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Preface

This textbook is based on my lectures to students at the Mos-
cow Regional Pedagogical Institute (1945 to 1948) and Moscow
University from 1945 on. In writing this book we set ourselves
the difficult task of treating in a single volume the fundamentals
of atomic theory, that is, Schrodinger’s nonrelativistic theory,
Dirac’s relativistic theory, the theory of multielectron atonis,
and the basic applications of quantum mechanics to solid state
physics. Our aim was to combine the exposition of general the~
oretical principles with examples of the application of quantum
mechanics to specific problems connected with atomic structure.
To avoid overloading this book, we have abridged the treatment of
certain specialized topics, but in such cases we have endeavored
to supply references to standard works on the subject.

In most textbooks the solution of specific problems with the
help of Schrodinger’s equation is handled in fairly elegant form.
The basic mathematical tools required for this purpose are a
knowledge of second-order differential equations and various spe-
cial functions (including the Hermite, Legendre and Laguerre
polynomials). However, applications of Dirac’s theory to specific
problems (such as the hydrogen atom) are on the whole handled
less satisfactorily. In some cases the calculations are so long
and cumbersome that it is difficult to perceive the physical mean-
ing of the solutions. In others there is no actual derivation of the
results or only a rough proof is given. In an attempt to avoid
these pitfalls, we have used an approximate form of Dirac’s equa-
tion for our treatment of the hydrogen atom (Chapter 19). This
approximation still enables us to obtain the formula for the fine
structure of the energy levels and the selection rules (Chapter 18
and 20). Our analysis of the Lamb shift due to the electron-
positron vacuum is also somewhat simplified (Chapter 22),

Several good problem books in quantum mechanics are avail-
able, and therefore we shall consider only a few problems chosen
with the aim of elucidating and supplementing the general discus-
sion,

The first part of this book was written jointly by me and Yu, M.
Loskutov, and the second part jointly by me and I. M. Ternov.
Great assistance was rendered by M. M. Kolesnikova in condens-
ing notes based on my lectures on quantum mechanics and in
preparing the manuscript for the press. Chapter 25 was carefully
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read by N. N, Kolesnikov, who made a number of valuable com-
ments, I would like to mention the great pains taken by S. I, Larin

in editing the whole manuscript.

A. A, Sokolov



Introduction

Quantum mechanics dates only from the 1920’s. This important
branch of theoretical physics deals with the fundamental problem
of the behavior of microparticles (for instance, the behavior of
electrons in an atom). As a theo.y, quantum mechanics represents
an extension of classical mechanics, electrodynamics (including
the theory of the electron and the theory of relativity), the kinetic
theory of matter, and other branches of theoretical physics,

Historically, the development of every branch of theoretical
physics involves two main stages. First comes the accumulation of
experimental facts, the discovery of semiempirical laws, and the
development of preliminary hypotheses and theories. This is fol-
lowed by the discovery of general laws, which provide a basis for
interpreting a large number of phenomena. For example, the first
or pre-Newtonian stage of mechanics consisted of the discovery of
a number of seemingly unrelated laws: the law of inertia, the law
of free fall under the action of a gravitational field and Kepler’s
laws of planetary motion. Most of these laws were discovered only
after years of painstaking work by many scientists. Thus, many
astronomical observations preceded the discovery of Kepler’s
laws, We may recall the great efforts of Copernicus, Bruno, Gal-
ileo, and others to establish that the Sun is the center of our
planetary system and that the Earth is only a planet like Mars,
Venus, or Jupiter., It was only after working for fifteen years on
Tycho Brahe’s extremely valuable observational data that Kepler
found the semiempirical laws describing planetary motion, After
these preliminary, seemingly independent laws had been estab-
lished, Newton was able to show that they all rested on the same
theoretical foundation. Newton’s three laws of motion and the law
of universal gravitation opened a new stage in the development of
theoretical mechanics. One of the great triumphs of Newtonian
mechanics was Leverrier’s prediction of the existence of a new
planet, Neptune, from perturbations in the motion of Jupiter.

In a similar fashion, Maxwell’s formulation of the laws of elec-
trodynamics was preceded by the discovery of empirical laws de-
scribing various electric and magnetic phenomena. Coulomb’s
law of interaction between electric charges and magnetic poles!
and the Biot-Savart law of interaction between an electric current
and a magnetic pole were found by analogy with Newton’s law of

las magnetic monopoles do not exist in nature, Coulomb’s law in magnetostatics is
verified by means of magnetic dipoles.



xvi INTRODUCTION

gravitation, All of these phenomena were explained on the basis of
the principle of ‘‘action at a distance,”” according to which one
charge acts directly on another through the intervening space.

After Newton, and independently of investigations of electric
and magnetic phenomena, considerable attention was devoted to
optics, At a relatively early stage, it was established that light
consists of transverse waves propagating with a finite velocity
of ¢a~3-10" cm/sec. The nature of these waves, however, re-
mained unknown,

All of these preliminary studies belonged to the first stage of
development of electrodynamics: they prepared the ground for
Maxwell’s theory, which had approximately the same unifying role
in electrodynamics as Newton’s laws in mechanics, Maxwell’s
equations provided a powerful tool for the investigation of electric,
magnetic and optical phenomena. Maxwell’s theory predicted the
existence of electromagnetic fields, which carry the interaction
continuously from point to point, and of electromagnetic waves,
which were later discovered by Hertz. The theory of propagation
of electromagnetic waves underlies all of modern radio engineering.

Another important result of Maxwell’s theory was aproof of the
wave nature of light.

The view that matter and electricity have an atomic structure
was of considerable importance in connection with the appearance
of quantum mechanics. This view had very ancient roots, but
remained without scientific foundation until the discovery of the
fundamental law of chemistry—the law of exact proportions. The
kinetic theory of matter and, in particular, the kinetic theory of
gases—based on the classical Maxwell-Boltzmann statistics—were
important steps in the development of atomic theory. It is worth
noting that the classical Maxwell-Boltzmann statistics, which rests
on probability theory, cannot be completely explained in terms of
Newtonian mechanics and contains certain features that are char-
acteristic only of large collections of particles (for example, the
irreversibility of certain processes). Statistical methods made it
possible to explain a number of macroscopic properties of matter,
such as temperature and specific heat; this provided indirect
evidence of the atomic structure of matter.

One of the decisive proofs of the atomic theory of matter was
the discovery of fluctuations, that is, statistical fluctuations in the
behavior of individual molecules. Brownian motionwas particularly
important in this connection, as it provided the evidence of molec-
ular movement in a liquid, Even more suggestive proofs of the
atomic structure of matter were provided by Laue’s observation of
the diffraction of x-rays in crystals and Aston’s mass-spectro-
graphic measurements of the atomic weights of individual isotopes
of various elements,

From an analysis of Faraday’s laws of electrolysis, Helmholtz
showed that there must be a fundamental quantity of electricity,
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equal to 4.8.10°" esu, such that any charge, positive or negative,
is an integral multiple of this charge. Studies of anode rays indi-
cated that positive charges always appear asions; that is, a positive
charge is always associated with the basic mass of an atom. The
lightest positive ion is that of a hydrogen atom. It is known as a
proton and its mass is nearly the same as the mass of a neutral
hydrogen atom, The carrier of a negative chargecan take the form
of a negative ion or of a much lighter particle known as an electron.
From measurements of the deflection of cathode rays (a beam of
electrons) in electric and magnetic fields, it was found that the
mass of the electron was about 1/1836 of the mass of the proton.’

These discoveries led to Lorentz’s electron theory, which
represents an interesting synthesis of Maxwell’s electrodynamics
for a vacuum and the atomic view that matter consists of positive
and negative charges. In Lorentz’s theory the magnetic permea-
bility, dielectric constant, and conductivity of a medium were
obtained by averaging Maxwell’s equations for a vacuum over
charges and currents of particles of the medium. A conductor was
treated as a medium filled with free electrons or, in other words,
an ‘‘electron gas.”” It followed from Lorentz’s theory that the
dielectric constant depends on the frequency of electromagnetic
waves, whereas in Maxwell’s theory it had been assumed that this
quantity is a constant, Lorentz’s theory provided an explanation of
the dispersion of light. The appearance of this theory was accom-
panied by the extension of electrodynamics to frames of reference
traveling with constant relative velocities; this culminated in the
special theory of relativity, It is well known that all laws of motion—
whether they be Newton’s laws or Maxwell’s equations for the motion
of an electromagnetic field—must be associated with a frame of
reference., Newton believed that his laws were related to an abso-
lute frame of reference. Even in his writings, however, this notion
remained purely metaphysical, and Newton himself discovered the
principle of relativity in mechanics according to which it is im-
possible to detect a uniform rectilinear motion of a body (or a
frame of reference) relative to this absolute system, because all
frames of reference moving linearly with constant relative velocities
with respect to each other are completely equivalent.

Consider the Galilean-Newtonian transformation from one in-
ertial system to another, moving along the x axis with relative
velocity v

¥=x—1ut, Y=y, =2, t'=t,

21n 1932, a particle with a positive charge and mass equal to that of an electron, known
as the positron, was discovered Positrons are formed in small quantities when cosmic
rays pass through matter. Under ordinary conditions a positron cannot exist for any sig-
nificant length of time because 1t combines with an electron and the two particles are
converted into gamma-ray photons (see Chapters 3 and 22).
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where the primed coordinates refer to the moving system, and the
unprimed coordinates to the stationary system. We find that
accelerations and forces are identical in the two frames of refer-
ence, and therefore the equations of mechanics (in which the
velocity does not appear) are invariant under this transformation.
If the Galilean- Newtonian transformation is applied to the Maxwell-
Lorentz equations, they assume different forms in different inertial
systems, because the equations contain the velocity of propagation
of electromagnetic waves which, added vectorially, has different
values in different inertial systems. The original Michelson-Morley
and other numerous experiments showed, however, that the speed of
light is the same in any directioninall inertial coordinate systems.
As a result, Einstein generalized the Newtonian principle of rela-
tivity in a way that led directly to the so-called Lorentz trans-
formations
x—ut '
x aE=— Y=y, 2=z,
X
t—B=

t=yr=p P=

ofa
.

The classical laws of electrodynamics are invariant under this
transformation. Since the equations of Newtonian mechanics,
however, are not invariant under the Lorentz transformations,
they had to be replaced by relativistic equations in which the
mass m of a moving particle was related to its velocity v and
its rest mass m, by the relationship

— Mo
"y

At low velocities, where 8?0, the relativistic equations reduce
to the Newtonian formulations.

The Maxwell-Lorentz equations for an electromagnetic field
and the relativistic equations of motion of an electron constituted
the culminating stage of the classical electron theory, According
to this theory, light consists of electromagnetic waves and an
electron is a particle whose motion is described by relativistic
mechanics. The success of the Maxwell-Lorentz theory in account-
ing for certain microscopic phenomena (the propagation and dis-
persion of light, the motion of an electron in electric and magnetic
fields, and so forth) was accompanied by the discovery of exper-
imental facts that could not be explained with classical concepts.
These experiments will be described in Chapters 1—3, and there-
fore we shall mention them here only very briefly.

In the first place, it was found that black-body radiation, the
photoelectric effect, and the'Compton effect could be explained only
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on the basis of corpuscular properties of light. This was the im-
plicit assumption of the Planck-Einstein photon theory, in which
the discrete structure of light was described in terms of Planck’s
constant 4 = 6.62-10"%" erg.sec. The photon theory was also suc-
cessfully used by Bohr in constructing the first quantum theory of
the atom, based on the planetary model suggested by Rutherford.
In the second place, a number of experimental facts, including the
electron diffraction, indicated that in addition to its corpuscular
properties, an electron has wave properties. De Broglie's def-
inition of the wavelength of an electron also included Planck’s con-
stant 4. This led eventually to the development of a new science—
electron optics—which provides a theoretical basis for electron
microscopy.

The SchrBdinger wave equation (1926) was the first general
theoretical treatment that explained both of these classes of phe-
nomena and unified the preliminary theories of Planck, Einstein,
Bohr, and de Broglie. This equation made it possible to discover
the laws of behavior of electrons and other elementary particles
and to construct a relatively systematic theory of radiation that
took into account the quantum nature of light. For atomic physi-
cists, the Schrddinger equation was one of the most powerful tools,
Many phenomena associated with the behavior of an electron in an
atom and with the absorption and emission oflight by an atom were
provided with a theoretical explanation (see Chapters 4-14). The
later development of quantum theory showed that the Schriddinger
equation did not describe all the properties of atoms. In particu-
lar, it could not explain correctly the interaction of an atom with a
magnetic field (for instance, the anomalous Zeeman effect) and it
could not be used to construct a theory of multielectron atoms,
One of the main reasons for this was that the Schrddinger theory
did not take into account the electron spin,

Dirac’s relativistic theory (see Chapters 15-17) was an exten-
sion of the Schrddinger theory that considered relativistic and spin
effects of moving electrons (see Chapters 18-20). It turned out that
the quantitative corrections due to relativistic effects were rela-
tively small, but that spin effects were of fundamental importance
in connection with the fine structure of multielectron atoms (see
Chapters 23 and 24). These effects explained the filling of electron
shells in an atom and gave a theoretical basis to Mendeleyev’s
periodic table of elements (see Chapters 25 and 26).

Although the fundamental problems related to the structure of
the atom were basically solved with the appearance of Dirac’s
equation, we are constantly adding further details to our knowl-
edge. At present a great deal of attention is being devoted to the
influer ce of the electron-positron vacuum and magnetic moments
on the energy levels of atoms (see Chapters 21 and 22). Quantum
mechanics has also been applied to simple molecules (Chapter 27),
solid state physics (Chapter 6), and the atomic nucleus.
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Chapter 1

The Quantum Theory of Light

Before the supremacy of classical physics was challenged by
the advent of quantum mechanics in the beginning of this century,
particle motion was sharply distinguished from wave motion.
According to the classical picture, the world consisted of particles
(for example, electrons and ions) and fields (for example, light).
This picture was completed by Maxwell’s theory (1873), which
appeared to have definitely established that fields had wave-like
properties.

Towards the end of the nineteenth century and in the first years
of this century, this state of affairs was disturbed by the discovery
of experimental facts that did not fit into the classical conceptual
framework. On the one hand, there were certain phenomena, such
as the radiation spectrum of an ideal black body, the photoelectric
effect, and the Compton effect, which could be understood only in
terms of particle-like properties of light. On the other hand, elec-
trons were observed to have wave-like properties, suchas diffrac-
tion, which later served as a basis for the development of electron
optics.

A. PRINCIPLES OF THE ELECTRON THEORY

The behavior of the electromagnetic field produced by a given
distribution of charge and current is described by the well-known
Maxwell-Lorentz equations

1 0E __ 4mpo
Vel — 2 55 ==c

1 OH
VxE+ =0 (1.1)

V - E=4rp,
V-H=0,

where E and H are the electric and magnetic field intensities, re-
spectively, p is the charge density (for example, of the electron),
and ¢ is its velocity.
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To start with, an electromagnetic field transmits interactions
between the charges. The interaction between stationary charges
e is transmitted by an electrostatic field which satisfies Coulomb’s
law (V =—e-‘-;1>, whereas the interaction between moving charges
is transmitted by a system of electric and magnetic fields, since
a moving charge can be regarded as an electric current and it is
well known that a current interacts with a magnetic field. Elec-
tromagnetic fields are always associated with sources of the
appropriate type (for example, charges).

Secondly, electromagnetic fields may be regarded as electro-
magnetic waves, which propagate with the velocity of light ¢ (radio
or light waves). As a particular example of a source of light waves,
we can take an accelerated charge. The latter emits radiant energy;
per unit time, this energy is

w=2ew (1.2)

where e is thecharge, and w its acceleration. Once electromagnetic
waves have been produced, they can exist independently of their
sources.

The equation describing the propagation of a light wave is
obtained from Eqgs. (1.1) by setting the charge density p equal to
zero, We can then eliminate the vector # from the second Maxwell
equation by taking the curl of this equation and substituting into it
the first equation. Since V-fF =0, we can use the vector relation

VxVx E= V(V-E)—VE= —VIE,

to obtain the following wave equation, which holds for the compo-
nents of both vectors E and H:

vy Lo g (1.3)

¢ o

where f is any component of the vectors E or H.

A more detailed analysis of the Maxwell-Lorentz equations
shows that electromagnetic waves are transverse, This means that
the electric field intensity (E) and magnetic field intensity (H) are
mutually orthogonal, and also orthogonal to the wave vector &,
which points in the direction of propagation of the electromagnetic
wave, The vectors form a triad such that when a right-handed
screw is turned from E to H, it moves along the direction of &:

H=FR xE, (1.4)

where k'=#k/k is a unit vector,
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A charge (say, an electron) moving in externally applied electric
and magnetic fields experiences a force

F=e(E—|——cl-~va>, (1.5)
which is called the Lorentz force.

Taking into account the relativistic variation of mass, the
equation of motion of an electron in an external field has the form

4 _mp =e(5+%vxﬂ), (1.6)

where

We can select a Lagrangian function £ in such a manner that
the variational principle

3 S £ (% x;, t)dt=D0, 1.7)
or, in more explicit form,

d 0 o% R
EE—‘)’T’=O (l=1, 2, 3), (1.8)
will yield the equation of motion of an electron (1,6). Here x,=x,

Xy=y, x3=z are the spatial coordinates, and the #, denote the
corresponding velocities. To obtain (1.6), we must set

L= —me'YT—F —ed+ 04, 1.9)

where A and @ are the vector and scalar potentials of the electro-
magnetic field. These potentials are related by the Lorentz condi-
tion

v.A+1%_o (1.10)

The electric and magnetic field intensities can be expressed in
terms of A and® by means of the relations
1 0A
E=—V0——--=—2",
c ot (1.11)
H=VxA.

We find the following expression for the electron momentum:

. 0% MmoXy

il SN e
pt—"a?‘= V_i—_ﬂ'_l_? A‘. (1.12)



6 NONRELATIVISTIC QUANTUM MECHANICS

Similarly, for the generalized force acting on the electron, we
obtain

24 0> , e, 04
Q‘=a—x;= —eb-a?i_i__c_(vrti)' (1'13)

Substituting (1.12) and (1.13) into (1.8) and taking into account (1,10)
and (1,11), we obtain Eq. (1.6) for the motion of an electron. Thus,
our choice of the Lagrangian is justified.

Since we know &£, we may also determine the Hamiltonian H:

—me — 2= | gV I F 0= o0

It is well known that the Hamiltonian should not be expressed in
terms of the velocity cB, butintermsof the generalized momentum

P=p—-%-.4, which, according to (1.12), is related to ¢ by the
equation

OP - mich = S it = T

Therefore, the relativistic form of the Hamiltonian is

H= /P> mict }¢®. (1.14)

We note that if the potentials aretime-independent, the Hamiltonian
is equal to the total energy (E=H),

In the nonrelativistic approximation (P €my), Eq. (1.14) can be
written in the form

H=H +4my,

where H' is approximately equal to the nonrelativistic part of the
Hamiltonian

e 2
p——A
H'~H yomel, = 2m +€¢’— (—-—2—”0—1"——)- -+ e®. (1.15)

From this it can be seen that the relativistic equation for the
Hamiltonian (1.14) also includes the rest-mass energy my ' of the
electron, It is very important to take this rest-mass energy into
account In studying transformations of elementary particles.
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B, THE CLASSICAL THEORY OF BLACK-BODY RADIATION

Among all the phenomena associated with electromagnetic fields,
special importance can be attached to the properties of cavity radia-
tion. This can be described as the radiation inside a cavity com-

ple}ffW,.Wthh are heated toa cerj;ain_
(Lgs ant temperature-T,-or, alternatively, as radiation i in equilib-
rium with an isothermal enclosure, A small hole made in the wall
of such an enclosure behaves like an ideal black body, because
Qzac,tm_iuy\ng external rays incident on the opening are reflected,
In other words, essentially all rays entering the cavity through the
hole “are a‘Bsorbed or, more precisely, the probability that they
reemerge from the hole is negligibly small. Consequently, the
) a n_escaping from the hole may b

radiation which would be obtained from an ideal black body, and it
is generally referred to as black-body radiation,

The analysis of black-body radiation played a particularly im-
portant role in the foundation of quantum theory. Although a more
or less reasonable classical explanation could be found for many
other phenomena, every single theory of black-body radiation con-
structed on the basis of classical concepts failed to agree with the
experimental facts, A systematic theory of black-body radiation
was developed only in the beginning of this century, when Planck
introduced the concept of a quantum of energy. This concept
was later to play an important role in the development of the first
quantum theory of the atom, and afterwards in the development of
quantum mechanics,

We shall now consider the theory of black-body radiation, con-
fining ourselves for the time being to classical concepts. Let the
radiation be characterized by its spectral density p.,! which is
related to the ordinary electromagnetic energy density

U= (E*+ H?) (1.16)

by the relation

d
Pa=", (1.17)

n the literature, the function Py 1s sometimes used for the spectral density. The
function p,, 1s related to Py by the equation

po = 1
“ 2”Pv-

since w = 27v.
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where du is the energy density of the radiation in the frequency
range from o to w4 do, Obviously,

(o]

u=§ podo, (1.18)

On the basis of the second law of thermodynamics, Kirchhoff
showed that the density p, is determined only by the temperature
of the walls of the closed cavity and is entirely independent of the
material of which the walls are made; that is, po={f (o, T),

Consequently, the walls of the cavity may be considered as a set of oscillators, The
average energy of these oscillators is completely determined by the spectral density of

the black-body radiation, We shall show this starting with the equation of motion for an
oscillator and taking into account Planck’s radiation damping

2 e . e

X-}-m’x—--g'm—oc—; x=~ﬁ; E,. (L19)

Here e and m, are the charge and rest mass of the oscillator, « is its natural frequency
of oscillations, and E, is the x component of the electric field intensity of the black-~
body radiation,

Representing E, in the form of a Fourier series

)
Ey= Z Eyne lmoot’ (L20)
n=—oo

where E,, is the amplitude of an individual oscillation of the field with frequency
0 = Ny, (L21)

we obtain the following equation for x (f) from Eq, (L 19):

e
L — inwgt
o E e

x= (1.22)

2 el (nwy)® *
R=—o0 0*—(11w2g)?* 4-i 3 _—)(n_:c)g—)—

The average energy of the oscillator, which, according to the virial theorem, is twice
the average kinetic energy, is given by

oo inwgt

e
(inmo) "n'; Ex,,e

o 2 e}(nw,)® |’
r e (o)t 415 Tt

(L23)

E': EXT= my

where the bar denotes averaging over time, Since

o . ©
inwgt|” __ lwgt (n—n')
{ 2 In® nwo} - z fof " ’

Nw=—c0 n, n'=—co0
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where f_, =f%, and since, moreover,

eiwot (n—n") —

S 03| @

1 ghoot (a—n') gy I for n'=n,
g 0 for n'£n, (L24)

e

where t = 2r/w,, Eq. (1,23) can be reduced to the form

—3 N (nwo)® ,‘Z‘:‘ |Exnl*
meX® ==2m, 0 o
) (o — wrpe + {2 EC

This equation has a very sharp maximum in the neighborhood of frequency », and
hence the total energy of the oscillator will actually depend only on those terms of the
series for which nw,= . Consequently, in the above equation, the square modulus of the
amplitude | E,, |* can be replaced by| E,, |, where no= é"- , and at the same time the sum

0

can be changed to an integral, According to (1,21),2

do, = wedn = wg== flﬂ . (L25)
0

since dn = 1. Therefore, we obtain
floe, l Exno I’ ¢ wp’[ dwll
e ? {0l —wtp + { 2 e""}’.}’ ' (L26)

E moc’

E=2

(=)

Replacing the frequency v, by © everywhere except in the difference v, — o, introduc-
ing the variable of integration £ —=w, —, and extending the limits of integration to
+ oo, we find

gyttt 1Bl i" de _
= my ) o 452 + (Z e_’(fi F) =
—® 3 Iﬂocs)
L nop_"_ s
=72 e L Exng I*- (L27)

On the other hand, the energy density u, which is related to the electromagnetic field
of the radiation by Eq, (1.16), can also be expressed in terms of | E,p, % Since the radia-
tion is isotropic we have, on the basis of Eq, (L 16),

u=;—,,(E’+H’)=4l"(E;+E;+Eg). (L28)

2The reader should not feel uneasy about our equating the differential dw, to the finite
quantity wg = 277/7, for it is always possible to make the period 7 sufficiently large so that
the relationship wg K w will be satisfied. Mathematically, this corresponds to a transi-
tion from Founer series to Fourier integral.
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Using the expansion (L20) and the rule (1,24) for averaging over ¢, we obtain

oo

o0
3 Fi__ 3 3
w=pBi=g ¥ lEx,.l"—‘z;S'Ex"""”' (1.29)
0

n==-—00

Hence, taking into account Eq. (1,18) together with the relationship

dﬂ=w—a=no—w—' (1.30)
forw, =w (n = n,), we obtain
3”0 ! Exno I’
Po=5"""¢ * (L31)

Comparing Egs. (1.31) and (1.27), we find the relationship between
the average energy E=—=my%® of the oscillator and the spectral
density of the radiation p,

po= —2__F, (1.32)

nicd

which forms the basis of the theory of black-body radiation,
In classical statistical physics, the energy distribution of
particles is given by the function

N (E) =Ae-22, (1.33)

where a=1/kT; k=1.38. 107" erg.deg™ is Boltzmann’s constant,
and T is the temperature of the medium. The average energy of the
particles is

(]

0
A S Ee—*Eg4E
0

E= = = ;a ]nSe"”‘BdE= 134
A(Se*“fm 0 (1.34)
=0-%lna.=kT.

Substituting this value of E into Eq. (1.32), we obtain the Rayleigh-
Jeans formula

w?

Po=—rzz— kT. (1.35)
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This equation satisfies the Wien’s thermodynamic law
p=uf (%), (1.36)

which was based on various results in thermodynamics and the
clectromagnetic theory of light. In the region of long wavelengths
(low frequencies), the Rayleigh-Jeans formula is in good agree-
ment with experimental data. At short wavelengths, however, it
completely fails to agree with experiment (see Fig. 1.1),

%

14

1
2F |
]
os} |
) |
!
o5} |
[}
o3t )

0

T

é ‘9 12 ,1':5

Fig. 1.1. Radiation spectrum of an ideal black body.

The heavy dotted line indicates the Rayleigh-Jeans

curve Py = pox~, and the solid line the Planck curve

Pe =pox>/(e* — 1), which is the same as the experi-

mental curve. Here pg = (kT)a/nzhzcs, © = weX, and
Wo = kT/H.

In exactly the same way, the use of the Rayleigh~Jeans formula
for calculation of the radiation energy density [see Eq. (1.18)] re-
sults in a divergent integral, that is, we obtain the obviously absurd
relationship

o0 (e o]
u=3 podo= 21 Sw* do = oo, (1.37)
0 0

This was called the ‘‘ultraviolet catastrophe’’ by Ehrenfest, Thus,
the classical theory was completely unable to give a satisfactory
description of black-body radiation,

C. PLANCK’S EQUATION

In 1900, Planck put forward an important hypothesis which re-
moved the ultraviolet catastrophe and radically changed a number
of fundamental principles of classical physics. According to this
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hypothesis, the energy of microscopic systems (atoms, molecules,
and so forth) does not vary continuously and assumes only certain
specific discrete values., In particular, the energy of a harmonic
oscillator must be a multiple of a certain minimum value &:

E= ne, (1.38)

where n=0, 1, 2 ....
In order to determine the average value of the energy, we must

replace the integral (1.34) by the sum

o o]
E=——1In Y e =
da go (1.39)
13 €
p—-T == PLO

0
=—&ln i

Substituting this value of E into Eq. (1.32), we obtain the spectral
density of the radiation

__ 1
Pw - .n‘.’ca-

(1.40)

l
eF1 1

We can bring this equation into agreement with Wien’s thermo-
dynamic law by letting : be proportional tow:

e = fw. (1.41)
We then obtain Planck’s equation

Awd
Po= (1.42)

n3cd (eﬁ— 1)

which was a brilliant achievement of quantum theory.
The quantity =1.05- 107" erg.sec, which has the dimensions of
action, is called Planck’s constant.3

w

At low frequencies o < 1), the exponential e?“/*T may be expanded
RT

in the form of a power series in #w/kT . Restricting ouselves to the
linear terms of the expansion, we have

o
flm/krw phiny
e 1 +kT'

3 the _lx2terature, Planck’s constant is more often taken as the quantity h = 27 =
6.6249 - 10 erg + sec, which relates the energy ¢ to the frequency v:

€ = hv.
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Thus, Planck’s equation (1.42) reduces to the Rayleigh-Jeans
formula (1.35).

In the case of high frequencies (l—l;j >, we may neglect the 1 in
the denominator of Eq. (1.42) and write p, in the form

Po === €A/, (1.43)

Planck’s equation (1.42), which describes the dependence of the
spectral density p, of thermal radiation on the frequency v, is in
excellent agreement with experiment (see Fig. 1,1),

From Eqgs. (1.42) and (1.18), we can find the total radiation
density

u=§9pwdw= r §° ode (1.44)

p n2cd ehw/kT_ 1

Introducing the variable { =/v/kT and considering that

o
'___E”dE ot
| =T
0

we obtain the well-known Stefan-Boltzmann law*

= R
U=i5—ap=al" (1.43)
where
0—157713‘—7 56 10" erg.cm™.deg* (1.46)

From Eq. (1.42), it can be seen that the spectral density of
black-body radiation has a maximum at some value of » and that
the position of this maximum changes with temperature. The
equation governing the position of this maygjmum is called Wien’s
displacement law, More often, Wien’s displacement law is expressed

4Usually 1t is not the density u which 1s measured, but the energy oT* which 1s radiated

per second per square centimeter of the black body’s surface within a solid angle of 27
c c —

@) = 27). In this case, the Stefan-Boltzmann constant 1s 0 = 2 — a=— a = 5.67 - 10 5
8w 4

erg-cm 2. deg *. sec”!
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in terms of the spectral distribution with respect to the wavelengths
L. To determine p,, we can use the expression for «

=§ pr dh

Since A =2nc/w, transforming to the spectral distribution over the
frequencies, we have

S ¥ do—= S b do, (1.47)
0
from which we find
2re 16n3ch
= —)_\E‘. po=— Qnrh‘——' (1.48)

M (e " —1)

To determine the wavelength Anax atwhich p, has its maximum,

o) QP)‘— .
we set = 0:

2rch
_E_l?;:cfl . el?ﬁ?n;;
max .
—5 o =0.
o max {

Setting 2xcfi/kT) . =y, we obtain the equation
y=5(1—e7),
whose solution can be given with good accuracy in the form
y~5(1—e®)=4.965.

Thus Ay, is relate% the temperature T by the equation
2xch
M maxT =7 g057 =0=0.29 cm-deg, (1.49)

which expresses Wien's displacement law, and where b is the
Wien’s constant. According to this law, as the temperature of an
ideal black body increases, the maximum of the radiation intensity
is shifted towards shorter wavelengths (see Fig, 1.2).
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Equations (1.46) and (1.49) relate Planck’s constant # and Boltz-
mann’s constant 4 to the constants 2 and &.
Knowing the numerical values of a and b, we can determine
B and k. This is the way in which a numerical value was first
obtained for 7 and a better value found for 4.

o
A 2000

Fig. 1.2. Wien’s displacement law
Curves of the spectral energy distribution as
a function of temperature for an ideal black

body: ApaxT ™ 0 29 cm . deg

Recapitulating, it follows from Planck’s hypothesis that proc-
esses such as emission and absorption involve discrete quanta. In
other words, the energy change of particles involved in these proc-
esses is discontinuous and not smooth as would follow from the
laws of classical physics.

D. EINSTEIN’S PHOTON THEORY

In deriving his equation, Planck assumed that the energy of the
oscillators is quantized. The original versionof the theory, however,
does not provide any physical justificationfor this property. Indeed,
Planck himself chose to attribute the ‘‘special properties’’ to the
heated body rather than to the electromagnetic radiation.

The second important step towards the lopment of quantum
theory consisted of Einstein’s hypothesis that oscillators absorb
and emit radiation in discrete amounts because electromagnetic
radiation itself consists of discrete particles, called photons, which
carry an amount of energy fw. In effect, Einstein interpreted
Planck’s equation as a description of the corpuscular properties
of light.

We shall now attempt to develop an elementary theory of
photons,
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According to classical theory, the energy of a light wave is
1 2 2 3y — 1 2 13
e=y (| (E +yav= - (B, (1.50)

where d%« is an element of volume, andthe integration extends over
all space. The electromagnetic momentum n of the light wave in
clagsical theory is

= SE H d'x, (1.51)

41cc

According to Eq. (1.4), this can also be written in the form

J— S Exdx. (1.51a)

Anc

Comparing (1.51a) and (1.50), we find the relation between the
momentum x and the energy e:

n:k“c . (1.52)

In the theory of relativity, a similar relation between energy
and momentum holds for particles with zero rest mass and it can
easily be obtained from Eq. (1.14) by substituting m,—=0, ® =0
and A==0.

From these considerations, Einstein concluded that an electro-
magnetic field canbeconsideredas a set of particles called photons,
with zero rest mass and the energy

¢ = o, (1.53)

For the photon momentum the following equation is obtained:

n=k gl —pp, (1.54)

L T
where A =2z, and k=

number),

On the basis of these concepts, in 1905, Einstein constructed a
quantitative theory of the photoelectric effect, which had been dis-
covered by Hertz in 1887, What is observed in the photoelectric
effect is the following: the potential difference required for a
spark to jump between two small charged spheres is reduced if the

an

is the wave vect:or(k=—2}\1 is the wave
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cathode is illuminated. To explain this phenomenon, Einstein
postulated the simple equation

0 o — W (1.55)

This is essentially the law of conservation of energy and indicates

mo-u

that the kinetic energy —— of the ejected electron is equal to the

difference between the energy of the absorbed photon o and the
work function W of an electron in the metal. It is obvious that if
ho < W, electrons cannot be ejected from the metal. Only if the
energy of the incident photons exceeds W can electrons leave the
metal.

The experimental verification of Einstein’s theory of the photo-
electric effect provided striking confirmation of his basic conclusion
that the energy of the ejected electrons depends only on the fre-
quency of the incident light and not on its intensity, and that the
emission of photoelectrons begins only when the frequency of
light o exceeds a certain limit (so-called threshold frequency)

o> \,IY{

verified in 1923 by expenments on the scattermg of x-rays by’
free electrons (the Compton effect).
The Compton effect was particularly
‘interesting because it confirmed not
only the law of conservation of energy
(which was already verified by the
photoelectric effect) but also the law
of conservation of momentum. )

It is well known that, in classical
theory, the frequency of light doesnot
change when it is scattered by a free electron (o'=w). By contrast,
in quantum theory, part of the photon’s energy e =#w is transferred
to the electron (see Fig. 1.3). Consequently, the energy and
frequency of a scattered photon should generally be somewhat
smaller (¢ <¢, o’<w). To find the dependence of frequency on the
scattering angle, let us write the laws of conservation of energy
and momentum, treating the photons as particles:

F1g. 1.3. Scattering of light by a free
clectron (the Compton effect)

Ao — A’ =c* (n —my),

hk— hi = mo. (1.56)

Here m, and m=m,/)/1 —@" represent the mass of the electron
before and after collision; v is its velocity; B=uv/c; hk=hw/c and
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Bk =no'/c represent the momentum of the photon before and after
scattering. We rewrite Eq. (1.56) in the form

0—o = %'(m—m.,),
o (1.56a)
k—k’= T .

Taking the square of these equations and subtracting the first
equation from the second, we obtain

wo' (1 —cosd) = L";;i (co — cw'). (1.57)

Substituting A =2rc/w, N=2=c/o/, and dividing (1.57) hy ov’, we find
an expression for the increase in wavelength of the scattered light

A=W — A =2)ysin’ 3., (1.58)
where A, is the Compton wavelength of the electron

oh ok
mee  me

0= =2.4-10"" cm,

We therefore see that, according to quantum concepts, the wave-
length of the scattered light X mustbe greater than the initial wave-
length A (V'>>)) since o < w, This difference increases with the
scattering angle #., Since the Compton wavelength ), is relatively
small, Compton scattering is observed at relatively short wave-
lengths ( x-rays and gamma rays ). Indeed, for visible light
(A~10"% cm)

AX A
Tm_}\iw 10%—=10-3 o

whereas for x-rays (A~ 10%—10"*cm)

-ATO ~ 10" =10°/,.

Therefore, the Compton shift can be observed experimentally only
in the second case,

In his experiments, Compton studied the scattering of radiation
from an x-ray tube by graphite and other substances (lithium,
beryllium, sodium, potassium, iron, nickel, copper, and so on) at
different angles #. The spectral distribution of the intensity of the
scattered radiation at different scattering angles was measured by
means of an ionization chamber,
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Figure 1.4 shows the spectral distribution of incident and
scattered waves. If the incident wave (upper curve) has one maxi-
mum, the scattered wave (lower curve) will have, in addition to
this maximum, a second maximum at a longer wavelength. The

|
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2 : wave
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Fig. 1 4. Spectral distribution of x-rays in

the Compton effect before (upper curve)
and after (lower curve) scattering

distance between the wavelengths of the two maxima must corre-
spond to the Compton shift; this is because the distance increases
with the scattering angle, and, in addition, it does not depend on
the type of scattering material [both these facts are in accord
with Eq. (1.58)%], The unshifted maximum corresponds to scatter-
ing by electrons which are strongly bound to the nucleus (or
more precisely, electrons whose binding energy is greater than
the energy of the x-ray quanta). The shifted maximum corresponds
to scattering by electrons which are so weaklybound to the nucleus
that, in practice, they can be regarded as free,

Thus the results of Compton’s experiments completely confirm
the quantum nature of light (that is, the photon theory).

5Only the intensity of the maxima depends on the type of scattering substance. As the
atomic weight of the scattering substance increases, the intensity of the unshifted maxi-
mum increases, and that of the shifted maximum decreases.



Chapter 2
The Bohr Quantum Theory

A. BASIC INFORMATION ON PROPERTIES OF ATOMS

A theory of the atom was developed only after reliable experi-
mental data had been obtained from studies of the effects described
below.

1) Emission of light by atoms. From careful studies of the
radiation of atoms, it was established that they have bright-line
spectra and that the lines are arranged in certain definite series.
For example, all the lines of hydrogen are described by Balmer’s
formula'

(o=R<I w‘-), 2.1)

n'? nt

where R is the Rydberg constant, and n’and n are integers. Setting
w=1and n=2, 3, 4,..., we obtain the Lyman series, which lies in
the ultraviolet part of the spectrum. Forn'= 2 andn = 3, 4, 5, ...,
we have the Balmer series, which is located in the visible part of
the spectrum and is, therefore, casiest to study.

Formula (2.1) can also be written in the form of a difference
between two quantities

Wppt = Tn’ - Tm (2-13')

1
In spectroscopy, 1t 1s customary to write Balmer’s formula 1n the form

1 R (l 1 )
A SP\n2 2 )’

where the Rydberg constant for hydrogen 1s qu -109,677.6 em !, The value of the Rydberg
constant 1n Eq (2 1) 1s related to Rap by the equation

R 2rc¢Rg,  2m-329-10"7 sec ' - 2066 10'° sec !
Equation (2.1) 1s not too convenient for spectroscopial use, since 1t 1s usually the wave-
lengths which are expenimentally determined. In developing a theory, we do not nced to
take this reservation 1nto account, since we can always transform from the frequency w to
the wavelength A
1

w
A 2me
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which are called spectral terms. For the hydrogen atom, these
terms are given by
R

Tn:‘f‘ﬁ'

This possibility of representing the radiation frequencies » as a
difference between two terms is aconsequence of the Ritz combina-
tion principle, which has important spectroscopic applications in
regard to the hydrogen atom, as well as more complex atoms, For
example, hydrogen was initially found to have two series, corre-
sponding to n'=1 (the Lyman series) and to n'=2 (the Balmer
series). On the basis of the Ritz combination principle,? a third
series was predicted with n'=3 and n=4, 5, 6,.... Thisseries was
later discovered by Paschen in the infraredregionof the spectrum.

2) The behavior of an atom in external electric and magnetic
fields and, in particular, the interaction of the atoms of a substance
with fast particles passing through it. The most important experi-
ments in this area were conducted by Rutherford, who succeeded
in finding the distribution of positive charges inside the atom from
the analysis of fast-o-particle scattering.

3) Finally, investigation of various properties of molecules
provided important data pertaining to the properties of aloms, For
example, the formation of simple homopolar molecules and the
valence theory found their explanation only on the basis of the
modern quantum theory of the atom.

B. THE CLASSICAL MODEL OF THE ATOM

Once it had been established that an atom consists of a positively
charged part associated with most of the mass, and of light,
negatively charged electrons, attempts were made to construct a
static model. The reason this approach to the problem was adopted
is that, in classical electrodynamics, an accelerated electron emits
radiation, the amount of energy emitted per unit time bheing

oE 2 2wt
W=—"=I21 (2.2)

ot 3 2
2’I‘hc Ritz combination principle was first formulated as follows 1f there are two
different frequencies belonging to the same series, the difference between these fre-
quencies 1s also a frequency which can also be emitted by the atom, but belongs to another

series. The concept of “terms”, permits a relatively simple explanation of this. Indeed
T e N Ipr - Tp»
Hence
Wy — Oprpr - To» - T, Wpn”

n

and thus the Ritz combination principle leads directly to Eq (2 la)
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where e=—e,

is the electron charge (e,—=4.80-10"esu is the

elementary charge), wis the acceleration of the electron, and ¢ is

Fig. 2.1. Thomson’s model of
the hydrogen atom (Z = 1)
The positive charge Zeg 1s
uniformly distributed over
the volume of a sphere of
radius Ry The electron (with
charge —e¢g) 1s located at a

the velocity of light in vacuum, The minus
sign in front of 0E/d¢ shows that the energy
of the electron decreases as a result of
the emission of radiant energy. Since an
atom does not radiate in the ground state,
it follows from the classical theory that
the charges in the atom should be at rest,

The most interesting classical model
was that of Thomson, according to which
the positive charge uniformly filled the
entire atomic volume, and the electronic,
that is, negative point charges were lo-
cated inside the atom.

For example, in the hydrogen atom, the
positive charge was supposed to fill uni-
formly a sphere of radius R, (see Fig.
2.1), The charge density inside the sphere
was (for Z==1)

distance X from the center of
the atom 3e,

= R
In the ground state, the electron was supposed to be located at the
center of the sphere, where the electric fieldis zero. At a distance
r=x<R, from the center, the electric field E is directed along
the radius and its intensity can be found from Gauss' law:

2 im 3 __eor?
EI, '_'P 3 r'= Ro’ .
Hence
—3
E= & r. (2.3)
Therefore, if an electron with charge e—=—e, and mass m, is

placed at a distance x from the center of the atom, it experiences
a quasi-elastic attractive force towards the center

e 2
F=—¢Ff=— I-??}x = — mypx.

With this force, the differential equation describing the motion of
the electron is

X+ wjx=0,

The solution of this equation is

(2.4)

x==A cos (wf + o),



THE BOHR QUANTUM THEORY 23

where
&
Wy == ——
0 l/- moR}

Substituting for v, the fundamental frequency observed inthe Balmer
series, we obtain a very reasonable value for the radius of the
atom, namely, Ry~ 10 cm, This value is many times greater
than the classical radius of the electron

ro=£—,g2.8 .10 cm,

The Thomson model agreed completely with the classical
Lorentz theory, according to which atoms can be represented as
harmonic oscillators, Unfortunately, the Thomson model could not
explain the regularities of the line spectra of atoms and, in particu-
lar, the spectral series of hydrogen that are described by Eq. (2.1).
Indeed, from the standpoint of classical theory, the Thomson model
could emit radiant energy only at the fundamental frequency «, or,
at best, at its harmonics

©, == Ny, (2.5)

where n=1, 2, 3,...

The decisive blow to the Thomson model was dealt by the
experiments of Rutherford, who showed that the positive charge is
not distributed throughout the entire volume of the atom, but is
concentrated virtually at one point. Nevertheless, the Thomson
potential inside a nucleus of finite dimensions, with a charge Ze,*
uniformly distributed through the volume, is

o—Zn(3_Ln), (2.6)

31: the charge of the nucleus is Zeg, the electric field intensity inside the nucleus is

Zeg oo r

= —— T = - — -

Ro3 or r

from which, using the boundary condition that at r = R the potential is the same as for a
point charge

we obtain Eq. (2 6).
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does play an important role, especially when corrections for the
volume of the nucleus must be made, Moreover, when mesic atoms
with large Z are formed (in a mesic atom, an electron is replaced
by a negative u meson, whose mass is 207 times larger than the
mass of the electron), there may be states in which the negative u
meson is always inside the nucleus. In this case, the motion of the
u meson will be determined mainly by the potential (2.6). The ap-
propriate equations of motion will, however, be quantum-mechanical,
rather than classical (see Chapter 21),

C. RUTHERFORD’S EXPERIMENTS AND CONCEPTS OF
ATOMIC STRUCTURE

Our present model of the atom is based on the famous experi-
ments conducted by Rutherford in 1911 on the passage of alpha
particles through matter. It is well known that alpha particles,
which are products of nuclear disintegration, possess a sufficient
energy to penetrate into an atom., At the time when Rutherford
conducted his experiments, there was no other source which could
produce sufficiently heavy particles (that is, particles with a mass
comparable to the nucleus) with anenergy great enough to penetrate
the atom.

By passing alpha particles through thin sheets of metal (foil),
Rutherford showed® that most of the alpha particles which pass
through the foil are scattered through relatively small angles (2-3°)
from their initial direction of motion. Within the framework of
the Thomson model, these small deflections could be explained in
terms of the statistical theory of random processes, because of
the relatively weak interaction between the atoms and the alpha
particles. Rutherford and his co-workers, however, also detected
individual deflections of alpha particles through very large angles
of up to 180°, Although the number of these deflections was very
small (for example, when a beam of 8000 primary alpha particles
from RaC is passed through platinum foil, at most one particle is
deflected through an angle greater than 90°), it was, nevertheless,
much larger than the number which could be predicted on the basis
of superposition of a large number of small random deflections.

Large scattering angles were also observed when alpha particles
were passed through a gas, These could be easily seen in photo-
graphs taken in a Wilson cloud chamber.

From a general analysis of his experiments, Rutherford estab-
lished, first, that atoms are fairly transparent to alpha particles

4[n earlier experiments, Rutherford and his co-workers had established that alpha
particles have the same mass as the helium atom, and a positive charge which 1s twice
the magnitude of the electron charge It 1s now known that alpha particles are the nuclei
ot helium atoms
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(that is, their structure is relatively ‘‘open’’); and, second, that
large deflections can take place only if a very strong electric field
exists inside the atom. This electric field must be produced by a
positive charge which is associated with a large mass and con-
centrated in a very small volume. We note in this connection that,
according to Eq. (2.6), the largest field produced by a nucleus of
radius R, is

Ze
d’max= E?'

To explain these results, Rutherford proposed a planetary
model of the atom in which the structure of the atom resembles
a planetary system. A positively charged nucleus constituting
almost the entire mass of the atom is concentrated at the center
in a very small volume of radius Ry~-10""—10", and charged
electrons move about this nucleus in closed orbits like planets
around the Sun. We note that the potential energy of the Newtonian
attraction between a planet of mass m and the Sun (of mass M)

V.. =M

Newt r’

where ¥ is the gravitational constant and has the same form as the
potential energy of the Coulomb attraction between an electron and
a nucleus

From this model, Rutherford developed a quantitative theory of
scattering. His calculations were based on the assumption of a
Coulomb interaction between the alpha particles and the nucleus.
The influence of the atomic electrons was neglected in the first
approximation, since their energy is considerably lower than the
energy of the bombarding particles.

Let us find, following Rutherford, the trajectory of an alpha
particle moving in the field of an infinitely heavy® point nucleus
having a charge Ze,, Our calculations will be carried out in a

5If the finiteness of the nuclear mass M, 1s taken into account, the nucleus has a
certain reco1l (like that of the alpha particle) as a result of the interaction In this case,
all the calculations must be performed in the center-of-mass system and, i the results
obtamned for the case My e = ™, 1t 1s necessary to replace the mass of the alpha particle
Mg by the reduced mass

MoMaue
A’rlu.l I —
Mo + My

(see Chapter 12, Section C for a discussion of the reduced mass)
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coordinate system whose origin coincides with the nucleus (see
Fig. 2.2). Since the field produced by the nucleus is centrally

symmetric, in determining the trajectory of the alpha particles we
can use both the law of conservation of energy

E =const, (2.7)
and the law of conservation of angular momentum
L=M,(r » v)=const, (2.8)

where M, is the mass of the alpha particle, r is its coordinate,
and v is its velocity.

Y
2e,
z
17
Bl
[\
Ze,

Fig. 2.2. Diagram for the derivation of Ruther-
ford’s formula for the cross section of elastic
scattering of alpha particles by nucler.

Let us introduce the polar coordinates r and ¢. The velocity of
the particle is given by

v'=0v} vl =+ (2.9)

where vy =# and v| =r$ are the components of velocity parallel
and perpendicular to the radius vector r, respectively, and ¢ =“%

and ¢ = dt . We then obtain, instead of Eqgs. (2.7) and (2.8),

M o‘U’

=My =Dy 48 =

~—2 = const, (2.10)

L,=M, (rw),=M.,r*<p=const. (2.11)

In the absence of interaction, the alpha particle would pass the
nucleus at a distance b (this distance b is called the impact para-
meter). Setting the initial velocity equal to v, (that is, the velocity
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r—>—oo and ¢—»>=, as follows from Fig. 2.2), then (2.10) and
(2.11) can be reduced to the form

By + Ziog, (2.12)

]Mo’Y‘\bl:MobUm (2.13)

where the initial energy E, is related to the initial velocity v, by
the equation

M, oUo E0 (2 . 14 )

Introducing the new variable

u=1 (2.15)

r

and noting that then, according to (2.13),

|¢1="2 =wbu, (2.16)
and
dr ,
I71=| G | =1ubw], (2.17)
where v'= d?, we transform Eq. (2.12) to
Wbt ey — L=, (2.18)
Differentiating this equation with respect to ¢, we obtain
” 2 0
W' g, =0, (2.19)
Hence
. 273
u-_-Acosqo—{—Bsmcp—W. (2.20)

The unknown constant coefficients 4 and B can be determined
from the initial conditions

lim r = lim - = co, (2.21)
P ¢
and
limrsin = lim il"-i’—b (2.22)

P -t
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Setting ¢ === and « =0 in Eq. (2.20), we obtain

A=_ 24 (2.23)

T MouihT

and, consequently, applying the condition (2.22) to Eq. (2.20), we
have

B= % (2.24)
Thus, we finally obtain
1. 276}
u_-:—b-smcp———[‘;fwﬁ%g—(l—k oS ¢). (2.25)

This equation gives the relationship between the absolute value
of the radius vector r and the polar angle 9, and thus describes the
trajectory of the alpha particle in the Coulomb field of the nucleus.
It is an equation for a hyperbolic trajectory in polar coordinates.

