Kgs. (2) and (3). If the
initial velocity v, is zero, and v denotes the velocity after the
particle has fallen through the distance A, then

s =, § — 8o, = —h,
and Eq. (4) takes the form
» = +2gh, (5)

which is very useful and easy to remember.

If a particle is thrown straight upward, it will rise to a certain
height, at which the velocity vanishes, and then fall. Thus
the particle passes through the same points twice, once ascend-
ing and once descending. Equation (4) shows that for a given
value of s, the value of s’ is uniquely determined. The speed,
therefore, at a given point is the same for the descent as for the
ascent.

The time at which the particle arrives at a given point is
obtained from the solution of Eq. (3) for £. Since Eq. (3) is a
quadratic equation in ¢, there are two solutions one of which
gives the time at which the particle passes the given point in its
upward motion, and the other in its downward motion.

240, The Resistance is Proportional to the Speed.—Suppose
a particle is moving in a medium which opposes the motion with
a resistance which is proportional to the speed of the particle,
and that there is no other force acting. Then the acceleration

equation is
s = —k¢, 1)
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the minus sign indicating that the acceleration has a direction
which is always opposite to the velocity s’. If Eq. (1) is inte-
grated once, there results

¥ = —ks+ e
If the particle is started at the origin with the speed v,, then
C1 = 0y,
and
s =wvy — ks. 2)
On substituting
o= ?;; — s, and therefore o = —¢,
Eq. (2) becomes
¢’ = —ke,
the solution of which is
g = Cgc—kt.
Therefore,
v
s = 7;—’ — coe™Ht,
Since, by the initial conditions, s vanishes with ¢,
Yo
Cy = ]c

and the solution, therefore, is
= Y001 _ ke
s % 1—-ce ), 3)

s’ = pye ke,
As the time increases the speed decreases and has the limit zero.
The particle approaches asymptotically the point
= U,
Tk
241. Falling Body with Resistance Proportional to the Speed.

The acceleration equation in this case differs from Eq. (240.1)
only by the addition of the term —g to the right member, so that

"

s = —g — k¢,
or
8" 4+ ks’ +g = 0. (1)

It will be assumed that the particle falls from rest from the height

Sg, S0 that
att =0, s = 8y, s =0.
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If the substitution

s =a¢— % (2)
is made, where ¢ is the new dependent variable, Eq. (1) becomes
o + ko =0,

the solution of which is
c = 616—’“,

where ¢, is the constant of integration. Therefore, Fq. (2)

becomes

8’ = et — —Z

Since s’ vanishes when ¢ vanishes

C = %,
and
' T 9,
s =7ye % 3)
The solution is, therefore
— 91 _ ey _ 9
s =8 +Ic3(1 ¢kt) kt. 4)

As the time increases the velocity approaches the limiting
constant velocity —g/k, and the motion becomes approximately
uniform motion in a straight line. ‘The reason for this is that
the resistance increases as the speed increases, while the accelera-
tion due to gravity is constant. As the two accelerations are
oppositely dirceted, their sum tends toward zero, and a zero
scceleration is the condition for uniform motion.

If a raindrop should fall 4900 fect without the resistance of
the air its speed at the ground would be 560 feet per second, and
it would be highly dangerous to be caught out in a summer
shower. A hailstorm would be more destructive than machine-
gun fire. Owing to the resistance of the air the speed of a rain-
drop does not exceed 25 feet per second.

242. The Resistance is Proportional to the Square of the
Speed.—TFor high spceds, the resistance of the air is more nearly
proportional to the square of the speed than to the first power.
Assuming this law of resistance, the acceleration equations are

(a) s = —g + k?gs’*  (if the particle is falling), } )
() 8" = —g — ks’  (if the particle is rising).
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Since the resistance changes sign with the velocity while s’
does not change sign with the velocity, the differential equation
for the rising particle is different from that for the falling one.
The equation for the falling particle will be integrated, assuming
that it falls from rest from the height s,.

On setting
o =4, (2
the first equation (@) of Kq. (1) can be written
'
1 ;I_w‘kzt','z = —kg, 3)
the integral of which is
tanh—! ko = —kgt, 4)

the constant of integration being zero, since ¢ vanishes with ¢
by virtue of the initial conditions.

On taking the hyperbolic tangent of both sides of Eq. (4) and
then replacing o by s’ from Eq. (2), it is found that

s’ = ——% tanh kgt. (5)
The integral of this equation is
1

s = 8§ — g log cosh kgt. (6)

Since tanh r approaches unity as z increases indefinitely, and
log cosh z = log %(«f t =) =z 4 log (1 + %) + log ;

it is seen from Eq. (5) that the speed of the particle increases from
zero and has the limit 1/k which is constant; and from Eq. (6),
that the motion becomes approximately uniform motion; but
the limiting speed has, in general, a different value from what it
would have had if the resistance had been proportional to the first
power of the speed.
On multiplying through Eq. (3) by 2ke, it becomes
2k?o0’

1=kt~ 2F0%

both members of which are integrable. The integral is
log (1 — k%?) = —2k%g(so — s),
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which, solved for o2, gives

§"? = 7}2,(1 — e—2k%(80 - 8)), )
a relation which gives the speed in terms of the distance through

which the particle has fallen. This equation holds only if
8 < 8o.
243. Sliding Down an Inclined Plane.—If a particle is on a

smooth inclined plane, whose angle of inclination to the plane of
the horizon is a (Iig. 134), the com-

ponent of its weight along the plane is O
mg sin «. The component mg cos «
perpendicular to the plane is balanced
by the reaction of the plane. If the <8
P
B
Fra. 134. Fra. 135.

coordinate axis is taken along the line of greatest slope in the
inclined plane, with the positive direction up the plane, the equa-
tion of acceleration is

s = —gsin a. (¢))

This equation differs from Eq. (239.1) only in that g of that equa-
tion is replaced in Eq. (1) by gsina. It follows immediately, from
the results of Sec. 239, that

s =vy—gsina-i,

s = §o + vot — -égsinopt’*’,
and s = ve? 4 2¢ sin a(s) — $).

Imagine a number of particles released at rest from the same
point O at the same instant and that each particle slides down a
plane whose inclination differs from that of all of the others.
Let 8 be the angle which any one of the planes makes with the
vertical, so that

B =90 — a.
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Let the particle which falls vertically arrive at B at the instant
t. The length OB is equal to g¢?/2. The particle which makes
an angle 8 with the vertical, or o with the horizontal, arrives at
the point P at the instant ¢, and the length OP is

OP = %gt2 sin @ = %gt2 cos 8 = OB cos 8.

The angle OPB, therefore, is a right angle, and P lies on the circle

which has OB as a diameter. Since this is true, whatever the

angle 8 may be, all of the particles lie on the same circle. It is

true, also, whatever value ¢ may have. Hence, the locus of the

o particles at any instant is a circle

the wvertical diameter of which

passes through the point O. The

diameter of this circle is propor-

tional to the square of the time.

This interesting fact enables

us to answer easily the question:

Along what straight line must a

particle slide, starting from rest

at 0, in order that it may arrive

at a given line L, whether straight

or curved, in the least possible

time? It is necessary only to

construct the circle through O which is tangent to the given line

and whose vertical diameter also passes through Q; in other words,

the vertical circle for which O is the highest point. The straight

line joining O and the point of tangency is the line desired. If the

line L is curved, there may be more than one such circle. In this
event the one with the smallest diameter is to be chosen.

Fic. 136

244, Atwood’s Machine.—Let two weights w; and w, be tied
to the two ends of a light string, and the string then thrown over
a pulley which will be assumed to be without mass and frictionless.
Since the string is inextensible, the motion of either of the weights
is equal and opposite to the motion of the other.

For definiteness, let

we > Wi.
Let s, measured from some convenient point, be the height of w,
and let T be the tension in the string, Since

w, = m,g, W2 = Mz,
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the equations of motion are

LU ot T
g
-f-u;“’s” = —w, + T.

After multiplying the first equation by w,, the second by w,,
and then adding, it is found that

_ 2waw, |
w1 + ws’

and if the first equation is subtracted from the
second, it is found that

" We — Wy

=~ Fw!

we + w,”’

It is easily verified that the tension is constant, W,
and that E—:—l

Wy > T > w1. Sl
The acceleration s’ also is constant, and can be \:{
made as small as is desired by taking the two Fro. 137

weights very nearly cqual. Unfortunately,

when the weights are very nearly equal and the forces are very
nearly balanced, the frictional forces of the pulleys become very
important instead of being negligible. If this were not so, the
constant g could be determined very accurately by this method.

246. The Force Varies Inversely as the Square of the Distance.
Let it be supposed that a particle is projected from the surface of
the earth, and that it rises so high that the variations in the
attraction of the earth cannot be neglected, as it was in the dis-
cussion of freely falling bodies (Sec. 239). Let it be assumed,
also, that there is no atmosphere to disturb the motion.

If m is the mass of the particle, £ the mass of the earth, s the
distance of the particle from the center of the earth, then the
equation of motion is

mE

ms'’ = —kz?-

If the factor m is removed and the substitution
L
k2 = k*E
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is made, the acceleration equation is
2
s = —% (¢))
At the surface of the earth
§ = —g= -322 and s = 20,900,000 feet.

Therefore,
k, = 1.186 X 108, log k1 = 8.0745,
the units being one foot and one second.
On multiplying Eq. (1) by 2s’ and integrating, there results

sr=vtoke(l- ), @

s
the constant of integration having been chosen so that
s’ =v when s=r,

r being the radius of the earth. The particle continues to rise
until its velocity s’ vanishes, that is, until
1 1 v?

s ~r 2k @)
If

2
< S )

there exists a positive value of s for which Eq. (3) is satisfied,
and for which, therefore, the velocity vanishes. In this event,
the particle turns and falls back upon the earth.

If

=21, ®)

there does not exist a value of s for which the velocity vanishes,
although as s increases the velocity s’ diminishes and has zero as
a limit. It is for this reason that the value of » which satisfies
Eq. (5) is called the velocity to infinity.

2

It > 2 ©)
the value of s which satisfies Eq. (3) is negative, but as s is positive
and increasing this value is never attained. The speed decreases
as s increases, and has a limit which is positive and different from
zero.

The further integration of Eq. (2) depends upon the value of
the initial speed .
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246. Case I: v* < 2k2/r.—Let the valuc of s for which the

velocity vanishes be denoted by 2s; so that, from Eq. (245.3)
1 1 v2
25, 1 2k

Then Eq. (245.2) becomes

1 1 2 1
2o of = Y =F2fl ),
8 2y <s 281) ks (s sl)

which solved for s’ gives

1
r e g K (281 — s\
s —i\/&( . ) ¢))

The plus sign is to be taken when the particle is ascending, and
the minus sign when it is descending.

For the integration of Eq. (1) it is convenient to change the
dependent variable from s to ¢ by the substitution

., 1
s = 2s; sin? 5>

11 @
s’ = 2s; sin 5¥ €S 50 ° o
Then Eq. (1) reduces to
3
2 sin? o dp = kusi 2,
or
3
(1 — cos p)dp = ks; 2dt; 3)
therefore, .
® — sin Q= k181—it, (4)

if the constant of integration is chosen so that ¢ vanishes with ¢.
The particle, of course, could not move below the surface of the
earth, but there is no mathematical difficulty. Kquation (3)
shows that if the particle starts from the center of the earth,
for which ¢ is zero, it does so with an infinite speced. At the sur-
face of the earth the value of ¢ is given by Eq. (2)

r = 28, sin? %‘Pr; %)

the time required to reach the surface from the center is, by

Eq. (4),

3
T, = %—f(% — sin ¢). (6)
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At the highest point in its path the first equation of Eq. (2)
shows that the value of ¢ is equal to =, and then Eq. (4) gives the
time at which this point is attained, namely,

. 3
= ™52,
L kl (7)
The time, therefore, from the surface of the earth to the highest
point is
T=T,-T,.

247. Case II:v* = 2k,?/r.—If the initial velocity is the velocity

to infinity, Eq. (245.2) has the very simple form

= 2k,

s s (1)
therefore, - _
Visds = \/2k\dt;
so that
V3s? 30\
252 HAY
= —_— 8§ = =
t= 5k’ (\/ 2) ’ @

if the constant of integration is chosen so that s vanishes with ¢.

248. Case III: v* > 2k*/r—If the initial velocity is greater
than the velocity to infinity, then s, is negative (Iq. (245.3)), and
iq. (245.2) becomes

1 1
8 = 2k12<g + Qs;)' 1
Therefore,
1
o= 4 (?sl +__§>§. )
S S

For the integration of this equation, let
s = 2s; sinh? -;-go. 3)

With this substitution, Eq. (2) passes over into
3

2 sinh? %¢ d¢ = klsl— 2dt,
or

3
(cosh ¢ — 1)dp = kis; 2dt,

the integral of which is
3
sinh QY — @ = klsl 2t;
3

or t = Zf(sinh 0 —), (4)
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the constant of integration having been chosen so that ¢ vanishes
with £,

249. Projectiles to the Moon, and to Infinity.—If a projectile
were shot from the surface of the earth with just sufficient speed
to reach the moon, a distance of 240,000 miles, atmospheric
resistance and other disturbances neglected, it would be found that

2s; = 240,000 X 5280 = 1.267 X 10° feet,

and therefore (Eq. (245.3))
v = 36,430 feet = 6.90 miles per second.
The time from the center of the earth to the moon is (Eq. (246.7))
T. = 422,100 seconds = 4 days 21 hours 15 minutes.

In order to obtain the time from the surface of the earth, the
time from the center of the carth to the surface must be sub-
tracted from this result. From Eq. (246.5), it is found that,
since the radius of the ecarth is 20,900,000 feet,

or = 12°20".8;
and, from Kq. (246.6), it is found that
T, = 228 seconds = 3™ 48".

Hence, the time required for the projectile to reach the moon
from the surface of the earth is

4421" 15™ — 3748 = 421" 11" 12,
Setting s equzil to r in Eq. (247.1) and then solving for &', it is
found that

s’ = v = 36,730 feet = 6.95 miles per second.

This is called the velocity to infinity, or the velocity of escape. If
the earth were the only body in the solar system, the projectile
would recede indefinitely from the earth and its speed relative
to the earth would eventually approach zero. It is interesting to
notice that the velocity to the moon is only 300 feet per second
less than the velocity to infinity.

260. Velocity of Escape and Surface Gravity of Other Planets.
The equation
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Eq. (245.1), will hold for any other planet as well as for the earth,
if the mass of the other planet is substituted for the mass of the
earth; and likewise the integral

2k2E

S

s =

’ (1)

which gives the velocity of escape. Let ¢ be the mean density of
the earth and r its radius. At the surface of the earth, s’ is
equal to —g, and therefore, assuming the carth to be a sphere

BPE 4
= "1—‘2— = §k21r0'7', (2)

since

4
— 3
E gmar?.
Likewise, if gy, o1, and r, represent the corresponding quantities
for any other planet,

4
g1 = Bkz-lrcn?‘l. (3)

The gravitational constant k? depends upon the units which are
used, but its value is the same for all bodies. On taking the ratio
of Egs. (2) and (3), it is found that

1= - —f

g T

which says that the surface gravity of any sphere or planet is

proportional to the product of its radius and its mean density.
In the same manner, if v is the velocity of escape at the surface

of the earth, Eq. (1) gives

_ 2B _8

= _k*ror?.
v? , 31 wor

If v, is the velocity of escape on any other sphere or planet, then
8
012 = 3’](5270'17‘12.

The ratio of these two equations gives

v;=\/‘;—l~%-v. ‘ (4)

Since the radii of the various planets and their mean densities
are known, their surface gravities and velocities of escape can be
computed. The following table of their values is taken from
Moulton’s ““Introduction to Astronomy:”
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Radius Me:f.n Surf:f(to. Velocity
milos ! density gravity | of escape,
N (water =1)| (g = 1) niles
Sun............ooool 432,200 1.40 27.64 384.3
Moon ................ . 1,080 3.34 0.16 1.49
Mercury................. 1,505 4.48? 0.31? 1.99
Venus................... 3,850 4.85? 0.85 6 51
Earth................... 3,959 5.53 1.00 6.95
Mars....coovvvivnennnnnn 2,170 3.58 0.36 3.22
Jupiter.................. 44,200 1.25 2.52 38.04
CSaturn. .. 37,080 0.63 1.07 23.53
Uranus............. .... 15,100 1.44 0.99 14.40
Neptune................. 17,400 1.09 0.86 12.95

II. HARMONIC MOTION

261. Simple Harmonic Motion.—As a result of Hooke’s law,
one of the common forces that oceurs in physies is a force that is
proportional to the displacement of the particle from its position
of equilibrium. Necarly all rapid vibrations are due to forces of
this type of which the tuning fork and violin and piano strings
arc the most familiar examples.

Let the origin be taken at the position of equilibrium, and let
the s-axis be in the line of the vibration. Since the force is
proportional to the displacement, the equation of motion is

ms' = —k?s. 1)

The constant k2 is the intensity of the force at a unit distance
from the origin. Ior vibrating strings it depends upon the
length, tension, and modulus of elasticity of the string. The
force itself is always directed toward the origin, and since
it is negative when s is positive, and positive when s is negative,
Eq. (1) is valid on both sides of the origin.

In the present example, it will be observed that the mass
factor does not divide out, since the force is independent of the
mass; but the equation can be written

¢ = =Py o s %)
--E 2,

if
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The solution of Eq. (2) is simple, since in it the question is
asked ““ What function of ¢ reproduces itself, aside from a changed
sign and a constant multiplier k.2, when it is differentiated twice?”
The answer is immediate .

s = A sin ki, s = B cos ki,
or s = A sin kit + B cos ki; 3)

as this last form contains two independent constants of integra-
tion, it is the general solution. Other forms of the solution are

s = Csin (ki + ¢) 8 = D cos (kit + d); (4)

and imaginary exponentials also are possible forms.
In all of these forms the solution is periodic with the period

_ 27 _ 2xv/'m
p P= = r}c/ (5)

D h The amplitude of the oscillation,
- which is the maximum value of s,

(4} d/ q § depends upon the constants of inte-
gration. In the form Eq. (4), the
amplitude is C or D. It is to be
noticed that the period is independent
of the amplitude of the oscillation
(which is very fortunate for violinists
and pianists). For a given k, the period increases with the square
root of the mass; and for a given mass it varies inversely with &.
If the solution is taken in the form

s = D cos (kit + d),
and a circle of radius D (Fig. 138) is drawn, for which the s-

axis is a diameter with the origin at the center, and if a particle
p describes this circle with uniform speed in the period,

Fia. 138.

P=E’

starting at the end of the radius which makes an angle d with the
s-axis, then the position of the point ¢ which is the projection
of p on the s-axis is such that

Oq = D cos (kit + d) = s.

This simple geometrical illustration permits of the ready
visualization of simple harmonic motion.
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The velocity is
S’ = —'le sin (]Clt + d),
which is proportional to the line pg, the factor of proportionality
being k;. Hence,

s’
s? 4 TR = D2, (6)

The integral Eq. (6) can also be obtained directly from Eq. (2)
by multiplying through by 2s’ and then integrating. If s
and s’ are regarded as the coordinates of a point, the integral
Eq. (6) is the equation of an ellipse.

262. Tautochrone.—Given a ficld of force F and a curve C
on which is fixed a point O. The curve C is said to be a tauto-
chrone with respect to the point O, if a particle, starting from
rest, constrained to move along C and moving under the action
of the force F, arrives at the point O after an interval of time 7'
which is independent of the point from which the particle starts.

In the case of simple harmonic motion, the length of time
which is required for a particle which starts from rest to arrive
at the origin is one-quarter of the period. That is,

™
7= ok
wherever the particle may have started. Since this expres-
sion does not depend upon the initial position, the motion is
tautochronous.

Consider the converse proposition: For what laws of force
is the straight linc a tautochrone, assuming that the force
depends upon the distance s only?

Let O be the point on the straight line for which the straight
line is a tautochrone, and let S(s) be the acceleration of the
particle, the coordinate s being measured from the point O.
Then the acceleration cquation

s = 8(s)
gives, on multiplying through by 2s’ and integrating,
57 = 2["Sds.
80

Since S is a function of s alone the integral in the right member
can be evaluated.
Let

L *Sds = —o(s).
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It is evident that the force must everywhere be directed toward
the origin, and, therefore, S is negative for every positive value
of s. Consequently, ¢(s) is a positive increasing function of s
which vanishes withs. Then

8" = 2(p(s0) — ¢(s)),
and the time required for the particle to arrive at the origin is

T 1 o ds
= VE ) Vet <ot
Let
<P(S) =7, ‘F’(SO) = To, = w(T):

so that the function w is the inverse of ¢, and w(7) vanishes with 7.
Then

0 dw dr

T = _dr

'\/2 7, VTO - T
In order that the straight line may be a tautochrone, it is
necessary that T shall be independent of sy, and therefore inde-
pendent of 7o. The condition necessary and sufficient that this

may be true is that

oT
6—'ro_0

In order that the limits of the integral shall not contain 7, set
T = T\U.
Then the integral becomes

0 .
du-)(-rou) A 1.du
1 dr
T = -" .= —_—y

V2Ji V1—u

and its derivative with respect to 7, is

1 dw
ar 1 T 2(Tn'll) + d (-r(jz?du
dn~ Ve T Vavi-u
O dw , ldw
oy t5

1 AN
'\/2 Ty Ta'\/To — T
Since this integral must be identically zero in 7o, it is necessary
that the integrand should be identically zero in 7; for if it were not
identically zero in 7, one could take 7, so small that the integrand
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would have the same sign between the limits 0 and 7o, and then
the integral would not be zero. Hence,

Tfag_'_ldw

dr? 2dr 0.

On setting
do
dr = q,
this equation gives g
7,1 _ 4.
Tdr + 27 = 0;
whence

‘\/; cq = €y w('r) = 201'\/; + Ca.

Since w(r) vanishes with 7, the constant ¢, is zero; and, since w(r)
is 8,
— 82
s =20VrT T = —
\/ ! 4(312

which shows that the required function ¢(s) is

s2
‘P(S) 4c2
Since
_ _de s
- ds 2(712

the only law for which the straight line is a tautochrone is that in
which the force is attractive and directly proportional to the
distance.

263. Damped Harmonic Motion.—If the force which is acting
upon the particle is attractive and directly proportional to the
distance, and in addition there is a resistance which is pro-
portional to the speed, the acccleration cquation is

§'" = —ks — 2l
or "+ 2l + k% = 0. n

This is alinear, homogeneous, differential equation with constant
coefficients. The solution of such an equation can be reduced to
the solution of an algebraic equation by the substitution

s = eM,
By virtue of this substitution, Eq. (1) becomes

eM(N2 + 2IN + k?) =0,
and therefore AN+ 2N+ k2 =0,
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This equation gives two values of A\, provided its discriminant
2—k? is not zero. These values are

M= =1+ VE-F, Ae=—1—VE-F.
The general solution of Eq. (1), therefore, is
s = Ae(—l1+Vi=E)t | Bel—1-VI=Fdt 2)
= e—u[Ae+\/zT—Fz + Be—\/z‘z—iz‘t]_
If the resistance is small, and therefore [ is small, so that

-1 <0,
it is convenient to set

VE—kE = in, where i=v—1,

8 = e—-lt[Aeint + Be—int]. (3)

and then

Since
eint = cos nt + ¢ sin nt e~ = cos nt — 17 sin nf,

Eq. (3) can also be written
s =e Y(A + B) cosnt +i (A — B) sin nt];

or again by setting
A+ B=C, i(A — B) = D,

s = ¢=¥[(C cos nt + D sin ni]. “4)

it becomes

This expression differs from that of pure harmonic motion (Eq.
(251.3)) only by the damping factor e=*. Since this factor dimin-
ishes as the time increases the amplitude of the oscillations
diminishes, and the particle eventually comes to rest in its posi-
tion of equilibrium; but in the meantime the period of the oscilla-
tions remains constant, namely,

2r _  2r
n NR_-P
This period, it will be observed, is longer than it would be if there
were no resistance, and the greater the resistance the longer the

period, provided of course k* — I?is positive.
If

P=21r

B —-1r=0,
the two values of N are equal, and
)\1 = XQ = —l.
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There is but one solution of the form
§ = AeH,
It will be found, however, that, if [ equals %, the critical value of
l for which oscillation ceases,
s = e~ (At + B), (5)
satisfies Eq. (1), and since it contains two constants of integra-

tion, it is the general solution. If A and B are determined so as
to satisfy the initial conditions

s = &, s =0,
it is found that
§ = so(1 + W)Y, (6)
and the particle never passes through the origin.
If
B— k>0,

both values of A are real and negative; A1, however, tends toward
zero as [ increases. If the initial conditions are

§ = 8 s = 0,
the solution is
§ = -— 1+ VP — k2)eVir-kit
2\/[, [( -
+ (=1 4+ VP = ke~ V-]
and
—it o
s = zi}’;(’ ﬂﬂé[ — V=%t (,{“‘/“_kz ;]. (7)

For large values of ! the velocity is negative and very slow.

III. CONSERVATIVE FORCES IN GENERAL

264. The General Case for Conservative Forces.—If the given
force depends upon the position of the particle only, the equation
of motion is

"= f(s), (1)

where f(s), which will be assumed to be a continuous function of s,
is the given force. On multiplying through by s" and then inte-
grating, there results:

1
~ms’?

5 f(s)ds + constant, } @)

—U(s) + E,

]
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which is called the cnergy equation, the left member ms2/2
being the kinetic energy, U(s) the potential cnergy, and the
constant E the total energy.

Since the kinetic energy is essentially positive, it is cvident
that s can have only such values as make the right member also
positive. If s, satisfies this condition, and is the initial value of

s, then
f o - /f 2y ®

For simplicity of notation, let

2 .
e — U(s)] = ¢(s),
so that )
' = t4/0(s)- )

Let the graph of ¢(s) be represented by Fig. 139, and let
sy, 8z, and s3 be values of s for which ¢(s) vanishes. Then the
initial value of s may lic between s; and sz, or to the right of

Pis)
0~ ™\ / s
L7 52\_/5'.7

Fra. 139.

s since ¢(s$) is positive in these intervals, but it eannot lic between
s. and s; for real values of s'. Suppose, for definiteness, that
¢(s) is a rational fraction and that s, lies between s, and sy, If
the particle is moving toward the right, s’ is positive and the
positive sign is to be taken before the radieal in Eq. (4).

Since ¢(s) vanishes at s, it can be factored,

e(s) = (s2 — 8)"¥(3),

where ¢(s) is a rational fraction. If no root of the numerator
or denominator of ¥(s) lics between s; and s,, ¥(s) is continuous
and positive between s, and s;.  Let A% and B2 be the minimum
and maximum values of ¥(s) in this interval; then, provided

= 1, that is, s, is a simple root of ¢ (s),

AVs; — s SVe(s) SBVs;—s, for s <sSsr
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where e., @y, @ are the -, -, and z-components of the accelera-
tion e.

In Iig. 141, let p1 be the position of the particle at the instant ¢
and v, its velocity; let p, and vs be the position and velocity
of the particle at the instant ¢ + Al If the vector vy is drawn
with p, as origin, it is seen that

Ve — Vi = Py
Then, if
Piq
2=
the vector a is the average acceleration in the interval At, and if
« is the limit of a as Af diminishes, then « is the acceleration of
the particle at p..

The osculating plane of the curve at py is defined to be the limit-
ing position of the plane which passes through the tangent at p,
and any neighboring point s, as ps approaches pi.  The proncipal
normal of the curve lies in the osculating plane, and the binormal
of the curve is perpendicular to the osculating planc.  Ifrom these
definitions, it is evident that both the velocity and acecleration
vectors lie in the osculating planc.

F1a. 141. Fra. 142,

257. Polar Coordinates in the Plane.— Let V be any veetor
in the ay-plane (IFig. 112), and let r and 0 be the polar coordinates
of its origin. Let V., and V, be its components parallel to the
2- and y-axes, and V, and V, its components along the radius vee-
tor to its origin and perpendicular to this radius veetor. Let
V.. and V¢ be the components of V., and V,, and V4 the compo-
nents of V, along and perpendicular to the radius vector.  Then

VI' = Vzr + Vyr
V{) = vxo + Vye-
Since )
Va = Vicos 0, Vi = —Vzsin 6,

Vy =V, sin 6, Ve = =471, cos 0,
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it follows that
Ve=4+V,cos 6 + V,sin 9, 1)
Vo= —V,sin 6 + V, cos 6.
Now let the vector V be the velocity v. Then
Vg = 17', vy = y’r
and, since
x = r cos 0, y = rsin 6,
it is found by differentiation that
v =a =71"cos § — ré’ sin 6, @
v, =y =1'sgin 0 + 76’ cos 6.

On substituting Eq. (2) in Eq. (1), there results
v, =171/, v = 10, 3)
from which it is learned that the component of the velocity along
the radius vector is 7/, and the component perpendicular to the
radius vector is r6'.
Next let the vector V be the acceleration @. Then
a, =2z" = (" — r6?) cos 6§ — (r6"” + 2r'6¢’) sin 6,
ay =y =(@" —r6?) sin 0+ (r8" + 2r'6") cos 6. (4)
On substituting Eq. (4) in Eq. (1), it is found that
a =71" — 1"

ap =7r0" + 2r'9 = ;1'(1‘20')’ 5)

are the expressions for the components of the acceleration along
the radius vector and perpendicular to it, in terms of the polar
coordinates and their derivatives.

2568. The Intrinsic Equations.—It is convenient at times to
resolve the acceleration into components along the tangent to
the path of the particle and along the normal.

Since the acceleration of the particle is the velocity of the ter-
minus of the velocity vector in the hodograph, the components of
« in the direction of v (or, along the tangent to the path) and
perpendicular to it (or, along the normal) are, by Eq. (257.3)

a =1, an = v, '
where v and w are the polar coordinates of the hodograph. Since
w is the angle which the tangent to the path makes with the
z-axis, and since
pdow = ds,
or, pw’ =8 =,
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where p is the radius of curvature of the path and ds is the are
element, it follows that

and therefore the components of the acceleration along the tan-
gent and along the normal are
UZ
a=v =g ap = — (1)
. p
These are called the intrinsic equations of the curve, or motion,
since they are independent of the coordinate system. It is
evident that if the force is always perpendicular to the path of

\"
a
a 1

r \'A

10 / ::0 ‘\w
"
/
The path The hodograph
Fia. 143.

motion, the tangential component of the acceleration is always
zero, and therefore the speed of the particle is constant. The
acceleration vector, if it is not zcro, is always directed towards the
concave side of the curve. It also lies in the osculating plane (Sec.
256), if the path is not a plane curve, and therefore its component
along the binormal is always zero.

269. Other Relations.—It will be of interest to project the
tangential and normal components of the acceleration upon the
z-, y-, and z-axes, and thus verify the expression already derived
(Eq. (256.1)), for a,, ay, and a,. It will be remembered that the
acceleration along the binormal, which is perpendicular to the
osculating plane, is zero.

Let a, 8, and v be the direction cosines of the tangent to the
path, and A, u, and » the direction cosines of the principal nor-
mal to the curve (that is, the normal in the osculating plane).
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Then
vZ
Az = av’ + Ao
p
. , 2
Qy = By + y.‘p: (1)
o+ vvz
o = —
2 Y P

It will be assumed as well known that

_dzx _dy _de
iy 7Y A= ds’ YT ds @
and it will be proved that
d*x d2y d?z
A= pd82! M= p:l—s—zy y = pdéé. (3)

Imagine a particle moving along the given path with a constant
speed which is equal to unity. Since the speed is constant, the
tangential component of the acceleration is zero (Eq. (258.1))
and therefore the acceleration has the same dircction as the
principal normal. Also, since the speed is constant, the hodo-
graph is a curve on the surface of a sphere of radius unity.

Let P(z,y, 2) be a point on the path of the particle and Q (o, 8,7)
be the corresponding point on the hodograph. Let P, be a point
on the path near P, and @, the corresponding point on the
hodograph. Then

PP, = ds, QQ, = do.

The radius vector v to the point @ is parallel to the tangent at P;
and the tangent to the hodograph e at Q is parallel to the principal
normal at P, and therefore has the same direction cosines.
Hence, by Eq. (259.2),
A= w= =T

or,

_da ds _dx ds _ d%

ds do~ dst do  Pdé

d3 ds d% ds a2y !
ds do ~ dst do  Pds? “)
_dy ds _d’2 ds _ dz
T s do ds? do Pds

The equalities in the last column follow from the fact that
ds = pdw = PP, dw = do = QQy;

14
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that is, the angle through which the tangent at P turns is the same
as the angle through which the radius vector of the hodograph
turns, the length of the radius vector being unity.

Returning now to Eq. (259.1), the expressions for the rec-
tangular components of the acceleration become

d’x  d/ dx )
= 92 = - = "
@ =g o dt( ds ) %
dy d d7 1
Ay = + v? ds2 = ( ds) =y, (5)
d/ dz
= 2 == — - = /7
s Lt dt(”ds> 2

just as before (Eq. 256.1).

260. Components of a Vector in Spherical Coordinates.—The
polar coordinates of a point in three dimensions are

T = T COS ¢ COS 0,}
(1

Y = r cOS ¢ sin 0,
2 = rsin ¢,

where ¢ and 8 are angles which correspond to latitude and
longitude on a sphere. It is desired to find the components of
velocity along the radius vector and in two perpendicular direc-
tions in terms of 7, ¢, and @ and their derivatives.

For this purpose a new rectangular set of axes £, 5, and ¢ will be
defined, such that the f-axis coincides with the radius vector
at the instant ¢. The {-axis lies in the plane which contains the
z-axis and the &-axis; and the 7-axis is perpendicular to the &-
and {-axes. Like the zyz-trihedron, the ¢n¢-trihedron will be
assumed to be right handed. The table of direction cosines will
be the same as that used in Sec. 69, namely,

l&1n]¢
z|a)|az| as
Y| B B2| Bs (2)
2 v1|v2|vs

Let V be any vector, V., V,, V. its z-, -, and z-components,
and V; V, V; its &, -, and {-components. Then
Vi = a1V + iV, + 7iVey

V,, = a,V. + ﬂzvy + 'Y2vn (3)
Vi = a3V, + BV, + 73V
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If V is taken to be the velocity of the particle and V., V,, and
V. its components along the z-, y-, and z-directions, V; is the
component of the velocity along the radius vector and V, and V,
are the components in two perpendicular directions, so that

Vy = VE, Vo = 'L} V¢ = V"o

In order that v,, v,, and v, may be expressed in terms of r, ¢, and
6 and their derivatives, it is necessary that v., v,, v, and the direc-
tion cosines a3, + + - , v3 be expressed in the same way.

261. The Nine Direction Cosines as Functions of the Polar
Angles.—In any spherical triangle of which the angles are A, B,
and C and the sides opposite these angles are a, b, and ¢, the three
following relations hold:

cos @ = cos b cos ¢ + sin b sin ¢ cos 4,
cos Bsina = cos b sin ¢ — sin b cos ¢ cos 4, (1)
sin B sin @ = sin b sin A.

If any three parts of the triangle are given, the other three parts
are determined by these equations which are valid for all spher-
ical triangles.

In Fig. 144, the 2-, y-, and z-coordi-
nates are drawn in their usual position.
About O as a center is drawn a sphere
of radius unity. Let O¢ be the portion
of the radius vector intercepted by this
sphere. The plane through O¢ and Oz
intercepts the sphere in the great circle
gtzt. Through Of pass a plane per-
pendicular to the £f-plane. This is
the én-plane. It intercepts the sphere

Fia. 144. in the great circle . If Of is the
¢-axis and O¢ is the ¢-axis, then On is the n-axis and it lies in the
intersection of the ry- and the #z-planes. Then draw the great
circles, z¢, ty, yt, %2, and ¢,

In the spherical triangle xfg, the side zq is the longitude 8
and the side gt is the latitude ¢. The side z£ is the angle whose
cosine is a;, since it is the angle between the 2- and the £-axes.
The angle opposite the side z¢ is a right angle. Then the first
equation of Eq. (1) gives

a; = Cos ¢ cos 6.
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In the triangle £qy, qy is equal to 90° — 6, and &y is the angle
whose cosine is 8;. The first of Eq. (1) applied to this triangle
gives

B1 = cos ¢ sin 0.

The arc £21is 90° — ¢, and is the angle whose cosine is ¥;,. Hence
y1 = sin o.

Since the arc ¢n is equal to 90° (n is the pole of the great circle
¢2£q), the arc an is equal to 90° + @ and since a7y is the angle
whose cosine is az and yy is the angle whose cosine is 8s,

gy = — sin 0,
B2 = -+ cos 0.

The are 2y is the angle whose cosine is v,, but since 23 is equal to
90°

Y2 = 0.
The arc 2¢ is obviously equal to ¢, and since z{ is the angle

whose cosine is v;
Y3 = COS ¢.
In the spherical triangle xz¢ the side z{ is the angle whose cosine is
a3, xz is equal to 90° and z{ is equal to ¢. The angle included
between the two sides zz and 2¢ isw — 6. Hence, the first equa-
tion of Kq. (1) gives
a3 = — sin ¢ cos 6.

Finally, in the triangle yz¢, the side yz is 90°, the side z¢{ is ¢, and
the side y¢ is the angle whose cosine is 85. The angle between the
two sides yz and 2z¢ is 90° 4 6. Hence, the first equation of
L. (1) gives . )

Bs = — sin ¢ sin 6.

Hence, the table for the direction cosines as functions of the

polar angles is

oy =cospcosf, ap=—sinf, a3;= —singcosdb,
B =cosesing, By=-+cosf Pz=—singsing, p (2
Y1 = sin @, Y2 = 0, Y3 = + COS ¢.

262. The Components of Velocity in Spherical Coordinates.—
On differentiating Eq. (260.1) it is found that
v, =2 =1 cos ¢ cosd — ry sin ¢ cos § — 6’ cos psin 6,
v, =y =1 cos psin @ — ry’ sin psin § + 76’ cos ¢ cos §, ¢ (1)
w, =2 = r'sin ¢ + ro’ cos ¢ + 0.
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The substitution of Eq. (261.2) and (1) in Eq. (260.3) gives the

desired equations

— )

v, =7/,

v =1¢/, 2
vg = 18’ cos o.

263. The Component of Acceleration in Spherical Coordi-
nates.—By differentiation of Eq. (262.1), the following is obtained:

z' = [r" — re’? — r8’? cos? o] cos ¢ cos 0 )
— [r¢” + 2r'¢’ 4+ 76" sin ¢ cos ¢] sin ¢ cos @
— [r8"' cos o— 2rp’0’ sin ¢ + 2r'8" cos ¢] sin 6,
Yy’ = [r" — ro'? — r6’? cos? ¢] cos ¢ sin 4
— [re” 4+ 2r'¢" + r6” sin ¢ cos ¢] sin ¢ sin
+ [r6” cos ¢ — 2r¢’6’ sin ¢ + 2r'8’ cos ¢] cos 6,
2" =[r" — ro” — 16" cos? ¢] sin ¢
+ [re” + 2r'¢’ + 76" sin ¢ cos ¢] cos ¢. J

On substituting Egs. (261.2) and (1) in Eq. (260.3), the com-
ponents of the acceleration along the radius vector and in the
two perpendicular directions which correspond to latitude and
longitude, expressed in terms of the spherical coordinates and
their derivatives, are

ar = 1" — 1o — 76’2 cos? o,
(2

a, = 1o’ 4 2y’ 4 r8" sin ¢ cos ¢,
ap = 18" cos ¢ — 2ro’¢’ sin ¢ + 2r'6’ cos .

Another method of deriving these accelerationsis given in Sec. 352.

264. Uniform Motion in a Circle.—If a particle moves in a
circle of radius a with constant speed, the angle which it describes
is proportional to the time, that is,

0 = wi,

where o, which is constant, is the angular velocity. Then it

follows that
Z = a cos wt, ¥ = a sin wi;

from which are derived
2 = —aw sin wi, ¥y = +aw cos ut,

2" = —aw? cos wt, Yy’ = —aw?sin wi.