By definition, the scattering angle % is equal to the angle
o (2 # 9o=7) at which the length of the radius vector » becomes

=0), Therefore, from (2.25),

infinite (that is, from Fig. 2.2, u=—

we find

 _ Mobu3 _ BE,
cot =7 = 7a * (2.26)

It follows that the scattering angle increases as b decreases,
attaining 180° for 6==0 (see Fig. 2.3).

(b~ =)

//
%

oy T
)
b2 VA \‘1
b1 ./_.—'_L':"."__'/.__SJ__ l”__.__
(b=0) Ze,

I1g. 23 Dependence of the scattering
angle ¥ on the impact parameter b, where
by bp~by by ba

Equation (2.26) can be checked experimentally by photographing
the tracks of alpha particles in a Wilson cloud chamber, From the
maximum scattering angle, it is possible to compute the minimum
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value of 6, which turns out to be of the order of the nuclear radius,
The actual form of interaction between an alpha particle and a
nucleus can, however, be determined more accurately from an
investigation of the cross section for the scattering of alpha particles
by nuclei. For this purpose, Rutherford calculated the relative
number of particles scattered at an angle & or, to be precise, the
number of scattered particles which we would expect to find within
the solid angle

dR=2x sin 0 d9. (2.27)

Suppose N particles impinge per unit time on a unit surface
placed perpendicularly to the original velocity of the particles.
From Eq. (2.26), it follows that the scattering angle depends only
on the impact parameter b. For a particle to be scattered through
an angle ¥, it must strike a ring formed by two circles with radii
b and b — db. The area of this ring is 2rbdb. Therefore, the number
of particles which hit this area and then, as a result of scattering,
are found within the solid angle d2 is

AN =N.2z|bdb|. (2.28)

From Eq. (2.26), we obtain for the relative number of particles
scattered through an angle 9

AN — x| dp? |—n(zfo) |d th] (2.29)

The ratio dN/N has the dimensions of area and is called the differ-
ential crvoss section. It is usually denotedby ds. Taking the deriva-
tive of cot*% in Eq. (2.29), we obtain the Rutherford formula for

elastic scattering of alpha particles by a Coulomb center:

dom=(Z8) -2, (2.30)

%) T8
sin Z

This formula no longer depends on parameter b.
If all the quantities in this equation are kept constant, with the
exception of #, we would expect the following equation to hold:

dosint 3 = (%) d2 = const. (2.31)

For % — =, it is found, however, that the quantity sin‘—;—dc ceases to

be constant and begins to decrease somewhat. This fact was
explained by Blackett, one of Rutherford’s students, who studied
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the limits of applicability of the Coulomb law. Blackett took a large
number of photographs of tracks of particles in a Wilson cloud
chamber and calculated the frequencies with which the various
scattering angles occur. From analysis of the experimentaldata, he
established that the number of particles observed at large scatter-
ing angles [according to (2.26), large angles correspond to small
values of the parameter »] is markedly smaller than the number
yielded by the formula (2.30). On this basis, Blackett concluded
that, in air, for example, Coulomb’s law is valid down to dis-~
tances of the order of 3-10 ! cm. At smaller distances, there is a
deviation from Coulomb’s law. Indeed, at 6< ~ 10" cm, the
interaction between the alpha particle and the nucleus appears to
take the form of a strong mutual attraction, Further experimental
investigations have confirmed the existence of a characteristic
attractive force at distances less than 10 "? cm. This attraction
drops off rapidly with increasing distance from the nucleus.

The Rutherford formula (2.30) can be used to find the number
Z from an experimental determination of dN and N, This was
undertaken by Chadwick, another of Rutherford’s students, Chadwick
showed that the value of Z is very close to the atomic number,
which gives the element’s position in Mendeleyev’s periodic table,
The existence of this phenomenon was rigorously proved at a later
date.

Thus the experiments of Rutherford and his colleagues definitely
established the planetary model of the atom. These experiments
proved that the positive charge of the electron is concentrated in
a nucleus with dimensions of 10"*— 10" cm, and that, inside the
atom, Coulomb forces keep the electrons moving in orbits with
a radius of the order of 10 cm.

D. THE BOHR THEORY

First of all, let us attempt to develop Rutherford’s planetary
model of the atom on the basis of classical theory. We shall re-
strict ourselves to the case of a hydrogen-like atom, namely, an
atom with a nucleus of charge Ze, with a single electron (of
charge e=—¢,) moving around it., Particular examples of hydrogen-
like atoms include hydrogen (Z=1), ionized helium (Z=2), and
so forth,

Introducing the polar coordinates r and ¢(x=rcos¢, y=rsing),
we obtain the following equations for the kinetic energy and the
Coulomb potential energy:

T=3 ("4,

V=—2%24
- r
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Then the Lagrangian is

£ =3Py + 22, (2.32)
where m, is the mass of the electron?®

From this Lagrangian, we obtain the following equations for
the motion of the electron:

d 0f

—5 P — - = 0'
ar ‘;’; (2.33)
@ Pr— 5 =0
Here
Py == —%f = myr*p
and
p= —%;Z = m,t (2.34)

represent the generalized momenta associated with the ¢ and r
coordinates, respectively., Since ¢ does not occur explicitly in
£ (in other words, it is a cyclic coordinate), it follows that

%%:0. Therefore, the corresponding generalized momentum is a
constant of the motion

P, ==myr*y = const. (2.35)

This is the law of conservation of angular momentum, which is well
known from classical mechanics, The second conservation law,
namely, the law of conservation of energy

E=T+V =const (2.36)

is obtained from the condition that the time ¢ does not occur ex-
plicitly in the Lagrangian.

We shall consider only the simplest case, that of circular orbits,
for which =0, Accordingly, p,=m,? vanishes, and from (2.33) we
have

0 . 2
9L _ g 22k g, (2.37)

SIn the following chapters, the mass of the electron in nonrelativistic theory shall be
denoted by mg, since m will be used for the magnetic quantum number.
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Hence

pr= 28 (2.38)

mor® *
Therefore, we obtain for the energy of the electron

E=Tepp 281241y, (2.39)

Let us now express the basic parameters of the atom in terms
of the adiabatic invariants, which were introduced by Ehrenfest.
According to Ehrenfest’s definition, in the case of periodic motion,
the quantities

$ prdr =1, (2.40)

(p; 1s a generalized momentum, and x; a generalized coordinate)
remain constant during slow (adiabatic) changes of the parameters
of the system (for instance, the charge).

In our case, there is only one degree of freedom (x,=¢). The
conditions (2.35) and (2.40) yield the equation

Po=mor*p =, (2.41)

or

o=t (2.42)

T 2mmer? *

From Eqs. (2.38) and (2.42), we can obtain expressions for r and
$ in terms of the adiabatic invariant:

I!
r== W » (2.43)
§ =y = BT, (2.44)

According to Eq. (2.39), the energy of the electron is then

E=— 2 M2k (2.45)

It follows that the frequency of mechanical oscillation v, is given
by the derivative of the energy with respect to the adiabatic in-
variant:

. C’E . 4””"02’03 (2 46)
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This relation holds not only for the case under consideration, but
also for any periodic or quasi-periodic motion.’” Moreover, a
system performing any periodic motion can generally emit radia-
tion not only at the first harmonic £=1, but also at the harmonics
k=2,3,4,.... The following expression is, therefore, obtained for
the classical frequency of radiation:

ve=hyo=Fk %Z, (2.46a)

The classical theory of the planetary model of the atom led to
a number of difficulties when it was used to explain the radiation
of atoms. Since this model is dynamic, it follows from classical
electrodynamics that the centripetal acceleration of the electron

(w=1':—, where v is its velocity, and a is the radius of its orbit)

will cause the electron to lose energy at the rate

until it falls into the nucleus. This is not, however, what actually
takes place, and atoms can exist in anon-radiating state for an ar-
bitrarily long time. Moreover, according to the classical theory,
the frequency of the radiation should be the same as the frequency
of mechanical oscillation (the fundamental frequency o=—w,=2nv,)
or, alternatively, an integral multiple of this frequency (one of the
harmonics ,=nw,, where n=2,3,4,,..). Once again, this predic-
tion does not explain Balmer’s experimentally established formula
(2.1) for the lines in the spectrum of radiation.

"We define pertodic motion as a motion in which a point retums to 1ts initial position
after a certain period of time. As examples of this, we can take harmonic motion

X - acoswt
or motion about an ellipse
x = acoswt and v = bsmowt,
a special case of which 1s motion about a circle (@ = b). Quasi-periodic motion 1s motion
in which a point does not return, as a rule, to its initial position, but each individual
coordinate reassumes 1ts initial value after a certain period of time (which 1s different

for each of the coordinates). As an example of quasi-periodic motion, we can take

X = acos wyt,

v = bcoswyt,

where the frequency ; 1s incommensurable with w;.
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The solution to these difficulties was found in 1913 by Niels
Bohr, who added two postulates to the classical laws of motion,

First, Bohr assumed that each atom has a series of discrete
stationary states in which the electrondoes not emit radiation, even
though its motion is accelerated (the postulate of stationary states).
According to Bohr’s theory, these stationary states can be deter-
mined by quantizing the adiabatic invariants:

§ p.dg,=nn, (2.47)

where the quantum number n can assume only integral values, that
is,n =1,2,3,... (in classical mechanics, the adiabatic invariant/
could assume any constant value),

Second, Bohr hypothesized that, when an electron passes from
a stationary state with energy E, (the initial state) to a state with
an energy E.<E, (the final state), the atom radiates a quantum of
energy hv=#ho (the frequency postulate), whose angular frequency
» 18
E,—E,

- (2.48)

w=

This equation can be written in a form similar to the classical
expression (2.46a) for the frequency of radiation:

y=(n—n’) —if—:k%l[i. (2.48a)

Here the quantum number k=n —n' can be interpreted as the cor-
responding harmonic, and, moreover, the derivative of E with
respect to /, which occurs in the classical expression, is replaced
by the ratio of the finite increments.

Bohr’s postulate that the stable energy states of atoms form a
discrete spectrum was confirmed in experiments conducted in1919
by Franck and Hertz. Passing an electronbeam (a current) through
mercury vapor, they showed that, for electron energies less then
4.9 ev, the collisions of electrons with Hg atoms do not effect
the magnitude of the current. When the electron energy attains
4.9 ev (see Fig. 2.4), the current suddenly drops. With further in-
crease of the electron energy, periodic sharp dips of the current
are observed (approximately every 4.9 ev). This phenomenon can
be very simply interpreted from the point of view of the Bohr
theory., Let us suppose that the energy of an unexcited Hg atom
(that is, the atom before collision) is E, and, in conformity with the
first Bohr postulate, let us take the next possible energy value to be
Ey=E, + 4.9 ev, It then follows that a beam of electrons of energy
E 4.9 ev is not sufficient to raise the atoms to an excited state;



THE BOHR QUANTUM THEORY 35

therefore, the collisions are elastic and the current does not change.
If however, E==4.9 ev, the electrons in the beam may give up a
part of their energy (namely, 4.9 ev) to the atoms, and therefore,
the current will change. If the electrons’ energy lies in the range
14,7 ev >>E> 9.8 ev, the transfer of energy tothe atoms can occur
twice; 4.9 ev is given up in the first collision and 4.9 ev in the
second.

Current

g g s

S ————— - —————

!
/] 49 98
Electron energy, ev

Fi1g. 2.4. The dependence of current on

electron energy 11n the Franck-Hertz

experiment (1 ev = ¢¢/300 = 16 - 10 12
erg).

.7

We shall now use the first and second Bohr postulates [Eqs.
(2.47) and (2.48)] to construct a theory of the hydrogen-like atom.
In the equation for the radius of the orbit (2.43) and the equation for
the energy (2.45), let us substitute for / its quantized value, which
from Eq. (2.47) is

[ =2rnh,
We thus have
. Gl 2.49
T moZed ! ( )
Zi' 4
En=— 5 (2.50)

For n=1, we obtain the energy of the lowest (ground) state of the
atom

Ey=— ek, (2.51)
and the corresponding radius
he 1
n=-pza=2z% (2.52)
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where

h?
L H

~=0.529-10% cm (2.53)

ay=

is the radius of the fivst Bohv ovbit,
The second Bohr postulate (2.48), combined with Eq. (2.50) for
the frequency of radiation w,., gives

Epn—Lp Z2e}
wofigleomga(L_t) s

Accordingly, for Z =1, we obtain Balmer’s formula (2.1). The Bohr
theory also relates the Rydberg constant, established prior to this
on a purely empirical basis, with the Planck constant #:

_ mee}
R="1% (2.55)

This derivation of Balmer’s formula, with a value for the
Rydberg constant that agreed with experiment, was one of the
greatest achievements of the Bohr theory. In spite of this success,
however, the Bohr theory has a number of inherent defects, which
became increasingly important in its further development.

In the first place, the Bohr theory was obviously semiclassical
in nature. In addition, the Bohr theory could be used to compute
only the frequency of the spectral lines, and not their intensity. To
find the intensity, it was necessary to resort to classical electro-
dynamics, on the basis of thé so-called correspondence principle B
Finally, the Bohr postulates could not be used to construct a satis-
factory theory of multielectron atoms, including that of helium,
which possesses only two electrons.

8Accorlhn;; to the correspondence principle, 1n the limit, all the results of a previous
theory (here, (lassical electrodynamices) should follow from a new theory (here, the Bohr
theory).

For instance, for i » 0 (or at the himit ot large quantum numbers), the results of quan-
tum mechanics should approach the classical results  In exactly the same way, when
[32 » 0, the results of the relativistic theory should approach the nonrelativistic results,
and so on. Thus, the correspondence principle enables us to check the extension of a
theory by requiring 1t to reduce to the classical picture at the limit.

In the mitial stages ot a new theory, when 1t cannot yet be used to investigate certain
phenomena, the correspondence principle may be used for reasonable extensions of the
predictions of the old theory to the new theory Thus, for example, the Bohr theory could
be used to calculate the frequency of the radiation, but not its intensity Bohr was able
to determinc the intensity from the correspondence principle, according to which the only
changes ot the quantum number n that were allowed (the selection rules An -n- n") were
those that coincided with the classically allowed harmonics of the radiation. The quantum
theory of radiation of light was completed only with the development of quantum electro-
dynamics,
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Accordingly, we shall not discuss ingreater detail the subsequent
history of the Bohr theory. This theory represented only an inter-
mediate stage in the development of quantum mechanics, a theory
which can be used to determine both the frequency and intensity of
the radiation of atoms. However, we thought that at least a brief
discussion of the basic principles of the Bohr theory was advisable,
for this theory still retains considerable heuristic significance.
In particular, the Bohr theory often serves as the starting point in
the analysis of many results related to quantization.

The conclusions that follow from Eq. (2.54) will be discussed in
Chapter 13, where the problem of the hydrogen-like atom will be
solved quantum-mechanically.

Problem 2,4 Using the Bohr theory, quantize a hydrogen-like atom for the case of
ellip oy

“(that is, find the spectrum of the energy levels), Show that, in the non-
relativistic approximation, the coordinates r and ¢ have the same frequency of variation;
that is, the motion is periodic, Show that the formula for the frequency of the radiation
of an atom remains the same as in the case of circular orbits,

What new feature is mntroduced in the theory by considering elliptic orbits?
Solution, Using condition (2.40) and noting that, in this problem, the generalized
momenta corresponding to the ¢ and r coordinates are

p
Py == mpr*¢ = const and p,_..mor—-' V?mob—] 2'"“28" —
we find
2n "max —_—
I= g pde=2np,  l,=2 \ podr =2 { — po+ 26} ]/__"’,z"lj }
o rmin
There the second integral was calculated from the formula
"max
{ A
—A «—-—-—dr—"rz - — Y C).
S ]/ *_ < Va Ve ) (2.56)
"min

Hence the energy E1s

S ﬂlozit’o
E_-—2(1—+ <0.

By direct differentiation of this equation with respect to the variables /. and/,, it is
easily shown that the frequencies with which the r and ¢ coordinates change

O g o = O
or = g, & “e=op,

coincide with one another, Using the Bohr quantizationrule (2,47), we replace the adiabatic
invariants /. and / by n.h and nyh, respectively, obtaining

myZ%e}

En=—"gps3
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where n=n,4-n, n,=0,1,2,3,... and n,=1,2,3,... This expression is completely
identical with Eq. (2.50), which was derived for the case of circular orbits; therefore,
the radiation frequencies remain the same as before,

States with a given n, and different n, have the same energy, but differ in eccentric-

ity c:
Ty
e= l/l——}“—.
P

In particular, when n,=n, we have a circular trajectory, As n, decreases, the
elliptic trajectory becomes more elongated,

The new feature to appear in the case of elliptic orhits is the selection rulesAn, = + I,
An==+1, 2, %3, .. These account for the appearance of series that can also be
found from the correspondence principle, In the case of circular orbits, An = dn, = * |
(see also Chapter 13),

Problem 2,2.) Find the classical equation of motion and the trajectory of an electron
a b,

BeT2us according to relativistic theory, Show that, in this case, the r and ¢
coordinates change with different frequencies; that is, the motion is quasi-periodic,
Determine the angle through which the perihelion of the electron is shifted during ‘‘one’’
revolution, Obtain a formula for the energy levels and find their splitting, Compare the
results with the corresponding nonrelativistic problem 2,1,

Solution, Using the relativistic Lagrangian function

L= —mer YT =5 4 /_rf_ (2.57)
where
= = Ly gy
c* c* e
we obtain the equation of motion
A __mo _ Ze}
dt Y= l’-g.'- - rd
From Eq, (2.57) we determine the generalized momenta ‘D‘F:-o;)? and p, =%°?.

dr
Since p, = .’;,}’- r', where r'= o it follows, in accordance with the law of conservation

of energy, that

which implies that

] 9\ Q c‘.’p:.'
r =(_:;;° l/ (E + _Z%) — et — -7}’- .

Hence we obtain the equation of the trajectory

q

r= T¥ccosye * (2.58)
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where

It is apparent from Eq, (2.58) that the motion is quasi-periodic, For the shift A¢ of
the perihelion, we have from (2,58)

With the help of (2,40) and (2,56) we get
Io=2mp,,
I, =9 (T%— Vc),
where

E?
— m2 e R
A=mjc (1 e >,

_ ZeiE _ Z%e}
B=—=4—, C—[);——E,—.

Then, for the energy E, we obtain the expression

Ze} —1/y

"T':-——; . . (2.59)
r. ? Z%e)
vy F-ER]

From this it is evident that the frequencies w, dlb andw, = ?f- will be different,

Using the Bohr quantization rule (2,47), we transform Eq. (2.59) to

E=my* {1+ -

E E — myc* = mogc® Zie }_W mye? (2.60)
< = [ — = - .
Bp e 0 ’ { [II,. + Vll 7 a’]" o

o3 1
where ¢ == - h = 137 15 the fine-structure constant,

Expanding the formula (2,60) into a seriesin «* and restricting ourselves to quantities
of the order of a*, we have

. RRZ[ 2% (n 3
£, n, =Ty [1 + <,§ -3 >] (2.61)

Since n, varies from 1 to n, it follows from Eq, (2. 61) that the energy levels, which
are determined by the principal quantum number n==n, - n,, are split into u closely
spaced sublevels (this close spacing is a consequence of the smal.lness of a?),
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The fine-structure splitting 1s
a?Z'Rh

AL, , =E, , —L =
E oy, n.ny = 1 n“ll,{, (g — 1)

n,n
¢

The splitting, or fine structure, of the levels, is a characteristic result of relativistic
effects and essentially distinguishes the predictions of relativistic theory from those of
nonrelativistic theory (see Problem 2,1),

@ An electron is located in a central field

v=—XA  aso,

=F

Determine the values of s at which stable states of the system are possible,
Answer, s <<2,
Hint, Use the expression for the effective potential energy
Pe A
Vett = gy — s

and make use of the fact that stable motion is possible if Vet has a minimum,
oblem 2,4] Find the scattering cross section for nonrelativistic electrons by nuclei
(Coulo charges), Compare the result with the scattering cross section for alpha

particles,
Answer,

Zo2 \2 (9)
{10:—.(-55'—'> - d2

0

Fa
i -
sin 9

Show that 1n the relativistic scattering, unlike the nonrelativistic case,
electrs 41l De captured by nuclei, Obtain the total capture cross section,
Solution, According to nonrelativistic theory, the trajectory of electrons in the
Coulomb field of a nucleus is given by the equation

r= T;J}-Aal:o's "I

where

P AR L
q= % e=l/ 14—

my meZzel

At [.>> 0, this equation describes hyperbolic motion, and therefore the capture of elec~
trons is impossible,
In relauvistic mechanics, the equation of the trajectory has the form of Eq, (2.58).
7201
-f 2;,‘_,' > 1 in this equation, y becomes imaginary, Therefore, r — 0 for ¢ — oo; that is,
4
the particle falls to the center, which means it 1s captured,
Since the angular momentum p, of the electron is related to the initial momentum p
and the impact parameter ) by the expression p,==pb, the condition for capture can be
/e' . Hence the total capture cross section is

If

written in the form §* =

, nZ%e}
= nb? :

¢ max = 72‘”'2_ .

cap



Chapter 3

Wave Properties of Particles
A. DE BROGLIE WAVES

As we mentioned in Chapter 1, the development of modern
quantum theory began with the discovery that light has particle
properties in addition to wave properties (characterized by the
wavelength A and the frequency »). The energy ¢and momentum x
of a quantum of light (photon) were established by Einstein as

c=ho=1hy, w=hk="1 k. (3.1)

Analyzing these equations, the French physicist de Broglie sug-
gested that they could be generalized to apply to ordinary particles
and, in particular, electrons. Generally speaking, de Broglie as-
sumed that the wave-particle duality is not anexclusive property of
light, but is also a characteristic of electrons and all other parti-
cles.! Accordingly, a beam of free electrons, whose relative energy
I and momentum p are related to the velocity v by the equation?

E—_—_-L’Lf:', =_r_ni_‘v_’ 3.2
yi—g ' P yie o2

should also exhibit wave-like properties. The corresponding fre-
quency and wave number were defined by equations similar to
Einstein’s:

E=fw and p=fk. (3.3)

1'l‘h:s hypothesis was made by de Broglie with a twofold purpose: first, to provide a
physical basis for the Bohr quantization; second, to explain the first experiments on elec-
tron diffraction (see below).

2From now on, we shall leave 1t to the reader to distinguish between the relativistic
energy (which includes the rest mass energy) and the nonrelativistic energy. Only 1n
cases in which the two energies appear in the same equation will they be distinguished
by some kind of index, for example,

’ 2
E = F)+m°c
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Consequently, the de Broglie wavelength of the moving particles is

2n
=2 (3.4)

I

The de Broglie relations (3.3) thus generalized Einstein equations
(3.1), derived from the photon theory. These now became equally
applicable to the analysis of light in terms of its particles and
of moving electrons in terms oftheir wave properties. It is worth
noting that the dual character of particles and light disappears
if Planck’s constant 7 is allowed to go to zero (the correspondence
principle),

Taking de Broglie’s equations (3.3) as the basis of discussion,
we may describe the motion of free particles (along, say, the x
axis) by the so-called wave function, which for this particular case
is analogous to that of light and represents a plane wave:

X i
_2”(““;“ — 5 (Et—pv)

$(x, )= Ae )_-—.-f’le~ tof =k — Ae (3.5)
From the standpoint of Eq. (3.5), we can attempt to explain Bohr’s
postulate of stationary states [see Eq. (2.47)]. The physical inter-
pretation which we can offer is as follows: the only allowed circular
orbits are those which are divisible by an integral number of
de Broglie wavelengths, that is,

2=r

=M (3.6)

Indeed, the wave function is single-valued only when this condition
is satisfied. Furthermore, since in the nonrelativistic case

h

T mev®
Eq. (3.6) yields the Bohr condition for stationary states:

Pe=myrv=A~An, (3.7)

B. EXPERIMENTAL OBSERVATION OF THE
WAVE PROPERTIES OF PARTICLES

To investigate the wave properties of electrons and to prove
that electrons have a specific wavelength 1, it is first of all neces-
sary to obtain a monochromatic electron beam (a beam of electrons
moving with the same velocity). One possible way of producing
such a beam is by means of an ‘‘electron gun’ (see Fig. 3.1),
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which emits electrons with a certain definite velocity v. In the
nonrelativistic case (v<c), this velocity is given by the equation

L
~2 = 300" (3.8)

where @ is the accelerating potential (in volts) of grid A relative
to the cathode C. Thus, after passage through grid A (at which
point no further acceleration is imparted), the electrons will have
a de Broglie wavelength of

h hYI150 __1.2.1077
== oo = T — CIl, 3.9
UO X Vo © 3.9)

To exhibit the wave properties in the most pronounced form,
one must impart to them the longest possible wavelength A.
This can be done by decreasing ®. Since, however, a certain
amount of energy, known as the work function, is expended in the
ejection of electrons from metal (this energy is of the order of
several ev and gives rise to a certainspread in the electron veloc-
ities), the smallest potential ® at which the beam will be relatively
monochromatic is 15-20 volts. At these conditions, the de Broglie
wavelength of the electrons is approximately the same (* ~ 10~® cm)
as the wavelength of soft x-rays.

Before we consider the physical nature ofthe wave-like charac-
ter of an electron beam, let us discuss several experiments that
have led to the direct detection
of de Broglie waves. To begin
with, we shall take the elec-
tron diffraction experiments of
Davisson and Germer, who were
the first to make experimental
observations of electronwaves.

—1H

. . 1 |
Since the de Broglie wavelength U
of an esleCtron is of the ordgr Fig. 3.1 An electron gun that produces a
of 10 cm, they proceeded n monochromatic beam of electrons.
the same way as for soft x-rays, C 1s the cathode, and A 1s the anode.

using a crystal with a lattice

constant of the order of 10°cm for the diffraction grating. The
set-up of the Davisson-Germer experiments is depicted in Fig.
3.2. After coming out of the electron gun, the beam impinges
perpendicularly on the surface of the crystal, where the electrons
are scattered at various angles by the surface lattice. Since the
penetration of the electrons into the crystal can be neglected, the
diffraction grating can be regarded as two-dimensional. Accord-
ingly, the position of the diffraction maxima can be determined
from the condition that the path difference s=dsin® (d is the



44 NONRELATIVISTIC QUANTUM MECHANICS

two-dimensional lattice constant and ¢ is the scattering angle) is
equal to an integral number of wavelengths (see Fig. 3.3):

dnind, == nn=pn 2 107 (3.10)

Vb
where the integer n is the order of the given diffraction maximum.
The diffraction maxima were detected with a galvanometer, which
registered the intensity of the heam of scattered electrons at
different angles (sce Fig. 3.2).

Electron
gun

i Galvanometer
= g ) <O>\
N g y \

N Do a /. .;?/ \ \

N < & \

- ET SN
S~ N /(?G 0(, - \ \
T P I
C 1 (I

Nickel crystal

Fig. 32 Diagram of the Davisson-Germer
experiments on electron diffraction

A second prediction of the de Broglie theory was also verified:
namely, the prediction that as the potential ¢ increases, the angle
%,,corresponding to the nth diffraction maximum, will decrease in
accordance with Eq. (3.10). Thus the correctness of de Broglie’s
equations was completely confirmed by
these investigations.

It is well known that x-ray diffrac-
tion patterns are produced not only
by single crystals, but also by poly-
crystalline formations. This was shown,
for example, by Debye and Scherrer.
Tartakovskiy and Thomson obtained dif-
fraction patterns similiar to these x-ray
Fig. 3.3 Electron scattering diffraction patterns by extending this
by a two-dimenstonal diffrac- technique to electron waves and passing

tion grating an electron beam through a foil.? The
following theoretical explanation can be

given for the diffraction pattern of electrons. The electron beam,
with an energy of several thousands or even tens of thousands of
electron volts, impinges upon a polycrystalline foil, where it

*‘To reduce the absorption of electrons, a relatively thin foil (thickness of the order of
10 % cm) was used
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encounters single crystals and is reflected from them. The path
difference s of two rays (see Fig. 3.4) is related to the lattice
constant dJof the three-dimensional crystal by the relation

s==2d sin o, (3.11)

where ¢ is the angle between the ray and the lattice plane. Since
the single crystals of the foil are oriented at random, a ray can
leave the f{foil at any angle with
respect to the original direction
(see Fig. 3.5). Among the crystals,
there will be some that are oriented
at just the right angle to satisfy
Bragg’s law

b
2

oo 121077 2
2dsing=nk==n Ve , (3.12)

Fig. 3 1+ Reflection from a three-

. dimensional crystal lattice
where n is an integer. Whenever

this is the case, a diffraction maxi-

mum occurs and a bright spot Q is found on the screen. Since the
experimental apparatus is cylindrically symmetric, the bright spots
form diffraction rings, whose radiuses R, can be found from the
relation (see Fig. 3.5)

tan 2¢= [—Z-, (3.13)
where L is the distance from the screen to the polycrystalline foil.
Since the angle ¢ is very small in these experiments (p~~sin ¢~

tan ¢), Egs. (3.12) and (3.13) yield

L 12107

Ry=n T (3.14)
that is, at constant L, d and #,
R - | ® =const. (3.15)

These relations were completely confirmed by Thomson’s experi-
ments. Electron diffraction patterns and Debye-Scherrer x-ray
diffraction patterns are now widely used in studies of crystal
structure.

It is worth noting that de Broglie’s formula does not only apply
to electrons and other elementary particles such as protons and
neutrons, but also to complex nuclei, multielectron atoms, and
even to molecules. True, their de Broglie wavelength is very small
because of their relatively large mass. Nevertheless, Stern and
Esterman have succeeded in observing the diffraction of beams of
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helium atoms and hydrogen molecules in reflections from LiF
crystals.

Polycrystalline
foil Screen
N
— A 2p
Pencil of
electrons \

Fig. 3.5. Diffraction of electron waves in a
polycrystalline substance (the Tartakovskiy-
Thomson experiments)

A method involving neutron diffraction has been found extremely
useful in analyzing the structure of substances. Neutrons have no
electric charge and, therefore, pass freely through matter even at
low energies (thermal neutrons), when their de Broglie wavelength
is relatively large. All these facts provide convincing evidence
that wave properties are displayed in some degree or other by all
particles and that the de Broglie formula for X is of universal
validity.

The analogy between light waves and electron waves has led to
the development of a new branch of physics, electron optics, which
is devoted to the study of wavelike processes in electron beams.
With the help of this new science, it has been possible to design
and construct electron microscopes, which have found wide appli-
cation in modern techniques. In ordinary optical microscopes, the
upper limit of the resolving power (and, consequently, the magnifi-
cation) is of the order of the wavelength of the light which is
utilized. To achieve the highest possible magnification, it is neces~
sary to reduce the wavelength of the light. The wavelength, however,
cannot be made arbitrarily small: it is impossible, for instance, to
construct an x-ray microscope, since no appropriate lens exists
for x-rays. On the other hand, satisfactory electric and magnetic
lenses can be produced for electron waves. Thus, the electric
lens consists of a capacitor which has an aperture in the middle
of the4 plate, while the magnetic lens consists of ordinary magnetic
coils.

4Modem optical microscopes give a magnification of approximately one or two
thousand. An electron microscope can give a magnification of more than 100,000. Besides
the electron microscope, the proton microscope 1s also widely used at present. Its re-
solving power can be made even greater than that of the electron microscope.
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C. WAVE PACKETS. GROUP AND PHASE VELOCITIES

From de Broglie’s hypothesis it follows that the motion of a
free material particle having an energy E=—mc® and a momentum
p=mv, can be described by means of the plane wave (3.5). The
velocity « of the de Broglie wave can be found as the time rate of
displacement of a constant phase

Et — px = const; (3.16)
that is, the phase velocity is®

dx E c?

U= = — —

=5 =70 (3.17)
According to the theory of relativity, the velocity of the particle v
cannot exceed that of light in vacuum (c). However, the calculated
phase velocity of the wave appears larger than c¢. This would indi-
cate that it is theoretically impossible for a monochromatic wave
to transport a particle or carry energy, since all particles and
energy must travel with a velocity smaller than that of light, in
accordance with the principle of relativity.

5This equation can be obtained from the following simple considerations. The wave
1

function depends only on the phase ¢ = (Et — px) —, therefore, at the time t; = t + At,
R

this phase moves to the point x; = ¢ + Ax, which can be found from the equation

Et) — px; = Et—px = constant .
Thus
EAt—pAx = 0

Hence the rate of propagation of the constant phase (which 1s also the velocity of the
wave as a whole, as can be seen from Fig. 3.6) 1s

Ax E
U = — = —

At p

P(z,t)

Position of the

_e?
v

g8z wave at time ¢
V V Position of
the wave at

time ,-z+4t

Fig. 3.6. The propagation of a monochromatic wave.
During the time At, the wave as a whole moves a dis-

Ax
tance Ax. The phase velocity of the wave is —

t
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An escape from this dilemma was found in the early stages of
the development of quantum mechanics. This solution retained the
wave properties of particles, which had received such striking
experimental confirmation, Thus, each particle was associated
with a group of waves of nearly equal frequencies, rather than with
a single monochromatic wave. This was further suggested by the
fact that the diffraction lines of electron waves were always ob-
served to have acertaindefinite width. Thus, it seemed that several
waves with very nearly equal frequencies were diffracted, rather
than an individual wave. Yet another basis for this solution was
provided by spectroscopic studies, which showed that all spectral
lines are also characterized by a certain definite width.

One advantage which results from using a set of waves with
nearly equal frequencies rather than an individual monochromatic
wave is that it is always possible to construct a wave packet whose
resultant amplitude is appreciably different from zero only in a
certain small region of space. This small region of space can be
associated with the position of the particle.

On the basis of these considerations, let us attempt to describe
the motion of a particle by constructing a wave packet out of a
continuous set of waves, assuming that the momentum p’, which is

connected with the wave number £ by the de Broglie relationship
KF=p'(n, ranges from p — AZ to p- A—g (ap <Zp). We shall take the

amplitudes 4 (p) of the individual waves to be

, A
0' Iy <l _T/’)
Ap)= x% p—<p<pl, (3.18)
, A,
0, pP>p+F.

The resultant wave function ¢ 1s

. * A — £ (E't — p'x) ,
b=\ He " dp'. (3.19)

In this equation, let us change from the variable p’to the variable
p’ ;.—.—p'-_p(_-:gigp'gfz/’., dp':dp") and expand E’ in a series
about the central point p =

’ -3 » OE 1 2 0°FE
E=c[//)‘—,¢-m(,c”%[f+p 07*!-‘—2-',02'51')—3-*—.... (3.20)
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Restricting ourselves for present purposes to the first-order terms
(terms proportional to p”~4p) and integrating Eq. (3.19) with
respect to dp; we obtain

7'{ (Et — pa)

y=Be : (3.21)
where the amplitude of the wave packet is
—psmt
B=AE,

Ap oL
= (x5 1) (3.22)
From this equation, it follows that B does not remain constant
either in space or in time. -

To determine the velocity of the wave packetas a whole, that is,
the group velocity © corresponding to the motion of some specific
amplitude, we shall use the same procedure as for the phase
velocity. Let us take a certain constant value of the amplitude such
that

A oE
E=,2§(x—5; . t>=const. (3.23)

We then obtain the following equation for u:
—__dx__OE 3.24
u="p =g (3.24)
Since E=c}/ p*--mjc* for a free particle, and

oL cp

op = E> (3.24a)
we find .

i1=" =y, (3.24b)

which shows that the group velocity ¢« of the wave packet as a whole
is exactly equal to the velocity v of the particle itself.
sin §
¢ A
packet at time =0 (when the amplitude corresponds to § = 2»'% x; see

- From the expression for the amplitude B(f)=A of the wave

Fig. 3.7), it is readily seen that the maximum value of this
amplitude B(0)==A lies at the point x=:0, At all other points cor-
responding to the relative maxima the amplitude is smaller. In
particular, considering different values of the argument %, we have

13 N2
B\\—‘.Z— TC)————-;—-A,
/



50 NONRELATIVISTIC QUANTUM MECHANICS
At the point &=r,the amplitude vanishes (B (r)=0). Consequently,
at t=0 the wave packet may be regarded as localized in the region
of the first maximum, that is, in the region A% =‘—;% Ax~=. Hence,
we obtain the relation

ApAx ~h, (3.25)

which is known as the uncevtainty principle.

stn §
Group velocity
——— a=u
N
\ Ap
\, = = ~
/\A E= on ar~7m
d Phase velocity
- o?

Z1

Fig. 3.7. Form of the wave packet at t = 0.

Since the center of mass of thewave packet (that is, its principal
maximum) travels with the velocity of the particle («=v), the wave
packet describes the localization of the particle. In particular,
it follows from other hypotheses that have been made that the
position of the particle is characterized by the square modulus of
the amplitude of the x wave, namely,

|BI'=9¢*}.

Consequently, the quantities Ax and Ap may be regarded as a meas-
ure of the accuracy with which it is possible to compute the
momentum and position of a particle in space by means of the
wave theory.

It was also necessary to determine whether ¢ waves could be
identified with the structure of particles, or whether these waves
characterize only their motion. The first interpretation of the
relationship between a particle and its associated wave was proposed
by Schrodinger. In terms of his hypothesis, a particle is a wave-
like formation and the density of its ‘“smearing out’’ over space is
given by ¢*¢.



WAVE PROPERTIES OF PARTICLES 51

In theory, a group of waves can always be used to form a wave
packet whose size is of the order ofthe radius of any given particle
(for example, an electron). This representation of the particle is,
however, unstable. Indeed, as follows from Eq. (3.17), the phase
velocity of each of the monochromatic waves contained in the wave
packet depends on the corresponding wave number, or momentum
p. Accordingly, each of these monochromatic waves propagates
with its own phase?®

n=E—¢ VPt mict .
P P

As a result, the wave packet gradually spreads out with time. The
‘‘spreading’’ time is determined by the time interval in which the
initially disregarded part of the phase of ¢ in (3.21) becomes com~
mensurate with =. According to (3.20), the neglected part of the
phase is proportional top®~ (Ap):. Thus, from (3.20) we can obtain
a measure of the time Af which elapses between the initial forma-
tion of the wave packet and its distortion:

At Gy OE

—2?'—. . 0—[’—9- ~ T
Or, the time interval starting with the formation of the wave packet
and ending when the distortion of the latter can no longer be
neglected is

At ~ _ﬂ‘%ﬁ__ . (3.26)
(8p)* T

Let us replace Ap by its value from (3.25). Then, in the non-
relativistic case (p < my), Eq. (3.24a) yields

or P
op T m’
OE__ 1
ot mg

Thus we obtain for the ‘‘spreading’’ time of the wave packet

At ~ ﬂh" (ax)s. (3.27)

61t can be seen from this that a stable wave packet can be formed only for a particle
which has zero rest mass (mg = 0) and which 1s moving in a vacuum (as an example of
such a particle, we may take the photon). It is only in this case that the phase velocities
of all the components of the wave package are the same regardless of the wave number.
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For a particle with my~1g and Ax~0.1 cm, the ‘‘spreading’’
time is A/~ 10® sec, and thus the wave packet does not actually
spread. In the case of electrons, however, m,~10% g and
Ax~ 10" cm. Therefore, the wave packet of an electron begins
to spread out after At~ 10 * sec, that is, almost instantaneously.
Thus, the electron is not a stable formation in the Schrodinger
theory of the ‘‘smeared’ electron. This is inobvious contradiction
with the experimental facts. Moreover, it becomes impossible to
explain the phenomenon of diffraction if a monochromatic wave,
which provides an appropriate description of the motion of several
electrons, is replaced by a set of several wave packets.

At present, another approach has been adopted, namely, Max
Born’s statistical interpretation of the wave function (the quantity
[v]*==9*¢) as the probability density, or probability of finding the
electron at various points in space. The statistical interpretation
is not concerned with the structure of the electron, and the electron
can remain a point charge (or, to be more precise, a charge whose
radius r, does not exceed 10 '* cm). Only the probability of finding
the electron at different points in space changes as the wave func-
tion changes with time, but the structure of the electron remains
completely unaffected.

From the standpoint of Born’s statistical interpretation, the
quantum-mechanical treatment of problems involving many elec-
trons inidentical states presents certain methodological similarities
with the treatment of various problems in the kinetic theory of
gases on the basis of Maxwell’s distribution function (it should be
noted, however, that the quantum-mechanical distribution function
f=1%*bis devoid of the temperature term). For example, in Born’s
interpretation, the diffraction pattern of an electron beam may be
explained in the following manner. The bright spots correspond to
the maxima of the function f=|4%|*, and thus the greatest numbers
of electrons travel towards bright spots. On the contrary, the
probability is smallest for electron motion in the direction of dark
regions.

One attempt to explain a certain ‘‘freedom of behavior’’ of an
individual electron is based upon the complementarity principle,
a solution adopted by Bohr, Heisenberg, and others (see also
Chapter 7). The complementarity principle asserts the theoret-
ical impossibility of extending our knowledge of the microscopic
world beyond a certain finite, even though small, limit of accuracy,
since our measuring apparatus necessarily must exert certain
indeterminable effects on the experimental object (an electron,
for example). In particular, for canonically conjugate quantities,
such as the position and momentum, the degree of accuracy
with which they can be measured is given by the uncertainty
principle. '

Heisenberg attempted to provide a more rigorous foundation for
the complementarity principle by means of the following hypothetical
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experiment. Suppose we wish to determine the position of an elec-
tron with the aid of an ‘‘ultramicroscope,’’ that is, an instrument
that is designed for precisely this task and that utilizes a light
beam of appropriate wavelength A (it is not actually possible to
construct such a microscope). We shall assume that the electron
is located at the vertex of a cone of revolution with angle 29, (the
objective being the base), where ¢=the angle between the incident
(wavelength 1) and scattered light beams. Any light that enters
the objective after being scattered by the electron must have
traveled within this cone of directions. From the laws of optics,
it follows that the uncertainty in the determination of any of
the electron coordinates in the plane parallel to the plane of the
objective is

A
sme ° (3.28)

Moreover, since the light has a momentum ,,_.zl; , part of this

momentum is imparted to the electron (the Compton effect). Ac-
cordingly, the momentum of the electron in the given direction can
only be determined with an uncertainty of

Ap, ~ -’;—sm @, (3.29)

The product of these two uncertainties yields the uncertainty
relation.

From (3.28), it is seen that to determine the position of the
electron with the maximum degree of accuracy, it is necessary to
use light of the smallest possible wavelength A. Equation (3.29)
shows, however, that the smaller the wavelength, the greater is the
momentum imparted to the electron (the position and momentum
are canonically conjugate quantities). Thus, according to the com-
plementarity principle, there would have to be two classes of
experimental aparatus. One of these would be designed to measure
the spatial coordinates with any desired degree of accuracy (in the
case of ‘“‘ultramicroscopes,’’ instruments with A — 0), the other, to
measure the corresponding momenta (instruments with A— <),
Then the observer using an instrument of the first class imparts
all of the indeterminable effects to the momentum, whereas the
instrument of the second class imparts all of the indeterminable
effects to the position. Accordingly, in the opinion of the adherents
of the Copenhagen school, we cannot at any given time ascertain
both the position and the momentum of the object, although each of
these variables can be measured separately with any desired degree
of accuracy.
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% Show that there is an integral number of de Broglie wavelengths in an
ellipti€ elec! orbit,

Solution, According to Bohr, the set of stationary elliptic orbits may be found from
the two conditions

(§p, dr=n, and §p? dy =nyh,
where

0L
and p‘,=7§-—.

02

Pr=gF
Since 2T= Z GrPr, that is,
&

T T
-
2'5 T(lt=2 gpqudt =Z(§p,‘ dqp=nh,
kO k

where

n==n, - n, and 2Tdt=m.,vds=—ho ds,

A
we obtain the required result
s _
) T =
Problem 3.2’ Show that the wave

ir l
elkox lxj< 7

¢ (x)= ;
0 jx| > 5

is not monochromatic for finite values of /, Find the range of wave numbers Ak =% — &,
over which the amplitudes of the individual harmonics may be regarded as nonzero,
Solution, Let us represent ¢ (x) in the form of a Fourier integral

¢ (x)= S A (k) etR* dk,

where the amplitudes 4 (k) are given by the formula

+eo
A(k)= 7]" \ ¢ (x) e~k¥dx,

-
Substituting the expression for ¢ (x), we find
sind (k— ko)1
AR =l —G—r)1
Hence it follows that the largest amplitude corresponding to k =k, is A (ko) = 1/2=.

Although all the other amplitudes are not equal to zero, in practice only those amplitudes
which are of the same order as A (ko) need be regarded as nonzero, These amplitudes

lie within the range Ak= |k —k,|~ ?}‘ . The quantty Ak == 2=/l may be regarded as the
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‘‘spread’’ of the wave vector due to the finite width of the wave packet, Setting Ak = Ld

h A
and /~ Ax, we again obtain the uncertainty relation:
Ap Ax ~ h.
‘ Problem 3.3.\Flnd the mean velocity and the ‘‘spreading’’ time of the wave packet
%
20 0= | A@e M d 3.30)
—wo

if the amplitude A (&) is in the form of a Gaussian curve:

_ k= ko)?
Atey=e 9 -

Solution, Substituting the expression for A (k) into Eq, (3.30) and integrating, we find
for t=0

gix3

¢(x, 0)=Vnqe T ity

. This in effect is

equivalent to the uncertainty relation (3,25),

To obtain the shape of the wave packet at any other instant of time, we take into account
the equation

h2e? = mict - c*k2h%.

In the nonrelativistic approximation (¢ < moc/H), we then have

moc® | hk®

- ———

R iy *

Substituting this expression into Eq, (3,30), we obtain, after integration

qS(x Mvo )
0 1/1: - 4(1 mqﬂ, + 1 (kgx — wof)
(f(x, t) l l’lq‘t l/’ e 1
( 2Illo )
where
moc’I hk3
+: mg *

Hence we have for the probability density
__ 3 (x — )8

g [ ()T
lp(x, )ff ==t ’
V 14 hg*t t
2m0
where v, = Ei is the velocity of the center of mass of the wave packet, From this formula
Ny

it is seen that the maximum of the wave packet, that is, the point.x = v,f, moves with the
velocity v, of the particle,
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The effective width of the wave packet at time ¢ is found to be

(gt \* i‘t
Ax,w-— 1/ +(ng

If we substitute g ~ \—l,'\: into this formula, the ‘‘spreading’’ time of the wave packet is
£
expressed by a relationship which coincides with Eq, (3.27),

Problem 3,4,% Show that a damped oscillatory motion

x () =€ cos wyt

results in broadening of the spectral line,
Solution, The damped oscillation can be represented in the form of a Fourier integral
[ee]
x(t)= S a (w) cos ot dw,
0
where

<«
a(m):-»?; \ X (t) cos of dt=»}{ 5 L S—
0

For the largest amplitude, we obtain
1
a (mo) = n_*l .
The amplitudes with the same order of magnitude correspond to frequencies lying in the
range

Ao=]ow-—o,|~7.

It is this equation which represents the line broadening since, in effect, only the
amplitudes corresponding to these frequencies differ from zero,

Since the damping coefficient y 1s connected with the mean life of the damped oscilla-
tions by the relation Af ~ l/y, the above equation yields the familiar optical relationship
connecting the broadening of the spectral lines and the mean life of the atom:

At Aw ~1.
Hence, since Aw = AE/N, we obtain what is known as the fourth uncertainty relation

AEAt ~ h.



Chapter 4

The Time-Independent Schrodinger
Wave Equation

Planck’s quantum theory, Bohr’s postulates, and de Broglie’s
hypothesis represented very important steps in the development of
the theoretical foundations of atomic physics. However, they were
overshadowed by the discovery of a fundamental differential equa-
tion describing the electron and accounting for its wave properties,
and the construction of a theory accounting for the quantum nature
of radiation. The crucial move in this connection was made by
Schrodinger in 1926, when he proposed a partial differential equa~
tion that turned out to be generally applicable to the motion of
charged particles in the nonrelativistic case (v «<_c¢). This equation
represented a generalization of the classical Hamilton-Jacobi
equation to cases in which the de Broglie wavelength differs from
zero. The Schrodinger equation stands in approximately the same
relation to the Hamilton-Jacobi equation as does wave optics to
geometrical optics.

AGERIVATIONNOF THE TIME-INDEPENDENT
SCHRODINGER EQUATION

We shall show how the Schriddinger equation can be obtained
most simply. We must insist that there can be no question of a
rigorous or general derivation of this equation, since it is not, in
general, possible to set up a new theory entirely on the basis of
old postulates. We shall adopt a mode of presentation which con-
sists essentially of a reasonable generalization of the wave equation
from classical electrodynamics or optics

L 0%, 1)

vqﬁp (rv f— W T T T 0 (4'1)

to the case of de Broglie waves. Here % is a function describing a
wave disturbance propagating with velocity «. If the wave is mono-
chromatic, a solution to Eq. (4.1) may be sought in the form

¢(r t)y=e""¢(r), (4.2)
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where w==2rv is the angular frequency, and the spatial part ¢ (») of
the wave function satisfies the equation

V% (r) -+ % ¢ (F) =0. (4.3)

In this equation, we can use a single parameter in place of the two
parameters o and u, namely, the wavelength
2
= (4.9)

W

We then have

v () 4+ 9 (1) =0. (4.5)

From this general equation, we can obtaina wave equation describ~
ing the wave motion of electrons by substituting the de Broglie
wavelength

i (4.6)

Using the law of conservation of energy

P* |V (r)==E =const,

2mo
we have
? 2
=T E—V (r). 4.7)

Substituting this expression into (4.5), we obtain the time-independent
(or stationary) Schvodinger equation

Vi () -2 [E —V (7] $ () =0, (4.8)

Once we have found the space-dependent part ¢ (#) of the wave func-
tion from (4.8), we can use Eq. (4.2), which is valid for all mono-
chromatic waves, to obtain the complete wave function, which

depends on both (spatial and time) coordinates. Substituting w=-§;,
we have!

(4.9)

!From now on, we shall write the wave functions which depend on both position and
time 1n the form y/(t), while the wave functions whose only argument is the position will
be denoted as .
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For the complex conjugate function, whose space-dependent
part also satisfies Eq. (4.8), we have

E
Py =e't yr. (4.9a)

B../ﬁESTRICTIONS ON THE WAVE FUNCTIONS.
EIGENVALUES AND EIGENFUNCTIONS

The functions ¢ (f) which describe the behavior of a particle may
be statistically interpreted by means of the Schrodinger theory. In
particular, the quantity ¢* (f) ¢ (f)=1¢* ¢, which plays the role of a
distribution function, represents the probability density, or prob-
ability of finding the particle at any particular region in space. If
the probability density differs from zero only in some arbitrarily
large, but finite, region of space @, it is accurate enough to say
that the particle is located somewhere in this region. In other
words, the probability of detecting the particle in the region Q is
unity, Mathematically, this can be expressed in the form

i S ;*q»d‘x—_— 1k (4.10)
e

In quantum mechanics, relationship (4.10) is called the normaliza-
tion condition,

It is important to note that the region of nonzero probability
density is not always finite. There are cases where ¢*} does not
go to zero over all of space (the simplest of these cases is that of
the motion of a free particle, which we shall consider below). When
this happens, [¢*¢d*’x diverges, and a somewhat different formula-
tion of the normalization condition must be given.

We shall now give a general analysis of the Schrodinger wave
equation. The Schrodinger equation (4.8) is a second-order partial
differential equation. Its solution resembles the solution of certain
classical problems of mathematical physics, such as the problem
of a vibrating string. We note, first, that certain conditions
must be imposed on the wave function ¢, since it is a solution
satisfying a second-order Sturm-Liouville equation. It must be
continuous and have a continuous derivative. Moreover, it must be
single valued and finite over all of space. Finally, it must satisfy
certain boundary conditions. In general, solutions which satisfy
these requirements do not exist Tor all values of the parameters,
but only for certain specific values, which are known as eigen-
values. In the case of the Schrddinger wave equation, the energy
E is a parameter of this sort, its eigenvalues being

E, Ey E,.... (4.11)
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The solutions of the wave equation corresponding to these eigen-
values

‘Pn ‘1')'2’ ‘Ps» v (4.12)

are said to be eigenfunctions. The possible values of the energy
form the emnergy spectrum. We shall see below that, if the motion
of a particle is not bounded, its energy spectrum is continuous.
If, however, the position of the particle in space is bounded, the
energy spectrum is discrete.

Let us show that the eigenfunction ¢, satis{y the ovthonormality
condition

I q':"%'ndax = Opnts (4. 13)

where 8,» is the Kronecker-Weierstrass symbol, which is equal
to unity for n’==n (the normalization condition), and to zero for
n' ~n (the orthogonality condition). To prove Eq. (4.13), we write
the Schrddinger equations for ¢, and ¢;:

V24 2 (B — V) $, =0, (4.8a)
Ve -2 (e — V) g =0, (4.81)

If we multiply the first of these equations by ¢;, and the second
by (—1,), and then add the two resulting equations, we obtain

GV, — 4,V 20 (B — ) e =0, (4.14)
Since
:'V'z% - q)nqu’:' =V. B»
where

B=1{3v{s — $nVin,
integration of Eq. (4.14) over all of space yields
g V- Bd'x 2 (E, — En) S Yl =0 (4.15)

Since the ¢ function tends to zero at infinity, we obtain?

V.Bdx= B,dS =0,
. b

2The surface S — 4ar? tends to infinity at r » co. Therefore, the integral goes to zero at
r-» oo 1f the wave function 50 tends to zero more rapidly than 1. This condition 1s always
satisfied for a discrete spectrum since the wave function, as a rule, approaches exponen-
tially zero at infinity. The case of the continuous spectrum will be considered separately.
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Therefore, instead of Eq. (4.15), we have
(Ba— L) { 4 =0, (4.16)

We shall now assume that E,-%E, (that is, n’# n). According to

Eq. (4.16), the following equation then holds (orthogonality condi-
tion):

S Gibydx =0 (4.17)

If, however, n"=n (or L,=E,), this integral does not go to zero
and we may impose the requirement that it be equal to unity (the
normalization condition):

{ompiare=1. (4.18)

Thus the eigenfunctions ¢,, ¢, and *,, which correspond to the eigen-
values E;, F, andE,, do indeed possess the property of orthonormality
(4.13). This is one of the most important characteristics of eigen-
functions.

C. A PARTICLE IN A POTENTIAL WELL

As an example of the calculation of eigenvalues and eigenfunc-
tions, we shall consider the motion of a particle in a potential well.
Since the chief interest of this problem is simply that it provides
an illustration of methods used in the solution of this example, we
may assume a very simple dependence of the potential energy on
distance (see Fig. 4.1):

V,for —o<x<{0 (region I)
V(x)={ 0 for 0 <x<{! (regionII) (4.19)
V, for I <x<co(region III)

In the potential well (region II), where E >V =0, the Schrodinger
equation takes the form

off k=0, (4.20)

where

, d*y
V=g

and
p=21 =", (4.20a)
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We note that the case E <0has no physical meaning in this problem.
Since the general solution of Eq. (4.20) is oscillatory, we have

=By cos kx + Ausin kx. (4.21)
In regions I and III, the Schrodinger equation has the form
§ 42 (E— Vi) §=0. (4.22)

Here two cases must be distinguished. In the first case (E >V,
the solution for these regions is also oscillatory in character (an
equation of the elliptic type). It is given by Eq. (4.21), the value
of k being

k =—;l‘ Vﬁf—n.;_(_ﬁ: — V).

No restrictions need to be imposed on the wave functions at infinity.
Therefore, the energy E can assume any value in a continuous
spectrum of energies. It is better, however, not to investigate the
case of a continuous spectrum on the basis of this example, but
rather on the basis of the motion of a free particle (see below).
The potential well only adds to the mathematical difficulties of the
problem, without changing the general character of the solution.

Vix)

Fig. 4.1. The motion of a particle 1n a
potential well.

In the second case, namely, the case of a potential barrier
(E<V,), the solution of Eq. (4.22) is exponential in character (an
equation of the hyperbolic type). The general solution can be
written in the form

¢, m= A1, me”* -+ By, me™, (4.23)

where

= 2my (V, — E)y=2_> 0. (4.24)
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If the energy can assume any value without restriction, the wave
function inside the potential barrier (0<{E <{V,) will contain both
an exponentially increasing part and an exponentially decreasing
part (see Fig. 4.2). Therefore, we must choose only those values
of E for which exponentially increasing solutions donot exist inside

Exponentially
increasing
solution

Vi)

Exponentially
decreasing
; - solution
;lj EcV

- -

! I

Fig. 4.2. Wave function for a given value of E.
The energy level 1s taken to be the abscissa of
the wave function

the potential barrier. Accordingly, we require that the coefficient
By=0in region I (x<0), and the coefficient An=0in region III (x> l). 3
We then have

P=A " = Ae™*|,
$m = Bje™** = Be™(*D, (4.25)

where, for the sake of simplicity, we have made
B[n = Be".

By joining the solutions*® at the boundary of regions I and II (x==0),
and also at the boundary of regions IIand III (x=/), and making use
of the requirement that the exponentially increasingsolution vanish,
we obtain the equation for the eigenvalues of the energy E.

We shall now further simplify our problem by requiring that
V, together with %, go to infinity (see Fig. 4.3). It is apparent from
Eq. (4.25) that ¢;=¢y=0, and therefore the boundary conditions
for the solution (4.21) inside the potential well (region II) take the
form

kpu:O fOI‘ X——:O (4.26)
and
q)n=0 for x=1. (4.27)

3When E < Vo, the number of unknown coefficients 1in the wave function is smaller
than the number of imposed conditions. Accordingly, solutions are possible only for certain
values of E and a discrete spectrum 1s obtained.

‘In joining the solutions, we must match the actual wave functions (and also their
first derivatives) at the appropriate point.
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Applying Eq. (4.26) and (4.27) to the general solution (4.21) in
region II, we find that B;=0, and the eigenvalue are described by
the equation

sinkl =0, (4.28)

from which

kl =nn, (4.29)

where n = 1,2,3,4,... . We exclude the value n=0 from further
considerations, since the wave function in this case is identically
equal to zero. It is not necessary to consider separately the nega-
tive values of nu, since the wave functions for negative n are equal

V=00 V=0 V=00
J Vix) P
AR =
\ NS \
v £p= 4,
n 256
¢,=\/§Z_smz—f—\\\ Y 2
E=5—2
4,,:@5“‘%5 3 NV 7,
/ 0 /4 i B I

Fig. 4.3. Particle 1n a potential well with
infinitely high walls.

to the wave functions for positive n, taken with the opposite sign.
2my
e

spectrum (the eigenvalues):

Since k*==3"E, we obtain the following equation for the energy

__ =*hn? (4.30)

2T omlE

The wave functions corresponding to these values of energy (eigen-
functions) are

=4, sinwn? . (4.31)

The coefficient A, can be found from the normalization condition
l lJ

§ vidv= A, § sin*xn ¥ dr=- Aj=1,
D é -
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which gives

a,=V2

Substituting the expression for 4, into Eq. (4.31), we finally obtain
b= ]/-—21— sin N ’; (4.32)

According to the general theorem of eigenfunctions [see Eq.
(4.17)] the eigenfunctions (4.32) of the Schriodinger equation satisfy
the orthogonality condition

!
OS Yy dx=0 for n’ £n, (4.33)

as can be readily seen by performing the direct integration after
substituting Eq. (4.32) for ¢,.

We shall now write down a few specific eigenvalues E, and
eigenfunctions ¢,, shown in Fig. 4.3:

*h? 2wy
E1='§R7n;ﬁ, ‘P:=l/75m%n (4.34)
Ey=4E, $=)/ Fsin2?, (4.35)
E,=9E, $=] %sin3=7. (4.36)

These solutions are very similar to the familiar standing-wave
solutions for a vibrating string with fixed ends. The case n=1
[see (4.34)] corresponds to the fundamental mode, the casen=2
[see (4.35)], to the first harmonic, etc.

D. THE MOTION OF FREE PARTICLES.
NORMALIZATION OF WAVE FUNCTIONS IN THE CASE
OF A CONTINUOUS SPECTRUM

We shall consider the motion of a free particle (taking the one-

dimensional case first), when the Schrodinger equation (4.8) has
the same form in all of space (— oo < x-co):

{1"41 2y —
([‘\E - l" k '1) —_ U) (4‘37)
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where
p=nE (4.38)
The solution of this equation is
$=Ae** | Be **, (4.39)

To determine the physical meaning of each term in Eq. (4.39), we
write the complete, time-dependent function

‘P (t) =e-m:¢ — Ae™* (wt-kv) + Be-z(mu»kx). (4‘40)

It is seen that the first term Ae“**) describes the motion of the
particle in the positive direction of the x axis, and the second term
Be'“****) the motion in the negative direction. If we restrict our-
selves to the traveling wave which is propagated in the direction of
positive x, we have

o= Aet*, (4.41)

+c0

It is readily seen that the integral S $*ddx diverges. Con-
sequently, we must revise the method of normalization [see Eq.
(4.10)]. There are two basic methods of normalizing ¢ functions of
this sort. We shall devote most of our attention to one of them,
which was proposed by Born. Thus, rather than imposing a bound-
ary condition, we shall subject the wave function to a periodicity
condition

$(x)=¢(x+L), (4.42)
where the length L is said to be the period. It can be made
arbitrarily large. As a rule, L does not appear in the final result.

Rewriting (4.42) in the form

ikx __ ihx+ik
Aet** = AetF*ikL,

we obtain ¢*. =1, which implies

2
=, (4.43)
where n=0, =1, =2, *+3,.... From Egs. (4.38) and (4.43), the
energy levels are
— h2k3 — 2nhins (4.44)

n 2m, - meld *
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Since the ¢ function is periodic inthe interval L, the normalization
condition becomes

L2

P*pdr=1. (4.45)
—L/2

Substituting the expression (4.41) for ¢, we have

1
A _—, (4.46)
VL
Therefore, the normalized solutions are
_1 _1 2
(P’I::I} 2 e””:l: 1oL . (4.47)

The direct integration shows that the functions (4.47) are
orthonormal. As can be readily shown by direct integration:

L Y s,
S (P,".‘"Pndx =% S e'- L = dx=
~1/2 —.
sinm(n—n) __ 0 for n'#n, (4.48)
=" m@m—n) |l for p'=n,

Therefore, introducing the artificially defined period, we can
transform the continuous energy spectrum into a discrete one.
If, however, the length L is allowed to go to infinity, the discrete
P __mv
nTh
the energy difference between two neighboring levels is

spectrum again becomes continuous. Since k= and An=1,

AE="RZ__,2nh (4.49)

It immediately follows that AE—0 if L—oo; that is, the energy
spectrum becomes continuous,

We shall now generalize the free particle problem to the three-
dimensional case. The Schrddinger equation can be written in the
form

0* 0* 0*
Just as in the one-dimensional case, the quantity k% is given by

Eq. (4.20a). We shall solve Eq. (4.50) by the method of separation
of variables; that is, we assume a solution of the form:

y=¢(x) ¢ () ¢ (). (4.51)
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Substituting this expression into (4.50) and multiplying by

1 __ P
IS ICN

we find

P () L 9" (2)
Yoy o e =0 (4.52)
where the primes denote the derivatives of the corresponding ¢
function with respect to its argument. We note that an equation of
this type is satisfied only if each term (fraction) is independent of
the coordinates and is equal to a certain constant. We thus obtain
the following equations for the functions ¢ (x), $(y) and¢(2):

Y ) kb () =0, ¢" (y) + k4 (1) =0,
¢ (2) -+ ki (2) =0, (4.53)
where

R R - R =R (4.54)

Taking a traveling wave propagating in some specific direction as
a solution for each of Egs. (4.53), we get

b (x) = Ae*r¥, §(y) = Betr:v, § (2) = Ceths?, (4.55)

The unknown coefficients A, B and C are determined from the
normalization condition, assuming that the functions ¢(x), ¢(y)and
¢ (2) are periodic in the interval L. We thus obtain

i !

¢ (x) =L ‘[eiklv' b (y) =L 2 ¢ikys (4.56)

4,(2)____..[' ; elksz,

where
kl—’h L , kn=nz L’ ka—”szn, (4.57)
and ny, ny, ny,=0, 1, =2, +3, ...,
In this case, the particle has energies of
__onm? 2rh2n?
7‘:Ll (n +" +I13) = 'Im—['sl ’ (4.58)

where

m=ni-+4n;-}-n;. (4.59)
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Substituting the functions (4.56) into Eq. (4.51), we have

3

Ye=L" Zgitr, (4.60)

These wave functions will satisfy the orthonormality condition

§ i Banans 8 =By By (4.61)

The complete, or time-dependent, wave function can now be written
in the form

3
¢ (H)=L" Ze— WMiEt—pn), (4.62)
where
p=1"k, E——~4 (4.63)

2my
We note that the energy spectrum is again continuous, just as
in the case of one-dimensional motion. This can readily be shown
in the same way as before by finding the energy difference between
two adjacent levels and then letting L go to infinity.

E. FUNDAMENTAL PROPERTIES OF é FUNCTIONS.
6-FUNCTION NORMALIZATION OF THE WAVE FUNCTION
IN THE CASE OF A NTINUOUS SPECTRUM

l} ,)d.T -

As we have already mentiongs¥ one of the fundaméntal properties of eigenfunctions is
their orthonormality [see Eq. (4,13)l. An arbitrary function /<(x) with no ‘‘special®’
properties can thus be expanded in a series of orthonormal functions belonging to a
complete set;

F()= Y, Catn (x) (4.64)

Multiplying this equauon by @} (v)dx and integrating over the entire range of x, we
obtain

for ©reax=Ye, gw () dn () .

Because of the orthonormality condition, we have MH\“ =V,

w—’

g Ch= Sq»;'; (x) F(x)dx. (4.65)

In order to bring ¢, (x) under the integral sign, we change here the variable of integra-
tion .x to x' and substitute the expression for C, into the expression (4,64):

Fe =X § 5P () 4 () b 0 (4.66)

n
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This expansion is a generalized Fourier series, We can obtain the ordinary Fourier
series from it by substtuting the harmonic functions (4,47) for ¢, (x).
We note that the sum over n in Eq, (4,66)is a ¥ functuon;

D e ) da ) =0 (x—x) (4.67)

since it transforms the function F (') into F (x),
In this respect, this 3 function resembles the Kronecker-Weierstrass 3 symbel, which
possesses a similar property with respect to the subscripts n and 2';

an’ann' =fn-

It follows that the 3 function differs from zero only in a very narrow region x' ~ x, just
as the 3 symbol differs from zeroonly for n' =— n, By setting F (x') = | in (4.66), we obtain
one of the fundamental properdes of the 3 function:

SB (x—x)dx'=1. (4.68)

It is interesting to note that the relations (4,66) and (4,68) are completely independent of
the particular setof orthonormal functions used to construct the ¥ function, In the simplest
case, the 3 function can be constructed from the
dr-z! %) orthonormal functions (4,47), which are used in

expansion into a Fourier series:

2rn

LY
a(x—x')=.}:ze LY 469)
n

Introducing a new variable k=2—zf and making

g use of the relation Ak =?E An= QZ" (since
- An=1), we can transform (4,69) to

. Z=Z' z 1
ig. 4.4. Graph of the “smeared” 3(x — ') = — YAkt ¥ —X)
d function. ( ) 2m E

If we now let L go to infinity (Ak — 0), the last sum is changed into an integral:

B(x—x")= _21“ S dhe'® x —x') . (4.70)

The range of integration over 2 should be taken from — oo to 4 co, We note that the 8
function belongs to the class of functions thatare known as ‘‘improper functions,’”’ This is
manifested in the impossibility of directevaluation of the integral (4,70), since it diverges
at x =x'. Therefore, if we wish to obtain a representation of the 3 functon, we have to
‘‘smear out’’ somewhat the integrand of (4,70), For instance, the 3 function may be
‘‘smeared out’’ as follows:

3 (x—x', a)=§l; Sdke—alkl+l(x-x')k=

(o]

1 (. . 1
=TS’ "cosk(x-—x)dk:Tm:————_x,),, 471)
0

A graph of the smeared 3 function is given in Fig,. 4,4, At the limit @ — 0, the function
must have the following properties:
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3 (x—x')=o0 for x=ux',
d}(x—x")=0 for x#x', (4.72)

As we approach the limit a — 0, the area between the 3 function and the x axis remains
(4.73)

unchanged:
1 a
—_—! ' lim — ‘=
S Ve —r)de=lim = [ dv S i =1,
The three-dimensional 3 function can be similarly defined as
(4.74)

MO =2V @)= g S dthe™" ,

It satisfies the following conditions:
3(r)=0 if r#£0,
(4.75)

Sb(r)d’x:l.

The integrals (4,74) and (4.75) are three-dimensional, The former extends over the

entire wave-number space (k), and the latter, over the entire coordinate space(r).
It is very convenient to express the density of a point charge with the help of a three-

(4.76)

dimensional 3 function:
p(r)=-ed(r).

Substituting this expression into Poisson’s equation
VEp=—4red (r)=-- 2»; S dakel'k, ,

we can determine the potential of a point charge
ik v
e etfr e
o=, S ah = 20 f 4.77)
0

Thus, the three-dimensional 3 function enables us to describe the singularity at the point

r — 0 of the Laplacian operator applied to 1/r:
(4.78)

v —::— = - 4=zd (r).

1
In determining the potential ®, we made use of the rule for dividing an exponential

function by the Laplacian operator:
elkr
(v2)—lelkr o
_ 2
The validity of this rule 1s immediately obvious, since
_ elkr
v2(v2) leikr _ V2 5 = elk!
—k



72 NONRELATIVISTIC QUANTUM MECHANICS

We shall not discuss the properties of the 3 function any further and shall proceed to
use 1t to normalize the continuous spectrum for one-dimensional free motion, From
(4.41), the wave functions for this case are of the form

!
Py p

Y(p=neh, poy=ae R . 4.79)

The normalization of these functions is related tothe 3 function in the following way:

+ o B __)
(erimar=a | axe”
= A®2nhd (p — p) =3 (p —p). (4.80)

From this, we obtain

Therefore,

i
n
= -8 . 4.81

b () V o (4.81)

Let us compare the ordinary normalizatdon of wave functions with the 3 function

normalization, We can write the orthonormality condition for functions normalized by the
ordinary method as follows:

y S 0 Yndx== 1, 1f 7 lies inside the range n, << n,
n'

1f n lies outside the range n, -< n (4.82)

Similarly, replacing the sum in Eq, (4,82) by an integral, we can obtain the following
generalized form for wave functions which are normalized with the help of a & function:

Py

dp' \ ¥ ¢ — ) 1, if plies inside the range p, < p.,
.\ b S ¥ v (p)dx 3 0, if p lies outside the range p; << p.. (4.83)
4

Analyzing the solutions that we have obtained for a particle in a potential well and for
a free particle, we arrive to the following conclusions, If the condition V > F is satisfied
at all points of space at infinity, the energy spectrum is discrete, If, on the other hand,
there are regions at infinity in which V << L, the energy spectrum is continuous, While
this conclusion was obtained on the basis of solutions for a rectangular potential well, 1t
is quite general as long as the potential energy is a continuous function of x, y and z,



Chapter 5

The Time-Dependent Schrodinger
Wave Equation

It has been shown that the solution of the time-independent or
stationary Schrodinger wave equation (4.8) amounts to a determina-
tion of eigenvalues E, (the spectrum of energy levels) and eigen-
functions. The time-dependent wave function ¢,(f) of a given state
was found by multiplying ¢, by e~ “™ . The function ¢, (f) obtained
in this way describes only strictly monochromatic processes (that
is, with only one value of energy). There is, however, a more
general form of the Schrédinger equation, which depends explicitly
on time and may be used in a much larger class of problems. This
equation is known as the time-dependent Schrédinger wave equation.

AM>TRANSITION TO THE TIME-DEPENDENT SCHRODINGER
WAVE EQUATION .
To obtain the time-dependent Schrdédinger wave equation, it is
necessary to eliminate the energy [ from the time-independent
equation, where it appears as a constant parameter. The time-
independent Schrddinger wave equation (4.8) can be written in the
form

Ey(t) - (2’;; V"—V)q»(t):O. (5.1)
The relation that is used to eliminate E from this equation is
NG _Ey, (5.2)
Accordingly, the time-dependent Schrédinger wave equation is

(_ LR S v*_v)q»(t)=0. (5.3)

i 2my

This equation is more general than the previous one. In particular,
it can be used for the description of processes in which the poten-
tial energy V is a function of both position and time.
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If the potential energy V does notdependon time, it is necessary
to solve only the time-independent Schrodinger equation by finding
all the possible energy eigenvalues E, and the corresponding
eigenfunctions ¢,. The wave function which satisfies Eq. (5.3) is
related to these partial solutions by the linear equation

9 (t) =che- a/m Entq)n. (5.4)

To prove this, we substitute (5.4) into (5.3), remembering that C,
are constant coefficients and that ¢, satisfies the equation

Vi -+ & (En—V) 42 =0, (5.5)

It is then readily seen that ¢ (f)is a general solution of (5.3), since
n o h?
4 =)=

—ZC,,e o (E + gy V= V) ta=0. (5.6)

The case of a monochromatic wave is a special case of the general

solution (5.4). The appropriate wave function can be obtained from
(5.4) by setting

/zu—l and C =0 (if ny Il“)
As we have presented it, transition from the time-independent

equation (5.1) to the time-dependent equation (5.3) is essentially
equivalent to a simple replacement of the energy E by the expres-

sion ft 5‘}. In quantum mechanics, this expression is known as the
energy opemtor'
0
E=in or" (5.7)
The effect of this operator on any function amounts to an ordinary

differentiation of the function with respect to time, Thus, E is a

linear differential operator. In the case of a monochromatic wave,
for which

i
——Et

p(f)y=e * "y,
we have

E¢(O)=E, (1)

lOperators will be denoted by roman characters.
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Hence, it is seen that the energy E, is an eigenvalue of the energy
operator E,

There are other operators besides the energy operator in
quantum mechanics. The most important of these is the momentum
operator

ry
14

Il

n
p= T

a9
o (5.8)
which takes its name from the fact that inthe case of a free particle,
its eigenvalue is identical to classical momentum. Indeed, operating
with p on the wave function of a free particle [see Eq. (4.62)], we
have

]
)= VL% T E TP —py (o).

Thus, in this particular case, the eigenvalue of the operator p is
the classical momentum p.

With this operator notation, which helps to bring out more
clearly the relationship between the quantum-mechanical and clas-
sical laws of motion, the Schrodinger equation (5.3) has the form

(E-%-V)q»(t):& (5.9)

Thus, to carry out the formal transition from the classical theory
to quantum mechanics, it is necessary to replace the energy E and
momentum p in the classical equation for the law of conservation
of energy?

2

E—-m—V:O

by the corresponding operators and to operate with them on the
wave function. The operator % is known as the kinetic-energy

opervator T, andT -}V, as the Hamiltonian operator H. For the sake
of brevity, we shall call the latter the Hamiltonian,

2If the electron 1s 1n both an electric field and a magnetic field, which 1s characterized
by the vector potential 4, then, using the classical expression (1.15) for the Hamiltonian,
the time-independent Schrodinger equation can be written in the form

2

n
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Using this operator notation, Eq. (5.9) can be rewritten in the
form

(E — H) 4 (f) =0. (5.10)

For the time-independent potential V, the following relation is
obtained:

Edn ()=En$a() (5.11)

and, therefore, the time-independent Schridinger equation reduces
to the form

(£, —1)p,=0. (5.12)
It is apparent from this that, in stationary problems, the eigen-
values of the Hamiltonlan are equal tothe eigenvalues of the energy,

just as, in the classical case, a Hamiltonian function which does not
depend explicitly on time is equal to the energy of the system.

B. CHARGE DENSITY AND CURRENT DENSITY.
QUANTUM ENSEMBLES

In classical electrodynamics, an important role is played by
the equation of continuity

v =0, (5.13)
which involves the charge density p and the current density j. This
equation basically represents a general form of the law of con-

servation of charge. To show this, we multiply (5.13) by d’v and
integrate over all space

) t o, .
S W v jex=0, (5.14)

Reversing the order of differentiation and integration in the first
integral (this is allowed since time here is only a parameter), and
changing the second from a volume to a surface integral, we obtain

L\ ot | judS=0. (5.15)

If there are no charges or currents at infinity, the surface integral
vanishes, and we obtain the law of conservation of charge

e= g p d3x = const. (5.16)
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We shall now use the wave theory to find an expression for the
charge and current densities. For this purpose, we take the
Schrédinger equation (5.3), writing it in the form

o (t i, v,
G — O g =0, (5.17)

Similarly, for the complex conjugate equation, we have

2O g () = () =o0. (5.18)
Multiplying Eq. (5.17) by %*(¢), and Eq. (5.18) by % (¢), and adding
the two equations, we obtain

OO T e vet() - v} =0.  (5.19)

2my,
Comparing (5.19) with the equation of continuity (5.13), and consider-
ing that the charge density is equal to the charge ¢ of one particle

multiplied by the number of particles per unit volume (that is, in
this case the probability density), we have

p=ep* (1)} (1). (5.20)
From (5.19) and (5.20), we find the current density

teh
2my

{r OV =3 v yo}. (5.21)

It should be noted that for a monochromatic wave

(= 1"y,
both the charge density
p==ep*yp (5.22)
and the current density

J= 5 T —4* 7 ) (5.23)

mo
are independent of time.
In the case of real wave functions ($* =1¢), the current density
is always identically equal to zero. For instance, the current
density of anelectron inan infinitely deep, one-dimensional potential
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well (see Fig. 4.3) is zero (j=0). This is quite natural, since
oscillations described by real wave functions are actually standing
waves, and standing waves cannot give rise to a particle flux.

The case of motion of a free particle is somewhat different.
According to (4.60), the wave function for this case describes a
traveling wave:

¢=L—3/gelpr/h. (5.24)

Substituting this expression for ¢ into (5.22) and (5.23), we obtain
the following expressions for the charge density and the current
density, respectively:

p==ep*h=_L"e,
J=eps P=10.

Hence, when the charge is distributed with uniform probability
over the entire volume, its density is equal to the charge divided
by the volume, as was to be expected. Moreover, the relationship
between the current density and the charge density remains the
same as in classical electrodynamics.

Let us now explain the physical meaning of the coefficients C,
which appear in the solution § (f) of the time-dependent wave equation
[see (5.4)]. For this purpose, we substitute the expression for ¢(¢)
into Eq. (5.16), which serves to define the conservation of total
charge. Then, using (5.20), we obtain

2 ZC,‘;rC,,e— n Fn = Ent S‘ Prhadr = 1.

n n

Since the wave functions must satisfy the orthonormality condition

L*,

S' Yn'?ndsx =8

we have
Y . \l ___
;cncn~;16n|’—1. (5.25)

We can now give a physical interpretation to the coefficients C, as
quantities characterizing the probability that a particle exists in
the quantum state 2. Indeed, if we know with certainty that the
particle is in the state n, (E=1L,,), all of the coefficients C,, except
C.,» will have to be equal to zero; that is, we must set C,=3,,,. If
the particle has a nonzero probability of occurring in two or more
states, then, accordingly, two or more coefficients will differ from
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zero. The actual probability that a particular state is occupied is
given by |C,!*, while the probability density of the distribution of
the state over entire space is given by |9, [

When there is a large number N of particles in a region of
space, we have, instead of (5.25),

%,CIIV::N

Here the coefficients C, characterize the distribution of the total
number of particles among the different quantum states.

In this connection, we shall introduce the concept of quantum
ensembles: namely, a collection of identical quantum states that
are described by the same wave function ¢, A quantum ensemble
can be used to describe an electron beam, photon flux, and so on.?*
Two different cases are possible.

1) All of the partlcles are inthe same quantum state n,: lC,,(,] =N
and {C,|*==0 for n / n,.

2) The particles have a definite distribution among the various
quantum states:

IC’H]‘!:N'H' !C,,__I‘Z:___.N"__, lcnali=Nn,,..-, (5.26)

where

z=

In the second case, the motions of particles, say, in the statesn =n,
and n=n,, cannot be considered independently of one another,
because whenever two states ¢,, and ¢,, are both possible, the total
wave function is a superposition of the individual states, namely,

() =Co¥n, (1) -+ Capn. (1) ... -

This is important in determining the total probability of a state,
which is proportional to the product ¢* (¢) 4 (¢). In addition to terms
such as 95, (£) yn, ({), this product will contain mixed terms of the
form ¢, (£)9,(f). In other words, each particle will possess a
definite probability of being in both quantum states. The mixed
terms differ from zero for coherent % waves (a pure ensemble),
and this leads to interference of the de Broglie waves, which does
not happen with incoherent waves (a mixed ensemble). Thus, in a
pure ensemble, waves are added, whereas in a mixed ensemble,
intensities are added. Quantum ensembles are useful with regard

3See D. I Blokhintsev, Principles of Quantum Mechanics (trans ), Allyn and Bacon,
1964
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to the statistical interpretation of the results of wave theory. For
a large number of particles or a large number of states occupied
by single particles, it follows from the law of large numbers that
the probability of some particular process, when calculated on the
quantum-mechanical basis, should agree with the distribution that
can be observed in experiment (see Chapter 7). Similarly, in
classical statistical physics, the probability distribution agrees with
experiment independently of the nature of the ‘‘hidden’’ parameters.

\

-

CyCONNECTION BETWEEN THE SCHRODINGER THEORY
~~AND THE CLASSICAL HAMILTON-JACOBI EQUATION

The Hamilton-Jacobi equation, which is used in classical me-
chaics to describe the motion of a material particle n a field of
forcg, is a first-order nonlinear differential equation. We shall
briefly fecapitulate its derivation, starting from the classical law
of conservation of energy

E= P 1V=T+V. (5.27)

?m

Let us introduce the action function

4

t
S(t)=§£d1=S(2T—E)dt=S~Et, (5.28)

where

¢

= g oT dt. (5.29)

0

As we shall show, the dependence of S and f in (5.29) is only im-
plicit, namely, S=S(v(f), y#), 2(f)), and therefore we have written
it without including ( as an argument. Thus, we can distinguish
between the stationary action function S and the time-dependent
action function S(f) in the same way as we distinguish between the
stationary wave function and the time-dependent wave function.

To show that S is not an explicit function of ¢ in (5.29), we take
the total differential of S:

dS =2Tdt.

From the equations

ds =9 dt + 0 dv-t- "f dy-- 93 de, (5.30)
2Tdt = my (- §* -+ &) dt = p,dx + p_vcly + p.de,
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We find that | Lgepevi Ll TMRH ST Lt b s iy’
5o
and thus S does not depend explicitly on £, Moreover,
p=VS. (5.31)

From Eqgs. (5.31) and (5.27), we obtain the stationary Hamilton-
Jacobi equation
(VS)*+ V—E=0. (5.32)

Qmy

We can introduce the time-dependent action function

S({t)y=S—Lt .
into this equation by making use of the relation p=VvVS=VS(),
and eliminate the parameter E with the help of the relation

£=—21_ We then obtain the time-dependent Hamilton-Jacobi

equation, which can be used in nonstationary problems:

L Lys@]-v 4 B8 —o. (5.33)

2m,

The stationary and time-dependent Hamilton-Jacobi equations cor-
respond to the stationary and time-dependent Schrodinger equations,
respectively.

It can be readily shown that in the case of motion of a free
particle (V =0, p=consl, /Z=const), the action function is

S(ty=— Et 1+ pr. (5.34)

To see this, it is sufficient to substitute the expression (5.34) for
S(f)into (5.33). Let us take special note of the fact that the function
% (¢f) for the motion of a free particle is [see (4.60) ]

V(t) Ae fl( Et - pr) Aeil-S(!)

(5.35)

The relationship between the wave function and the action func-
tion will hold in general form whenever we make the transition
from the Schrédinger equation to the Hamilton-Jacobi equation. We
shall consider further only the stationary case, for which

p=Aer * (5.36)
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We start with the Schrddinger equation in operator form

(- 4V —E)y=0. (5.37)

Making use of the momentum operator p—=— iy, we obtain from
(5.36)

pr=(V3S)¥ (5.38)

,2%:: b= 7L ((V S) — inS) b, (5.39)

We note from Eq. (5.38) that Eq. (5.36) leads to the same relation
between the momentum operator p and the action function S as in
the classical theory if we replace the momentum operator by the
classical momentum p. Substituting (5.39) into (5.37), we obtain

—~—
‘2,,, (VSy 4V — E—g;,, V=0, / (5.40)

which is simply the transformed Schriddinger equation.

To obtain the Hamilton-Jacobi equation, we must neglect the
last term in (5.40), that is, set #=0. It is a well known fact that
the quantum-mechanical equations transform exactly into the
classical equations when A=0. If, on the other hand, # £ 0, but the
condition

(VS8) > n|yS|

is satisfied, the quantum-mechanical terms provide only small

corrections to the classical equations. The approximation corre-

sponding to this case is known as the quasi-classical approximation.
Since p=V S, the above condition can be rewritten as

ro
;T| VeplLL
In particular, for the one-dimensional case, we have

dp | _| d(hip)
dx

|=| 24 3 (5.41)

27td v

p

Thus, the quasi-classical approximation turns out to be sufficiently

accurate in cases where the de Broglie wavelength is constant or

changes very little over distances of the order of the wavelength.
Since

p=V2m(E—V),
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we can rewrite the condition (5.41) in the form

h
|2 |_ moFR <1, (5.42)
where F —_-—%l;-is the classical force acting on the particle. From

this, it follows that the quasi-classical approximation becomes
inapplicable at small values of the momentum and, in particular, at
the points where a particle would come to a stop in the classical
theory (E=V, p=0). Such a state of affairs is obtained, for
example, in a potential well at the points where the direction of a
particle is reversed as a result of reflection from the potential
barrier (the turning points). A simple explanation can be given for
this conclusion: namely, the de Broglie wavelength tends to infinity
as p—0 and, when this happens, the wave-like properties of a
particle become too important for the particle to be treated quasi-
classically.

D. THE WENTZEL-KRAMERS-BRILLOUIN APPROXIMATION
B ME ﬁ)“
R ol N
As mentioned above, Eq. (5.40) is completely equivalent to the
Schridinger equation. Therefore, it would be possible to take
Eq. (5.40) as the basis of the wave theory by treating the term
which is proportional to ## and whichdoes not appear in the classical
equation as a new quantum-mechanical potential energy

yavan _ __ 12 og (5.43)

2my '

which has to be added to the Hamilton-Jacobi equation. The general
solution of the nonlinear Schrodinger equation (5.40) is, however,
much more complicated than the solution of the linear Schrddinger
equation, and therefore the many attempts to develop the quantum
theory by means of further analysis of Eq. (5.40) met with failure.
Fortunately, Wentzel, Kramers and Brillouin succeeded in finding
an approximate solution of the Schrédinger equation (5.40) by taking
only the terms of the order of #. This solution was found to be
applicable to a number of problems in quantum mechanics. It is
referred to as the WKB approximation.

For the sake of simplicity, we shall consider only the one-
dimensional case, assuming that the potential energy is a relatively
smooth function of x (see Fig. 5.1). For particles with energy E,
the range of variation of x can be divided into two regions. In the
first region (x<{x), the energy E is greater than the potential
energy (E>V), and in the second region (x > x,), E<V. It is obvious
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that £=V (x,) at the boundary (x=ux,) of the two regions. For the
one-dimensional case, the original equation (5.40) becomes

8™ — ihS" =2my (E — V)= p". (5.44)
Vir)
/ 7
E>V(z) £<V(z)
i
|
W
|
- !
0 I=x, I

I1g. 5.1. Potential V(x) vs x by the WKB method

First, we shall find the solution of this equation for region I
(E>V), where the quantity p? >0 can be interpreted as the square
of the classical momentum. The solution will be sought in the form
of a series

S=84S+S+ ..., (5.45)

where the quantity S,1s independent of 7, S,1s proportional to #, S,
is proportional to /i*, etc. Substituting the series (5.45) into (5.44)
and neglecting quantities proportional to * and to the higher powers
of /1, we obtain’

So* - 28:S; — S, = pt. (5.46)
Taking both sides of the cquation, we equate terms that are inde-
pendent of /i and, similarly, terms that are directly proportional

to I (here 1t is necessary to bear in mind that the quantity S,is
proportional to ). We thus obtain

Sy =ph  25,S;=AS,. (5.47)

Hence, it follows that

-
.o

Sy=1t\ pdx, Si=itIn} p. (5.48)

A

*This approximate method of solution 1s basically the same as the perturbation method,
which 1s also successfully used in the solution of the Schrodinger equation (see Chap-
ter 14 below).
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Therefore, retaining only terms of the order of 1, we have

£

S=8,-1-8,== \ pdx-+inn}p. (5.49)

Substituting (5.49) into (5.36), we obtain the following expression
for the wave function in the first region (v<x):
Y = (Acost { pdx - B sin 1 "\:’ /)(Iv\ (5.50)
Ay \ h .y -1 i . . .
In exactly the same way, for the second region (x> x,), in which
pt <0, we obtain

X
1y .
/-3“)1‘”‘ 4[‘13“’““

] 3
_Vl[fl(De a0 --Ce ™ ) (5.51)

(P.\>\o =

where
(pl==1"2m,(V -~ L).

The wave functions (5.50) and (5.51) are thedesired approximate
solutions. From these equations 1t is seen that, when IV, the
wave function is cosinusoidal or sinusoidal, as in the case of a
potential well [see Eq. (4.21)] or a free particle [sec Eq. (4.47)],
whereas, when V >[I, it changes exponentially, as in the case of
transmission through a potential barrier [see Eq. (4.23)].

Comparing the solutions for V =const with the solutions for the
case where the potential energy is a function of v, we see that the
transition from one case to the other is simply equivalent to re-
placing the area of the rectangular barrier contained between the x

axis and an axis indicatingthe constant quantily x = l/ﬂ:_—b-) = '_gJ

by the area enclosed between the x axis and the curve for V =V (x).
Schematically this transition can be represented in the following
manner:

X

Pl 2 (1pldx. (5.52)
0

A similar transition is made in the case of a potential well.

Thus the specific form of the dependence of the potential energy
on x does not alter the character ofthe solution. Indeed the solution
is determined only by the sign of the difference between £ and V,
as we indicated at the end of the preceding chapter,

The solutions (5.50) and (5.51) give a good approximation only
for regions that are relatively far from the special point x, (the
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classical turning point) where the quantity|p| is relatively large.
Near the special point (x— x,) the quantity p*-»>0; therefore, the
denominator 1n Egs. (5.50) and (5.51) vanishes and the actual
solution diverges. If we could express the coefficients C and D in
terms of A and B, the foregoing approximation would be entirely
adequate for many problems, since the region |x—x,|—0is com-
paratively narrow. However, the relation between these coefficients
can be found only if we can connect the functions across the boundary
(x=1x,) of the regions (by connection of the solutions we mean
matching the wave functions and also their first derivatives at the
boundary x—x,). The approximate expression for ¢ must, there-
fore, be represented in sucha form thatat large p* Eq. (5.50) holds,
while for x=x,, when

pl=—(x—x) 2m,V’ (x,) = — a2 (x — x,),

the approximate solution satisfies the equation
' —a(x—x) p=0. (5.53)

At large z, the cosine function can be expressed asymptotically
in terms of an nth order Bessel function:

cos (z—g_i)g ’ngn (2). (5.54)
Therefore, if we set

= S pdx, (5.55)
then
A o [
brar= 7= ]/7’ Ja(2). (5.56)

For large z (and any #), because of the asymptotic formula (5.54),
the solution (5.56) transforms into the solution (5.50) found by the
WKB method. Let us attempt to choose the order n of the Bessel
function in such a way that the solution (5.56) satisfies the Schro-
dinger equation not only for large 2, when x-. x,, but also near the
turning point x — x,, that is, when

PV o (% —x) —0 and z=>2 ‘3/7 (%o — x)*2 > 0. (5.57)

In this case (x--x,—0), the asymptotic expression for ¢ becomes

bemrra =AY T AV Gy xpn). (5.58)
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Substituting (5.58) into (5.53), we find that J, must satisfy the
equation

a2, 1 dJ, 1 —
v T Txo—x d—x'l‘( (%0 — )4(ro—x)’)‘, 0.

Introducing the new variable z= -}{—“ (%o — x)*s (the argument of the

Bessel function) into this equatxon, and denoting by primes the
derivatives with respect to this argument,

Ji41 -i—( o )J 0. (5.59)
If the Bessel function is to satisfy Eq. (5.59) and if, at the same
time, the wave function is to obey the asymptotic equation (5.53),
we must put n=i%.
(5.50), we have

weml i

Similarly, in place of (5.51), we obtain for the second region (E <V)

Thus, instead of the approximate solution

¥ pdx)} (5.60)

q)x>x°=‘/27’Tl;] S: |p ld\'{CIl/g (711 Srlp | dx) -+

+D1,(4 {Ip1ax), (5.61)

Xo

where I, and /_i, are the Bessel functions of an imaginary argu-
ment.

In order to connect the two solutions, we must find the asymptotic
forms of Egs. (5.60) and (5.61) for the region x--x,. The appro-
priate values of z and p are determined from (5.57). For the Bessel
function, it is enough to take only the first term of its expansion:

1 n
L@=1@= 5 (5) (5.62)
The solutions (5.60) and (5.61) becomse, respectively,

AVT (3a)'/e (0 — %) - %(B V=

¢x=xo-0= 1/2 T (]/3) m
o i (5.63)
P b A X . LA V=

T a'rm) n'/2(30)"/* T (2/3)"
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Connecting the solutions at the point x =ux,, we find
D =B, C=-—A.

Considering the asymptotic forms of the ordinary Bessel function
[see (5.54)] and of the Bessel function of imaginary argument®

1, (2) ~ “‘]‘/Lng' (e’ +e“cosw (\n - %)) , (5.64)

5The Bessel function of imaginary argument 1s related to the Bessel function of the
first kind by the equation

_ o

() -7 ",0 — ¢ 2 J,(x),

where
"
1
X ze 2
The asymptotic form of the Bessel function with x I’C|P"f’ can be calculated either for
m
) t0

2 1 g 3
da0) et J—— cos(.x {-omnt ‘/2)) for - e —m, (5 64a)
mx 2 2 2

m
or for (f) 0
2

2 1 m g
J"(l‘) - cos|a ) 7(nt ¥)) for — s < p E (5 64b)

mx

(see, for example, P. Morse, and H Feshbach, Methods of Theoretical Physics, New York

McGraw-Hill, 1953, Vol I, p 622) Therefore, the asymptotic form of [, for real 2 has a
discontinuity (Stokes phenomenon) Indeed, using (5 64a) and (5 64b), we find for the

{wo cases
W'(n t i))

1 T
I(2) == e e % for & —+0, (5 64c)
V22 2
1
1 —ﬂu(n + 2—)
RS (l»z b e~z for - T -0 (5 64d)
Van: 2

Unfortunately, many authors, including Morse and Feshbach (see Methods of Theoretical
Phvsies, Vol 11, p 1097), use (5 64c) 1n analyzing the passage of particles through a po-
tential barrier and thus obtain a complex asymptotic expression for the real function [,,(2).

m
The correct procedure at ¢b (where the function has a discontinuity) 1s to take the half-
2

sum of (5 64c) and (5 64d) 1n order to obtain the asymptotic expression (5 64), which, as
expected, 1s real



THE TIME-DEPENDENT SCHRODINGER WAVE EQUATION 89

and also taking account of the relation between the coefficients, we
find that for large 2, the formulas (5.60) and (5.61) take the form

Py = V {A cos( s pdx — 17> -+

- B cos (—711- S pdx — 1%)}' (5.65)

X
2 §ipia

bow=gy=(B—Me =+

S| —

=

—a Siplas

+(B+A)cos ge % }.

Setting B=A = 7% in the last equality, we find the first pair of

connected solutions

1 1
(Px<r°=3/a—é sin <3 ! pdx |- I), (5.66)
x
x
. - Tl S lplde
q‘w>xo='5—],ﬁ;i'e *o , (5.67)

for which the exponentially decreasing solution (5.67) in the region
x>x, is the analytic extension of the sinusoidal solution (5.66) for
the region x < x,.

To determine the analytic extension of the exponentially increas-
ing solution (x>>x,), we must set B=--A=5. We then obtain the
second pair of connected solutions

Pasre= VECOS( Spdxn‘ ) (5.68)

X
; Slnldr

Gasry =T/|!Jp_'|‘ e o . (5.69)

According to Egs. (5.66) and (5.68), the expression for ¢ in

region I (x<Cx,) is of the form of standing waves. It can also
be written in the form of traveling waves. Indeed, setting

b=(g+h),  a=i(g—h),
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we have
G et ) 3
i\ \ pdx+—+ _ l_ . E3 )
4’x<xo=—]—}?[ge " ! + he l(ng”d +4)]‘ (5.70)

The appearance of the factor }/ p inthe denominator of (5.70) means
that the probability of finding a particle in a unit volume (that is, a
quantity proportional to |4[?) is smaller, the greater the velocity.
Inside the barrier the exponental solution that is connected to (5.70)
takes the form

1 “ 'plax
q’x>xo=—[/|p|~!(g—{—/z)e X0 -

v $ e
_g—=h, Py,
e ] (5.71)

In cases where the potential barrier is located to the left of the
turning point, we must interchange the limits of integration, so that
the lower limit will always be less than the upper limit.