V= VIT = aw,
«=VTTEY = ait.

Hence,
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Since

1‘" = __ng, y/r — _wzy’
it is evident that the acceleration is always directed toward the
center of the circle (Sec. 39), and is constant in magnitude, namely,

2
a = aw? = —
a

The hodograph is a circle of radius aw, and the position in the
hodograph is 90° ahead of the position of the particle in its
circle (see Fig. 21). The velocity in the hodograph is parallel to
the radius vector of the particle, but is oppositely directed.
The velocity in the hodograph is, of course, the acceleration of
the particle.

266. The Effect of the Rotation of the Earth on the Accelera-
tion of Gravity.—It will be assumed that the earth is a sphere
which is homogeneous in concentric layers so that the attraction
of the carth is directed toward the
center of the earth. In Fig. 145, let
QB be alight string which is support-
ing a heavy sphcre B at rest relative
to the surface of the earth, so that
@B is the plumb line at B.

Relative to a set of rectangular
axes with its origin at the center of
the earth, the z-axis coinciding with
the axis of the rotation of the earth
and the z- and y-axes fixed in direc-
tion relative to the stars, the weight
B describes a circle of radius BS with
the constant angular speed w. Its acccleration e, therefore, is
directed toward the point 1S, the center of the circle which it
describes, and in magnitude

P,
F1a. 145.

a = BSw? = rw? cos I,

where r is the radius of the earth, and [ is the latitude of B.

The acceleration @, however, is the resultant of two accelera-
tions to which B is subject; one is the acceleration G directed
toward the center of the earth, due to the attraction of the
earth, and the other is —g, directed along the string toward the
point of suspension, and is due to the tension of the string. Let
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these accelerations be represented by the sides of the triangle
BRE, in which the angle at B is the latitude I of B. Then by the
cosine law, .
¢ =G — 2a@G cos | + o?

= (? — 2Gru? cos? | + r’w* cos? .

Since there are 86,164.1 seconds in a sidereal day,

w = g{;’,?j%;‘j = 0.000072921 [log w = 5.862854 — 10]
also

7 = 20,900,000 ft. [log r = 7.320149].
Hence,

ro® = 0.11114,

Since rw?/@ is small (approximately 1/300), the expression for
¢, namely,

2 2004 3
g =G[1 - 2’%{ cos”—{-%; cos? l] ,

can be expanded in powers of r«w?/G by the binomial theorem with
the result

2
g=G[1—tg~cos2l+ . ]

2
= 32.160 — 0.056 cos 2.

=G<1—;%,2)—lrwzcos21+ e

The earth, however, is not a sphere but is an oblate spheroid,
so that the attraction of the earth is not toward its center, the
direction varying with the latitude. These figures, therefore,
do not represent the entire situation. If ¢ is taken to be the
actual acceleration of the earth at sea level relative to a set of
axes at the center of the earth as described above and g is the
acceleration relative to a set of axes fixed on the surface of the
earth the correct equations are

G = 32.225 — .026 cos 21,}

g = 32.174 — .085 cos 2L. (1)

266. Motion in an Ellipse.—If the position of a particle is
given by the equations

x = a cos nt, y = b sin nt,
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the path, which is obtained by eliminating the time between these
two equations, is the ellipse

zﬂ y2

52 + F = 1.
It is found by differentiation that
2’ = —an sin nt, 2" = —an? cos nt = —nlx,
y' = +bn cos nt, y"' = —bn?sin nt = —nl.

Since the components of the acceleration are proportional to
the coordinates, the total acceleration is

a = —n’r,
and it is therefore always directed toward the origin.
The equation of the hodograph is
x’2 y’2
a1 s
which is the equation of an ellipse similar to the path itself, but
of different size unless 7? is equal to unity.

267. The Motion of a Particle on the Circumference of a
Rolling Wheel.—If a wheel of radius @ rolls along a straight

=1,

Yy

P
|
N ,

[

Fra. 146.

line, a particle on its circumference describes a cycloid, of which
the parametric equations are
z = a(f + sin 0),} (1)
y = a(l + cos 6),

where 8 is the angle which the particle makes at the center with
the highest point of the circle. If the wheel rolls with a constant
angular speed, the angle 9 will be equal to ¢, where w is some
constant. Hence,

"

2z’ = aw(l + cos wt), 2" = —aw? sin wi,

Yy = —aw sin wi, Yy’ = —aw? cos wl.

The acceleration is constant in magnitude and equal to aw?
It is always directed toward the center of the circle. This result
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could have been anticipated, for the motion of the wheel is the
sum of a uniform rotation about its center, in which the accelera-
tion is constant and always directed toward the center, and a
uniform translation in which the acceleration is zero.
The equation of the hodograph is
(2’ — aw)? + y? = a?? (2)

The curve is therefore a circle through the origin. Its center
is on the z’-axis and its radius is equal to aw.

268. The Equations of Motion When the Force Is Given.—
In the preceding examples, the coordinates of the particle were
given as functions of the time, and the velocity and acccleration
determined by the process of differentiation, which is relatively
simple. If, however, the law of the force under which the particle
is moving is given, the problem is inverted, and the process of
integration is required. In general, the law of the force is a
function of the coordinates of the particle; the equations of
motion are differential equations of the second order, and there
is one such equation for each coordinate of the particle.

Let X, Y, and Z be the 2-, y-, and 2-components, respectively,
of the resultant force which is acting upon the particle, and let
m be the mass of the particle. Then, in accordance with New-
ton’s second law, the equations of motion are

mz' = X,
my"’ =Y, (1)
mz' = Z.

If there exists a force function (potential function Sec. 64),
U(z, y, 2), such that

aU au aUu
X=% Y=% Z=%
the equations of motion are
n 90U v 98U n - 9U,
ma’ = my'' = ay’ mz 3% (2)

269. The Energy Integral.—On multiplying the first equation
of Eq. (268.1) by dz, the second by dy, the third by dz, and
adding, there is obtained the equation

m(z"dx +y''dy + 2''dz) = d[ém(w’2 + 9%+ z")} (1
=Xdz + Ydy + Zd.
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It is seen from Sec. 58 that the right member of Eq. (1) is the
work done by the force acting in the displacement ds. The
left member is the change in the kinetic energy mv?/2. Equation
(1), therefore, states that the change in the kinetic energy of the
particle is equal to the work done upon the particle by the force
which is acting in any infinitesimal displacement ds. Since

A A 2",
the integration of Eq. (1) gives

Z,Y,2
1mvﬂ - %mvo2 = f [Xdzx 4+ Ydy + Zdz], 2

2 0,l/0,20

the integral of the right member to be computed along the path
followed by the particle.

If Xdx + Ydy 4+ Zdz is not an exact differential, the right
member of Eq. (2) will depend not only on the points zo, ¥, 20
and z, y, 2, but also upon the path which the particle pursues
between them.

If a potential function U(z, y, 2) cxists, then (Sec. 64)

Xdx + Ydy + Zdz = dU
is an exact differential, and the integral Kq. (2) becomes

1 1
Emvz - émvﬂz = U(x: Y, Z) - U(:l}o, Yo, zU)J (3)
which is independent of the path from z,, y,, 2 to z, ¥, 2.

Equation (3) can be written also

% v2 — U(z, y,2) = E (aconstant), 4)
where
%mv2 = the kinetic energy,
—U(z, y, 2) = the potential encrgy,
and

E = the total cnergy.

Thus, when there exists a potential function, the force is
conservative, the energy of the particle is constant, and Eq. (4)
is called the energy integral.

270. The Motion of a Projectile in Vacuo.—If the distances
considered are not too great, the attraction of the earth on a
particle is virtually constant and parallel to any given vertical
in its vicinity. The horizontal component of the force which is
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acting is zero. Let the projectile be fired a certain direction, and
let the plane which is determined by the vertical and the initial
velocity be taken as the xz-plane, the origin being taken at the
gun. With the positive end of the z-axis directed upward and
the positive end of the z-axis in the direction of fire, the equations
of motion are

mz'’ = 0, my’” =0, mz

’”

= —myg; (V)
and the initial conditions are
att =0, r=y=z=y =0,
z’ = v, cos «a,
2’ = vy sin a.

It will be observed that the factor m can be removed from the
equations (0). The motion, therefore, does not depend upon the
mass of the particle. The integration of the second equation
gives the information that y’ is constant. Since it is zero ini-
tially, it is always zero and therefore y is constant. Since y is
initially zero, it is zero throughout the motion and the path of
motion lies in the zz-plane.

On removing the factor m from each of the first and third equa-
tions and then integrating each equation once, it is found that
' = ¢, 2 = —gt + ¢y
where ¢; and c; are the constants of integration. Since, however,

z' =v, cos a, Z = g sin q,
for t = 0, it follows that
C1= Vp COS «,
and, therefore,
z' = v cos a, 2/ = —gt + vy sin a. (1)

= yp 8in a;

S
|

If each of these equations is integrated again and the con-
stants of integration determined so as to satisfy the initial con-
ditions, there results

T =1y co8a-t, z = —%gt’-’rvosinva-t. (2)

The elimination of ¢ between these two equations gives the
equation of the path, namely,

ge*
2v¢? cos? a

z2=ztan a —

which is a parabola (Fig. 147).



270] CURVILINEAR MOTION 251

Let the constant h be introduced by the relation

v? = Zgh.
Then the equation of the parabola becomes
xz
z—xtana—m;&- (3)
By means of the substitutions,
¢ =z — 2h sin « cos «, ¢ =2 — hsin? q,
Eq. (3) is simplified, and becomes
I S
$= " thoos’a )
2
Vv, cosa
O A X O' -
Fia. 147.

from which it is evident that the axis of the parabola is vertical
with the vertex upward, and that the coordinates of the vertex
with respect to the gun are

Z = h sin 2a, Z =hsin?a. (5)

Evidently, & is the maximum height for all values of & which can
be attained by the projectile for a given v, and this value is
attained for a equal to 90°.
The coordinates of the focus of the parabola are
z; = h sin 2a; 2y = —h cos 2a.

Hence, the focus lies on the circle with the origin as center and a
radius equal to A.

The locus of the vertex as a varies is obtained by eliminating
a between the two equations of Eq. (5). Its equation is

P+ (22 — h) = B, (6)
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which represents an ellipse through the origin, the center being
at a distance equal to /2 above the origin, with the horizontal
axis twice the vertical axis.

If « is eliminated between the two equations of Eq. (2), it is
seen that whatever value o may have the projectile lies on the
circle

2+ (2 + 017" = o (7)

Hence, if many projectiles were fired simultaneously from the
same point, but at different angles of elevation, the projectiles

Directrix

Fia. 148.

would at each instant lic on a circle (the synchronous curve) the
radius of which would be vt.
The equation
F(z, 2 a) =0, (8)

in which « is regarded as a parameter, represents a family of
curves. The envelope of this family of curves is obtained by
eliminating o between Eq. (8) and the equation
bz, 2 a) _ 9)
da
In this way the envelope of the family of parabolas, represented
by Eq. (3), is found to be

o + 4hz — 412 = 0, (10)

which is a parabola with its vertex on the z-axis at a height A
above the origin.

The equations of the hodograph are given parametrically (the
parameter being t) by Eq. (1). It is seen that the hodograph
is a vertical straight line, which is obvious otherwise, since the
acceleration is always vertical (Fig. 147).
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The directrix of the parabola (Eq. (3)) is the straight line
2z = h;

and, since this equation is independent of a, the same straight
line is the directrix for all the parabolas which have the same
initial speed.

If the first equation of Eq. (0) is multiplied by 2z’ and then
integrated and the third is multiplied by 22’ and integrated, the
results added together give the velocity integral

z'? 4+ 2" = v — 2¢z, (11)

provided the constant of integration is determined so as to satisfy
the initial conditions. From this integral, the speed can be
determined at any point of the curve.

Let z, z be a point on the curve, and let P be a point on the
directrix directly above it. Imagine a particle dropped from
rest at P. It will pass through the point z, z after having
fallen through the distance A — z. By Eq. (239.5), its speed at
the point z, z is

v2 = 2g9(h — 2) = v — 2¢2,

which is the same as Kq. (11). The speed of the projectile,
therefore, at any point in the parabola is the same as its speed
would have been had it dropped from rest from the point on the
directrix directly above. The velocity would be different, for
the direction of motion would be different.

The horizontal range of the projectile is the distance OA in
Fig. 147. Its value is obtained by setting z equal to zero in Eq.
3), and then solving for z. The solution 2 cqual to zero cor-
responds to the position of the gun. From the other value of z,
it is found that

the horizontal range = 2% sin 2a.

Tor a given initial speed, the horizontal range is a maximum
if the initial angle « is 45°. For any other given horizontal
range, there are two angles of elevation, namely,

a =45° — 8, a =45 + 8,
where § is an angle which depends upon the given range.
Indeed it is evident that there are two trajectories through any

given point within the envelope, but only one if the point is on the
envelope and none if the point is outside of the envelope. If
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the point z, z is assumed to be given and one seeks the value of
the angle a, Eq. (3) takes the form

2? tan? @ — 4hz tan o + (22 + 4h2) = 0;

and since this is an equation of the second degree in tan o there
are two real solutions, a double solution, or no real solution,
according as the discriminant

16222 — 422(a? + 4h2) = 422[4h? — 4hz — 27 E 0.

The limiting condition
22 + 4hz — 4h* = 0,

which separates the real and complex solutions, is the same as
Eq. (10), the equation of the envelope. Thus the points which
lie outside of the envelope could be reached only by increasing
the initial speed.

271. The Effect of a Resisting Medium on a Projectile.—A
projectile moving in a vacuum can be regarded as a particle,
since the acceleration duc to gravity is the same on every particle
of the projectile. But if a projectile is moving in & medium such
as the air, the surface of the projectile is acted upon by the
pressure of the medium, and the nature of that pressure varies
in a very complicated way with the nature of the medium, the
shape of the projectile, the distribution of the mass within it, its
orientation, its velocity, its rate of spin, and its axis of spin.
The problem is an extremely complicated one and forms the
subject matter of exterior ballistics.!

If, however, the projectile is a homogeneous sphere not
rotating, and the resisting medium is at rest, the projectile can
be regarded as a particle which is acted upon by a force which in
magnitude is some function of the speed of the projectile and
which has a direction opposite to the velocity of the projectile.
Since the resistance of the medium is a force which lies in the
vertical plane of motion, it does not alter the initial plane of
motion which remains the plane of motion throughout. If 6 is
the angle which the velocity of the projectile makes with the z-
axis, the forces which are acting on the projectile resolved along
the tangent to the path, and normal to it, are

fi=—mgsinb - R,
fn = +mg cos 6.
1 See MouLToN, F. R., “ New Methods in Exterior Ballistics,” 1926.
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Since the resistance R is a tangential force, it does not alter the
direction of motion. Since the force of gravity is the only force
which is not tangential, the trajectory is always concave down-
ward, and, therefore, the component of gravity along the normal
on the concave side is always positive. The component of
gravity along the tangent changes sign with 6,

The intrinsic equations of Y
motion (Eq. (258.1)) are then

my’ = —myg sin § — R,
v v
m— = mg cos 0.
PR W S <
Since R the resistance is a y
function of v, it can be written d, ™8 \N

R = mge(v); o
also

ds ds dt _  dt
ST@%- @ '
The negative sign is taken Fra. 148a.
since s increases as 6 decreases.
On substituting these values of R and p and then removing the

factor m, the equations of motion become
v = —g(sin 6 + ¢(v)), vd’ = —g cos 0; (1)
and the time ¢ can be eliminated between these two equations
by taking their quotient, namely,
1dv

295 = tan 0 + ¢(2) sec b, @)

a differential equation of the first order between » and .
If the solution of this equation,
v = f(6)
were known, the second equation of Eq. (1) would give the time
t by a quadrature,

—_——— e ————

= ~X"46) sec 6 as. @)
J 8
By virtue of the fact that
z’ _dx ds = v cos 6
ds dt !
and
-9y ds = v sin 0,

Y =3 @&
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the z- and y-coordinates also would be determined by quadratures,
namely,

__1r
2= -2 ﬁ 70)ds @)

and
0
v = — X ["2(6) tan 6do.
9)s;

Thus the entire problem would be reduced to quadratures if the
solution of Eq. (2) were known.

272. The Integrable Case of Legendre.—The nature of the
function ¢(v) is unknown, but it vanishes with » and quite likely
it always increases when v increases, that is, dp/dv is positive
for all positive values of ». It was shown by Legendre that the
equation can be integrated if

o) = (a+bm),

where a and b are two constants.
It will simplify the differential equation Eq. (271.2) somewhat if
the independent variable is changed from 6 to w by the substitution
sin § = tanh w.

By this substitution Eq. (271.2) becomes

1D o) + tanha, 0
For Legendre’s case, Eq. (1) becomes
%Z—: = a + bv" + n tanh w;
and by the substitution .
o=

the equation becomes the linear equation
du
do + (¢ + n tanh w)u = —b.

The integrating factor for this equation, which is a well-known
form, is
e +JS @+ntanbw)do _ et cosh® w.

Therefore, the solution is
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u = _e—f(a+n tanh m)dwfwbe+f(a+n tanh w)dw dw.

wo

= —¢ “sech"w f be ™ cosh” wdw. @2)

For n equal to 2, this becomes

b 2b sech? w
U = ;1—_;—Ez(a — 2 tanh w) + ad = a?)
where C is the constant of integration.

As the angle 6 diminishes and approaches the limit —7/2, w

also diminishes and tends toward — . Under these conditions,

+ Ce™™ sech? w

lim tanh w = —1, lim sech @ =0,
wes — 00 W= —
and
. —aw . 4¢ .
lim ¢ sech?w = lim - — < =0, ifa <2.
w= — 00 w=—0m (G + e )
Therefore, the limit of u is 2—g o and
lim ? = 2—%9- @3)

It is found by means of the reduction formula that in the
general case

u = —be " sech” wfe""’ cosh” wdw = 2 -ﬁ——az [@ — n tanh w]
obn(n — 1) - n aw —
~ :_~a276 sech wfe cosh"?wdw. (4)

The limit of the last term evidently is zero and therefore, in
general, provided a < n,

. b
Iim = ——
om— n—a
and
. n—a
lim »=—,—
0= — b

and the speed tends toward a constant value.

For a > n, the first equation of Eq. (271.1) shows that if the
projectile were abandoned in a position of rest, » would be
negative, which, of course, is absurd. It will be observed that the
limiting value of the speed is a root of the equation ¢(») = 1.

The integral for the time ¢ (Eq. (271.3)) becomes
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Since u tends toward a finite limit, the time ¢ increases without
limit as » tends toward minus infinity.
The expressions of Eq. (271.4) for z and y become

Y
T = —Ef u™ sech wdw
and

Y
Yy = _Ef u" tanh wdw.
Since  has a finite limit, tanh « has —1 as a limit and sech w
tends to zero like e~ it is evident that r has a finite limit while
y has not. Thus the trajectory is asymptotic to the vertical

line which passes through the limiting value of x (Fig. 148a).

273. Analogy between Trajectories and Catenaries.—The
differential equations for catenaries and trajectories, given in
Egs. (202.1) and (259.5), are

For Catenaries For Trajectories
(%(T:iii:) = —oX, %(v‘jli;) - X.,
(%(TZZ) = —o¥, %(v%%) =Y, ¢ (1)
&%(Tgf) = —oZ, ;i(”gz = Z.,,J

where X, Y, and Z are the components of the force which is
acting upon the chain per unit mass, ¢ the mass of the chain per
unit length, and 7' the tension of the chain. X,, Y,, and Z,, are
the components of acceleration and v the velocity of the moving
particle. These two sets of equations are strikingly similar.
Imagine a particle moving along the catenary with a speed
which is always equal to the tension. Then the equations of the

catenary become
ﬂ(vd’”) = —oTX = X,,

dt\ ds
gi(vzg) = —oTY =Y,

]
N
s

i(:;%) = —oTZ
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which show that the acceleration of the particle lies in the same
line as the force which is acting upon the chain, but is oppositely
directed. The magnitude of the acceleration is ¢7' times the
magnitude of the force, and is therefore variable. If F, is the
force which acts upon a unit particle in motion and F is the force
which acts upon a unit mass of the chain, then

F1 = "'O'TF- (2)
If the field of force is a conservative one, so that
oV vV av
X=% V=% Z=g

and if ¢ is a constant, the tension of the chain is given by Eq.

(203.1)
T =0o(Voe— V).

Now let
U = (Vo — V) = T2 @)
Then
WU _ _ v — Y = _
35:‘ = [ (V(] V) 6:1: = O'TX,
aU av
;,jg = —0'2(V(1 - V)Ky— = —O'TY,
awu ., av _ .
32‘ = —0 (Vo - V) 62’ = O'TZ,
and the equations of motion of the particle can be written
//:_a_g, H_a_(_], "—g(_]
7T o Y =%y R "y “)

subject to the condition that
' + y"? + 2" = o2 = 2U.

274. The Curve is the Ordinary Catenary.—The curve
formed by a uniform chain under the action of gravity is the
ordinary catenary (Sec. 192). The force acting is a conservative
one and ¢ is constant. Therefore

= -— gz
and
T = ogz,
if the vertical axis is the z-axis. Accordingly,

_1 22
U-—Qa”gz.
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If the plane of motion is the zz-plane, the equations of motion are

" _ U
z = 0 = %
and
oU
" = g20% = ZZ.
z o'gz = (1)
Let the initial point on the curve be
z =0, z2 = 2. (2

The general solution of the equations of Eq. (1) is
xr = Clt + Ca,

z = ¢ cosh (agt + c3); 3)
but if the curve passes through the point (2), then
Cy = 0

2o = ¢ cosh ¢;.
It is necessary also to satisfy the condition
22 4+ 22 = o%%? = 2U. “)
On differentiating Eq. (3) and substituting in Eq. (4), it is found

that
¢ = *cog.

Hence, the solution which satisfies all of the conditions is
z
z = agtl,
-Z = cosh (ogt + c3),

which is the familiar equation of the catenary in parametric form.
The force under which the particle is moving is repellant and
its magnitude is proportional to the distance of the particle from
the zr-axis.

276. The Trajectory is a Parabola under the Action of Gravity.
If a particle is thrown into the air at an angle « with the
horizon and with a speed v,, and if, as in Sec. 270,

v = 2gh, ,
the trajectory is a parabola, and its equation, referred to its
directrix as the z-axis, is

—_— x2
z+ hcos?a =-—F—
+ 4h cos? «

The force of gravity is
F, = —g,
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and the speed in the trajectory is

= '\/'—292,
which is real, since z is always negative.

Instead of reversing the field, let the parabola be turned over
by merely changing zinto —z, leaving the field unaltered. Then
the equation is

2
- 2y =__ T
2 = hcos’ o 4h cos? a
which is to be regarded as a catenary under the action of a force
which is everywhere vertical, but not necessarily constant. Since
the tension in the catenary is always equal to the speed in the
trajectory, the equation for the tension is

T = V22
Therefore, by Eq. (273.2),

—9 _ _—9
F = — .
7 T \/2gz

If the chain is uniform, that is, ¢ is constant, the force which is
acting upon the chain is attractive and inversely proportional
to the square root of the distance from the z-axis. But if the
field is the gravitational field, then F is the same as F';, namely
—g, and o varies,

1
a = —
vV 292
The weight of the chain between any two points is
8y Sgds

W = ada-—y
gc: "1T

Since the z-component of the force is zero, the integration of
the first equation of Eq. (273.1) gives
ds _ dz
T T,
where 7', is the tension at the vertex of the parabola, or its lowest
point. Hence,

_ "ds_g
W=9) 7=, ,‘d”

(@2 — =)
T,
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This equation shows that the weight of any arc of the parabola
is proportional to the length of its projection upon the z-axis,
a property already well known (Sec. 191).

Problems XX

1. If £, 9 is a set of rectangular axes rotating with the uniform angular
speed w with respect to the fixed axes z, y, show that

vg = ¢ — wn, a = ¢ — 2wy — Wl
vy =7’ + wf, an = 9" + 20t — w?.

2. If a string will just support a weight of 100 Ib. without breaking, how
many times per second can a 1 lb. weight go around a circle of radius 1 ft.
if it moves on a smooth horizontal surface and is constrained to the circle
by the string, without the string breaking? Ans. 9.03.

8. A w-lb. weight attached to the end of a string describes a circle of 4000
miles radius in 24 hr. What is the tension in'the string? Ans. w/287 lbs,
approximately. LAY L

4. A particle is attached by a light string of length I to a fixed point.
The particle describes a horizontal circle with the angular speed «, the string
making an angle o with the vertical. Show that

[
coOsS a = z;z'

5. If the earth could maintain its shape and spin fast enough for objects
at the equator to lose their weight entirely, what would be the length of the
day? Ans. 1 25™ nearly.

6. A rubber band of weight w per unit length and modulus of elasticity
\ is stretched to twice its natural length and placed around a horizontal pulley
of radius @ ft. How fast can the pulley spin without the band falling off?

1 oy
Ans, ora \/—1—”— I.p.8.

7. A gun is fired from the foot of an inclined plane, inclination g,
Show that the distance d along the inclined plane to the point where the
projectile strikes, and the maximum value of this distance are, respectively

d= 4hcosa:sin (a — B)
- cos? 8
= 1 (™ _B).
max = h sec ( i 2)

8. The maximum horizontal range of a gun is 20 miles. Show that to
attain this range the initial speed is 1840 ft. per second, and that the time
of flight is 81.3 sec.

9. Show that the range R of a projectile fired from a height H above
the level ground is a root of the equation

R? — 2hR sin 2« — 4hH cos? a = 0.
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10. A gun is fired from an elevation H. What is the angle which gives
the maximum horizontal range? Ans.

tan —\/——h-—
ana = FFH

11. The base of a vertical regular hexagon of sides a is on a level plain
A projectile passes through the four corners which are off the ground. Show

that
h = ilﬁa, horizontal range = a+/7.

12. A gun is fired with a muzzle velocity of 1000 ft. per second from the
rear end of a train, which is traveling 45 miles per hour, in a direction opposite
to that in which the train is moving. Show that the angle of clevation
for the maximum range is 4’., 4.4,

ot 43037 50'%

18. Show that if the bullet fired from a gun is projected from the point of

fire upon a vertical plane the projected point moves with constant speed.

14. A bullet, fired at a vertical target at a distance a, strikes it at right
angles. Show that the angle of elevation is (sin~! a/h) /2, and that the height
of the point hit is one-half gf the helght of the point aimed at.

15. A gun is fired twice Trom the same point, the interval of time between
the two shots being 7 seconds. Show that the two bullets will collide if the
trajectorics lic in the same plane, and

sin % (a1 — a3)

08 ; (a1 + a3)

gn
200

16. Owing to unsteadiness, the direction of a gun may lic anywhere within
a cone whose generating angle is # and whose axis is the intended elevation a.
If the initial speed v, is constant, and 6 is so small that its powers higher than
the first can be neglected, the bullets will all strike the ground within an
cllipse whose scmiaxes, a and b, in the plane of firc and perpendicular to it,
respectively, arc

a = 2h sin 26 cos 2a, b = 2h sin 2¢sin a.

17. Work out the complete solution for a particle moving under the action
of gravity in a resisting medium for which (Sce. 272) n is equal to 1 and a
is equal to 1/2,

18. If the resistance of the medium is proportional to the fourth power of
the speed, show that the differential equation of the trajectory is

3
™k [1 + %)']2-

19. If the potential function for a free particle of mass m is
U(z, y, 2) = k*may,
show that the equations of motion can be completely integrated.
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20. If a particle moves in the zy-plane and the components of force, X

and Y, satisfy the relations

axX Y aX aY

oy . T oz’ o " oy
show that the equations of motion can bc integrated by two quadratures.
Suggestion: Under these circumstances, X 4 1Y is a function of the com-
plex variable z = z 4 4y. That is,

X + 1Y = o(2).
The two equations can therefore be reduced to the single one
mz'’ = ¢(2),

the solution of which depends upon two quadratures.



CHAPTER XII

CENTRAL FORCES
1. GENERAL PROPERTIES

276. Definition of a Central Force.—Whenever the force which
acts upon a_particle is always directed toward a fixed point,
wherever the particle may be, the force which is acting is said to
bemwmn
of the particle, its velocity, or even the time, but its direction is
always in the straight ling which passes through the particle and
thmmled the center of Jorce. I the force s
dizected toward the fixed point it is an affractive force. If it is
directed away_from the fixed point it is a repellant forcg) ~—

277. The Equations of Motion.—I.ct f be the magnitude of the

force which is acting; f, f,, and f, its components parallel to the z-,
y-, and z-axes; and A, u, and v z

its direction cosines. Let the —
origin of the rectangular axes be T,
at the center of force. Then 2 X £/ |
|
z
z = A A= —~ -
J J) ” | /! % ~{
T % Ix - — Y
Jy = uf, #=*,{’ ~ _y_":_\yx
2 X
Jfo =4, v = r Fra. 149.

If the mass of the particle is m, the equations of motion are

T
mz'’ =f-")
r
my” =Y M
r
me = 1%
r

If the force is an attractive force, f is negative. If it is a repellant
force, f is positive.
The differential equations in I£q. (1) are of the sixth order,
that is, three equations each of the second order; therefore, six
265
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constants of integration are necessary for a complete solution.
These six constants of integration can be regarded as being deter-
mined by the six initial coordinates of position and velocity,
namely, Zo, Yo, 20; Zo’, ¥o'y and 2. Other interpretations, how-
ever, may be convenient and desirable.

278. The Moment of Momentum Integrals.—Multiplying the
second equation of Eq. (277.1) by —z and the third by +y and
then adding, the following equation is obtained:

m(ye" — zy"") =0,
and similarly, m(zz'’ — x2'") =0,
m(zy"’ — yz'’) = 0.

These equations can be integrated immediately, with the result

m(yz' — zy’) = mcy,
m(zx’ — z2') = mc,,
m(zy' — ya') = mes,

0

the right members of which are the constants of integration.
The components of the momentum of the particle, which is a

vector, are
mx’, my’, me'.

Therefore, by Sec. 132, the equations in Eq. (1) are the
components of the moment of momentum, which, by Sec. 133, also
is a vector. Since each of the three components is constant,
the vector itself is constant. Thus the three equations in Eq. (1)
can be summed up in the single statement: If the force act-
ing upon a particle is a central force, the moment of momentum of
the particle 1s constant. It will be observed that this theorem is
independent of the law of the intensity of the force.

If the first equation of Eq. (1) is multiplied by z, the second by
y, the third by 2, and the three equations are then added, it is
found that )

cr + ¢y + ¢z = 0. (2

Sinee z, ¥, and z are the coordinates of the particle, it follows that
the particle always lies in a fixed plane which passes through the
origin.

279. The Energy Integral.—On multiplying the first equation of
Eq. (277.1) by «/, the second by y’, the third by 2/, and then add-
ing the three equations, it is found that

m(@z” + vy + 27" = f‘i‘i?/:/'_‘l'.fi' =f7, (1)
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e % -« %— - ""b

zx' + yy' + 22 =,

The left member of Eq. (1) is an exact derivative, that is,

'z + yryu + 22 = é(xm + yrz + zlz)l.

since

The right member also is an exact derivative if f is a function of »
alone, that is, if f does not depend upon 7, 6, ¢, or t. In this
event, there exists a potential function U(r), such that

aU
' fr) = or
and Eq. (1) can be integrated. The result of intcgration is
(& + y* + 2% — UG) = C. @)

The first term of Eq. (2), mv?/2, is the kinetic energy of the particle.
The second term — U(r) is the potential energy. The integral
Eq. (2), therefore, states that the kinetic energy of the particle
plus its potential energy is a constant, which is here denoted by the
letter C.

It will be observed that the energy integral exists only if f
is a function of r alone, or can be expressed as a function of 7 alone.
If this condition is not satisfied, the energy of the particle is not,
in general, constant.

280. The Motion in the Plane.—That the motion of the particle
lies in a plane Eq. (278.1) is evident intuitionally. A plane is
determined by the position of the center of force, the initial posi-
tiun of the particle, and the initial direction of the motion of the
particle. The force acting upon the particle also lies in this
plane, so that there is nothing to make the particle depart
from it.

Since the orientation of the axes of reference is arbitrary, it is
simpler to choose the plane of motion of the particle as the zy-
plane. Then

z2=0, ¢, =c¢ =0,

and the equations of motion reduce to the fourth order set
ma' = f- ;-::

Y

r

1)
my"’ =f-
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The moment of momentum integral (Fq. (278.1)), after the
removal of the factor m and the repla :ement of the letter ¢; by
the letter i, becomes

zy' — yz' =P €9
The energy integral, cvidently, is
am(z +y%) — UG) = C. 3)

281. The Equations of Motion in Polar Coordinates.—Using
the expressions for the acceleration along the radius vector and
perpendicular to it, given in Eq. (257.5), the equations of motion
in polar coordinates, are

m(r’ — r¢’?) = f, }

1
m(ré’’ + 2r'¢") = ?(r’G’)’ =0. ()

It is, perhaps, well to recall once more that f is positive if

the force is directed away from the center of force, that is, the

force is repellant; and that f is negative if the force is attractive.
From the second equation of Eq. (1), it follows immediately that

0 = h = zy — yx'. 2)

ds? = dz? 4 dy* = dr? + r’d¢?,
the energy integral (Eq. (280.3) becomes

.é_m(r'z + r26) — U(r) = C. 3)

Since

282. The Linear Speed.—If r and 6 are the polar coordinates
of a point on a curve, p is the length of the perpendicular from
the origin to the tangent of the curve, and s is the length of the
arc, then, from the differential calculus,!

ds _ 1
doe p
Since
ds _ ¢
do o
and, from Eq. (281.2),
, h
0 = 'r-é’
it follows that X
s =2 1
» (D

! WiLL1aMsoN, “Differential Calculus,” p. 224.
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Since s’ is the linear speed, Eq. (1) states that if the force is a
central force the speed of the particle is inversely proportional to
the length of the perpendicular from the center of force to the tangent
of the curve at the particle.

283. The Areal Velocity.—Let A denote the area which has
been swept over by the radius vector, starting from some con-
venient initial position, say 6 = 0 (Fig. 150).

Let p1 and p: be two positions of the particle which subtend
an angle A8 at the origin. Then, aside from terms which depend
upon the curvature of arc p,ps, A4 is equal to the area of the tri-
angle Op,ps. Hence,

AA = —(r + Ar) -7 sin A8 + (A68)7 ],

and

AA sin Af A0

7&—- = 2(7‘ + A ) Ao

+A0 []-

The quantity within the bracket [ ] is finite and remains finite
for A6 = 0. Hence, passing to the limit for At equal to zero,

24" =1 =xy' — yx' =h. 1)

The rate at which the radius vector sweeps over areas A’ is
called the areal velocity. The constant h is therefore twice the
areal velocity.

It follows from Eq. (280.2) that if the force which is acting is a
central force the areal velocity is constant; and conversely, if
the areal velocity is constant,

oy =0

and, therefore, the force acting is a central force.
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It will be seen from the geometry of the situation that the
equations in Eq. (278.1) represent the projection of the areal
velocity upon the three fundamental planes of reference, multi-
plied by the mass factor m.

284. The Differential Equation of the Orbit.—When the force
which is acting is a central force, the time ¢ can be eliminated
altogether from the differential equation. In order to do this,
let u be the reciprocal of . Then the areas integral

720" = h
becomes 0 = hut.
Also, :
p_Or o _ldu du,
r=w %" Twa ¥ T T
_ Pu,, g, 0
= —hgp? = —h G

On substituting these values of 7"/ and 6’ in the first equation
of Eq. (281.1), it becomes

2,2 __I_,
hu<d02+u>—— s (1)

which is the differential equation of the path of the particle.
It must not be forgotten that f itself is positive for a repellant
force and negative for an attractive force.

If f is a function of u alone, Eq. (1) can be integrated by multi-
plying through by the integrating factor 2/u?-du/df. In this
manner the integral

(5 <] -2t

is obtained. If p is the length of the perpendicular from the
origin to the tangent,’

Hence,

Ay o5 2t - fre

286. Given the Orbit to Determine the Force.—If the equa-
tion of the path is given with the center of force at the origin, u

1 WiLL1amsON, “Differential Calculus,” p. 224.
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becomes a definite function of 6; and, since differentiation is
always possible, Eq. (284.1) determines f as a function of » and
0, or, if 6 is eliminated by means of the equation of the curve, as
a function of u alone. Strictly speaking, the force is determined
only along the path which is given, and along this path the elim-
ination of @ is legitimate. If it is known that the force is every-
where a function of u alone, this elimination gives the desired
expresssion for the force, but if no such restriction is given the
force can be determined only on the given path.
II. THE HARMONIC LAW

286. The Orbit is an Ellipse with the Origin at the Center.—
As an example of the determination of the law of force, which
is assumed to be a function of the distance only, let the given
orbit be an ellipse with the origin at its center.

The equation of the ellipse in polar coordinates is

b2
“1—¢cos?d
where b is the minor axis and e is the eccentricity; hence,
bu = v/1 — ¢ cos? 6.
On differentiating this expression twice with respect to 6, it is found
that

r2

b@ _etcos’f — e*sin’§  e*sin’ f cos® O
dez (1 — e cos? )} (1 — e? cos? §)¥’

and therefore,

d*u _1=-e1
g TS T W
Eqguation (284.1) then gives
d*u mh?
[ 202 — - o e e—
f mh*y (do” + u) preil
The force is therefore directly proportional to the distance of the
particle from the origin; and since the expression for f is negative,
the force is an attractive one.

287. The Converse Problem.—The converse of the preceding
problem is: If the force is attractive and proportional to the
distance, what curves are possible orbits? According to Hooke’s
law for small strains (Sec. 208), the force of restitution is propor-
tional to the displacement in many physical situations, such as
tuning forks, vibrating strings, etc. If the factor of proportion-
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ality is independent of the direction of the displacement, which is
not always the case, the expression for the force is

[ = —k*mr.
For this law of force, Eq. (284.1) becomes
d*u _ k1

i TP
On multiplying through by 2du, the first integral is found to be

du\? | 2 g, 1
(a'a> tut=2e - ga

If this equation is multiplied through by 2, and then for simplic-
ity of notation the substitutions
w = uz’ JRi g2

are made, it becomes

= (@ = ¢) — w—opr
dw
———— e T i2d0’
Ve =g) = = o

the integral of which is

Therefore,

cos™! g%%a =200 — 60+ 37);

w=c— Ve — g*cos 2(0 — 6o),

so that

and therefore
1
e+ Ve — ) — 2@ — g cos? (0 — 00).
On setting
2 — ¢t ,_1—2¢
i T

the expression for 72 becomes

b2
T 1 =ecos® (6 — o),

r2

which is the normal form of the equation of an ellipse with the
origin at its center.
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Since
— 2
b=aVv1-¢, h2=;’k—’
it is found that

h = kab.
On substituting these values of rz and h in the areas integral
20’ = h

and then integrating, the time is obtained as a function of 6.
This method, however, is very complicated for a matter that is
otherwise very simple, as is shown in the next section.

288. The Same Problem in Rectangular Coordinates.—For
most problems, the method of the preceding article is the simplest
method, but it is not so for simple harmonic motion. On sctting

f = —kmr
in Eq. (280.1), they become

' = —k%,

yu — —k21,

each of which is independent of the other, and represents a

simple harmonic motion (Sec. 251). The solutions are, therefore,
x = A cos kt + B sin kt, )
y = C cos kt + D sin kt,

where 4, B, C, and D are the constants of integration. Solving
these equations, it is found that

Dz ——-_By , _—C':c + Ay-

AD — BC AD — BC

On squaring and then adding these two equations, the time is
eliminated, with the result

(Dz — By)? + (Cx — Ay)? = (AD — BO)2. @)

This is the equation of a central conic with the origin at the
center, provided the right member is not zero. It is evident on
dynamical grounds that the conic is an ellipse and not an hyper-
bola, since the force drawing the particle toward the origin
increases with the distance, and in an hyperbola the distance
increases indefinitely.