On the basis of these results, we are able to quantize the problem of the potential well
(that is, find the energy levels of the particles) in the WKB approximation, Let us assume
that we have a potential well of arbitrary shape, as illustrated in Fig, 5,2, Obviously,

'
!
'
|

/\
O\

xz .Z', J”—'.Z} Z

|
I
|
|
|
]

Fig. 5.2. Quantization 1n a potential well according
to the WKB method

the process of quantization in the WKB method will consist in finding the conditions under
which the exponentially increasing solutions on both sides of the potential barrier (¥ << x,
and .v > .vy) vanish,

According to (5,66), the wave function for this case has the following form in that
region of the potential well which is adjacent to the boundary of the barrier at x =.;
(there being only an exponentially decreasing solution inside the barrier):

X3
b

J a' . 1 . n (5.72)
Yy<a, =y S ('ﬁ Pd.\+:‘ .
Ve p )
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Because of the requirement of an exponentially decreasing solution inside the potential
barrier 1n the region v - x, the following solutionis obtained for the potential well in the

region x> x;:
o
=2 - -
q’x>.\‘; - ]/7’ sin ( F) S pd‘ + 1 )- (5'73)
A3

Two solutions must be identical at any arbitrary point.¢ 1n the potential well (v; <.xv <<xy,
as long as we do not take points too close to the boundary of the potential barrier, Joining
the solutions (5,72) and (5.73) at some point «(that is, matching the two wave functions
and also their derivatives), we have

X3 x

Ve 1 T (1

a' sin <—n- S pdx -+ —4—>——a sin (—n— Spdx-{-%):O,
X ET
X9 X

a c:os(1 gpa'x—}- >+a cos(% Spdx +-}>=
x x4

If this system of homogeneous equations is to have a nontrivial solution for ¢ and «', the
determinant of the system must vanish, We then obtain the relation

N
: " =\ _
snn<7!-S pd.\+7)__0

X1

The mtegralS p d.x cannot be negative, since p=V 2m, (E — V) == 0. Hence

X1

‘;T S pdstg=@+Dn n=0,1,2... (5.74)

Thus the quantization rules obtained from the WKB approximation (that is, with an
accuracy up to the terms of the order of #) have the form

(j', pdx="2zh (n + %) (5.75)

These quantization rules differ from the Bohr quantization rules by the presence of a
nonzero term =y 2aft, which corresponds to the lowest state (n=0). A more exact solu-

tion of a similar problem in wave theory (for example, the harmonic oscillator problem)
shows that a zero-point energy necessarily exists, although it does not affect the radiation
spectrum,

Let us now find the normalization coefficient of the wave function for the case of a
potential well, In normalizing the function, we can restrict ourselves to integration over
the interval x; << A <C X3 (potential well), since ¢ decreases exponentially everywhere
outside this region, The normalization coefficient can be then found from the equation

S = sm' Sfp dx 4 —Z—l: L. (5.76)

A1

Since the sinusoidal function oscillates rapidly, its square can be replaced by its average
value, 1/2, without significantly affecting the accuracy, We then have

MI

dx
5’7 =1 (5.77)
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The oscillation period = 2;;?(:» is the angular frequency) is

X3 X
2n ‘dx v ody
te==— =2 \ — =2m, ‘S -=,
w J v 14
X1 X1

where v = l{: is the velocity of the particle, Hence, for the normalization coefficient, we
0
obtain the expression
2wmg
n

Consequently, the eigenfunction (5,73) 1n the WKB approximation assumes the form

— X
20 ( l T 5
i ! - o B .78
"-l/-nv - nSde 4>. (5.78)
AL
M Determine the eigenfunctions and eigenvalues of the energy of a particle

in'q three-di sional potential well bounded by an tnfinitely high potential barrier:

!0 for O< e <l, O<<y<<hy, 0<z<<h,
\ oo outside the potential well,

a=—=

Vg 2=

Find the conditions under which different wave functions correspond to the same energy
value [, that 1s, the conditions under which the energy levels are degenerate,
Answer,

_=*h*ni | ony | ond
Ennany = -2;,,0‘< i E)x

8 RGN TNy T2
| = - n—= = osn —2=
pnln:n. l/l;lsla st 7 sin 7 s i

(m, ns, ny=1, 2, 3,...).

In partcular, when fy==/,, we have degeneracy for the case of the two different wave

functions k{z,“ng,,a and 4/,,_',“,,.:

En‘n,n. = Eﬂgﬂ]’l;'
Problem 5.2, YFind two classes of solutions (symmetric and antisymmetric) for a
paltic. mensional symmetric potential well:

Vo for  x<—1I (regionl)
V(v)=={ 0 for —I<x <! (region II) (5.79)
Vo for x> (region III)

Show that, when V, can have any arbitrary value, only the symmetric solution must
always have at least one energy level, Find the condition under which an antisymmetric
solution 1s possible, Show that the antisymmetric solutions corresponding to x > 0 also
represent a complete solution of the system in the case where V (x) is described by
the function

o for «x<<O,
V)={ 0 for 0<x <</, (5.80)
Vo for >

6
These problems are based on the material contamned in both Chapters 4 and 5
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Plot a graph of the potential energy and of the symmetric and antisymmetric wave
functions,
Solution, The wave functions in regions I, II and III have the form

Y= D™D (e<c—1,
yy=As sinkx -+ By coskr (~Ii<x <),
Y =G *¥0 (>,

e E 5
h= ]/..’;35, x= ]/ o Vo — E).

The exponentially increasing solutions have been discarded because they diverge (indeed,
this is the factor that is ultimately responsible for the discrete values of the energy),

where

From the boundary conditions at x=7F/, it follows that ¢, y;,(v)=1{;(x) and

v lt'il"(X) = dq}:{‘ (x) . From this, we find that it is possible to have either a symmetric
x x

soluuon, for which ¢ (x)=¢ (—x), or an antisymmetric solution, for which ¢ (x)=

=—¢(—x)
For a symmetric soluuon A;= 0, Cy=D,, and the energy levels are found from

the equation
2 __ 42
tan a = ]/- g —at (5.81)

2m, E 2mqV
=t ) IE, 5= 1/—-,:-.1.

Since Jf* — a®/a > 0, the minimum value of the angle a must lie in the first quandrant
and can be found from the condition

where

1 a
CoS a =~

]7 I4tan'a tand ¢ = B
This equation will always have one root for any value of § in the region0 <a << 2. as is

easily shown graphically from the fact that § = const > 0.
For the antisymmetric solution[§ (x) = — ¢ (— x)], we have B;=0 and Cy =~ 0,,
The energy levels are determined from the equation

tan @ = -— -VT?‘;'I:—‘—_G’.. (5.82)

Since the right-hand side of (5,82) has a negative sign, the minimum value of the angle a
must now lie in the second quadrant and can be found from the condition

tan a
SN 2 = — —

Vi ftan”

™| R

Introducing the notation
“2' +1
where the angle ¢ lies in the first quandrant, we find

cos y=

L
wtTE
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It is evident that this equation has at least one root only when

n n2h?
-, Le, for V°>83Tx.,72"

Since the wave function of the antisymmetric solutionvanishes at x =0, the antisymmetric
solution for x>0 is also the solution for a particle in a potential field described by
(5.80).

md the transmission coefficient ) of a particle through a potential
ba 2L 0

resmpular shape (see Fig, 5.3), if the particle energy I/ is less than the height
of the potential barrier V,,

Viz)
Incident wave ‘Transmitted
wave
N—” NG
Reflected / v/ £ m
wave
0 a I

Fig 5.3 Transmission of a particle through a potential
barrier

Solution, The solution of the Schrodinger equation for the various regions has the form:
§ == Aetk¥ - Biem kv for & <0 (regionl)
Yy =rhe v | Byerx for  0<<.w <<a (region II)
Yy == daet® M Buemtkiv-@ for x > q (region III)

s 9

llere k”.—.:‘"”,"‘;l‘, 22 e== T;:? (Vo -- L), Aje'k* and B,e-tk* characterize the incident and
reflected waves, respectively; ;e'*'¥-@ characterizes the transmitted wave; and
Bye 'Riv-a - characterizes the reflected wave comung from infinity, Since we have no
reflected wave from 1infinity in our case, we must set B,=0,

‘lo determine the transmission coefficient we shall use the boundary conditions at
v=aand.x=:0, We first express /l; and B, in terms of A;, making use of the fact that
wa < e

1 —in

(1-_1 == -~2-—‘ Iht’"a,
By— Ué-’-'i Ase~ 21250,

and then express A, in terms of A

[0 1
(t—in) 14 =
A1=.___—-4l. ")

e""A,.

The transmission (diffusion) coefficient D is then found to be

sl et e e — 16n?
D__lf\xl"__ (1 + ¥ e —e,\p( 2xa 4 In (l-i-n’)’)’
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"’""Vv.,—f

Neglecting the second term in the exponential for D (this is possible because the quanury

( 1:,;, 7 is only slightly different from unity), we finally obtain

where

DN —2—:- vV 2my(Vo—E)
=e .

When 1 =0, we get the classical result D=0,

Problem 5,4,3 A particle is in a potential field of the form

o, x<0,

0, O<x<<! (region I)

Vo, I<x<<l, (region II) (5.83)
0, L<<x (reglonll)

a) Show that the spectrum is continuous,

b) Show that for x/’>1 and 7 (/; — {)=va > 1 (0 < E <V,) there must exist quasi-
levels, that is, states such that there is only a transmitted wave in region Il (see
Problem 5,3),

c) Construct a graph of the wave function corresponding to a quasi-level,

d) Find the squared modulus of the wave function inside the potential well and
explain why it decays exponentially with time,

Solution, In the various regions, the wave function has the following form (see the
notation of Problem 5,3):

§=4; sin kx,
¢,I=C2P‘ x(¢-D + Dge”-“‘l’,

"Plll= Caezk(x—ll)_}_ Dse 1k(.r—-ll)-

From the boundary conditions, we find

C x i 1 ¥ i
o’.}“c*e ( "—‘%)*'50%”(‘ ' %)

g’i }-_—.T}Al(smklI—:{i coskl).

These relations hold for any value of E, and therefore the spectrum is continuous,

We obtain quasi-levels by requiring that there should be only a transmitted wave in
the external region (region IlII), that is tosay, only a wave moving in the positive . direc~
tion, Setting Dy=0, we obtain the following equation for the energy of the quasi-levels:

4 « _27 Vitlad
tan ¢ 4 —————= X
BT
Vﬁ"——a"-{-la a
= =] o

It should be noted that the amplitude C,in this case is much smaller than the amplitude
Ag:

~Lyim—a
lc."\rA‘C ¢ .
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For a=o, Eq, (5.84) becomes exactly the same as Eq, (5,82) which gives the energy
levels of the potential well (5,80),

We let E, denote the value of the energy of a particle in the potential well which we
obtain from (5,82) and, for present purposes, we disregard all real corrections to £,, as
they make no essential difference to the problem, We then obtain the following expression
for the energy:

E=xE, -——;- i, (5.85)
where
-2 Vi
1—1.'-’-8 aV o= Eo), E°=_m._°2‘ui.
and where
16n3
1%—(]‘:’—!12)”' V‘Vo__Ll

under the conditionx/ » 1.

The presence of an imaginary part in the expression (5,85) for the energy indicates
that the wave function decays exponentially with time, The transmission coefficient
through the potential barrier for this case can also be found from (5,85), Indeed, the
squared modulus of the wave function inside the well is

| | =const-e™™

and thus A, which is called the decay constant, characterizes the decrease of the prob-
ability of finding the particle inside the potential well, The quantity A is related to D, the
transmission coefficient for a single collision of the particle with the potential barrier,
by the equation

b~ Dy

where - [ is the number of collisions with the barrier per unit time, Hence we obtain an

expression for D:

/'_27"———
~ % L -;’;‘L(vo-m
D=e .

‘The same expression for D was obtained in another way in Problem 5,3, In Chapter 6 we
shall obtain it for the general case in which the potential energy is an arbitrary function
of the coordinates,

‘The constant A also determines the duration of radiation ¢ }l\ (see also Problem

rad™
3,4), Therefore, the quantity AE ~ ik should characterize the width of an energy level,



Chapter 6

Basic Principles of the Quantum Theory
of Conductivity

A. TRANSMISSION OF A PARTICLE THROUGH A
POTENTIAL BARRIER (TUNNEL EFFECT)

According to the classical theory a particle can be located only
at those points in space where the potential energy V is less than
its total energy E. This follows because the kinetic energy of a
particle

p :

= E—-V (6.1)
must always remain positive. In a region where V > E (a potential
barrier), the momentum has an imaginary value and, classically,
the particle cannot exist in such a region. Therefore, if two regions
of space in which E>V are separated from one another by a
potential barrier inside which V >[I, the classical theory does
not allow a particle to penetrate from one region into the other.
In_the wave theory, however, an imaginary value of the rgomen-
tum_ (see_the” WKB ‘approXintation™ métHod; Ch’!iﬁ‘te‘b__g)_ simply
corresponds to an €xponential dependefice of fhe wave Tunction on
the “¢odrdinafes, Since the wave Tuftetion does not vahish ifiside the
poténtial barrier, it is quite possible for a particle to leak through
it. This phenomenon is observed in the case of microparticles.
The penetration through a potential barrier is called the tunnel
effect. 1t is a specifically quantum-mechanical effect and has no
analog in classical mechanics.

With the WKB method, it is a relatively simple matter to deter-
mine the probability of penetration of a particle through a potential
barrier of an arbitrary but sufficiently smooth shape (see Fig. 6.1).

Let us assume that a particle is moving in the direction of
positive x in the region I (—wo<x<x,), where E>V (x). It en-
counters a potential barrier (x, < x< x,), where E <V (x), at the
point x=ux,, and then falls into the region III (x>>x,), where again
L>V(x). The beginning and end points of the potential barrier can
be found from the condition

V(x)=E. (6.2)
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The de Broglie waves corresponding to the motion of this particle
will be partially reflected from the potential barrier and partially
transmitted through it. The transmitted waves will then propagate
in the region III (x >x,). To determine the probability of penetra-
tion of a particle through the potential barrier, let us begin by

Incident wave
Transmitted

\ /
-
Reflected

wave

Wit

h
|
i
]
]
I

. 1

Ay '3

Iig 6 | Schematic diagram of a potential barrier
of an atbitrary but wufficiently smooth shape
The winaident and transmitted waves are repre-
sented by the solid curve, and the reflected wave
by the dashed curve

analyzing the wave in region III, where the solution has the simplest
form, since 1n this region there can be no wave moving in the
direction of negative x. According to Eq. (5.70), the solution in
region 11l has the form

v \s

(I n 1
. " 3 pdax - — - - Sp:lu}-—“- B
$up == ]/1/;: llJHIG (A 3 4) 4 e (" A i )J» (6.3)

where
p=1 2y (E— V (x)). (6.4)

We define the transmission coefficient as the absolute value of the
ratio of the flux density of the particles transmitted through the
barrier to the flux density of the incident particles:

D=t (6.4a)

| Jinc

To determine the particle flux, we shall make use of Eq. (5.23).
Setting the constants ¢ and m, equal to unity (which we are allowed
to do because we are interested only in the ratio of the particle
fluxes), we obtain
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im0y )
]——2"(“ cy—¢t 'dx)' (6.5)

Substituting (6.3) into (6.5), we find
im=lgyl" for hy,=0, (6.6)
jin=—\hy* for gy=0 (6.7)

It is seen from the above that the amplitude g characterizes the
wave propagating in the direction of positive x, and the amplitude
hy the wave propagating in the direction of negative x. Since, as
has been already mentioned, there is no wave propagating in the
negative x direction in region III, we must set /ini==0. Then

jir =|gm l‘z’ (6'8)

and the corresponding joined solution inside the potential barrier
(region II) can be found from Eq. (5.71). Setting /i==0and g=gu in
Eq. (5.71), we find

1
ry Ipldx -- |pidy
' | PR n
Y =Virl [gme s lne * ], (6.9)
where
|pl=V"2m,(V —E). (6.10)
Using the equation
L .
7{\ lPldv\=T"‘7 S[pldx, (6.11)
* £
where
1 fs[ | dx = - 5;‘/2"1 (V=Eydx 6.12)
r-—,,sp —,13 o(V—E)dx, (6.
31 X1

the solution (6.9) can be put into a form such that 1t can be connected
to the solution in region I by means of Eq. (5.70). Thus we have

X X
I — - Vipiax . L ipae
= Vip [gme7e o +zgueTe M ] (6.13)
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According to Eq. (5.70), the solution in region I (x< x;) has the
form

1 ¢ 1 ¢
== [g,e’(i.g rertd) Ve [+ ”MT)]_ (6.14)

Substituting this solution into (6.5), the following expressions for
the incident and reflected waves are obtained:

Jine =M% (6.15)
Jret=—lg, " (6.16)

Equations (5.70) and (5.71) can be used to relate the coefficients

giandh with gme‘and%igme*;

&+M=%@PH (6.17)
g — Iy=—2ig,e" (6.18)
From this, we find
h=ig,, (e’ +1 e"‘), (6.19)
g =—igy <e7 — % e") . (6.20)

In accordance with the definition of the transmission coefficient
(6.4a), we have

D lJtr | _ lamP _ l . (6.21)
|j1nc' |hl lg (87-!— %8_1)1

In exactly the same way, we find the reflection coefficient

>

el — —1- el :
R=—§——} E"’ ) ﬁgg. (6.22)

—

From these formulas, it follows that the sum of the transmission
and reflection coefficients is equal to unity:

R+D=1. (6.23)
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For cases where the quantity 7 is much larger than unity (these
are the only ones of practical interest), the transmission co-
efficient (6.21) is given by the expression’

X3
S Vimg (V=F dx
Dote¥=e =x . (6.24)

In the classical limit (#—0), it is evident that the transmission
coefficient becomes zero, as we would expect, and thus the
penetration of particles through the potential barrier is impossible.

B. THE TUNNEL EFFECT AS A MANIFESTATION OF
WAVE PROPERTIES

The penetration of particles through a potential barrier is a
typical manifestation of their wave properties. Therefore, an
analog of this effect must occur in
every type of wave theory.

In optics, this analog is the well- 1
known phenomenon of total internal g, Glass
reflection, which occurs when light is
reflected from an optically less dense
medium. Let us assume that a ray of r ¥
light propagating in glass strikes a % INir
glass-air interface (air being the op-
tically less dense medium). (See Fig.
6.2.) Then the wave field, which can ¢
be characterized by the electric or
magnetic field strength, is described  Fig. 6.2. Propagation of light
in glass (where the index of refraction  from a more dense to a less
n>1) and in air (n=1), by the follow- dense medium.
ing equations, respectively:

. lll)ln
— it —L (Vs ) 4 ycos 1y

p=2Ae ¢ , (6.25)

— toqyt 4 i”?-ll (v sin Opp -[- y cos Byp)
on==Ae ¢ . (6.25a)

In solving the similar problem of penetration of a particle through a rectangular poten-
tial barrier (see Problem 5 3), we obtained the same exponent as in (6 24), but in front of

-2
the exponential there was a factor — 16n - n - ‘} il , which was of the order of
1+ 112)2 Vo-E
unity In the case of a smooth barrier (that 1s, a barrier exerting a force which 1s continu-
ous at all points), this factor becomes exactly unity
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Equating these functions? at the interface (at the plane y=0),
we obtain the familiar laws of refraction:

op=uo;; smiyj=nsinl; coshy=})1--n?sin*f.

Substituting these values into (6.25a) we find for the refracted
wave

iw [
— dot |- Ac—l (ensmb pyVT—=ns sm-’Ol)

on=Auye

From this it is seen that, if nsin6, <1, an ordinary wave will be
propagated in region II. In the case where nsinf>>1, we have total
internal reflection, the physical analysis of which can not be given
on the basis of the laws of geometrical optics. From the standpoint
of physical optics, which accounts for the wave properties of light,
the electric and magnetic fields are exponentially decaying:

1w

w . —
- —cl— Vn3sin30p — 1y — twyf -} ~t—l- xn sin by
Pu=ée .

If in the case of total internal reflection the refracted wave en-
counters a second glass surface (region III) (that is, we have two
pieces of glass separated by anair layer), then in region III the wave

is again propagated accordingto Eq.

Incident (6.25). Its amplitude, however, will
wave ' . .

be an exponentially decreasing func-

tion of the width of the air layer !.

@ -
— — Vnism20 =11
N/' Am:/he ¢ P . (6'26)

/ Air lay”er A diagram of the tunnel effect in
cils optics is shown in Fig. 6.3.
Wave Before concluding the physical

transmitted analysis of the penetration of par-
Lhmugh ticles through a potential barrier,
arrier  we should also consider the so-
Fig. 6.3. Schematic diagram of the called ‘‘tunnel effect paradox.’’ This
tunnel effect 1n optics (total inter- paradox lies in the fact that, at first
nal reflection). glance, it seems as though the real
classical particles inside the poten-

tial barrier are in a peculiar state characteristized by an imaginary
momentum, However, it is important to remember that in this
purely quantum-mechanical phenomenon, it is only the probability
of a particle being somewhere inside the barrier which decreases
exponentially as we recede from the boundary into the potential
barrier. Inside the barrier,the momentum and position of a particle
are real, and are both given within the framework of the ordinary

e

ZWe shall not write here the expression for the reflected wave.
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uncertainty relation. In order to show this, let us consider a
potential barrier with constant V. In the first approximation, the
wave function inside the barrier changes according to the equation
e =4~Ae™, (6.27)

where
x =1/ 2m, (V — E) = const. (6.28)

The right-hand side of (6.27) can be represented in the form of a
Fourier integral

e = 6& f (k) cos kx dk, (6.29)
where
2%
(k)= TR (6.29a)

which means that it can be represented as a set of wave functions
having real momenta. Obviously, the amplitudes f (k) will effectively
differ from zero only when % varies in the range from 0 to x.

Thus the uncertainty in momentum is

Ap ~ Fix.

According to wave mechanics, the position of a particle inside
the potential barrier can be determined only to an accuracy within
the order of the width of the barrier:

l=yx,—x, bx~l1,

Multiplying Apand Ax we obtain
ApAx ~ fiul,

Since our equations are valid only for the case »/ > I, the accuracy
in determining the momentum of the particle and its position inside
the potential barrier will not contradict the uncertainty relation.

C. MOTION OF ELECTRONS IN A METAL’

The theory of the tunnel effect has a number of very important
applications both in the theory of metals and in nuclear physics.
On the basis of this theory it is now possible to explain a number
of phenomena which could not be accounted for in classical physics,

3See H. Bethe and A. Sommerfeld, Elektrontheorie der Metalle, Handbuch der Physik,
Berlin: Springer, 1933, Vol. 24, part 2.
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such as cold emission (the emission of electrons from a metal
under the action of an electric field), contact potentials, etc. Before
discussing these phenomena, we shall say a few words about the
theory of an electron gas, which underlies the electron theory of
the conductivity of metals.

The high conductivity of metals indicates that electrons are able
to move relatively freely inside the entire crystal lattice of a metal.
Their excape from the metal into vacuum is, however, hindered
because this requires the expenditure of a certain energy, the so-
called ‘‘work function.”” This suggests that as a first approx-
imation, we may simply consider the metal as a potential well,
inside which the potential energy of an electron can be taken as
equal to zero (V = (), while outside the metal (that is, in a vacuum)
V=V,>0,

This simplified model enables us to explain several phenomena
occurring in metals. Some of its fundamental results, obtained for
the case of free electrons, can be extended (with the help of quantum
mechanics) to include the periodic field of a crystal (see below the
simplest one-dimensional Kronig-Penney model, which correctly
describes at least the qualitative aspects of many phenomena).

The electron gas model of a metal was first considered in
classical theory (the theories of Drude, Lorentz and others). In this
version of the model, the classical Maxwell-Boltzmann statistics,
which had successfully explained many phenomena in the kKinetic
theory of gases, was now applied to electrons. However, the elec-
tron gas model encountered great difficulties in developing a
theory of specific heat. In accordance with the theorem of equipar-
tition of energy, well-known from classical statistical mechanics,
each degree of freedom must have, on the average, an encrgy 4

LeT, (6.30)

where & is Boltzmann’s constant. From this, it is evident that the
contribution of each free electron to the total specific heat will be
the same as that of a free atom:

el ar 3
Com= V=1

k

This contradicts the experimental facts which indicate that the
specific heat of a monatomic metal is the same as that of the lattice
atoms; that is, in the first approximation, free electrons make no
contribution to the specific heat of a metal.

4The specific heats of monatomic substances will be considered in greater detail in
Chapter 12 [see formula (12.66)).
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This contradiction was resolved by Sommerfeld, who showed
that electrons in a metal do not obey the classical distribution
E

f==Ae .

Instead, the distribution is characterized by the Fermi-Dirac
distribution function

1
fF-D== —1——---
L BT ¢

The Fermi-Dirac quantum statistics is based on the Pauli
exclusion principle, according to which each energy level can be
occupied by at most two electrons (two quantum states which differ
only by the direction of spin).

If we are given a three-dimensional potential well of a cubic
shape, with side length equal to L, then, according to Eq. (4.57),
the components of momentum p =ik will be related to the integers
m, n, and n, characterizing the energy level by the expressions

__2=hn 2nling 2rhing
/’x_“[_": py_'_l‘_’ p:= AN

We note that a unit interval of quantum numbers
(My=24n,—= A/z = 1)
Ang\ndn, == ‘h dp (6.30a)
is associated with only one level, occupied by two electrons. There-
fore, if there are p, electrons per unit volume, the maximum

momentum of an electron at absolute zero(7 ==0) can be determined
from the relation

Pm
Po= ‘LazA”lA’hA”,— ”h s p)d)_' I‘;’TZT (6.31)

or
Pmax==T7(3xp,)"/s. (6.32)
The corresponding maximum kinetic energy is

p ma.x
’m.,

o (3%%p0)s. (6.33)

0
Lnax =

This energy is called the Fermi energy.
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As an example, let us compute the value of this energy for

silver. The density ofsilver is 10.5, and its atomis weight is 107.9,

Assuming that the number of free

mmrmm electrons is equal to the number of
Metal atoms per unit volume, we have

Vacuum ! Vacuum

105
Po=1To79

-6.02. 10%=5.8 - 102

> where we have used the Avogadro
number (the number of atoms inone
gram-atom, equal to 6.02 . 10%),
Hence, Eq. (6.33) gives

[ XX N Y X

Fig. 6 4. Model of a potential well for )
£ Liax=285-10 " erg=>5.3 ev.

a metal.
Emax 1s the upper limit of the filled
levels at T = 0 (the Fermi energy) Since the work function for silver

is W=3.7 ev, the depth of the

potential well in silver is found to be equal to 9 ev. A schematic

diagram of the filling of energy levels in a metal is given in Fig. 6.4.

The average energy of an electron in a metal is given by the
equation

Pmax

_ Pdip 3 (6.33a)

Eyy=2 \ Lo th=1 .
aVTT o, ) 2me S8 5 T max
0

In agreement with experiment, it follows that at relatively low
temperatures the electron gas makes no contribution tothe specific
heat, since

el __ OFay__ 0.

Co =797

If the temperature differs from zero, some ofthe electrons will
jump into higher energy levels. The distribution of electrons in
the higher levels will not be characterized by a Maxwellian dis-
tribution, but by the Fermi distribution function

1

=T (6.34)

A

At T=0 (the case considered above), this function equals unity if
L Lpay @nd zero if £> Epaye. For T # 0 the average energy can
be obtained from the expression

3 <2p2T?
Eav="5 Emax+ g—+0(T").
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Hence, the contribution of each electron to the specific heat is

JET

el _ ey _TRL .3
Cv =Y = Ly T R (6.35)

which vanishes as T— 0. At high temperatures, when the quantity
—Lll—eE/”T becomes much greater than unity, the Fermi-Dirac distri-
bution function (6.34) approaches the classical Maxwell-Boltzmann
distribution

f=Ae—EnT, (6.36)

which, as we know, implies the following expression for the average
energy of a free electron:

el 3
Eav=»2~kT. (6.37)

By comparing this expression with the average energy at low
temperatures [see Eq. (6.33a)] and using the condition

ES > Eqy (6.38)
it is possible to define the degeneracy temperature
n: . .
Taeg ~ i, (3002 (6.39)

At temperatures higher than Ty, (7> Tgeq), We can use classical
statistics to describe the behavior of electrons in the metal. If
we substitute the value of p,, say, for silver, we obtain Tgeg ~ 10—20
thousand degrees. Thus, at all temperatures at which a metal
exists in the solid state, the electron gas has a certain degree of
degeneracy. This means that in discussing the properties of elec-
trons, we must use only Fermi-Dirac statistics, and, moreover,
the principal term in the expression for the kinetic energy of free
electrons is independent of temperature.

This large value of the degeneracy temperature is associated
with the small mass of the electron m,. Ions and molecules have
a mass thousands of times greater than the mass of an electron,
and therefore classical statistics applies to them at ordinary
temperatures.

D. REMOVAL OF ELECTRONS FROM A METAL.
COLD EMISSION

From the potential-well model of electrons in a metal (see
Fig. 6.4) we can see that to remove an electron from a metal
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it is necessary to impart to it an amount of energy no smaller than
the work function

W=Vy— Epax. (6.40)
As we know, in the external photoelectric effect an electron

receives an energy fio from the absorbed photon. Thus, an electron
can leave the metal with a kinetic energy

—;— my==flo — W (6.41)

(Einstein’s equation). It follows that the work function represents
the minimum amount of energy that must be added to the electron
in order to make its energy greater than the height of the potential
barrier.

Potenual energy 1n the

v absence of a field
Metal Vacuum /
3 TS £
SN\ _ Potential energy in the
N presence of a field
\\
N
0z, x, x

Fig 6.5. Potential energy of an electron in a metal
i the absence and 1n the presence of an external
electric field.

The dashed line shows the behavior of the potential
energy curve when the image force 1s taken into
account

In a metal at T =0 some of the electrons occupy energy
levels lying above the Fermi level. If we increase thc kinetic
energy of the electron gas by heating the metal, a certain fraction
of electrons may acquire an energy exceeding the height of the
potential barrier, and thus a current will flow from the metal.
This phenomenon, which is known as thermionic emission, is used
to obtain an electron beam in electron tubes. Under the action of
an external electrostatic field, this current may also arise even at
lower temperatures. Let us consider the influence of an external
electric field & applied to the surface ofa conductor in the negative
x direction. The potential energy for this case is

V(x)=V,—e8x, (6.42)

where e=—¢, is the electron charge and & is the electric field
intensity (see Fig. 6.5).
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In addition to the external electric field, the electron experiences
an electric force called the image force. This force arises because
an electron with charge — ¢, induces an ‘‘image’’ charge ¢ at the
surface of the metal (see Fig. 6.6).

£

il

-2
NN

<

-]

:

o —
1
|
N'\NAN

7 )
7
7
Fig. 6 6. Image forces: an electron outside

the metal experiences the attractive force
of the induced charge.

Thus the total force acting on the electron is

F=e,8— (6.43)

€
4y
The effective potential energy, taking into account the image force,
is of the form

Vet =V,—egr— 2. (6.44)

The quantity Veff has a maximum at the point x,:

Vet e 1 /%
o et =0 =1 ] 2. (6.45)

The maximum value of Vesf is less than V, because

Vmax = Vo=V e. (6.46)

Thus, taking into account the electric image force shows that when
an external field is applied, the work function decreases and be-
comes equal to

W=W—Vege. (6.47)
The electric image forces, however, do not explain cold emission.

In fact, an estimate of the maximum current (with W’ =0) for
tungsten, for instance, gives the value

g=""~2.10°v/cm, (6.48)

e —

whereas experimentally rather strong current is obtained with a
field as low as $=<4-10°v/cm (Millikan).
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Thus, within the framework of the classical theory it is
impossible to explain quantitatively the cold emission of elec-
trons.

In the quantum theory of this phenomenon (essentially the trans-
mission of electrons througha potential barrier), we limit ourselves
to Eq. (6.42) for the potential energy and neglect the electric image
force since it does not significantly affectthe final result. It can be
seen from the graph of potential energy (see Fig. 6.5) that the
external electric field produces a potential barrier of finite width.
Because of the tunnel effect an electron can penetrate this barrier,
the transmission coefficient being given by

Aq
—-,%VZrﬁﬁg YV —E dx

D=-e (6.49)

The integral in the exponent must be taken over the entire width of
the barrier from x=0 to the point x=ux, given by the condition

Vo, —e8x,=E, that is, x— VZ%E ) (6.50)
Then
{ VIO —E = | Vi agr—Ear—
0 0
—Vag | Va—zde=2Vagan 651

.
0

Finally, we obtain the following expression for the transmission
coefficient D:

— —E)¥/
—4/3V2mg Wo—B1 2 -

D=e eh  —e 8, (6.52)

where the quantity &, depends on the nature of the metal and the
energy of the free electrons inside the metal. The cold emission
current is proportional to the transmission coefficient

— 8o
J=JD=Je 8§. (6.53)

It follows from the last equation that cold emission should be
observed for an electron field of § ~10° v/cm. This result is in
good agreement with experimental data,
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E. CONTACT POTENTIALS

Contact potentials, which were discovered by Volta, can also be
explained on the basis of the tunnel effect. Let us consider two
different metals with different work functions and different Fermi
energies (see Fig. 6.7). Ifthesetwometals are brought into contact,
they will still be separated by a potential barrier of finite width.

Vacuum Metal I Vacuum Metal I Vacuum

E3

E3
-

Lor

00000000

[ X ] 1".}0 [ X X X ]
£z

Fig. 6.7. Two metals before they are placed in contact with each
other.
W; and W, are work functions, Ey; and Ej, are the upper limits
of the filled levels (the Fermi1 energies)

Since a certain number of filled energy levels in metal I lie above
the highest filled level of metal II, electrons can move from metal I
into the empty levels of metal Il by the tunnel effect. From Fig. 6.7,
it is seen that no flow in the opposite direction is possible, since
electrons of metal II would then have energies corresponding to
filled levels of metal I. It is obvious that the electric current from
metal I to II ceases only when the uppermost filled levels of both
metals are of the same energy.

Wy

£y
£g2

[ X J [ XXX X J
9000000

Fig. 6.8. Two metals after they have been brought into
contact. Formation of the contact potential.

As a result of the tunnel effect, metal II acquires an excess of
electrons and is charged negatively, whereas metal I is charged
positively. Thus, the energy levels of metal II are shifted upwards
relative to those of metal I (see Fig. 6.8). After the Fermi levels
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in both metals are equalized, the electric current ceases, but then
there arises a potential difference proportional to the difference
between the work functions of the metals:

A(D=(I)1—(I>e=_%_;:o__‘[/_l. (6.54)

This quantity is called the contact potential.

F. THE MOTION OF ELECTRONS IN A
PERIODIC ELECTRIC FIELD (THE ONE-DIMENSIONAL
KRONIG-PENNEY MODEL)

As has been previously mentioned, the representation of the
motion of an electron in a metal in terms of the potential well
model is an approximation in which we average out the periodic
potential of the lattice. A number of characteristic features of the
motion of electrons in a crystal appear only when the periodic
variation of the potential is taken into account. In the general case,
the solution of the problem is very complicated. In order to deter-
mine some of the qualitative features of this motion, we may con-
sider, however, a simplified model of a crystal.

In the one-dimensional Kronig-Penney model, the periodic
electric field produced by the positive ions ofthe crystal is approx-
imated by a periodic square-well potential of the form shown in
Fig. 6.9. The width of each well is denoted by a, and the width of
the barrier between two successive wells by b. Thus, the period of
the potential (the equivalent of the lattice constant) is c=a-}-b.
The barrier height is set equal to V,.

Viz)
n=-2 n=-1 n=0 n=1 n=2 n=3
Al
a b_u s
c T

Fig 6.9. One-dimensional Kronig-Penney model of a
crystal.

The solution of Schrodinger’s equation for the nth section of
the periodic potential has the following form:
for the potential well:

$,= A, sin kx, - B, cos kx,, (6.55)

for the potential barrier:
$xr=A; sinh *(x, —c) - B, cosh * (X, —¢). (6.56)
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3’-';!‘? , v= ]/ﬁ'-(—‘;?{i)-, x,=x—cn; the coordinate x,

is measured from the originofthe nthsection (that is, the ath well).
Similarly, for the (n+ 1)st section, we can write

Here k=

Onit==An,15i0 k2, 4~ By OS kX, - (6.57)

We first join solutions (6.55) and (6.56) at the point x=cn-}a (that
is, at x,=a), obtaining

A,zinka - B,coska=— A,sinhxb - B,coshxp, ~ (6.57a)

A,coska— B,sinka= 7} (Ancosh b — B,sinhxb). ~
Next, joining the solutions (6.56) and (6.57) at the pointx=c(n-1)
and noting that x,—=¢ and x,,,=0, we obtain

B;1=B:1+h

X (6.58)

A;; = Py An +1.
Let us substitute (6.58) into (6.57a) and simplify the problems by
considering the limiting Kronig-Penney case in which the width of
the barrier between two wells tends to zero (b— 0), the height V,
tends to infinity, and the width of the well remains constant:

%a- = P =const.
Then, since cosh xb—1 and sinh xb -» xb, we have

A, sin ka4 B, cos ka= 1B, ,,

. op
A,cos ka— B, sinka=A,,; — ra B,

(6.59)

Equations (6.59) are linear difference equations; their solutions
should be sought in the form

A,=Ci", B,=Cs" (6.60)

Substituting (6.60) into (6.59) and dividing both equations by ", we
obtain an equation from which we can determine the quantity r and
the relationship between the coefficients C,and C,:

C, sin ka=C,(r — cos ka),

C, (ip r — sin ka\ =C, (r — cos ka). (6.61)
a /
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Multiplying these equations together and dividing both sides of the
resulting equation by C,C,, we obtain an equation for r:

r*—2rcos Ka-+1=0, (6.62)
where cos k'a is given by the equation

Ll

cos kKa= if-:; sin ka -}~ cos ka. (6.63)

As we shall see below, (6.63) is the fundamental equation for the
energy levels in the periodic field of a crystal.
The solution of (6.62) has the form

r=cos Ka=isin Ka=etita, (6.64)

We note that if the right-hand side of (6.63) is greater than unity,
k¥ will be imaginary, and in this case we get an exponential solution

r—etWla—ptxa, (6.65)

Let us examine in greater detail the solution for the case of real
values of &’

r=c¢i*'a,

From Egs. (6.61) and (6.60), we have

_ ik'a ik'an
C, —C F—Cosha __ (e —coska)e
=6~ A=C sin ka :

C; . Co’ Bn j— Coeik’an_

Substituting the values of A,and B,into (6.65) and using the fact that
x,=x—an when b—» 0, we find an expression for the wave function
in the crystal:

v =C,ei*xU,, (6.66)

where U, is a function with the same periodicity as the crystal
lattice

— ik (x ir’

Uy=——]|¢ 2~ % sin kx, — e~ " *nsin k(x, — a)]. (6.67)

sin ka

In particular, if P=0 (that is, there is no barrier), we find from
(6.63) that £’ =#k; in this case the function U, becomes unity.

It follows from (6.66) that an electron can move freely in the
crystal if # is a real quantity, that is, if the rlght-hand side of
(6.63) is less than unity.
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G. BASIC PRINCIPLES OF THE ELECTRON THEORY
OF CONDUCTIVITY OF CRYSTALS

The quantum theory of electron motion in a crystal lattice provides a key to distin-
guishing between conductors, dielectrics or insulators, and semiconductors (which in a
sense form an intermediate class of solids), We do not intend to treat this subject
quantitatively and shall confine ourselves to a few qualitative remarks based on the one-
dimensional Kronig-Penney model,

As the starting point of our analysis, we shall use Eq, (6,63) to determine the possible
values of the electron energy in a crystal lattice, This equation is

cosk'a= ~’% sin ka - cos ka, (6.63)

where a is the lattice constant, and the quantity k = —1—/-2-;:'—"5 gives the electron energy.
The eigenvalues of the electron energy can be found from the condition that 2' must be
real, This condition means that the right-hand side of Eq, (6.63) must be less than unity,

Setting P = oo, we obtainthe energy spectrum of isolated atoms (in this case the atoms
are separated from one another by an impenetrable barrier), The energy spectrum will
then consist of a separate set of levels for each well;

R=k= wn;a,

E = e (6.68)

T 2mea* ?

where n=1, 2, 3 .... We shall not consider the negative values of n, since they give
exactly the same values of energy, but correspond to the motion of electrons in the
negative x direction, The first two levels (n=1, 2)

n*h?

E], = El'u'aj‘; N [:g == ‘1E1 (6.69)

of isolated atoms are shown in Fig, 6,10,

£
£;
£
E’/
&
Energy levels of
isolated atoms g

Energy levels of the
crystal lattice

Fig. 6.10. The formation of energy bands 1in a crystal lattice.

If Pis finite [see Eq, (6.63)], it is easiest to determine the energy levels graphically
(see Fig, 6,11), The allowed values of k (and therefore of the energy) correspond to the
values of the right-hand side of Eq. (6,63) lying between — land{ 1, In Fig, 6,11, these
allowed values are denoted by a heavy line, Thus, in a crystal lattice containing N atoms
each energy level of an isolated atom is split into N levels, Each of these groups of
levels is called a band (see Fig, 6, 10),
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The electrons in the crystal tend to occupy the lowest energy levels and, according to
the Pauli exclusion principle, each level is occupied by at most two electrons with
opposite spins,

For example, the crystal lattice of an alkali metal contains /N valence electrons if
there are N atoms, The electrons occupy only half of the lower band (since there can be at

most two electrons in each level), In
P the ground state, half of the electrons
i @t cos ka move in one direction, and the other
half in the opposite direction; con=
sequently, the average current is equal
to zero, When an electric field is
applied, more than half of the electrons

‘ - A; ) 1o \Nrm A NI _:k/a move in some preferred direction,
BN 2N N V2 N Y/ 4r . 1 thus producing an electric current and
™~ T ~ moving up into higher energy levels,

Therefore, in a metal, either the first

Fi1g. 6.11. Determination of possible energy band must contain & sufficient number

levels in a crystal lattice. of unfilled levels, or it must come into

The heavy lines on the abscissa axis indi- contact with a second empty band, called
cate the allowed values of ka (allowed the conduction band,

bands). On the contrary, in aperfectinsula-

tor all levels in the first or valence
band are occupied and the levels of the second (conduction) band are all empty. The energy
spacing between these bands is usually several electron volts, It is easy to show that,
when a field is applied, the electrons cannot acquire a preferred direction of motion, The
direction of motion of anelectroncanbereversed only if the electron goes into a different
energy state, But since all the energy levels are occupied, this can only happen if the
electron occupying that other energy state makes the opposite transition to the state
originally occupied by the first electron, Therefore, on the average, there can be no
preferred direction of motion of the electrons even when a field is applied, A diagram
of the energy levels of a conductor and a dielectric is given in Fig, 6,12,

o
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Fig. 6.12. Energy level diagram of a metal and a dielectric

Nevertheless, every dielectric possesses some (very small) conductivity, The con-
ductivity is much greater in semiconductors, where the forbidden band is considerably
smaller than in dielectrics; it is of the order of 1 ev, and sometimes even less (for
example, in germanium, the width of the allowed band is 0,66 ev at 7=2300‘K), At absolute
zero, semiconductors behave like dielectrics; however, their conductivity increases with
rising temperature, particularly in the presence of impurities, At room temperature,
the resistivity of semiconductors is found to be of the order of 10 *—]02 ohmecm, At the
same time, the resistivity of dielectrics lies within the range of 103—]0!® ohmecm, and
that of metals in the range of 107>—10~® ohme.cm,

The conductivity of dielectrics and semiconductors can be of two types, Let us assume
that under the influence of thermal excitation or the internal photoelectric effect (absorb=
tion of light by electrons), some of the electrons jump from the valence into the conduction
band, leaving vacant states (‘‘holes’’) in the valence band, The electrons that have jumped
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into the conduction band become carriers of electric charge, thus producing a current,
On the other hand, as soon as several states become empty in the valence band, an elec-
tric current can also be produced due to the motion of electrons in the valence band
itself, It can be shown that the motion of a system of electrons in an almost completely
filled valence band can be treated in terms of the motion of a set of vacant states or
‘*holes,’”” Obviously, the holes move in a direction opposite to the direction of electron
motion, so that they behave like positively charged particles, Thus,there are two ways
in which charge can be transported and, therefore, two types of electric current in solids:
n type ( due to the motion of electrons) and p type (due to the motion of holes),

With the help of the band theory, we can easily give a qualitative explanation of a
number of interesting phenomena,

For example, the conductivity of a metal increases with decreasing temperature
because its resistance is due to the interaction between free electrons and the vibra-
tions of the lattice., Since the vibrauons of the lattice diminish as the temperature
decreases, the resistance will also decrease, On the contrary, the conductivity of semi~
conductors decreases as the temperature is lowered, because the number of electrons
in the conduction band becomes increasingly smaller, The existence of p type conductivity
in semiconductors has been demonstrated 1n investigations of the Hall effect and thermo=-
electric emf, The sign of the potentials appearing in these phenomena is determined by
the sign of the current carriers. Experiment shows that in some semiconductors the
sign of the potentials corresponds to electron carriers, whereas in other semiconductors
the sign of the potentials is reversed; that 1s, the current carriers act as if they were
positively charged particles, A natural explanation for this is provided by the concept
of ‘holes,”’

The above conclusions in regard to the conductivity due to transitions of electrons
from the valence band into the conduction band (the long arrow on the left-hand side of
Fig, 6.13) and due to the motion of holes in the valence band are based on the assumption
of a perfect crystal, This type of conductivity is known as :ntrinsic conductivitv.

Another type of conductivity, known as impurity conductiuity, also plays a significant
role in semiconductors, It is caused by the presence of foreign impurities or other
structural defects in the lattice, Such disruptions of the perfect periodicity of the lattice
lead tolocal deviations of the field from a perfectly
periodic one, As a result, discrete levels may Conduction
appear in the forbidden band of the energy spec- band
trum of the electrons (see Fig, 6,13), Inpractice,
the wave functions associated with these levels
differ from zero only in a certain regionnear the _‘_ Donor level
given defect, Thus,discrete levels are sometimes Forbidden
called impurity levels, They do not themselves band
contribute to the current (the electrons occupying Accepter
them are not free), However, they may affect the Z level
number of electrons contained in both the con-
duction and the valence bands, Valence

Impurity levels (denoted by shortarrows onthe band
right-hand side of Fig, 6,13)can be divided into two
types: donor levels and acceptor levels, A donor
is capable of supplying electrons to the conduction I1g. 6.13. Diagram of energy bands
band, so that free electrons will appear in the in a semiconductor.
conduction band, In contrast to a donor, an
acceptor absorbs electrons; as a result a ‘“hole’ is formed 1n the filled band so that
electrons in this band are able to jump into higher energy states (ptype conductivity),

If the impurity levels are located sufficiently close to the edge of the corresponding
bands, 1onization (or other effects) can arise fairly easily due to the energy of thermal
motion of the lattice, Therefore, an appreciable number of free electrons (or holes) can
exist in bands even under conditions when direct excitation of electrons from the valence
band into the conduction band is highly improbable,

In the case of impurity conduction, the magnitude and type of the conductivity are
determined mainly by the nature and concentration of the impurities, By varying the
impurides, it is possible to control within a wide range the magnitude of the conductivity
as well as {ts type (n type or p type),5 This fact is widely utilized in semiconductor

5
Pure germanium has a high resistance but the addition of a small amount of impurities
may give 1t either n or p type conductivity



118 NONRELATIVISTIC QUANTUM MECHANICS

elecrronics, It constitutes the basis of operation of modern high-quality crystal diodes
and transistor devices which are capable of rectfying AC currents, as well as of ampli-
fying and generating electrical oscillations,

In conclusion, we would like to draw attention to two important approximations which
we have implicitly assumed in the electron theory of solids, First, in developing the
theory of metals and semiconductors, we were actually concerned only with the problem
of single electrons, Accordingly, this theory is called the single-electron theory, The
collective properties of electrons in solids were takeninto account only in connection with
the filling of energy levels by free electrons, when we calculated certain statistical
quantities (the Fermi energy, specific heat, etc,), Even in those cases we completely
neglected interactions between electrons, although they do in fact experience mutual
Coulomb repulsions, It is easy to show that, for the electron densities which we observed
in metals, the average energy of this repulsion is not necessarily small in comparison
with the Fermi energy, There naturally arises the question of the extent to which this
crude single-electron model represents the properties of a real metal, The answer to
this question is given in the many-electron theory of solids, which we cannot consider
here since this recently developed theory is a highly specialized subject, We may note
that the fundamental notion of the electron gas as a free carrier obeying Fermi-Dirac
statistics 1s retained 1n the multielectron theory, Accordingly, the laws of purely
statistical character obtained in the single-electron theory still hold true, such as, for
example, the linear dependence of the electronic specific heat on temperature, At most,
certain numerical coefficients will have to be slightly changed because of the specific
form of the wave functions for a system of electrons. These refinements, however,
involve exceptionally large computational difficulties,

On the other hand, in dynamical problems, where it 1s essential to take into account
the interactions between electrons, the simplied approach used above (the single-electron
theory) is inadequate, One case of this typeis the problem of the strength of a metal,

The second approximation which 1s implicit 1n the single-electron theory concerns the
crystal lattice, which is regarded simply as the source of a certain statistical field, The
situation is actually more complicated because the lattice ions execute a vibrational
motion, which, as we know, persists even at absolute zero (zero-point vibrations), In
order to take this fact into account, it is necessary to consider the crystal lattice as a
quantum-mechanical systemrather than simply as the source of a field (see Chapter 12, D),
The essential point in this connection is that the lattice is not isolated from the system
of electrons, but coupled to it since the electrons interact with the lattice ions, The energy
of this interaction can be uniquely represented by the sum of two terms, One of them
represents the potential energy of interaction between the electrons and the stationary
lattice, The motion of electrons in a field of this type was considered above in the simple
case of the Kronig-Penney model, The second term is connected with the deviations of
the ions from their equilibrium positions and represents the interaction energy between
the electrons and the lattice vibrations, The average value of this interaction energy is
extremely small in comparison with the energy of the electrons at the Fermi level,
because the amplitudes of the vibrations of the lattice ions are small (except at tempera-
tures near the melting point),

The vibrations of the lattice, however, may play an important role at low temperatures,
when the interaction of each electron with the vibrations of the lattice gives rise to an
additional interaction in a pair of electrons, If these two electrons have opposite spins,
the interaction results in an attraction (in contrast to electrostatic repulsion), As a
result, the pair of electrons begins to move with a certain degree of correlation, Such a
system is found to have the property of superconductivity,6 The smallness of the inter=-
action which causes the correlation explains why superconductivity is observed only at
extremely low temperatures, 7

6A theory of superconductivity based on these concepts was developed independently
by the American physicists Bardeen, Cooper, and Schrieffer, and by the Russian physicist
Bogolyubov [see N Bogolyubov, V Tolmachev, D. Shirkov, A New Method in the Theory
of Superconductivity (trans ), New York: Consultants Bureau, 1959 ]

"See R Peierls, Quantum Theory of Solids, Oxford: Clarendon Press, 1955; W Shock-
ley, Electrons and Holes in Semiconductors, New York: Van Nostrand, 1950



Chapter 7

Statistical Interpretation of Quantum
Mechanics

L,
A/ELEMENTS OF THE THEORY OF LINEAR
OPERATORS

In our general investigation of the Schrddinger wave equation
(Chapter 5), we saw that in quantum mechanics the momentum
operator p= —ify is associated with the classical momentum p of

the particle, the energy operator E =it —a%— with the energy E, the

Hamiltonian operator or simply Hamiltonian H with Hamilton’s
function H, etc. Before analyzing the physical meaning of the
quantities represented by operators in quantum theory, let us
consider certain general aspects of the theory of operators.

In the same way as a function relates a number x with another
number y=f(x), an operator M associates one function f(x) with
another function

$ (x) = Mf (x), (7.1)

according to some given rule.

In order to satisfy the principle of superposition, only linear
operators with the two following fundamental properties are used in
quantum mechanics:

M (Fy +F2) = My + Mf,

MCF = CMf, (7.2)

where C is an arbitrary constant.