If the right member vanishes, the proportion

cos kt = sin kt =
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holds, provided C and D are not zero, and the equation rediieg
to the pair of coincident straight lines

D’ +C(Cz—Ay)2—0

If
A=B=C=D =),
the solution is
T = 01 y = 07

and the particle remains at rest at the origin.

The length of time necessary for one complete circuit of the
ellipse, that is, the period, is

- 2w

P=—- 3

which is independent of the constants of integration. Therefore
the period does not depend upon the size of the ellipse.

289. The Hodograph.—By differentiation of Iq. (288.1), the
following equations are obtained:
' = — Ak sin kt + Bk cos kt,
y’ = —Ck sin kt + Dk cos kt.
The elimination of the time between these two equations gives
the equation of the hodograph, namely,
(Dz’ — By')? + (Cz' — Ay')? = k*(AD — BC)%. (1)
A comparison of Eq. (1) with Eq. (288.2) shows that the

hodograph is an ellipse similar to the path of the particle, but
differing from it in size unless the value of k? is unity.

III. THE NEWTONIAN LAW WITH A FIXED CENTER

290. The Path is a Conic with the Origin at the Focus.—The
equation of a conic with the origin at the focus is

p )
1+ ecos @

r =

where '
p=a(l —é) for the ellipse,
p =ale—1) for the hyperbola,

a is the semiaxis major, and e is the eccentricity. Hence,

1
= 4 = coso
4
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rom this it follows that
d*u

et

L
p H
therefore,

d*u h2m
= (g +u) = =BT

Consequently the force is attractive and its intensity is inversely
proportional to the square of the distance from the origin.

291. Kepler’s Laws of Planetary Motion.—The first two of
Kepler’s three laws of planetary motion were published in 1609,
and the third in 1619. They are as follows:

I. The orbit of each planet is an ellipse with the sun at one focus.
II. The line which joins a planet to the sun sweeps over equal
areas in equal intervals of time.

II1. The squares of the periods of the planets are proportional
to the cubes of their mean distances from the sun.

It was upon the three laws of Kepler and upon his own three
laws of motion, that Newton founded the law of gravitation.
It follows, for example, from Kepler’s second law (Sec. 283)
that the force which is acting upon each of the planets is always
directed toward the sun, and is therefore a central force. It
follows from his first law (Sec. 290) that the intensity of the
force varies inversely as the square of the distance of the planet
from the sun; and from the third law it follows (Sec. 309) that
it is the same force which is acting upon each of the planets.

Suppose, for example, that Venus and Jupiter were made of iron
and that the sun was a magnet, while the remainder of the planets
were composed of non-magnetic material and were acted upon
only by gravitation. Under these circumstances the first two
laws of Kepler would hold for each of the planets, but the third
would no longer hold. The fact that the third law does hold,
however, proves that gravitation is the active agent in every case.

The merging of the three apparently independent laws of
Kepler into the single and more fundamental law of gravitation
by Newton is an interesting example of the process of unifying
the activities of nature which is the goal of science. Another
interesting example of the same kind is the inclusion of the
domain of opties in the electromagnetic theory of James Clerk
Maxwell.
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292. The Law of Force is the Inverse Square.—Conversely
let it be supposed, that the particle moves under an attractive
central force which varies inversely as the square of the distance
and then let the possible orbits be determined.

On setting

= — mk?u?

in Eq. (284.1), it becomes

hzu‘z(fi_%lf + u) = ke,

dg?

or

d*u k?

et g
or again, if u is replaced by

_ Lk

=1+ B
it becomes

d?a |

w + u = 0,

the solution of which is (Sec. 251)
% = A cos (6 — 6o).

Hence,
2
u=%+Acos(0—Go)
and
2
1.2
P M
1 + “k'z— cOo8s (0 _ 90)

If this expression is compared with the equation of a conic

= p <?
14 e cos (8 — 60)

it is seen that the orbit is a conic with the origin at one of the foci,
and that

r

h? h?
B=P Ak-é=Ap=e.

for a parabola p = 2g, s b= kN2, e=1;

Foranellipse p =a(l —¢€),..h =kVaV1—¢e,e< 1;}
(2
for a hyperbola p = a(e? — 1), .. h = kv/ave? — 1,e > 1.
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The letter g represents the distance from the focus to the vertex.
For the sake of a name, the vertex nearest the center of force is
called the perihelion point; therefore, ¢ is the perihelion distance.
In the case of an ellipse, the more remote vertex is called
the aphelion point.

293. The Energy Equation.—The integral Eq. (281.3) is
%m(r” 420 — UGr) = C,

where U(r) is determined by the relation

au k*m
thercfore,
2
U=+ km,
r
Hence, the encrgy equation is
1, , k*m
=m(r'? + r20"?) — —— = C. (1)
2 T
On eliminating ¢’ by means of the areas integral
20’ = h,
the encrgy integral becomes
1 AN
§1n(r’2 + T;) — - rm = C. 2

The species of the conic is determined by the sign of the energy
constant C. If C is negative, r cannot become infinite, for the
terms which contain r in the denominator would vanish for r
equal to infinity, and Eq. (2) would become

—émr’2 = C,
which is impossible, for the left side of this expression is positive,
or zero, while the right side is negative. Since the orbit is a conic,
it must be an ellipse.

If C is zero, the particle has just sufficient speed to recede to
infinity, that is, the limiting speed is equal to zero.

If C is positive, and Eq. (2) is written

1, km _ Rkm
mr'? =

_km_¥m e, 3)
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it is seen that there is but one real, positive value of r, say r = r,,
for which the right member vanishes. The value of r cannot be
less than ro since r'2-cannot be negative, but it may have any
larger value. If 7’ is negative, r decreases until the value 7, is
reached, after which r’ is positive and r increases without limit.
The orbit is therefore an hyperbola. The speed of the particle,
however, has a finite limiting value as r increases.

Equation (3) holds for all points of the orbit, whether C is posi-
tive or negative; in particular, it is true at the perihelion point.
At the perihelion point r’ vanishes for all three types of conics,
since the curve is perpendicular to the radius vector at that point.
Also, at the perihelion point,

,1:—20—: c) in the ellipse, ¥

T =gq in the parabola, —
and r=ale — 1) in the hyperbola.
If these values are substituted in Eq. (3), it is found that
m k*a(l — e*) Fm _  Em .
C = 2 a2(1 — 6)2 a(l"j‘e—) = % for the elllpse,
2 2
C = ﬂ2—’€2~g _km 0 for the parabola,
2 g q
2, 2 2 2
c="2 Ka(e — 1) kim___ + - k R for the hyperbola.

2 atle — 1)?  a(e —1)
With these values of C, Eq. (1) becomes

't 412" = st = }? (% - i) for the cllipse,/

2 4 1292 = §'2 = i (% + O) for the parabola; (4)

2 4 202 = g2 = k2 (2 + %) for the hyperbola.

294. The Radius Vector as a Function of a Parameter.—If
the values of C and A2 are substituted in Eq. (293.3) and then the
factor mk?/2 is removed, the following expressions result:

r'? a(l - e’) + 1

i (ellipse),

2 2 2

%’ = — ;g + (parabola);™ ¥ (1)
" a(é —

1 2
= rz_) + - + % (hyperbola).
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These equations are readily put in the form:
rdr _ kdt

Ve == = —\/—c_z (ellipse),
d kdt

Vo Tm Tym O o
rdr = kdt (hyperbola).

Va+ri-we  Va
Let new variables E, F, and G be introduced by the differential
relations

ag =" "&/@3 (cllipse),
dF = ’; \}iié (parabola), @3)
d@ = g\/i% (hyperbola).
Then equations (2) become
\/@é;:_d’ia — = dE (llipso),
7_:4%11—@_; = dF (parabola), )
dr

= d@ (hyperbola).

V(a + 1)t — a%?
If the constants of integration are chosen so that E, F, and @
vanish at the perihelion points, the integrals of Eq. (4) are

r = a(l — e cos E) (ellipse),
r =q(l + F?) (parabola), 5)
r = a(e coshG — 1) (hyperbola).

296. The Polar Angle as a Function of the Parameter.—If, in
the areas integral
720’ = h,
the independent variable is changed by means of Eq. (294.3),
and the values of h and r are substituted from Eq. (292.2) and
(294.5), the following equations result:

_V1—=¢dE :
W= emn  Cllipe)
2dF
de = ﬁ-ﬁ (pa.rabola), (1)

d0= \/cz_ldq

e rach G — 1 (hy pel‘bola),
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If 6 is measured from the perihelion points, the integrals of these
expressions are'

0 1+e @ E .
tan 5 = / = tan ~2« = cot §tan o (ellipse),
tan—g- = (parabola), 7(2)

tan g = lz +1 tanh C = coth 14 tanh G (hyperbola).

Since e is always less than unity in the ellipse, and greater than
unity in the hyperbola, the substitutions

e = cos ¢ (ellipse) and e = cosh ¢ (hyperbola),
are always possible.
296. The Time as a Function of the Parameter.—In order to
complete the solution of the problem, it is necessary to express
the time also as a function of the parameter. On substituting

the value of r from Eq. (294.5) in Eq. 294.3, it is found by a very
simple integration that

(—ﬁ—(t —T)=E —e¢esinE (ellipse),
k 1
W(t —T)=F + §F3 (parabola), (1)
‘%(t — T)=esinhG -G (hyperbola),

the constant of integration having been chosen so that ¢ has the
value T at the perihelion point.

297. The True, Mean, and Eccentric Anomalies.—If, for
simplicity of notation, the substitution

k
M= (-1 0
is made when the motion is in an ellipse, the first equation of
Eq. (296.1) becomes ,
M =FE — esin E, 2)

is known as Kepler’s equation, although Kepler did not
denive it in this manner. It is evident that M and E can be
regarded as angles, and when they are so regarded they are called

! PEIRCE, “A Short Table of Integrals” (Numbers 300, 47, 471).
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the mean anomaly and the eccentric anomaly, respectively. The
polar angle  when measured from the perihelion point is called
the true anomaly.

The first equation of Eq. (295.2) shows that as the true anom-
aly increases from 0 to = the eccentric anomaly also increases
from 0 to m, and that in this interval the true anomaly is always
greater than the eccentric anomaly. As the true anomaly
increases from = to 2w, the eccentric anomaly also increases from
7 to 2, but in this second half of the circle the eccentric anomaly
is greater than the true anomaly. Thus the true and the
eccentric anomalies have the same value 2n7 at the perihelion
puint; and the same value (2n-+1)7 at the aphelion points.
Kepler’s equation (Eq. (2)) shows that in the first half-circle
the mean anomaly is less than the eccentric anomaly, and is
greater in the second half-circle. Thus all three anomalies
have the same values at the perihelion and aphelion points, and

0 > E > M in the first and second quadrants,
WM in the third and fourth quadrants.
298. tion of Kepler’s Equation Directly from Kepler’s
Laws.—Let C be the center and F the focus of an ellipse (Fig.
151); CA and CB the major and

minor semiaxes ¢ and b; and P 5 Q

the position of the particle in the ¢
ellipse. Draw the auxiliary cir-

cle, and let @ be the point where

the perpendicular to the major )
axis PS cuts the auxiliary circle. - (o L F"*' 4

Draw CP, CQ, FP,and FQ. The
radius vector r is FP.

.Since all of the ordinates of the
ellipse are in the ratio of b/a to
the corresponding ordinates of
the auxiliary circle, the equation Fra. 151.

TZ=I_)F2=P—_,§2+§F2

becomes
72

b2 sin? E + (ae — a cos E)?
= a?[1 — 2e cos E + €2 cos? K],
and therefore,
r =a(l — ecos E). (1)
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On comparing Eq. (1) with the first equation of Eq. (294.5), it is
evident that the angle ACQ is the eccentric anomaly. The angle
AFP is the true anomaly.

Imagine a fictitious particle G which starts at A at the same
instant as P, moves in the circle with uniform angular speed with
respect to the center, and arrives back at A at the same instant
that P does; P, however, having traveled in the ellipse in accord-
ance with Kepler's laws. The angle ACG is then the mean
anomaly M. Since the angle M and the sectorial area AFP
of the ellipse are each proportional to the time

M _ sector AFP _ sector of circle AFQ
2r  area of ellipse area of circle

But
sector AFQ = sector ACQ — triangle FCQ
—Llop 1,
= 2aE 2aesmE.
Hence,

_0 E — esnkE
2 wa?

M = E — esin E,
which is Kepler’s equation (Eq. (297.2)).

If a circle of radius ae, which is equal to CF, be drawn with C
as center, it will cut the radius CQ in a point Q; (not shown in
the diagram). The perpendicular @,S; to the major axis CA4
is equal to ae sin E. If the arc Q@ is taken equal to the straight
line Q.8,, then the angle ACG is the mean anomaly M.

299. Analogous Discussion for the Hyperbola.—The para-
metric equations of the equilateral hyperbola @,4Q (Fig.152)
are

IR

and therefore,

xz = —a cosh G,
y = +a sinh G,
the center of the hyperbola being at the origin of coordinates C.
It will be observed that for positive values of y the parameter
@ is positive, and for negative values of it is negative. On elimi-
nating G between these two equations, the equation of the
hyperbola in its normal form is obtained, namely,
22—y = ad
The differential of the area swept over by the radius vector is
2dA = xdy — ydz,
= —a¥dQ. -
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Hence, if G and A vanish at the vertex of the hyperbola,
24 = —a’G.

That is, the parameter G is, apart from sign, twice the area CAQ,
shaded in the diagram, divided by a2, where a is the distance AC.

Consider now any hyperbola
P, AP which has the same vertex 4
and the same axis AC. It has the
same major axis a as the equilateral
hyperbola, but-its minor axis is

b=ave? —1, e> 1.

The parametric equations of this
hyperbola are

z = —a cosh G,} 1)
y = +b sinh G,
where @ is the same parameter that
was used for the equilateral hyper-
bola. It is evident that for the P,
same value of z, and therefore for
the same value of @ also, the ordi- Q
nates of the hyperbola ;AP arc in
the ratio

Fia. 152.

Ve

to the ordinates of the equilateral hyperbola @,4Q.
Let F be the foéus of the hyperbola P,AP. The rate at which
the radius vector FP is sweeping over areas is, by Eq. (292.2),

24" = kvVave? — 1,
and therefore, if A is measured from the perihelion,

4= %k\/ﬁ\/——cﬂ —i¢ - 1)

or, if i T
sector FAP = %azv e2 — 1N,
Also

gector FAP = v/e? — 1 X sector FAQ
and sector FAQ = triangle FCQ — area ACQ,
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both the area of the triangle and the shaded area being regarded
as positive. Therefore,

sector FAQ = ja% sinh G — La'G
and
%a"’v ¢ — 1IN =Veé — 1[%(1,26 sinh G — %a’G}

On removing the superfluous factor a?y/e* — 1/2 there remains
N =esinh G - @G, 3)

which is the third equation of Eq. (296.1) and the analogue of
Kepler’s equation.

It is seen from Eq. (293.4) that the limiting value of the spced
of the particle in hyperbolic motion, that is, for r infinite, is

/ k

S = ——

Va

If a fictitious particle p starts from C when the real particle P
is at 4, and moves along the asymptote to the equilateral hyper-
bola Q,AQ with a constant speed equal to the limiting speed of
the real particle, then

N = twice the area of the triangle F,Cp

a? ¢

for the base of this triangle is

k
C = —=(f — T )
P \/a( )
and its altitude is the perpendicular from F to the asymptote,
which is a. (Fo = focus of equilateral hyperbola.)

The area of the triangle is, therefore, kv/a(t — T)/2, and
twice the areaa;)f triangle FCp _ &I% t—T) =N.

300. The Period of Elliptic Motion.—From the areas integral
and the first equation of Eq. (292.2) it is found that for elliptic

motion
24" = h = ky/ar/T = &
which, after integration, becomes
24 = kVavVI =&t - T).
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When the radius vector has swept over the entire ellipse, 4 is
equal to wab and the time £ — T is equal to the period P of the

motion. Hence,
2rab = kv/a\/1 — &P

p=="% )

which reduces to

The same result is obtained immediately from the expression for
the mean anomaly (Eq. (297.1)). It will be observed that the
period depends only upon the major axis of the ellipse, and not
at all upon the eccentricity, a result that one would scarcely
anticipate.

For particles at different distances from the center of force,
Eq. (1) leads to the proportion

P2:Pg?::a3:a0?
which is Kepler’s third law.
301. The Hodograph for the Inverse Square Law.—Setting

_ km

= ——F
in Eq. (280.1) the differential equations in rectangular coordinates
become

2= k% oy = kY 0

and the areas integral is
b =azy — yx'. (2

If the left member of the first equation of Eq. (1) is multiplied
by the left member of Eq. (2), and the right member of Eq. (1)
by the right member of Eq. (2), there results

’ N 2%y’ — xyx’ a:2+2’— xx’+yy’
hatt = oY Ty @ )y 3_y( )

rd T
2y’ — yrr' vY
= =2 - e = =k Z).
= —k rs k r

Therefore, by integration,
hx' = —k’g; 3)

the constant of integration being zero if the major axis of the
conic coincides with the z-axis, since z’ then vanishes when y
vanishes,
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On multiplying together the second equation of Eq. (1) and the
areas integral (Eq. (2)), it is found that

hy” = _kzﬂ%ﬂ = _kgx(yy' + 22’) — (2 + y‘«')x/’

73
’ 20! !
rer — r°x X
= —k = +k(=2)-
r r

Therefore, by integration,

hy' = +k2<§) -+ const. “)
At the perihelion point
T =g y =0,
o =0, y = g (from Eq. (2)).

If these values are substituted in Eq. (4), it is found that the con-
stant of integration is

2
const = R _ k2 = k”(—? - 1) = k2%
q q

for all three species of conics, ¢ being the perihelion distance and
p the parameter (see Eq. (292.2)). Therefore,

hy' = +k2<§ + e)- (5)

Equations (3) and (5) can be
written
o=k Y
C ver e
( ' _kg) _ k=
Vo] Vpr’
Fia. 153. therefore,
ke \* _k?
z'2 + (y' - —~—:) = = )
Vo) P

which is the equation of the hodograph. Equation (7) shows that
the hodograph is a circle whatever the value of the eccentricity
may be. The radius of the circle is k/ v/p, and its center is on
the latus rectum through the origin at a distance ke/ v/p from
the origin. The origin, therefore, lies inside of the circle if the
orbit is an ellipse, on the circle if it is a parabola, and outside of
the circle if the orbit is an hyperbola. .
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302. Expansion of the Eccentric Anomaly in Series.—If 2z
is defined as a function of w by the equation
2 =w+ ap(), 1)
where o is a parameter which is sufficiently small, it is possible
to expand z as a power series in «, the coefficients of which are
functions of w, by means of the very beautiful formula of
Lagrange!

? = w + ap(w) + gﬂ‘ d(f[;(“’(w))z +... .
+ Z’; ,%:Tlx(v(w))“ 4

If Kepler’s equation (Eq. (297.2)) is written
E=M+esin E,

it has the form of Eq. (1) for which Lagrange’s equation (Eq. (2))
is applicable. On identifying F with z, M with w, and sin with
o, it is found that

E=M+esinM+g—2!—sin2M

3
+ 5%(32 sin 3M — 3 sin M)

et

4128
1]
+ 5‘f2-;(54 sin 5M — 5-3%sin 3M + 5- 2 sin M)

+ (43 sin 4M — 4 - 23 sin 2M)

¢ (3)

6
+ B§23(65 sin 60 — 6 - 45 sin 4M + 6 - 5 - 42 sin 2M)

Laplace proved that this expansion is convergent for all values of
M if the eccentricity e is less than 0.662743 - - - .

Certain properties of this expansion are ecasily proved from
Kepler’s equation. E, for example, is an odd function of M;
therefore, Eq. (3) contains only sines of multiples of M. There
are no cosines and no constant terms. Aside from the first term
M there are no terms which are not periodic with the period 2.
The coefficients of odd powers of e contain only sines of odd
multiples of M, and the coefficients of even powers of ¢ contain
only sines of even multiples of M. The proof of these properties
will be left to the student.

1 GoursaT-HEDRICK, ‘‘ Mathematical Analysis,”” vol. I, p. 404.
WiLLiaMsoN, ‘‘ Differential Calculus,” p. 151.
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303. The Integral [(E — M)dM.—Let the first term of the
right member of Eq. (302.3) be taken to the left side, and then
let the equation be multiplied by —dM and integrated term

by term, the constant of -integration being taken equal to zero.
Let this integral be denoted by

I=—-f(E—M)dM.

2 3
Then I=+ecosM+%§cos2M
3,22 (3 cos 3M — 3 cos M) } (1)
+ m(@ cos 4M — 4.22 cos 2M)
o ;

and, since the right member contains only trigonometric terms,
it is evident that

“1dM = 0. ©)
From Kepler’s equation, it is found that
— [(E - M)aM = —e[sin EaM
= —efsin E(1 — e cos E)dE,
since dM = (1 — e cos E)dE.
Hence,
I=c+ecosE’—ie‘~’ cos 2F, 3)

where ¢ is some constant. In order to find the value of the
constant ¢, multiply Eq. (3) by dM and integrate from zero to
2r. The left member vanishes, by Eq. (2). Hence,

2r
0=f [c-{—ecosE— e’cos2E]dM

2%
= f [c + ecos B — ieﬁ cos 2E’] (1 — ecos E)dE;

and therefore
c = 1o
= ¢

With this value of ¢, Eq. (3) becomes

I =ecosE+e“‘[%—-%cos 2E:|' “)
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304. Expansions of Other Functions.—From the expansions
for £ (Eq. (302.3)) and I (Eq. (303.1)) for which the general
terms can be written down, a variety of other useful expausions
are very readily obtained. From Kepler’s equation, for example,
it follows that
E-M

P )

sin £ =

and, therefore, by Eq. (302.3),
. 2
sin E = sin M + gsin oM +%(3 sin 3 — sin M) + - - (1)

The eccentric anomaly is a function of the two independent
variables e and M. On bearing this in mind, it is found from
Kepler’s equation,

M =FE —esin E,

that
aE _ 1 . dE. _  sinE @)
dM 1 —ecos E de 1—c¢cosE
Likewise, from Iq. (303.4)
dI . daI 1
4M = —esin E, 4o = 008 E + 3¢ 3)

It must be remembered, in differentiating I with respect to
e, that I is a function of e not only explicitly, but also implicitly

through E.
From the second of Eq. (3) the following is obtained:
’ a1
cos E = de o 4)

Therefore, by Eq. (303.1),
cos E = cos M + ;(cos 2M — 1)

+gez(cos 3M —cos M) + - - - .(5)
Since, by Eq. (294.5),

r=1—ecosE’=1+1e2~— u
a 2

ed—é:
it follows at once that.

2
T'=1 —ecosM-i-?z-(l — cos 2M)

ISl

+ge3(cos M —cos3M) + - - -.(6)
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Similarly,
2
(’l) = (1 — ¢ cos E) = (1 + %&) — 2% cos E + %e” cos 2.

a

On comparing this expression with Eq. (303.4), it is seen that

r\2 3
(&) =1+4g¢ 2L
Hence,

(g)2 =1—2ecos M +e2(3-' - %cos 2M)

-l-e"( cos M — cos 3M) + - (D

8

From the first of Eq. (2) the following equation is obtained:
a_ _*1_ __ 9B
r l1—ecosE dM
Hence, from Eq. (302.3),
=14 ecos M + e cos 2M

21Q

+e< cosSM—%cosM)+ - (8)

From the relations

- _a(l —¢)
r=a(l —ecos E) = 1+ 0086
the following equations are obtained:
cosO—-coqE—e _ _ary,
1—ecos K " de\a

9
cin 6 = \/1 —é sin E de"

"1—ecosE
Therefore,

cos § = cos M + e(cos 2M — 1)
+g—ez(cos 3M —cos M) + - -+ (10)

sinf = /1 —e2[sin M + e sin 2M

+§§2(3 sin3M — sin M) + - - - ] (10)

306. The Force is the Inverse Square, but Repellant.—If
the force varies inversely as the square of the distance, but is
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repellant ingtead of attractive, it is necessary merely to change
k? into —Fk Sec. 292. The steps in the process of integration
are just the same, but there are certain changes in the signs of
the constants of integration which must be made. Thus it is
seen from Eq. (292.1) that the path of the particle is

— 4
T = ecos (8 — 6y —1 @

which is that branch of the hyperbola which is convex toward
the origin. On comparing this with the branch of the hyperbola
which is concave toward the origin, namely,

r = P )
ecos (6 — 6p) + 1

it is seen that the effect of changing k% into —%2 is to change e
into —e and p into —p (or a into —a).
The energy integral (Eq. (293.2)) becomes

-ém(r"’- + %) + ’92:'3 =C; @)

but since the perihelion is now a(l + ¢), instead of a(e — 1) as
before, the value of C is found to be

2,
C= +@2Z~’, @3)

which is the same as for the hyperbolic case in Sec. 293. This
could have been anticipated; for, changing k? into —%2? and a
into —a in Eq. (3) leaves the expression for C' unaltered.
Similarly,
70’ = b = V(e — 1),
r__de—1) 2,1
2 7?2 r a 4)

82 = k2<_ g + .1_),
r a

therefore, the particle arrives at infinity with a finite speed.
Changes occur in the following equations, which are numbered
the same as the corresponding equations already given:

dr G kdt ,

Ve—a—ae | r/a
r = a(l 4 e cosh G), (294.5')

(204.4")
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_ Ve —1dG ,
% = T+ eocosh ¢ (295.1')
k—(‘éﬂ — G +esinh G, (296.1")
1 e— 1 1 ,
tan 20 = A /m tanh QG’ (295.2")
and
ke \2 k?
z't + ’—~:> =— T
( Vi) "o (301.7")

306. Real Orbits in Imaginary Time.—The constant %2 which
occurs in the expression for the force in the right members of
the differential equations in Eq. (277.1) can be associated with
2, since

1w 10 0T

' =FK a’(‘m’
and the factor %% which is common to the right and the left
members of the differential equations, can then be removed.
If the force is attractive, —k? occurs; if repellant, 442 occurs.
The change that occurs in the differential equations when &? is
replaced by —#k2 is exactly the same that would occur if § were
changed into 7t ({ = v/ —1). Hence, the curious analytical
result that real orbits which are described under a repellant force
are still real orbits under an attractive force, but the time in which
they are described is purely imaginary.

Similarly, real orbits in real time under an attractive force are
real orbits in purely imaginary time under a repellant force. The
hyperbolic motion, therefore, which occurs under a repellant
inverse-square force is, from an analytic point of view, a periodic
motion with the purely imaginary period (Eq. (300.1))

2wial

P=k

IV. THE TWO-BODY PROBLEM

307. The Two-body Problem.—Two bodies which attract
each other as though they were particles are tossed out into empty
space at random, and thereafter are subject to no force except
their own mutual gravitational attraction. It is assumed that
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the initial positions and velocities of the particles are given, and
it is required to find their positions and velocities at any specified
time in the future. This is the famous two-body problem which
was solved by Newton.

Let the two bodies be m; and m, (Fig. 154) with the coordinates
21, Y1, 21 and s, Ys, 22, respectively. According to the third law
of motion (Sec. 45), the force which m,
exerts on m; is equal and opposite to the =z
force which m, exerts on m;. In accord-
ance with the law of gravitation this
common attraction is along the line which
joins them and in magnitude is

7n17n2,
%9 Fia. 154.

J=

where 73 is the distance between them. Resolving these forces
into their components along the z-, -, and z-axes, it is found that
the differential equations are

’"hmz Xy — X9 Ty — 2o
mipy = —k e T = —KPm My~ )
T*12 T12 12
mime Y1 — Y2 1= Yo
muyy” =~ T o e YTV (1)
12 T12 7319
mmse 2, — 2 21 — 2
) 1M2 1 2 1 2,
mlzl’ = —szz‘" - = - 2m1m2—-3—~“
%12 T12 %12
. miMe T2 — T Ty — X1
Mmaxy’” = -—x’—,—— e == = —K2m1m2—— )
12 T12 32
mimsg Y — Y1 — Y
ﬁlzygu = TKg ~ 53 ° i’—.‘“/ = ——x2m1mz —— Y LY (2)
12 712 319
mime 29 — zl 22 — 2
M2y’ = —Kk*—5— - == = —kimme——s—,
%12 T2 12

where

T2 = \/(12 —x)*+ (Y2 — ) + (zzm__zl)-z-

It will be observed that the differential equations are of the
twelfth order, and therefore twelve integrals are necessary for
the complete solution of the problem. It is sometimes
convenient to think of the twelve constants of integration as cor-
responding to the six initial coordinates of position and the six
initial coordinates of velocity, but other interpretations are possi-
ble, and, indeed, usually desirable.
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If the first equations of Eqs. (1) and (2) are added together,
and similarly, the second equations, and the third equations, the
following equations result:

mx"’ 4 mexs’’ = 0,
3)

m:?h" + mz?/z" =0,
mizy" + mezs’’ = 0.

Let &, 7, and Z be the coordinates of the center of gravity of
the two bodies, and let M, be the sum of the two masses m, and

ma. Then
szii = Mm% + M2,

M = may, + mays, (4)
M1z = miz) + maze,
M2 = my 4+ my;

and Egs. (3) become
M]zf)" = O, M]z’g” = 0, Mui" = 0.
The first integrals of these three equations are
Mlzj’ = M128 COS «a,
M12g' = M128 COS 3,
M 97" = Miss cos v,
where s, «, 8, v are constants and
cos? a + cos? B =+ cos? vy = 1. (6)

The equations in Eq. (5) are the three components of the total
momentum of the system. Since each component separately is
constant, it follows that the momentum of the system is constant.
On removing the factor M. from each equation, then squaring
and adding, there results

B4 g8 =gt @)
Therefore, the center of gravity of the system moves with the con-
stant speed s.

Omitting the factor M, the integration of the equations in
Eq. (5) gives

)

Z =s8cosa-t+ Io)
g = scosB-t+ 7o, (8)
Z=3scosy-t+ 2,

where %, 7o, and 2, are the three constants of integration. The
equations in Eq. (8), however, are the parametric equations of a
straight line which passes through the point Z, 7o, Z0 and has e,
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B, and v as its direction angles. Hence, the center of gravity of the
system moves along a straight line with constant speed.

The six integrals in Eqs. (5) and (8) are known as the center of
gravity integrals.

308. The Relative Motion.—Let z, ¥, and z be the coordinates
of m; with respect to m,;. Then
By — T =T, Y — Y1 = Y, 2y — 21 = 2 (1)
also, - Mm%y + mz, = 0,

mays + myy; = 0,
V(2T ) + mizy = 0.

if the origin is taken at the center of gravity of the two bodies.
From these two sets of equations it is found that

— M mx

xl = —— 3’72 = - ——
my + m; my + mg
—mayy miy
1= — - ) 5 = ——— y 2
Y my + my Y my + me &)
2 —Me2 2 mi2
1= 2 =
my + my my + mq

The substitution of these values of 21,y1,21; %2, ¥2, 22in Eqs. (307.1)
and (307.2) reduces the differential cquations to the single set

"o fv m,
r = Kz(ml + 771«2)r3’ « %,
"= —¥(m +m)ﬂ'
y = 1 2.3 €))
"o .2 2, - "”ld’
2’ = —k*(m + mg)r3 y
r2 = g% 4 y? + 22 Fra. 155.

The equations in Eq. (3) have been derived analytically, but they
can also be derived by an appeal to intuition. The forces which
act upon the two bodies are equal and opposite, but the accelera-
tions, although they are oppositely directed, are not equal.

Indeed
miay + maag = 0.

If equal accelerations —a; are applied to both bodies (Fig.
155) their relative motion will not be altered, and m, will be with-
out acceleration. The acceleration of m, is then

my + m,

« o = @ +m2a2— «
- =@ T — @ T ———aq.
2 my my
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The vector as is directed toward m; and in magnitude is equal to
szl
T

ag =

Hence, the acceleration of m, with respect to m, is directed toward
m; and in magnitude is equal to

K3(my + ma),

r? ’
from which Eq. (3) follows at once. They are the same as the
equations of motion of a particle about a fized center, for which
(Eq. (277.1))
f= —pmimkm),
1-2

309. Kepler’s Third Law.—Comparing this expression for the
force with that which was used in Sec. 292, it is seen that all of
the results which were obtained in the discussion for the fixed
center (Secs. 292 to 306) are applicable, provided the k2 which is
used in that discussion is replaced by «*(m; + ms), where «?
is the gravitational constant. Therefore, the motion of m,
with respect to m; is a conic with its focus at m..

If the orbit is an ellipse the motion is periodic with the period
(Eq. (300.1)) orat

TQ
P kN my + ma W

Consider the motion of two planets about the sun. Let S be
the mass of the sun and m; and m; be the masses of two of the
planets. Then, as in Sec. 300,

Pl _ Kzz(S + mz) al

P2~ k(S + my) agd

According to Kepler’s third law, however, the squares of the
periods of the planets are proportional to the cubes of their mean
distances. Hence, so far as Kepler could detect, the factor

is equal to unity. Actually m; and m. are not equal, but in the
solar system they are very small as compared with S, so that its
largest possible value is

S+ m, 1048

S+ m, 1047
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the mass of Jupiter being 1/1047 of the mass of the sun. Neg-
lecting this slight discrepancy, Kepler’s third law states that
k:? is equal to xs%, and therefore it is gravitation which is acting
upon all of the planets, and not gravitation for some planets and
magnetism or electrical attraction for others; for, in this last
event «;> would not be equal to «.?.

If the mean solar day is the unit of time, the mean distance of
the earth from the sun is the unit of distance, and the mass of the
sun is the unit of mass then in Eq. (1)

m, =1, mg = .000003, P = 365.2564,
and therefore
« = 0.0172021, k2 = 0.000295912,
and  log x = 8.23558144 —10, log x? = 6.471163 — 10

The constant x, expressed in these units, is known as the
Gaussian Constant.

V. THE INVERSE FIFTH POWER

310. The Force Varies Inversely as the Fifth Power of the
Distance.—If the force of attraction is proportional to the
inverse fifth power of the distance, that is, if

k*m
f=—kmu® = — &
Equation (284.1) which is the differential equation of the path

becomes .
dZ 2
(ﬁ;: +ou=,u (1)

and the integral is
2 2
(%’) = gt + 0, @)

where C is the constant of integration.
Let u, be the value of u and au, the value of the derivative of
u with respect to 8, when 6 is equal to zero. Then

2
C = u02 (1 + a? — 2lch—2 uoz)y

and Eq. (2) can be written

FRAY ‘ 2
w) () (14 (14 e - B0,
) = e (u) () + (1 e = 55
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or, putting

Fug 1 Fud\ 1
gk~ 3% (1+°"“:>7ﬁ>—§3’ @
it becomes :

(duﬁo>2 1 AN u)*
£ RO I NC

If the transformation

yl e = 1
r’ 0 To

is made, it is found that

dr ’ 2 4
()-b-0epgy o

Equations (4) and (5) differ only in that the constants b and
B are interchanged. Consequently, any solution of Fq. (5)
for r/r, is also a solution for its reciprocal when b and j are inter-
changed. Hence, if
r = rop(0; b, B)
is a solution of Eq. (5), so also is

u = uO‘P(O; B; b)
a solution. That is,

‘P(ox b; ﬁ) : ‘P(o; ﬁ; b) = 1’
which is a very curious relationship.

It is evident from the form of Eq. (5) that the general solution
for r/ry is an elliptic function of 6. The elliptic functions of
Weierstrass lead to a more beautiful analysis of this problem
than do the elliptic functions of Jacobi. Equation (5) is reduced
to the normal form of Weierstrass by the substitutions

1,

. -
2
(;,7;>= 1’ bﬂ=7y
’ 8+§

where s is the new variable. That is, Eq. (5) becomes

DR SRV

the solution of which is
8= p(o - 00))

where @ (0 — 6,) is the Weierstrass pz function.
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Fiq. 1568. Fia. 159.
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The constant v plays a réle somewhat similar to the eccentric-
ity in the family of conics. It determines the shape of the orbits.
Conics are divided into two classes, namely, those for which
¢ < 1, and those for which ¢ > 1, with the straight line, circle,
and parabola as limiting cases. The present family of orbits is
divided into three classes, according as

—0 <y <0, 0<y<]l, 1<y < +om;
with the limiting cases
y=—0, v =0, vy =+1, v = +o.

Diagrams illustrating the different cases are given in Figs. 156
to 160, the dotted curves being the reciprocal orbits. It will

~—— —

v = 1.005
Fia. 160.

be observed that with the exception of the circle r/r, = 1, which
is drawn in each diagram, every orbit passes through the origin
or through infinity. Hence, with this law of attraction, a
family of planets and satellites, such as our own, could not exist.

A complete analysis of this problem requires a rather full
knowledge of elliptic functions, and is, therefore, out of place
in the present volume. A full discussion, however, will be found
in the American Journal of Mathematics, Vol. XXX. For the
limiting cases vy = 0 and v = 1, the problem is solvable by means
of elementary functions.

311. The Limiting Case y = 0.—If the constant y is zero,
either b = 0 or 8 = 0; and, since the solution for either is the
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reciprocal of the solution for the other, it is immaterial which is
chosen. Let 8 = 0. Then Eq. (310.5) becomes

r

a R
o _ \/lb (T
de 2 (7'0) ’
for which the solution is

r = To.\/%b COos (0 - 00).

Since r = ro for 8 = 0, it is evident that

1
1= \/ﬁb cos 8.

Hence, b = 2. If b = 2, then 6, = 0, and the simplest form

of the solu_t-ion is

r = rg cos 6.
This is a circle which has the line joining the initial pointto the
origin as a diameter.

The reciprocal solution

r = 1y 8ec
is o straight line. Indeed, if b is zero, it is seen from Eq. (310.3)
that k2 is zero, and therefore the force which is acting is always
zero.

312. The Limiting Case y = 1.—If the product b8 is equal to
unity, the right member of Eq. (310.5) is a perfect square, and
the equation can be written

r

-l
dé /26| \7o !
for which the solution is

r = 19V/b coth (8 — ).

The orbit is, therefore, a spiral which is asymptotic to the
circle 7 = ro\/b on the outside. The reciprocal solution is

r = ro\/B tanh (6 — o),
which is a spiral which passes through the origin and is asymp-

totic to the circle r = 7o\/B on the inside.

If
b=8=1,
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the solution degenerates into the circle r = r,, which is the only
orbit which does not pass through the origin or through infinity.

Problems XXI

1. Find the central force under which a particle describes the spiral
78 = c; the spiral r = ef. Ans.
mh? 2mh?
f=__7"a; f=—:,'8'

2. Show that if the particle describes the lemniscate,
r? = a? cos 20,
under the action of a central force, then

3math?
j = — - T
8. The central force under which a particle describes the cardioid

r = a(l + cos 6)

3mah?

f = - »TT—.

4. The central force under which a particle deseribes the circle
r = 2a cos ¢

is

18
8ma?h?
f=- R
6. The central force under which a particle deseribes the curve
. 3mh? a3 r\5
4 — 9! — g4 = ] —f ° R .
#oy-at i £l -C)+ Q)]
and for

oyt =at itis f = 3;’;?2[(2) - (;)6]

6. If the law of the central force is,

= -—m(% + :,), v < h?,
the equation of the orbit has the form

a
T = T ¥ ecos (k)

which can be regarded as a conic in which the axes are rotating.
7. If the law of the force is
¢1 + c2 cos 20
f = —m ——F—-—-—r
the orbit is an algebraic curve of the fourth degree, except when csis zero, in
which case it is of the second degree.

8. If the central force is
J = —kmr,
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and if p is the semidiameter conjugate to r, show that the speed in the
orbit is
s = kp
9. A particle is attracted toward two fixed centers for each of which
the force is proportional to the distance. Show that the resultant toree is a
central force which is directly proportional to the distance.

10. If the maximum speed in a certain elliptic harmonic motion is 3 1/4
ft. per second, and the minimum speed is 3 ft. per second, what is the eccen-
tricity of the ellipse? Ans. e = 5/13.

11. Prove that the average value (with respect to the time) of the kinetic

energy in clliptic harmonic motion is equal to the average value of the
potential energy.

12. A particle moves in an ellipse under the Newtonian law of gravita-
tion. Prove that the average value (with respect to the time) of the kinetic
energy is equal to 1/2 the average value of the potential energy.

13. If or and Ry are the mecan density and the radius of the earth, and

as and Ry are the mean density and the radius of any other sphere, show
that the surface gravity gs of the sphere is

_ .asRs
gs = ouRE g.

14. Assuming that the mean distance of the moon is 238,000 miles, that
the radius of the earth is 3958 miles, and that the period of the moon is
27.322 days, show that a satellite of the carth which describes a circular
orbit 100 miles above the surface of the earth has a period of 1 hr. 27.6 min.

15. Show that the period of a satellite which is just out of contact with
the attracting sphere is independent of the size of the spherc and depends
only on the density, the cquation being

3r
o Y
k%

. P =

where ¢ is the mean density of the sphere and «? is the gravitational constant.

16. Prove that the speed of a particle falling from infinity under the
Newtonian law of gravitation is

s’ = KR\ gmr

at the surfacc of the attracting sphere.

17. If the ratc at which the radius vector sweeps over arcas is the same
for a circular orbit and for a parabolic orbit, show that the perihelion dis-
tance of the parabola is one-half of the radius of the circle.

18. Assuming that the equinoxes occur at the ends of the latus rectum of
the orbit of the carth (which.is nearly true) and that the cccentricity of the
orbit of the carth is 1/60, show that the interval of time from the vernal
equinox to the autumnal equinox is 7.6 days longer than the interval of
time from the autumnal equinox to the vernal equinox.
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19. The mean distance of the earth from the sun is the astronomical unit.
The perihelion distance of Halley’s comet is approximately zero. If its
period is 75 years, what is its aphelion distance? Amns. 35.6 A.U.

20. The nearest fixed star is at a distance of 275,000 A.U. What is the
period of a comet whose aphelion is at this distance? Ans. 51,000,000
years.

21. Prove that the speed in a parabolic orbit at any point is /2 times
the speed in the circular orbit which passes through that point.
22. If s, and s, are the speeds at aphelion and perihelion, respectively,
prove that
8y 18 il +e:l—e
28. If the mass of the earth were equal to the mass of the sun and its mean
distance the same as at present, what would its period be? Ans. 258.3 days.

24. A particle moves in an ellipse in accordance with the laws of Kepler.
The points p, and p; are at the ends of a diameter, and s,’ and s, are the
speeds of the particle at p, and p,, respectively. Prove that

k2

to !
8182 = -~
a

26. Prove that the average value of the radius vector in Keplerian ellip-
tic motion is

(1 + —e’) with respect to the time;
and aV1 — ¢t with respect to the polar angle.

26. Prove that the average value of the reciprocal of the radius vector
with respect to the time is 1/a, and with respect to the polar angle is 1/p.



CHAPTER XIII
CONSTRAINED MOTION

313. Freedom and Constraint.—A particle which is free to
move without any restriction is said to have three degrees of free-
dom, for its velocity at any instant can be specified by three inde-
pendent coordinates; or, the position of the particle in space can
be specified by means of three independent coordinates.

If a particle is free to move anywhere upon a given surface,

‘P(x) Y, %; t) =0, 1)

but cannot leave the surface, it is said to have two degrees of
freedom and one degree of constraint. The surface, or even the
equation of the surface (Eq. (1)), is called the constraint.

If a particle is free to move anywhere upon a given line, which
is defined by the equations,

ei(x, y,2;8) =0, oz, y,2;¢) =0, (2)

but cannot leave the line, it is said to have one degree of freedom
and two degrees of constraint, the constraints being the two equa-
tions which define the line.

It will be observed that the constraints may depend upon the
time. If they do, the surface or line in which the particle is com-
pelled to move is itself in motion, but in a perfectly definite, speci-
fied manner. If the constraints do not depend upon the time,
the surface or line to which the particle is constrained is fixed in
space.

The constraint may be complete, as when a particle is compelled
to move upon the surface of a sphere by means of a light stiff rod
which is fixed at one point and to which the particle is rigidly
attached; or it may be one sided, as when the rigid rod just men-
tioned is replaced by a light string. In the latter case, the par-
ticle is free to move anywhere within the sphere whose radius is
the length of the string between the fixed point and the particle.

In the present chapter, only fixed constraints will be considered,
and, for the most part, the constraints will be complete.

306
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I. LINEAR CONSTRAINTS

314. The Particle Has One Degree of Freedom.—The motion
of a particle along a curve depends upon the forces which are
acting upon it, and not at all upon the mechanical contrivance by
means of which the particle is constrained to follow the curve; but,
for the sake of definiteness and simplicity, the particle will be
regarded as a bead which slides
along a wire which has the form
of the given curve.

The forces which are acting
upon the bead can be divided into
two classes: first, the forces which
act upon the bead irrespective of
the wire, such as gravity, tensions
of strings, magnetism, ete. ;second,
the action of the wire upon the
bead. Let X, Y, and Z be the
magnitudes of components of
the resultant F of the forces of the first class, and X, Y, and Z,;
the components of the action of the wire F; upon the bead.
Then the equations of motion of the bead, of which the mass is

m, are (Sec. 268)
mz' = X + X;,}

Fia. 161.

my" =Y + Y,
me'’' =7 + Z,.

The motion is just the same as though the bead were free, and
the forces of constraint were added to the forces which are other-
wise acting.

Notwithstanding that the equations in Eq. (1) are true, they
are not independent, for the coordinates of the bead must satisfy
the two equations of constraint

¢l($, Y, z) = 0) <p2(1?, Y, Z) = 0: (2)
which define the given curve. Indeed, Egs. (2) can be imagined
solved, say for y and 2 in terms of z. Then y and z can be elim-
inated from Eq. (1), leaving a single differential equation to be
solved for z. When z is obtained as a function of ¢, the coordi-
nates y and z are obtained as functions of £ merely by substitut-
ing the value of z. While this process is conceivable, it is not, in
general, a wise method of procedure; since the forces of constraint,
in general, cannot be written down explicitly.

n
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315. The Equation of the Curve Is Given Parametrically.—
Since the particle has but one degree of freedom its coordinates can
be expressed by means of a single parameter. As the parameter
varies, the particle moves along the curve, so that it is necessary
merely to know the value of the parameter as a function of the
time in order to know the position of the particle at any desired
instant.

Let the parametric equations of the line be

z = wi(q), y = wa(q), z = w3(Q)) (1)

where ¢ is the parameter.
If these expressions for the coordinates are substituted in the

expression for the kinetic energy (Eq. (269.2)), the following equa-
tion is obtained:

1 [ (do)* o (dos)? dw3>?, 1 _
{5+ (5 (i) e <o -

e

Z,Y,2 z,
f [Xdx + Ydy + Zdz] + [Xdz + Yidy + Z \dz]l.  (2)
Z0,50,20 Z0,Y0,20
The coefficient of ¢’2 in the left member of this equation is a func-
tion of g alone. The first integral of the right member is the work
done by the applied forces in moving the particle along the curve
from the initial point z, ¥, 2, to the point z, y, z; while the second
integral in the right member is the work done by the forces of
constraint. The components of the forces of constraint which
are normal to the curve do no work, since they are perpendicular
to the displacements of the bead. The tangential component,
which arises from friction of the bead with the wire or to the resist-
ance of the surrounding medium, will do work, however, unless
the wire is smooth and a surrounding medium docs not exist.
In what follows it will be supposed that friction and resistance
do not occur. It will be supposed further that the components
of the applied forces, X, Y, and Z, depend upon the position of
the particle alone. They are therefore functions of g, but not
functions of ¢’ and ¢&. Under these circumstances,

Xdx + Ydy + Zdz = Qdg,

where Q is a function of ¢ alone; and Eq. (2) becomes

)+ )+ (5 oo
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the right member of which is a function of ¢q. If it is assumed
that this function is known, Eq. (3) can be solved for ¢/, namely,

9”7 =f(9)
and, therefore,
q dq
t—th=+ | ———. 4
’ w V1@

Thus the solution of the problem is obtained by two quadratures.

316. The Applied Force is Gravity Only.—Under the hypoth-
eses that gravity is the only force acting upon the bead aside
from the constraints, that the wire is smooth, and that the z- and
y-axes are horizontal and that the positive end of the z-axis is
directed vertically upward, the components of the applied forces

are
X=Y =0, Z = —mg.

If ¢’ is the speed of the bead along the curve, Eq. (315.3) becomes,
after removing the factor m,
Z,Y,2
8’2 —y?= —2 dz = 2g(zg — 2). (€))
Z0,Y0,20
Thus the speed of the bead depends only upon the vertical
distance through which bead has fallen, and not at all upon the
shape of the curve. For a given curve z is a known function of
the arc s and, therefore, Eq. (1) gives the result

s ds
w Ve + 2g(20 — 2(s))

t—t = (2

317. The Fixed Curve is a Helix.—Suppose, for example, the
given curve is the helix

Z = a cos w, Y = asin o, z = b, 1)
which lies upon a vertical cylinder of radius a. Then
22 4 y'? 4 22 = (a? + b’
Let the initial values of w and s’ be
wg = 2nm, s’ =9, =0.
Then Eq. (316.1) becomes

ot = 209

m (2n1r - w),
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or
— ‘_Z‘.‘,".’ — — = .__._.2—-b—_g‘_t
\/ 2nr — w a? + b
The negative sign is necessary since 2nr — w cannot be nega-

tive, and, therefore, w must be a decreasing function of the time.
The integral of this equation which satisfies the initial con-

dition is
= 1 [P
\/2n1r w=3 a2+b2t’
or
- __ byt |
w = 2nr D)
Hence,
Z = a cos L Yy = —asin L
2(a* + b?) Y= 70850 4+ 1)
_— b2gt? (2)
2 = 4mh0 — E(‘dz _*:—bz—)'

If the angle which the tangent to the helix makes with the
zy-plane be denoted by «, then

. b
Sl @ = —5———=
Vi + b
and
= 2nmb — % sin? « - gt2

Thus the time required for the bead to descend through a
distance z is the same as though, starting from rest, it were
sliding down an inclined plane for which the angle of inclination
with the horizontal was a (Sec. 243).

If for simplicity of notation, the substitution

bg
=

is made, the equation of the hodograph is

. 1
z' = —aut sin %,ut”, y' = —aut cos Qyt’, 2’ = —but. (3)

This is the equation of a helix which lies on a cone the generating
angle of which is

= —lg.
g = tan 5
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The radius vector p is proportional to the time, since
p=VI?TF+y?+ 2% = Va + bt
The coils of the helix are not equidistant, however, but draw

closer together as the time increases.
On differentiating Eq. (3), it is found that

.1
" = —aui? cos %ytz — au sin 2-ut2,

T
y" = +aﬂ2t2 Sin %ﬂtz — Qu CO8 }éﬂtz, (4)
2’ = —bu.

The components of the reaction of the helix on the bead are
obtained by the substitution of Eq. (4) in Eq. (314.1). Since

X = 0, Y = 0, Z: —mg,
it is found that
X, = ma" Y, = my"” 7, = +*92¥7A4.
A1 ) 1 ) 1 az + b2

Let R and T be the components of the reaction parallel to the
zy-plane, but along the radius veetor and perpendicular to it.
Then

R=—aee, T=—ay Zi=+20_ (5
) ) a2 + b2
Thus two of the components are constant, while the third is pro-
portional to the square of the time.

II. PENDULUMS

318. The Simple Pendulum.—The simple pendulum consists
of a particle which is constrained to move without friction on the
circumference of a vertical circle and which is acted upon only by
gravity. Mechanically, it is approximated by a heavy bob sus-
pended by a light rod one point of which is fixed. Let O (Fig. 162)
be the point of suspension of the pendulum, and let [ be its length,
so that [ is the radius of the circle which is described by the center
of gravity of the bob.

The component of the acceleration of gravity perpendxcular to
the rod is —¢ sin 6. In polar coordinates the acceleration per-
pendicular to the radius vector is (Sec. 257) r8"’ + 2r'¢’. But,
since the curve is a circle,

r=1 and r =0;
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hence,

10" = —gsin 6. (1)
and this is the equation of motion of the pendulum. On multiply-
ing through by 26’ and then integrating, there results

6" = gl"—](cos 6 — cos 8,), 2)

the constant of integration having been
determined so that the speed vanishes
when 6 = 6,. This would be the case if
the pendulum were released from rest
at 0 = 00.
Since
cos 6 = 1 — 2 sin? 10,

2

Eq. (2) can be written

g [.,1 1
0=+ 2\/!]\/, 20y — sin2;60. (3
l St 2 0 2 3) Fia. 162.

319. Case I: The Angle 6, is Real.—If the pendulum actually
stops at some point of the circle, the angle 6, is real and less than
m. If the pendulum does not stop at any point of the circle the
angle 6, is equal to = or is complex. It will be supposed in the
present section that

0 < 00 < ™,
and for this ‘range of values it is convenient to make the
substitution

sin 1() = sin 100 - sin ¢, 1)

2 2
thus introducing a new variable ¢. This substitution trans-
forms Eq. (318.3) into

o = \/(; \/1 — sin? %Ogsin"’go; 2

and therefore, if

.. 1
sin? 500 = k2,

the value of the time is given by the integral

ire de
t - t = \/" Ry e —————————
’ gj; V1=l sin?y’ @)
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¢y being the value of ¢ when the pendulum is at its lowest point.
When the pendulum is at its highest point, ¢ is equal to /2 and,
therefore, the expression for the quarter period is

'l‘P = J?fz' *“:—f.l?:‘_—:__—,. (4)
4 gJo /1= I?sin® ¢

This is Legendre’s elliptic integral of the first kind and
is usually denoted by the symbol K(k). It was tabulated by
Legendre for values of k¥ < 1. A five-place table will be found
in Peirce’s ‘“‘Short Table of Integrals,” page 121. If k? is small,
the integral (Eq. (4)) can be expanded in powers of k2 by the
binomial theorem, and then integrated term by term. Since

1 .
(1—Fksin?p) 2=1 -l—lkdsin2 +1—3k4sin4¢+ .-

1-3- (2n = 1) o ian L
+ — 2_4_ @) k* sin? o + ,
and
2., _1-3-5---(21»—1)_1_r’
fos“‘ ede =9 4G . @n) 2

it follows that the value of the period P is

P =21r\/Z[1+< )k2 + (%:§>2k4+ ce

1-3-5 - - (2n— DY,
+< 2°4-6 - - - (2n) )kz'*‘"']' ()

The parameter k? increases as the amplitude of the oscillation
6, increases; and it is evident that P increases as k? increases.
In this respect it differs from the period of simple harmonic
motion which is independent of the amplitude of the oscillation
(Sec. 251).

For infinitesimal oscillations, Eq. (318.1) reduces to

0" = —%s,

which is the equation of simple harmonic motion; and the solu-

tion is
0—0.,sm\/_l
Po= oyl
0 m g

The period is
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and this is the value to which Eq. (5) reduces for A2 equal to zcro.
The true expression for the period (Ilq. (5)) shows that for finite
oscillations P is always greater than the value P, which, on
account of its simplicity, is commonly used.

320. Case II: The Angle 6, is Equal to =.—If the angle 6, is
equal to m, Fiq. (318.2) reduces to

/= 6 g
0 =2 \/ ] €08 5
and, therefore,

1(° 6,8 l T, 8
t—-to—\/gj;sec§d§=\[!;]ogtan<z+z),

ty being the value of ¢ for 8 equal to zero. For all positive values
of t — t, the particle is rising, since

tan (E + ‘—Z) = e\[ly =), (1)

The pendulum approaches the vertical position asymptotically,
never reaching it.

321. Case III: The Pendulum Does Not Oscillate.—If the
constant of integration in Eq. (318.2) is greater than -+ 2g/I,
there does not exist a real angle 6, for which the angular speed of
the pendulum vanishes, and the pendulum continues to move
always in the same direction.

Let a be a positive number greater than I. Then for this case,
Eq. (318.2) can be written

120" ="2g(a + 1 cos 6) = 2gla + I — 2] sin? %B]
= 29(a + l)(l — 2 sin? %0) )
where .
2
k2 = E‘:F‘Z < 1,
and k? decreases as a increases. Ifor the sake of netation, let
n=Y2%ath
21
Then the integral of Eq. (1) is
9 0
)
n(t — ty) = e 2

0 \/1 — k? sin? -2‘
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This is the same elliptic integral as before. Taking § = = for
the upper limit of the integral, the corresponding value of ¢ — ¢,
is the half period. Hence, the expression for the complete period

is
o 1N, | (1-3\,

—;L[l+(§>k +<—2.—4>k +] 3)

322. The Pendulum Hodograph.—From Eq. (318.2) is derived

10" = v = \/2gl\/cos § — cos b,, 1)

which is the equation of the hodograph in polar coordinates.
The angle which the velocity vector makes with the horizontal
is 8 or 6 + w, the direction of the velocity changing from one to
the other where the angular speed vanishes; so that in the hodo-
graph (Eq. (1)) the angle 6 is measured from a horizontal line.

Hodograph of pendulum Hodograph of pendulum.
Oy = w/2 Go=m
Fia. 163. Fia. 164.

323. The Tension in the Pendulum Rod.—By Eq. (257.5),
the acceleration along the radius vector is "/ — r6'2, and the force
necessary to produce this acceleration is m(r’’ — r6'%). This is
the pull of the rod on the bob. The pull of the bob on the rod is
equal and opposite, namely, m(—r"" 4+ r6’2), and this pull arises
from the inertia of the bob. To this must be added the com-
ponent of gravity along the radius vector, namely, mg cos 0.
Since

r=1 " =0,
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the sum of these two forces, that is, the tension in the rod, is
T = mlf" + mg cos 6 = mg(3 cos 6 — 2 cos 6,).
The tension changes into a thrust if and when
2
cos 0 = 3 cos 6.

324. The Effect of a Resisting Medium.—In order to attain the
results of the previous discussion, it would be necessary not only
to free the pendulum from friction but also to swing the pendu-
lum in a vacuum in order to free it from the effects of a resisting
medium. If, however, these actions are taken into account,
the equation of motion (Eq. (318.1)) becomes

mlf"”’ = —mg sin 60 + R, (1)

where R is the resistance due to friction and the medium. Since
the resistance vanishes with the velocity, B must carry 6’ as a
factor, and in general will be a function 6’ only.

First Hypothesis—If the amplitude of the oscillation of the
pendulum is small, R will probably be proportional to ¢’, that is,

R = —2mkld’,
the direction of the resistance being always opposite to the

velocity of the bob. Also, for small oscillations, sin 6 can be
replaced by 8, and the acceleration equation is, approximately,

16" + 2Kkl6' + g6 = 0. o)
Since this is a linear, homogeneous, differential equation with
constant cocfficients, the substitution

0 = eM
reduces it to

lw[xﬂ + 2kn + %] =0;

= —k + \//cz -4

If the resistance is feeble, the constant k is small and the
radicand is negative. Setting, therefore,

and, therefore,

M2=gl_k2;

the two values of \ are
)\1=—k+iy, )\2=—k—ip, i=-\/_1.
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Hence, the general solution of Eq. (1) is
6 = Ae(—Fk+int + Be(—k—iu)t
= ¢~k [Aeimt + Be—im],
where A and B are the constants of integration. But since
e = cos ut + ¢ sin ut, ¢~ = cos ut — ¢ sin ut,
the solution can be written '
0 = e *[(A 4+ B) cos ut + i(A — B) sin ul]
= e *[C cos ut + D sin ut],

where
C = A+ B, D =i(A — B).

If the pendulum is released from rest when it makes an angle
6, with the vertical, the initial conditions are
0= 00, 00’ = 0,

and the values of C and D are

C=00, D =190(]
I

Therefore, the solution which satisfies the initial conditions is

0= if’ e~*t [u cos ut + k sin uf],

k2 + 2 3)
I

0= — Ooe~*t sin ut.

Owing to the factor e~*t, which is called the damping factor,
the amplitude of the oscillations decreases and approaches zero
as a limit. The period of the oscillations, however, is

2 T
D = T = ———
o 2”\/9 — k%

which is constant. It will be observed that the period is longer
than when there is no resistance. Not only does the resistance
steadily diminish the amplitude of the oscillations, but it also
increases the period of the oscillation. The amplitudes of succes-
sive oscillations decrease like the terms of a geometric progression.
If 6o, 61, 02, - + - are the values of 6 fort = 0, %’-r’ 47”’ e,
then
2kx 4kr

0o = 0y, 01=006—#’ 02_—_003—14,...’
_2nkx
0n=806 I"-...



324] CONSTRAINED MOTION 317

Second Hypothesis.—If the resistance is assumed to be propor-
tional to the square of the angular speed, then

1 '
R = i‘imkle 2,

Since the resistance is always opposite in sign from 6’ and 6’2 does
not change sign with ¢’, it is necessary to take the minus sign
when 6’ is positive, that is when the pendulum is swinging toward
the right (in Fig. 162), and the positive sign when 6’ is negative
and the pendulum is swinging toward the left. When the
pendulum is swinging toward the right, Eq. (1) is

0 + k" = — 9 sin o, 4)
Let the independent variable be changed from ¢ to 6. Then

_do’ _do’ do _ _,do’ _ 1de"

" Yo =27 27 o 27 =2
=T a4 240’
and Eq. (4) can be written
de’* 2 29 .
7 _ 2 — _ =-8in 6.
a6 -+ ko l (5)

This is a linear, non-homogeneous, differential equation of the
first order for 6’2. If the right member were zero, the solution
would be 8”2 = Ae—*¢, If the solution of Eq. (5) is assumed to
have the form

6’2 = Ae—* 4+ B cos 6 + C sin 6, (6)
where B and C are undetermined constants, it is found by sub-
stituting Eq. (6) in Eq. (5), that the equation is satisfied if

- % - 2k
B = Ik + 1) ¢= Wkt + 1)
Hence, the solution of Eq. (5) is
2g .
2 — Ae—ko 4 .. 9 -
0 Ae—%0 4 0+ 1) (cos 8 — k sin 6). )

If the resistance is feeble and the initial value of 6 is small, the
right member of Eq. (7) can be expanded as a power series in 8.
Neglecting the third and higher powers of 8, and then determining
the constant A so that 6’ is zero when 6 = —6,, Eq. (7) becomes

0!2 = g i [002 -_ k0020 - (1 + k00)02],
UL + kb + 5 k*0%)

p (8)
= 1 [60 + 6][60 — (1 + K60)6].
z<1 + koo + kzo‘f)
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The solution of Eq. (8) which satisfies the initial conditions
0=—06, 6 =0,
is

3 k6 00(2 + ko) :
0=~ o0+ kog) ~ 2(1 + ko) O Hb ©
g 8y(2 + k6
—+ [ BB
24/1 + kb, (1 + k6o + 5 kﬂo(,z)’
u= 7. 14k
where l 1+ k6o + % k26,2

The duration of the swing for which 8’ is positive is

RRESIN Al
: "\/g (1 * ot + k6
which is slightly longer than for the simple pendulum, the excess

depending upon the amplitude 8,. The value of 6 at the end of
the swing is

*® !

= ———0—9——)

1 4 k6,
as is also evident from Eq. (8).

For the return swing, it is necessary in Egs. (8) and (9) merely
to replace —6, by 46, and change k into —%. At the end of the
second swing, the numerical value of 6 is

0,

and

Y- k?05®
1= "\/.é (1 taT F R F 2k00))'

In general, at the end of the ™ swing, the numerical values are

and

1 70,2
T» = "\/;;' (1 * ST Fakao (1 i (n — 1)k001)'

Not only does the amplitude of the swing always decrease, but
the duration of the swing also decreases and approaches the half
period of the simple pendulum.
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326. The Cycloidal Pendulum.—For small oscillations the
simple pendulum gives very nearly simple harmonic motion. It
is natural to enquire, therefore, whether there exists a curve,
along which the particle is constrained to move without friction,
for which the motion is exactly simple harmonic under the action
of gravity.

In Fig. 165, let s be the length of arc, measured from some
convenient point. According to Sec. 258, the acceleration along
the curve is s’’. Let @ be the angle
which the normal to the curve makes
with the vertical. The component of
the acceleration of gravity along the
curve is —g sin 6, in accordance with
the usual conventions. Hence, what-
ever the curve may be, the differential
equation

4

8 = —gsin 6 1)

must be satisfied. If the motion is
to be simple harmonic, the differential
equation

Fia. 165.

s = —k?s, 2)
where k? is some constant, also must be satisfied. Since the
left members of Egs. (1) and (2) are the same, the right members

also must be the same, and therefore
2

. k
sin § = - -s. 3
g 3)

Since 6 is also the angle which the curve makes with the
horizontal, which is here taken to be the z-axis,

_d ing =%
cos 0 = s’ sin § = ds 4)
Hence, on differentiating Eq. (3) and then eliminating ds by means
of Eq. (4),
dz -I‘Zé cos? 0do,
g

dy = e sin @ cos 6d#9.

Then, by integration,
r — Xy = ZZE (20 + sin 20),

. ®)
Y— Yo = — Ak cos 20.
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These are the parametric equations of a cycloid with the concave
side upward, and such cycloids are the only curves which satisfy
the conditions. The origin will be midway between the two cusps
if

T =0, Yo =— f,;;;
and with these values Eq. (5) becomes

[ .
T = ﬁ2(20 + sin 26),

] ®)
Y= " g (1 4+ cos 26).

If a is the radius of the rolling circle which generates.the
cycloid, then (Sec. 267)

-9 2 - 9.
e=gw 7 Fe=g
D
A 0 C
B
Fia. 166.

The enquiry is, therefore, answered in the affirmative, and the
cycloid with the concave side upward is the curve sought. The
period of the motion is (Sec. 251)

P=7c‘ = 2mq|— . )

and this is the same as the period of infinitesimal oscillations of a
simple pendulum of which the length is 4a. From the general
equation for the radius of curvature of the cycloid

p = 4a cos 0,
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it is seen that at its lowest point the cycloid is best fitted by a
circle of radius 4a.

Since the evolute of a cycloid ABC (Fig. 166) is a similar
cycloid! ADC, it is evident that if the upper end of the light rod
which supports the bob were a thin steel spring, fastened at D,
and the arcs AD and CD were of metal and shaped to the evolute
of ABC, then the bob would move on the cycloid ABC'; and,
theoretically, at least, the cycloidal pendulum would be
realized. Pendulums of this type have been tried, but experience
has decided in favor of circular pendulums of small angular
oscillation, the effort being made to keep the amplitudes
constant.

Since the period of the oscillation of the eycloidal pendulum
is independent of the amplitude, the cycloid is a tautochrone for
the force of gravity (Sec. 327).

326. The Intrinsic Equations.—Let the components of the
force which is acting upon the bead along the tangent, principal
normal, and binormal be f;, f», and fs; and let the magnitudes of
the components of the normal reaction of the curve upon the bead
be r, and 7. Then the intrinsic equations of the motion of the
bead are (Sec. 258)

mS" = fz,
s
m_p‘ = fp + Tp, (1)
and 0 =/fi + 1.

The first of these equations is closely related to the energy
equation, for
n_ds’ ,  1ds”
=Y T e a
and, therefore,
%mds’2 = fuds,

which is simply the diffcrential of Iiq. (269.2). The seccond and
third equations are useful in determining the force which the

curve exerts upon the bead.
For example, in the cycloidal motion of the previous section

the integral of Eq. (325.2) is
s = k2(se® — §%),
8o being the point on the curve at which the speed vanishes.
1 See WiLLiamsoN, ‘“Differential Calculus,” p. 337.
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Since
s = 4a sin 0, p = 4a cos 6,

it is found readily that

s'? sin? §, — sin? @
m— = myg .
p cos 0

From Fig. 165, it is seen that

fp = —mg cos 0;
and, therefore,
sin? 6, — sin? 6 + cos? 6
cos @ )

Tp =

There is no component of force along the binormal which is
perpendicular to the plane of the curve.

If the pendulum is released from rest at the points A or C, the
value of 6y is + =/2 and

rp = 2mg cos 0 = —2f,;

that is, the normal reaction of the curve is equal to twice the
normal component of gravity, and in the opposite direction,
if the pendulum swings over the entire cycloid.

III. TAUTOCHRONES AND BRACHISTOCHRONES

327. Tautochrones.—If a particle, starting from rest, and
moving along a given curve C under the action of a given force
F and the reaction of the curve, arrives at a fixed point O of the
curve after an interval of time which is independent of the
initial position of the particle on the curve, the curve is said to
be a tautochrone for the given force; and the point O is called the
point of tautochronism.

If F, is the component of the force along the tangent of the
curve, and X, Y, and Z are the components of the force parallel
to the z-, -, and z-axes, then the first of the intrinsic equations
(Eq. (326.1)) gives

o — (_if _y dz)
ms —F;—(de+Y:li8+st (1)

If s is measured from the point of tautochronism, the parametric
equations of the curve can be written

z = ¢is), Yy = oa(8), z = @3(s).
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If the force F is a function of the position only of the particle,
X, Y, Z, dx/ds, dy/ds, and dz/ds will all be functions of s, and,
therefore, Eq. (1) can be written

ms” = ®(s) )

where ®(s) is some function of s. It was proved in Sec. 252,
however, that the only differential equation of the form of Eq.
(2) for which the period of the motion is independent of the initial
position is

s = —ks,

where k? is some constant, and therefore

dx dy LAz

@ @@

by the definitions of the quantities involved. These two differ-
ential equations must be satisfied by the curve. But since there
are three quantities dz/ds, dy/ds, and dz/ds with which to satisfy
them it is evident that there will be, in general, infinitely many
tautochrones for a given law of force and a given point of tauto-
chronism. It is possible to impose a third condition, and what
that condition shall be, i, within limits, a matter of choice.
It may be required that the tautochrone shall lie on a given

surface,
i fz,y,2) = 0;
or that it shall be a tautochrone for a certain other law of force,
Xdz + Yidy + Z1dz = —ki?%s,
or some other not impossible condition.

If there exists a potential function U(z, y, 2) for the given law of
force, Eq. (3) is at once integrable; for

dx dy dz _dU _
Xt Vas T2 =4 =

Of course,

—k?s,
and therefore
U, v,2) +h = — kst

If the curve is also a tautochrone for a second law of force, for
which also a potential function U,(z, y, 2) exists, then likewise

Us@, y,2) + by = —%kﬁs’,
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and the curve will lie upon the surface
k2(U(x,y,2) + k) — B2 (Ui(z,y,2) + h1) = 0.

328. Tautochrones on Vertical Cylinders.—It was proved in
See. 325 that the cycloid, which is concave upward and for which
the normal at the vertex is vertical, is the only tautochrone for
gravity which lies in a vertical plane. If this vertical plane,
including the cycloid, be wrapped around any vertical cylinder
which has no corners in such a way that the original normal at
theé vertex coincides with one of the generators of the cylinder,
the cycloid will be bent into a twisted curve on the surface of the
cylinder. This twisted curve is still a tautochrone for gravity,
for the bending of the vertical plane in the manner described
does not alter the length of any arc of the cycloid, nor does it
change the tangential component of gravity along the curve.
The motion along the curve, therefore, is not altered by this
bending, and the twisted curve remains a tautochrone.

Conversely, if a curve on a vertical cylinder is a tautochrone
under gravity, and if the surface of the cylinder is developed
on a vertical plane in such a way that its generators remain
vertical, the given curve, still remaining a tautochrone, will
develop into a cycloid.

329. The Brachistochrone.—Given two points A and B with
A higher than B, it is required to find the curve joining A and B
along which a bead will slide under the action of gravity, starting
from A, with or without initial speed, in the least possible time.
This famous problem was first proposed by John Bernoulli in
1696, and is, therefore, sometimes called Bernoulli’s problem;
at other times the required curve is called the curve of quickest
descent, or the brachistochrone.

Let the z-axis be horizontal, and the z-axis vertical with the
positive end directed upward. - ILet the 2z-planc contain the two
points A and B, and let the origin be at A. It is taken as evident
that the required curve will lie in this plane. If s is the length
of arc of the curve as measured from 4, s’ will be the speed of the
bead along the curve. The equation of energy then gives the

equation )

82 — g2 = —2g2.
Therefore,

B (s zZg\/ 1 + 22
Vg L\/k-—z J; Vk -2 )
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where
_ 8 , _ dz
k= Zg’ Z= dz

Since ¢ is to be a minimum, it is required to find a curve C for
which the definite integral

I = “ ::‘:"_—dx’ (2)

shall be a minimum, the limits of integration z; and ., which
are the values of z for the points A and B, being fixed.

The problem of finding a function which minimizes a definite
integral was a new type of problem at the time the brachisto-
chrone problem was proposed, and it gave rise to that branch of
mathematics which is called the calculus of variations.?

330. The Minimizing of a Certain Definite Integral.—The
integral I can be written briefly?

I = f“f(z’ 2)dz, where Ji,2) =-— == (1)

The ordinates of the curve ¢ which minimizes this integral
can be written
z = 2(x), Ty £z £ .

Let {(r) be any continuous function of x which admits a
continuous first derivative between the limits z; and z,, and which
vanishes for ¥ = z,; and z = z,; that is,

g-(wl) = 07 f(xz) = 0.

Then any curve which passes through the points A and B and
is in the ncighborhood of C between these points will have the
form

z = 2(z) + ef (),

if ¢ is a constant which is sufficiently small. The integral I,
therefore, becomes

1 = [Tf+ e5,2 +e)da

1 For a very readable account of the brachistochrone problem and its
relation to the caleculus of variations, sec G. A. Buiss, ‘“Calculus of Varia-
tions,” p. 41, The Carus Mathematical Monographs, No. 1, 1925.

2Tn sections 330 and 331 accents indicate differentiation with respect to x.
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with the understanding that I(0) is a minimum value of I(e).
By the usual principles of maxima and minima, the first deriva-
tive of I(e) with respect to ¢ must vanish for ¢ = 0, that is,

a|  _ (=(of f .,
delno — j;l <5z§' + az/f> =0. (2
By differentiating the product ¢ "o dx with respect to z, it

2,02
i8 easily found that

=of » (%O ;.
g.(:Jz dx[g‘f de ] - fj;lézdx’

and therefore Eq. (2) can be written

o [ 1o v Sl ) e
€le=0 1
Zad zaf
ol e o

or, since
by virtue of the fact that
g‘(xl) = 0; s“(xz) =0,
the condition that I(0) shall be a minimum becomes

al - _ (F _ (S ear =
- [T e

de
This condition must hold for every function {’. Therefore,

of _ (73, _
9z’ 2

and, by differentiation with respect to z,

d of _of _ o, ., _o_,

dx 92 9z 0207 02'?° az @)

assuming, of course, that the minimizing curve C has a second
derivative z’’. This is known as Kuler’s differential equation,
since it was derived by Euler in 1744.

Now
o f vy O 8f>
d_x< -7 ) <8zaz * 5 32" 9z )
and as this vanishes, by the preceding equation, it follows that
a—f — f = constant. (5)

a /
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331. Application to the Brachistochrone.—The argument
which has been outlined above depends essentially upon the fact
that f(z, 2’) does not contain z explicitly, and therefore it holds
for a wider class of problems than the one which is being discussed
at the moment. For the brachistochrone (Eq. (330.1)),

and
af _ 2

%2 /(- 21 +27)
Hence, by Eq. (330.5),
f= 29 = 1

1

37 V-1 +2) Vo
the constant being given the form 1/4/2a for convenience.
From Eq. (1), it is found that z satisfies the differential equation

20— (k-2
ST @)

¢Y)

/2

In order to solve this differential equation, let a new variable
6 be introduced by the relation

k — 2z = 2a cos? 8 = a(1l + cos 26). 3)

If it is not forgotten that 2’ is the derivative of z with respect
to z, it is readily verified that this substitution transforms
Eq. (2) into the equation

dz
de
and therefore the two coordinates = and z are given parametrically
by the two equations
T — xp = a(26 + sin 29),
z2— k= —a(l + cos 20).} )

On comparing these equations with Eq. (325.8), it is seen that
the minimizing curve C, that is, the brachistochrone, also is a
cycloid with the tangent at the vertex horizontal and the curve
concave upward, just as in the tautochrone. The horizontal line
on which the circle rolls is at a distance k& above the point 4.

= 2a(1 + cos 26);

332. The Required Cycloid Always Exists.—Naturally, the
question arises, ‘“‘ Does there exist a cycloid of the type described
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which connects the points A and B; and if so, is it unique?”’ The
determination of the constants a and z, of Eq. (331.4), for a given
pair of points A and B, involves the solution of a transcendental
equation, which is laborious; but it is not difficult to see geo-
metrically that the answer is in the affirmative.

In Fig. 167, let A and B be the two given points, and let AD
= k. If the cycloid exists, the horizontal line CDQ@ is its base.
Draw the line BE perpendicular to the base. The quadrilateral
ABED is a trapezoid. For simplicity of language it will be said
that the problem is to circumseribe the trapezoid ABED with a
cycloid. Let the problem be inverted: Given a cycloid 14 B,G,
for which the radius of the rolling circle is unity. Can a trapezoid

c F D E C
A
N’KC} V D, E, G,
NA /
B,
B
Fia. 167.

similar to ABED be inscribed in it? Assume, for the moment,
that it can and that the solution is unique. Let AB.E.D;be the
required trapezoid. In the plane of ABED, place the lines AB;
and AD; in coincidence with the lines AB and AD, respectively.
With A as a center, let the planc of the cycloid 14 B,G, be
stretched in all directions in the ratio AB/AB;. Then the points
B, Gy, and D; will coincide with the points B, G, and D, respec-
tively and the cycloid FiAB;G will be transformed into the
cycloid F A BG which is the cycloid required, since its base is hori-
zontal and it passes through the given points A and B.

It remains to be shown that a trapezoid similar to ABED can
be inscribed in the unit cycloid and that (aside from a reflection
in the axis of symmetry of the cycloid) there is only one. Draw a
line making an angle a with the base F,G, equal to the angle BCG.
This line will cut the cycloid in two points, say A and B;. Draw
the perpendiculars to the base AD, and B,E,. Then the trape-
zoid AB,E D, will be similar to the trapezoid ABED if

AD, _AD

D.E, ~ DE’
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Let C; be the vertex of the angle a. If the point C; coincides
with the point 7, then AD, = Oand D £, ¢ 0. Ilence,the ratio
AD,/D\E, is equal to zcro. Let the point C; move toward the
left. The perpendicular AD; increases steadily, while the dis-
tance D/, decreases steadily and has the limit zero, which occurs
when the points A and B; coincide. Hence, the ratio AD,/D,k,
increases steadily and has no upper limit. It passes the ratio
AD/DE once and only once. Hence, the problem admits one
and only one solution.

The problem of the brachistochrone admits of a great variety
of generalizations. To find, for example, the curve of quickest
descent from a fixed point to a fixed surface under the action of
gravity, or from onec fixed surface to another, brachistochrones
which are restricted to a given surface, brachistochrones under a
gencral law of force, ete. The solutions of these problems require
a deeper knowledge of the calculus of variations than the student
is assumed to possess, and the problem will not be pursued further
here.

IV. SURFACE CONSTRAINTS

333. The Motion of a Particle Constrained to a Surface.—If a
particle of mass m is constrained to move on a fixed, smooth sur-
face, it will be acted upon not only by the applied forces, of which
the resultant is F with components X, Y, and Z, but also by the
reaction of the surface R (I'ig. 168), of which the components are
R., R,, and R,. As these are the only forces which are acting,
the equations of motion are

mz'’ = X + R,,
my"’ =Y + Ry,}
mz'’ =Z7Z + R,.