The linear operators most commonly encountered are the differ-
entiation sign (for example, the momentum operator M=—’:~ % and
the Laplacian M=v") and the integration sign.

In Poisson’s equation

vi(r)=ep(r) (7.3)
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the operator is the Laplacian which converts the function f(r)into

another function p(r). Conversely, we can solve Poisson’s equation
and find

ﬂm=vmﬂ=—gmﬂxm/ww (7.3a)

Here the operator y *has the form of a definite integral, the kernel
of the operator being

1 1
Wlr—rT Y=o )

K(rr)=—

The operators y* and y% whichhave the same effect as multiplica-
tion by unity when they are applied in succession, are called inverse
operators.

The Hamiltonian operator

H=T |-V,

consists of the sum of the kinetic energy operator T=——2’% v
which is directly porportional to the Laplacian, and the potential
energy V, which is simply a function of the coordinates.
We can regard the action of the potential ener x) on the
waye function as the amm_%ghitions
.2) are_satisfied. Therefore, besides differential and integral
operafors, the linear operators that may be used in quantum me-
chanics include any function of coordinates whose action on the
wave function is simply to multiply it. For example, the coordinate
r is just as entitled to be considered an operator (the position
operator)' as the momentum operator p= — iky, which is a differ-
ential operator, It is worth noting in this connection that in quantum
mechanics 7 does not represent the position of a particle, but is an
argument of the wave function and determines its value in the
coordinate space. The quantity which is equivalent to the position
can be found from the operator r and the function ¢(7) in the same
way as the momentum of a particle is found from the momentum
operator, that is, by averaging (see the following).

lTl’us will become particularly clear when we write the Schrodinger equation 1n momen-
tum space (see below), where the wave function depends on p In this case, the momentum
operator p will correspond to multiplication by an ordinary function, and the position oper-
ator x to differentiation with respect to p.
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B. ELEMENTS OF REPRESENTATION THEORY

The position operators x, ¥y and 2 obviously commute with each
other, since operating with them is equivalent to multiplying by
ordinary numbers. Accordingly, xy—yx, vz=2v, and so on. The

0 . 0 . 0
(?‘\,p‘,:-—-zh(;\; and p:=——;iz()—z

with each other, since the resuli: of differentiation is independent
of the order in which it is performed

operators p.,=—ifl also commute

0 02 02 0°
Oxdy oyox ' vdr = 00y’ and so on.

Similarly, it can readily be seen that the pairs of operators p, and
Y, py and x, and so on, also commute with each other:
a0 0
Py =— il o yp=—ihy 5t =yp.9,

that is,
Py =1Up,.

An example of a pair of noncommuting operators is provided
by x and p,. Indeed,

xp t!{) = — ifix _g’l: , (7'4)
whereas
.5 0. . J
porh=— il —d;v—q’-=—zh<l—{—x5;)tp. (7.5)
Consequently,
(px¥ — xP,) § = — thy, (7.6)
that is,
PeX — Xp, = — IfL. (7.7)

In a similar fashion, it is readily shown that

pyy_"ypy=pzz_zpz='“ in. (7.8)

The noncommutativity of these operators, as expressed by Egs.
(7.7) and (7.8), is a significant feature of quantum mechanics.
The specific choice of the form of position and momentum

operators x and|\p,=— ifi,-)satisfying Eqgs. (7.7) and (7.8) corre-
dx
in which the

sponds to the so= oordinate representation
wave function depends onIV-OT THESTNTRI YA ate + (0 =0 71T
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The Schrodinger equation can also be written in the momentum
representation. For the sake of simplicity, let us take the one-

dimensional case. Using the & functions [see (4.70)], we expand
¢ (x)into a Fourier integral

& (x) = S P8 (x—x)dx' = o S dRdx'y (x') e* 5=,

Since k=Z., where =p,, we can rewrite this equation in the form
W P q

X

dp, (7.9)

Bk

p == [ o(pe’

. P
?(p)=ﬁ fyene™ " ax, (7.10)

The Fourier transform of the function ¢(x), namely, the function
¢ (p) which depends on momentum, is called the wave function in the
momentum representation. Equations (7.9) and (7.10) relate the
wave functions in the coordinate and the momentum representa-
tions.

Let us find what operator in the momentum representation
corresponds to the position coordinate x. We note that in this
representation we need not write p as an operator (that is, in
roman type). If we substitute ¢(x) for x¢(x) in Eq. (7.10), then

1 —i Ly o
xp(p) = ';/?fns xp(xye B dyx=un -%j,ﬂ)- (7.11)
and thus in the momentum representation the operator x has the
form e e e rwwe v
., 0
X=1ih R

It is easily verified that Eq. (7.7) continues to hold true in the
momentum representation, since

"y % :
(xp —px) o (p) = in ( L. — p BEL) — ing ().

In exactly the same way, the fundamental relation (7.7) will be
satisfied if x and p are replaced by certain appropriate matrices.
This form of representation is called matrix representation; it
was introduced by Heisenberg somewhat before the discovery of
Schrodinger’s equation.

The remainder of our discussion of operators will be conducted
in the coordinate representation.
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C. AVERAGE VALUES OF OPERATORS

In classical mechanics the motion of an individual point is
exactly specified by a function relating its position to time. This
dependence can be uniquely determined from the fundamental
differential equation of motion

mypF=—V V (r).

Once we have determined 7 as a function of time, we can also deter-
mine the momentum and energy of the particle.

The situation is somewhat different if there are many particles
involved, as, for example, in the kinetic theory of gases. In this
case statistical laws characteristic of a large collection of parti-
cles must be used. It turns out that the particles of such a collection
obey certain distribution laws, which, generally speaking, apply to
both coordinate space and momentum space (that is, a distribution
describing both the velocities and the energies). The function f that
characterizes this distribution is called the distribution function,
Thus, when we deal with a large collection of particles, we can
only consider a probability that a particle possesses particular
coordinate and momentum values. From the distribution func-
tion we can find that average values of the position and momen-
tum,

x= S xfdﬂx‘ispv Px= S ngdJXd"P»
and the mean square of these quantities
= S x}fd’xd®p, and so on,

which in accordance with the law of large numbers should agree
with the corresponding experimental values.

We must mention one characteristic feature of these statistical
laws. In classical physics they are a result of averaging over the
so-called ‘‘hidden’’ parameters, which determine the motion of each
particle in accordance with Newton’s equations. These hidden
parameters do not appear inthe final results. In principle, however,
classical theory enables us to explain why, at any instant of time,
the coordinates and momenta of individual particles differ from the
average values, even though this explanation may be very com-
plicated mathematically.

In quantum mechanics the behavior of particles is described by
the wave function ¢ (7, ¢), which is a probability function even when
the system it describes consists only of a single particle. Thus,
quantum mechanics allows us to determine only the average values
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of dynamic variables regardless of whether there is a large
number of microparticles or only one. It must be emphasized that
in quantum theory it is in principle impossible to explain the
deviations of observed variables from the average values,? The
method of calculating averages in quantum mechanics is similar
to that used in statistical mechanics. The basic formula used for
this purpose is

M= 5 % (£) Mg () d'x, (7.12)

where M is an arbitrary operator (as a special case, it may be a
number), and the quantity ¢* (¢) 4 (/) plays the role of the distribution
function f provided that the wave functions ¢(¢) are normalized:

Vo or@ax=1.

The average values of the position and momentum, as has already
been mentioned, are in fact computed in basically the same way:

Xx= 3 g* (1) 2 (O)d'x,
p={v ot vnds (7.13)

Here ¥ is the coordinate of the center of mass of the wave packet
associated with the function ¢(f), and p.is the momentum of this
center of mass.

Since the outcome of a physical measurement isa real quantity,
the average values must be represented by real numbers. There-
fore, the following equation must hold:

(My*=M. (7.14)

When this requirement is satisfied, the corresponding operators
are said to be self-conjugate (or Hermitian).

In particular, we shall show that the operator p, satisfies the
condition (7.14), even though it appears to be purely imaginary. As
a preliminary, we must first prove an important theorem for
‘‘transferring’’ a derivative. This theorem is as follows. Suppose
we have an integral

G= \ uv™dx, (7.15)

Y
~00

2\I(m Neumann has demonstrated that hidden parameters cannot be the basis for the
statistical laws of quantum mechanics Von Neumann’s proof, however, 1s valid only with-
in the limits of the actual framework of quantum mechanics itself, and if quantum me-
chanics 1s not taken as an ultimate theory, Von Neumann’s theorem cannot be regarded as
generally valid.
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where o™ = -‘—i:z—. Then, if all terms of the type

) e 5 ) S
[uv"“”J ’ [u‘”v‘"“” I’ o um_nvl (7.16)

e _» - o

vanish, the result of integration of G is not altered if we transfer
the nth derivative of the function v to the function « in (7.15) and
place the factor (—1)” in front of the integral:

\‘ wmdx=(—1)" \ u'"vdx. (7.17)
— -

Indeed, if we carry out an n-fold integration by parts in (7.15) and
assume that all terms in (7.16). vanish, we obtain the relationship
(7.17). In the case of a discrete spectrum, the conditions (7.16) are
always satisfied because the wave function decreases exponentially
at infinity. In the case of free motion (that is, a continuous spec-
trum), these expressions vanish as a consequence ofthe periodicity
condition. Physically, the fulfillment of condition (7.16) means that
no particles or currents exist at infinity.

Returning to the proof of the self-conjugateness of the operator
P We substitute

u=1y*(), v=—inp(t)and n=1

into Eq. (7.17). From this it immediately follows that

pe=— V41 in J vyax={s0in - 4* O de=(po",

and thus the self-conjugateness condition (7.14) is satisfied for p,.
We note that unlike the operatorp,—=— i do‘ , the real operator (,(z

is not self-conjugate and its average value has no physical meaning.

If an operator M has only one eigenvalue . (and one eigenfunc-
tion ¢), it is readily seen that this eigenvalue is identical with the
average value of the operator. Indeed, using the general rule (7.12)
for determining the average value of an operator and substituting
the equation

My ()=2y (), (7.18)

we obtain for M

M= S ¢*(O)MY () d'x =2 S Y)Y (¢) dPx =N (7.19)
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On the other hand, suppose that the operator M [Eq. (7.18)] has
several eigenvalues 1, X, ..., X, ...,correspondingto the functions
b (), $2(f), ...y $a(8),... (for example, this may be the case for

9, for which A, —=E,). Then since the

general solution ¢ (f)can be written in the form

the energy operator E=ix

(=D Cult), (7.20)
we find that the average value of the energy operator E=i# »g? is
E:Z;c,,wsn. (7.21)

Here each |C,|* is the probability that the particle is in the corre-
sponding quantum state, If all C, except one,C,,, are equal to zero,
then E=ZF,,, and thus the average energy corresponds to the eigen-
value E,,. Consequently, the eigenvalue CL,, corresponds to the
experimentally observed energy. In the case where several co-
efficients C, differ from zero: C,,, C,,,..., Cp;» ---» We can obtain
any of these values of energy in experimental measurements, If
the experiment is repeated many times, the number of measure-
ments which yleld an energy E, should be proportional to the
corresponding theoretical probability | C,, [*.



Chapter 8

Average Values of Operators. Change of

Dynamic Variables with Time

A. DERIVATION OF THE UNCERTAINTY PRINCIPLE

As indicated in the preceding chapter, the observable dynamic
quantities associated with the operators must be regarded as
average values, given by Eq. (7.12). This is true regardless of
whether these operators commute with the Hamiltonian, that is,
regardless of whether the corresponding physical quantities are
constants of the motion.

We shall now show that if two dynamic quantities correspond
to noncommuting operators, they do not have simultaneous definite
values in quantum mechanics. Of greatest importance in this
respect is the calculation of the deviations fromthe average values
of two canonically conjugate quantities—the position xand momentum
px. Our discussion will be carried out in the coordinate represen-
tation and we shall restrict ourselves to thecase in which the wave
function is independent of time (the stationary case). Then the
average values of the position and momentum can be found from
the relations

X = S $*x¢dx, (8.1)

b= — S y*inE a, (8.2)

First of all, we note that even though the average error or
average deviation from the mean, which is given by

(ﬁ):Sw (x—R)¢d'x =7 —x=0, (8.3)

is equal to zero, it in no way follows that the particle cannot occupy
positions other than %. The reason for this is that the deviations
have different signs relative to the mean %, and consequently they
cancel out on the average, Accordingly, the deviation from the
average value of the operator should be characterized by the
variance (mean-square deviation), which is positive for all deviations
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from x. The variance of the position can be calculated from the
formula

B = 5 DB =R —2(R) - ()= — (). (8.4)
We note, incidentally, that if the variance is (Ax)*=0, it follows
that the probability of the electron occupying a position in space
differs from zero only at x=—=x. In this case the average value of
the position is equal to the exact value; that is, the corresponding
probability of the particle’s position can be described by a function

similar to the ¢ function,
Similarly, the variance of the momentum is given by

@ = ¥* =Py dr=pt— (B (8.5)
In order to establish the relationship between (Ax)! and (Ap,)},
let us take a coordinate system whose origin lies at the center of
mass of the wave packet (¢¥=0), and which moves with the same
velocity as the center of mass (p,=0). (The use of this coordinate
system does not involve any restriction on the generality of the
discussion.)
In this case
G == S P* 0 dix, (8.6)
3 0 \2
(Ap,)'=p\= S qa*(— in ﬁ) ¢ d’x.

Let us consider the integral

I ()= S(axqa*—{—%""—;) (axp+5) o, (8.7)

where a is some arbitrary real quantity independent of x. Equation
(8.7) can be written in the form

I (2)=Aa*— Ba-}-C, (8.7a)

where
A=s P*epdir= x>0,
B=— S <a—45xv.p+xtp* %) d’x=
B

c= (2% pr =L Sq»* (— if -—) ydPx = ’;* >0.
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Since the integrand in (8.7) is essentially a positive quantity
I (a)=0, (8.9)

condition (8.9) imposes a certain definite restriction on the co-
efficients A, B and C, Indeed, if this relation is satisfied for a =aq,
corresponding to the minimum of the function / (), it will also be
satisfied for any arbitrary «. The value of «, can be found from the
condition

I'(a)=24%— B=0, that is, ay=5,, 7
and

1" (a)=24>0.
Hence the minimum value of I (a) will be equal to

B
Imlnzl(a0)= A +C=0,

From this it follows that inequality (8.9) will hold for all real values
of a, provided the following condition is satisfied:

B*<<4AC. (8.10)

Substituting the values for 4, B and C from (8.8) and using (8.6),
we obtain the relationship between (Ap,)? and (Ax)?

@5 - Bpy=%. v (8.11)

This inequality represents a rigorous formulation of the uncertainty
principle.

By using the relation p,x —xp,=—i# [see Eq. (7.7)], we can
rewrite (8,11) in the form

s 1
(8x)* (Ap2)' = 4 [pax — xp ™ (8.12)

Generalizing (8.12), we can say that whenever two operators M, and
M, do not commute with each other, they satisfy the uncertainty
relation

(BML) - BMY = 7 [ MM, — MM, P, (8.13)
where

@MY= {4+ M, — By pax, (i=1,2) (8.14)
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As we have already mentioned, the uncertainty principle is a
consequence of the wave-particle duality that underlies quantum
mechanics and is in no way connected with the experimental limita-
tions. Experiments may only prove the results which follow
from the uncertainty principle. The basic meaning of the uncertainty
principle consists in the following fact: the probability distributions
of variables whose operators do not commute cannot simultaneously
take the form of a 3 function (see Fig. 8.1). Moreover, if the prob-
ability distribution of one variable approaches a 3 function, the
probability distribution of the other variable will spread out. In
the limit, when, for instance, the probability function for x (that
is, |¢(x)|*) takes the form of a 3 function [(Ax)?=0], the probability
function for the momentum p, (that is, |¢(p,)|’) becomes such
that it is constant for all values of p, (Ap,)'=o0.

lea® le@l’ b

1/2

Fig. 8.1. The probability distribution function 1n (a) coordinate

space and (b) momentum space: [(Ax)? (Ap)?]% - /2.
If the distribution in coordinate space (a) contracts, the distribu-
tion 1n momentum space (b) spreads.

The necessary condition for simultaneous measurement of two
dynamic quantities is the condition of commutativity of their
corresponding operators,

B. POISSON BRACKETS IN CLASSICAL AND QUANTUM
THEORY

The state of a system in classical mechanics is defined by its
dynamic variables. The quantities appearing in the canonical, or
Hamilton’s, equations of motion in classical mechanics depend on
the coordinates x, momenta p, and time ¢, that is,

fzf(pn Xis t) (8.15)
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For example, in a one-dimensional time-independent problem,
the Hamiltonian depends only on x and p,:

H=:% -V (x). (8.16)

Zm

With the help of the canonical (Hamilton’s) equations of motion
we obtain

. _OH _p . OH v
F= o=y A == (8.17)
or
myil =— Waﬁr) .
If there are n degrees of freedom (i=1, . n), Eqs. (8.17)
take the form
. oH . 9,
xi:?{;’ piz—o:ll-_ (8.17&)

Hence the time rate of change of the quantity f [see (8.15)] is given
by the equation

= +2<0w bt 5.

Using the canonical equations (8.17a), we obtain

=% 4, f, (8.18)
where the expression
__N[0H of oH of
ur. 1 ]‘Z(aﬁ o4 0vsom) (8.19)

is called the classical Poisson bracket.
If f does not depend explicitly ont, then S{ =0, and consequently
the variation of f is completely determined by the Poisson bracket:

af
Y (H, fl. (8.20)

If the Poisson bracket vanishes ([H, f]=0), the quantity f does not
depend on time, or it is conserved.

f =const.
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For example, if the energy does not depend explicitly on time, then
0H /ot =0. Since obviously [H, H]=0, it follows that Hamilton’s
function (the energy in this case) is aconstant (/4 =const). Further-
more, substituting the coordinate x;, and then the momentum p, for
f into (8.20), we obtain the relations (8.17a), that is, Hamilton’s
equations of motion.

We shall now generalize the classical Poisson brackets, which
can be used to find"the time variation o any_dynamxc varlable, to
the quantum case. —

rst of all, we recall that in quantum mechanics physical
meaning can be attached only to the average values of operators
(position, momentum, and so on). It is the time rate of change of
these average values that we mustdetermine. The average value of
any operator f is given inquantum mechanics by Eq. (7.12), in which
the time ¢ occurs as a parameter. From this equation, we can find
the total derivative of f with respect to time:

Gt {0ty ax=
={vo —w)dx + § 90 by (0) dx-

+ { v 0% ”d . .20

oY (t)

Substituting for dq’ (‘) and the expressions ( ;; Hq»*) and(——’g an),
respectively, we can reduce (8.21) to the form

d={roisoast
3 L H O O — ¢ OTH O, (8.22)
where

H=2 4V,

2m°

Using the theorem for transferring a derivative [Eq. (7.17)] and
keeping in mind that the potential energy is an ordinary function of
coordinates, we readily obtain

‘ § de* ) (@) dx= § o O HIy (O .

Consequently, the change of f withtime will be given by the equation

df ot+ S *()(Hf—fH) ¢ (t) d*x =
¢+ TH, 1. (8.23)

¥
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The expression

{H, f} = (Hf —{H) (8.24)

is the generalization of the Poisson bracket (8.19) to the quantum-
mecanical case and is called the quantum Poisson bracket,

0: =0 (as arule an operator f does

not contain the time explicitly), Eq. (8.23) becomes

Obviously, in the case where

&'E;‘n
1

=TH, 1} =i. (8.25)

It follows that in this case thetimechange of f is completely deter-
mined by the quantum Poisson bracket, Furthermore, ifthe opera-
tor f commutes with the Hamiltonian operator H, the physical
quantity f corresponding to this operator is conserved, as can be
seen from (8.25).

With the help of (8.25) it is easy to prove that the energy of a
particle moving in a time-independent potential field V () is con-

served, The expression {li, H}=% (HH — HH) vanishes in this
case and therefore from (8.25) we have

H =const. (8.26)
On the other hand, H¢,—=E,}, according to the time-independent

Schriodinger equation, and therefore, when ¢ =1 (f), we have [see
Eq. (7.20)]

H= S §*Hyd'x =2

that is, Eq. (8.26) is nothing but the law of conservation of energy
(E=const) for a particle moving in a time-independent field of
force.

C. EHRENFEST’S THEOREM )
We shall now find the quantum analog of the classical equations
of motion (8.17), For this purpose we shalluse the quantum Poisson
brackets., Noting that x and p, do not contain the time explicitly,
let us use Eq. (8.25)to determinex and p,, substituting into it either
f=x or f=p,, as the case may be. In the case of f=x, we find

2={H, x] = } (Hx—xH), (8.27)
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where \
— Px '
H=~+V (). (8.28)

Since x and V (x) commute, Eq. (8.27) can be reduced to the form
I S
f=m(pxx-—xpx). (8-29)

Adding the quantity (p,xp,—p.xp,) to the right-hand side of this
equation, we have

i
£=2T°7T(px(pxx~xpx)+(pxx-xpx) px)' (8-30)
Then, using Eq. (7.7), we obtain

‘=%;. (8.31)

In order to determine the time rate of change of the momentum
we must substitute the momentum operator p, for the operator f

in (8.25). Then, since p,pi— pipx=0, we find for ;x

ﬁ.x":{ ’ bx} =’%(Vpx_vaj=_gz- (8.32)

X

Hence, using (8.31), we obtain

it =— () =F (. (8.33)

Equations (8.31)-(8,33) constitute Ehrenfest’s theorem, according
to which the fundamental equations of classical mechanics can be
generalized to quantum mechanics by replacing the classical
variables by the average values of the corresponding operators.

D. TRANSITION FROM QUANTUM TO CLASSICAL
EQUATIONS OF MOTION
Let us compare the classical equation of motion
myX% =F (x) (8.34)
with the corresponding quantum-mechanical form (8,33). As was

previously stated, x is the quantity which corresponds to the
classical position coordinate in quantum theory. Accordingly, we
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could assume the quantum-mechanical equation to be identical with
the classical equation if we had

myk =F (%), (8.35)

instead of (8.33). This would be equivalent to replacing x by its
average value ¥ in the classical equation relating the force and the
position. Ehrenfest’s theorem asserts, however, that the equation
of motion for the quantum case contains the average value of the
actual force, that is, F (x). Therefore, in orderto make a transition
from quantum equations of motion to classical equations, we must
first establish the relationship between /" (x) and F (x).
Let us represent the force operator F (x) in the form

F(x)=F (x4 Ax), (8.36)

where Ax=x—x, and expand F(x) in a Taylor series about the
point x=7x. Then we obtain

F)=F (%) + @0 F () + S ()4 ... (8.37)

Taking the average of this expression in accordance with Eq. (7.12)
and considering that (Ax)= (x — x) =0, we obtain

W=FD)+ E P @) .. (8.38)

The quantum-mechanical equation of motion (8.33), therefore, takes
the form

mok = F (%) - “‘ Y (%) (8.39)

(A () F’

Here the expression * (%) is the quantum-mechanical correction

to Newton’s classical equation. Clearly, the criterion which must
be satisfied in transition from quantum equations of motion to
classical equations is the inequality

Bx) < 2 ; ;L(XL) . (8.40)

It should be noted, however, that mere satisfaction of this inequal-
ity is still not sufficient to allow us to apply all classical concepts
to the description of the motion of a particle. Indeed, in quantum
mechanics the average value of the kinetic energy T is defined as

T =5 @.41)

2m° '
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whereas the classical analog of the quantum-mechanical kinetic
energy should actually be taken as

T (‘,3x)=.§%, (8.42)

Let us now express the quantum-mechanical definition of the kinetic
energy T(p,) in terms of its classical analog 7T (p,). For this pur-
pose, we shall use the equation

T(po) =T (5 -+ Ap,) = Pe T 200 (8.43)

2my

where Ap,—=p,— p,. Removing the parentheses in (8.43) and con-
sidering that after averaging

8p,=(p.— P =0,
we have
TO) =T (P + 5 @D (8.44)
From this we obtain the condition under which we can make a

transition from the quantum-mechanical expression for the kinetic
energy (8.41) to the classical expression

(Bp, )t < pi=2m,T (p.,). (8.45)

Multiplying (8.45) by (8.40), we obtain the general condition for
the validity of the classical approximation inthe microscopic world:

F(%)

(Bx)t - (8p,)! < 4moT (p,) Fol (8.46)
If we take into account the uncertainty relation
AR, (A V= M
(Ax) * (A/)x) ’/)-4—1
condition (8.46) becomes
— | F&) i
moT (b) l o) ’> 16 (8.47)

Let us apply this condition to the hydrogen atom, when

e B T—_ly_8
V= r’ T= 2 V—2r'

— 8 pr___ %

re? rl'
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Substituting these values into (8.47), we obtain the inequality

3
T2 e (8.48)
Since -”%;=a.,, where g, is the radius of the first Bohr orbit, and
[
r=n%a,, we obtain instead of (8.48)

n> ]/Z, (8.49)

and therefore, in the limit of large quantum numbers, the results
of quantum theory approach the classical results,

Determine the wave function of a freely moving electron in the
p representation, Write the normalization condition in the prepresentation,

Find the average values of the operators for the momentum and energy of a particle,
Solve the problem in the one-dimensional case, and then generalize it to the three-
dimensional case,

Solution, Let us choose the x axis along the direction of motion of the electron, The
wave function of a free electron inthe x representation, normalized in terms of 3 (p; —p,),
will have the form [see (4,81)]

1 Po
q’(vax)=__l_'—e A .

YV own

To transform to the prepresentation, we use Eq, (7,10) in the form

1 -1 -% x'
oo P =i S Ypw x)e dx, (8.50)

obtaining

? (Po, P)=3(p — Po)-

The normalization condition has the same form inboth x and p representations:

S Y* (pi, X) ¥ (Po, x) dx =
= § * (Po P) % (Po, P) dp =3 (p;— po).
The average value of the operators should be calculated from the equations

Po 4 4P Po+ 4p
M= | dpit* (i )My (oo ) dx= | § 4% (6l P) Moo, ) .
Po— Ap Po — Ap
which gives us

P
2m, *

I_’=Po» E=

IThe problems 1n this chapter refer to Chapters 6 and 7 as well.
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In the three-dimensional case, we have
¢(Po, P)=3(p—pu).

Problem 8,2, 'Determme the probability of the various values of the momentum of a
par round state, the particle being in a one-dimensional square well with
infinitely high walls, Verify the normalization in the p presentation,

Solution, Taking the value of the wave function from Chapter 4

Y (x)= 1/-—?— sin —;i x

1
-2

1 .om 2
e(p)=—= ‘sl sin — xe dx.
l

Vnih ¢

and using Eq, (8,50), we have

Evaluating the integral and squaring its modulus, we obtain the required probability
distribution

19 ()1 =g sy < 5y
which satisfies the normalization condition
+ oo
{ 1s@rdp=1.
— 00

In evaluating the last integral we may use the relation

+
cos ap dp sin|a]b
B—pt " b’
-— 0
which should then be differentiated with respect to the parameter b.
-~

‘m Investigate the motion of a charged particle in a constant and uniform
electric tield &.

Solution, This problem is solved most simply inthe momentum representation, Since,
according to Eq, (7.11), the potential energy in momentum space can be represented in
the form

V=—efx=— Fx=—Fih—o—
dp’
the corresponding Schrodinger equation in momentum space becomes
] 2 a —
(E— g, 7"+ 187 55 ) ¢ B Y ==0.

The solution of this equation is
i p?
— (Ep - ==
¢ (E, p) = —t T Ca
]/2nhF

where, because of the continuity of the spectrum, the normalization coefficient was found
from the condition for 3-function normalization:

0]

{ @& el pdp=sE—b).

-— 0
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The wave function in the position space can be determined with the help of Eq, (7.9)

4m§

Y= —— ()" 2(~,
e )

where
1 3
_-_ LA
Peo= VTTOS °°s( 3 "‘)d"

is the Airy function, which is proportional to the Bessel function of order 1/3 (see

E \ [2moF\'/s .
Chapter 5), and §=={x + F 73 . Examining the asymptotic behavior of the Airy

function

e—’/alﬁl'/’ for €< 0,

Qle]‘/o
O(—E) =
(—8) 2

it 1s readily shown that the region of large negative values of x, where — Fx > E, repre-
sents a potential barrier, whereas the region where £> — Fx {s quasi-classical,
because

g 4 —Z—) for €0,

1
4

= —lh- S pdx = -;l- S V2m, (E + Fx)dx + const=

= %— £*/2 4 const,
oblem 8:;)M electron moves in a constant and uniform magnetic field, Find the
time ve of the average value of the position and momentum of the electron (in

other words, generalize the Ehrenfest theorem for the case of motion in a magnetic field),
Solution, According to Eq. (5.92), the Hamiltonian of an electron in a magnetic field is

1 e . \*
”-——m(p-—*;l‘) .

Choosing the direction of the uniform magnetic field to be along the z axis (H, # 0,H,
=H==0), the field can be specified by the vector potential

Ay=A,=0, Ay=xH..

In order to determine the time rate of change of the electron’s position, let us use the
quantum-mechanical equation of motion

i
=% {Hr —rH}.

Substituting H, we readily find

v-—-—;,—ll;-(p —%A)=ano" (8.51)

For the time derivative of the x component of the momentum operator, we obtain

dP e
= & (P, —PH)= (p, A,) Hy="L v H,
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Similarly, it can be shown that

dp e dpP
By & z
dt Vs g
Combining these equations, we have
dpP e
— 8,52
= [vH]. ( )

Equations (8,51) and (8,52) constitute the required result,

As we know, the behavior of an electron in a metal (x <<0) can be
described WIth a sufficient degree of accuracy by the following potential energy function
(see Chapter 6):

0, x <0,

V(X) { Vo > 0, x>0
Determine the coefficient of reflection from the surface of the metal for electrons located
inside the metal (x < 0) in the following cases: (a) £ << V, and (b) E > V,. Show that, even
though in case (a)the electrons do penetrate into the region (x > 0), ultimately they return
back into the metal, Construct a graph of the change of the potential energy and of the
wave function of the moving electrons,

Answer,

a) ForE<V,, R==1, even though ¢ (x> 0)340.
Vi

rc V, = o I T e

DForE=te Ry E=ve ¥ VI

Hint, In choosing the solution for x > 0 (outside the metal), only the exponentially
decreasing solution should be retained in case (a), and only the solution corresponding to
a wave traveling along the x axis in case (b),



Chapter 9

Elementary Theory of Radiation

A. SPONTANEOUS AND INDUCED TRANSITIONS

According to classical electrodynamics, an accelerated charge
is a source of electromagnetic radiation. The amount of energy
radiated per unit time is given by the well-known equation'

Wcl =_§_i_:(r);u Q#M (9.1)

where 7 =w is the acceleration of the particle.
If the source of radiation is a one-dimensional harmonic oscil-
lator

x=acos ut, (9.2)

the frequency of the emitted radiation is the same as the mechanical
frequency of vibration of the oscillator, and its intensity is propor-
tional to a%

In the case where the motion of a charge is governed by a more

complicated periodic function x=f (f) with a period t=%", we can
expand the function f(f) in a Fourier series:
x= 2 a, cos wkt, (9.2a)
k

and treat the radiation as if it were generated by a set of oscillators
with frequencies v,=ko, where k=1, 2, 3, ... . Radiation will be
emitted both at the fundamental frequency (k=1) and at harmonics
ko of the fundamental frequency. The intensity corresponding to
the kth harmonic will be proportional to aj.

Thus, according to classical theory, the radiation of a system
is completely determined by its mechanical properties. Indeed, the

1

In this chapter the quantum-mechanical averages will be distinguished from time
averages by writing the latter with the subscript “av ” In accordance with the previous
notation, quantum-mechanical averages will be indicated by a bar.
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frequency of the radiation is either equal to or is a multiple of the
mechanical frequency of oscillation of the system, and the intensity
of the corresponding harmonic is proportional to the square of the
amplitude.

In quantum mechanics, the problem of radiation must be ap-
proached in a somewhat different manner. According to quantum
theory, radiation is emitted only when a particle (or a system)
makes a transition from one energy state to a lower energy state
(so-called ‘‘downward’’ transition).

The first quantum treatment of the problem of radiation was
proposed in 1917 by Einstein. He introduced the coefficients A and
B (now calledthe Einstein coefficients)to characterize the spontane-
ous transitions and the induced transitions (that is, transitions due
to some external effects) of a system from one energy level to
another; Einstein also obtained an equation relating these two
coefficients.

The basic elements of the quantum theory of radiation are the
following. Suppose one of the electrons of an arbitrary atomic
system is in the excited state n with an energy E,. Then there is
a definite probability A.,» per unit time of a spontaneous transition
of this electron into a lower energy state n’with an energyE,.
The transition is accompanied by the emission of a photon with an
energy hw=—E,— E,. If the number of excited atoms is equal toN,,,
the energy radiated per unit time during spontaneous transitions
only can be written as

WSRO — N, A o, (9.3)

When the atoms are subjected to the influence of external electro-

magnetic radiation, the latter will cause both upward and downward
induced transitions, The upwardtransitions

£, will, of course, be associated with the ab-
sorption of photons.

Adopting the notation introduced by Ein-
stein, we designate the probabilities of an
induced transition from level n to n' by B,
and from level n'to n by B,,. Since the
number of induced transitions should be

En' proportional to the spectral energy density
p, of the external radiation, we obtain the
following equations for the energy radiated

bon

Ann'|Bpn’

F1g.9.1. Downward tran-
sitions (spontaneous and

induced) and upward and absorbed per unit time in induced
transitions (1nduced) transitions:

"V:l'lrlli = NaBuwp,fio, (9-4)

|17 lalds =Nn’Bn’anhwp (9.5)

where N, is the number of atoms in state n'.
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Let us consider the case in which the number of upward and
downward transitions is the same (see Fig. 9.1):

N, A + NnP.,Bnn’ = Nn'PmBn’m (9.6)

that is, when a state of thermodynamic equilibrium exist between
the heated atoms and the light radiated by them (black-body radi-
ation), which in turn interacts with the atoms. In this state, the
atoms and the radiated light form a closed system.

Since, in this case, the energy distribution of the electrons is
given by the Maxwell distribution

N, =Ce=Fy/*T, N, = Ce-En/tT,

we obtain
Ao Fn/kT th meM,e—E"/kT j— prn,"e —Epi/RT, (9_ 7)

Dividing by the factor e -E,/** and noting that E, — E, = fiw, we obtain

(9.8)

n'n e nw/kT_‘

Since the spectral energy distribution of black-body radiation is
completely independent of the specific structure of the atoms or
molecules involved, Eq. (9.8) is essentially the same as Planck’s
formula [see (1.42)]

P = it m‘r‘_—l. (9.9)

omparing (9.8) with (9.9) we find

n3cd

Brm’ - Bu’n == _h_Cw_s Ann’- (9‘ 10)
It is seen from Eq. (9.10) thatthe probability coefficients of upward
and downward induced transitions are equal to each other and
proportional to the coefficient of spontaneous transition A,,.. There-
fore, to describe the radiation of atoms or molecules, it is sufficient
to determine only one of these coefficients.

B. CALCULATION OF PROBABILITIES OF SPONTANEOUS
AND INDUCED TRANSITIONS

In quantum mechanics induced transitions are explained interms
of an interaction between the electrons of an atom and external
electromagnetic radiation. The problem of determining the causes

of spontaneous transitions was left unexplained by the Schrédinger
theory.
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The answer was obtained only after the development of a theory
of radiation in which quantization of the electromagnetic field
(second quantization) was used. The general features of the theory
are outlined below.

Electrons interact not only with real photons, but also with
virtual photons (photons which are in an unobservable state) or, as
they are called, vacuum fluctuations of the electromagnetic field
(for further details on vacuum fluctuations, see Chapter 22). This
interaction causes spontaneous transitions. The classical analog
of the interaction between the electrons and the field of virtual
photons is the effect of Planck’s radiation damping on a moving
electron

which represents the self-interaction of the electron with its own
electromagnetic field. Under certain conditions this electromagnetic
field may detach itself from the electron in the form of electro-
magnetic radiation. In the language of quantum electrodynamics
this amounts to a transition of photons from a virtual state into a
real state.

The exact expression for the coefficients A and B can be found
on the basis of quantum electrodynamics and, therefore, problems
of radiation can be completely solved.

In the present discussion we shall obtain coefficient A by means
of an appropriate generalization of the results of classical radiation
theory to the quantum case. It should be emphasized that this
generalization leads to the same results as the rigorous method of
second quantization.

In our derivation we shall use the correspondence principle to
generalize the classical expression for the radiated energy [Eq.
(9.1)] to the quantum case. First, we replacethe classical variable
r by the quantum-mechanical quantity

P S' O* (1) ry (F) d'x. (9.11)

In addition, we use an expression for the radiated energy which is
consistent with the quantum theory:

W quant = gngnltoA nn, (9.12)

where the coefficients g. and g» characterize the occupancy of
states n and n’ by electrons, since according to the Pauli exclusion

%See also Chapter 29, where the coefficient A 1s obtained by the methods of quantum
electrodynamics.
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principle it is impossible for two electrons to be in the same
quantum state (for more on the Pauli exclusion principle, see
Chapter 24).

Combining Eqgs. (9.12) and (9.1) and substituting (9.11) we obtain

2/ ..\3
B0 A = = j—,-(',')w (9.13)

Let us note that Eq. (9.13) contains two averages. One is the
quantum-mechanical average, denoted by a bar, and the other is
the time average, denoted by the subscript ‘‘av.”’

We shall now assume that the electron has only two possible
states with energies E, and E,. Then the wave function can be
written as

t

[ _ [ )
’*P(t)"—“cne n bntq’n ~+ Cre ntn Pnr. (9.14)

The average (over the quantum-mechanical states) value of the
radius vector is

r= l Cn I?r’m ‘{" ’ Cn’ l2 Fn'nt "*’ C')tlcn,eiwt’."n, “{‘ C:'Cne‘iwtrn’m (9- 15)

where ,
E —FE, .
0= Oy = = i 2. (9.152)
The matrix elements
o == g Yrr, d'x (9.16)
form a certain infinite matrix
oo Yoo Zos .
. Fio 'n ru ... 9.17)
(r)_ Voo gy Iy ... .

s o o

From (9.16), it follows that this matrix changes into its complex
conjugate when the rows are replaced by columns, and columns
by rows

T
Vo =Fn'n.

Matrices satisfying this condition are called Hermitian or self-
adjoint matrices. Let us also emphasize that the matrix elements
(9.16) are independent of time, and therefore substitution of (9.15)
into (9.13) yields

gngn’ﬁ‘”Ann’ = 3—::' ot | Cn 1‘2 | Cn Ig | #rn |“- (9.18)
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Here we have used the fact that the time average of a periodic
function is zero, since

T

‘ 5 eXiot df =0,

(et¥h)yy = —

For further analysis of Eq. (9.18), we must introduce an additional
assumption, which can be rigorously justified only on the basis of
quantum electrodynamics. As we already know, quantum mechanics
deals with stationary processes and, therefore, there is no am-
biguity in interpreting the quantity |C,|*=const as the probability
of finding an electron in the state n. When the emission of radiation
is present, the coefficients C, change discontinuously and their
physical meaning cannot be simply explained within the usual
formalism of quantum mechanics. We shall, therefore, base our
conclusions on simple physical considerations, which are rigor-
ously proved only in quantum mechanics.

Let us substitute the initial values for the coefficients Cy into
Eq. (9.18), bearing in mind that the Pauli exclusion principle allows
transition only in the case when the quantum state n is initially
occupied, while the quantum state a’ is empty. Then setting

gngn’=lcn |QIC"’I9=[C’{: [\'(]—-ICH?), (9'19)

we find that for C;=1 and C,=0 the product g,¢g.=1. Hence

A =3 50 | P ", (9.20)
By =B ="55" | Pun ", (9.21)
W =R =5 5o | P . (9.22)
In these equations
[ Foen [P = | Xnn [* 4= | Yrom [* 4= | 20 [ (9.23)

where

Xp'n = S ‘Pﬁ’x% dnxp

and so forth,

Thus, the energy eigenvalues can be used to find the frequency
of the radiation and the eigenfunctions to find its intensity. Thus,
all basic classical radiation properties can be completely general-
ized to the quantum case by means of the Schrodinger equation.

From the last equation above it is evident that the intensity of
radiation will be different from zero only for those transitions for
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which at least one of the matrix elements X,, Ynnr and 2sn is non-
zero. These transitions are called in quantum mechanics the
allowed transitions.

It should be noted that in very many quantum-mechanical
problems it is sufficient to calculate the matrix elements alone and
thus to set up selection rules,that is, to find the changes in quantum
numbers that correspond to allowed transitions. From a knowledge
of the selection rules, one can answer the question of possible
frequencies of radiation. In the language of classical electro-
dynamics, the selection rules correspond to a specification of the
harmonics at which radiation can be emitted by a given system. If
the matrix elements for a given change (difference) in quantum
numbers are equal to zero, there will be no radiation at the corre-
sponding frequencies, and these transitions are said to be forbidden.

Here, in speaking of forbidden tvansitions, we are restricting the
use of this term to electric dipole transitions. By electric dipole
transitions we simply mean transitions whose probability depends
on matrix elements

Vpn= S (P:'rq)n d*x.

In addition to the dipole transitions, there are also cases of quad-
rupole transitions, multipole transitions of higher orders, and
magnetic dipole transitions. The intensity of thesetransitions turns
out to be much smaller than that of the allowed dipole transitions.
As an example, if the intensity of an electric dipole transition is of
the order

2 p? ol .
W dgipole =3 @@ ~ o (ea)’,

where a is the linear dimension of the atom, then the intensity of
electric quadrupole radiation is of the order ?

3
Wauaa ~ W dipole (;—) . (9.24)

For an atom a~ 10®%cmand A ~ 10°®cm and, therefore, the intensity
of dipole radiation is 10 times greater than that of quadrupole
radiation. Nevertheless, quadrupole radiationplays a very important
part in a number of phenomena. Indeed, if the electric dipole
transition is forbidden, it is still possible that a weak quadrupole
radiation will be emitted, which can be detected with a very sensitive
spectroscope. We note that no dipole radiation occurs in a system
consisting of particles having the same charge to mass ratio. The

3Thxs subject 1s treated more fully for the case of a harmonic oscillator in Chapter 10
[see Problem (10.4)_].
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electric dipole moment of such a system is proportional to the
coordinate of the center of mass % m, [P=¢(r--r)=2er n], and
therefore the derivative of the dipole moment with respect to time
vanishes. This is the situation that should hold for gravitational
radiation, since the gravitational charge, or rather the gravitational
mass, is proportional to the inert mass m,. Therefore, if gravita-
tional radiation does exist at all, it can only be of quadrupole
character. Quadrupole radiation is also of importance in nuclear
physics since the charged particles of the nucleus (protons) have
the same charge and mass.*

Find the probability of quadrupole radiation in the quantumn case as a
genelaZaTromeY the classical formula by applying the corresponding principle,

Solution, In the classical case the intensity of quadrupole radiation 1s given by the
equation

l .
W = 15055 (Dav)s (5.25)

where the quadrupole moment 1s
Dap =€ (3xq\p — r*dap) (a, b=1.2,3).

To generalize (9.25) to the quantum case, it is necessary to consider that, in quantum
theory, radiation occurs as a result of a transition of the system from one quantum state
n to another, n', Following the procedure similar to the derivation of Egs, (9, 13)-(9.18),
we first replace the classical expression for the quadrupole moment ), by the matrix
element

(Dren)avr= S q”:y' Dapynd?.

Next, using Eq, (9.3), which relates the intensity of radiation W, to the emission
probability A,.,, we obtain

b
W »
Ann’ - 60":‘1‘% (Dn'n)ub (Dn'n)u(u (9'26)

where the frequency of radiation o is given by Eq, (9, 15a),

Find the selection rules for dipole and quadrupole radiation for a particle
in aff I ¥tep potential well,

Answer, For dipole radiation An must be an odd number, and for quadrupole radia-
tion Az is an even number,

Hint, Using the wave function (4,32), it can be shown that the average value of the x
coordinate {s

— . l
X = SqJnXKpnd.\':.—z.

Therefore, the matrix elements corresponding to dipole (j= 1) and quadrupole (; = 2)
radiation should be calculated from the equation

xon =S Yo (—xYopd.x,

‘See W Heitler, The Quantum Theorv of Radiation, 3rd Ed., New York: Oxford Univer-
sity Press, 1954



Chapter 10

The Linear Harmonic Oscillator

The problem of the linear harmonic oscillator is one of the most
important problems of theoretical physics. It arises in connection
with the construction of a simple thoery of vibrations in many dif-
ferent branches of physics (mechanics, classical electrodynamics,
radio physics, optics, atomic physics, and so on). Most of the new
theories developed in atomic physics have been ‘‘tested’’ in a
number of simple problems, including, in particular, the problem
of the harmonic oscillator.

The motion of a complex system can often be analyzed in terms
of the normal modes of vibrations that are equivalent to the vibra-
tions of harmonic oscillators. For us the harmonic oscillator
presents additional interest for methodological reasons because this
problem has an exact solution and thus provides a simple illustra-
tion of an application of the Schrodinger equation, The harmonic
oscillator problem was also very useful in the development of
quantum field theory (second quantization) and in the analysis of
the zero-point energy of the electromagnetic field (vacuum fluctua-
tions). In quantum mechanics, the harmonic oscillator problemhas
direct applications in regard to the black-body radiation, molecular
spectra, and the specific heats of diatomic molecules,

A. THE OSCILLATOR IN THE BOHR THEORY

We shall first consider the classical theory of the harmonic
oscillator.! Let us assume that a certain particle of mass m, is
acted upon by an elastic force

F= — kx, (10.1)

where £ is the elastic constant. Then the equation of motion for the
harmonic oscillator can be written in the form

mi= —kx, (10.2)
which describes an ordinary oscillatory process,

lIn this section we shall be concemed with the case of one-dimensional motion and, for
simplicity, we shall use the term “harmonic oscillator” rather than “linear harmonic oscil-

lator.”
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The solution of this equation has the form
X =acoswt, (10.3)

where m=~2§- = 7’;—0 is the angular frequency and a is the ampli-

tude of oscillation, From Eq, (10.3), it follows, in particular, that
the acceleration

w=3X= —ao?cosut (10.4)

differs from zero and, consequently, that the oscillationof a charged
particle will be accompanied by radiation, the intensity of which
(that is, the radiant energy) is given by the following equation in
accordance with Eqgs, (10,4) and (2.2):

2 ., 2204
Wa =" (e ="002" (10.5)

In deriving (10.5), we calculated the average value of cos*»f from
the equation

L { costotat =1 . (10.6)
6

We shall now express the intensity of radiation Weciin terms of the
total energy E==T--V of the harmonic oscillator. From the well-
known equations for the potential energy

V(= — S F () di = "0 — Mo ot (10.7)
J
and kinetic energy
T " = M gt (10.8)
of a harmonic oscillator, we find
E=V (x)+ T= """ — const. (10.9)

With this equation, we can eliminate the quantity ¢* from (10.5),
obtaining

W =26E (10.10)

g -

Thus, on the basis of classical theory one can determine both
the intensity and frequency of the radiation; itis also found that this
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frequency is the same as the frequency of mechanical vibrations of
the harmonic oscillator. The energy of the harmonic oscillator,
according to the classical theory, canhave any value in a continuous
range from zero to infinity.

Several new features were introduced in the problem of the
harmonic oscillator by the Bohr quantum theory. For example,
according to Bohr’s theory, the energy levels had to be discrete
and could be found from the quantization rule

rjp‘dx=2::lm, (10.11)
where

P_\=g'€ =m,%. (10.12)
Let us substitute p,dx = m {f,; dt = mw*a* sm’tdl into Eq. (10.11),

Then, taking into account Eq. (10.9) andintegrating over a complete
period, we find

E,=nho, (10.13)

where the quantum number n=0, 1, 2, 3,... .

We showed above that, according to Bohr’s theory, the energy
of a harmonic oscillator cantake only discrete values, and radiation
will be emitted only when the oscillator makes a transition from
one energy level to another.

The discovery of a discrete spectrum of energy levels of a
harmonic oscillator played an important part in the theory of
black-body radiation, Planck’s law was first obtained under the
assumption that the harmonic oscillator could radiate and absorb
light only in the form of discrete quanta of energy /o,

B. EIGENFUNCTIONS AND EIGENVALUES
OF THE ENERGY

In order to determine the behavior of the wave function in the
harmonic oscillator problem, let us first give a graphical repre-
sentation (Fig. 10.1) of the dependence of the potential energy V
on x

myo?x?

V = "-'“2——‘
From the graph, it is seen that inside the potential well, where the
total energy L of the harmonic oscillator is greater than V (E> V),
the solutions for ¢ will take the form of harmonic functions. Inside
the potential barrier (E<{V), the solutions will contain two parts,
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one exponentially decreasing and the other exponentially increasing
(see Fig. 10.1), 1t is clear that the solution of the problem reduces
to finding the conditions under which there is no exponentially
increasing solution. Just as in the case of a rectangular potential
well with infinitely high walls (Chapter 4), such levels exist only
at certain discrete values of the energy, which we must determine.

$inc V(z)
$inc
%harm
P dec / Pdec
!
| |
f<V ; : £<V w
! |
I i
] 1
] |
‘_ £E>V |
-
Fig. 10.1. Wave function of the harmonic oscillator for an

arbitrary value of the energy.