Since the surface is assumed to be smooth,
its reaction is in the line of the normal to the
surface through the particle. Let the equation
of the surface be Fic. 168.

f(z, y, Z) = 0.
Then the equations of the tangent planc and of the normal at the
point x, y, 2z are, respectively,
Fe-a)+Ja-1)+ 3¢ -2 =0 (tangent plane),
-z _n—y_{—z
of of of

ox Yy 9z

(1)

(normal),
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f o ona ¥
in which £, 7, and { are the running coordinates and 3% ay and 9
are the values of the derivatives of f at the point z, y, 2. The

direction cosines of the normal, therefore are proportional to
these derivatives; that is,

of of of
9z "9y 9z’

The magnitude of the reaction R is unknown; but the magni-
tudes of its projections upon the z-, -, and z-axes are proportional
to the direction cosines, and therefore

R.p . 9
R.:R R“'ax'ay'az
If A is the factor of proportionality, I£q. (1) becomes

~
. Ccos ’le Ccos ny COS nz.

ma'’ =X + )\ f
my'" =Y + )\‘Zr (2)
me"’ =7 + )\af

Actually, R

RCRCRC

but, since R is unknown, so also is A.
The equations of Eq. (2) are true, but they are not independent,
since the coordinates z, ¥, and z must satisfy the equation of the

surface
J(z,y,2) =0,

and the equation derived from it by differentiation with respect to
t, namely,

af I+af I+afl= . (3)

Equation (3) can be mterpreted as saying that the motion at any
instant lies in the tangent plane; or, if it is multiplied by Adt, it
becomes

R.dx 4+ R, dy + R.dz = 0,
which states that the work done by the reaction of the surface is
zero, which is obvious otherwise from the fact that the displace-
ment of the particle is always perpendicular to the reaction.
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Since motion along a curve can be regarded as motion along
two mutually intersecting surfaces, the above discussion shows
that the equations of motion for a particle which is constrained
to move along a given curve can be written

" of , . of
mx'' = X 4 )\lax + Max’

"o_ afs fs 4

my" =Y + )“ay + “ay’ 4)
"o gf_l af2,
mz’ =7 +)\laz + )\gaz,

the given curve being the intersection of the two surfaces
fl(x’ Y, z) =0, f2(1;) Y, Z) =0,

and \; and N\, being proportional, respectively, to the reactions of
the two surfaces.

334. The Energy Integral.—If the first equation of Eq. (333.1)
is multiplied by z’, the second by %', the third by 2/, and the
three equations are then added, there results

m(xlxll + ylyll + Z’Z”) = Xx’ + },’yl + Zz,,

since the coefficient of X vanishes, by q. (333.3). Therefore, by
integration,

;m(x’z oyt 2 = %ms"-’ - f (Xde + Ydy + Zd2) + C. (1)

This is the enérgy equation, and it will be observed that it does
not contain the unknown reaction R.
If the applied forces are derived from a potential function
U(z,y,2), then
Xdx 4+ Ydy + Zdz = dU,
and Eq. (1) becomes

%ms’2 =U+C, 2

just as though no constraints existed.

336. The Intrinsic Equations.—Notwithstanding that the
trajectory of the particle lies upon a given surface, the intrinsic
equations of Sec. 326 are still true, namely,

2

ms' = f,, msjp— =fo+ 15 0=/ +m, (1)
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where the letters have the same significance as before. Let P
be the position of the particle on the surface (Fig. 169) and let
the plane tangent to the surface at P be drawn. Let the line
AB be the tangent to the trajectory, with s increasing in the
direction from A toward B. Let the plane which is normal to
the surface at P and in which the linc A B lies be drawn, and let
C, be the intersection of the surface with this normal plane.
Finally, let the osculating plane of the trajectory at P be drawn,
and let the angle between the osculating plane and the normal
plane be 6.

The orthogonal projection of the trajectory upon the tangent
plane is denoted by C,. The principal radius of curvature of the

Tangent Plane

F1a. 169.

trajectory is denoted by p, and the radii of curvature of C, and
Co by p. and po, respectively. The components of the applied
force in the directions of the principal normal and the binormal
(positive toward the right of the osculating plane in the diagram)
of the trajectory are f, and f,. ILet the components in the
directions p, and po be f, and fo. Let r be the reaction of the
surface on the particle, which, since it is normal to the surface,
is directed along p.. Let 7, and 7, be its components along the
principal normal and along the binormal. Then

rcos 0 =71, —7r sin 6 = 7p.
Also,
fn = fpcos 8 — f, sin 6,

Jo = fpsin 6 + f, cos 6.
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If the second and third equations of q. (1) are multiplied by
+-cos 6 and —sin 9, respectively, and added; then multiplied by
+sin 6 and +cos 6 and added, there results

s'2
m;coso =f,+r,

s'?
m-- sin 8 = f,.
P

But it is known from the geometry of surfaces! that
cosf _ 1 sinf _ 1
p Pn Y Pa

The intrinsic equations can, therefore, be written in the form

P $'?
ms” = f,, m— = fu +r, m - = fo. (2)
Pn Po
The second of these equations gives the important result that
the normal reaction r of the surface at the point P can be com-
puted if the velocity at P is given; since, for a given surface and
applied force, p, and f, can be computed.

336. Applications of the Intrinsic Equations.—If a surface
is deformed in such a way that curves drawn on the surface are
not altered in length, then the radius of geodesic curvature which
has been denoted by p, also remains unaltered in length. Hence,
if the surface is so deformed and if the applied force also is
changed in such a way that the component in the tangent plane
is unaltered, the first and third of the intrinsic equations of Eq.
(335.2) remain unaltered. The radius of curvature p, of course,
is altered and, in general, therefore, the normal reaction of the
surface is altered; but this docs not affect the motion of the
particle.

If, for example, a particle moves on a vertical cylinder, the
cross-section of which is a curve without corners, the path which
is described upon the cylinder by a particle under the action of
gravity will become a parabola with a vertical axis, if the cylinder
is cut along a generator and rolled out upon a vertical plane.

If a particle describes a path upon a cone, of which the axis is
vertical, under the action of gravity, and if the cone is cut along
a generator and rolled out upon a horizontal plane, the path of

1 Mcusnier’s theorem. See GoursaT-Hebprick, ‘“ Mathematical Analy-
sis,” vol. 1, p. 497.



334 STATICS AND THE DYNAMICS OF A PARTICLE

the particle will become a curve which could be described by the
particle under the action of a central force of constant magnitude.

If a particle describes a path upon a cone under the action of a
central force, the center of which is at the apex of the cone, the
curve described when the surface of the cone is rolled out upon
a plane will be a possible trajectory for a particle moving in
the plane under the same law of force.

337. Geodesics.—The simplest case of motion on a surface
that can arise is that for which the applied force is always zero.
For this case, the equations of motion (333.1)) are
"o __ if "o a_f "o af
mx’ = )‘a:c’ my'’ = )‘ay’ mz’ = )\az, (1)

and the energy integral (Eq. (334.2)) is
%ms’2 = constant; (2

therefore the speed is constant. The curves described under
these conditions are called the geodesics of the surface. They
correspond to the straight lines in a plane. If two points on a
surface are not too far apart, the shortest line on the surface which
joins them is the geodesic which passes through them. They are
also the curves assumed by a stretched string on the surface.
The intrinsic equations (Eq. (335.2)) become
8’2 s'?

ms"’ = 0, m— =r, m=-- = 0;
Pn Po

the first of which states that the speed of the particle is constant;
the second, that the normal reaction of the surface is inversely
proportional to the radius of curvature of the surface which lies
in the normal plane through the tangent to the curve; and the
third, that po is infinite, which is a characteristic property of
geodesics.

Since the reaction of the surface is the only force which is
acting, and since the acceleration of the particle always lies in
its osculating plane, it is evident that the principal radius of
curvature has the same direction as the normal to the surface.
Therefore, p, is the principal radius of curvature of the trajectory.

338. Geodesics on a Surface of Revolution.—In general,
it is a very difficult matter to determine the geodesic curves on a
surface but, in the case that the surface is one of revolution, the
problem can always be reduced to a quadrature.
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Let the equation of the surface be expressed parametrically
by the equations

z =1 cos 0, y = rsin 0, z = &(r),
so that the z-axis is the axis of revolution. The parameters r
and 6 are simply the polar coordinates of the projection of a
point of the surface upon the zy-plane. Since no force is acting,
other than the constraint, the speed is constant. Let

_ 9%
T oo

82 = 120" 4+ (1 + )r”? = ok, (1)

Furthermore, since the normal to the surface always passes
through the z-axis, the moment of momentum of the particle
with respect to the z-axis is constant. That is,

Then

20’ = h. 2
Bearing in mind that
_ 6’,dr
"=

it is found that Eq. (1) can be written

[ﬂ +a+ 2)( ) ]"2 = o,

On substituting 2 for A%/2,® and then solving, there results

L4 =
Lap = +\/1+¢2’

1

Thus 6 is determined as a function of r by a quadrature, the
sign before the radical being determined by the initial condition.
Since z is given as a function of r originally, the equations of the
geodesic are given as a function of the parameter 7.

The constant h is the moment of the velocity of the particle
with respect to the z-axis. Let ¢ be the angle which the geodesic
makes with the meridian of the surface at any point. The
velocity can be resolved into two components: » cos 7z along
the meridian, and v sin ¢ along the parallel perpendicular to the
meridian. The moment of the component along the meridian
v cos ¢ with respect to the z-axis is zero. The moment of the

and therefore
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component along the parallel » sin 7 with respect to the z-axis
is 7o sin 7. Therefore,
rvsin ¢ = h;
but since v is a constant v, and %/v, is equal to I, this equation
reduces to
rsini =1,
an equation which is due to Clairaut.

339. Motion on the Surface of a Sphere.—In terms of the
spherical coordinates, the accelerations along the radius vector
and in two directions perpendicular to it are (Eq. (263.2))

ar = 1" — 1’2 — 1762 cos? o,
a, =1¢" + 2r'¢’ 4 18" sin ¢ cos o,
ay = 10" cos ¢ — 2ro’6’ sin ¢ + 21’0’ cos o,

where ¢ is the latitude and 6 is the longitude on the sphere.

If a particle is constrained to move on the surface of a sphere of
radius @, and if the center of the sphere is taken as the origin of
coordinates, the radius vector r is a constant and therefore r’
and r”’ are always zero. Hence, if the applied force f is resolved
into rectangular components f, f,, and fs, in which f, is positive
if directed away from the origin, f, is positive in the direction
toward the north pole, and fj is positive in the direction of increas-
ing longitudes, the equations of motion for a particle of mass m
constrained to the surface of a smooth sphere are

m(—ap'" — af’® cos? ¢) =f: + R,
m(ap” + ab’?sin ¢ cos ¢) = f,, ¢}
m(ab’’ cos ¢ — 2a¢’0’ sin p) = fy,

where R is the reaction of the sphere on the particle. The last
two of these equations depend only upon the two variables ¢
and 0 and their derivatives. For a given force f and given initial
conditions, these two equations are sufficient to determine ¢ and 6
as functions of . When the motion is known, the first equation
suffices to determine the reaction R.

If the second equation is multiplied by ¢’, the third by 6’ cos ¢
and they are then added, there results ‘
ma(o'¢" + 60" cos? ¢ — ¢'0™ sin ¢ cos @) =f, @' +focosp-0';
and, on integrating,

grate + 07 coste) = [ + fo s o) +C. @)
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The first equation then gives

—R=CHf + f(j},dq: =+ fo cos odf).
Since, however,
8" = a%(¢"? + 6'% cos? p),
a simpler expression is

R = _(fr + m%z)

340. The Spherical Pendulum.—If a heavy bob, attached to
a light rod, is suspended from a fixed point in such a way that it is
free to swing in any vertical plane through the point of suspen-
sion, it is called a spherical pendulum, since the bob remains
always on the surface of a fixed sphere whose center is at the
point of suspension.

Let the origin be taken at the point of suspension with the
z-axis directed upward. The applied force which is acting upon
the bob is its weight mg. On resolving this force along the radius
vector (Fig. 170) and along two mutually perpendicular direc-
tions tangent to the sphere, it is found that

fr = —mg sin ¢, fo = —mg cos g, fo=0.

The equations of motion (Eq. (339.1)), therefore, are

2 /2 2 = g — _b? k]
@2 + 0"%2cos? ¢ g 08¢ — 2

¢’ + 8?sin pcos o= -—g cos o, (1) % f f¢

0" cos ¢ — 20’6’ sin ¢ = 0; 0
for which the energy integral (lq.
(339.2)) is
29 .

/2 /2 2 = e

o'+ 02 cos? o = g Sine + C. (2 Yem 170,

If the last equation of Eq. (1) is multiplied by cos ¢, it becomes
an exact differential, the integral of which is

6’ cos? ¢ = h. 3)

This is merely the areas integral in spherical coordinates.
Indeed, since the reaction of the sphere always passes through
the z-axis and the applied force is always parallel to the z-axis,
it is evident that the moment of all of the forces with respect
to the z-axis is zero, and therefore an areas integral exists. If
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the constant % is not zero, this integral shows that the meridian
plane which passes through the pendulum turns always in the
same direction. If A is zero, 6 is a constant and the spherical
pendulum reduces to the simple pendulum.

341. The Coordinate z is an Elliptic Function of ¢ and of ¢.
The result of eliminating 6’ between Fqgs. (340.2) and (340.3) is
the equation

29 . h?

9 _ - = -

© C— " sine Gos? g 1)
which defines ¢ as a function of the time. The time can be
eliminated from this equation by means of Eq. (340.3), giving
the differential equation of the path,

d cos 29 .
?l%’ =+= ‘P\/C cos® ¢ — qu sin ¢ cos® ¢ — h?%; @)

and if this equation is multiplied through by a cos ¢, and then z
1s substituted for a sin ¢, it becomes

dz _ @ =2 {2\ _ o
a6 - iW\KC a2z>(a 2?) — h%? 3)
Since the polynomial under the radical sign is of the third
degree, 2 is an elliptic function of 6.
On setting, successively, in the radicand 2z equal to — o0, —a,
+a, and 4 o, the corresponding values of the radicand are

Fia. 171.

— oo, —h?a?, —h%? and + . Thus one root, z; always lies
between +-a and + . Since the only values of z which are
admissible in the problem are those for which

—a £z = +a,

and since, for real values of the derivative, the radicand must be
positive for such values of z as actually occur (Fig. 171), it follows
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that there are two real roots between —a and +a. Let these
two roots be z; and z;. By the theory of equations,

Ca?
21t 2+ 23 = 2_9’
2129 + 2223 + 232, = —a?, 4)
212923 = b — Ca“'
14243 2g )
and, therefore, from the second equation,
2= — a? + 2122
s 21+ 2

The corresponding values of the constants ' and A? are

29 22 + 2123 + 222 — a?
g 21 ) ele2 1 e %,

¢= a? 21 + 2o
29 (@ — 2/)(@® — 22%)
2,20 Y \M___c1J\® %2
Wa a? 21 + 2o

Since h%a? a? — z,%, and a® — 2,? are certainly positive if h
is not zero, it follows from the expression for h%a? that 2z, + 2z,
is always negative. Interpreted geomctrically, this means that
there are two circles of latitude on the sphere between which the
bob always lies, and that the circle of latitude which is halfway
between these two always lies below the equator. On introducing
the roots, 2, 25, and 25, Eq. (3) takes the form

— (21 + 2,)
= e ¥
@t~z T a® + 212,
a \/(z —2z1)(z — z,)(z + ot 22)
and, similarly,

G- Ve e+ 55T ©

(5)

so that z is an elliptic function of ¢ also.

342. The Integration for z as a Function of {.—If the roots are
taken in the order
21 <2 < %3y
the substitution
z2— 2 = (22 — 31)02;
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where v is a new variable, reduces Kq. (341.6) to the first normal
form of Legendre, namely,

M= P
(i '\/a —1?)(1 — k2?)
where o
=22 N = Ve —2),
23— 21 2a
Therefore,
v =snM
and

2 =2z + (22 — z1)sn2\.
The complete period of an oscillation for zis

K (k),

fVO—mu—W%
where K is the same function of k that occurred for the simple
pendulum (Sec. 319). The complete period for the pendulum,
however, is twice this value, or

period = ;K(k),

since the pendulum rises and falls twice in each complete oscil-
lation. It is interesting to note that
\/z jﬁ = \/E;ﬁ:‘z_lsn A,
V2, — 2z =zs — zien M,
and V23— 2z =2z — zidn M.
343. The Rotation of the Line of Apsides.—The integration of
z as a function of ¢ (Eq. (341.5)) is a more complicated integra-
tion,! and it will not be carried out here. Puiseux, however,
has given an interesting demonstration of the fact that in making
a complete oscillation the angle 8 through which the pendulum
turns is greater than 2x. Equation (341.5) can be written
dz _ @ — 2 %
0= @~ )@ — =) W
V(@ — 21)(22 — 2) (o1 + 22z + [a? + 2122])
Since, by Eq. (341.4),
23(21 + 22) + ((12 + 2122) = 0,
the first term of which is negative and the second positive, it
follows that, if z < 23,
2(z1 + 22) + (a® + 2122) > 0;
1 See AppELL and LAcour, “Théorie des Fonctions Elliptiques,” p. 90.
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and therefore, since
—a <2z <2<z < a,

in the motion of the pendulum,

—a(z1 + 22) + (a® + z122) > 2(21 + 22) + (@ + 2122) >
+a(z1 + 22) + (az + lez)- (2)
But
(@* + 2122) — a(z1 + 22) = (@ — 21)(a — 2) = D?,
(@ 4+ 2122) + a(z1 + 22) = (@ + 2z1)(a + 22) = 82,
the letters S and D being introduced for the sake of brevity.
With this notation, the angle 6 through which the pendulum
turns while it rises from z; to 2z,, that is in a quarter period, is
7 = B2 ~aShde
b (@ = 20V (@ — 21)(2 — 2) (21 + 222 + @ + 2120)
If it is borne in mind that
D >V2z + 22) + a + 222 > S,
it is evident that

% dz z
B). @ - DV = ) = 2)
z dz

ab 2@ =2V (-2 —2)

But
v e 7:(1 + 1)
a@—2DV@eE—2)@—2 2\8 D

and, thereforé,

;(1 +%> <9 <g(1 +—g—>' 3)

Figure 172 represents the pro-
jection of the path of the pendulum
upon & horizontal plane for the case

0 > 2y > 21,
The circle C, has a radius equal to
v a* = 272, and the circle Cs has a

radius equal to V/a? — 2% It will
be observed that the projection of
the path is something like a rotating ellipse, and that the direction
of the rotation is the same as the direction of the motion of the bob
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in its orbit. This is expressed more simply by saying that the
rotation of the line of apsides is in the same direction as the motion
of the pendulum in its orbit.

344. Special Cases.—I. ThePendulum Rises Justtothe Equator.
If the constant C is equal to A2, it is shown by the last equation of
Eq. (341.4) that the root z; is equal to zero; since 2, is always
negative, and z; is greater than -a. For this value of 2z,
Egs. (341.5) and (341.6) can be written

4o = az\/a2 — z.”dz
— z2)\/z[z1(a2 —22) — 2(a® — zlz)] @
—\12gdt o dz

T Viaat — 2) — 2(a — 2]
Greenhill has shown that there exists a combination of thesc
two expressions that can be integrated in terms of the elementary
functions. ILet the second equation of Eq. (1) be multiplied by

vV a® = 22 /2 and then subtracted from the first of Eq. (1). The
result is

do — M“zg(;zll__mdt =

(2)
1 /—*—2 3 a’ + 2 dz
V& — & 2 V(e — ) — 2(a® — 212)
The equations of Eq. (341.4) become
h2 2
21+ 2 = T;-, 2123 = —a?,

from which it is found that
\/29(112 - 212) h N =z
Hence, if the constant of integration is suitably determined, the
integration of Eq. (2) gives
0—%h\/:7.t=cosﬂ\/-—z—_—‘;r_ 2, 3)

21 - Zz

From Sec. 342, it is found that
z = z;cn? N,

and, therefore, 0 is completely defined as a function of the time.
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II. The Roots z, and z, are Equal.—Since z, + z; must be
negative, their common value is negative if the two are equal.
On setting 2, equal to z; in Eq. (341.6), it becomes

_dz \/éé\/(z—z)2<z+a +z,) (1

Since the factor

a? + 2.2
221

is negative for every value of z between +a and —a, the only
solution of Eq. (1) is

z+

z =z

that is, 2z is constant. Equation (340.3) then gives

ha? \/ g
= T == —Z
0 = (12 - 21 —21’

0 =4 Lt
——z1

and, therefore,

The pendulum in this case describes a cone, and is therefore
identical with the conical pendulum.

346. The Surface Reaction.—According to Sec. 339, the

surface reaction is
s'2
—\fritm )
a

—— = —2myg sin ¢ + maC,

By Eq. (340.2),

and from Fig. 170,

Also (Eq. (341.4))
(21 + 2z + 23) 22+ 2129 + 222 — a?

maC = 2mg e = 2mg a F 2 ’
so that

fr = —mg sin ¢.

R = -’%‘1[3;: — 2021 + 22 + 23)]. 1)

If R is negative the pendulum rod is under tension. The
coordinate z varies from 2z, at the lowest point to 2; at the highest
point. Hence,

Znag—(zl -_ 222 - 223) é R § 7-’;-9-(—221 + 22 — 223). (2)
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The tension changes to a thrust if z attains the value
2
z = g(zl + 22 + 23).

This can happen only if the last member of the inequality Eq. (2)
is positive, for the left member is certainly negative; that is, if

22 > 2(21 + 23).

Since 2, + 23 is positive, it is necessary that z, be positive.

If the tension in the rod changes to a thrust, the
projection of the trajectory upon a horizontal plane has a point
of inflection at the point where the change occurs; for the osculat-
ing plane of the trajectory, in which lies the resultant of all the
forces which are acting upon the bob, at that instant passes
through the vertical (the only force acting being gravity),
and the radius of curvature changes sign.

Problems XXII

1. Taking the value of g as 32.173 — 0.085 cos 2I, where [ is the latitude
compute the length of the pendulum which makes one complete oscillation
in 1 sec. for latitudes 35° 40° and 45°. Ans. 0.81425 ft.; 0.81460 ft.; 0.81495
ft.

2. The bob of a pendulum, which should beat once per second (that is, one
complete oscillation) can be raised or lowered by means of a screw which has
50 threads to the inch. If the clock, to which the pendulum is attached,
loses 1 min. per day, how many turns of the screw will make the clock
keep time correctly? Ans. 0.679 = 245°,

8. If a pendulum which beats seconds in latitude 35° be carried to
latitude 40°, how much will it gain in 24 hr.? Ans. 19 sec.

4. A particle, constrained to move on a circle, is attracted toward a
fixed center on the circumference. What is the law of force if the reaction
of the circle is constant?

6. Find the time required for a bead to slide down the curve

33_4(z__1)=
a? 9Y\a

from z = b to z = ¢, assuming that the speed vanishes forz = 0.
Ans. T = (c — b)/V2ga.

6. A bead slides freely on a smooth elliptic wire in a vertical plane,
the equations of the ellipse being
Z = acos )\, 2z = bsin A,
Show that -
a?sin? A + b? cos? A

-1 f" p
b= V/2gb ™ sinhe —sinh o™
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7. The particle A is constrained to move on the z-axis, and B is con-
strained to move on the y-axis. If they are at rest initially and attract
each other according to any law which depends only on their mutual dis-
tance, show that they will arrive at the origin simultancously.

8. A heavy bead slides along a curve in a vertical plane which is of
such a nature that the vertical component of the velocity is constant. What
is the equation of the curve? Amns. (3gez)? = (b — ¢? — 2¢2)3.

9. A bead slides on a vertical plane curve under the action of
gravity. What is the cquation of the curve if its normal reaction is
equal to n times the normal component of the weight of the bead? Ans.
n = 1, a straight line; » = 2, a cycloid; - - - .

10. Through the fixed point O; in space there pass n straight lines
along which n particles slide. The particles start from O, at rest under the
action of a force which is proportional to the distance toward a fixed point
0,. Show that the particles cross the sphere which has 0,0; as a diameter
at the same instant.

11. A heavy particle, starting from rest at a point O, slides along a certain
plane vertical curve and arrives at any point P of the curve in the same time
that would have been required in sliding along the chord OP. What is
the curve? [Euler.] Ans. A lemniscate.

12. Show that the lemniscate possesses the same property asin the preced-
ing example when the weight of the particle is replaced by an attractive
force with its center at O, the law of attraction being the direct first power.
[Bonnet.]

13. A bead slides down a parabola, parameter p, which is in a vertical
plane with its axis horizontal. The bead starts from rest at a height &
above the axis. At what point does the reaction of the curve change sign?
Ans. The point whose ordinate is the positive root of the equation

y® + 3p% — 2p?h = 0.

14. The depth of a smooth spherical bow! is one and one-half times the
radius of the sphere. A particle is projected horizontally from the bottom
of the bowl with just enough speed to make it rise to the edge of the bowl,
describe a parabola, and fall back to the opposite edge of thebowl. Ifa
is the radius of the spherc, show that the speed at the top of the parabola
is v/ag/2, and that the spceds at the top of the parabola, the edge of the
bowl, and the bottom of the bowl are in the ratios 1:2:4/10.

15. The cusps of a series of cycloids (Eq. (325.6)) are cut off by a line
y = —a, leaving a series of detached cycloidal ares. A particle is started into
motion on one of the arcs, which are smooth, and arrives at the end of it
with just sufficient speed to jump over to the next arc, which it follows to the
end, then jumps the next gap, and so on. Show that its period is

T = \/§[4sin"1\/g + \/27——4]

16. Find the plane tautochrone for an attractive force which is propor-
tional to the distance, the origin being the point of tautochronism. Ans.
0 = const.; orr = rec.
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17. Show that if the oscillations of a spherical pendulum are infinitely
small, the trajectory is an ellipse and the period is

T = 2#'\/3-

18. What is the period of a conical pendulum of length 4 ft. when the rod
makes an angle of 30° with the vertical, and what is the tension in the rod if
the bob weighs 51b.? Ans. 2.06 sec.; 5.77 1b.

19. A conical pendulum makes 40 revolutions per minute about the
vertical axis, and the bob weighs 11/21b. Find the inclination of the rod
to the vertical, and the tension in the rod. Ans. 23°25’; 1.631b. ! = 2 ft.

20. A particle moves on the surface of a sphere subject to a force which
varies inversely as the cube of the distance from the zy-plane. Show that
the trajectory is a spherical conic (the intersection of a sphere and a cone).

21. If a particle moves on a surface subject to no forces except the con-
straint of the surface and friction, the trajectory is a geodesic.

22. Show that the tension in the rod of a spherical pendulum cannot
change into a thrust unless cos ¢1 < 1/3 (21 = a 8in ¢,); and if this condition
is satisfied the change will occur if, and only if,

(222 + 21)? < 92,2 — 8a2.
23. A particle moves upon the helicoidal surface
T = 7 cos 6, Yy = rsin 6, z = ke,

under the action of a force mur dirccted away from the z-axis. Show that
the motion of the particle is defined by the two independent equations

2 4 (r? 4+ k)02 — pr? = ¢,
(r? + k2)0’ = h.

24. A family of cycloids has the same base and a cusp at O in common,
but the radii of the rolling circles are different. If particles slide down the
various cycloids under the action of gravity, starting simultancously from
rest at the point O, show that at any instant the curve formed by the
particles (the synchronous curve) is an orthogonal curve of the family of
cycloids, [Euler.]



CHAPTER XIV
THE GENERALIZED COORDINATES OF LAGRANGE

I. TRANSFORMATION OF COORDINATES

346. Changing the System of Coordinates.—It is frequently
desirable, or even necessary, to change the variables from one
system to another, a process with which the student is already
familiar. It was seen in the last chapter that the equations of
constrained motion of a particle in rectangular coordinates, three
in number, are not independent. By changing to spherical coor-
dinates, it was found that the equations of motion for a particle
constrained to the surface of a sphere were reduced in number to
two, and that these two equations were independent. For
motion on a given surface, two eoordinates are sufficient to define
the position of the particle; and therefore, in general, two equa-
tions, each of the second order, are sufficient to define the motion.
For motion along a curve, one coordinate is sufficient to define
the position of the particle; and one equation of the second order
is sufficient to define the motion.

Lagrange has shown in a very gencral manner how this change
of variables can be effected, whether the change be accompanied
by a reduction in the number of variables or not. Indeed, it isa
relatively simple matter to write down the equations of motion,
ab initio, in any desired system of codrdinates by means of the
form which Lagrange gave to the equations of motion.

347. The Equations of Lagrange for a Free Particle.—
Expressed in rectangular coordinates, the equations of motion of a
free particle are

mz' = X, my'"’ =Y, mz'’ = Z,; 1)

where X, Y, and Z are functions of z, y, 2; 2/, y’, 2/, and represent
the components of the forces acting along the z-, y-, and z-axes,

respectively. It will be supposed that the new variables are g,
347
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q2, and gs, and that they are related to the variables z, ¥, and 2z
by the equations
T = ‘Pl(ql, Q2, Q3; t)’
Yy ¢2(ql’ ge, q3; t)) (2)
z = o3(q1, 2 @3 1);

so that the equations of transformation (Eq. (2)) may contain the
time explicitly, or they may not: it is immaterial. In the follow-
ing analysis, it will be understood that

6.?:_ 3901 31/ a‘Pz iz“ 3503
9¢: = ag; agi  ogs’ dq: ~ 9g:
If the first equation of Eq. (1) is multiplied by 0x/dq1, the second

by dy/3q, and the third by d2/d¢1, and the three equations are then
added, the result is

9z ,, ay v 62 //) X ay
3
(6q1 + + + + OQ1 (3)
" For brevity of notation, let
dy 0z .
Q aq,‘l“Y +Zé—q—‘ 1—1,2,3.

It will be verified then without much difficulty that Eq. (3) can
be written

d or , ay, ,
dt[ ( + o+ )]
) o2 ()] -, ©
—-—m| X 5q—1 Yy —aq*; 2 aq 1y

ax) =4 ix) ete
I di\agq./’ e

On differentiating the equations of transformation (Eq. (2))
with respect to the time, the following equations result:

where, as usual

z = *—91 + Qz + "'"Qa +--’<

6
v = (;9591 -+ 92 + y-qa’ + —”’ (5)

I —‘ O
2 l+8qq2 aq z+
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From these equations, it is scen that
ar’ _ oz ay’ ay’ 74 a2
e = — Y. = —_—— = )
dgi’  9q: dqi  Aq: 9q:
i=123"% ()

(60&) _ o7, (61> _ oy, (_62_)’ _ o,
aq: ag; 3q; aq; dq;)  dg

the last line resulting from the identities
' _ y e % LAY
g aqlaq 9q20q: 12 + aqs ?9?1;‘“ *; ataq, aq:;)
In view of the equalities in Eq. (6), Eq. (4) can be written

ol v i)

oz’ 62
— I" o / =
m[z o + ?/ aq + aql] Q..

@)

Let the kinetic encrgy of the particle
= m(:l:'2 + y2 4 2?) = -ms* 2

be expressed in terms of the new variables qi, ¢s, ¢3; g1/, g2’ ¢3'; ¢.
Then Eq. (7) becomes

aT oT
(&r) ag, =

and, similarly, (qu> qu - Quy o @®
R 2

aT aT
(aqa'> o Qs

This is the form which Lagrange gave to the equations of motion.
It holds for every system of coordinates that are holonomic, that
is to say, they hold for every system of coordinates for which the
equations of transformation (Eq. (2)) do not contain the deriva-
tives q//, ¢2/, and ¢5'.

That they are of the second order can be seen from the fact
that if the equations in Eq. (5) are squared and added, the expres-
sion for T is of the second degree in g1/, g2/, ¢s'. Hence, 3T /dq/’ is
linear in ¢1’, ¢2/, ¢s’ and (87T /d¢:")’ is linear in ¢:”, ¢.”, ¢5’’. Fur-
thermore, the expression for 7' in the new variables can be written
down at once, if one knows how to express the arc element ds in
terms of the new variables, for 7 is simply ms'2/2.
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348. If There Exists a Force Function.—The quantities which
have been denoted by Q; are defined by the equations

Q: —X +Y"y+zq

If there exists a force functlon U(z, y, 2; t) such that

U aU , _ U
X =5 Y= Z="%
then
aUor , aUdy |, U oz

Q=5 aq: | 9y dq: T oz dgi’

and since U is a function of the g¢; only as these letters
enter through z, ¥, and 2, not {, this expression is the derivative of
U with respect to g¢:; that is,

aU
Q. =Y.

aq.-
The equations of Lagrange then become
ar) oT _ U
aqi’ dg:  9g:
The force function U is the negative of the potential energy, that
is,

i=1,23. (1)

U= -V.

Form the difference between the kinetic and potential energies,

and let
=T4+U=T-YV.

Since U does not contain q.’, g2/, ¢35/, it is evident that

oL _oT L _aT  oU
aq’ ~ aqi dq;  dqi ' dqi’
therefore, Lagrange’s equations become simply
oL oL .
(5;;) 6({. =0 1= l, 2, 3. (2)

The function L is called the Lagrangean function, and its negative
was called by Helmholtz the kinetic potential.

349. The Energy and Other Integrals.—It was proved in Sec.
269 that whenever there exists a force function in terms of the
variables z, y, and z which is independent of the time, there also
exists an energy integral. Evidently, the energy integral, when
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it exists, will be transformed by a direct substitution of the equa-
tions of transformation (347.2) into an integral in the new vari-
ables ¢, ¢», and ¢s; and their derivatives; but if the equations of
transformation contain the time explicitly, the integral, expressed
in the new variables, also, in general, will contain the time explic-
itly. If the equations of transformation do not contain the time
explicitly, of course, the transformed integral will not contain the
time explicitly.

It will be supposed, for simplicity, that the equations of trans-
formations do not contain the time explicitly. Then

oz
17'=aq 1+ 92 +aqqa,
y’=—'qx +2 q g2 +aqqa, 6
z’=aqq1+ qz+ qs,

and
T = ;m(ac’2 + ¥ + 2,

when expressed in the new variables, will be a homogeneous
quadratie form in ¢/, g2/, g5
Let Eq. (348.1) be multiplied by ¢.’, and then summed as to 7.

The result is
3 U ,
2,0 ( ) an. - .2 ag:

i=1
Hence,

Now

a_T 9TY _ dT
q aq' q aqi aqilqi .
3

o daT , AU ,
E( aq.) an‘ = ol T 2ot @

t=1
If the potential function U(z, y, 2) does not contain the time
explicitly, then U(q,, qs, qa) does not contain it and

aU,

4
aq. =0

1=1

Also, since T is a function of ¢; and ¢/,

oT aT
T = zgaqs'" + zb @ s 3)
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and by Duler S theorem on homogeneous functions

I + 92 + q3 aT = 2T, (4)
so that Eq. (2) becomes '
2T — T' = U".
Therefore,
T=U+¢, )

which is the energy mtegral

It may happen, however, that the potential function, when
expressed in the rectangular coordinates, contains the time
explicitly, but that one can find a transformation (Eq. (347.2))
which not only frees the potential function of the time explicitly,
but also leaves the expression for the kinetic energy free from the
time explicitly. In this event Egs. (2) and (3) remain unaltered,
but Eq. (1) takes the non-homogeneous form of Eq. (347.5);
and therefore 7', the kinetic energy, is non-homogencous in
q, ¢, q¢i’. However, let

T=T:+ T+ T,

where T’ is the sum of the terms which are homogeneous of the
second degree in ¢, g2/, ¢s', and T, and T, are homogeneous of
degrees 1 and 0, respectively Then Eq. (4) takes the form

2 q; = 2T, + Tl,

i=1 '

"="T'+T'+T
Equation (2) now becomes
Tz’ — TO' = U’,

and

and, therefore,

TQ—T0=U+C, (6)
an integral which is analogous to the energy integral. The
inverse substitution will, of course, give the corresponding inte-
gral in terms of the rectangular coordinates and the time.

If one of the coordinates, ¢s for example, does not occur in the
expression for the Lagrangean function L, the corresponding
differential equation reduces to

oL\
(dar) =0

aiql-'; = constant
3

and, therefore,
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is an integral of the differential equations. This is what happens
for the integrals of areas. The coordinate ¢s;, under these cir-
cumstances, is called a cyclic or ignorable coordinate. For each
ignorable coordinate there exists an integral.

360. A Vector Interpretation of the Equation of Lagrange.—
It will be helpful to an understanding of the equations of Lagrange
to examine the nature of these equations. The equations of
transformation (Eq. (2)) are
T = ¢1(g1, g2, q3; ), ¥ = 02(q1, 92, 93; 1), 2 = ¢3(q1, g2, 03; 1)
If g2, ¢a, and ¢ are kept fixed but ¢, is varied, the point z, y, 2
undergoes a displacement of which the components are

dox Yy
dr = 5Qqu1, dy = '@dqla dz = - d(h,

and the magnitude of the displacement is

_ éx oy _
ds = (691) + (am) + (aql) dg, = Budgy,

where
_ 59_1' Ay 9z
B = V(ésh) +<691) * (aqx)
Hence,
dz 1oz dy 10y  dz_ 130z
dS - R] 6q1 ds R1 6q1 ds - Rl aql’

and since ‘éx ‘é/ ) and ds are the direction cosines of the displace-

ment vector, the expressions
S loe 1oy 1o )
R1 aql R1 dql R1 aql
also are the direction cosines of the displacement vector due to
a change in g¢q; or, for short, the direction cosines of the ¢
direction.
Let A be the acceleration vector of which the components
are z'’, "', and 2””. Then
1 ax II aJ Il az "
R <8q T3 + ag.° >
is the component of the acceleratlon in the ¢;-direction. The
change from the left member of Eq. (347.3) to the left member of
the first equation of Eq. (347.8) is merely a change of form of
expression, the mechanical significance remaining unaltered.
Hence, if A, is the component of A in the g;-direction,
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i[ :’E)' _ 37]] = md
R1 GQ1' aql B &

Likewise, if F is the force which is acting, with the components
X, Y, and Z along the z-, y-, and z-axes, and if F, .18 the component
of the force in the g,-direction, then it is evident that

(X Py g )=pql=%.

Hence, by Newton’s second law,

G 7
VI ARNCI2Y 9 Rl

which, aside from the factor 1/R;, is the same as the first equation
of Eq. (8). The interpretation of the other two equations is
similar.

361. Transformation to Polar Coordinates.—Suppose that
it is desired to change from rectangular coordinates to polar
coordinates in the plane. The equations of transformation are

T = r cos 6, = 7 8in 6, z=0.
Let r play the role of g; and 6 that of g;. Then
or _ 9 _ = 020 -sin2f = 1-
ar—coso, ar—sm0, R, = \/cos? 6 + sin? 0 = 1;
g; = —r sin 6, g‘g =rcosfd, Ry = AVr*sin? 0 + 12 cos? 0 = r.

The arc element ds in polar coordinates is

ds* = dr? + r*d6?,
so that LTI s

"\‘,—/

T = %m(r’2 + r20'2),

The r-direction is evidently along the radius vector away from
the origin, and the 6-direction is perpendicular to the r-direction,
directed 90° ahead. Hence, the components of the acceleration
in these directions are

’
T o B

1f[ o '
@ =5 {[60'( 24 '0’2>] _; aao[r’2 + 7‘20'2]} =r0" + 2r'¢’,

which are the same expressions that were derived in Seec. 257.
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362. Spherical Coordinates.—The equations of transformation
are

T = r Cos ¢ cos 0, Y = T COS ¢ Sin 0, z =rsin @.
IFrom these equations, the following relations are derived:
ax _ dy _ . 9z _ .
o = 4+ cos ¢ cos 6, ar = + cos ¢ sin 6, 3 = Sine
@——rsin cos 6 Q?—/———-rsin sin 6 gg:rcos
a‘p - R (4 ) av - ¢ ) av ¢}
oz . 9y _ (7]
30 = T CcOS ¢ sin 6, 20 = -7 cos ¢ cos 0, 65_0'
Hence,

R, =1, R, =1, Ry = r cos ¢.