Since the potential energy V of a harmonic oscillator depends
only on the ¥ coordinate, the Schrodinger equationcan be written as

d*y 2my [ muea® .
a4 ,l_..v(c_ " .__,_) v =0. (10.14)
Setting
_2myl S ) a _y_ 2
- m p= XX n ?—}“‘m{'
and introducing a new variable
t=x)/B= \;i (10.15)
o
we obtain
P+ (A —Et)o=0, (10.16)
where
w__ d*
=" (10.17)

First, let us find the asymptotic behavior of the wave function
at i — t-oo, that is, when the constant A is negligible in comparison
with &, Then

Yoo — Eoo =0. (10.18)
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We shall seek a solution of this equation in the form

—— (10,19)
Since
Yoo = (4e%? - 2¢) e** A= 4e%% Y,
we find
e=:k —l (10.20)
and, consequently,
foo=Cre="s" | Cye'/s¥, (10.21)

Since the wave function must remain finite at £ — 7z co, coefficient
Ci must be set equal to zero. Coefficient C, can be taken to be equal
to unity, since the wave functionhasnot yet been normalized. Thus,
the asymptotic behavior of the wave function ¢ is described by the
function

Yoo =1/ . (10,21a)
We shall seek a solution of the wave function in the general form
LP::{)wu:g—‘/zE* u, (10,22)

which already takes in account the behavior at infinity. Substituting

(10.22) into (10.16) and considering that

(e u)" =[u" — 25 + (B — 1) u] e~/

we obtain the following equations for u:
W — 2+ —1u=0, (10.23)
Let us look for a solutionof this equation in the form of a series
u= Y bt*, (10.24)

2

Substituting this expression for « into Eq. (10.23) and collecting
terms with the same power of ¢, we find

ZE'* [(k42) (k- 1)bjyg— by (241 —2)] =0,
k=0

Equating the coefficients of t* to zero, we obtain a recursion
formula for the coefficients b6,

o, (Ry1—))
bk+q——bk (m)?k-*-l). (10.25)

This formula relates the coefficients b, to b,,s, and, therefore, the
series (10.24) will consist of even powers (if the minimum subscript
k is even) or odd powers (if the minimum subscript £ is odd).
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If the series (10.24) does not terminate at a certain maximum
power, then beginning with k>5:2——l, every term is positive and,

consequently, the series diverges for large values of : . This leads
to the second asymptotic solution {¢,5,, ~e"+#* at :—co, which we
disregarded earlier because it diverges.’ Therefore, in order for
the boundary conditions to be satisfied (¢=0at -~ >), we must
terminate the series (10.24) at a certain kmax =n. We thus require

by £ 0, bye=0. (10.26)
From (10,26) and (10.25), we find

=2%n--1, (10.27)
and, consequently,

1
n=o(nt ) (10.28)

where n can assume any positive integral value, including zero.
These are the only energy values for which the wave function
vanishes at infinity.

Comparing this expression with the one obtained from the Bohr
theory [see (10.13)], we note the appearance of a term called the
zevo-point energy

E,=L no. (10.29)

Later, we shall show that the existence of the zero-point energy
is relatedtothe uncertainty principle and thus to the wave properties
of particles. The zero-point energy does not affect the frequency
of the radiation, however, since it cancels out in the expression

Ly —Ln
for the frequency v == ~"— Ew |

Let us now find the wave function of the harmonic oscillator,
The recursion formula (10.25) for thecoefficients b, when A= 2n |
takes the form

bpa= —10, Y —k + 2)?

2This follows from the fact that at large k the ratio of the _coefficients (bg/bp49)g w0 =
k/2 1s the same as for the series expansion of the function e

£2 _ 1 K
e Z & £k,
k=0,2,4 2 !
Therefore,

2 1, £2
f:uym - "f \/Jm - %o,
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where k<< n. Setting the coefficient of the highest power lp==n
equal to?
b, =2", (10.30)

we obtain
b = — o 2D

by =2""4 "("—1)2!("_2) =3 and so forth.
(10.31)

The power series with a finite number of terms obtained for the
function « is called the Hermite polynomial

w=H, )=y — "7 @yt
ez () guyee { bf for odd 7 (10.32)
2 b, for even n

In particular,

HoG)=1, H,(5)=2, H,(E)=42—2,
Hy(5) =88 —12¢ (10.33)

The Hermite polynomials H, (%) can be written in closed form*

Ha(5) = (— 1y 70 = (10.34)

3This coefficient can always be chosen arbitrarily, since the normalization factor of
the wave function \,0 1s still undetermmed £2
*To show this, we 1introduce the function v=e¢ ", which satisfies the equation

v 280 = 0
Differentiating this equation n + 1 times, and using the Letbnitz formula
1y . n(n-1 ”
(v2)® =y, 1) (2' ) (m=2)
we obtain
u(n+2)_* 2fu("+l) v 21 l)v(n) -0
Making the substitution

) ‘,—'F.zw_

we find that the function w satisfies Eq. (10 35), and thus 1t 1s proportional to the Hermite
polynomial

£2 anet?
w = e’ -- - A H,
dé"

The proportionality factor A, can be found by equating the coefficients of £ Asa
result, 1t 1s found that A, = (-1)7, from which we obtain Eq (10 34).
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From (10,32) it is clear that H,(:) satisfies Eq. (10.23) pro-
vided A=2n -1

H; — %H + 2nH, =0 (10.35)

According to (10.22) and (10.32), the solution of the Schrédinger
equation for a harmonic oscillator is

9p=Coe "¥'H,(3), (10.36)

where ¢t is related to the coordinate x by Eq. (10.15). The coef-
ficient C, can be determined from the normalization condition

+e0 do
\ Oabdy = x,C3 \ eI, (5) H, (5) di=1. (10.37)

(e 3]

Substituting thc closed form (10.34) for one of the polynomials
H, (%), we obtain :

to s
(—17%C3 | 11, ) e d=1. (10.38)

—00

Using the rule for transferring the derivative of one function to
another [see (7.17)] (that is, we integrate by parts ntimes), we
obtain

o
A A (10.39)
. dn
Noting that from (10.32)
A Ho (5)=2"n! (10.40)
and
400 .
\ e tdi= 7, (10.41)
we find
1
C"__l—/'zT"l V= xo '
that is,
1/ x\2
—_ 73 (3) X
$n (€)= }/Zﬁﬁﬁ/?;:' e H, ( Xo ) : (10.,42)
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In a similar manner, wecan easily prove the orthogonality condition
for the wave functions. To do this, it is enough to represent one of
the Hermite polynomials, specifically, the one with larger n, in
closed form (10.34). The orthogonality condition also follows from
the general investigation of the Schrodinger equation; it can be
proved that the eigenfunctions corresponding to the different eigen-
values are orthogonal.

| /72
W%
\

Fig. 10.2. The energy eigenvalues and the

behavior of the corresponding eigenfunctions

of the harmonic oscillator for small quantum

numbers (n = 0, 1, 2) For comparison, the

classical probability distribution functions
Pn are indicated by the dotted lines

In the case of a harmonic oscillator, the orthonormality condi-
tion is

e
i adx =80, (10.43)
bard

-~
For small quantum numbersn=0, 1, 2, ..., when

lZﬂ

Ey=+ ho, %:—_Coe—i ’
1

R, gy = C,2e 2 (10.44)

El——_

wlen N | —

Ey="2 ho, 4,=C,(42—2)e 7",



158 NONRELATIVISTIC QUANTUM MECHANICS

the probability distribution functions |¢,[* (see Fig. 10.2) differ
congiderably from the corresponding classical probability functions.
In the classical case the probability of a particle being at a certain
point is proportional to the amount of time the particle spends there,
and, consequently, is inversely pro-
portional to the particle velocity;
therefore, the classical probability
is proportional to® (a*—x?)-"s, where
a is the maximum displacement of
a classical oscillator from the equi-
¢ m} librium position. As we would ex-
‘; | pect, it is only for large quantum
I W 1 & numbers that there is a relatively
close agreement, on the average,
between the quantum and classical
probabilities (see Fig. 10.3).

C. ZERO-POINT ENERGY OF THE
Fie 105, Companson of auantum HARMONIC OSCILLATOR AND
& 102 p 4 " THE UNCERTAINTY PRINCIPLE

and classical results for the oscil
lator 1n the region of large quantum
numbers (here n = 10). We have seen that in quantum

mechanics the minimum energy of
the harmonic oscillator is given by Eq. (10.29) and cannot go to
zero, whereas in the classical theory or the Bohr theory, the
minimum energy is equal to zero,

We shall now show that the existence of the zero-point energy

(10 29) in_the Schrodinger theory js. @S mentioned above, very

W&W‘w{l&@ .11). For the case
of a harmonic oscillator the uncertainty principle becomes

@) =" (10.45)

5’I‘hls can be easily shown on the basis of the following simple qualitative consider-
ations. The probability of finding a particle at a particular point can be roughly charac-
terized by the absolute value of the reciprocal of its velocity, since the time a particle
spends 1n a region will be greater 1n regions where the velocity 1s smaller than 1n regions
where 1t 1s greater. Consequently, the probability of finding a particle 1n a region with
larger velocities will be smaller than that for a region with smaller velocities. In the
case of a harmonic oscillator, we have from Eq. (10.3) x/a = cos wt and x/wa — —s1n wt.
Taking the square of both cquations and adding them, we get

1

|#] ~ @*

and, therefore,

N,-—A

pr~ L~ (a?ox?)

E:
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Here we have replaced (Ax):by x*and (Ap): by p%. This is justified

by the fact that the wave functions are real and are either even or
odd. Indeed, since the expression ¢*xy=x¢? is odd, we have

x= 3 ¢t xpdx=0.
Hence
A)=x—=x,
Similarly, using the boundary conditions at infinity, we find

Y LA

- h d g
P=7S\"Itd"=fz;-‘f =0,

—00

that is,
(Bpp=p*— (p)*=7".

Substituting the value of ;* from (10.45) into the equation for
the total energy

=t E e, oo

we obtain

. h npw?(x¥)
[= 8m.,(x_2) —|~ 2

(10.47)

From this it is seen that the energy E cannot vanish at any value
of (x*), Indeed, although the second term vanishes for (x))=0, the
first term becomes infinite. Conversely, when (x!)=co, the first
term vanishes and the second becomes infinite,

Thus, the fact that Eny,pdiffers from zero is directly connected
with the uncertainty relation (10.45) or, in other words, with the
fact that it is impossible to calculate exactly the position and
momentum simultaneously.

Let us find that value of (x2) at which Eq. (10.47) has a mini-
mum, Setting the derivative of this function with respect to (x%)
equal to zero, we obtain

myw? I
2 81mq (x%)? ’
or
5 h 1
(xg) = = 5 x:_
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Substituting this into (10.47), we have

o | Bo fw
E>T+—4_=7' (10.48)

Hence, Epn= 22'—” , which is exactly the same asthe value for E, found

from the wave theory [see (10,29)].

The existence of a finite zero-point energy of the harmonic
oscillator is one of the most characteristic manifestations of the
wave properties of particles. Thus, the experimental verification
of the zero-point vibrations was of great significance for quantum
mechanics, The zero-point energy E, was first observed experi-
mentally in the scattering of x-raysby crystals at low temperatures.
If there were no lattice vibrations at low temperatures (E,=0), as
predicted, for example, by the Bohr theory, there would be no inter-
action between the x-rays and the crystal lattice, and consequently
no scattering would occur. If, on the other hand, the minimum
energy were different from zero (E,+0) for T -0, the scattering
cross section at low temperatures should approach a finite limit.
Experiments have confirmed that the second situation corresponds
to the true state of affairs and, therefore, the conclusions of the
Schrodinger wave theory are justified.

D. SELECTION RULES. INTENSITY OF RADIATION

Let us consider the problem of radiation from the harmonic
oscillator on the basis of wave mechanics. For this purpose, as
was indicated in Chapter 9 [see (9.22)], we must calculate the
matrix elements

Kn = 5 Vi xhdx, (10.49)

where ¢, is given by Eq, (10.36).

As a preliminary step, we shall derive a recurrence relation
for the Hermite polynomials, which willbe necessary in our further
discussion. From the definition (10,32) of the Hermite polynomials
H,(§), we find

Ha(@=2n| @y — =009 @yt ) =2nH,, (),

from which it follows that

Hy()=2nH,_, ()=2n-2(n—1)H, 4 (%). (10.50)
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Next, substituting these equations for the derivatives into Eq.
(10.35) and replacing n —n’-- 1, we obtain a recurrence relation for
the Hermite polynomials

EH ()= 1Ho1 () - Horgr (). (10.51)

By means of thisformula, the matrix element (10.49) can be reduced
to the form

-} 00 +o0
5an=5CCo { | P Huri@ Ha @ difn § e Hu s OH, 0},

In terms of the wave functions ¢, we obtain

+o +o0
1 C ’ , C '
Kntn =Xy {2517 S N S bwofadr}.  (10.52)

Since the functions ¢, are orthonormal, we have

1 C,. C
xwn =5 {g BB, n (01 1) S beia (10.53)

From this expression it follows that the only nonvanishing matrix
elements are those for which #'=n—1 or n"=n--1; therefore,
the selection rules for the quantum number n are expressed by the
equation

A=n-—n==1, (10.54)

which indicates that only transitions between neighboring levels are
possible.

For the wave function as given by Eq. (10.42), we obtain from
Eq. (10.53)

Xarn="% )/ e (10.55)

where x, is determined from Eq. (10.15). For the frequency of the
radiation, we obtain exactly the same expressionasin the classical
theory:

E,—En

Op, gy =—5 =0,

(10.56)
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The energy levels and allowed transitions are shown in Fig,
10.4.

Since spontaneous emission is possible only when transitions

occur from higher to lower energylevels (E,> E,_,), it follows from

(9.22) that the intensity of radiation

of theharmonic oscillator W =W

,n-1
” E/h is !
1 5/ W, =289y
de 32 "2"’_-3”10” 0=
ﬁ 2%
o £/ =2t (E,—E).  (10.57)
» E,/h
‘ Eo/ Comparing this equationwith Eq.
(10.10), which was obtained from the
Fi1g. 10 4. Allowed transitions of the classical theory, we see that for
harmonic oscillator Iarge quantum numbers (Il > 1), when

E, - E, both equations yield practic-
ally the same result. Transitions to higher energy levels n—>n--1
are possible in the case of induced transitions. The occurrence of
spontaneous upward transitions is also possible under thecondition
that the energy loss in the harmonic oscillator is compensated by
the simultaneous liberation of a large amount of energy, as for
example, in transitions of atomic electrons (see Chapter 12,
spectra of diatomic molecules).

Find the eigenvalues of the harmonic oscillator using the WKB method,

So utlon. Xccording to (10,14), the wave function for the harmonic oscillator 1s
¢t @ — ) =0,
where

a_.—_‘zl'f“f?, B =

2

miw?

e

According to Eq, (5,75), the eigenvalues are determined from the equation

Va/’!
\ Va—patdy=n (n+ )

-V

Evaluating this integral, we find that the energy eigenvalues are the same as in (10,28);
that is, the zero-point energy is also present,

oblem 10,2, }Construct the theory of the harmonic oscillator in the prepresentation

(for one-dimensional case), Find the equation of motion, the eigenvalues and the
eigenfuncuons.
3
Solution, Since x*= — #? Ll in the p representation, we can write the Schrodinger
dp?

equation as

__pi_ _mow“IF _g_’_ .
(£ — o+ 2o LV ety =05
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that is, transforming the wave equation for the harmonic oscillator from the x representa-
tion to the prepresentation and introducing the new parameters

2F
A= —w » M % )
where
=V moho,

we find that the wave equation changes identically into itself
¢+ —n)e=0

(the prime indicates the derivative with respect to y), Using the solutions (10,28) and
(10.42), we can write in the p representation

Ep=to (n -+ ;)

1 (p\?
—_— ,._..1_.-_-__;_-____.—— 2— 2 (p';) [In <£).
VY, g

It 1s easily verified that this wave function satisfies the normalization condition

and

¢ (p) =

{1ea e pap=1.

roblem 10,3,3Find the eigenfunctions and energy spectrum of an electron(e=— ¢, << 0)
mov. ant, uniform magnetic field, Show that, according to the quantum theory,
the ‘‘electron gas’’ must be diamagnetic,

Solution, Let the magnetic field be directed along the zaxis(H,=Hy =0,H,=").
We can then write for the components of the vector potential Ay = xo¢ Ay = A, =0.
The motion of an electron 1sdescribed by the Schrodinger equation (see also Problem 8,4)

%_ ng} +i f_o_ﬂf/ 04‘ + (E — 5,’3'%3

mg¢ dy 2mc?

x=) $=0.
Since the coordinates y and z do not appear explicitly in this equation, we shall look

for a solution in the form

y= ‘]i. etk Hhsd) £y,

For the function f (x), we obtain the equation

d? 2m, el
ke (B = e r=o,
where
h k’ chky
= [ — b= He
E'=E 2m 4

It is easily seen that this equation has the same form as Eq, (10,14) for the harmonic
oscillator,

Consequently, we can use solutions (10,27) and (10,36) to determine the eigenfunctions
and eigenvalues, We thus find

1.,

C, oy — 9%
q}ﬂkgks — _LL! ei(k_y }kaz) e 2 ’in (E), (10.58)



164 NONRELATIVISTIC QUANTUM MECHANICS

1
where H, (%) is the Hermite polynomial, C, = [’{ﬁz—%] ! 1s the normalization co-

fo -~ 1s the frequency of Larmor precession, and

efficient, 0 = T

For the eigenvalues, we have

- e h2k3
Enk, = e 2n+4 1)+ Sy

The last term 1n this equation is simply the kinetic energy of a free electron moving
along the z axis, and is of no special interest,
The first term

Ep=pet 2+ 1), (10.59)

where po is the Bohr magneton, corresponds to the additional energy acquired by an
electron in the magnetic field, This additional term represents the energy of electron
motion in the xy plane, which is perpendicular to the magnetic field,

This conclusion is in agreement with classical theory, according to which an electron
placed in a magnetic field precesses with the Larmor frequency o in a plane perpen-
dicular to the magnetic field,

In the classical theory, however, the energy of an electron in a magnetic field is
determined entirely by its unquantized kinetic energy. Therefore, according to the clas-
sical theory, an electron gas generally exhibits no diamagnetic properties,

In the quantum theory the energy (10.59)canbe interpreted in terms of the appearance
of an additional magnetic moment p of an electron, which makes the following contribu-
tion to the energy:

Fmagn = —p, . (10.60)

Comparing (10,60) with (10,59), we find
B = — o (2’1 + l).

Since the number 2n +4- | assumes only positive values (n =0, 1, 2, 3, ...), the addi-
tional moment of an electron will be directed along the negative z axis, This naturally
leads to the diamagnetism of free electrons in a metal,

It should be noted that 1nquantum mechanics, solution (10,58) corresponds to harmonic
vibrations along the z axis along, whereas in classical theory the circular trajectory
means that there are harmonic vibrations along both x and y axes, with a phase difference
of%.
sequently, degeneracy occurs and the solution for a given energy has the form

The reason for this is that the energy 1s independent of the momentum hk,. Con-

Al
Y pym = Z Chy¥nt,, ky=0» (10,61)
k)

where the coefficients C k, BT€ arbitrary amplitudes satisfying the normalization condition
\
3 —
Z| Cp I =1.
ky

In classical theory there is also anindeterminacy, since the center of the circular trajec=-
tory is not uniquely specified,

The general solution (10,61) corresponds to a set of circular trajectories having
different centers located along the y axis,
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Concluding the above discussion, let us note that the solution (10,61, includes the
harmonic oscillations along both x and y axes, This can be seen by examining the expres-
sion for the energy [Eq, (10.59)] which represents a sum of the energies of two harmonic
oscillators (note that p %" =oh)

E,=2h, <ll+ %)_

(E;;gem 10.:3 Show that the matrix element of the product of twr. operators M (x)and
N (x}, whic independent of quantum numbers, 1s equal to the sum of the products of
the matrix elements of these operators, that is,

(MN),, = 2 My (10.62)
k
Solution, Writing

MN)y = § (4 (9 M 00 (6= 2D N () 4 () i e

and using the relation (see Chapter 4)
3
b(r— )= Y ¥ () be (4),
k

together with the fact that the operators M (x)andN (x')are independent of quantum num-
bers, we readily prove Eq, (10.62).

g

E’Sroblem 10.5:} Find the selection rules for quadrupole radiation emitted by the
h [} ator, Find the intensity of spontaneous quadrupole radiation and compare
1t with the intensity of dipole radiation, Obtain Eq, (9,24), which relates the intensity
of quadrupole radiation to that of dipole radiation,

Solution, In Problem 9,1 we found that the quadrupole radiation is proportional
to the matrix element, which according the the preceding problem can be written as

(=]

() prp = 2 X X ppe
k=0

Substituting the values of ,,, from Eq, (10,55), we find the following nonvanishing matrix
elements of the quadrupole radiation:
2 X iy
(x )n-l,n=_2' V” (n—1);

(nnn=F VEFIGFD,  (Da=i(n+7). (10.63)

That is, the selection rules for the quadrupole radiation of the oscillator are
An = 0, + 2.

The probability of spontaneous emission (n'=n —2, An=2) is calculated from Eq,
(9.26). For large quantum numbers when E =< nfiw, we have

unad — _]6 e2w?f3

15 “mics”*
According to (10,57), the intensity of dipole radiation is

1 2 e2®E ot
wdipo ﬁ-_-.a. S ~(ea) %5
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Using the last two equations, we obtain

wauad 4 4 . (a)’
Wlee_E(T) RAVYE

where g? = 2E is the square of the classical amplitude of oscillations, This relation is

mow?

in agreement with Eq, (9.24).

(Problem 10.63 Show that the center of a wave packet composed of the solutions for
the lator moves according to the laws of classical mechanics,
Show that this wave packet does not spread with time, Obtain the transition to the
quasi-classical case (n»v> |, where 2v 4 lis the number of waves in the wave packet),
Solution, Let us assume, for simplicity, that the wave packet is composed of 2v | 1

eigenfunctions of equal amplitudes

1 : —to (n4s+ ;—)t
q’ (xl t)—' Vm lgz_‘q"lﬂje )

where ¢, are the eigenfunctions of the harmonic oscillator, and w is the mechanical
frequency of vibration,
The coordinate x of the center of the wave packet is given by

= 5 $H(x, £) XY (x, t) dx=

= 1 \ — ol =t S
PR Z nppnpy e 0 P =Acosu,

1, )=y

with

v—1

sy 3 T

J=—v

where g = "/-h_(z"fn.ﬂ is the classical amplitude of oscillations,
0w

It follows from the last two equations that X obeys the classical equation of motion
for the harmonic oscillator

¥+ 0?x=0.

Evaluating x* in a similar manner, we obtain (Ax)‘=?—2’ for the mean-square
deviation

@’=( C’—£)+(B’— %z-)cos%t,

2
where
v—2
1 80 —a 1 NACET DR
C==, B 22\4—{-1.2{ nt :
==y 7

C;)trtllsequenﬂy, (4x)* oscillates about a certain mean value and, therefore, does not spread
W, time,
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In the quasi-classical case, we have

1 al 2
A=a(l —— & (| —_ <%
“( 2v+1>' B~ (l 2v+l)’

and thus

. ——e 2
xesacosof, (Ax)es % — const,
41

From this it follows that the larger the number of waves, the smaller will be the width
of the packet, and finally, for (2v+4-1) > 1, the width tends to zero,



Chapter 11

General Theory of Motion of a Particle in

a Centrally Symmetric Field

The problem of the motion of a particle in a central field of
force (a field in which the potential depends on the distance alone,
and not on the angles) is one of the standard problems of quantum
mechanics, This problem provides a basis for the quantum theory
of the rotator, which is of considerable importance in connection
with the spectra of diatomic molecules, the theory of the hydrogen
atom, the nonrelativistic theory of the deuteron, and so on, It is
worth noting that in a central field of force the dependence of the
wave function on the angles % and ¢ is completely unrelated to the
specific form of the potential energy. Accordingly, the spherical
harmonics are of general validity; they are applicable to any
centrally symmetric field. The classical analog of the quantum-
mechanical investigation of the angular parts of the wave function
is the derivation of the law of conservation of angular momentum
in a central field of force. This law is also independent of the
specific form of the potential energy.

A. SCHRODINGER’S EQUATION IN SPHERICAL
COORDINATES

The problem of the motion of a particle in a central field of
force

F=F(r)%, (11.1)

is usually solved in the spherical coordinates r, % and ¢, which are
related to the Cartesian coordinates (see Fig. 11.1)by the equations
§ xX=pcosep, y=opsing, 2=rcosd, p=rsind. (11.2)
We shall now write the Schrodinger equation in spherical co-
ordinates.
First, using the general definition of the potential energy V as
a quantity whose negative gradient is equal to the force F, we have

dV = — (F-dr). (11.3)
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For the case of central forces (11.1), we obtain

4V = — L (xdx - ydy + 2dz) = — Fr, (11.3a)
and hence
V(r)=— \ F(r)dr, (11.4)

where the lower limit of integration is chosen in accordance with
the convention that V (r) vanishes at infinity.

In particular, if the central forces are due to Coulomb inter-
action
ze
ra

F=— r,

where Ze, is the nuclear charge (e=— ¢,is the charge of an electron
moving around the nucleus), we obtain for the potential energy

V()= g.??a dr — Zr‘-’_?g (11,5a)

[ee]

Now let us find the expression z2
for the Laplacian y* in spherical
coordinates, Using the identity

VH=V-V{§  (1L6) h \i@ A

we shall first find the components

of a vector
g
B=V ¢ (1,7) Y
Ve
in spherical coordinates, 38 7 :
Bearing in mind that a gradient 77 \Z
expresses the spatial rate of a 7 78 |
change of scalar field in da certain 2\ 1
!
direcdon (B;= V,¢=5;), Wwe T i
Y S<E=ry 1 7 y
obtain, in accordance with Fig, 11,1, ~ny | T
~ Ve
_ 0 _% ey it
Br=13r+ B = o5 z d
(1L.8)
B =_¢’_‘l{_= op Fig. 11.1. Spherical coordinates. The volume
\ p0¢ rsinddp ° element 1n spherical coordinates.

Let us use the definition of divergence

$ (BdS)
d .
v-p=tin o — i Vo (BidS) dx (1L9)
i
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where d3x is the volume element in spherical coordinates
d*x =r¥sin 8 dr dd d (11,10)

(x; stands for the coordinatesr, $and ¢), and dS;stands for elementary areas perpendic-
ular to the directions dr, rd$, and pd¢ respectively:

dS,=r*sin 8 d3 do,
d83=rsin0drdty, (11.11)
dS,=r dr b,

With the help of Eq, (11.8), we obtain

R i 3 (3y , .
VB—V"P—ra?m—sm—m{Fr(a—r”S"‘"‘”""’)“’J“

o[y o[ oy (11,12)
+05 (roarsmbdrd:p> d&-l-‘,—q’(mrd’ds) d‘?},

from which we readily find the expression for the Laplace operator in spherical co-
ordinates

1 0/,90 1I[ 1 (. .0 1
8 " 3 — —_— — — .2
Vi=<or (r 0r>+ r [sin [ ae(sm 9as>+ sin? § 0(92]' (1L,13)

Setting in Eq. (11.13)

1 0 0
ﬁo—,(r’ o—,) =V}, (11,14)
and
1 /(. 0 1 o
sind 0% (sm% %) R hanhd (11.15)
we have
v =V,’.+—;12 Vi o (11.16)

so that the Schrodinger equation (4.8) takes the form

(V}—{—.FITV& ,)q)_i_ki(r)q»:o, (11.17)
where
(=22 E—V ()] (11.18)

is, according to Eq. (11.4), a function of the radius r only.

B. SEPARATION OF VARIABLES., EIGENFUNCTIONS

We shall solve Eq. (11.17) by the method of separation of vari-
ables, Let us represent the desired function as a product of the
radial and angular parts

$=R(r)-Y (8, ¢). (11.19)
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Multiplying the original equation by (g;-,), we obtain

riViR

TR P = Vé. ¥ (11.20)

Y

Since the left-hand side depends only on r and the right-hand side
only on the angles & and ¢, this equation can be satisfied only if
both the left- and right-hand sides are separately equal to a con-
stant A, called the separation constant,

We, therefore, obtain the following equations for the radial and
angular parts, respectively:

VIR (k*—rl,) R=0, (11.21)
V3, Y Y =0. (11.22)

The important point to note is that the angular part of the wave
function does not contain the variable r and is independent of the
specific form of the potential energy V, Consequently, as we men-
tioned at the beginning of this chapter, the angular solution will be
valid for any central force.

Using the method of separation of variables for the angular
part alone, we set

Y =6 (8)® (), (11.23)

and thus obtain the following equations for the functions 8 and®:

V30 - (x _m"'_a) 8=0, (11.24)
V2D -+ mi® =0. (11,25)

Here m' is the separation constant and we have used the following
notation:

1 1(sina ﬁ), (11.26)

=2, (11.27)

where partial derivatives are replaced by total derivatives, since
each of the functions 8 and ® depends only on a single variable,
Thus, we have obtained three equations—(11.21), (11.24) and
(11,25)—for the energy eigenvalues E, and the corresponding eigen-
functions ¢;., The last equation contains only a single parameter
m®, whereas the first and second contain two parameters each,
Since the solution of one equation yieldsthe eigenvalues for only
one parameter, we must begin the solution of the entire problem by
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solving (11.25); then, knowing m? w ,roceed to solve (11.24) and
finally (11.21),
To find the normalization constant, we use the relation

{ oy ar= 50 R*Rrdr § 8*8 sin dd fncb*mdao,
0

0

which shows that each of the functions canbe normalized separately:

| R*Rrdr =1, (11.28)
o
g 0+0 sin ddd = 1, (11.29)
9

2

\ Drod,=1. (11.30)

0

The particular solution for the azimuthal function [see Eq.
(11.25)] can be written in two ways:

O = Ceim? (11.31)

or
O = A cos(myp + ¢,)- (11.32)

Each of these solutions has a different physical interpretation.
The solution (11.31) represents a wave traveling around the cir-
cumference of a circle and corresponds, for example, to uniform
circular motion of an electron, On the other hand, the solution
(11.32) is associated with standing waves and corresponds, for
‘example, to oscillations of an electron along an arc. In order for
the function @ to describe the motion of an electron around the
nucleus, it must have the form of traveling waves (11.31). More-
over, since a solution proportional to e '"? can be obtained from
the first solution by replacing (m) by (— m), we can take, without
any loss of generality,

O =Ce'™, (11.33)
where the quantity m assumes both positive and negative values.

Since the wave function must be unique (see Chapter 4, Section
B), the function @ (v) must be periodic with a period

 (9) = (p - 2x). (11.34)
It follows that

eiinm — 1’
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and therefore the quantity m, which is called the magnetic quantum
number, assumes only integral values

m=0, +1, =2, 43, .... (11.35)
From the normalization condition (11,30), we find C= ]/12_1: It
is readily shown by direct calculation that the functions
1 .
D —= — '™
V= = € (11.36)

satisfy the condition of orthonormality

2r
\ (Dﬁl’d‘md‘? = Bmm'-
0

Since we now know the eigenvalues m and the wave function
associated with the azimuthal angle ¢, we can proceed to solve
Eq. (11.24). Introducing the new variable

x=cos?d (11.37)

and denoting derivatives with respect to x by primes, Eq. (11.24)
becomes

[(1— )87 - (A — 5) 8 =0. (11.38)

It can be seen that (11.38) has singular points at x=="!-1, that is,
points at which one of the coefficients of O becomes infinite, To
eliminate this divergence, we shall look for a solution 6 in the
form

A =(1 - x%)2, (11.39)

Substituting (11.39) into (11.38) and dividing all the terms by
(1 —x»*2, we obtain

2 _ ”lﬂ

(=)0 —2x(s+ D [\ —s'—s4 | [u=0. (11.40)

We eliminate the singularity in the last term by setting
s=nm.

Since the fundamental equation for H depends only on m? the
solutions corresponding to these two values of s both satisfy the
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same equation, and, consequently, there must be a simple linear
relationship between them:

8 (m)=A8(—m). (11.41)
It 1s, therefore, sufficient to solve Eq. (11.40) for
s=m=0. (11.42)

With the help of Eq. (11.41), the solution can be automatically
extended to the negative values of m.
Under the condition (11.42), Eq. (11.40) becomes

(I =" —2x(m+ 1 +A—m(m+1))u=0. (11.43)

Since this equation has no singularities, its solution may be
represented as a polynomial

— N 11.
o= . (11.44)
Substitution of this polynomial into Eq. (11.43) gives
Y {k(k—Dat T+, D — (k+m) (k+m -+ 1)] 2} =0.
k=0
Collecting the terms with the same powers of x, we obtain
Zﬁm+mw+n%n+n—w+mw+m+nmnﬂ=a
Py

This yields a recurrence relation

(k+2)(k+ 1 apa=—NA—(k+m)(k+m—+1)]a, (11.45)

which gives the relationship between the coefficients of the series
(11.44). Since the coefficients a,,, are expressed in terms of a, and
thus only alternate terms are related, the function u will be either
even or odd depending on whether the main term is even or odd.

We require that the series (11.44) terminate at some maximum
power k==gq, so that

a,3=0, a,#0.
Then from (11.45) we obtain

A=(g4m)(g+m+1), (11.46)
¢g=0,1, 2, 3,... (11.47)

where
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(that is, ¢ is equal to the power at which the series is terminated).
Introducing the orbital angular momentum quantum number |

l=qtm, (11.48)

we find that, just like the numbers ¢ and m, this number can
assume only positive integral values (including zero), that is,

1=0, 1,23, ..., (11.49)
and from (11.48) it follows that
I=m. (11.50)
According to (11.48) and (11.46), we have
A=Il({l+1), (11.51)
and, therefore, Eq. (11.40) can be reduced to the form
A= —2x(m+ D' +{I(l+1)—m@m-++1)u=0, (11.52)
where

L Y R I (11.53)

Instead of determining the relationship between the coefficients a,
and a,,, by means of the recurrence relation (11.45), let us represent
the solution (11.53) in a closed form. For this, we introduce the
function

v=(x*— 1)}, (11.54)

satisfying the equation
(1 —x%) v + 2xlv =0, (11.55)
which is easily obtained by taking the first derivative of v with

respect to x. Differentiating Eq. (11.55) with the help of Leibnitz’s
rule [see (10.34a)] and setting

14
ortm = LT (1) =, (11.56)

we obtain the following equation for the function ,:

(—x)uf —2x(m+Du+I+m+ 1 —m)uy=0. (11.57)
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We note that this equation is exactly the same as the differential
equation (11.52) for the function u. Consequently, functions « and
u; must be proportional to each other

u==const - u,. (11.58)

Since the normalization coefficient of the function © has not yet
been determined, we can set this proportionality constant equal

to in order to make the solution (11.58) for m =0 identical with

1
P}
the Legendre polynomial

1 di(x2—1)

Pr(¥) = (11.59)

We thus obtain
1 dltm

13
= gy gyrem (= 1)

from which, with the help of Eq. (11.39), we find the following
expression for the function 8:

8" =C/"Pl" (x). (11.60)

Here P" is an associated Legendre polynomial defined by the
equation

l+m 2 __ |\
PP (=1 — " e | S, (11.61)
andC" is the normalization coefficient.
Although (11.61) was obtained for positive values of m, it
can also be extended to include the negative values of m by using
the well-known relation!

Pr@=(—1y" {EBL P-p (), (11.62)

Lro prove Eq. (11 62), we put 1t 1n the following form with the help of (11.61):

Iml
a7 @2-1 (11 63)

I+|m|
- 2_g)im @ 2_40 .
d=|m|»@*--1) l+|m|( -l = @ +|mly PR

dx

Since P[™ and P; ™ must be linearly related to each other [see (11 41)], 1t 1s sufficient for
us to show that the coefficients of the leading power of x on both sides of Eq. (11.63) are
equal to each other, that 1s,

l+Im|_21 -Iml
2imld x 21
¢ =|mbr= el timl = (4 I'"|) l Im|
This 1s easily shown shown since
dken n__xnk  for  k<n
ek (n—k) (11 64)

0o for k>n.
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From (11.61) and (11.62), it follows that the range of variation of
the quantum number m is

m=0, *+1, +2,...,%1[;

since for |m|> ! the solution P} vanishes,?
The coefficient C[* in (11.60)canbe found from the normalization
condition

T

1
{or apsinddv=§ o7 (er (9 de=1.
0 -1
Substituting the solution (11.60) and using (11.62), we obtain
CHIPE (= m)! dm

(I (L mly o g _§l [m 2 — ||t (2 — 1) J =1,

Transferring the derivative from the second factor inthe integrand
to the first factor [+ m times (that is, expanding the integral by
parts [ -{-m times), we obtain

1
1 1 | a2t
el § (1= o = 1 dx=1.

Using the equation [see also (11.64)]
@ :211 (n=21),

“dxt 0 (n<2l),
and
-l-l
L _ (l!)’ 28l+1
_Sl (I —2) dx= G
we find
m A1) (I—m)
"=y — (Fmi " (11.65)

2Because of the linear relationship between P/" and P;™, many authors present the
solution for the function © in the form

8 - c;*,"“' () .

We shall not use this form, since in this case the recurrence relation between the asso-
ciated Legendre polynomials is more complicated than for the solution (11 60) (the recur-
rence relation 1s important in connection with the selection rules and the solution of the
Dirac equation).
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Then

w1/ CEDUG=m)

8= satmi Pl %) (11.66)

For the spherical harmonic Y7" (8, ¢), which satisfies Eq. (1.22),
the relations (11.23), (11.36) and (11.66) yield

Yr @, op)=e;"q>,,,=]/ 241 251,",35 Pl (cos®)e™,  (11.67)

The orthonormality condition for the spherical harmonics takes
the form3

§>(YZ")* Y7dQ =38y 3pm- (11.68)

After having obtained the eigenvalues of the parameters m and
A, we may proceed to the solution of Eq. (11.21) for the radial part
in which there remains only one unknown parameter. The radial
solution, however, can be obtained only if the form of the potential
energy V (r)is specified, and, therefore, we shall leave this question
aside until we come to consider various specific forms of V (r) in
the following chapters.

C. PHYSICAL MEANING OF THE QUANTUM NUMBERS
! AND m. ANGULAR MOMENTUM

We have found that the quantum number ! characterizes the
eigenvalue A =1[ (! + 1) of the operator--y},, [see (11.22)and (11.51)],
which is a part of the Hamiltonian

=_%‘§.+V(r)=_L__m;,_+V(r). (11.69)

Comparing this Hamiltonian with the classical Hamiltonian function

H="2 4V ()= gt e 4V () (11.70)

370 prove the orthonormality condition (11 68), we substitute the expression (11.67) for
the spherical harmonics into (11 68). Integrating over the angle ¢, we can readily show that

1 2 imm
_2; eltmmm2® d? = 8xm'n' :
(1]

Integrating the Legendre polynomials over the angle 3, we can set m'= m. Then without
loss of generality, we can take /'<C /. The case |’=1] was considered above in connec-
tion with the determination of the normalization coefficient. In similar fashion, 1t can be
readily shown that for I'<! the integral (11 68) vanishes as a result of transferring the
derivative from the function with subscript ! to the function with subscript 1.
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where p,=m¢* and L=my%, we see that the operator (— 'y} )
corresponds to the square of the angular momentum L? in the
classical case, and the operator (— #%?}) to the square of the radial

momentum p}.
Let us investigate these analogs in more detail. As we know

from classical mechanics, the angular momentum L is defined as
L= rxp. (11.71)

If external forces F exert a torque M = r x F, the time rate of
change of L is given by

A _m, (11.72)

In the case of central forces (F||7), no torque M is exerted and,
consequently,

L =const.

In classical mechanics this result is known as the law of conserva-
tion of angular momentum; it appears in Kepler’s theory of plane-
tary motion as the law of conservation of areal velocities (that is,
the law of areas),

To generalize the classical expression for the angular momen-
tum to the quantum case, we replace the classical momentum p in

(11.71) by the momentum operator p= —?— v. We then obtain

L=rxp=2rxy (11.73)
or
Lx=ypz'_zpy’
L_y:sz_-xpz» 2 (11,74)
L.=xp, —yp,-

We note that the angular momentum operatorsL,, L, and L, do not
commute with each other. For example, by direct calculation of
the commutation relation between L, andL,, we find

L.L, —L,L.=(yp. — 2p,) (2P, — xp,) — (2P — xD.) (yp, — 2D,).

Using the commutation relation between the momenta and the
corresponding coordinates [see (7.7) and (7.8)], we find

L,.L,—L,L,=—in(yp, — xp,) =iAL,. (11,75)

Similarly, it can be shown that

LVLZ - LzLy = ith,
LL,—L,L,=inL,. (11,76)



180 NONRELATIVISTIC QUANTUM MECHANICS
To express the square of the angular momentum operator
L*=L}+Lj+L; (11.77)

in spherical coordinates, we must first determine the components
L, L, and L, in thesecoordinates. Using the relations (11.2) between
Cartesmn and spherical coordinates, we have

O __ 0y dx | 0% 0y 4 0y 0z
N=axdTyawttaa=
——rcos{}cossoo‘P—}-rcos{)smrpgi—rsmn‘) 9

xz 0} +yz 9 9

0

= 3 p Oy 0z (11.78)
oq; O dx | 0y dy | oy 0z _
— ox 0go+dy dcp_i—dz o
— —rsin® _‘P 9 LA 4 ud
=—rsindsing ax—I—rsm COsP 5y ="Y 5y +x Iy (11,79)

Multiplying Eq. (11,78) by % and Eq. (11.79) by( ) adding these
products, and remembering that p*=x*4 4% we obtain the relation

gq; x%—q;—— cos ¢ 5 _41 — sin cpcot& q’ (11.80)

Now let us multiply Eq. (11.78) by< )and Eq. (11.79) by (— n)
Then, proceeding in the same way as before, we obtain

0 0
ydi’ 0)4: = {sin ‘*’aa - cos pcotd q’} (11.81)

Using Eqs, (11.79) and Eqs. (11.74), we find

b—— 2 {sm q,d%_l_ cos pcotd 3}, (11.82)
R

L= 7 {cos ¢ 55— sin cpCOtOd(P} (11.83)
no

=215 (11,84)

Introducing the variable x = cos # (which should not be confused with
the Cartesian coordinate x), Eqs. (11.82) and (11.83) can be written
in the form

L,+il, =fzeﬂv( i

@]Q‘

5 0
Vx FVT =2 ) (11.85)
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To determine the effect of these operators on the spherical
harmonics, let us take advantage of the fact that a particular
spherical harmonic can be represented either as (11.67) or as

my/) AFTAF ) ,
Yr=(—1) ——:‘;— 21{% P;™ (cos §) e'™® (11.86)

Operating directly with L, on the spherical harmonic, we find
LY =#amY]. (11.87)

From this it follows that the quantum number m characterizes the
2z component of the angular momentum,

. To determine the effect of the operator L,J-iL, on the spherical
harmonic Y", we use the expression (11.67), and for the effect of
the operator L, — (L, we use the equivalent expression (11,86), Then
from the equation

m
Y —3 0\ mp (1 __ w2
etre( | o?_,_]/l x5 )em (1 —xt)

Vi—x®

= e mED (] — xY)

f(x)=
I+

im
27 df(x)
ox

it follows that

L, L) YP=—RY{TFTEmy(I5m)yr*" (11.88)

Equations (11.87) and (11.88) yield

Lyr=[3 Cetil) e —iL) + 5 Le—iL) X

X (Ly+iLy) +L3| vP=— pogh Y=
=mll+1Y™ (11.88a)

The last equation shows that Y;" is an eigenfunction of the operators
L, and L®. This follows from the fact that the operators L, and L
commute not only with each other, but also with the Hamiltonian H.
Since the operators L, and L, do not commute with L,, it is impos-
sible to find a wave function that would be a simultaneous eigen-
function of the operator L, and the operatorsL, or L, This does
not mean, however, that the direction of the z axis is a preferred
direction, since it can be chosen arbitrarily.

The spherical harmonic can be written in such a manner that it
will be an eigenfunction of the operators L, and L' In this case,
it will no longer be an eigenfunction of the operator L, (see Prob-
lem 12.2).
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D, ANALYSIS OF THE RESULTS

Quantum-mechanical results are generally analyzed either by
finding their classical analogs or by comparison with the results
of Bohr’s semi-classical theory, which has a simple physical
interpretation., To apply Bohr’s theory to the motion of a central
field, we start from the classical law of conservation of angular
momentum; we then conclude that the motiontakes place in a single
plane and that the angular momentum vector (which is perpendicular
to this plane) has the magnitude

L=p,—= 2 — my*$ = const. (11.89)

Applying the quantization rules, we find the discretevalues that the
angular momentum can assume
§ pp dp = 25Ly=2uhn,.
Hence
Ly=n:#, (11.90)
where
n,=1, 2, 3, .... (11.91)

If the z axis is not perpendicular to the plane of the orbit, then
the Bohr theory allows us to quantize the projection of the angular
momentum vector on the z axis. This is known as space quantiza-
tion. Then

(L-B),=hn¢. (11.92)
where

n,=—n, —n,+1,...,0, ..., n,—1, n, (11.93)
It follows from this that the angle a« between the direction of the
angular momentum L and the z axis is given by the equation

* cosa=="¢, (11.94)
ne

that is, it can assume only certain discrete values.

Space quantization is illustrated in Fig. 11.2, which shows that
n,=n, corresponds to the case when L is parallel to the z axis
(Fig. 11.2a), where n,== —n, corresponds to the case of anti-
parallel L (Fig. 11.2b). Finally, for n »=0, the vectors are mutually
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perpendicular (Fig, 11.2c), It is obvious that spacequantization has
a meaning only when there is some preferreddirection in space, for
example, the direction of the magnetic field intensity vector.® I
there is no preferred direction, the orientation of the z axis may
be taken as perpendicular to the plane of the orbit.

z

—_—a

a -4 b z c z
ST TN s
4 ‘-——-r—-
I N \
\.
L
| B
Lz=1 = =
z Ly=—1 Lz=0

Fig. 11.2. Space quantization according to the Bohr
theory (for . = 1; 1n units of h)

Now let us compare the quantum-mechanical results with those
of the Bohr theory for the square and the z components of the
angular momenta:

Lim=m1(4-1), Ly="Wn;.
1=0,1,23, ..., n,=1, 2,3, 4, ...
L,=hm, (Lg),=hn,,

—l=m=l, —n,<n

=n,

0/
It is seen that Lym is zero when /=0, whereas L} can never be

v

zero, This meang thaf thg state with [—0 has no classical analog,
It follows that the angular momentum o atom In the B-VE%
StaTeTE Sl T 2oro - CoRTTATY To the resuTts ST The-BoRF-thovey.
The imenta a from atomic spectroscopy fully confirm
this quantum-mechanical result,

1t is, of course, understood that in the presence of a magnetic field the central
symmetry 1s disturbed.
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In the Bohr theory the direction of the 2z axis can be taken to
coincide with that of the orbital angular momentum. In this case

n,=n, and, therefore,

Ly=(Lp) max » (11.95)

In the wave theory this case corresponds to m =I[, when

L max=M1, (11.96)
whereas
Lam= RRnl=L; . - (11,97)

The appearance of the additional orbital angular momentum A% is
related to the noncommutativity of the angular momentum opera-
tors L,, L, and L,, as a result of which the angular momentum
components cannot have simultaneous definite values. Therefore,
when L;=L,max="l, the components L, and L, do not vanish but
have certain minimum values satisfying the relation

L:]m= Lz’;nax‘*‘ (Abx):nin+ (Aby);‘nin- (11.98)

The minimum value of (AL,)* and (AL,)’ may be obtained with the
help of the uncertainty principle [see (8.13)]:

1 1 2 1
(AL, Yin il ALy Nnin= T IL,L, —L)L,'= T LY max = T Rt (11.99)

Since the problem is symmetric with respect to the x and y axes,
we may set (AL,)min=(AL,)nin. Hence, we obtain

(AL )imin=(ALy)min =1 -2'~ (11.100)

and the sum of (AL,)min and (AL))hmin is exactly equal to the addi-
tional angular momentum #%. As a result wearrive at Eq. (11.97).
Thus the nature of this additional term is the same as that of the
zero-point energy of the harmonic oscillator, Both are related
to the uncertainty principle. For large values of the orbital angular
momentum quantum number /, we can neglect the term #% in (11.96)
in comparison with #%*!, so that in fact we have the Bohr semi-
classical solution.



Chapter 12

The Rotator

Spherical harmonics, which are the eigenfunctions of the square
of the angular momentum, have their main application in the
quantum theory of the rotator, that is, in the quantum-mechanical
description of the free motion of a_pojnt over a sE]here. The
results of the theory of the rotator can be used directly in connec-
tion with the spectra of diatomic molecules, Since, however, the
angular part of the wave functioninacentral field is also described
by spherical harmonics, many predictions from the theory of the
rotator (for instance, the angular dependence of the wave function
¢ and the selection rules for the quantum numbers / and m) remain
unchanged in the theory of aparticleina central field (for example,
a particle in a Coulomb field in the problem of the hydrogen atom).

A. EIGENFUNCTIONS OF THE ROTATOR

We shall first write the basic results of the quantization of the
rotator according to Bohr’s theory. These will be used as a
starting point in our further discussion.

Suppose a point is moving over a sphere of radius r=a=-const.
Let the origin of the coordinate system be at the center of the
sphere. The potential energy V (r) is then

V (r)=V (a)=const.

Since the reference level of the potential energy can be specified
in any desired manner by defining its value at some point as zero,
we set

V (a)=0. (12.1a)
The total energy of the rotator is then equal to its kinetic energy
E=T="2% (12.2)

The generalized momentum p, which here has the meaning of the
angular momentum, is found to be

oT
p?= —a;=m0a?¢_ (12.3)
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Using Bohr’s quantization rule, we obtain

Po=n,, (12.4)
and, consequently,
nins
E,,‘P = %7— , (12.5)

where J =m,a* is the moment of inertia.

The quantum-mechanical theory of the rotator is a special
case of the problem of motion of a point in a central field of
force. Consequently, we shall use Eq. (1.21) to determine the
radial function R (r):

ViR () |25 — 2 R (=0, (12.6)

We have here set the potential energy equal to zero and substituted
A=I(+1) in accordance with Eq. (11.51), Since r=a==const for
the rotator, function R(r)==R(a)=const, that is, y;R(a)=0. The
energy E, is now easily found from Eq. (11.51)

E,=M0+D m(-éfl)- (12.7)

T Omea®

Comparing this equation with Eq. (12.5), we see that in the Bohr
theory E-~ni, whereas in quantum mechanics E~[(/-}-1), As has
already been mentioned in Chapter 11 (Section D), this difference is
due to the noncommutativity of the components of L,, L, and L, of
the angular momentum operator; it is one of the characterlstic
features of quantum mechanics. Both equations become identical
only for large quantum numbers, that is, when * > 1.