The arc element, in spherical coordinates, is

ds? = dr? + r’de? + r? cos®p db?;
so that

82 = 72 4 120”2 4 12 cos?p 02,
The r-direction is along the radius vector directed outward; the
¢-direction is along a meridian directed toward the north pole;
the 6-dircction is along a parallel of latitude in the direction of
increasing longitude. Hence,

1 i 2\’ /2]
* T 2R, (%Srf> h a;r 17 " — 1" — 1 cos* p- 07,
TL
1 [ (as?\ 957 .
% = 35| <f»_,> o | = r¢’’ 4+ 2r'¢" 4+ r sin ¢ cos ¢ - 672,
1 ds'? 85/2 — 7 Yy
ag_?TRoL( > recoso-0" 4+ 2cos o-r'0

— 2r sin ¢ ¢'¢,
which are the same as those derived in See. 263; but they were
derived with much less labor.

363. Elliptic Coordinates.—If ¢ is regarded as a parameter, the

+ ‘l.__+___
a_q b—q 62 "q

-1=0, a>bv>¢ (1)
represents a family of confocal conicoids, the type of the conicoid
depending upon the value of ¢, as follows:
g <c (ellipsoid),
EA<g<y (hyperboloid of one sheet),
2 < g <a® (hyperboloid of two sheets),
at <gq (imaginary surface).

)
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Through any fixed point z, y, 2 of space, there passes one and
only one conicoid of each type. In order to determine the
corresponding value of the parameter ¢, let the coordinates of
the given point be substituted in Eq. (1), and then solve the
equation for g. When Eq. (1) is cleared of fractions, it is seen
that it is a cubic in ¢, and that there are accordingly three roots.
In order to show that the three roots are real, let the left member
of Eq. (1) be denoted by f(g). The derivative of f(g) is always
positive, for

a 2 Y2 22
- @-gptE-gt e @

A Triply Orthogonal System of Surfaces.—The correspondence
between the values of ¢ and the values of f is as follows:

g= —0,¢c2—0,c¢2+0, -0, 2+0, a®> -0, >+ 0, + ;

f=-1 4w, —o0w, ++w =0 +ono =—on -1
I I I
I I I
! | |
|
| #(a) : : I
]
|
0/ gcz 2 la2 q
(£ %[ 9%,
S
| | |
(o
1R
| | I
| | |
I I I
Fia. 173.

Since the derivative is always positive, the graph of f(g) is
like Fig. 173. There is one root ¢; which is less than ¢?, a second
one ¢; lies between ¢ and b2, and the third g, lies between b%
and a®>. Therefore, by Eq. (2),
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z ¥ 4% _ 1 (hyp. of twosheet
a’—q1+b2—-q1 = (hyp. of two sheets),
z2 e 22
02—92+b2"92+02—QZ
z? y? 2 ..
P p— + =g + g 1 (ellipsoid).
The direction cosines a, 3, and v of the normals to these three
surfaces are

It

1 (hyp. of one sheet), (1)

o=t %, g1 ¥ | 1z .
TRV —¢q, TRV g M7 R® ¢t — ¢/
1 z 1 Y 1 z
@ =poat—q PR -¢ VM RYG—g((®
1 T 1 Y 1 2

B =P g BT RO 4 TP T RO GE g
RPa qs RO b qs RO ¢ qs

Hence, the cosine of the angle between the normals to the hyper-
boloid of two sheets and the hyperboloid of one sheet is

1 z?
aias + BBz + v1v2 = Tg(lo)Réﬁ)[(T{z:ql‘)(aztz)' +
?/2 2 (6)
W= —a) (cr—dqiﬁcz—ﬁqz-)].

If the second equation of Kq. (4) be subtracted from the first,
it is found that
z‘.! yZ
@~ 0] o “o@—w T e —w
22
@ —q)ce—q)]

ajas + BiB: + YiY2 = 0;
and likewise, asas + B2B3s + vrys = 0,

azay + BsB1 + vavr = 0.

Thus, the three surfaces intersect one another always at right
angles, and they are said to form a triply orthogonal system. The
three roots q., gz, and g; are called the elliptic coordinates of the
point z, y, 2. Their order of magnitude is

az>q > b > g2 > ¢ > q.

The Equations of Transformation.—On clearing Eq. (353.1) of
fractions, it will be observed that
226 — g)(c* — @) + ¥*(a® — @)(¢* — q) + 2*(a* — ¢)(B* — @) )

— (@ - — @ —q = (¢ — a)g — g2)(q — g9).

@)
0.

Hence,
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This is merely an identity, and holds for every value of ¢; but
if ¢ is set equal to a?, b?% and c? successively, the equations of
transformation (Eq. (347.2)) are obtained easily, namely,

(a* = q1)(a® — g3)(a® — qa)
(@ — b)(a® — )
9 (@ — D) — g2)(B* — 93)
y = _—"(ai‘: b%) (b e ¢) ’ 9
(11 — c*) (g2 — A)(c* — g3).
@ = O — )

z? =

22 =

If gq; is kept fixed while g, and ¢, vary, the point z, y, z describes
the ellipsoid. Thus it can be said that ¢; equal to a constant is

Fia. 174.

the ellipsoid, ¢. constant is the hyperboloid of one sheet, and ¢
constant is the hyperboloid of two sheets. It is readily verified
from Egs. (9) and (5) that the g;-direction is normal to the ellip-
soid in the sense ¢; increasing, the g¢e-direction is normal to the
hyperboloid of one sheet, and the g¢;-direction is normal to the
hyperboloid of two sheets. Since these directions are mutually
at right angles, it follows that

ds? = Rdg? + Ri*dgs? + Ri2dgs?;

where R, Rs?, and Rj? are certain functions of gi, ¢z, and g¢;
which were defined in Sec. 350.

The Expression for the Kinetic Energy.—On differentiating Eq.
(9) logarithmically, there results
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Z d 1 d 2 di 3
o= T G
dy =y[_ dg  _ dg_ dgs ]

2l bB-aq P -g 0~ g
de = E[_ dgy  _ _dgy _ _dgs |,

2l - =g & — gl

Squaring and adding, the cross-product terms disappear by
virtue of relations in Eq. (7). The coefficient of dg,2 is

oz EIAY <az> 1[__;;2__~ oy
(Mx) + (3q1> + o 4 (a* — q1)? + ® — q?
z2
Tie= )l
that is,

Now, from Eq. (8),
Q) = (9 — 99)(q — ¢2)(q — ¢3), (10)

(@ — @ — g — 9’
so that

/A C Bl DA j_s)ﬁ coe )
i g e |

where the terms not computed carry (¢ — gi) as a factor, and
therefore vanish when g is set equal to ¢;. Therefore,

Rit = 1 (e—g)es—q)
YA - )@ - q)(e — q)’
and, similarly, -

Rep=1_ (@=a)(@e—06

4 (@ — @)(®* — @) — @)
R = 1 (- qs)((h - Q)

The expression for the kinetic energy is now ea,sily written.
It is
T = JmiRig + Rée” + Rias";

and from this expression the equation of motion can be derived
without further difficulty.

If F, F,, and F; are the components of the force which is
acting in the ¢i-, ¢o-, and g¢s-directions, then (Sec. 350)

Ql = FlRl, Q‘Z = F2R2, Qs = F3R3-
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Elliptic Coordinates in the Plane.—If qi, g5, and g; are regarded
as the independent variables, and z, y, and z are determined by
Eq. (9), it is seen that if ¢; approaches c? the value of 2? tends
toward zero; in the limit, for ¢; = ¢% 2 is zero, and

@ = ¢)(@ = @), _ (@ =)0 — ).

22 = 9y
@ — %) @ -
The limits of the three surfaces (IEq. (4)) are
AN S
PR, g 1 (hyperbola),
x!! ?/2

e + — =1 (ellipse),
and the third is arbitrary.

Since z and g; arc constants, the expression for the are element
becomes

ds? = Ridq* + R%dgqd,
with
1 2 — q 1 2 —
R2=o_ 42 "9t R2 ==
PTA@ =g ® —a) TTi@ - o) - o)

The g;-direction is normal to the hyperbola, and the g,-direction
is normal to the ellipse. If the force is resolved into its two com-
ponents F; and F; in these directions, then

Q. =F.R,, Q: = FiR,.

These relations, together with the expression for the kinetic
energy,

1
T = 57”(31201'2 + Ra”q#),
are sufficient for writing down the equations of motion.

II. MOVING CONSTRAINTS

3564. Moving Constraints.—If a particle is constrained to move
along a fixed curve, the equation of the curve can be expressed
parametrically. Thus,

z = ¢i(q), ¥ = e2(0), z = ¢3(0);
but if the curve itself has a prescribed motion, its paramectric
equation has the form
z = ¢i(g, 1), y = ‘P2(q: 8, z = ¢s(q, 0).

Similarly, if a particle is constrained to move on a fixed surface,

the coordinates can be expressed in terms of two parameters
T = oiqy, ¢2), Y = ¢2(qy 02), 2 = os(qy, 0.
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If the surface is in motion, in some prescribed manner, the expres-
sions for the coordinates z, y, and 2z have the form

z = oi(qy, g2; 1), ¥ = e2qy, q2; 0), z = o3(q1, @2; 1),

All four of the above cases are particular instances of the trans-
formation of Lagrange (Eq. (347.2)) in which the number of param-
eters is less than the original number of the coordinates, the
number of the parameters being equal to the number of the
degrees of freedom of the particle. In all such cases the equa-
tions of Lagrange are immediately applicable. Two illustrations
of the application of these equations will be given.

366. The Particle is Constrained to a Moving Line.—A heavy
bead is free to slide without friction along a straight line which
describes a right circular cone, about a ver-
tical axis, with uniform angular speed w. ;

It is required to describe the motion of the Syt
| s
bead.

Let r be the distance of the bead from
the apex of the cone, positive if above the
vertex and negative if below the vertex. Let
a be the angle which the line makes with the
vertical axis. Then the rectangular coordi-
nates of the bead are (Fig. 175)

x =rsinacoswl, ¥ =rsinasin wi,
.2 =T COoS a, ¢h

in which r plays the role of the parameter
¢, and « and w are constants.
The derivatives with respcet to the time can be written

Fra. 175.

x y 2

4 ’ ’ < ’ ! '

xr = ro— wy Yy = r+wx g =-r.
r Y, Y r 3 r

Therefore,
T = ém(w”’- +y?2+2") = ;m(r’2 + w’r? sin? a).

Also,
U = —mgz = —mgr cos a.

Hence, the Lagrangean function (Sec. 348) is

L=T+4+U-= ém(r’2 + w?? sin? &) — mgr cos a.
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The equation of motion (Eq. (348.2)) becomes

aL\' _ oL
_(aﬁ) B

or, after removing the factor m, and developing,
" — reo?sin? @ = —g cos a. 2)

This is the equation of the motion of a particle along a fixed
straight line subject to two forces; the first is one of repulsion
from the origin; the second is a constant force always directed
toward the negative end of the r-axis. The solution is

r = A cosh (wt sin «) + B sinh (wt sin a) + e

If the initial conditions are

r =Ty r’ =0,
then
cos o
A=r— 5202 B =0;
«? sin

and the solution becomes
cos a . cos a
r=\7 — “g2—-.*2 - ) cosh (wt s a) + ‘%“T
w? sin? « w? sin

For w = 0, or a = 0, this solution reduces, as it should, to
1
r =1 — 2gt“’ cos a.

The particle will rise or fall according as

S gcosa

To oy
L w?sin®

Equation (2) admits the integral
r'"? — 12w’ sin? @ = —2¢gr cos @ + C,

which is an illustration of the general integral (Eq. (349.6)).

3566. The Particle is Constrained to a Moving Plane Surface.—
A particle, which is acted upon by an attractive force which is
proportional to its distance from a fixed point O, is constrained
to move on a smooth plane whichisin motion. The plane pivots
on the point O, and its normal at O describes a cone with uniform
angular motion. It is desired to find the motion of the particle.

Let £ and » be a set of rectangular axes in the moving plane,
with origin at O; the ¢-axis coinciding with the intersection of the
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moving plane and the zy-plane. If « is the angle between the
two planes, the equations of transformation are

Z = £ cos wt — 7 cos a sin wi,
y = £sin wt + 7 cos a cos o,
2 = + 7 sin «;

and their derivatives with respect to the time are
z’ = £ cos wt — 7’ cos a sin wt — wy,
y' = ¢ sin wt 4 9’ cos @ cos wt + wz,
2 = + 7’ sin a.
Therefore,

2 + y? + 2 = £2 + 02 + 20 cos a(tn’ — nt')
+ ?(£ + 7° cos? ).

I

/

The force function U can be written
U = — k(@ + 32 +2) = — jmk¥(& + 1.
Hence, the Lagrangean function T' + U is

L = Jm{§" + 0 + 20 c0s alin’ — 1¢) + (& + 1 cost o)
_kZ(EZ + 1’2)}.
From this it is casily found that

’ 1 ’
l(aL) = §" - 7'w cos a, <%> = 7" 4 fw cos a,

7—7'& ‘ﬁr 77L aﬂl
and L
1 oL
“mog = —nwcose+ (K — Wi
_lal’— Y 2 2 2
m o +tweos a + (k w? cos? a)7.

The equations of motion are, therefore,
£ — 2w cos an’ + (K — w?) ¢ =0,
7" + 2w cos at’ + (k* — w? cos? a)n = 0.

These equations are lincar and homogeneous with constant coeffi-
cients. The solution is reduced, by means of the substitution

¢ = AeM’ n= BeM: (1)
to the solution of two algebraic equations
AN + (B — w?)] — B[2\w cos a] =0, (2)

]
k=)

A[2\w cos a] + B[\ + (k* — «? cos? a)]
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which are linear and homogeneous in the constants A and B.
In order that there may exist a solution, other than the trivial
solution in which both A and B are zero, it is necessary that the
determinant shall vanish, that is,

A+ (k2 — w?), —2\wcosa | _ 0
2\w Cos a, N+ (k* — w?cos?a) ?
or

M4 [2k2 4+ (B cos?a — 1)w?]A? 4 (k? — w?) (k2 — w?cos?a) = 0. (3)
The solution of this equation is

N = — + 5u*(1 — B cost ) (4)

2
+ %w"’\/l + (lﬁgé - 10) cos? a + 9 cos* a.
Thus it is evident that the four values of A occur in pairs, the two
members of a pair differing only in sign. There are only two
values of A\2; and these two reduce to one if the radicand vanishes.
For this exceptional case there are only two solutions of the
form of Eq. (1). In the general case, however, Eq. (4) gives two
distinct values of A2 Asthe nature

:" * of the motion depends upon whether

* N 7D " the values of A\? are positive, nega-

\w T~ // | tive, or complex, it is desirable to

\ 4 : examine further the roots of Eq. (3).

- :- " - 177 The two roots have the same or
+5 : opposite signs according as

2 B ke " o
4
Fre. 17;_' (;2 - 1)((—‘;2 — cos? a) 20.

It is readily verified that if k2/w? is large both roots are negative
(see Fig. 176). On crossing the line k¥2/w? = 1, one of the roots
changes sign, so that in the triangle ABD one root is positive
and one is negative. In the triangle ACD the situation is more
complicated, for the discriminant vanishes along the curve

2
1+(16"f72 - 10) cos’a + 9 cost a = 0.
If
k2
;2=:c>0, cosla =y < +1,

this curve,
1 — 10y + 16zy + 9y* = 0,
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which is a hyperbola through the point C, is asymptotic to the
z-axis and to a line whose slope is —16/9, and to which the line
x = y is tangent. Thus the triangle ACD is divided into three
regions. In the neighborhood of A both roots are positive.
In the part cut out by the hyperbola, both roots are complex;
and in the remainder of the triangle both roots are negative.
In the region of complex roots, the real part of the root is positive
if the point z, ¥ is below the line

2z +3y — 1 =0,

and negative if the point lies above it. This line passes through
the point of tangency of the line z = y and the hyperbola.

If the four values of A are denoted by Ay, N, A5, and Ay, the
complete solution is

s Ale)\d + Azexd + Ase)\:! + A4e)..t,
n = Blehi + Bze)\zt + Baekaf + B4e7\d;

where, from Lq. (2),
B;

1

AN
o 2\; CO8 «

If both values of A\? are negative, all four of the roots Ay, « * -
\s are pure imaginaries, and the motion is compounded out of
two simple harmonic motions. If one value of A? is positive and
one is negative, two of the roots are pure imaginaries and two
are real, of which one is positive and one negative (equal numeri-
cally, however). The motion is compounded out of a simple
harmonic mofion and an exponential motion. The particle
therefore, in general, recedes from the origin, but oscillates in
doing so. If both roots are positive, all four exponentials are
real and the particle, in general, recedes from the origin without
oscillation. This is the case when the plane has a high inclina-
tion and revolves rapidly, and the attractive force is relatively
feeble.

The integral Eq. (349.6) exists, since the Lagrangean function
does not contain the time explicitly, namely,

§1 4 0% — W@ + o cost o) + K& + ) = C.

The energy is not constant since the revolving plane does work
upon the particle. While the reaction of the plane is always
normal to the plane, it is not normal to the curve described by
the particle in space, and therefore it does work upon the particle.
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III. RELATIVE MOTION

357. Motion Relative to the Surface of the Earth.—When it
is said that a system of rectangular axes is *“ fixed,” it is meant
that it is fixed relative to the center of gravity of the system of
stars, or the galaxy; or, that it is in uniform translation with
respect to such a system, since the differential equations of
motion are the same for the two cases.

On account of both the annual revolution of the earth about
the sun, and the daily rotation of the earth upon its own axis,
a system of axes fixed relatively to the surface of the earth is not
a system which is fixed in the sense which has just been defined.
If the earth did not rotate upon its axis, the revolution about the
sun would introduce merely a translation of the axis, the origin
of the axis describing an ellipse about the sun annually. Such a
translation is not a uniform translation, since the origin does not
describe a straight line with uniform speed. The period of the
motion (one year), however, is so large that no perceptible effect
is produced in motions which occur on the surface of the earth;
and therefore the departure from uniformity, due to this cause,
generally can be ignored.

It is otherwise with the rotation of the earth, which has a
period of 23 hours, 56 minutes, 4.1 seconds, or 86,164.1 mean
solar seconds; for, not only is the period much shorter, but the
axes, which are fixed relatively to the surface of the earth, are
in rotation with respect to a system of fixed axes. It will be of
interest, therefore, to see in what manner the apparent motions
on the surface of the earth depend upon the rotation of the earth.

368. The Equations of Transformation.—Let a system of axes
with the origin at the center of the earth and the z-axis coinciding
with the axis of rotation be regarded as a system of fixed axes,
the z- and y-axes in the plane of the equator having fixed directions
with respect to the stars. With respect to these axes, the earth
is rotating with the angular speed

27
© = geiedl 0.000072921, ‘

which is so small that its square can generally be neglected.

At the point P on the surface of the earth (Fig. 177) take a system

of rectangular axes with the {-axis coinciding with the normal

to the surface, the f-axis directed toward the east, and the -

axis directed toward the north. Let ai, + - -, ¥3, as indicated
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in the table, be the cosines of the angles which the axes of one
system make with the axes of the other.

R
x oy (3] (%]
Y B1 B2 Bs
z Y1 Y2 Y3

Let the polar coordinates of P with respect to the z-, y-, and 2-
axes be

Zo = T COS ¢ €OS 0, Yo = T €OS ¢ sin 6, 2o = r 8in ¢.
In accordance with the conventions of Sec. 350, the £-axis coin-
cides with the #-direction, the y-axis coincides with the ¢-direction

Fia. 177. Fia. 178.

and the {-axis coincides with the r-direction. Hence, the expres-
sions in Eq. (350.1) give

a; = — sin 6, ap = — sin ¢ cos 0, a3 = cos ¢ cos 0;
B1 = + cos 6, B2 = — sin ¢ sin 6, B3 = cos ¢ sin 0;
= 0, v2 =+ €08 o, vs = sin ¢.

Since P is fixed on the surface of the earth, the angle ¢ is
constant and 6 is equal to wt. Hence, the equations of trans-
formation from one system to the other

z = 2o + anf + am + asf,
Y Yo + B¢ + Ban + B3¢,
2 20 + 7iE + v + st

I

become

T = a cos ¢ cos wt — £ 8in wt — 7 sin ¢ cos wt + ¢ cos ¢ cos Wi,
¥ = acos ¢ sin wt + £ cos wt — 7 sin ¢ sin wt + § cos a sin wt,
z =asin ¢ + 0 + n cos ¢ -+ ¢ sin o,

the radius of sphere having been taken equal to a.
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The equations of transformation having been derived for the
sphere, it is evident that the same equations hold for any surface
of revolution provided ¢ is taken as the complement of the angle
which the normal to the surface at P makes with the z-axis, and
a is the distance from P to the z-axis measured along the normal.
" In particular, they hold if the earth is regarded as an oblate
spheroid (Fig. 178) instead of a sphere.

The Components of Acceleration along the &, 9-, and {-axes.—
The derivatives with respect to the time 2/, 3/, 2’ are

' =z + (a'E + ad'n + as’¢) + (et + am’ + asf’),
¥y =y + B+ Bn + B5't) + (B¢ + B’ + Bat),
2 =2 + (v/'E+ vo'n + ') + (vif + v’ + vsl);

and these values, substituted in the expression for the kinetic
energy T = m (2% 4+ y'2 + 2%)/2 give,

Iyt £
+ mw(&y’ sin ¢ — £ cos ¢ — 9’ sin ¢ + £ cos ¢ + at’ cos ¢)

1
+mw< £2 4 ——17 sin? ¢ + {2 cos? ¢ — q¢ sin ¢ cos ¢
— a7 sin ¢ cos ¢ + af cos? ¢ + 2a2 cos? ¢)-

The accelerations «;, a,, and o along the {-; 4-, and {-axes are

(Sec. 350)
=l (o¥) =5
( T)’ BT”
B 1[ aT\' aT:_
-6 -]

and the explicit expressions for these accelerations are
a; = £ + 2w(t cos ¢ — 7’ sin p) — W,
a, = 7" + 2wt sin ¢ + w?sin p(—7 sin ¢ + { cos ¢ +
a cos ¢), ¢ (1)
ap = ¢ — 2wt cos ¢ — w? cos p(—n sing + ¢ cosp +
a cos o).

<

@y

369. A Vector Resolution of the Acceleration.—The terms
which carry «? as a factor in Eq. (358.1) are readily seen to be the
negative of the components of the centrifugal acceleration of a
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point £, 5, ¢ which is at rest relative to the ¢, 9-, and ¢-axes. In
Fig. 179, let {POZ be the n¢-plane, which also passes through the
z-axis.

Let the point C be the projection of the point £, 5, ¢ upon this
plane. Let AC be the perpendicular from C to the z-axis, and
PQ the perpendicular from P to the z-axis. Then

OP =a, PQ=acose, PE=¢,  EC =,
and AC = a cos ¢ + { cos ¢ — 7 sin .

—
The components of the vector AC along the 5- and ¢-axes are,
respectively,

—(a cos ¢ + ¢ cos ¢ — 7 sin o) sin ¢
and +(a cos ¢ + ¢ cos ¢ — 7 sin ) cos ¢.

N’
gEnd  §
‘ B _cop 7 &
TS
Q 7
P
¢\
O.L__L___—

Fia. 179.

Let L be a vector perpendicular to the z-axis, with its origin
in the z-axis and its terminus at the point £ 5, {. Then L
is the centrifugal acceleration due to the rotation of the earth,
and its components along the £-, #-, and {-axes are

w2§, —w? sin o(—n sin ¢ + { cos ¢ + a cos p),
+w? cos o(—n sin ¢ + ¢ cos ¢ + a cos p).

The terms which carry 2w as a factor also are the components
of a vector which is known as the compound centrifugal accelera-
tion, since it depends not only upon rotation of the earth considered
as a vector but also upon the relative velocity vector ¢, v/, ¢'.
In Fig. 180, the rotation of the earth is represented by the vector
w, and the relative velocity, of which the components are ¢, 7/,
and ¢’, by v. The compound centrifugal acceleration is repre-
sented by the vector a.. Imagine the plane which contains the
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vectors » and v to be rotated about the axis of » with the angular

speed w in the sense indicated by the vector w, the angle ov
remaining constant. It will be shown that «. is twice the
velocity of the terminus of v in this rotation, and therefore is
perpendicular to the plane which contains » and v.

d

F1a. 180.

Let the direction cosines of » be «, 8, and v, the dircction
cosines of v be A, u, and », and the direction cosines of the velocity
of the terminus of v in this rotation be a, b, and ¢. Then

= " n= y = — (1)

a =0, B = cos ¢, ¥ = sin ¢,
v

’ / Y
A=$ m £
v

Since the velocity of the terminus of v is perpendicular both
to v and o, the following two equations hold:

aa + b3 + ¢y = 0,

a\ + bu +cv = 0.
Therefore,

oy M —va_ pa— M8
a N b n c 2)
= V(B — 1) + O\ — va)? + (ua — M)},

the last equality holding, since

a?+b+ct=1
Now .

o\ + Bu + vv =cos:>\\r,
and, therefore,

VB = w7 + (\y — va)? + (ua — MB)? = sin@v.  (3)
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On substituting the values from Egs. (1) and (3) in Eq. (2), and
then multiplying through by w, the components of the velocity
of the terminus of v are found to be

AN
wv sin v - a = w(t’ cos ¢ — 7’ sin «),
A
wv sin wv - b = w¢’ sin ¢,
. -~ 7’
Wt SIn WV + ¢ = —wé ¢os o,

which are just one-half of the components of the compound
centrifugal acceleration.

The terms ¢, 4", and ¢’ are obviously the components of
the relative acceleration, and therefore the total acceleration is
resolvable into the three components: the relative acceleration,
the centrifugal acceleration reversed, and the compound centrif-
ugal acceleration. This proposition, which is known as the
theorem of Coriolis, is true even though the -, 7-, and {-axes are
not in simple rotation about a fixed axis. The present example
is merely a particular instance of it.

360. The Plumb Line.—Let a sphere of mass m be suspended
from a point on the {-axis by a string in which the tension is T'.
It will be supposed that the sphere is at rest at the origin. The
plumb line will coincide with the {-axis, since by definition, the
¢-axis is vertical, and vertical means the direction of the plumb
line. Let G be the acceleration of the gravitational attraction
on the sphere. The earth is assumed to be symmetrical with
respect to the ni-plane, which is a meridian plane of the earth
and, therefore, G will lie in this plane. ILet its components along
the #- and {-axes be G, and G;. Then the acceleration equations
are
¢’ + 2w(¢’ cos ¢ — 7" sin ¢) — Wt =0,

7" 4+ 2wt sin ¢
+ w?sin o(—nsin ¢ 4 ¢ cos ¢ + acos o) =G, a)
¢ — 2wt cos ¢

— wlcosp( —nsing + fcosp +acosgp) = —G +1%T.

Since the sphere is relatively at rest at the origin,
=0 ="=¥=y9=¢=t=0={=0
and therefore

. 1
G, = aw? sin ¢ cos ¢, pon T = G; — aw? cos? ¢.
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If the earth were not rotating, the value of 7'/m would be G,
and since

G = Ve — G”—G\/ —-~sm2¢coszgo

1 a?w?
=@ — ———G sinfgpcos®t o+ - - -,

it is seen that T is slightly diminished by the rotation of the earth.
The quantity Gy — aw? cos? ¢ is the acceleration of gravity which
is commonly denoted by the letter g.

The value of w (Sec. 358) is approximately 1/14,000. This
value is so small that, for regions in which ¢ can be regarded as
constant, the remaining terms in the acceleration equations which
carry »? as a factor are wholly inappreciable. They will therefore
be dropped from further consideration.

361. Freely Falling Bodies.—The equations of motion for a
freely falling body or a projectile, for a limited region in which it
is permissible to regard g as a constant, are

£+ 2w(¢’ cos ¢ — 7' sin ¢) = 0,
7" + 2w¢’ sin ¢ =0, (1)
¢ — 2wt cos ¢ = —g.

Each of these equations is an exact differential. On integrating,
there results
£ + 2w(¢ cos ¢ — 7 sin ¢) = ¢y,
7" + 2wt sin o = ¢y, (2)
¢ — 2wt cos o =c3 — gt
For a body falling freely from rest from a point on the {-axis at a
height » above the origin,
¢1 = 2wh cos ¢, ¢ = 0, ¢z = 0.
From the second and third equations of Eq. (2), it is found that
(¢ cos ¢ — 7' sin @) = 2wE — g cos ¢ - L,
which, substituted in the first of Eq. (1), gives
£ 4+ 4w?t = 2wg cos ¢ - L.
This last equation is easily integrated, and its solution is

£ = ¢4 cos 2wt + c5 8in 2wt + g_;ff_so_ - L.

By virtue of the initial conditions,

gcos o
40?2 ’

C4=0, Cy = —
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£ = geosef, sin 2(_ut)
20 2w

=%wgcos¢-t3+w3( cee )

and therefore

The integration of the second and third equations of Eq. (2)
is now easily effected. If the terms which carry «? as a factor are
neglected, the solution which satisfies the initial conditions is

1 1
£ =.3wJ €08 ¢ &, 7 =0, ¢ =h-— égtz’

The trajectory, therefore, lies in the £-plane, or the prime ver-
tical, as it is called by the astronomers. Its equation is
4 ® COS ¢
= = - 2
which is the equation of a semlcublca,l parabola. The body falls
toward the east, and in latitude 40° the amount of the deviation
3

is 0.00000928 X h? feet, if h is expressed in feet. For a drop
of 1000 feet, the eastward deviation is 3.52 inches.

It is useless to compute the terms in w?.  In order to give them
any significance, it would be necessary to take into account not
only the changes in the value of ¢ due to changes in height, but
also the attraction of the moon and irregularities in the density
of the earth.

362. The Foucault Pendulum.—The Foucault pendulum differs
from an ordinary spherical pendulum in that the Foucault pen-
dulum is started from a position of rest relative to the surface
of the earth, and the effects of the rotation of the earth
are taken into account. Let the pendulum be of length !
and be suspended from the origin of the &, 7-, and {-axes. Let
the tension in the suspending wire be denoted by mT, m being the
mass of the pendulum bob. The components of T along the
coordinate axes are —T§¢/l, — Tq/l, and — T¢/l; and, therefore,
the equations of motion are

£ + 2w(t’ cos ¢ — ' sin ) = —Tf’
7" + 20t sin ¢ = -7} (1)

]

¢ — 2w¢’ cos ¢ —Tg:—g.
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The equation of constraint, of course, is
Ez+ﬂ2+§-2 =lZ.

If w were zero, these would be the equations of motion for the
spherical pendulum. Their solution is therefore more difficult
and the motion is more complicated, if one considers the general
case. Indeed,itis not knownhow to integrate them in finite terms
for the general case. But if the motion is restricted to
very small (infinitesimal) oscillations about the position of
equilibrium, the equations of motion can be very much simplified.

Let £/1, 1/1, and their derivatives be regarded as small quanti-
ties of the first order, so that their squares and cross-products
and terms of higher order can be neglected. Then

2 1
&= —l[l — _E_jz_j:l'z
reduces to
= —l)
which is constant. The third equation then gives
T =g — 2w’ cos ¢;
or, cffectively,
T =y,
since, when this value of T is introduced into the first two equa-
tions, the second term of T merely introduces a second-order
term which would be dropped. On writing
w; = wsin ¢ 2)

for simplicity of notation, and dropping second-order terms, the
first two equations become

EII — 2(‘)17”

I

g
- ZE,

. )
71” + 2“’15, = - lﬂ-

Let the motion be referred to axes which are rotating backward
with the constant angular speed w;, by means of the trans-
formation

E +€1 COS8 wlt + Ut sin wlt,} (4)

n = —§£; 8in wi + 71 €os wil.

Then Eqs. (3) become
8"+ <w12 + f—)a

771" + (w12 + ?‘)m =0,

0,
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or, more simply,
&'+ %El =0, 7" + %m = 0. ()

Thus, whatever the initial conditions may be, the motion with
respect to the rotating axes is simple harmonic with the period

Pl = 27!'\/!’
g9

just as for the simple pendulum. The period of the rotating

axes ,
P = r_ 27r— = 241 (sidereal time) 6)
w; wsing sine
depends only upon the latitude and not at all upon the initial
conditions or the length and weight of the pendulum.

In the Foucault experiment the pendulum is drawn out of the
vertical and released from rest relative to the surface of the earth.
That is, initially, ¢ = 4’ = 0; and from Eq. (4) it is learned that
this compels

£/(0) = —wm(0), m = Fwi£1(0). (7

The areas integral of Eq. (5) is

&m’ — mé’ = constant = Z%ab,
1
= w1(£:20) + 1112(0)) by Eq_ (7),

= w1a2;

where a is the major axis and b is the minor axis of the ellipse.
Hence,

2., — 2?”7;1?.
aA‘w; = P1 ’
and on replacing the value of w; from Eq. (6), this becomes
a_ b
P P,

This is the theorem of Chevilliet. The major and minor axes of
the ellipse are proportional, respectively, to the period of
the rotating axes and the natural period of the pendulum.

In order to keep the pendulum in motion for as long a time as
possible, it is desirable to have the bob as heavy and the wire as
long as possible. In the original experiment of Foucault in the
Pantheon at Paris in 1851,

b 1

- Q = QM - = _ = 8 = 9k
l = 67 meters, a = 3 ' a = 7200 P, = 16°, and P = 32",
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Problems XXIII

1. By means of Eq. (361.2) show that a projectile which hasa flat tra-
jectory seems to deviate toward the right in the northern hemisphere and
toward the left in the southern hemisphere. (Ferel’s law.)

2. A heavy pendulum bob is suspended by a light rod of length I. The
point of suspension of the rod describes a circle of radius a with the uniform
angularspeed w. Show that if 6 is zero when ¢ is zero, the equation of motion
of the pendulum is

0 + ;w’sin 0 — wt) + %sin 9 =0.

3. According to the method of Lagrange, the equations of motion of a
particle which moves upon the helicoidal surface

z = rcos 8, y = rsin @, z = be,

and which is repelled from the axis by a force which is proportional to the
distance from the axis, are

™ — 't = Kk, (1b* + r216")’ = 0.

4. A particle of mass m is constrained to move on a smooth plane which
turns with uniform motion about a horizontal axis which is taken as the
z-axis. Aside from the constraint it is subject to no force except that of
gravity. Show that the projection of the path of the particle upon the
yz-plane is the curve

r = Asinh (8 — 85) +§f?sin .

6. If the origin is a position of stable equilibrium for a particle upon a
surface under the action of gravity, so that the equation of the surface
near the origin is

2+ 4 higher d
2 =5 + 2% + higher degree terms,
and if the oscillations of the particle about this position of equilibrium are
very small (infinitesimal), the coordinates of the particle are given by the
equations

x=Acos(\/g-t+cl), y=Bcos('\/%-t+cz)-

The projection of the path on the xy-plane is an algebraic curve if @ and b
are commensurable. If they are incommensurable, the path fills the entire
rectangle of sides 24 and 2B, in the sense that it passes any given point
within the rectangle z;, y; infinitely many times within a given distance
e > 0, however small ¢ may be.

6. A circular hoop turns with uniform angular motion about an axis which
passes through the circumference of the hoop, and is perpendicular to the
plane of the hoop. A bead slides freely on the hoop, subject to no force
save the constraint of the hoop. Show that the motion of the bead relative
to the hoop is the same as the motion of a simple pendulum, and that for
infinitesimal oscillations it has the same period as the hoop itself.



CHAPTER XV
THE CANONICAL EQUATIONS OF HAMILTON

363. Introduction.—The equations of Lagrange,

9T\ aT oU .
in a sense, are symbolical only, since dT/dq;’ is not itself one of
the variables. Inasmuch as 7T is a quadratic function of ¢,’, ¢/,
¢3’, these equations, when written out explicitly, are three differ-
ential equations, each of the second order, and each linear in
qlu’ QZ", q:;”-

It was Poisson who first suggested taking the partial deriva-
tives of T with respect to the ¢’ as new variables; but it was
Hamilton who carried the transformation to its conclusion.
The resulting equations are called canonical on account of their
simplicity of form. They are not of particular advantage in the
solution of elementary problems, such as those which have hereto-
fore been considered. They have been employed to advantage,
particularly by Poincaré, in long and difficult investigations in
the domain of celestial mechanics and mathematical physics,
where changes of variables are frequent. A knowledge of this
form of the equations is, therefore, indispensable to anyone who
would pursue these subjects.

364. The Equations of Transformation Do Not Contain the
Time Explicitly.—The kinetic energy of a particle of mass m
expressed in terms of the rectangular coordinates is

T = -é—m(av'2 + y? + 22). (1)

If the equations of transformation (Eq. (347.2))

=gy, 92 @), Y = e2(q1, 92 ¢3), 2 = 0s(q1, 42, ¢s) (2)
do not contain the time explicitly, the transformed expression
for the kinetic energy is a homogeneous quadratic form in g¢,/,
g7, g4'.

It is assumed, of course, that in the equations of transformation,
the functions ¢1, ¢z, and ¢s, are independent functions. Thatisto

377
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say, there does not exist a relation, which is independent of
q1, 92, qs, explicitly, of the form

q’(‘Fly (27 903) =0,
in the arguments q,, ¢;, and ¢;. If such a relation existed, the
rectangular coordinates would not be independent, and the parti-
cle would not be free. If the notation
—e  4i=123
be used, this condition is expressed by the non-vanishing of the
functional determinant;! that is,

Y11 Q12 P13
A = |@pa1 @2 23| FO0. 3)
Y31 P32 P33

It will be assumed hereafter that this condition is satisfied.
The derivatives of z, y, z are

! lPqul + tplzqzl + ‘Plaq:s’,}

8
I

¥ = onq1’ + @202’ + 02303, 4)
and ? = ougq) + 03202’ + 035g5’.

Therefore, the expression for 7 in terms of the new variables is

1
T= 2m[(¢211 4+ P + %1)¢"% + 2(enerz + 002

+ ¢31¢32)Q1'92' + 2(90119913 + papes + ‘Pax‘P:ss)ql’q:!’ + (40212
+ %22 + 0%2)¢"% + 2(p12013 + v22023 + P32033)02'q5
+ (¢213 + o%s + <P233)q'23]- (5)

366. Introduction of New Dependent Variables.—Let new
variables pi, ps, and p; be introduced by the relations
oT oT oT 1
5(!7 =Py ;-,527 = P2 5'(1*37 = P 1)
so that
3

% = [(‘P211 + <P221 + ¢231)QI' + (¢11¢12 + P219022 + ‘P:u‘Psz)Qz'

+ (¢11¢13 + p21023 + ¢31¢33)93'],

% = [(‘P11¢12 + 21022 + ¢31¢32)¢11' + (%12 + QP2+ ‘Pzaz)w'

2
+ (sompm + @20023 + ¢32¢33)Q3'],
l;;s = [(pr1p13 + e21023 + 031033)q1" + (pr12013 + P20023

+ 0520033)q2" + (0*13 + %23 + ©%33)¢5']. )

! GoursAT-HEDRICK, “ Mathematical Analysis,” vol. I, p. 52.
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These equations are linear not only in the letters pi, ps, and
p3, but also in the accented letters ¢4/, ¢/, and ¢s’. They can be
solved, therefore, for ¢/, ¢2’, ¢s’ in terms of p,, p2, ps, provided
the determinant of Eq. (2) is not zero. It is readily verified,
however, that this determinant is the square of A (Eq. (364.3))
which by hypothesis is not zero. The solution of Eq. (2), there-
fore, is always possible, and

m(h' = Au}h + App: + Alapa,
mgs’ = Aapy + Asep: + Azaps,}
mq3’ = A:npl + Aazpz + Asapa;

where the letters A;; are functions of 1, g2, gs. These expressions

for q\/, g2/, ¢4’, substituted in Eq. (364.5), make 7' a homogeneous
quadratic form in p,, pe, ps with coefficients B;, which are func-
tions of q1, ¢2, ¢3; namely,

T= '2':77/[3112712 + 28127)1272 + 2B13P1P3

+ Baspe? + 2Baspeps + Baps?l. (4)

The significance of the quantities p1, ps, and p; can be obtained
as follows: The components of the momentum of the particle
in the z-, y-, and z-directions are

®3)

’

mx’ = mlpnuq” + 1202 + 013057,
my’ = mleag1’ + e2202" + 02305'],

me = ’m[so:nql' + ¢3292' + (033%']-

The component of the momentum in the g¢,-direction, which
can be denoted by M, is obtained by multiplying these equations,
respectively, by ¢11/R1, ¢21/R1, and ¢31/R; which, by Sec. 350, are
the direction cosines of the g¢;-direction, and then adding. The
result is

m

M, = ‘R‘l[(v’zu + %1 + %109 + (011012 + @102 + @31032)02
+ (somma + P21923 + ¢31¢33)Q3']-
D1 = R\M;;

and similarly for p: and ps. That is, the quantities p; are the
components of the momentum of the particle in the g;-directions

- multiplied by the quantities R;. For this reason the p; are called
the generalized momenta.