According to Eq. (12.7), the energy of the rotator depends
only on the orbital angular momentum quantum number [/, The
magnetic quantum number m, which characterizes the projection
of the angular momentum L on the z axis (and, consequently, the
orientation of the angular momentum in space), does not appear in
the expression for E,, The eigenfunctions Y7 corresponding to the
eigenvalue E,[see (11.67)] do, however, depend on m. Since m can
vary from —l to 41 [see (11.50)], each energy eigenvalue E, will
have 2/4-1 corresponding mutually orthogonal eigenfunctions; they
describe the state of the rotator and differ only in the orientation
of their angular momentum L relative to the z axis. In this case
the energy level E,is said to be (2! 4- 1)-fold degenerate,

In general, a state of a system (or a given level) is said to be
N-fold degenerate if N linearly independent eigenfunctions corre-
spond to the given energy eigenvalue,
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lanation for the levels
of the rotator is tha € rotator forms a centrally symmetric

systém, and consequently all directions passing theough the origin
of coordinates are equivalent. From these considerations it fol-
lows that degeneracy will occur in any centrally symmetric
system,

If there exists a preferred direction, for example, one deter-
mined by the direction of a magnetic field, the central symmetry is
disturbed and the possible directions of the angular momentum L
are no longer equivalent. As a result, the degree of degeneracy is
either reduced, or the degeneracy can be completely removed.

In spectroscopic notation the energy levels are called terms;
for example, the level corresponding to /=0 is called the s term
and the level corresponding to /=1, the p term. For the d term,
I =2; for the f term, (=3; for the g term, [—4; and so on.
Correspondingly, the rotator is said to be in the s state when / —0,
in the p state when /=1, and so on.

Let us consider in more detail the s and p states of the rotator.
Since |=m=0, in the s state, it follows from Eq. (11.67) that the
eigenfunction Y? corresponding to the energy eigenvalue E,=0 is

o1 _ 1
Vim— (12.8)

and the probability density | Y} * is given by
1
| Y? |’=4.; . (12.9)

In the p state |=1, and the quantum number m can have any of
the three values —1, 0 and -}1. Consequently, the energy eigen-

value E; = % is associated with the three eigenfunctions:

Yit=—)/ & evsind, (12.10)
1= 33; cosd, (12.11)
Vi=) o e*sind. (12.12)

The corresponding probability densities are

YT P=|Yif= ~~sm 9, (12.13)

Y3 =2 cos®s. (12.14)
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The probability distribution functions (12.9), (12.13) and (12.14)
are plotted in Fig. 12,1; they are shownonly in the zy plane because
|Y™| does not depend on the angle 8. To obtain a complete picture,
it is necessary to rotate the graph about the z axis.

z Mmlz
¢
Y
W W e
3

47 L(m=0)

\V g 17 7
\7_
Loy
a

b c

Fig. 12.1. Probability density distribution functions for the
rotator.

It can be seen from Eq. (12.9) and Fig. 12,1a that, for a rotator
in the s state, the angle ¢, which gives the direction of the angular
momentum L relative to the 2 axis, is arbitrary. This was to be
expected since the angular momentum L*=7#% (!l | 1) is equal to zero
in this case, A material particle at rest has an equal probability
of being at any point on the spherical surface of radius a. In other
words, all positions of the rotator are possible, There is no clas-
sical analog of this state.

From Eq. (12.13) and Fig. 12,1b it follows that in the p state,
when l=1and m==:1.1, the most probable of all the possible orbits
of the rotator is the one located in the xy plane. The states with
m=1 and m= —1 will have different directions of rotation: for
m=1 the rotator will rotate clockwise (the angular momentum L is
parallel to the z axis); for m=—1 it will rotate counterclockwise
(the angular momentum L 1is antiparallel to the z axis). When
I=1 and m=0, the most probable orbit of the rotator lies in a
plane passing through the 2 axis [see Eq. (12.14) and Fig. 12.1c].
In this case, the orientation of the angular momentum is perpen-
dicular to the z axis.

It is worth mentioning that a similar analysis of the angular
part of the wave function applies to all systems characterized by
central symmetry.
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B. SELECTION RULES

As has already been shown, the selection rules indicating the
changes of the quantum numbers that correspond to allowed transi-
tions can be expressed in terms of the matrix elements

(Mim = J‘: (Y)Y ryY! de. (12.15)

If the matrix element vanishes for some particular change of the
quantum numbers, the corresponding transition is forbidden (there
will be no radiation). Once we know the selection rules, we can
immediately find both the frequency and the intensity of the radia-
tion [see Eq. (9.22)].

Let us replace the coordinates x, y and z (that is, replace 7) in
Eq. (12.15) by the following new variables:

2=acos?d, (12.16)
t=x - iy=asinde’, (12.17)
1==x—iy=asinde’, (12.18)

From the physical point of view, this is equivalent to resolving
the motion of the rotator into three parts—an oscillation along the
z axis described by the z component; a clockwise rotation in the
xy plane (the ¢ component); and a counterclockwise rotation in the
xy plane (the v component). In combination, thesethree components
completely describe the motion of a point over the surface of a
sphere.

In terms of the new variables the determination of the selection
rules reduces to a calculation of the matrix elements:

(B = é; (Y7)*cosd Y de, (12.19)
@ = g} (Y™)* sin 9e'? Y do, (12.20)
(=  (YF)* sin e * Y7 de, (12.21)

where, for the sake of simplicity, we have seta=1,
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Using the recurrence relations for spherical harmonics?!

cos®Yp=AYp +BY?_, (12.22)
sin Qeii?Y;":AiYT_EIl —|—BiY',"_1l', (12.23)
together with the orthonormality condition (11.68), we find
(@) == const 8 mdr, 141, (12.24)
(&)im' =const 3, my 13,121, (12.25)
(Wim = const dm, m—13p, 12:1. (12.26)
Therefore, we obtain the following selection rules:
(a) for vibration along the z axis
M=m—m=0, Al=Il-l==x] (12,27)
() for clockwise rotation
Am..—_:—], Al=il; (12.28)
(c) for counterclockwise rotation
Am=-+1, A==+], (12.29)

We have just shown that the only allowed transitions are those
for which the changes of the magnetic quantum number m and the
orbital quantum number [ are

(12.30)
(12.31)

'The coefficients A and B can be found 1n a fairly simple way We substitute the
expansion (11 67) into Eq. (12 22), setting

m
pm _ 2l (1_x2)2 le—m_ (-m)y(d-m-1) gl~m=2, % .
! 2l (g ~my 2021-1)

Then, dividing all the terms by e’™(1—x2)™/2 and equating the coefficients of x'~™*}

and the coefficients of x'~™"! on the left- and right-hand sides (nothing further is obtained
by equating the coefficients of the remaining powers of x), we find

A, = L’Ej::"i)i__._)_ Lirm) B - d+m)yd—-my
@m 2 1)@+3) & m) @i+ DE-1) (12.22a)
Similarly, we find

Ayd,my = 4 d+2tm)yd+1+m)
@+1@2+3)

. (12 23a)
I §l¥m1(1—1¥m2
V(21+1)(21—1) ’

By, m)

1]
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We note that these selection rules for the quantum numbers m and
{ will hold for any centrally symmetric system including, in
particular, the hydrogen atom,

From the selection rules, we can find the possible emission
(or absorption) frequencies of the rotator:

o = 2myy = el ; b . (12.32)

Substituting the expression for the energy E, [see Eq. (12.7)]
and considering that the moment of inertia of the rotator does not
change in this case, we can reduce Eq. (12.32) to the form

ow=gy WD) =L E+1)]. (12.33)

From Eqgs. (12.31) and (12.33), we obtain
o= 11, (12.34)
w g1 =7 (I41), (12.35)

where the frequency v, ;,; corresponds to atransitionfrom a higher
energy level to a lower one (a downward transition) and ¢,,;,; to an
upward transition.

C. SPECTRA OF DIATOMIC MOLECULES

There are three main types of spectra—the continuous spectrum
of radiation emitted by a heated body (for example, black-body
radiation, with a spectral distribution described by Planck’s

formula); line spectra (or atomic g

spectra), caused by transitions of

atomic electrons between energy m, m,
levels (for example, the Balmer z, z,

series for the hydrogen atom); and G“ O

finally, band spectra character-
izing molecular radiation. A band Zp=0
spectrum consists of bright bands
with a sharp edge on the low-fre-
quency side and a diffuse boundary Fig. 12.2. Diagram of a diatomic
on the high-frequency side. Only molecule.
a high-resolution spectrograph can
show that the band actually consists of a series of individual
lines.

As we shall see below, band spectra are directly related to
the rotational motion of molecules.

Let us consider a molecule consisting of two atoms with masses
m; and m, separated by a constant distance r (see Fig., 12.2), An
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example of such a molecule is provided, in a first approximation,
by the diatomic HCl molecule, It is well known that in the case of
two or more particles, the center of mass moves as a single particle
whose mass is equal to the sum of the masses of all the particles:

Mgy = 3 m;. (12.36)

The relative motion of the particlesischaracterizedby the reduced
mass fped, the reciprocal of which is equal to the sum of the
reciprocals of the masses of all the particles:

L =y L (12.37)

Mred . my

To prove this, let us write the Lagrangian % of a system consisting,
for example, of two mutually interacting particles with masses m,
and m,

> ___L”gz_f"?__l_,"“-'z:?__ V() — x), (12.38)
where x, and x, are the coordinates of the first and second particles,
respectively, and x,—x; is the distance betweenthem. Introducing

the relative coordinate x=ux,—x; and the coordinate of the center
of mass

— Xy maxs (12,39)

X =
c.m, my-+mg

we obtain

2
Mgum~\'c,m, | Mpeqt?
L = W‘;_E_'E_J{__I:t;zd__V(x)

from which, using the Lagrange equation

d 0f 0% _

dt dx‘—,-— 0.&'; -

we find that the motion of the center of mass is characterized by
the total mass

Mgym Xc.m= const, (12.40)

and the relative motion of a particle by the reduced mass

'
Meogh = — 0. (12.41)



THE ROTATOR 193

If the center of mass is at rest (% m==0), the coordinates x, and x,
are related to the relative coordinate x by the equations

meX Ly

Xy == —— = .
! my - my® T my - my

Accordingly, the moment of inertia of a diatomic molecule is
J = mxj 4 myxy = my gy x* (12.42)

which is similar to the expression for the moment of inertia of a
single material particle whose mass is equal to the reduced mass
and whose coordinate is equal to the relative coordinate. Therefore,
in all the results obtained for the rotator, we must substitute Eq.
(12.42) for the moment of inertia, setting x=u.

If the radiation is caused only by rotational transitions, it
follows from Eq. (12.34) that its frequency is

w, . =28, (12.43)
where
B=t__1"__. (12.44)

From this it is seen that rotational spectra (molecular spectra
that result from transitions between rotational levels) consist of
sets of equally spaced lines (see
Fig. 12.3). The rotational spectrum, -4
however, lies in the far infrared
region (radiation wavelengths of the W3 = 4wy
order of 100-300 u) and its investi-
gation is rather difficult. Absorption
lines of this type have been discov- s, 23w,
ered, for example, in the spectra of 2
HCl molecules. A measurement of Wyy =2y
the spacing between the lines enables T,
us to determinethe moment of inertia o
of the molecule.

In addition to pure rotational spec- ] l ] [
tra, there are vibrational-rotational Wyy Wy, Wyy Wy
spectra, which result from the in-
ternal vibrations of a molecule in Fig. 12.3. Spectrum of a rotator.
conjunction with its rotation. These
spectra are not situated as far in the infrared as the rotational
spectra and are more easily studied.

Let us consider in general form the theory of a diatomic mole-
cule with varying interatomic distance. This diatomic molecule
represents an oscillating rotator. Without considering in detail
the atomic interactions in the molecule, and using only simple
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qualitative arguments, let us find the general form of the potential
energy curve V (r).

First, we must set V(r—0)-> o, since the atoms cannot be
arbitrarily close to one another, Second, the interaction between
the atoms must become negligibly small as r-—co, and hence
V (r > c0)—> 0. Moreover, since a molecule is a stable system, the
potential energy V must be negative at a certain finite interatomic
distance r=a, where it has a minimum,. Otherwise, if V =0 the
molecule would rapidly dissociate (see Chapter 27 for a more
detailed account of the bonding energy of atoms in molecules), The
general form of the dependence of the potential energy of atoms in
a molecule on the interatomic distance is illustrated in Fig. 12.4.

Vir)

Fig. 12.4. Potential energy diagram for a diatomic
molecule

If the departures x =r —a of the molecule from the equilibrium
position (r=a) are relatively small (x<a), the potential energy
V(r) can be expanded in a series in the neighborhood of the equi-
librium point r=a

V=V @-+0=V @V @+ V" @+ (12.45)

Keeping only the first three terms of this expansion and noting
that the function V has a minimum at the point r=a [V’ (a) =0 and
V”(a) >0], Eq. (12.45) can be reduced to the form

(-l)’ -2
V(r)=—D-"red’ (12.46)
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Here V”(a)=mq0' and V(a)=—D are the elastic constant
and the dissociation energy of the molecule, respectively.?

To find the energy levels of the molecule (and thus its energy
spectrum), we take the Schrédinger equation (11.21) for the radial
part of the wave function, since in our approximation the potential
energy (12.46) possesses a spherical symmetry.

Since we are interested only in the relative motion of the atoms,
we replace the mass m by myreq in Eq. (11.21). The resulting equa-
tion is

Noting that
R_gELIEoLI, s

and introducing the function
rR=u, (12.49)

we obtain after substituting (12.46) into (12.47)

2 it R4
@y mrgd{E+D_,,,red‘°_2*__2_mie: Nu=0. (12.49a)

1 1
Since x<a, we may assume in this equation that =@ e

Then setting
E4+D—Bh({I+1)=FE, (12.50)
where B=2£J and J =m, 40, we reduce Eq. (12.49a) to the form

w42 (B — g™ ) u =0 (12.51)

This equation is exactly the same as Eq. (10.14) for the harmonic
oscillator, and, therefore,

E'=ho (k + %) (12.52)

where £=0, 1, 2, 3,..

2The dissociation energy (-D) 1s defined as the work required to split the molecule
into atoms (neglecting the vibrational energy). This energy 1s usually of the order of
several electron volts.
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Thus, when we consider both the vibrational and the rotational
motion, the energy of the molecule is

E=—D Bl (4 1)+ ho (k- 1/y). (12.53)

The first term here represents the dissociation energy, while the
second and third terms describe the rotation and vibration of the
molecule, respectively.

We note that the molecule has only a finite number of discrete
energy levels, since it is dissociated when

BRI (L-1-1) |- ho (k-] ) =>=D-

Qualitatively, the dissociation of a molecule at large quantum
numbers can be explained as follows. When k -1, the amplitude of
vibration may become so large that the atoms will in effect stop
interacting over this distance and the molecule will cease to exist
as a bound system. Moreover, if the orbital angular momentum
numbers / which characterize the rotational energy are too large,
centrifugal forces can also split the molecule.

We shall now proceed to investigate the vibrational-rotational
spectrum. We shall assume that the spectrum is determined
primarily by the vibrational energy of the oscillations because its
order of magnitude is larger than the rotational energy (A,y ~ 10w
and Apgr~ 100p), We must bear in mind that spontaneous transitions
can occur only from higher to lower energy levels, that is, with a
change from k& to k—1 [in accordance with the selection rules, the
quantum number [ may change to either lower (/ - !— 1) or higher
({—>1-1)values]. Then for the frequency of the radiation

0]

v _E(RN)—E(k ~1,1 1)
= . )

we obtain from (12.53)

o' =0 |- oy, (12.54)

Here, in accordance with (12.34) and (12.35), we have o, ,_,= 2B/,
o, 141 =—2B(41), and

w==tr—Fr1

h .
Thus, two branches are obtained (see Fig. 12.5):

o'=o0_u +2Bland v =w; —2B( 1) (12.55)
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Such vibrational-rotational spectra are observed, for instance,
in HCl1 and CO molecules, and the investigation of vibrational-
rotational spectra is of great importance for the study of molecular
structure., From these spectra it is possible to determine various
properties of molecules, such as their moments of inertia and the
isotopic composition (since the moments of inertia of two molecules
consisting of different isotopes of the same element will be some-
what different).

Negative branch Positive branch
7 = ~ r A ~
|
|
|
|
|
|
1
I
|
|
| |
w 1=2 1=1 1=0 wy,y, 171 =2 I=3 (%4
-~ —

Fig. 12.5. Vibrational-rotational spectrum of a
diatomic molecule

To conclude this section, let us consider the spectrum of a
molecule when one of the atoms is in an excited state. In this case
the vibrational-rotational radiation is accompanied by the transi-
tion of one of the atomic electrons from an energy level nto a

lower level 7.,
The energy of such a molecule can be written in the form

Em=E,-|-E,+E, (12.56)

where L, is the energy of the excited atom. For hydrogen, E, is
given by the Balmer formula (see Chapter 2)

E,—— R (12.57)

nt*

The energies of the vibrational and rotational motions are, respec-
tively,

Ey=—D-to (k+7) (12.58)
and
E,= Bhl (I 4- 1). (12.59)

As a result of the transition, the energy Eu of the molecule
changes and becomes equal to

EM'=En'+Ek'+E1' . (12,56a)
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Since the main part of the radiant energy is now due to the electronic
transition n-—»n’ in the atom, the quantum numbers % and / may
either increase or decrease

K=kl U=I2]. (12.60)

Regardless of the changes in # and /, the overall change in energy
is a decrease because of the emission of radiation due to the
electronic transition.

This case is characterized by a further important feature,
namely, the strong dependence of the energy bonding the atoms in
a molecule on the number of the particular shell in which the elec-
tron is located. Therefore, a transition causes a change in the
bonding energy, which in turn leads to a change in the interatomic
distance a. In transitions from an excited to the ground stated the
distance generally increases, together with the moment of inertia
J =m_.4a’, whereas the quantity 3=2£] decreases. Owing to the

change B — B’,there is an additional slight change in the rotational

part of the energy, which now becomes
Ep=Bhl' (' 4+ 1), (12.59a)

where B’ <B in the present case.
Taking into account all possible vibrational and rotational

Ey—E
transitions, we find that the frequency of radiation wy ———’ET M s
oy =2 Foto, g, (12.61)
where
o, =B+ 1)—BU{+1). (12.62)

Eq

With the notation wo——E—" - % + o, we can write Eq. (12,61) as

oy =0y~ o, e (12.61a)

Finally, we obtain three frequency branches for the molecular band
spectra

of =gt oy (12.63)
w'=u)o+w,,, F1, (12.64)
0'= vy w; ;. (12.65)

In these formulas the first or positive branch (the R branch)
corresponds to downward transitions between the rotational levels,
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and the second or negative branch (the P branch) to upward transi-
tions. The thirdbranch (calledthe zero branchor Q branch) appears
when there are no transitions between rotational levels; it is due
entirely to changes in the moment of inertia caused by transitions
within the atom, .

Using Eq. (12.62) we can represent »*, v~ and o in the form

ot =uwy+(B— B4 (B+ B!, (12.63a)
o=+ B-B)YI+1)}—(B+B)(+1), (12.64a)
o=w, (B — B)(*+ ). (12.65a)

These branches are depicted in Fig, 12.6, where the frequency is
plotted along the abscissa and the orbital angular momentum
quantum number / along the ordinate. It can be seen from this

T
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Fig. 12.6. Molecular band spectra: «* — the
positive branch; @~ — the negative branch;
— the zero branch.

diagram that the superposition of the rotational lines w, ; on the
electronic-vibrational line o, gives rise to a whole band of lines
with a sharp edge on the left and a diffuse edge on the right. This is
in complete agreement with the experimental facts.
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¢ Problem 13.] 1}3 Find the explicit form of the spherical harmonics for the cases when
the angular-momentum quantum number 1s /=2 and/= 3, Verify their ortho~
normality by direct calculation, Plot a graph of | Y™ |* for m=0, %1, + 2.
Answer,

5 (3 1
Yo = - (—2—-':06’3—--5—),

3
—-_.‘/-8—-smf5cosﬁe”P

v} 2=—1~ V i—ssm’ﬁe+ 9,

7/5 3
Y —-.‘/-E (Tz— cos? O—TCOSS>

_]_ .2 - fp
I yh sin 3 (5¢co8*® — 1) e~ ",

ViElm — 1/—- —sm'&cos&e*m’

Vile=x - ]/-3-5— sin® g+ 37,

@ Find the eigenfunction of the operator L., given that its eigenvalue
is the orbital angular momentum quantum number is /=1.

Solution, Let us look for a solution of the equation for /=1 and

Ly =0
in the form
y=C¥V{+4C_ Vit 4+ C V3.
Using (1L88), with /=1 and m=+41, — 1, 0, and applying the normalization condition
S $*¢ sin Ydddyp =1,
we find

| .
Y= TFZ— Yi—VYi)= ]/;3{— sin § cosy,

(@ Investigate the general form of the motion of a free particle in spherical
coor: es, Determine the normalized functions for / =0(s states)
Solution, The Schrodinger equation for a free particle in spherical coordinates is

written as
1 d (drR LEFD
L () (=) amo

where

3’I'he problems in this chapter apply also to Chapter 11.
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Introducing the new function Y.== JT R, we transform Eq, (12,79) to

1 2
4 —:,—X'-}-(k’— (-{+r,—_2~))x=o.

The solution of this equation is a Bessel function of half-integral order, Since the
wave function must remain finite as r — 0, we retain only the Bessel function of the first
kind, Then

const
R —_—
V ir l l ( )o

and for a free particle with a given energy the general solution of the wave equation in
spherical coordinates can be written as

Y, r)-E S‘ crvr e, Dl 1 k) (12.67)
leomQm=—1 V
In particular, for /= 0 (s state), we have
Rk, )= sinr. (12.68)

Since the spectrum is continuous, this expression must be normalized by a 3 function

©o

S' R* (&', r) R (k, ) rdr =3 (k — k).

Hence, we find: C= _,2?_ .

\ Problem lZ:P Find the selection rules for quadrupole radiation from a rotator,
t 1s necessary to find the transitions for which the matrix element of the
quadupole moment

Q.= S U (Bt — a%0) by dO =
—e@ S Xt Y @2 — G, S 8 i)

does not vanish, Here
s, 8'=1,2 3 xy==z=acos ¥,
Xa==X+ iy—-asmae—"—{—:-.

Since the matrix element of a bilinear combination can be expressed as the sum of the
products of linear matrix elements (see Problem 10,4),

()C X )lm = 2 (x )l"m"(vs')f:’mn;”'

m’, 1

and, moreover, it follows from Eqs, (12,24), (12,25)and (12,26) that the only nonvanishing
linear matrix elements are of the form

I+1, m+4 1 141, m-—1 L+, m
R v BT

we obtain the following selection rules for the quadrupole radiation from a rotator:
Am=0, 2 |, *2; Al=0, 2,
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As we shall see later, the parity of a spherical harmonic is determined only by the
value of / and is independent of m (see Chapter 17), Consequently, for dipole radiaton,
the only allowed transitions are from an odd state to an even state or vice versa (A/ == *1),

whereas for quadrupole radiation, the transitions can occur only between even states’
or between odd states,

Mi’roblem 12,5,} Expand the plane wave

'l‘ — e[k: — elkr cos & (12.69)

in terms of spherical waves,
Solution, Introducing the notation kr =y and cos 3 = v, let us look for a solution in the
form of an expansion in Legendre polynomials

o0

d
Iye — ¥).
e __1303, () P, ().

Using the orthonormality condition for Legendre polynomials [see (11,68)], we find

B = (1+ i—) SI elvep, (x) dx.

-1

Substituting the expression for the Lengendre polynomials as given by Eq, (11,59) and
transferring the derivative from the function (2% — 15! to the function e!¥*, / times (that
is, integrating by parts [ times), we obtain

1 1 l
Bi=1y (: + ~,_,—) ity g (1 — x¥)ledv d.
ey
Using the well-known relation from the theory of Bessel functions*

1

S (1 — a9)Yely¥dx = V=i ( 3——)14-’/“’1-{-!/; o)

we determine the coefficients ;. The desired expansion of a plane wave in terms of the
spherical waves is now written as

[oe]

= U

elkz =1/-—’2" Z TQI+1) L J1 4175 (Rr) Py (cos 9). (12.70)
- Vkr

Let us emphasize that the plane wave e!#Z satisfies the Schrodinger equation for a free
particle

V2 4 R =0

and, therefore, the right-hand side of Eq, (12,83) also represents a linear combination
of particular solutions of the above equation written in spherical coordinates, This
explains tl)xe expected proportionality between the coefficients Bi and the Bessel functions
i 4175 (RT).

4See, for example, P. M. Morse and H. Feshbach, Methods of Theoretical Physics,
part I, p. 572, McGraw-H11l Book Co.



Chapter 13

The Theory of the Hydrogen-like Atom
(Kepler's Problem)

The Bohr theory of the hydrogen-like atom (see Chapter 3) is
semiclassical in nature and can only provide a very incomplete
explanation of some of the basic properties of the atom. It does not
enable us to calculate the intensity of radiation emitted by an atom
or to construct a theory of an atom with more than one electron,
The wave-mechanical theory of the atom is able to deal with these
problems without any fundamental difficulties, The problem of the
hydrogen-like atom presents in addition a certain methodological
interest since it can be solved exactly, like the harmonic oscillator
and rotator problems, Mathematically this problem canbe regarded
as a generalization of the classical problem of the motion of a
planet around the sun (Kepler’s problem),

A. ENERGY EIGENFUNCTIONS AND EIGENVALUES

The energy of interaction between an electron and a nucleus

V—=_28 (13.1)

r

depends only on the distance r between them, The problem of the
hydrogen-like atom—a single electron moving about a nucleus—is,
therefore, a typical example of motion in a central field of force,
If the origin of thecoordinate systemis at the center of the nucleus,
we may regard the angular part Y[" of the wave function as known
[see Eq. (11.67)] and find the energy levels and the radial part
R(r) from Eq. (11.21), which for the present case is written
as

vR+ e E4-28 Tt R—0. (13.2)

2mor?
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Let us introduce the effective potential energy of the electron'

Ze: | RM(I+1
Ve =— 204 H10ED, 3.3

where the first term represents the Coulomb interaction and the
second the centrifugal forces.

Vet
>0
£ min max
T~ ! r
] ~;
e \ 4 W(

Fig. 13.1. The effective potential energy (solid line) as a
function of distance

Zol 2
Zed Wi D

V,
2mgr?

eff -~

The dashed line shows the behavior of the wave function

A graph of V. is given in Fig, 13.1, This graph shows that if
the total energy of an electron is negative (L <{0), it moves within

'We shall attempt to interpret Eq. (13.3) from the standpoint of the classical theory,
using the classical relationship

2 2 2
p Ze 12
g " E—<—7£; 3 (13 3a)
2mgr
Since p? = constant for central forces, we may write
Ze’g Py
Vett ~——5—+ ~—
r 2
2mgr

To generalize this expression for the quantum case, we must replace p2 by 1ts quantum-

2
mechanical value p: = n? (I + 1) In the same way we can regard the expression 3 1 (Ev,>
mo \t

in Eq. (13 2) as corresponding to the term pf/2mo in the classical theory
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a region bounded on both sides by potential barriers (the case of
elliptic orbits in the classical analog), so that the energy spec-
trum will be discrete.

For E >0, there is no barrier on theright (r —cc) and the posi-
tion of an electron can range to infinitely large R (the case of
hyperbolic orbits in the classical analog). Since the electron’s
position in the atom must be bounded by a certain rpay (elliptic
orbits), it is necessary to assume that £E<0 in order to develop
a theory of the atom. Accordingly, Eq. (13.2) becomes

2 dR 2B I(I+ 1)
e 2N a2 D R—o, (13.4)
where
™t =B>0 and — =10, (13.5)

Introducing the new variable

p=2]"Ar, (13.6)
we obtain the equation
w2y 1 ~B___/(H-l)
RUp SR =gt - R=0, (13.7)

where R = (dR/dp),

From the graph of V.4, we can see the general nature of the
solution, Clearly, inside the well (rmin<r <rmax) the solution will
be oscillatory, whereas outside the well (# -0 and r—o0)
there are two solutions (on each side): one that tends to zero and
a second that tends to infinity. To make the solution an acceptable
wave function, we must impose on it restrictions that will elimi-
nate the solution that tends to infinity, Just as in the problem of
the harmonic oscillator, it turns out that this requirement can be
satisfied only for certain discrete values of the energy of the
electron,

Since the potential well is not symmetric, we shall look for
asymptotic solutions for p—0 and for p--co separately. The
asymptotic solution for p— oo may be found, according to Eq. (13.7),
from

Re— 4 Ro=0, 13.8)
which gives
Ro=C,e-"2p | Ce'/s, (13.9)
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To eliminate the exponentially increasing solution, we must
set C,=0, Coefficient C; can be included in the normalization
coefficient of the wave equation and can, therefore, be set equal to
unity. We then have

R =e~"/s, (13.10)

The asymptotic solution for p—O0 can be obtained from Eq.
(13.7), which in this case reduces to the form

R;+%R;—’L}2RO=O. (13.11)

Setting R,=p? we find ¢(¢+1)—!(/41)=0, and thus ¢, =/,
¢y=— (I 4 1). Consequently,
Ry=Cyp’ -+ Cyp 1. (13.12)

Setting C;=0 (to exclude the solution increasing to infinity at
p=0) and C,=1, we obtain

R,=¢ (13.13)

Equation (13.7) can be rewritten as

d*%R 1 B L+,
a T —ateya e JeR=0 (43.72)

and we assume its general solution to be of the form

R=R.Ryu. (13,14)
In this case

pR = p**le—Vsty = vu, (13.15)

and for an unknown function « we obtain the equation

” ;v v" 1 B e+ —
u+2u.5+{?_.4_+9—ﬁ— - }u_.o. (13.16)

According to (13.15),
Inv=—"p+4 (4 1)Inp,
and, therefore,

v ' 1, 141 i N
;=(lnu) =——7+—P—,that 1s,v_(— 3 4= )v.
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Furthermore, we have

n___1+1 1 141\ o" 1 {41 t+1)
/] —-——P,—U"l-('—-—-l—'—?—-) v, and ?)-:T—T—*-J—(F_.

2
Using these formulas, we transform (13.16) to
o’ 4-12(L+1)—p] ”"*‘[T[/Lz_l—l]uzo’ (13.17)

If the behavior of the solution for R is to be determined at the
origin and at infinity, by the asymptotic formulas (13.10) and
(13.13), we must find the conditions under which the function u
will be a finite polynomial of degree k without negative powers:

k
u=2 ap'. (13.18)

v=0

Substituting (13.18) into (13,17) and collecting powers of p, we
have

k
*la, —B——-l—-l——v
2¢ (V3 )+
+a, b4+ 1D)+20+1)E4 D} =0. (13.19)

Since a,,; =0 and a, # 0, we obtain

B ___ -
—VX.—k-}—l—{-l—n. (13.20)

Here the quantum number s, which is equal to the sum of the
orbital angular momentum quantum number

(=0, 1, 2, 3,...
and the radial quantum number
k=0,1, 2, 3,... (13.21)

plus unity, is called the principal quantum number s, It may assume
the values

n=1,23,... 13.22)

To determine the unknown coefficients a, of the series (13.18), we
derive a recurrence relation withthe aid of Eqs. (13.19) and (13,20):

a,(k —V)=—0,1 (v + 1) 0+ 2 +2). (13.23)
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Setting the coefficient of the highest power in (13.18) a,= (—1)* and
calculating all the remaining coefficients with the help of (13,23),
we obtain the following expression for the function u:

= (— l)k{Pk_ k(kl-!i-s) pt1 k(k—l)(lz+s)(k+s—l)Pk_,_m}:

2!
k
— k+] k) Rl (R4 s)!
—;(—1) O TE= DG (13.24)

where s=2/-}1. The series (13.24) is an associated Laguerre
polyr;omial Q; (¢p) of order £ and may also be represented in closed
form

u=Q} (p) =" oz (e"*). (13.25)

Thus, for the radial function R,,(r) we finally obtain

R, (p)=Cne~" /%' QH!_ (p), (13.26)

where p=27/Ar. Recalling that —]l/}—ﬁ="’ and substituting the
value of B from Eq. (13.5), we find

p=r, (13.27)
where ao=—m—’::; is the radius of the first Bohr orbit. Calculating
the coefficient C,;, from the normalization condition (see below),
we obtain

Z \%s 4
C'"=(ﬁ;> Vn(n—l—l)l(n-{—l)l' (13.28)

2We shall show here that the function u, written 1n the closed form (13 25), satisfies
Eq. (13 17) The function v = e Fokts satisfies the equation pv +(p—k —s)v — 0, as can
be easily verified by taking the first derivative of v with respect to o Differentiating this
equation k + 1 times according to Leibnitz’s rule, we reduce 1t to the form

pu®* D p-s 4 oD L eae® - o

Introducing the new function @ v pp-q, we obtamn the differential equation

puw" 4 (st1-ow' + kw ~ 0,

which 1s i1dentical with Eq (13 17) for the function u [smce (BI\/Z)-I-I = k). Since 1t
can be readily shown that the coefficient of the leading term (,ok) of the function

k
w = b L ey
dp

1s 1dentical with the corresponding coefficient of (13 24), we have demonstrated that the
relation (13.25) is correct
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Therefore, the radial wave function is

=z
Rny= (iflj)% ]/ n(n—1 -—-41)1 (n+ ! (%g{)le e Qi (i_f;’) * (13.28a)

As we know, the normalization condition for the radial part of the wave function is
[-od
S r*RY dr =1.
0

Substitunng the expression for R, from (13,26) and replacing r by ;gf p, in accord-
ance with (13,27), we obtain

oo

8
0

Now let us represent one of the polynomials QEH" as a series (13,24), leaving the other
polynomial in the closed form (13,25), The normalization condition then becomes

nao

” .S? (— DE{pk—R (k421 1)pk? d* ~ppk+3l41) o — |
”‘(22) ; 4 pr—k( F D ) g (R dp =1,

Applying the theorem for the transfer of a derivative (see Chapter 7, Section C) to this
equation, we find

(o]

Cy (:7—5‘")35 e® [(k + 1) R4 — LR Q1+ R+ 1) ptHt] dp= 1.

It is obvious that the remaining terms in the series representing the function Oi vanish,
since the order of the successive derivatives is higher than the corresponding powers
of p, Using the well-known 1ntegral

<]

S e Ppddp = s, (13.29)
0

we obtain the expression (13,28) for Cp; . In a similar fashion, we can determine the
average value of (r™) (v=1, 2, 3, 4), which will be useful in the later development:

©
("—:T) = S q’:lm'.vq’nlmd'x=§ R:ll ro¥dr,

On the basis of the above equations we can rewrite this as

o0

o =culyy) (53)" 6§ P (= DR — R (k4 20 D g 4

LR— D@ RN, LRI R )
oo D Ty P E DT g gy et

k
+(— 1)* (_2.1(%:;':;]]_)_'} -ddp" (e-pP’HrSHl)dp .
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Setting v = 1, 2, 3 and 4 in the last expression, and using once again the theorem for
the transfer of a derivative, we obtain after a few simple operations

=(2)1.

 §
=(o) warm (13.292)
Z\? 1
a_o) GIEAIEDE
(TT)_—.—]A— <£> 3n*— (I -{_—_1_)

20 \ao) U= IUF DA+ DTF )

In calculating r~!, we retain only the leadingterm p¥ inthe polynomial Qj. On the
contrary, in calculating r-% we retain only the last term ¢, For r-3, we retain the last
two terms, and so on, The expressions for r~* and r~* are obtained under the assump-
tion that [# 0 For the s states (/=0), interactions which are usually proportional to
either r~% or r-4 are generally replaced by a contact interacton (see below, Chapters 19
and 20),

To supplement this general treatment, we shall calculate the
normalization coefficient of the wave function y,,= R, }" for the
ground (or lowest) energy state, which is characterized by the
quantum numbers

n=1,l=m=Fk=0.

According to Eq. (12.9), the spherical harmonic Y}, is a constant
for l=m=0, as is the polynomial Q¥' for k=0. Consequently,
from (13.26) we have for ¢,y

Zr

Proo=Ce (13.30)
and, therefore, the normalization condition takes the form
3 q"lroo ';’lwd"v: S 'P;oo"'fworzd’dg =1l (13'31)

Substituting the explicit form of the wave function ¥,,, and bearing
in mind its independence of the angles & and 3, we obtain

2Zr

cmgj e " pdr=1. (13.31a)

Introducing the variable x = Z—: and using (13.29), we find

e=k(2]"

=7: ao

The same value for C can also be obtained from the general equa-
tion (13.28) by setting n=1and [=(. Therefore, the wave function
for the ground state is
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Zr
N AU
oo =7~ (a> e ™, (13.32)

The energy spectrum of the hydrogen-like atom is found from
Eqgs. (13.20) and (13.5):

Ey— — 2% ROZ: (13.33)

where R is the Rydberg constant

__eimy
R'_'2h' :

This expression for the energy, which we note is in complete
agreement with the corresponding expression of the Bohr theory
[see Eq. (2.50)], depends only on the principal quantum number
n=Il-+k-1 (that is, only on the sum of the orbital and radial
quantum numbers [ and k) and is independent of the magnetic
quantum number m . Atthe sametime, the wave function Yum=R, V"
depends on all three quantum numbers s, [ and m individually.
Consequently, it follows from the Schrodinger wave theory that the
energy levels are degenerate, Since each value of [ can vary from
0 to n—1 and m can vary from —Ito J-I[see (13.20)], the degree
of degeneracy is

n—1

,212,: =Y @ 1)=n,

1=0 m=—1 1=0

It was shown in Chapter 12 that the degeneracy with respect to
m is characteristic of all central fields of force and is related to
the fact that there is no preferred direction passing through the
origin, The degeneracy with respect to the orbital angular mo-
mentum quantum number ! appears, however, only in the case of
pure Coulomb interaction. In most other centrally symmetric
systems there is no | degeneracy; that is, the energy level for a
given value of n is split into n sublevels corresponding to different
133 If the system is placed in an external field (for example, a
magnetic field) which removes the central symmetry, the de-
generacy with respect to m also disappears. In this case, the nth
energy level is split into n? distinct sublevels.

3In particular, as we shall see later, the degeneracy with respect to / vanishes even in
the case of the hydrogen atom if we take into account the relativistic effects, the nuclear
volume, and the so-called vacuum corrections Similarly, in the spectrum of alkali metals,
which have one valence electron in the outer shell, the influence of the electrons in the
inner shell removes the degeneracy with respect to [
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B. SEMICLASSICAL INTERPRETATION OF THE
PRINCIPAL RESULTS OF THE QUANTUM-MECHANICAL
THEORY OF THE HYDROGEN-LIKE ATOM

In classical theory the quantity

1
2m,

Ze’ ps
=E 4+ = (13.34)

[see (13.3a)] must be greater than zero. For elliptic orbits
(E=—|L|<0) it is seen that this is possible only when the radius
r lies within certain limits (fmn=<r =< rna.x) Which can be found by
setting the right-hand side of (13.34) equal to zero. Using the
quantum-mechanical expression for the energy (13.33), we find

(13.35)

fma 2h9

The equation of an ellipse in polar coordinates is

— P
= TFecmss’ (13.36)

2
where the parameter p=% is defined as the ratio of the square of

the semiminor axis 0 to the semimajor axis a, and the eccentricity

Va—b

——— characterizes the elongation of the ellipse (for :=0,

the ellipse becomes a circle). From (13.36) we readily obtain
equations for r ., and fp;,:

'max =a(l-¢), 13.37
Fmm=a(1 —¢). (13.37)
Comparing Eqs. (13.37) with (13.35), we find
fl?ao
7 = (13,38)

]/ 1——“,,2- —e. (13.39)

do

We see that the classical analog of the quant1ty turns out to

be the semimajor axis of an ellipse whose eccentricity is given
by Eq. (13.39).
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Substituting into (13.39) the Bohr value of p; =#n:=Aa2(l- 1)?
and then the quantum-mechanical value of Pe=~#"(l 1), we obtain

— 1/1 (1+ . (13.40)

_1/1 a+n. (13.41)

quan n?

From this it is clear that the eccentricity becomes exactly zero
only in the Bohr theory (/=n—1) In wave mechanics, for l=n—1
the eccentricity has a minimum nonzero value given by

o = ]/-,‘—l (13.42)

This shows that in quantum mechanics, we can speak of the clas-
sical analog of states with circular orbits only when the quantum
number ! has the value n-—-1 Furthermore, it should be noted that
in the classical approximation, an s state (/=0) gives {J}3x=1,
which corresponds to a parabolic orbit, This case, however, ‘Cannot
be associated with a parabolic orbit from the quantum-~mechanical
point of view. Aswe canseefrom Eq.(13.33), in quantum mechanics
the energy is negative for all values of n (we recall that in the
classical case the total energy is zero for parabolic orbits); con-
sequently, the radius for [=0 is limited only by its maximum
value
AH
Tmax = 7 [

This lack of agreement between the quantum-mechanical and
classical solutions for the s state simply means that the case =0
has no classical analog.

In general, we are, of course, entitled to speak only of the
probability of particular events in the context of wave mechanics,

Therefore, all the results obtained from the Schrodinger theory
must be interpreted in terms of probability considerations. Let us

show, for instance, that the Bohr radius a;=-»,: ’. [see Eq. .
how, for inst that the Bohr radi ”;[ Eq. (13.38)]

for the case of circular orbits (/==n—1) corresponds in wave
mechanics to the most probable value of the position coordinate
of the electron, r=a,
According to the normalization condition
| PRudr=1,

0

the distribution of radial probability density D(r) is
D(f):f')R,';/. (13.43)
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In the case of circular orbits, when !=n—1 and k=0, Eq. (13.43)
gives

D (r)y=rR}, a1 (13.43a)

According to Eqs. (13.25) and (13.26),

R, ..y=conste P,

and, therefore, we find the following expression for D (r) (see Fig.
13.2):

_

D (r)=-const e " - (13.44)

Determining the value of r at which this function has a maximum:

), =

we obtain

r,—a=— "z a. (13.45)
It is interesting to note that if we set Z—1, the most probable
radius r is the radius ¢, of the first Bohr orbit,

)

|
:

1
r=a r

Fig. 13.2. Radial probability density distribution function
in the case of circular orbits.

If the radial quantum number % # 0, the orbits can be said to be
elliptical and the probability distribution D (r) assumes the form

Zr
D (r)=constriile " (QX+1)2, (13.46)

The equation for the extremals of this function is

-d—l)df—rl ==const p¥ “e‘P{ (2l 4 2) Qr+ —

— pQ2H QP%QZI+X} Q@+ =0, (13.47)
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Since xQ¥+!' is a polynomial of the kth degree, Eq. (13.47) has &
roots (not counting points r=0 and r=o0) and k-4 | maxima. This
case is very similar to the probability distribution for the motion
of a free particle inside a potential well (sinusoidal variation of
the wave function, see Chapter 4) or for the motion of an oscillator
(see Chapter 10, Fig, 10,2),

C. SELECTION RULES, EMISSION SPECTRA OF
HYDROGEN-LIKE ATOMS

To determine the selection rules for hydrogen-like atoms
(Kepler’s problem), it is necessary to calculate the matrix ele-
ments

(i = § Wi Phaamd's. (13.48)

Substituting here ¢,,,=Y;R,,we obtain
o0
(P =G ae vy £ y,’"§ R PR yydr . (13.48a)

As we know from Eqgs. (12.24), (12.25) and (12.26), integration
over the angles % and ¢ gives the selection rules for the orbital
angular momentum quantum numbers (Al=[—1[!=:t1) and the
magnetic quantum numbers (Am=m—m'=0, -+I). Using these
results we can write Eq, (13.48a) as

o0
(r)rim' = const { oy } 8, tiljRn’, 1 PRy dr. (13.48b)
0

m', mtl

Evaluating the integral4

(=] o n
- + ;
j r*Ruy Ry dr ~ jr“"”i’e wlts @ ( QZr)
. nas
X Q! (225 ar, (13.48c)
4’I‘h!a integral can be evaluated by introducing the new variable p = Zr ( ) Then,

expressing Q’ and Q'il in the form of polynomials, we can perform the lntegrution term by
term. It is found that only the integral
o«

s. PR, \R,dr = 0 (n'#n)
b

vanishes because of the orthogonality condition.
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it is easily shown that it does not vanish for any value of n; that
is, for all allowed transitions the principal quantum number can
change arbitrarily.

Eev
14+
i
,‘7 B s 1 R i
12—t 696060
1" SIFR R3S
o ITES oy R
wor Balmer Paschen \25)‘@0)"3

series series

—
73 1026

3

o

Ionization potential, 13 6 ev

Electron capture

Q N LU Ny N ™ W
T
12716 A

- 9-#

Lyman sertes

Fig. 13.3. Spectral series of the hydrogen
atom

The wavelengths corresponding to the indi-
cated transitions are expressed in Angstrom
units

Having obtained the selection rules for the hydrogen-like atom,
let us investigate its emission spectrum. We shall first introduce
certain conventional symbols designating the energy levels of an
atom, The spectral terms (— E,/#) which depend, in the general
case, on both n and ! are denoted by the symbol (nl), that is,

(_ LT:) = (nl), (13.49)

wheren=1, 2, 3, ..., and ! is replaced by one of the letter symbols
s, p, d, f, g h, .. corresponding to [=0, 1, 2, 3, 4, 5, ..., as
indicated in Chapter 12. Since the quantum number < n—1, the
only possible terms are ls; 2s, 2p, 3s, 3p, 3d; 4s, 4p, 4d, 4f; 5s, 5p,
5d, 5f, 5g; and so on,

There cannot, for instance, be a 1p term, since in this case we
would have n=1and /=1, nor can there be a 3f term, since this
would give us n=[=23. The radiation frequencies expressed in
term symbols (/) have the form
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Ep— Ey

Wpp' = A = (n’l’) —_ (nl), (13.50)

where it is necessary to bear in mind the selection rules for the
orbital angular momentum quantum number [, namely, I'=I[+1.
Using Eq. (13.33), the term (nl) can also be represented in the
form

(nl) =88 2% __ RZ (13.51)

2R AT Tmd

where R is the Rydberg constant R=~';;f,3- . We thus obtain the

following equation for the radiation frequency w.. :

o =RZ* (35— iz ) (13.52)

n n?

In the case of the hydrogen atom (Z =1), the Lyman series (see
Fig. 13.3), which corresponds to a transition to the lowest energy
level n'==1 (the Is level), is given by

Stymen =(18) = (1) =R (5 — 5 ), (13.53)

where n=2, 3, 4, .... For the Balmer series (see Fig. 13.4),
which corresponds to a transition to the level #'=2from the levels
n_>2, there are three types of
allowed frequencies:

< W
N o™ ) N
: 8 5 38
Whaimer=— (25)—‘(’”7): l'g % Q <+
m;ulmerz (2p)—(ns): IIII
oy =(2p)— (nd). .54 }
Balme p)—( (13.54) Y H P
Since the energy states of the hydro-
genatom are degenerate with respect
to the orbital quantum number, these Fig. 13.4. Balmer series.
three lines merge into one (see  The wavelengths corresponding to
Fig. 13.3), and, consequently, the visible lmes Hq, HB, Hy and

Hg are given 1n § Angstroms (A). H
gives the theoretical position of the

O mer™= R (7214 . ,_:2)‘ (13-55) lLimit of the sernes.

A similar result is obtained for the Paschen series, whose fre-
quencies (see Fig. 13.3) are given by

:R( 1 _ .l_)_ (13.56,

wPaschen 3 nd

where n=4, 5, 6 ....
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D. MOTION OF A PARTICLE IN A COULOMB FIELD
IN THE CASE OF A CONTINUOUS SPECTRUM

Although the wave function for a continuous spectrum can be
expressed in terms of a confluent hypergeometric function, the
usual procedure adopted in the investigation of the hyperbolic
solution is to consider the asymptotic behavior of the hypergeo-
metric function for large values of r These asymptotic solutions
can be obtained directly with the help of the quasi-classical WKB
method. To investigate the hyperbolic orbits (E > 0), let us first
use this approximation to obtain certain general results applicable
to the case of central forces. Accordingto Egs. (11.21) and (11.51),
the equation for the radial part of the wave function in the case of
central forces is

w4 (3:;;,5_ 24y _’_t_ll)u_o (13,57)

where
u=Rr. (13.58)

In the WKB method, the potential energyV (r) is required to decrease
more slowly than r* as r—0, Furthermore, we are entitled to
choose the potential energy in such a way that

V (r=00)=0.

Equation (13.,57) has a singularity at the pointr — 0 associated
with the term [ (I-+ 1)r, The effective potential energy here forms
a potential barrier of infinite height. Consequently, the asymptotic
forms of the wave function which we obtained earlier for con-
necting the WKB solutions across a slowly varying potential
barrier do not provide a good approximation in the present case.
Therefore, in order to use the WKB method in the case of central
forces, we must obtain either a different asymptotic expression
in place of the Bessel functions of order ', or we must remove the
singularity from the point r =0 to the point x=-—co by introducing
the new variable x=Inr,

We shall use the second of these methods and introduce a new
wave function x (x):

u=e*?y (x). (13.59)
Equation (13.57) then takes the form
oo T ver— (4o 000

to which the WKB method is applicable. For the argument z which
determines the asymptotic behavior of ¢ [see Eq. (5.55)], we obtain
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:z=—"I S e V ‘ 2myE — 2m,V (e*) — n* (l -+ %)’e“"" dx =

=k j |pdsx. (13.61)

It should be noted that here|p|nolonger represents the momentum,
Transforming back to the original independent variable r, we

L¥

From this it follows, in particular, that inusing the quasi-classical
expression for the one-dimensional radial equation, we must make
the following change in the orbital angular momentum:

=)
zmuE - 2m0V (f) - h]"—22‘—‘

r

dr. (13.62)

L1y (1 +-;-)'. (13.63)

Let us now apply Eq. (13.61) to the motion of a particle in a
Coulomb field

for the case of hyperbolic orbits (£>0). In the quasi-classical
treatment of the problem, it is necessary to use the connected
asymptotic solutions (5.66)—(5.69). This means that in our case
[see (13.62)] we must evaluate the integral

r

S V;:(r) dr=]/}°'——V2L_1n 24 br 42 V_E}_+

ro 20+br——2 VEE
b 2ar+b6+42 Y of
T M ey (13.64)
where
f=ar*+br+{-c, (13.65)

and the value of 7, is found from the condition f(r,) =0.
First let us determine the asymptotic solution of the wave
function for r,>»r—0. Substituting

1\? 2myZe3 2moE
e=(I+3), b=—"504, a=_202

into Eq. (13.64) and introducing the notation

e V?m’ [emmoZel_ 26} (13.66)

I 1 hv’
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we obtain
ro .
2 2ty
—1 411+
2(11%>m —:—i [+ %_>——' (47 ) In kr --const.