Therefore,

366. Transformation of the Equations of Lagrange to the
Canonical Form of Hamilton.—The kinetic energy is now
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expressed in two different ways. In Eq. (364.5) the variables are
a1, 2, q3; q1', ¢2', ¢s’. Accordingly, when it is desired to call
attention to the fact that these are the variables which are used,
the kinetic energy will be denoted by 75 In Eq. (365.4),
however, the variables are ¢1, g2, ¢3; P1, P2, Ps and, when it is
desired to call attention to the fact that these are the variables,
the kinetic energy will be denoted by T's. With this understand-
ing, the equations of Lagrange are

("T‘> g i=1,2,3

g’ 9g:
and, therefore, by Eq. (365.1),
aT
pd— % =Qu (1)

Regarding q1, qs, q3; g1, q2/, Qa as independent variables, the
total differential of 7 is

de;

i-l

aTﬁ "

or
aT
dT = 2 5dq. +- Ep.dq. . (2)
i=1
Regarding ¢, q3, gs; pl, P2, D3 as the independent variables,

dT = 3T4 6T4

i-l

3

Also, since T is a homogeneous functlon of the second degree,

3
2T = Eq. zpi(Ii', 4)
i=1 i=1
and therefore .
3
2dT = zp.dq." + zq;’dp.u (5)
t=1 i=1
On subtracting Eq. (2) from Eq. (5), there results
aT ,
aT = — 2 AL Zq. dps. - (6)
o i=1

Bearing in mind that the differentials of qi, qs, g3; p1, D2, Ps are
entirely independent, a comparison of Kgs. (3) and (6) shows that
T, _ aTa aTy _ ,

aq‘ - aq‘ ap' = qi. (7)
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Then from Egs. (1) and (7), the following are derived:
aT aT .
¢ =y P =—ontQ  i=123 )
If there exists a force function U(q,, ¢, ¢3; t), which may con-
tain the time explicitly, but not ¢,’, g2, ¢/, such that

au
Q: = aa’
then Eq. (8) becomes (dropping the subscript on 7)
e =T, ;- 9T  oU
4= aps PE= 00T b ©
Now let
T—-U=H.
The function H is called the Hamiltonian function, just as
T+U-=1L,

in Seec. 348, was called the Lagrangean function. The function
U does not depend upon pi, p2, ps, so that

Therefore Eq. (9) becomes, on using the Hamiltonian function,

, OH , oH

q = 5’5;, Pi = — 5—4‘,’

These are the canonical equations which were sought. In the

Lagrangean set, there are three equations each of the second

order; while in the canonical set there are six equations each

of the first order. In forming the Hamiltonian function, it

must not be forgotten that the kinetic energy has the form of
Eq. (365.4) and not that of Eq. (364.5).

i=1,23 (10)

367. Removal of the Restriction.—The preceding argument
rests upon the assumption that the equations of transformation
(Eq. (364.2)) do not contain the time explicitly. As a matter
of fact, this assumption was made merely that the argument
might be as simple and as clear as possible. It made all the
equations homogeneous and, therefore, relatively simple. The
removal of the restriction makes the equations non-homogeneous
and, therefore, more complicated, but it does not alter the course
of the argument.

In the first place, the functional determinant (Eq. (364.3)) of
the equations of transformation (Eq. (364.2)) under the assump-
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tion that they contain the time explicitly, remains unaltered.
The equations in Eq. (364.4) become non-homogeneous by the
addition of a term ¢, @20, @30 to the first, second, and third
equations, respectively, where

- 3%'.
Pio ot
The expression for the kinetic energy (Eq. (364.5)) becomes non-
homogeneous, and can be written

T=T.+T+ T, (1)

where T, is the sum of the terms which are homogeneous of
degree 2, and therefore identical with the terms written explicitly
in Eq. (364.5); T, are the terms which are homogeneous of degree
1in ¢/, ¢2’, ¢s’; and T is the sum of the terms which are inde-
pendent of ¢,’, g2/, ¢3’.

In Sec. 365, Eq. (1) remains unaltered. Equation (2) becomes
non-homogeneous, but the terms already written remain
unaltered. The condition for the possibility of the solution of
Eq. (365.2) for the ¢/ in terms of the p; depends, not upon
their homogeneity or non-homogeneity, but upon the determi-
nant of the linear terms. This determinant is unaltered and has
the same significance as before. Therefore, this solution is
always possible. Equations (365.3) and (365.4) become non-
homogeneous; and so also do the equations for momenta which
follow, but the significance of p,, p., ps remains unaltered, in
the sense that

pi = RiM,.

Equations (366.1), (366.2), and (366.3) are unaltered; but
Eq. (366.4) becomes

E 27""' = 2T, + T\ @)

i=1 1=1

Therefore, taking Ds = Ty, — T,
3
D; = ZPeqs’ - T
i=1
the subscript 5 having the same significance as before. Dif-
ferentiating,

aD, = Slaldp; + <2p.~dq,-' - Zngdq.-') EaTsd
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which, since the terms within the parenthesis vanish, becomes
_ , aT; .
dD5 = zq, dpi - zaﬂdq‘ (3)

On replacing the letters ¢’ in D; by their values in terms of p,, .,
Ps, Dy becomes D, with the arguments qi, ¢z, ¢3; 1, P2, ps. On
differentiating D4, however,

_ 3D4 aD4
| dDy = 375 tapi + 35 )
The differentials

dq, dqs, dgs; dp, dps, dps
are six arbitrary differentials, but whatever their values may be

dD;s = dD..
Therefore, on comparing Egs. (3) and (4), it is seen that
s — 9Dy, oTs _ _ 9Dy
% = ap; 9q:  oq, (5)
Then, from Eqgs. (366.1) and (5),
,_D, . _ Dy
q‘ = ap‘ ?7; - aqT +Ql-
If a potential function U(q,, g2, ¢3; t) exists, and if
H=D4—U=T2_T0_Uy (6)
then, just as before,
» = 4 OH — g = 90
oW = top, ” = +6m’ &= Topy ©)
r o _9H N ) — O
m o1 pe g2 P dgs

which are Hamilton’s equations for a free particle without any
restrictions save that the equations of transformation are holo-
nomic (Sec. 347).

368. The Energy Integral.—If the potential function U does
not contain the time and if the equations of transformation (Eq.
(364.2)) also are independent of the time, then the expressions for
T and also H (Sec. 366) are free from the time. If the first equa-
tion of Eq. (366.10) is multiplied by p.” and the second by —gq.’
and the two equations are added, and then summed with respect
to the index ¢, there results

261). ‘+ 28%

i=]1
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that is, since H does not contain ¢ explicitly,

dH e
= 0, .*. H = constant.
But it is known already that, under these hypotheses,
H=T-U

is the expression for the energy. This merely reaffirms, in a new
setting, the already familiar fact that the energy is constant.

It can happen, even under the hypotheses of Sec. 367, that H
is free from the time explicitly. When this is true, the equations
in Eq. (367.7) admit the same integral as the equations in Eq.
(366.10), namely,

H = constant;

but in this case H = T; — Ty — U is not the energy. It can,
perhaps, be regarded as the energy relative to a moving set of
axes, for which the potential energy is — (7T, + U) and 7', is the
kinetic energy.

369. Constrained Motion.—If the particle is not free but is con-
strained to move on a surface, and if the coordinates ¢, and ¢, are
suitably chosen, the equations of transformation become

z = ¢1(q1, 92), Yy = ealqy, ), z = p3(q1,q2). (1)

The equation of the surface is obtained by eliminating ¢, and g,
between these three equations. So far as mere form is concerned,
the equations in Eq. (1) are the same as the equations in
Eq. (364.2), in which ¢; = 0. The functional determinant (Eq.
(364.3)) vanishes identically since each element in the last col-
umn is zero. But not all of the minors formed from the first two
columns are zero; for if they were there would exist not merely one
relation between z, ¥, 2, but two such relations, and the particle
would be constrained to move on a line. Assuming that the par-
ticle is free upon a single surface then not all of the minors formed
from the first two columns of Eq. (364.3) are zero.

Let the minor of ¢;; in Eq. (364.3) be ®;5. The equations in
Eq. (365.2) are reduced to

p1 = ml(e*11 + @1 + ©%1)qy’
+ (50115012 + P21022 + ‘Pu%z){la'] (2)
P2 = m[((ﬁmﬂm + 21022 + @s1032)q1’

+ (¢212 + 2 + (0232)92'],
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since there are now but two p’s instead of three. The determi-
nant of the right member is equal to

: A= <I’213 '|" ‘1’223 + ‘13233

which cannot vanish, for by hypothesis, not all of the first minors
of Eq. (364.3) are zero. Hence, Eq. (2) can be solved for ¢’ and
¢’ in terms of p, and p,. The remainder of the argument
proceeds just as in Sec. 367, for nowhere else does the argu-
ment depend upon the number of the coordinates. The equa-
tions of motion for a constrained particle, therefore, can be put
in the canonical form, just as they can for a free particle.

370. An Equivalent Form of the Equations.—Suppose that the
equations in Eq. (367.7) have been completely integrated. Then
q1, G2, q3; P1, D2, D3 Will be expressed as functions of ¢; a1, as, as,
a4, as, ag, where the o’s are the six constants of integration. The
functional determinant of the p’s and ¢’s with respect to the a’s is
not zero, for if it were there would exist a relation between g1, ¢z,
q3; P1, P2, P3; ¢, independent of the o’s, and it would not be possi-
ble to choose the initial values arbitrarily. If the values of the
p’s and ¢’s in terms of ¢ and the o’s be substituted in H, then H,
too, becomes a function of ¢ and the o’s. Differentiating H with
respect to any one of these constants, there results

dH _ < oH dp; 2:aHaq.
do i=16p,~6ak /9 Aok

There exists also the identxty

d< ap, 3 < , ap. , aq,

i Yooy 5&1215"7" ot T &t denlt 2)
If the valucs of p;/ and ¢/ in Eq. (3()7.7) be bubstltuted in the
right member of Eq. (2), then, in view of Eq. (1), Eq. (2) becomes

ds i o, _oH B
i V9e, ~ bazng; s, k=1 6. (3)
Thus, if the equations in Eq. (367.7) are true, the equations in
Eq. (3) are true.

Conversely, if the equations in Eq. (3) are true, then the
equations in Iiq. (367.7) arc true. For, the left members of Eq.

(2) and (3) being identical, the right members are equal, that is,
0H _ ap. ' _ aq.

aak Bak : aak

' k=1.---,6. (4
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On subtracting Eq. (1) from Eq. (4), there results

3 3
s+ OH\op: _ s 4 OH\0g: _ —1,---.6
gl(q' p:/ o, El ps +6q.- dou 0 k=1 » 6. (5)

The equations in Eq. (5) are linear and homogeneous in
(¢i/ — 0H/dp;) and (pi’ + 0H/90¢:;). The determinant is the func-
tional determinant of the p; and ¢; with respect to the o’s, and is
not zero. Therefore,

oH oH .
q" - a—p;’ pi’ = " a7 1= 1; 2: 3’

which are the equations in Eq. (367.7).
It follows that Egs. (367.7) and (5) are equivalent since each
implies the other.

371. Contact Transformations.—If a transformation is made
from the variables p; and ¢; to a new set of variables P; and Q;,
and if the two sets of variables satisfy a relation of the form

iq,dp,- - éQ.dI); = dS,
i=1

1=1

where dS is an exact differential, the transformation is called a
contact transformation. ’
Suppose, for example,

Q: = py, P;= —q 1=123.
Then
Yadpi — 2,QdP; = — Y PdQ: — Y QdP;
= —d(3,PQ)

which is an exact differential.
Suppose again that
a1 = V'2Q cos P, g2 = Qs a3 = Qs;

p1 = V/2Q; sin P,, p2 = Py, ps = Ps.
Then .
qldpl = 2Q1 cos? Pldpl + sin P1 cos PldQl,

1dps — QdP; = Q, cos 2P,dP; + % sin 2P:dQ,

= d(%Ql sin 2P1>'
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Therefore,

S (@dp: — QdP) = d(%Ql sin Pl)
which is exact.
As a last example, let
Q.’ = a:1q1 + @i2q2 + aisqs,
P; = bypr + bispe + bisgs, 1=123,
where the coefﬁcients a;j, b;; are constants. Let
= |ai, A;; = minor of a;; in A.

Suppose further that the b;; are related to the a;; in such a way

that
EPiQi = zpiq;',

b.. = - ,:i.
A

Under these hypotheses it is evident that

Sadp: — 2,QdP: =0,

which also is an exact differential.

372. Contact Transformations Leave the Canonical Form of
the Differential Equations Unaltered.—Suppose the transforma-
tion from the variables p; and ¢; to the variables P; and Q; does
not depend upon the time and is a contact transformation, that is,

> qdpi — 2,QdP; = dS ¢y

is an exact differential, and that the p; and ¢, satisfy the canonical

equations
’ QH - aH el
- pl - a qs (2)

From Eq. (1) it follows that

Sapd — QP = ~—’

aps
zq :371;‘ - EQ aak 6a,¢

Let the first of these equations be differentiated with respect
to a; and the second with respect to t. The right members being
identical, the left members are equal. Hence,

d ap. - a P.!
I3l - 0 Supl = 300t - L3ops @)

and also
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By Eq. (370.3), the left member of Eq. (3) is equal to 0H/day.
Hence,
;9 ps _ OH
dtthé—ak aasz‘P 3&1;
But this is merely Eq. (370.3) in the new variables. It follows
from Sec. 370 that
' R A— aH - aH
Ql aP P‘l an

and the change of variables is canonical. The only change that
is necessary is to transform H from the variables p; and ¢; to the
variables P; and Q.

If the time occurs explicitly in the transformation, and if
Eq. (1) still holds, the time also being regarded as a variable,
then the transformation is canonical with the same Hamiltonian
function. But if Eq. (1) holds only with the time regarded as a
constant, the transformation is canonical, but the Hamiltonian
function is altered.

Suppose F(q1, g2, q3; P1,P2,P3) is any function of the six variables
1, Q2, qs; P1, P2, Ps. Let there be a transformation of variables
which is defined by the relations

P = g @ =25 i=1,23
Then

Saidp: — 2QdP: = Yqdp: + 3 pdgi — D pdgs — 3,QdP;
= d(Ep.-q.-) — dF;
dF = d + 261, dP;,
= Zpldq,- + 304dP.

for

s 04 ;s _9oH F
qi ! Di K 1= 1, 2, 3,} (l)
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have been completely integrated, and that

e = qi(t; C1y C2y * * cﬁ))
p: = pt(t; Ci,y C2y * * °, CG))
where ¢y, - - -, cg are the six constants of integration, is the

solution. If these values of p; and ¢; are substituted in the
expression for H it becomes a function of ¢ and the six constants.
That is,

H =H(t; ¢, - - -, Co).

Let ¢ be any one of these constants of integration. Then

oH ap. 6H 9,
2

ap, ac aq. ac
=20, P Ept o, by Eq. (1),
- .aézp,.q, dtzptaq* (identity),
- _(2T, 4T — Zit p ‘ch' by Lq. (367.2).

Hence, on replacing the value of H from Eq. (1),

a9q;
(T+U)—dt P

and therefore
i aq;
f (T + U)dt = z;p:"l Py T @

where p;o and ¢ are the values of p; and ¢; for ¢t = .
Hamilton called the integral

S = f ‘@ + vy ®)

the principal function. According to its definition it is a function
of ¢, and the six constants of integration. Let these constants be
given arbitrary, but infinitesimal, increments. These incre-
ments are called variations and, in accordance with the notation
of the calculus of variations, are denoted by the symbol 6. The
variations of S and the ¢; due to the variations of the constants
are given by the equations

6
8S = 2 605 o = 2%%—':%,-. 4
1
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Let the letter ¢ in Eq. (2) be given the subscript k; then let
the equation be multiplied through by éc,. On giving k the values
1, - - -, 6 in succession, six equations are thus derived from
Eq. (2). Adding these six equations, there is obtained, in view
of Eq. (4),

o8 = 21’{5(1-‘ - Epioaq"o- (5)
Now
g = qi(t; Ciy C2y * * ° cﬁ))
@io = qi(to; €1, C2y = = + , Cg), 1 =123
S = S(¢; ¢, ¢y + -+, Cs).
Imagine the first six of these equations solved for ¢;, - - - , cs
and the results substituted in the seventh. The result is
S = 8(t; q1, @2, @35 qQ10, Q205 30)- (6)

If variations are given to the ¢; and ¢ in this expression, the
variation of S takes the form (¢ and ¢, are not varied)

88 = Dor 0+ 3 oga @)

A comparison of Egs. (5) and (7) shows that, since the varia-
tions are arbitrary,
a8 _ 88 _
ag: " dgi0
If the constants ci, - - - , ce are imagined replaced by their
values in terms of qio, g20, ¢30; P10, P20, P30, it is evident that the
equations in Eq. (8) form a complete system of integrals of the
equations in Eq. (1); for the six equations in Eq. (8) could be
solved for p1, P2, Ps; q1, @2, ¢3in terms of ¢ and the six initial values.
From the manner in which the function has been derived, it
would seem that the problem must first be solved before the
function S can be found. There is another procedure, however,
which shows that S satisfies a certain partial differential equation
of the first order, as was discovered by Hamilton.
On differentiating Eq. (6) totally with respect to the time, there
results

s _ a
dt + ZGQ.

== + EpiQi: by Eq (8)’

—Dio, 1=1,23. (8)

aS J + 2T, + T, by Eq. (367.2).
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But, from Eq. (3),

%%=T+U=T2+T1+T0+U.
On taking the difference between these two expressions, there
results

%“tS'+T2‘—To—U=0;
or, by Eq. (367.6),
S
; T H®EG a1, 42 05 Py, P2, ps) = 0. )

The Hannltoman function depends upon the letters p; as
well as the letters g;; but the p; can be replaced by 3S/dq;from Eq.
(8). If this is done, Eq. (9) becomes a partial differential equa-
tion of the first order and second degree, namely,

8»5' dS a8 asS
H(t ql; Q2, q37 aq aqz 6q3) + -55' = 0- (10)

Since 8 is a function of the four variables ¢; q1, ¢z, ¢, and three

arbitrary constants o, ¢20, gs0; it is a complete integral of the
partial differential Eq. (10).

374. Jacobi’s Theorem.—Hamilton discovered what is
undoubtedly a remarkable theorem, but Jacobi improved it by
proving the converse. If any complete integral whatever of the
partial differential Eq. (373.10) can be found, a complete set of
integrals of Eq. (373.1) can be derived from it; and thereby
the problem is completely solved. By a complete integral
of Eq. (373.10) is meant a function S of the variables ¢; qi, qq, g3,
and three arbitrary constants «;, as, and a3 in addition to a
fourth constant which is always dircctly additive to S, since S
oceurs in Eq. (373.10) only through its partial derivatives, which
substituted in Eq. (373.10) reduces it to an identity.

Let

S = 8t a1, 02 935 1, aa, 3) (1)

be any complete integral of Eq. (373.10), as just defined; and let
aS s _ .

aq‘ = Pi 3&: - ﬁz, 1= 1, 2, 3, (2)

where the 8; are three new arbitrary constants. If the second
set of equations in Eq. (2) are differentiated totally with respect
to the time, there results

T IO IR I

&8 -0, i=1,23 @
dai T daoq? T danga? T daidgs? E @)
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On the other hand, Eq. (373.9) can be differentiated with respect
to the constant a;. If the p; are replaced by 8S/d¢;, Eq. (373.9)
becomes an identity in ¢; qi, @2, q3; a1, as, @3.  Since the constants
a3, as, and a; oceur in H only as they enter through pi, ps, ps, it
results that

9’S | 0H dp: , 0H dp, , OH dps _

dadt ' Op1 da; | Op: da: | Ops da )
But from the first set of equations (Eq. (2))
ap_ &8 opr _ S ops _ &S
da; _ 9qida; do;  Oqzda; da;  qsdas’
therefore, Eq. (4) becomes
328 S oH S oH S oH _ )

da,0t | daidg: dpy | 0ctidqa Opz | Oa0qs Ops

On subtracting Eq. (5) from Eq. (3), and then giving theindex the
values 1, 2, 3 in succession, the following three equations result:

s (, oM\, &S ( ,_Q{) _gzs‘( )
6a18q1<q1 6p1>+8a16qz % = 5pe) T om0\ & “ap,) =

s [, aH) 828 ( , aH) 9?8 ( , aH)
LA L ) PR 0, + (6
aazaql(ql 6p1 +aazaQ2 92 6p2 +6a26q3 98 = 6p3 ’ ( )

s ([ aH) 828 ( , aH) 328 ( , aH)
— )4+ (0= ) =0.
8a36ql<q ap +aaaaQ2 gz 81)2 +6a36q3 s 8p3

These equations are linear and homogeneous in the quantities
within the parentheses. The decterminant is the functional
determinant of the expressions 95 08, 0 38 with respect to

6a1 8a2 a ag
q1, g2, gs. If it were zero there would exist a relation between
the expressions : 3 g S d +—— Thethree constants a;, az, and
1 o
a3 would not be essentially dlstmct and S would not be a com-
plete integral, which is contrary to the hypothesis. Since the
determinant is not zero, each of the parentheses must be zero
and, therefore,
, OH , OH , OoH

‘) 511_1’ gz = 5 s = aps )

The first set of equations (Fq. (373.1)), therefore, is satisfied.




374] THE CANONICAL EQUATIONS OF HAMILTON 393

Now let the first set of equations (2) be differentiated with
respect to the time. Then
dp,' _ a8 LN

dt g8t ' 3q:0q: g T

3?8
qZ +aqaqq3l

8q 3Qz
which, in view of Eq. (7), can be written
dp; _ &*S , S OH . 8 OH , &S OH )
dt aq,-at aqiaql apl 6q,6qz apz aq.aqs ap:;

On differentiating Eq. (373.9) with respect to ¢:, and bearing
in mind that the p’s are functions of the ¢’s, there results

dq.9¢t 6q am aq, apz Oq‘ aps 9q;i
From the first equation of Kq. (374.2) there is obtained
Qpl - 928 (?])2 - a8 8p3 - 928
g 6q,6q1 aq; aq 6412 aq; aq,aqs
so that Eq. (9) can be written
0 = S + o 8*S oIl | o*S oH 3’8 8H (10)
T 9qiot ' dq; | 9q0q1 Ip1 | 9qidqs I, | 3qidqs Ops’
and on subtracting Eq. (10) from Eq. (8), there remains
dp; _ oH .
d? == aqi: 1= 1, 2, 3.

The second set of equations (Eq. (373.1)), therefore, is satis-
fied, and the equations in Eq. (374.2) are the general integrals of
the given equations. If the second set of equations (Eq. 374.2),

"-S =B, i=1,33

which contain only the letters qi, g2, ¢3; a1, az, as; 81, B2, Bs; tis
solved for qi, g2, ¢, a complete solution of the differential
equations, instead of a set of integrals, will be obtained.

376. The Restricted Case.—If the time does not occur
explicitly in the Hamiltonian function, it is sufficient to take
instead of Eq. (373.10),

S aS a8
H<ql, 92 35 6q aqs 6q3) = constant, (1)
which would be the result of taking

S = —az X t + Si(qy, q2, g3; a1, as)
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in Eq. (373.10), and then dropping the subscript on S,. 'The
process can, however, be carried out in another manner, as
was done by Poincaré.

Suppose a complete solution of Eq. (1),

S = S(g1, g2, ¢s; a1, a3, a3),

has been found. The substitution of this expression for S in
Eq. (1) reduces the left member to a constant which will be a
function of a1, a2, @s. Hence,

a8 38 43S
H(Qh Q2 43, a—ql’ ;")é’ aq“a) = ‘P(ax; a2, aa). (2)

Regarding S as a function of the six variables ¢;, «;, the differ-

ential of S is
N as
s =3 ag e+ zaida.-.
As before, take
as asS .
aq; = P, bo;‘ = B 1=1,23, (3)
without, however, making any hypotheses as to the nature of the
B’s. Equations (3) furnish six relations between the twelve
letters ps, qi, @i, B;. They can be regarded, therefore, as equa-
tions of transformation from the letters p;, ¢; to the letters a;, 8..
Since

dS = Zp,dq, + Eﬂ,‘da,',

Eﬁ.da, - Eqidp,- = d(S — Zp.-q.-)

is an exact differential, and therefore, by Sec. 372, the transforma-
tion of variables is canonical. Consequently,

dﬁ-‘ - oH da,- ol

it~ da) at ~ o
By Eq. (2), the transformed value of H is ¢(ai, a2, as), which is
independent of 8y, 82, B3. Hence,
i _ 9, dexs
dt da; dt
and these equations are integrable at once, for
a; = const, t=1,23. (6)

the relation

(4)

= 0; )
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Therefore, ¢(a1, as, a;) is a constant, and likewise :——: so that

3o . .
B; = aZ[,i + Bio 1 =1, 2) 3, (7)

where the B;, arc threc new constants of integration.
The solution of the three equations

(?;—Z = go‘f‘_t + B, i=1,23,
will give q1, g2, and ¢; as functions of ¢ and the six constants ay, az,
as; B1o, B2, Bao.
376. The Trajectories are Perpendicular to the Surface S = C.
Two displacements of a point,
dz, dy, dz and ox, oy, oz,

in rectangular coordinates, will be mutually perpendicular if, and
only if,

dréx + dydy + dzéz = 0.
On dividing this expression through by dt, it is seen that the dis-
placement éz, 8y, 6z will be perpendicular to the velocity if, and
only if,

z'sx + y'sy + 2’6z = 0. (1)
In the generalized coordinates.

T = sol(qx, 9 05), Y = ey, @2, 05): 2 = es(qy, @ B);

a i)
x': 7’+ qolq +_f_lq3" e, e,

aq
6 6
5 aq+“"6z+“"6qs,

and
_m (3¢, de1 , 3o Y
- 2[<6q EE 6q 2 6q3q3

a‘PZ / o2 2
+ < + + aq';Qa >

d¢3 ¢ ' I3 ;)z:l_
+ (aq o't 6qzq” t 99,2
If the values of z’, y’, #'; oz, dy, 6z are substituted from Eq. (2)

in Eq. (1), it will be found that the condition for orthogonality
(Eq. (1)) can be written

aq 5 q1 + 6 q2 + =0,
or pidq: + P25Q2 + P35(I3 = 0. 3)

)
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Now consider any displacement of a point along the surface
S(q1, g2, ¢s; o1, a3, as) = constant.
It will satisfy the equation

s+ goon + oo = 0,

and therefore

P10q1 + p20qs + psdgs = 0;
that is, the displacement is normal to the velocity. Hence, if a
trajectory for which i, a2, and a; are constants passes through a
point ¢1, g2, g3, the surface S which passes through the same point
is normal to the trajectory.

377. Plane Motion under a Central Force.—For a unit
particle, the expression for the kinetic energy in polar coordinates
for motion in a plane is

T = %(r’2 + r26’%);

and if the force is a function of the distance only, the potential
function is
U= f (r ):

the function f(r) depending upon the law of force which will be
left undetermined.

On taking
r={q 0 = qo,
7_1/ = Py, 0 gf

the Hamiltonian function is
T-U=H=gpt+5"% - f@.

The partial differential equation of Jacobl is obtained from H by

setting
aS _ a8

p1=5‘q—l; P2—5Q—2

in H and then equating the result to a constant. The result is

\ :
%(gfl) + 50 < ) — f(g1) = C = constant.

It will be observed that this equation involves ¢; only through its
partial derivative. For this reason, let

S =28+ asqs,
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where 8, is a function of ¢, alone, and a» is a constant. The par-
tial differential equation then reduces to the ordinary differential
equation

dS azz _ .
(B 4 28 - 3109 = 205

and therefore

s _
Ay = J_r\/zc + 20(r) — 2

If «, is the value of g, for which dS,/dg: vanishes, then

C= 5' — fle), 1)

S1 = f \/<a2 12)“2 + 2(f((11) '“f(ax)) dq,
nd —
S = asqs + J; \/(;1—1‘2 - q—12)az2 + 2(f(q)) — f(ar)) - dqi.  (2)

From this expression for S, it follows that:

as I (“1) o
e by
,\/ ___._._ 2+2(f((11) f(al))

> 3)

v a2 o d 1

: =q +f (I1 = —
'\/ + 2(f((11) - f(al))

Tle new variables satisfy the differential equations

a

dﬂl - aC dal _ aq
AT day T T )
dg. _ aC das __ 9C
dt ~ day 7 TN

since in these variables H is equal to C. But inasmuch as C
(Eq. (1)) does not depend upon B; nor 8, both & and a; are
constants. The equations for 8, and §; give

m=—[m,, df("‘"]a W, B=20tn, @

where ¢, and ¢, are the two constants of integration.
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On equating the two values of 8; (Egs. (3) and (4)), it is found

that
q, dg, )
f V(s — Lot +2000) s
% ay qr

If this expression for ¢ is multiplied by as/a.?, the left member
differs from B, only by an arbitrary constant. Hence, by sub-
traction from the second of Eq. (3), there results

t—t= % (5)

agdq 1

f (s - Lot +200) e

Since Eq. (6) is independent of the time, it is the equation of the
orbit.

<+ constant. (6)

378. Simple Harmonic Motion.—If the force is attractive and
directly proportional to the distance,

16) = — g,

where k2 is the factor of proportionality. On multiplying through
by k, Eq. (377.5) becomes

Kt —to) = + [ "—n _,_,:‘ilq' o
a J(E}F N ‘1‘) + (“l —012)

One of the roots of the radicand is ¢; = a;. Let as? be chosen
so that ¢; = a is the other root, with a; > a. Then

azz = kzalza,"’ (1)

and the negative sign must be taken before the integral, since
initially ¢: equals «; and decreases as t increases. Therefore,

ot — 1) = — [ wdg
o, V(i — 1) (0* — o)

Similarly, Eq. (377.6) gives

Q@2 — g2 = ._fq‘ aadq,
o, 1V (@ — g2 (@ — o)
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These expressions are readily integrated, and give

g:® = a? cos? k(t — to) + o? sin? k(¢ — &),
L ola,? . 2
a2 cos? (g2 — @20) + ai® sin? (g2 — q20)

@ =

If it is remembered that ¢, is the radius vector and ¢, the polar
angle, it will be seen that this last equation is the polar equation
of an ellipse with the origin at the center; the major semiaxis is
a,, and the minor semiaxisis «. In the customary notation

Q=r, @q=0©6 ar=a, az=hb

The curves which are orthogonal to the family of ellipses which
have a common center and the same values of a; and as, that is,
differing only by a rotation, are given by Eq. (377.2)

S = asqe — f '\/(cu - —)cnz2 + k’(ax — ¢:%) dg: = constant.

After substituting the value of a» from Eq. (1) and then remov-
ing a superfluous factor ke, this expression reduces to

g2 — Q20 = *"‘f \/(ax - !Il"’)(qwlm—_;z)dq1 3)

For the purpose of integration, let
= 3t + o) + y(en? = @) c05 20, (4)

where  is a new parameter. In reality, » does not differ from
k(t — &), as is seen by comparison with Eq. (2). Then

o’ — a?)%(cos? 2w — 1)dw
92 = Q2 = Qz;af (a2 — a?) cos 2w + (a2 + a?)
1 f [(alz — o) cos 20 — (e + o) +

= 2a1a o
4a%a?
(a2 — a?) cos 20 + (ar® + az)

Hence,

Q2 — Q20 = 2: a[z(al — a?) sin 2w — (o + o?)w +

20 tan™!? (_‘}_ tan w)] (5)
ay
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Equations (4) and (5) are the parametric equations of the
orthogonal curve. If the major axis is twice the minor axis, the
curve (Fig. 181) resembles an eight-leaved sunflower.
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379. The Spherical Pendulum.—The spherical pendulum,
which was discussed in Sec. 340, will be used as a second illustra-
tion of the use of canonical equations. In the problem of
central forces (Sec. 377), the second method of Sec. 375 was
employed. By way of contrast, the first method will be used
in the present problem.

For the sake of simplicity of notation, let the mass of the
pendulum bob and the radius of the sphere be taken equal to
unity. If spherical coordinates are used, the expressions for the
kinetic energy and the potential function are

T =M+ 0costy), U= —gsing;

so that
1

T—-U=H =§¢’2+éﬂ'2cos2¢+gsin¢.
For the purpose of expressiﬁg H in canonical variables, let

oT oT
e=q, .0=4¢, 23707:’)1’ 35" = Pw

and therefore
¢ =m, 8" = p2 sec? qu.
The expression for H, therefore, in canonical variables is

1 .
H = 5?1’ + %pz’ sec? q1 + gsin g;. (1)
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On setting
a8 a8

Ih—g&; P2=a*q—;

in H, the partial differential equation of Hamilton and Jacobi
(Eq. (375.1)) is found to be

1/88\2 aS 2
Q(b_q}) + 2(3?1 ;) sec? ¢, + g sin ¢1 = as. 2

Inasmuch as the pendulum has but two degrees of freedom and
one of the constants a, is already in evidence, it is necessary
for a complete solution .to find a function S of ¢; and ¢ which
contains a single new arbitrary constant a;. Since the coordinate
g2 appears in Eq. (2) only through its derivative, it is sufficient
to take

S = ayqs + Sy;

where «a, is an arbitrary constant, and S, is a function of ¢, alone.
By means of this substitution the partial differential equation
reduces to the ordinary differential equation

2
(in—lqsli > + ai’ sec® ¢1 + 2¢ sin q1 = 2ay, ®)

the solution of which is
S = + [V/2a, = 2 sin g1 — ar? o’ udg.
The complete expression for S, then, is
S = —ast + gy + f\/Zag — 2g sin q; — oy ? sec® qidgr.  (4)

The expressions for p, and p. are not needed for the solution
of the problem; but, since

a8
o =P
is a constant, it is worthy of note that this is the integral
0’ cos? o = h (5)
of Sec. 340.
The solution of the problem is furnished by the two expressions
N sec? o dq:
.- = = + - — ~—-—~—::‘::—
day bi=gte V2 — 2g sin q; — a,? sec? ql 6)
a8 g

— = = t + P v iend . ——--————.—_—-
dap Ba \/20:2 — 2¢ sin ¢; — a.® sec? q; }
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where 8; and B8; are two new constants. The first equation is

independent of the time, and is therefore the equation of the

path of the pendulum. The second equation then gives the time.
If it is borne in mind that

q1 = @ Q2 =0,
these results are easily identified with Eqs. (341.2) and (341.1).

380. The Motion of a Planet in Three Dimensions.—If
spherical coordinates are used, the expressions for the potential
function and the kinetic energy for the motion of a planet about
the sun, referred to the sun as the origin, as derived from Secs.
293 and 308, are

1 ’ ’ ’ k2
T=2~(7'2+7‘2¢2+1'20082<p'02), U=7;

where ¢ is the latitude, 8 is the longitude, and %2 is a factor of
proportionality, the mass of the planet having been taken equal
to unity, or divided out, as it is preferred. Let r, ¢, 6 play the
role of qi, qs, @3, respectively; and let R, ®, © play the rdle of
D1, D2, s, respectively. Then

aT |, aT , aT
R=—--=T, q’=a—¢—,=7'2¢, 6=—a—0—,=1'20082¢-0'.
The expression for H then becomes
1 1 1 k2
H=T—U=QR2+rZ<I>2+—-—~ 02) — —

% cos? ¢ r

Hence, the partial differential equation of Hamilton and Jacobi is

1[/9S\* , 1/8S\* 1 (8\*] _ k2
é[(sr) + r2<a¢> + r—fcaﬁ;(ao) ] =y TEG @

as i a8

ar = B EP ag = ©
Again it will be observed that the differential equation does

not contain 6 explicitly. Let it be assumed that

S =38, +8, + keo,

where S, is a function of r alone, S, is a function of ¢ alone, and
¢ is an arbitrary constant. The equation then reduces to

aS\t | 1[(dSN, e ] _ 2k
( ) + [(-d-;) + ] - rmwe. @

dr r cos? ¢

with
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Since the variable ¢ occurs only in the second term of the left
member, it is necessary that

38,\’ ke
(‘aso) T oot o

shall be a positive constant, say k%a,?; and the differential equa-
tion then reduces to an ordinary differential equation in r, namely,

ds, , a2
() = (=2 + 2 420).
Let o be a value of 7 for which the derivative vanishes. Ther

_ a22 1
202

1 1\, (1 1)
8. = ikj;l (;;15 - ’Tz)af + 2(; - ;l>d7‘-

Likewise, let as be the value of ¢ for which the derivative of
S, vanishes. Then

and

¢ = az COS o
and

14 et e . - m———
S, = tka, f V1 = cos? a; see? pde.
0
The complete solution of the partial diﬂ”erential equation then is

S e e

C 4+ kazf V1 — cos? a; sec? pdp + kfas cos as.  (3)

The new variables 8, 82, and B; are

\ —_ 2 r
B ‘S Bl = ika{qaj_ I :,,__dr‘ I N (4)
*1 1 1 1 1
N
ri ay r r ay
1

(4 —
+ kf V1 — cos? a3 sec? pde + k6 cos as,
0

08 . ¢sin a3 COS a3 sec?
= ﬂs = —-k0a2 Sin o3 i kag ._a____q_ ‘pd
da 0V'1 — cos? azsec?
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Also, by Eq. (375.7),

2
B = sz’g t +ﬂm = BE f’”—(t — to),

ﬂz = k2~"—t + Bzo = ICZ t - tl),

o~
(2}
p—

Bs = kzaat + Bao = 0+ Bs3o.

On equating the right member of the first equation of Eq. (5)
to the right member of the first equation of Eq. (4) and then
removing the superfluous factor, there results

k(t — to) = f\/——ma22+2_(.__a1*> ©)

The factors of the radicand in this integral are

(l - 1) and (l + 1)a.f —2
ay r ay r

By its definition, the constant «; is necessarily positive, since r
is always positive. Consequently, the second factor can vanish
if, and only if, a: = as?/2. If a; > as?/2, there is a second
value of r for which the radicand vanishes, and the orbit is an
ellipse. If a1 = ay?/2, this second value of r recedes to infinity,
and the orbit is a parabola. If a; < «;?/2, the radicand vanishes
but once, and the orbit is an hyperbola. If the substitutions

a; = a(l — e), a2 = a(l — &)

are made, these three conditions are reduced to the three possi-
bilities
<
= 1.
e S +

With these values of the constants, Eq. (6) becomes

k(t — to) = +1f 2 —
a(x-e)\/ - )

which is essentially the same as Eq. (294.1) and can be integrated
in the same manner.

-
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Since 8; is a constant, it can be chosen so that, after the factor
kasz sin a3 is divided out, the third equation of Eq. (4) becomes

®  coS az sec? ¢
—_——— === - d<p.
b V1 —cos?azsec? o
This expression is easily integrated, giving
tan ¢

0—'00-———

sin (6 — 6,) =

In Fig. 182, let NPM be the intersection of the plane of the orbit
on the unit-sphere. Let the inclination of the orbit to the xy-

Fia. 182.

plane be 7. Let P be the projection of the planet, and N the pro-
jection of the node. Then

00=xN, 0—00=NQ
In the right spherical triangle NPQ, the relations (Eq. (261.1))

cos u = cos (6 — 6p) cos ¢,
sin u cos ¢ = sin (8 — 6,) cos ¢, @)
sin u sin ¢ = sin ¢,
hold, and therefore, .
i - = wane
sin (6 — 6o) ton i (8)

A comparison of these two expressions for the sin (6 — 6,) shows
that the constant a; can be identified with the inclination of the
plane of the orbit. It is evident also, that 6, is the longitude of
the node.
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By means of the relation which has just been derived between
¢ and 6, Eq. (8), the second integral of the second equation of
Eq. (4) can be expressed in terms of 6, that is,

14 o .
J‘; V1 — cos? azsect pdo
0 .
= v§ec [+ %1 L
_j;o[l + tan? a; sin? (6 — 6,) cos aa]dﬁ.
Therefore,

@
Ic[f V1 — cos? a3 sec? pdp + (8 — 6,) cos aa]
[
= k tan™! (sec a3 tan (6 — 6,)).
Since a3 = 7, it is found from Eq. (7) that
tan u = sec a3 tan (6 — 6,).

Therefore,

k[ j; ‘P\/ 1 — cos? a3 sec? dy + (0 — 6,) cos as] = ku, (9)

where u is measured from the node N.
On substituting Eq. (9) in the second of Eq. (4), and bearing in
mind (Eq. (6)) that

r

P e e )

1 1\, . (1 1
\/<'a;z - ;z)“z +(; - ;)

the second equation of Eq. (4) reduces to

1 1
B2 = kzazj; (;;2 - Tz)dt + ku,

= 2t — to) — ko U
alz 0 2 A T2 .

But from the second of Eq. (5)
[23
ﬁz = kz;fé(t - tl);
therefore,
‘dt
u = kag i -+ constant.

to
Since the integral in this expression vanishes at the perihelion
point, the ‘“constant’’ is the arc u measured from the node to the
projection of the perihelion point upon the unit sphere. It is
usually denoted by the symbol =, and is called (really miscalled)
the longitude of the perihelion from the node. It is measured in
the plane of the orbit and not in the zy-plane. It is, therefore.
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not a true longitude. The true anomaly v is measured in the
plane of the orbit from the perihelion. Hence,
t
V=Uu— o = kazfdt
to

r2

This completes the solution of the problem. It will be
observed that the constants ai, a2, and «; are functions of the
classical elements a, e, and 7; while the elements 8, = Q, w, and

= T enter only through the constants 81, 820, and B3.

381. Variation of Parameters.—Let it be supposed that the
differential equations are canonical and that

R TR LR S
Suppose further that H is a function of a parameter u, which can
be written
H =1H,+ uH,,
where H; may or may not be a function of the parameter u, but
H, does not contain u. Suppose, finally, that it is known how to

solve the equations
W =50 =D ionas @
That is to say, a function S(q1, ¢z, ¢3; a1, s, as; t) can be found in
which the e, a2, a; are the three independent arbitrary constants,
which satisfies the Hamilton-Jacobi differential equation
Ho<91, Q2 q3; qu 352 g{z ) + 8_§ = 0.
Then the integrals of Eq. (2) are
a8 GS
aqi B = 5ar
where the 8; arc three new constants of integration.
The six equations (Eq. (3)) can be imagined as solved for the
p; and ¢; as functions of the constants e, 8;, and t. That is,

pi = pias, az, as; By, B, Bs; 1),
gi = qi(en, as, as; By, By, Ba; t); 4)
and these expressions substituted in Eq. (2) reduce the differ-
ential equations to an identity.
Equation (4) can be regarded, however, not as solutions of
Eq. (2), but merely as equations of transformation of variables.
Then, on account of the relations in Eq. (3) and the theorem of

pi = t=1,23, 3)
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Sec. 372, the transformation is a canonical one, and the differ-
ential equations are
’ aH 1 ’ 6H 1
B = F o e
The term H, disappears from the Hamiltonian function; as is
evident from the fact that for u equal to zero the «; and §; are
constants.

This is the expression in canonical variables of the method of
the variation of arbitrary parameters which has played such an
important réle in the theory of the planetary perturbations.
It is evident that if the right members of Eq. (5) are very small,
the o; and B, although functions of the time, will vary very
slowly, and will continue to vary slowly as long as the right
members remain small. These conditions are satisfied in the
astronomical case just mentioned, so that the elements of an
orbit are not actually constants, on account of the perturbations
of the planets; but, in general, they vary so slowly that for many
purposes they can be regarded as constants.

i=123 (5

Problems XXIV

1. Show that the change of variables from p,, ¢ to Py, Q1 by means of
the relations

= (P, @), 1 = ¢2(Py, Q1)
is canonical if the functional determinant
9(qn p1) _
a(Ql, Pl)

2. If the transformation of variables is linear with constant coefficients
(Sec. 371) and if it is an orthogonal transformation, that is,

3 3
Eaii’ =1, Ea-‘zau =0,
=1 j=1

the transformation of variables is canonical.

8. Prove in detail, if the problem is two dimensional, that the equation
S(q1, g2 o1, az) = const. represents curves which are orthogonal to the
trajectories.

4. Solve the problems of central forces and planctary motion by the first
method of Sec. 375.

6. Solve the problem of the spherical pendulum by the second method.

6. Solve the problem of a projectile in vacuo, and determine the orthog-
onal curves,

7. Solve the problem of the simple pendulum by means of canonical
equations.

8. Write and solve the canonical equations for the problem of Sec. 356.



CHAPTER XVI
THE GENERAL PRINCIPLES OF MECHANICS

382. The Foundations of Mechanics.—All of the develop-
ments and theorems of the preceding chapters have been built
upon Newton’s three laws of motion as a foundation. These
three laws, together with one or two subsidiary propositions,
such as that of the transmissibility of force, have sufficed. Since
the time of Newton, mathematicians have shown a strong desire
to find a single principle from which all of the theorems of
mechanics could be drawn, and four of such principles have been
developed. By combining d’Alembert’s principle with the
principle of virtual velocities, or virtual work, Lagrange pro-
duced the first successful one, and he made it the foundation of
his very famous Mécanigue Analytique. The second one, the
principle of least action, was proposed by Maupertuis in 1740,
but was not firmly established before the time of Jacobi, and even
then only in the domain of conservative forces. The third one
is Hamilton’s principle, and it seems to have grown out of the
principle of least action. It is very widely known, and much
used, although it is valid only when the constraints are integral,
or if given in a differential form are integrable. The last one,
Gauss’ principle of least constraint, is valid under all circum-
stances, but does not seem to have been widely used.

In the discussion of these principles which follows, the applica-
tion has been made to the motion of a single particle only, but
it should be understood that each of these principles is equally
applicable to systems of particles, with or without constraints.

1. D’ALEMBERT’S PRINCIPLE

383. The Principle of Virtual Work.—In the section on
Statics (Sec. 165), it was pointed out that if a particle is in
equilibrium under the action of any system of forces, the com-
ponents of the resultant of which are X, ¥, and Z, and if the
particle be subjected to an arbitrary infinitesimal displacement, the
components of which are 8z, §y, and 8z (a notation which is due

409
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to Lagrange), then the work done in this displacement is zero.
This is what is called virtual work. This principle of equilibrium
can be expressed by the equation (Sec. 58)

Xox + Yoy + Zéz = 0.

At the time of d’Alembert (1717 to 1783), two classes of forces
were recognized, living forces (vis viva) and dead forces (vis
mortua). Living forces produced an actual acceleration in a
particle, while dead forces did not. Thus, for a particle in
equilibrium, all the forces involved are dead. D’Alembert
called the product of mass times acceleration the effective force
(also commonly called the force of inertia), its components being
mz'’, my”, and mz"”. D’Alembert’s principle is this: If a particle
is not in equilibrium, the work done by all the forces which are
acting, both living and dead, in any arbitrary displacement is
equal to the work done by the effective forces in the same
arbitrary displacement; or, expressed in an equation,

Xoéx + Yoy + Zoz = ma'dx + my” oy + mz"sz.

If the right member is transferred to the left side, this equation
becomes

X — ma")ox + (Y — my")oy + (Z — mz'")oz =0, (1)
which, expressed in words, states that if to the forces which are
actually acting upon the particle the effective forces, reversed
in direction, are added, the particle is in equilibrium. By this
means, the problems of both statics and dynamics are reduced
to the single principle of virtual work, equilibrium of the forces
always existing.

This principle was developed by d’Alembert in his Traité de
Dynamique published in 1743. It was reduced to its general
analytic form, as given above, by Lagrange, who made it,
rather than Newton’s laws, the basis of his famous Mécanique
Analytique, published in 1788. In this work a generalization
of Eq. (1), or rather, an extension of Eq. (1) to all of the particles
of a system, was made to serve as a starting point for the solu-
tion of any problem whatever in dynamics. Lagrange’s work has
excited universal admiration. On account of its unity and the
elegance and beauty of its development, Sir William Hamilton
called it “a kind of scientific poem.” This is a tribute to
Lagrange, however, rather than to his subject, for with respect
to beauty of mathematical form Lagrange is the Shakespeare
of mathematicians.
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It is not necessary that the variations be expressed in rectangu-
lar coordinates. If another system, in which the coordinates
are ¢, ¢z, and gs, is chosen, and if
r = x(qb 92, ¢s; t)) Yy = ?/(91, 92 9s; t)} 2= 2(q1, 2, Q3 t)
express the rclations between the two systems, then

ox 6(11 + 6q2 + aq ? 5qs,

8 8
oy = y5QI + - 115 g2 + _543, (2)
oz = ——5(11 + 5q9 + (—m&u;

and the variations of qi, ¢z, ¢; can be regarded as arbitrary, and
those of z, y, z as dependent. Inasmuch as these arbitrary vari-
ations have no relation to the actual motion of the particle except
that they must be compatible with the constraints, if there are
any, the time ¢ plays the role of a mere constant in making them.
If there is one constraint, and the ¢’s are properly chosen, the
variation of ¢; will be zero; and if there are two constraints, the
variations of ¢; and ¢; will be zero, and the motion is along a given
curve.
If Eq. (2) is substituted in Eq. (1), there results

=~

_ ”"” .ax y " 6;!/_ _ " E
(X — mz )aq—1 + (1 my )6'11 + (Z — mz )6q1 q:

— 4 ax‘_ — ” 6?/__ 7 __ n 2
+| (X —mz )6(12 + (Y — my )aq2 + (Z — mz )aquéqz

o9 NP REN N
+ _(X mx )Oqa + (Y — my )aqa + (Z — mz )aq3_893 = 0.
Since the variations of the ¢’s are arbitrary, their coefficients
are zero. On equating these coefficients to zcro, Iiq. (3) of Sec. 347
results. It was in this manner that Lagrange derived his equa-
tions from d’Alembert’s principle.

II. THE PRINCIPLE OF LEAST ACTION

384. Historical.—Influenced by certain metaphysical or theo-
logical considerations, Maupertuis stated in 1740 that it was
reasonable to suppose that the activities of nature are conducted
with the least possible effort and that the integral

»

fmvds = action
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is always a minimum; m being the mass of a particle, v its speed,
and ds an element of the curve which the particle describes; the
integral being taken along the curve between any two points of
the curve. In 1744, Maupertuis published two memoirs in which
he derived the laws of reflection and refraction of light, and of
collisions of two bodies, by means of this principle, which he called
the principle of least action.

In the same year, 1744, Euler published a proof, based upon
purely mechanical considerations, that this integral for orbits
described by a particle under the action of a central force was
either a maximum or a minimum. Finally, in 1788 in his Mécan-
ique Analytique, Lagrange showed that in general this integral is
either a maximum or a minimum for any actual motion, provided
the force acting is a conservative one, and provided also that the
constraints, if any, are independent of the time; otherwise, the
integral may be neither a maximum nor a minimum. Lagrange
regarded the principle as stated by Maupertuis as vague and
lacking in precision; nevertheless, he retained the name which
Maupertuis had given it, the principle of least action.

In the Vorlesungen diber Dynamik, Jacobi remarked that he
could not understand the exposition of this principle by either
Lagrange or Poisson, and constructed a new proof, thus for the
first time establishing the principle upon a sound basis.

385. Extremals in the Calculus of Variations.—Iet a particle
of mass m, moving under the action of a force for which the poten-
tial function is U, describe the arc P1P, (Fig. 183) denoted by the
letter L. Since the force is a conservative one, the energy is
constant and, therefore,

;mtﬂ - U+H,

where H, a constant, is the total energy. Let L; be another
curve joining the points A and B and lying everywhere infinitely
near L. Let a second particle of mass m describe the curve L; in
such a way that for its motion also

%mv2 =U+H, (1)
although, for such a motion, constraints would be necessary.
It will be observed that for each point of the curve L, the speed of

the particle is determined by Eq. (1), and therefore the time
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required for describing the curve L; is not the same, in general,
as that required for the curve L.
The definite integral

Pﬂ
A = f mods, @)
r,

taken along any curve between the points P; and P, is called the
action, and the change in the action from a given curve to another
one in its immediate neighborhood is called the variation of the
action, and is written

Pi
04 =9 f mods.
Pl

(x4+8x)
(y+ &)
(xe8e) L
A L
P'

Fra. 183.

A curve which maximizes or minimizes a definite integral is
called an extremal in the calculus of variations; and the variation
of the definite integral for an extremal is zero, as would be expected
from the general principles of maxima and minima. The princi-
ple of least action then, as formulated by Jacobi, is that the are,
which is described naturally between two given points by a par-
ticle which is acted upon by a force, which is derived from a poten-
tial function U which does not contain the time, is an extremal for
the action, subject to the condition that the energy is a given con-
stant along every. curve. Hence, the curve which is followed by
the particle is such that

Pl
A =6f mods = 0.
.P‘

386. Jacobi’s Proof of the Principle of Least Action.—From
the energy integral (Eq. 385.1), there is derived:
mv = v/2m(U + H). ¢))
Therefore, the action
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under the conditions which are given, is purely geometric in char-
acter, the time having been eliminated altogether.

The z-, y-, and z-coordinates of the particle which describes
the curve L can be regarded as functions of a parameter \; say,

z = o), y =¥, = w(¥).

Let A\, and ); be two values of the parameter which correspond to
the points P; and P,, so that the coordinates of P; are (A1), ¥(\1),
and w(\;), and the coordinates of P, are ¢o(A2), ¥(A2), and w(Xg).
The equations of any neighboring curve L;, which also passes
through P, and Pj, can be written

z = @o\) + eN — M)Az — N)er(D),
y =¥ +ed — M)A — Na(M),
z = w\) + eX — M)Az — Nwi(A);

and the variations of z, y, z are then

8z = e(A — M) (A2 — Ner(N),
oy = e(N — M)Ay — )\)'lfx()\),}
6z = e(A — M) (A2 — Nwi(N);

where ¢ is an infinitesimal parameter and ¢, ¢4, and w; are func-
tions of \ of such a nature that éz, éy, and 8z are continuous for
A1 < X £ Xz and vanish for X equal to A, and for X equal to X,.

For the simplification of notation, let derivatives with respect
to X\ be denoted by subscripts, so that

dr _ dy _ dz _
an = ™ a "~ W ax =

@)

2.

Then the expression for the arc element ds becomes
ds = Vol + y + atd); @3)

and the condition that the curve L shall be an extremal is that

A2
3A = f V2m(U F H) Vo + i + ax2dh = 0. (4)
At

Again, for the simplification of notation, let

VR T R F

V2m(U + H)
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Then, on developing the variations, Eq. (4) becomes
54 =0 = f ("Ua + n—ay + %0 )dx
At

f ~(ondzn + yadyn + 2rd20)dN. (5)

It is evident from Eq. (2) that

dx _ d(oz),
=0 T Tan
and, therefore,
szad\ = d(éz); (6)

and similarly with the other coordinates. On substituting Eq. (6)
in the second integral of Eq. (5) and then integrating by parts,
this second integral is seen to be equal to

A2

{%(m&x + oy + zxaz)]
. At

—J:m[éx d( >+5_/ d( )+az-d(ff)]- "(7)

The integrated part of Eq. (7) vanishes, since the variations
éxz, oy, and 6z vanish at both limits. If the integral in Eq. (7)
is combined with the first integral in Eq. (5), it is found that

b4 =0 = j; | {[9—(—71\(1\ d(i*)]ax
o[-

Since this integral must vanish for every system of variations
dz, 8y, and 8z, it is necessary that the coefficient of each variation
separately shall be zero. Therefore,

md(ﬂ) YN

A ax

n\ - 9U
md(x—) = SyAD, ©)
md(%) - ﬂ’Adx.

Now, by virtue of Eq. (1),
mg': = V2m(U + 0),
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and by Eq. (3)
ds = V¥ + 2 + aldh;

hence,
2 2 2
="V TR a0, (10)
V2m(U + h)

and

i———x = x’, %§ =% y” -zi = z’.
Equations (9) now reduce to

"o aU " o_ a_g "o__ a__(_]
ma" = = my'’ = ay’ me'' = == (11)

which are the equations of motion in rectangular coordinates.

The equations of motion, therefore, can be derived from the
principle of least action. The converse also is true; for, given
the equations of motion and the energy integral, it is possible to
go backward from Eq. (11) through Egs. (10) and (9) to Eq. (8),
and show that the curve described naturally is an extremal of 4.
The curves do not minimize the action in general, but Jacobi
showed that they do minimize it if the arc P,P; is sufficiently
short.

III. HAMILTON’S PRINCIPLE

387. Proof of Hamilton's Principle.—Hamilton’s principle
is strikingly similar to the principle of least action. There is
scarcely any doubt that Hamilton encountered the same difficulty
in understanding Lagrange’s discussion of the principle of least
action that Jacobi did, but instead of developing a satisfactory
proof for the principle of least action, he branched off from
Lagrange’s discussion and developed a new principle, which is
more comprehensive than that of least action in that it does not
presuppose the existence of an energy integral; nor does it require
that the constraints, if any, shall be free from the time. Appell,
however, has shown that it does require that the constraints, if
any, shall be independent of the velocities.

Equation (1) of Sec. 383 can be written

— m(x"6x + y"'oy + 2""82) + (Xox + Yoy + Zéz) = 0. (1)
Let L (Fig. 183) be the curve described naturally by the
particle between any two points P, and P,, and let L, be any

neighboring curve through P, and P; which is described by a
second particle in the same time that is required for the curve L.
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Then

oz = e(t — t1)(t2 — t)eu(t),
8y = e(t — t1)(t2 — t)e(1),
0z = e(t — t1)(ta — t)es(t),

where @1, @2, s are arbitrary functions of ¢ subject to the condition
that the variations are continuous and vanish at ¢; and ¢, which
are the values of ¢ which correspond to the points P; and P,.
From these definitions, it is evident that éz’ is the same thing
as (6z)’. This being true, it is easily seen that

30z = (z'é6x) — z'(oz),
= (z'é6z)’ — ;6 z'%;

similarly,

¥y = (y'oy) — %6 Yy
and

26z = (2'62) — é& 2",
so that Eq. (1) becomes
—m(z'dx + y'doy + 2'62)" + %m&(x"" + y? 4 2?)

+ (Xéx + Yoy + Zoz) = 0. (2)

If Eq. (2) is multiplied by dt and integrated from ¢, to ¢, the
first term of the result

—m[z’ax + y'dy + z’6z]::

vanishes, since the variations éz, dy, 6z are zero at both limits.
On setting

T = %m(:l:’2 + y? 4 2"),
the integral of Eq. (2) can be written
ta
f [6T + Xox + Yoy + Zoz)dt = 0. 3)
17

This is known as Hamilton’s principle. Its expression can be
simplified somewhat if there exists a force function U such that

U = Xéx + Yoy + Zse,
for then Eq. (3) becomes
ts t2
f (6T + oU)dt = bf (T + U)dt = 0. 4)
(3} it

This is the form in which it is usually encountered.



418 STATICS AND THE DYNAMICS OF A PARTICLE

Since the potential function U is the negative of the potential

energy V, and since

_1

l2 — b,
is the average value with respect o the time of the difference
between the kinetic and potential energies, it is seen that Hamil-
ton’s principle asserts that in the motion which actually occurs
between any two given points the time average of the difference
between the kinetic and potential energies is either a maximum
or a minimum when compared with any other infinitely near
motion between the same two points provided the time interval
and the potential function are the same for both motions.

“T — V) dt

388. Equations of Lagrange Derived from Hamilton’s Princi-
ple.—It is evident that Hamilton’s principle is independent of
any particular coordinate system, since T' is the kinetic energy
while X, Y, and Z are the components of the force F which is
acting upon the particle, so that the expression

Xox 4+ Yoy + Zoz = F - A,

or the work done by F in any infinitesimal displacement A.
Let T, F, A be expressed in any desired system for which the
coordinates are ¢, ¢z, and ¢s. Then

oT = 2 6q‘6q. + E

1=1 1=1

From the discussion in Sec. 387, it is evident that

5q¢ = d'ZIt' 6q: - dt = d(3q.),

f&Tdt f ath+f d(aq‘) (1)
h,,.l l,=1

On integrating the last integral of Eq. (1) by parts, it is found that

f:,-l " d(sq ‘)*[E ] ﬁtz_;ldt<aT>6q.dt @

Since the variations 8¢, vanish at both limits, the integrated
part of Eq. (2) is zero, and therefore Iiq. (1) becomes

¢ t2 3

2 aTy\ |, aT

6Tdt = -5 8q; - dt.
I‘ .[:,-2.,[ <0q.~> + Q] %

so that
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If @i, Q2 and Q; are the components of F in the directions
q1, g2, and g3, and 8q1, 8¢z, and dq; are the components of A, then

Xox + Yoy + Zoz = Q15¢1 + Q2092 + Qsdqs,

for they represent the work done in the infinitesimal displacement
in the two systems of coordinates. Hence, the expression (kiq.
(387.3)) for Hamilton’s principle becomes

Lh;:[“ <6T> + o + Q: ]8q.-dt =0;

and since this expression vanishes whatever the variations
8q; may be, the coefficient of each §q; separately is zero. Hence,

(Y - -q =123 ®)

These are the equations of Lagrange.
If the time occurs explicitly in any of these expressions, it is,
of course, to be regarded as a constant in making the variations.

IV. GAUSS’ PRINCIPLE OF LEAST CONSTRAINT

389. Statement and Proof of Gauss’ Principle.—Gauss’
principle of least constraint adds nothing to the knowledge of
the motion of a free particle. Its purpose is to compare the
position of -a constrained particle with the position which the
particle would have had if it had been free during the interval of
time dt immediately preceding the instant of comparison. The
difference between the two positions evidently is due to the
constraints, and Gauss’ principle asserts that of all possible
geometrical displacements which are compatible with the con-
straints the smallest one is the one which actually occurs
dynamically.

Suppose the particle of mass m is at the point O at the instant
t. It is acted upon by a system of forces which has a resultant
F, of which the components are X, Y, and Z; the
resultant includes the friction, if there is any, but does not include
the constraints. The coordinates of the particle at O are z, v, and
2; its components of velocity are 2/, ', and 2’; and its components
of acceleration are 2/, y’/, and 2’’; so that, in accordance with Tay-
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lor’s theorem, its positional coordinates at the instant ¢ -+ dt

are
a: =:c+x’dt+%x”dt2 + .-,

(actual) a, =y +ydt+ %y”dﬁ + -,
a, =z+z'dt+%z"dt2+ ce e,

the terms of higher degree having no value for the purpose which
is under consideration.

Suppose, again, that the constraints had been released
abruptly at the instant f, everything else remaining the same.
Then the positional coordinates at the instant ¢ 4+ df would
have been

he=ztdd iAo

(hypothetical) hy =y +y'dt + %}:} e + - .,

It

hemztzdi+yDae 4

Let these two points be denoted by a and h, respectively.
Then the projections of the line ak upon the axes of reference are

2( =)

5tz —=)de,

o g 21 ;’n

A (difference) 2<y"—;ﬁ)dt2, (1)

 a
Fi1a. 184. —1-<z” - ~Z>dt2
2 m

Multiplied by m, these expressions are proportional to the
components of the force due to the constraints. By d’Alembert’s
principle (Eq. (383.1)),

X — ma")ox + (Y — my”)oy + (Z — mz"’)éz =0 2)
for every displacement oz, oy, 6z which is compatible with the
constraints.

Let p be any point which is compatible with the constraints
and which is infinitely near a. Then ap is a displacement which
is compatible with the constraints. From Egs. (1) and (2),
it is seen that the work done in this displacement is the work done
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by a force which is proportional to the vector ha and, since
the work done is zero, the factor of proportionality is imma-
terial. If 6 is the angle, therefore, between the force and the
displacement,

ha - ap cos § = 0.

Therefore, § = r/2, and ha is one side of a right triangle of
which %p is the hypothenuse. It is therefore shorter than hp,
which is any other geometrically possible constrained displace-
ment, and is therefore perpendicular to the constraining line or
surface. Thus, Gauss’ principle is proved.

390. Analytic Formulation of Gauss’ Principle.—The com-
ponents of ka are, according to Eq. (389.1),

S(ma" — X) ‘%—2» Ay — YL, —21-(mz" - Z)%z-
Hence,
7’1,2—*‘2 _ 1 ’” 2 174 2 "
2Zl—t'iha = —2—[(m:v — X))+ (my” — Y)2 4+ (m2" — Z)}
is a minimum. This can be formulated in words as follows:
For a given force F(X, Y, Z) and given constraints, the function

Slma” — X0t + (my” — V) + (me” — 2y,

at every instant t, is smaller for the motion that actually occurs than
Jor any other geometrically possible motion.



APPENDIX
NOTE ON THE HYPERBOLIC FUNCTIONS

It is assumed as known that the functions ¢*, cos z, sin z are
expansible in powers of the argument z, and that these expansions

2 x:i 4
e =l+a+g+a+gt -,
2 xt  xb
cosz=1—oit4i~ et M
x:! 5 x7
rosta Tt
are convergent for all values of the argument

In the expression for the exponential, let z be replaced by
ip, where ¢ = v/ —1. Then

eiw =

2.2 23,3 4,4
=1+ie+ 5 +57+5F+ -,

sin x =

2 3 4
i = 5 ik G

_ &’ ot . o &b )
—(1“2'1+41‘ L )“(""3"&5‘:‘ )
and therefore, since the expressions within the parentheses are
the cos ¢ and sin ¢,

€ = cos ¢ + 1 sin ¢;
similarly,

€% = cos ¢ — 1 8in .
The sum and the difference of these two expressions give
e¥ + et
coS p = ——

e sin ¢ = 6—3;2';2 )
Now let ¢ be replaced by 7¢. Then
cosip =2, giniy = LAt as ®)
The definitions of cosh ¢ and sinh ¢ are
cosh ¢y = ?f’f,_‘i‘_z_e___f, sinh ¢ = W, (4)

422
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so that
2 4 (]
coshy =1+ % +% +¥+ .,
. s o g (5)
s1nh¢=¢+g—!+gq+%!+ s
A comparison of Egs. (3) and (4) shows that
cos 1y = cosh ¢, sin 7§ = ¢ sinh . (6)
Also
., _siniy _dsinhy | .
tan iy = cosiy ~ coshy +¢ tanh y,
. 1 1
sec Y = cosiy —coshy sech y,
p = o8 _ coshy -
cob i = singy isimhy ° coth ¥,
coseciy = 1 1 —1 cosech y.

sin# isinhy
If the expressions in Fq. (2) for sin ¢ and cos ¢ are squared
and then added, it is found that

cos? ¢ + sin? ¢ = 1. )
In precisely the same way, it is found from Eq. (4) that
cosh? ¢ — sinh? ¢ = 1; (8)

but Eq. (8) could have been derived from Eq. (7) by changing
¢ into 7y and then applying Eq. (6).
On multiplying together the expressions for sin ¢ and cos ¢ in
Eq. (2), it is found that
o2iv — g—2ie

2 cos g sin ¢ = % = sin 2¢;

and similarly from Eq. (4)
e — g—20

2 cosh ¢ sinh ¢ = = sinh 2¢.
Also,
. eZie - g—2iv
cos? ¢ — sin? p = 9 = ¢os 2¢p,
. e2e 4 ¢ 2¢
cosh? ¢ + sinh? ¢ = - -; = cosh 2¢.

A little experimenting of this kind will soon convince the student
that all of the formulas of trigonometry can be derived from Eq.
(2), and corresponding expressions for the hyperbolic functions
can be derived from Eq. (4). Furthermore, all of the expres-
sions for the hyperbolic functions can be derived from the
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corresponding expressions for the trigonometric functions by
changing ¢ into 7¢ and then applying Eq. (6); and nothing more
serious happens than an occasional change of sign.

By differentiating either Eq. (4) or Eq. (5), it is found that

E(%o cosh ¢ = + sinh ¢ E% sinh ¢ = -+ cosh ¢.

No change of sign occurs, as for the corresponding trigonometric
functiens. Also,

4 tanh ¢ = sech? ¢, 4 coth ¢ = — cosech? ¢,
de do
a‘i sech ¢ = — sech ¢ tanh o,
do cosech ¢ = — cosech ¢ coth ¢.
As for integration, it will be verified readily that
dr T _dr -1
f Vel sinh—! z, szz et cosh~! z,
dr 1 dx _ 1
= tanh—!z, f P coth—!z,
dz dx
—— - = — sech™ 1z, — = = = — cosech—lzx.
f V1 — 22 f zvV'1 + a2
By setting
T = a COS ¢, Yy = a sin ¢,

a parametric representation of a circle is obtained, since
xZ + y2 - a2.
Similarly, by setting
x = a cosh ¢, 9 = a sinh ¢,

a parametric representation of an equilateral hyperbola is
obtained, since
2? — 3 = a

Thus the hyperbolic functions are related to the equilateral
hyperbola in much the same way that the trigonometric functions
are related to the circle. (See also Sec. 299.)
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The following is a brief table of the hyperbolic functions:

No. sinh cosh tanh coth sech csch
0.0 0.00 1.00 0.00 © 1.00 ®
0.1 0.10 1.01 0.10 10.0 0.99 10.0
0.2 0.20 1.02 0.20 5.07 0.98 5.00
0.3 0.30 1.05 0.29 3.43 0.95 3.33
0.4 0.41 1.08 0.38 2.63 0.92 2.44
0.5 0.52 1.13 0.46 2.16 0.88 1.92
0.6 0.64 1.19 0.54 1.86 0.84 1.56
0.7 0.76 1.26 0.60 1.65 0.79 1.32
0.8 0.89 1.34 0.66 1.51 0.75 1.12
0.9 1.03 1.43 0.72 1.40 0.70 0.97
1.0 1.18 1.54 0.76 1.31 0.65 0.85
1.5 2.13 2.35 0.91 1.10 0.43 0.47
2.0 3.63 3.76 0.96 1.04 0.27 0.28
2.5 6.05 6.13 0.99 1.01 0.16 0.17
3.0 10.0 101 1.00 1.00 0.10 0.10
4.0 27.3 27.3 1.00 1.00 0.04 0.04
5.0 74 .2 74 .2 1.00 1.00 0.01 0.01

Equatorial radius of the earth
Polar radius of the earth
Radius of sphere of equal volume

1 cubic foot water
1 cubie foot air

Miscellaneous Constants

1 inch = 2.540005 centimeters.
30.480061 centimeters.

1 foot
1 mile =
1 meter =

1 pound (mass) =
1 pound (weight) =
1 kilogram =

1 poundal =

1 foot-pound =

1 calorie

(mean)

1.609347 kilometers.

39.37 inches.

453.59243 grams.

444,820 dynes.

2.204622 pounds.

13,825 dynes.
13,568,200 ergs.

4.186 X 107 ergs.
= 62.4 pounds.
= 0.0806 pound at 0°C., bar.

30",

1 knot = 6080.2 feet (= 1 nautical

Mean density of earth =
Mass of sun =

mile), per hour.
= 3963.34 miles. y
= 3950.00 miles.
= 3958.89 miles.

5.527

/

332,000 times mass of earth.
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Mass of moon = 0.01227 times mass of earth.
Mean distance of sun = 92,800,000 miles.
Mean distance of moon = 238,857 miles.
Velocity of light = 186,284 miles per second.
Gravitational constant = 6.658 X 10~2 ¢cm.3 g.~1sec.~2.
g = 32.174 — 0.085 cos 2I.
= = 3.14159265 log 7 = 0.49714987.
= 2.71828183 log e = 0.43429448.
radian = 57.°29578 log = 1.75812263.

(]



INDEX

A

Center of gravity, 58
Central forces, 265

Acccleration, compound, centrifugal, 'Mion, 369

369

definition, 28

derivative, 209

of gravity, 31, 246
Action, principle of least, 411
Algebra, laws of, 6
Angle of friction, 81
Anomalies, 280
Aphelion, 277
Areal velocity, 269
Arm, of a couple, 109
Atwood’s machine, 216
Axis, of a couple, 112

B

Ballisties, 254
Beams, 188
deflection of, 192
Bending moment, 186
Bent rods, equations of equilibrium,
203
potential energy of, 201
Binormal, 237
Bodies, deformable, 153
falling, 210
Brachistochrone, 324, 327
Bridge, suspension, 157

C

Cable, maximum span of, 166
Calculus of variations, 325, 412
Canonical equations, 377
Catenaries, 159, 258

differential equations of, 161, 172
Catenary, elastic, 167

ordinary, 162, 260

uniform strength, 165

Centroids, 11

Clairaut’s equation, 336

Coefficient of friction, 82

Conccaled mechanisms, 134

Concepts, undefined, 36

Confocal conicoids, 355

Conservative forces, 229

Constant, Gaussian, 297

Constants, table of, 425

Constrained motion, 305, 360, 384

Constraint, degrees of, 305

Constraints, linear, 306
moving, 360

Contact transformations, 386

Cosines, direction, 51, 330

Couple, axis of, 112

Couples, 108

Curvature, 192

Curvilinear motion, 236

Cycloids, 267, 319, 327

D

D’Alembert’s principle, 409
Damping factor, 228
Deflection of loaded beams, 192
Deformable bodies, 153
Deformation of solids, 175
Degrees of constraint, 305
Differential equations, catenaries,
161, 172
1509%15_{%1_81_2%/
rbits, 270

Dimensions, theory of, 53
Direction cosines, 51, 330
Displacement as a véctor, 4

of rigid bodics, 92
Displacements, coplanar, 93
Dynamics, 207
Dyne, definition, 41

427
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E

Earth’s rotation, rate of, 366
Eastward deviation, 373
Eccentric anomaly, 280
Effect of earth’s rotation, 245
Elastic curves, 197
solids, 175
strings, work of stretching, 45
wires, 195
Elasticity, modulus of, 78
Elliptic coordinates, 355
Elongation, homogeneous, 175
Energy, 48
Envelopes, 252
Equations, canonical, 377
differential, 161, 172
intrinsic, 238, 321, 331
Lagrange’s, 349
of motion, 209
Equilibrium, 73
of rigid bodies, 118
stability of, 137
Equivalent forces, 96
Erg, definition, 42
Euler’s differential equation, 326

F

Factors, weighting, 12
Falling bodies, 210
Flexure, 185
Foot-pound, definition, 42
Force, 36
Forces, central, 265
conservative, 229
and dissipative, 49
equation, 209
equivalent, 96
function, 47
Foucault’s pendulum, 373
Frameworks, 144
Free vectors, 113
Friction, 81
angle of, 81
coefficient of, 82
of curved surfaces, 86
Function, Lagrangean, 358
potential, 47

Functional determinant, 378
Funicular polygons, 153

G

Gauss, least constraint, 419

Gaussian constant, 297

Generalized coordinates, 347
momenta, 379

Geodesic curvature, 333

Geodesics, 334

Gram, definition, 41

Gravitation, law of, 38

Gravity, center of, 58

Gyration, radius of, 69

H

Hamilton’s equations, 377
principle, 416
theorem, 388
Harmonic motion, 223, 271
damped, 227
Helix, 308
Hinged rods, 159
Hodograph, 28, 236, 239
Holonomic systems, 349
Homogeneity, 54
Homogeneous functions, 352
Hooke’s law, 78
generalized, 177
Horizontal range, 253
Hyperbola, 282
Hyperbolic functions, 422

I

Imaginary time, 292

Inertia, products of, 69
Integrals, elliptic, 198, 200, 312
Intrinsic equations, 238, 321, 331
Inverse fifth power, 297

Inverse square law, 217, 274, 276

J

Jacobi’s proof of least action, 414
theorem, 391
Joule, definition, 42



INDEX

K
Kepler’s equation, 280
laws, 275

Kinetic energy, 52
potential, 350

L

Lagrangean function, 358

Lagrange’s equations, 349
expansion formula, 287

Lami’s theorem, 74

Least action, principle of, 411

Legendre, 256

Legendre’s elliptic integrals,

200, 312
Lincar constraints, 306

M

198,

Mass, 35
Maximum span of a cable, 166
Mean anomaly, 280
Mechanisms, concealed, 134
Meusnier’s theorem, 333
Modulus of rigidity, 177
Moment of a force, 105
of momentum, 266
Moments of iﬂggig,\ 67 .
—of Vectors, 101~
Momentum, 35
Motion, constrained, 305, 360, 384
curvilinear, 236
cycloidal, 267"
Newton's laws of, 36/
uniform, 36, 207
uniform circular, 31, 244
Moving constraints, 360

N

Newtonian law with fixed center, 274
Newton’s laws of motion, 36

70

Orthocenter, 16
Orthogonal systems, 357, 395, 400
Osculating plane, 237

P

Pappus, theorems of, 64
Parabola, 157, 162, 250, 261

429

Parallelogram law, 2
Parameters, variation of, 407
Particle, constrained, 132
definition, 35
Pendulum, cycloidal, 319
oucault’s, 373
resisting medium, 315
simple, 310
spherical, 337, 400
Perihelion, 277

Periods of plancts, 296

Perpetual motion, 49

Pitch of a screw, 135

Plane, osculating, 237

Planetary motion, laws of, 275

Planets, table of, 223

Pluinb line, 371

Polar coordinates, 237, 268

Polygons, funicular, 153

Potential function, 47

Poundal, definition, 40

Power, 46

Principal normal, 237
direction cosines of, 240

Principle of least action, 411

Products of inertia, 69

Projectile, in vacuo, 249

Projectiles, 220

R

Radius of gyration, 69

‘Raindrops, falling, 213

Rate of earth’s rotation, 366
Relative motion, 366
Repellant force, 290
Resisting medium, 254
Rigid bodies, 91
Rods, bent, see Bent rods.
hinged, 159
Rotation, 91
effect of earth’s, 245
rate of earth’s, 366

S -

Scalar, definition, 1
Screw, 134
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Shearing strain, 176
stress, 177
Sliding vectors, 113
Speed, 18
Spherical coordinates, 241, 356
acceleration, 244
velocity, 243
Spherical triangles, 242
Spiral springs, 184
Stability, 137
Statics, 73
Straight-line motion, 207
Strains, 175
Stress, 176
diagram, 144
Stretch of a wire, 169
Surface constraints, 329
Suspension bridge, 157
Synchronous curve, 252

rl\

Tautochrone, 225, 322
Tension of strings and chains, 77
Tensions and thrusts, 176

table of breaking, 177
Theorem, of Lami, 74
Time, imaginary, 292
Torque, 113
Torsion, 182
Transformation of coordinates, 347
Transformations, contact, 386
Translations, 91
Transmissibility of force, 93
Trihedron, 91
True anomaly, 280
Two-body problem, 292

U

Undefined concepts, 36
Unit vectors, 75
Units, systems of, 39

v

Variation of parameters, 407
Variations, calculus of, 325, 412
Vector cquation of a straight line, 8
notation, 5
products, 43
sum and difference, 5
Vectors, composition and resolution,
2
definition, 2
sliding, 113
Velocity, arcal, 269
definition, 20
formula, 208
of escape, 221 .
rules for composition, 21
to infinity, 218
Virtual work, 132
Vis Mortua, 207
Viva, 207

w

Weierstrass, pi function, 298
Weight, definition, 38
Weighting factors, 12
Work, definition, 42

of bending, 187

of raising bodies, 99
Wrench, 117

Y
Young’s modulus, 177
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