On the basis of Eq. (5.51), the asymptotic solution for this case
has the form

= 1—,:—1)— (Cie™ -+ Dye’),

where
I
Ipl=n(I+ )
in accordance with (13.61). Since, according to (13.58) and (13.59),
the radial wave function R is related to x by the equation

R—V_ (13.67)

R=Cr' 4 Dr-u+n,

we find

In order for the solution to remain finite at the origin, we must
set D =0; that is, we choose the solution in the form

R=C", (13.68)
which is in complete agreement with the asymptotic solution
obtained by another method [see (13,13)].

For the other limiting case r—oo, we have the following
asymptotic solution [see (5.67) and (5.66)]:

__ const . Ld
x,>,,,—-——ﬁ sin (z+ 4), (13.69)
where, according to (13.61), p is equal to

p=rhk. (13.70)

Equation (13.69) is an analytic extension of the asymptotic solution
for r—+0. To determine the quantity z from (13.62), we use the
integral (13.64) with the following substitutions:
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2moE 2mqZe3
a= h?l ’ b"" ;l’ ]

o —(H—%)’. (13.71)
Then, since V'f ~ kr }-1, we obtain at r —co
1(1+i) '{-—I—l(l-l— )
A krHy——— 2/ In _i<l+ )+11n V(ﬁ:k—rr——)i-}-y'

We shall also make use of the relations

(13.72)

nf+i(o+£) =

=In +i[%— arc tan 1), 3.73)
]/1 + ) ( . )

infs—i{i+g))=

—In ]/1’+(t+%)’+i(i;—+ arc tan “:l). (13.732)
2

Here, in writing the imaginary part, we took account of the fact
that v™>0 and (l -l--é-)>0. and therefore the angle determining the
imaginary part of the logarithm in Eq. (13.73) lies in the first

quadrant, and the angle of the logarithm in Eq. (13.73a) in the

fourth quadrant,
The expression for the argument z may now be transformed to

z—kr+7ln2kr-——l-——+8 (13.74)
where the phase 3] is®

— (144 )are tan__:___ﬂn]/ (1) +r + (8.740)
2

SFrom a more accurate calculation (a calculation of the asymptotic expression for the
argument 2 from an expansion of the confluent hypergeometric function), the following
value 1s obtamned for the phase 3) (see P M Morse and H. Feshbach, Methods of Theo-
retical Physics, Part I, New York: McGraw-Hill, 1953):

D‘l’ = —argl'( + 1+ 1y)
If |l + !7[ > 1, then using Stirling’s formula

1 v\l +iy+¥%
TG+ I+ )= |FA+1+ e ’51 ~ \2n (__+_ o+ /‘) yta

we obtain for the approximation (13 74a) 5[
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In particular, when /=0 and 12> |, we may write as an approxima-
tion -
=7(l—ln7)— 7.

Hence, taking into account Egs. (13.69), (13.67) and (13.70), we
find

Csn (kr—%l-}—ﬁ,)

r

R, (k)= (13.75)

Here C is the normalization coefficient, and the total phase is
8y ==08] -+711In 2kr. (13.76)

Setting =0 in (13.76), we obtain the asymptotic form of the radial
function for the case of free motion:

o (o — &
Rﬁ”‘o’(k):———CSln(r ) (13.77)

r

Thus the potential energy in a central ficld of force is taken into
account by means of the phase shift

3 =— Sr]/;e:: ( 1%)7 dr 4-

"
o

+ Sr Vie=2eve)—(i+y) ra, (13.78)

where r, is the root of the first integrand.

In the special case of a Coulomb field, this phase is given by
Eq. (13.76). The presence of the logarithmic term depending on r
in the phase shift is the result of the long-range character of
electrostatic forces, which can influence the particle even at a
very large r,

The phase shifts §, are functions not only of [, but also of /?

(that is, of the energy E= ) They are an essential character-

2m
istic of the eigenfunctions of the continuous spectrum. The value
of the phase shift cannot be found in a general form. The quantity
3, has to be determined separately for each specific problem,
usually by approximation methods, The phase shifts are of particu-
lar importance in scattering problems, where they are used to
express the effective cross sections (see Chapter 29).

The wave functions of a continuous spectrum are normalized in
terms of a 3 function. The expression (13.75) for the wave function
is valid practically in all space; there is only a small region near
the center where this expression takes a somewhat different form.
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In evaluating the coefficient C we may, therefore, assume that Eq.
(18.75) gives a correct expression for the wave function; that is,
valid in all space. In this case, the wave function is normalized by
the relation

I= g R, (k)R (K) P dr =58 (k — k).
b

We substitute the expression (13.75) for R, (k) and neglect the
logarithmic term in the expression for the phase shift 3, because
it increases slowly compared with r. Consequently, we find

I=—CQ—! \ cosr(k—k’)dr—% gcos[r(k—i—k’)——nl—}—%,]drm
] b

~ S (k—K),

and the value of the normalization coefficient in the asymptotic
solution for the central field of force is

)
C— ]/;. (13.79)

An energy level diagram for the hydrogen atom, showing both
discrete levels and the continuous spectrum, is given in Fig. 13.3.
This diagram clearly shows the degeneracy with respect to [,
which results in a merging of all levels with the same 7 into a
single level.

Besides the ordinary transitions between discrete levels, two
other processes can take place—ionization and capture. Basically,
each of these processes is the reverse ofthe other. In ionization, an
electron jumps from a discrete level (E < 0), such as, for example,
the ground state, to the region of positive energies (£ >>0) which
forms a continuous spectrum (hyperbolic orbits), This process
involves the absorption of energy. Conversely, in the process of
electron capture, a free electron jumps into one of the possible
discrete levels, at the same time liberating a corresponding amount
of energy.

A certain amount of energy is required to transfer an electron
from the ground state (n=1) to the region £>>0. This energy is
given by (see Fig. 13.3)

Ewn =T E,=Ri+T,

2
where T='—"?;'— is the kinetic energy of an electron which is no
longer bound to the nucleus. The energy E£'°? represents the ioniza-
tion energy of the atom. It is atits minimum when T =0; this cor-
responds to the minimum energy (E =0) transition of an electron



224 NONRELATIVISTIC QUANTUM MECHANICS

from the level n=1 to the continuous spectrum. As a result of
this transition, the electron can leave the atom. For the hydrogen
atom

]
Epnm= Rlz=2fT°°= 13.59 ev.

E. CALCULATION OF THE EFFECTS OF THE
MOTION OF THE NUCLEUS

In developing the theory of hydrogen-like atom; we have until
now ignored the motion of the nucleus. Accordingly, our theory is
rigorous only for the case of infinitely large nuclear mass,
In general, this is a relatively rough approximation, particularly
In the case of light elements such as hydrogen and helium. By
taking into account the motion of the nucleus, it is possible to
explain a number of important experimental facts.

We shall allow for the effects of the nuclear mass M in the
same way as we did in our discussion of the spectra of diatomic
molecules (Chapter 12), replacing everywhere the electron mass
my by the reduced mass

mgy
mred=l+1"—°Nm“< —M). (13.80)
M
The Rydberg constant then becomes
4
w="pe = Res (1 =), (13.81)

As a consequence of this change, the term values are slightly
shifted:

(rll).—_-z—’,%( _TM) (13.82)

The radiation frequency is therefore given by the relationship

u,nn,_—_-zsz( _”’°)(~L._ ‘), (13.83)

M) \n¥ ™ Tus

which differs from the previous one [see Eq. (13.52)] by the factor

mo
(1—=5)-
Since the frequency of the radiation depends onthe nuclear mass
M, atomic weights canalsobe determined by spectroscopic methods,

as well as by conventional chemical methods. One successful
outcome of the application of the spectroscopic method was the
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proof of the existence of heavy hydrogen and ionized hellium. Pre-
viously, the average atomic weight of hydrogen (relative to oxygen)
was found by chemical means. The mass spectrograph made it
possible to measure the atomic weight of each atom. These
measurements gave somewhat different values for the atomic mass:

Meneni - Mon spee 001/, 2 0.0145,, (13.84)

chem

This led Birge and Menzel to predict the existence of a hydrogen
isotope, called deuterium or heavy hydrogen, with anatomic weight
twice that of hydrogen ( D= H?). The presence of deuterium in
natural hydrogen explains the greater atomic weight obtained in
chemical measurements. The mass spectrograph measures the
atomic weight of ;H' along, wince the spectral lines of ;H* atoms
fall at a different place onthe scale.

Deuterium, like hydrogen, can Hydrogen (H')
enter into reactions forming, for
example, heavy water D0, discov-
ered by Urey and Osborn in 1932. ! Deuterium (H?)
Deuterium is usually obtained via l |
the electrolytic decomposition of :
water. The rate of evolution of or- ( Tritium (H%)
dinary hydrogen, at the cathode, L ! I ]
greatly exceeds the rate of evolu- ]

Fig. 13.5. Diagram of the relative

tion of deuterium; thus, the concen-
tration of deuterium in the residual | Gnon of the spectral Lines of
electrolyte increases. (It is almost hydrogen and 1ts 1sotopes.
impossible to detect deuterium in

natural water because of its low concentration.) The presence of
deuterium was confirmed by spectroscopic studies which showed
that not only does the Balmer series (n'=2) consist of the lines

pBalmer_p (1 “78‘14‘0) (ZL_nL) (13.85)

but that each of these lines is associated with a second line situ-
ated somewhat to the right. This second series of lines (see Fig.
13.5) is described by the equation®

w5 = R (1 = 5555) (3 — ) (13.86)

6Accordmg to the latest experimental data,
Ry = 27c- 109737, Ry = 2mc- 109678, Rp = 2mc - 109707,

where the numbers represent the values of R,p (see footnote, page 20).
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which can be readily obtained from (13.83) by setting the mass M
equal to twice the mass of the hydrogen nucleus and substituting
Z=1 1t is worth noting that the large relative difference between
the masses of the deuterium and hydrogen atoms causes far
greater differences in their physical and chemical properties than
is usual with isotopes of other elements., Thus, although heavy
water outwardly resembles ordinary water, its melting and boiling
points are 3.81°C and 101.4°C, respectively, its viscosity is
greater and it is a poorer solvent for salts, With the development
of nuclear physics, heavy water has become particularly import-
ant because it is a good moderator for fast neutrons, and can also
be used as a source of deuterium.

At present, we know of a third hydrogen isotope, namely tritrium
(T=H"*), whose nuclcus consists of two neutrons and one proton. It
forms a compound with oxygen similar to water. The ratio of
tritium atoms to ' atoms in natural water is approximately 10-*,
whereas the ratio of ;D* atoms to,iI' atoms is 1/6800. In a mixture
with deuterium, tritium is a very important substance for the pro-
duction of thermonuclear reactions: the reaction between ,D* and
1T* nuclei leads to the formation of ,lle! and one neutron. Each
such reaction releases more than 17 Mev of energy, Tritium is
also a beta emitter (with a half-life of 12 years) and consequently
is widely used as a radioactive indicator inchemical and biological
investigations. The positions of spectral lines of tritium are slightly
displaced relative to the hydrogen and deuterium lines (see Fig.
13.5) and are given by the equation

mlrialmer_: Rco(l I )(l _ L\ (13.87)

AV

Another very important consequence of accounting for the
motion of the nucleus was the discovery of ionized helium, first
detected in spectroscopic studies of the sun, The solar spectrum
was found to contain a series of lines, with positions described by
the equation

wzn,=R(2i,-—;1‘-=), (13.88)

7Energy is released in the fusion of deuterium and tritium into helium, just as in the
fission of U235 or Pu?3? under neutron excitation. Fusion, however, is possible only
1f the potential barrier of the Coulomb repulsion between the D and T nuclei is overcome.
High temperatures (~ 108 degrees) are therefore required if this reaction is to be self-sus-
taining, whereas in the case of fission even low-energy neutrons can easily penetrate the
nucleus, and that even at low temperatures. To obtain a thermonuclear reaction, a mixture
of deutertum and trittum must first be heated to a temperature of tens of millions of degrees.
Such temperatures may be created in an atomic explosion.
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where n; takes the values

ny=

7 9
- R N (13.89)

o e

This series is, ineffect, the Balmer hydrogen series (7, =3, 4, 5,...)
with a number of intermediate lines, which form the so-called
Pickering series, characterized by the half-integral quantum
numbers n,= 5/2, 7,2, 9/2, . ... At first, the Pickering series
was explained by assuming that hydrogen was in a special state
in the Sun, so that the quantum number s could assume half-
integral values. The spectral lines, however, were later found to
be located further to the right than is indicated by Eq. (13.89),
and consequently this assumption had to be abandoned. The second
hypothesis assumed that the observed spectrum arises from singly
ionized helium (,HeY)?, whose nuclear mass is M =17360m, and
whose charge is Z=2. According to (13.83), its radiation fre-
quencies then are

onie=2"Rue (75— )- (13.90)

i

Setting n'=4, we reduce (13.90) to the form

ope = Rue (;1, — (—il)—,) (13.91)
2

where n=5,6,7,8,....

To answer the question of whether the Pickering series was
due to the radiation of hydrogen atoms (under the assumption that
the quantum numbers may assume half-integral values) or to the
radiation of ionized helium atoms (with the usual integral values of
the quantum numbers), it was necessary to find an experimental
value of the Rydberg constant, In the case of hydrogen,

Ru=Rw (1 — g0)» (13.92)
whereas for helium

Rite=Rax (1 —7355)- (13.93)

Careful spectroscopic studies confirmed that the Rydberg constant
has the value (13.93), and thus it was shown that the Pickering
series represents the spectrum of ionized helium.
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Problem 13, L) Starting with Eqs, (13.26) and (13,28), show that the radial wave func-
tio nl rincipal quantum numbers n = 1, 2 and 3 are as follows:

Rio=2Ne~??,
1 -
7 e "2 (2—p),

1
5 Ve s

S NeTI 6 — 6 4o,

= Ne~ #2p (4 —p),

Ray= 9 ;-/._NC_PNP

where

N=<£)”’ and p= £
ap "aﬂ

On the basis of these specific examples, show that the functions R,; are orthonormal,
that 1s,

o
g PRy Rpdr =¥,
]

Hint, In proving orthonormality, make use of the fact that at different n and #', the
corresponding values for p also differ from one another,

Problem 13,2, Show that the average electrostatic potential produced by a hydrogen~
likd™mve ground state is

_OE=D (2 TR (),

a ' r nieet

Hint. Find the average electrostatic potential produced by the electron ®; (r)=
- € S $* (r') U_—l;'—l Y (r')dix'and add 1t to the potential of the nucleus, Integrating

over the solid angle Q', use the identity
1

dQ' r’
§ =7 =" )
r

Show that at 7 =1, the maximum of the probability density distri-
butidh D =

r!R? in the states ls, 2p and 3d occurs at distances of a,, 4a, and 9y, from
the nucleus (circular orhits), Why do the 2s, 3s and dp states have several maxima
(see Fig. 13,6)7
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V7 15 1r) 2 Dir) 3s
A — Q/\ ~— A/\/\
r-a, ” ’ r
) 2p o(r) 3p o) Ja
r=Z;a - G r-9a, r

Fig, 13,6, Graph of the radial probability density distribution D = r*R?
for various states,

troblem 13.4.§Usmg the functions given in Problem 13,1, verify the following equa-
ons n= 1,2 and 3:

‘~s=(_”2_§£)2[1 +2_Lg+%(l—!ﬂ_—l)-)].

nt

and

—__Na, 1 i+
r=tge 12 (-1
Find the spread (3r)®=Tr% —F¥ of the radial deviations for these states,
On the basis of Fig, 13,6 and the uncertainty principle, explain why (Ar)?does not
vanish for circular orbits in the quantum theory,

(WS.\ By means of the quasi-classical WKB method, find the discrete energy
spectrum of the hydrogen-like atom,

Solution, According to (5.75) and (13,62), the eigenvalues of the discrete spectrum
‘E << 0) may be found from the equation

= ge/ ——A—{—Q;Q—-(.,_';—é_)‘z (h‘=11:(k+-;-),

r1

where 7, andr; are roots of the integrand and

2my E B— moZes

A=— TR T

Since the value of this integral is?®

B 1
=+ (i)
ve obtain exactly the same expression for the energy of the hydrogen-like atom as via
he Schrodinger theory,

8 This integral can be easily evaluated from (13 64) by setting a=-A, b - 2B and

=—(+ 1/2)2, and regarding ry and ry > ry as roots of the equation f(r) = 0 The logarithm

f the complex quantity [assummg that a tends to zero from the direction of positive num-
rers (a = 4 O)I may be taken as:

10 B0,

In(B+4 ta) = In|pg| r%

im B0,

2r >0,

In(f—1a) = ‘"lﬂ“% i B<0
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Problem 13.6;> Determine that magnetic field intensity at the center of the hydrogen
a ue to the orbital motion of an electron, Find 1ts numerical value for the
2p state,

Answer, fl,=H,=0,

Frmm (0 (2 !

3

(et g —
Mo\ By (1 + -‘2-) ¢+ 1)

For the 2p state (m=1)

I, ~ 10t gauss,

(’n_i
mocr?
magnetiv field produced by a moving charge, ‘Transform to a quantum treatment of the

problem by replacing r x p by the angular momentum operator L, Then, using Eq,
(13.29a), calculate the average value of H,

Hint, ‘Take the classical expression H=—— r x p for the intensity of the
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Time-Independent Perturbation Theory

@ BASIC PRINCIPLES OF THE PERTURBATION
TREATMENT OF PROBLEMS

A relatively large number of problems in quantum mechanics
cannot be solved exactly with present-day mathematical methods.
Thus, various approximate calculations have to be used. One of
the most widely used approximations is the perturbation theory
method, which was first developed to handle problems in celestial
mechanics, It is well known that in Newtonian mechanics it is pos-
sible to solve exactly only the two-body problem (for example, the
Earth-Sun or the Moon-Earth problems). We cannot, however, ne-
glect interplanetary forces and consider only the attraction of the
planets by the Sun since many delicate phenomena are associated
with these additional interactions (it is worth recalling in this con-
nection that Leverrier predicted the existence of Neptune on the
basis of the orbital deviations of Jupiter, after which the planet was
discovered by astronomers). It thus became necessary to consider
the many-body problem, which has no exact solution in classical
mechanics. In celestial mechanics it was found that the perturba-
tion problems could be handled by means of an approximation based
on the fact that the forces between the planets are much smaller
than the force of attraction to the Sun. In this method, one starts
by solving the two-body problem (the zero-order approximation),
then takes the ‘‘perturbation’’ into account and finds the correction
to the solution (the first-order approximation). In other words, the
‘‘perturbation method’’ involves taking the principal forces acting
on a body, finding the rigorous solution for these forces, and then
taking the ‘‘perturbing’’ forces into account.

Similarly, in the quantum-mechanical treatment of the motion
of several electrons in an atom, it is necessary to consider first
the principal forces, such as, for example, the force between the
nucleus and an electron. In this case, the perturbing forces may
be taken to be the Coulomb forces of mutual repulsion between the
electrons. In the problem of an atom subjected to an external
electric or magnetic field whose strength is small relative to the
electric field of the nucleus, the perturbation may be taken to be
the energy of the electron in the external field.
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@ FUNDAMENTAL EQUATIONS OF PERTURBATION
THEORY

We shall now develop the perturbation theory in a form suitable
for stationary problems, that is, problems inwhichthe Hamiltonian
of the system does not depend on time. Suppose the Hamiltonian
has the form

H=T+V=T+V'4+V’, (14.1)

where the perturbation energy V'<V° and the main part of the
potential energy V' is chosen in suchamanner that the Schrodinger
equation of the system

(E—H)9p=0 (14.2)

has an exact solution, characterized by E°and ¢°, when the pertur-
bation V’ is neglected. Setting T J-V*=H" (the zero-order approx-
imation) and using Eq. (14.1), we can write (14.2) as

(E—H'— V") § =0. (14.22)

The basic problem in perturbation theory is to calculate from this
equation the energy values E, and the corresponding eigenfunctions
$2. The solutions are sought in the form of the series

=9 +¢+¢" 4 ..., (14.3)
E=E+E+E'+..., (14.4)

where ¢’ and E’ are terms of the first order of smallness relative
to ¢ E° ¢” and E” are terms of the second order of smallness;
and so on,

As a rule, the perturbation energy V' can be represented in the
form of a potential energy of the same order as V°, multiplied by
some small parameter A(A<1). The solutions (14.3) and (14.4)
should then appear as expansions in terms of A. Thus, E° and ¢°
will be independent of this parameter, E' and ¢’ will be propor-
tional to A, E” and ¢” to A%, and so on. In the expressions for ¢ and
E, let us restrict ourselves to terms of the first order of small-
ness (that is, we shall retain only terms which are independent of
A or directly proportional to A). Substituting (14.3) and (14.4) into
(14.2a), we obtain the following equation for ¢’ and E':

(E°+ E'— H' — V") (0 - ¢/) =0. (14.2b)

’

Collecting terms of the same order, we have

(E°—H) ¢+ [(E'— V') §*+ (E' — H") | + (E'— V") y'=0. (14.2¢)
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Equation (14.2c) may be regarded as an exact equation, since we
have not neglected any terms in it, andsince ¢’ and E’ may be taken
to represent the sums of all terms of different orders of smallness
(that is, ¢ >¢ +¢"+..., E'>E'+E"}..). To obtain the first-
order approximation of perturbation theory, we neglect the second-
order term (E'—V") ¢’ in (14.2c) and use the equation for the zero-
order approximation

(E*—HY ¢*=0. (14.5)
This equation yields the zero-order eigenvalues
E}, ES, E§ ..., Ep, ...,
and eigenfunctions
$lo 920 B8 cees bl ooy
which are connected by the relationship
(Ex — H) ¢ =0. (14.6)

Keeping all this in mind, we shall now investigate the equation for
the first-order approximation of perturbation theory

(B —H) ¢ = — (B’ — V). (14.7)

We assume that at the beginning, the system is in the quantum
state n'==n Since ["==E, and ¢"=1, in the zero-order approxima-
tion, and E'=E, and{'=9. in the first-order approximation, Eq.
(14.7) becomes

(Es— H) 4= — (B — V') i (14.7a)

We recall that an arbitrary function can be expanded in a series
of orthonormal functions forming a complete set and satisfying the
same boundary conditions as the original function; therefore, we
may assume the solution for ¢, to be of the form

dn=Y Cuti. (14.8)

Our problem, therefore, reduces to determination of the unknown
coefficients C, of a generalized Fourier series. Substituting (14.8)
into (14.7a), we have

A

N Co (B —HY 42 =— (B — V") 42, (14.9)
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or, taking into account (14.6), we find

N Cu (B2 — E2) 3 =— (B — V') 45 (14.92)

*/ 5 @ NONDEGENERATE CASE

Let us suppose that the system is nondegenerate. Therefore,
each energy eigenvalue £, corresponds to one and only one eigen-
function ¢}. Then, multiplying Eq. (14.9a) on the left by ¢;* and
integrating over all space, we have

Y Cu (B2 — E2) bow =— En+ S VL d'. (14.10)
n’

In obtaining this equation, we have made use of the orthonormality
of the eigenfunctions ¢;:

S O dx =B,

Since the left-hand side of Eq. (14.10) is equal to zero (Ej — E% =0
for n'=n, and 3. =0 for n’ + n), the energy correction E, is

En=Vin, (14.11)
where

Vin=={ 92V'45 . (14.11a)

Thus, the energy correction E, of the system quite naturally turns
out to be equal to the average value of the perturbation energy V'.

It is worth noting that the expression (14.11) for the energy
correction E, was obtained by setting the left-hand side of Eq.
(14,7a) equal to zero after it had been multiplied by ¢:* and in-
egrated over all space. Since ¢}* is a solution of the homogeneous
squation (14.6), it follows that the right-hand side of the inhomo-
geneous equation

Mp=f (14.12)

is orthogonal to the solution of the corresponding homogeneous
equation My*=0, that is,

S QO dix =0, (14.13)
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Let us now proceed to determine the wave functions (that is,

the coefficients C.) of the Schrdodinger equation (14.7a) in first-
order perturbation theory. We write Eq. (14.9a) as

Y Cu (Bs— Env) o =— (En — V) 5

Multiplying on the left by ¢i*(n’ % n), using the orthonormality
condition, and integrating over all space, we obtain

Cow= -E—',,‘VPET , (14.14)
where
Vin={ oV . (14.15)
Thus, for ¢, we have
pe=Cupi+ 3, Curtl (14.16)

where the prime on the summation symbol indicates that the sum
is taken over all n’ except n'=n. Finally, the as yet undetermined
coefficient C, of the zero-order wave function can be found from
the normalization condition

S Yagn d'x=1 (14.17)
for the total wave function
=8+ ¢ = C?.q»,“.-i—z Cas (14.18)
where
Co=1-+C,. (14.19)

- Substituting (14.18) into (14.17) and keeping only terms up to
the first order, we have

ARRAECES
+ Xercy (i er+cic furnang =1 (14.20)
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Making use of the orthonormality condition and ignoring the phase
factor, which is of no interest to us, we obtain

Ci=1, (14.21)

and therefore C,==0.
Consequently, for the wave function ¢, in the first-order
perturbation theory, we finally obtain

Pn="9n+ Z ST (14.22)
& “Ej—Fy

From Egs. (14.22) and (14.11), it can be seen that both ¢, and
E, are proportional to the first power of the perturbation energy
(that is, to the parameter A). If we were to compute the corrections
to the energy and the wave function in second-order perturbation
theory, both E; and ¢» would turn out to be proportional to the
second power of V' (that is, to A?).

D. DEGENERATE CASE

We shall now develop the perturbation theory ina form applica-
ble to degenerate systems, in which, in the absence of any per-
turbation, a given energy eigenvalue E; has associated with it j
eigenfunctions whihv 2vl Glonywedcge Al

"p;’lp 4'33. seey q’?lj-

It is obvious that any linear combination of these functions

]
=Y Cls, (14.23)
imm]

is itself a solution of the wave equation in the zero-order approxi-
mation

411 WI1lLIL1E vIT cxscuva;uc Vi wicg UIIUJ-E.Y D Lep.

If there is a perturbation V’, this arbitrariness is removed and
the coefficients C! may become connected with one another by
certain definite relationships. Let us show this, proving first that,
just as in the case of nondegenerate states, any particular solution
of the homogeneous equation (14.6) is orthogonal to the right-
hand side of the inhomogeneous equation (14.7a) of first-order
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perturbation theory. For this purpose, we multiply (14.7a) on the
left by q»;‘,;‘ and integrate over all space. We then obtain

g 2 (Bam HO) Y d'r = — S o (En— V") 4R d'x. (14.24)

Using the theorem for the transfer of a derivative [see Eq. (7.17)],
we have

(vE—mav=—{onE—vigae  (14.25)

Since ¢;* is a solution of the Schrodinger equation (Ej — H") n; =0,
we arrive at the equation

N J
\ 4% (Bn — V) Y Cogt, dix =0 (14.26)

=1

Without any restriction on the generality, we may assume that all
the eigenfunctions ¢;, are orthonormal.' Then, since

T okgn g3
3 ‘?ni%,.d x—-ﬁ,.‘n,,'

we obtain instead of (14.26)

Ci(Er—Vi)= “12_ CiVir, (14.27)

where -
Vi={ 4nV4h, &, (14.28)
Vie={ vV, d'x, (14.29)

and the prime on the summation signindicatesthat the sum extends
over all ¢’s, except ¢ =1, Since the subscript / in (14.27) can take
any value from 1 to j, wehave a system of j homogeneous equations
from which we can determine the energy E, and the coefficients C!:

Cg(E’*—V;l)— l)V;) . —C}'V;I=Oa
—CiVu+C; (En—Vu) = CVy=0,

. . : (14.30)
’-C Vn C Vhl +C (En n)—'

£ the functions \,I:n , are not orthonormal, 1t 1s always possible to construct from them
by means of linear transformahons, new functions which possess this property.
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Recalling that the wave function ¢; must satisfy the normalization
condition

S Patgn dx =1, (14.17a)

we see that the correction E. to the energy of the unperturbed
state E, of the system is uniquely determined, asare the coeffic-
ients C; (and hence also¢;). Since, in particular, the system of
equations (14.30) can have a nontrival solution only if its determi-
nant is equal to zero, we have the following equation for E.:

(E,'.—V,',).—-’Vi:.....—V',',
—Va, (Ea—Va), ..., —Vy
N (14.31)
—Vll’_vl‘h ’ (E;I‘V}l)

This equation is called the seculay equation, a term taken from
celestial mechanics. -

If the secular equation has several roots (not necessarily j
different roots), each one of them will correspond to a completely
determined set of coefficients C!, which can be found from (14.17a)
and (14.30) by substituting the given root E., for E,. Consequently,
the different corrections E, to the energy lead to different zero-
order wave functions. Thus, if a system is j-fold degenerate in the
absence of any perturbation, a possible effect of a perturbation is
to reduce or completely remove the degeneracy [this will occur in
the case when Eq, (14.31) has j different roots].

E. THE STARK EFFECT

If an atom is placed in an electric field, its spectral lines are
generally split into components. This phenomenon was discovered
by Stark in 1913, Experiments have shown that the effect of an
electric field on a hydrogen atom is different than that on other
atoms. In a weak field, the splitting of the energy levels of hydro-
gen (for example, the Balmer series) is proportional to the first
power of the field intensity (the linear Stark effect), whereas for
all other atoms the splitting is proportional to the second power of
the field intensity (the quadratic Stark effect). In a stronger field
(of the order of 10° volts/cm), there is an additional splitting ef-
fect, proportional to higher powers of the field intensity (second
power in the case of hydrogen). In very strong electric fields, the
spectral lines disappear completely.

The Stark effect could not be explained before the development
of quantum mechanics. In terms of classical concepts, the motion of
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an electron in an atom can always be resolved into three mutually
orthogonal oscillations. Let us consider the oscillation along the
z axis, which can be taken to coincide with the direction of the
constant electric field E(E,=E,=0, E,=8) Theequationdescrib-
ing the motion of the electron along the z axis® is (for e=—g¢))

Mo -+ mywiz = —e,8, (14.32)

where ny is the electronic mass and o, is the angular frequency of
oscillations, It is readily seen that the solution of Eq. (14.32) is

z=—-28_ 1 Acos(wf + ¢). (14.33)

mow}

It is clear that in classical theory the only effect of the constant
force (—e,8) is to change the position of the point of equilibrium
of the system. The frequency of oscillations remains completely
unaffected. Consequently, classical concepts imply that the fre-
quency of the radiation emitted by an atom remains the same
whether or not the atom is placed in an electric field, since the
frequency of the radiation is the same as the mechanical frequency
of oscillations of the atomic electrons. Accordingly, an electric
field cannot produce any shift of the spectral lines in classical
theory.

We shall now consider the Stark effect in terms of quantum
concepts. As we have just mentioned, there are two basic forms
of the Stark effect: namely, linear and nonlinear. The linear effect
is characteristic only of hydrogen-like atoms because they are
degenerate not only with respect to the magnetic quantum number
m, but also with respect to the orbital angular momentum quantum
number / (see Chapter 13), with which the linear Stark effect is
associated. In all other atoms, there is nodegeneracy with respect
to /, and therefore the linear Stark effect is not observed.

Let us discuss in greater detail the theory of the linear Stark
effect for the hydrogen atom. We shall confine our treatment to
the second quantum level (n=2).? The external electric field
(which is of the order of 10'—10" volts/cm in experiments) is much
weaker than the intraatomic field produced by the nucleus, which is

__—_.E.; NS . 109 VoltS/cm9

nucl Q5

where @, is the radius of the first Bohr orbit. Therefore, we may
use the results of perturbation theory (in the form developed for

2The electric field intensity will have no effect on the oscillations along the x and y
axes, which are perpendicular to E.

3The first quantum level (n = 1) 1s nondegenerate and, therefore, 1s not split.
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degenerate problems). For the perturbation V', we must take the
potential energy of the electron in the external electric field

V' =e,82. (14.34)

In the unperturbed state, the energy of the electron is [see Eq.
(13.33)]

E‘,’=—-%—

which has four wave functions associated with it:

P =tr00=Ru() Y= V—IE Ru(7), (14.35)
B=ba10=Ru() Vi=T £ Ru(r) cos, (14.36)
B=thai=Ra ) Yi=V L Ru() 5’3—3 e, (14.37)

~4»2=¢,,,,..=Rn(r)Yr'——l/ Rn(>s‘“i’e"f (14.38)

When # and ¢ are replaced by Cartesian coordinates, these wave
functions take the form:

w=F(), (14.35a)
$r=F(r)z, (14.36a)
¥=F(r) —*'—lj%’:"- , (14.37a)
Yi=—F:(r) “}7‘)” , (14.38a)
where
fi (’)=7‘-‘- Ry (r),

(14.39)

hy=) LR,
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e

The general wave function of an electron will have the form
=Y Cigi. (14.40)

Since the degree of degeneracy is four (j=4), we have the

following system of four equations for determining the unknown
coefficients E, and the corrections C? to the energy Ejof the un-
perturbed state:

CH(Eq— V) —CiVi i — GV — CiV (=0,

— CiVis+ Gy (B — Vi) — CiV iy — Vi =0, (14.41)
- C‘ljvél - CSV;, + C; (Eq - V:'m) - CQV:;A =0, ‘

— GV — GV — GV i+ Ci(E3 — Vi) =0,

where
Vii= S q;;',*qu)-‘»d:« —
=eo8{ vz g, (14.42)

When we integrate over the volume, the matrix elements
\,ll' \’2,’27 v33' V4’4’ vl3v vl’4v v2’h ‘/2:4’ V_;’], V3’2' v3’4. V;lv vd’z and va’s

vanish, since for each of them the integrand must be an odd func-
tion with respect to at least one of the coordinates x, y and z. Only
the matrix elements

Vie and  Vy=Vy

which are even functions of all three coordinates, differ from zero
Vi=Vi=as (LOLO2dx. (14.43)

Let us substitute the values of Eq. (14.39) for f,(r) and f.,(r) and
note that, according to Eq. (13.28a),

1

R«zo"—-— m (2 - ‘i)e—f‘%,

and

1 -
2ay
T re .

Ry=—r—
T2 V6 ay
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Then, integrating (14.43) over the angles & and ¢ (remembering
that z=r cos #), we obtain

@ r
Va=Va=g fre(2—L)e war (14.43a)
0

Next, taking into account the equality

{ et do=T(s41),
0

we obtain
Va=Vy=—23e8a. (14.44)

Using the obtained values of the matrix elements Vi, we find,
in accordance with (14.31), that the secular equation for the correc-
tions L, is

E; 23e® 0 O
3ae E;, 0 O
0

0 0 E —o, (14.45)
0 0 0 F
which can be rewritten in the form
E} (E} — 9a%} &%) =0. (14.45a)
This equation has four roots:
E,"'=—3a68,
Ey"' =308, (14.46)
E; 8) . E; 1) — 0,

each one of which, according to Eq. (14.41), is associated with a
quite specific set of coefficients:

cr=Cp, Cl'=CP=0
C=—Cy, CP=Cy =0,
Cr=Cy =0, Cy, C #0, (14.47)
C'=Cy=0; Cy, CP30

Here the superscript j of the coefficients € ==C) indicates the so-
lution (or root) of Eq. (14.45a) with which it is associated. Thus, it
follows from (14.40) and (14.47) that the energy level

EY=B+Er=—""_308 (14.48)
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is associated in the zero-order approximation with the wave func-
tion

\P“ W = Cy' ($3,0,0 -+ $s.1,0)-

Because of the normalization condition
S ORI
this wave function becomes
1

qu (1) =-_V‘_7 (q).‘,o'o + q).)'l_o). (14.49)

In a similar fashion, it can be shown that the state with energy
EY=FE+E""=— ,_?_42 + 3ae, 8 (14.50)

is described by the zero-order wave function

q,l\ @) — 71__2:(4"?,0.0_‘{)2.1,0). (14.51)

To describe the states with energy
Ep=Ey=E,

which remain unperturbed by the electric field in the first-order
approximation, we may equally well take the function

'{’0(3)=‘P2,1,1 (m=l),

or

"Po“)=‘?i.l.—l (m=__ l)

or, alternatively, we may take a linear combination of these func-
tions, since the system remains degenerate for m= -1 even in the
presence of an electric field. Thus, when the z component of the
angular momentum is not equal to zero (m =21 in units of #), that
is, the electron is moving largely in the xy plane (see Chapter 12,
Section A), there will be no splitting of the energy levels (and,
therefore, of spectral lines) in an electric field. If, on the other
hand, the orientation of the angular momentum is such that its 2
component is equal to zero m=0 and, consequently, the electron
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is moving in a plane which includes the z axis (again, see Chapter
12, Section A), then an electric field does lead to splitting of the
spectral lines (see Fig, 14.1).

-%’-’ +32,8,8
_Rb Rh
4 %
-E,;h-aeoa,,é'
a b

Ing 14.1 Splitting of the sccond spectral term of hydrogen 1n
an electric field (the linear Stark effect):

a) energy level 1n the absence of a field (8 =0),
b) energy level in the prescnce of a field (§ #0)

Qaulitatively, the Stark effect for n=2 may be interpreted as
follows. Since the wave function describing the motion of the
electron for n=2 (see Fig. 12.1) is not centrally symmetric, the
atom has a certain electric moment p. Consequently, when the
atom is placed in an electric field

(Eszy':Or E,=§),
it acquires an additional energy
V'=—(pE)y=—p8cos 1, (14.52)
where 7 is the angle between the direction of the electric dipole
moment of the atom and the z axis, Comparing this expression
with (14.46), we see that the electric dipole moment of the atom

is p=3a.,. The solution ¢'"corresponds to the case =0 and
the solution ¢'* to the case y=r, For the third and fourth solu-

tions, it is necessary to set 1="_'g. We note that, in the last case,

the electric dipole moment is oriented perpendicularly to the elec-
tric field and, consequently, no additional energy appears. To con-
clude this discussion, the linear Stark effect arises because of the
intrinsic electric dipole moment of the hydrogen atom at n=2.

Predictions obtained on the basis of quantum mechanics are in
good agreement with experimental data only in the case of weak
fields (10* volts/cm). At higher field intensities (--10° volts/cm),
there is an additional splitting (the quadratic Stark effect) due to
the removal of the degeneracy with respect to the magnetic quan-
tum number m. Finally, at field intensities greater than 10" volts/
cm, the Stark effect completely disappears. This is the result of
autoionization of the atoms, that is, removal of electrons from the
excited levels.
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F. PRINCIPLES OF THE CLASSICAL THEORY OF
DISPERSION

Perturbation theory has many important applications in studies
of the interaction betweenlight and matter. The predictions obtained
in this way differ from classical results and receive excellent
confirmation from experiment, This section is concerned with the
classical theory of dispersion (that is, the scattering of light) in
a dielectric medium. According to classical notions, a dielectric
is characterized by the index of refraction

n=YV,

where ¢ is the dielectric permittivity (the magnetic permeability
p is taken to be equal tounity). If the index of refraction n» becomes

larger as the frequency of light increases (that is, %>0),the

dispersion is said to be normal. A typical example of normal
dispersion is the spectral resolution of white light by a glass or
quartz prism (the deflection of violet rays from their initial direc-

tion is larger than that of red rays). If, however, % <0in a certain

range of frequencies, the dispersion in this region is said to be
anomalous. As a rule, anomalous dispersion occurs at frequencies
at which light is absorbed by the medium,

To determine the index of refraction (one of the most important
problems in the theory of dispersion), we use the equation relating
the electric field intensity E, the displacement vector D, and the
polarization vector P*

D=¢E=E -} 4xP. (14.53)
Since e=n? we have

p=""1F (14.53a)

Thus, to determine n we are required to find the relationship
between P and E on the basis of the microscopic picture of the
structure of matter. We shall be better able to appreciate the
contribution of quantum theory in this connection after we have
completed our review of the basic principles of the classical theory
of dispersion,

According to the Lorentz classical theory, atoms may be
regarded as harmonic oscillators in which, in the simplest case,
all the electrons oscillate with the same angular frequency w. If

4The polarization P 1s defined as the total dipole moment of the atoms per unit volume
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we take the z axis to be parallel to the direction of propagation of
the electromagnetic wave, then, since the wave is transverse, we
may direct vector E along the x axis (E,=8, E,=E,=0), and
vector H along the y axis. If we neglect the force exerted on the
atomic electrons by the magnetic field (since the magnitude of this

force is only a fraction ( %) of the force exerted by the electric

field), the oscillation of the electrons can be described by the
equation

myx —++ mywix = — €,8. (14.54)

We shall assume that the frequency of the incident light wave is o.
Then

=8, cos (wt —? "{5) (14.55)

If the energy transported by the wave is much smaller than the
bonding energy of the electrons in the atom, it follows that the

ratio %— may be neglected because it is small compared to the

atomic dimensions (x~ a~ 10" cm, while the wavelength A is of the
order of 10 cm). Thus, under the assumptions we have made, the
electric field of the wave may be considered to be quasi-stationary
inside the atom. As a result of this simplification, Eq. (14.54)
becomes

k-]—w,,x:-_—-—g:—,%go cos of . (14.54a)

Multiplying (14.54a) by (—e,N), where N is the number of atoms
per unit volume, and substituting

—ex=p,, and P,=Np,=&, P,=P,=0,

we reduce this equation to the form

& 4 0P = %’_ 8o COS of, (14.54b)
from which we obtain
Ne} 1
= o7 B0 COS Of, (14.56)

Comparing Eqs. (14.56) and (14.53a), we obtain an equation for the
index of refraction which should be familiar from optics:

n’—l e3 |

=N o —a (14.57)
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We note that if the atom is assumed to contain electrons with
different eigenfrequencies

W, Wy, Wyy wauy Wp yuvey

a more general equation is obtained instead of (14.57):

w1 __ e Ne (14.57a)

Tdx T my o} —of’
k

where N, is the number of electrons per unit volume oscillating
with the frequency o,.

It follows from (14.57) that at radio frequencies (w<w,)the
index of refraction may be assumed to be constant, without signif-
icantly affecting the accuracy. Its value is given by the relation

n? —1 Nej

~ .
4n mew}

(14.58)

On the other hand, for frequencies o> wy,, the value of the index of
refraction is given by the relation

n—1 Nej
A —
4n mye? *

(14.59)

The index of refraction is, therefore, a constant greater than unity
for v << w,, whereas for w_>w, it is less than unity, approaching it
as w— co,

At frequencies close to w,, the magnitude ofthe index of refrac-

tion increases without limit, and at ew=w, it has a discontinuity
(see Fig. 14.2). The reason for this be- .
havior of the function isthat Eq. (14.54) "4/‘71
does not include the radiation damping of A

. 2 4 \
the electron Fdamp— é;'!; X, which arises = _ 1\ , w
from the interaction between the moving ol y
electron and its own field. When Faamp is \4
included, the dispersion curve has the form

indicated by the dotted line in Fig. 14.2.

Consequently, the dispersion is anomalous Fig. 14.2. Classical dis-
near the resonance frequency w,. Since the Ne2
region of anomalous dispersion coincides Per®ion curve <;mow :
with the region of the eigenfrequencies of

oscillation of electrons in the atom, it follows that anomalous
dispersion is accompanied by strong absorption,
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F. QUANTUM THEORY OF DISPERSION

Let us now develop a quantum theory of dispersion. By analogy
with the classical case, we shall assume that all the electrons in
the atoms are in the same quantum state 25 We shall use the
perturbation method to solve our problem, since the energy of the
interaction with the external field is generally small compared
with the bonding energy of the electrons. Inthe nonrelativistic case
(when we may neglect the ‘‘magnetic’’ force), the external force
which acts on an electron can be obtained from Eq. (14.55)°:

Fo=—eBycosot, F,=F =0.

The perturbation energy is given by
V' = ey x@, cos ot. (14.60)

Consequently, the Schrodinger equation for the electron is
(—Fa —H = V) g =0, (14.61)
Let us suppose that Eq. (14.61) has an exact solution for V'=0:
PR (1) =bhe~ UM E! = gle-rau!, (14.62)
where ¢t and E, satisfy the equation
(Ex—H") ¢p=0. (14.63)

In accordance with perturbation theory, we shall look for a solution
in the form

e (1) = 4R () + $a (2). (14.64)

Since (14.62) and (14.63) yield

(— %o — H°) 43 (1)=0, (14.63a)

SThis assumption 1s analogous to the assumption made in the classical treatment,
according to which all the electrons have the same eigenfrequencies of oscillation.

6

Just as in the classical case, we have assumed here that the electric field 1s quasi-
stationary over distances of the order of the dimensions of the atom.
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the equation for ¢:(f) and the first-order correction to the energy
E, is

(— 23 H”) i ()= VR (). (14.65)
Substituting V’ from (14.60), we have

(——- —’[5 gt— — H“) $e(t) = %eox&,% e~ itwy—w) | g—itl,+e)}  (14.65a)

To eliminate the time ! from this equation, let us look for a solu~
tion ¢ (f) in the form

Yr (£) = ue= # (@4 — ) | yo— ¥ (0Fwy (14.66)

We then have the following equations for the functions « andv:

{1 (0, — ) — HY) u = £ egxBulh, (14.67)

{1t (w4 0) — H'} 0= 1 coxBudh. (14.68)

We note that these two equations have exactly the same form.
Consequently, it is only necessary to solve Eq. (14.67) for u, since
the solution for v of Eq. (14.68) can be obtained from « by substi-
tuting — o for o. Since the time does not appear explicitly in Eq.
(14.67), we can find u« by the perturbation method in the form ap-
plicable to stationary problems. Thus we shall look for a solution
in the form of an expansion in eigenfunctions of the unperturbed
problem [see (14.8)]:

u =2c,,~q)zu, (14.69)

k'l
where the ¢}» satisfy the equation
(Ek" —_ l‘l") 11);;" =0. (14. 70)

Accordingly, we may reduce (14.57) to the form
1Y, Cue (omar — 0) 4 = 258048, (14.672)
o

where the frequency of radiation is

E _E "
W = — . . (14.71)
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Let us multiply (14.67a) on the left by ¢2* and integrate over all
space, taking into account the orthonormality of the eigenfunctions
(S o d3x=8k’k"). We then obtain the following equations for the

coefficients C, and the function «:

I3 Xpn
C~’=__, ;n" W' (14.72)
! 280 Xpk .
n= (— 0. )m“ A (14.73)

where the matrix element xw»: is equal to
X == S PR xYR dx. (14.74)

Substituting —e for o in (14.73), we obtain an expression for the
function v:

k_‘l)

v-—; ‘°8° mk“ 4. (14.75)

From (14.64), (14.66), (14.73) and (14.75), it follows that the
total wave function ¢, (f) is

$ () =e—foyt {4:,, WZ oLZ3l4 [m,,.,,coswt—zmsmmt]} (14.76)

o O —

From the wave function ¢,(f) of the electron in the external
field, we can readily obtain the polarization vector of the medium
&. In the classical theory we had

P = Np=—-Neux.

To generalize this expression to the quantum case, we must replace
p by its average value. Then

& = Np =— Ne, S R (1) x Ye (1) dPx. (14.77)

Substituting ¢, (¢f) from (14.76) and retaining only first-order terms
in 8, we have

2Ne? Oprpl gl
F="3" ) o, Bocosol. (14.78)




TIME—-INDEPENDENT PERTURBATION THEORY
In deriving this expression, we used the relation
{oprmptae= { 1apeare=o,

which follows from the fact that the integrand is an odd function of
x. Comparing Egs. (14.78) and (14.53a), we obtain the dispersion
formula

w1 2N 2 “uwel pal (14.79)

4r n Wl — 0
e
By introducing the new variable

fre = i;;’l opr | Xene?, (14,80)

which is called the oscillator force, we transform Eq. (14.79) to

2 __ 2 fpr
D et (14.81)

my w%ak
g

Here let us make an observation similar to the one made in regard
to the classical treatment: namely, if we had included the radiation
damping in the quantum-mechanical treatment, we should have
obtained a finite value of n® for frequencies o in the neighborhood
of oy, (see Fig. 14.3a, the dotted line).

n2-1 n’-1
41 47T
A ~
b ‘\ 'I N\
\w, w Wy w
!
\/ N\
a b

Fig. 14.3. Dispersion curves
a) positive dispersion (wWp= wg'y),
b) negative dispersion (wg=wgg’)

Equation (14.81) has a structure similar to the classical equa~
tion (14.57). In actual fact, however, the quantum results are
fundamentally different from the classical results. From quantum
theory it follows that anomalous dispersion occurs inthe neighbor-
hood of frequencies corresponding to allowed transitions, and not,
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as in classical theory, in the neighborhood of the eigenfrequencies
of oscillation of the electrons. This particular conclusion can be
seen to be directly related to the role of the oscillator force fi
in (14.81), which is specified by the matrixelement x;» [see (14.80)]
which characterizes the selection rules (and thus the allowed
transitions). This prediction of quantum theory was experimentally
verified by D. S. Rozhdestvenskiy.

A second, very important difference from the classical results is
that quantum theory leads to negative dispersion (see Fig. 14.3b)—a
phenomenon which has no classical analog. This can be under-
stood by simply noting that when light is scattered by excited
atoms, it is necessary to take into account the states with E,>>Ewx
for which

Ep
Fre ka'k———L———<0

For these states the dispersion formula (14.81) becomes

/12 Ne3 y [ farnl

, (14.81a)

mkk—m

and the dispersion curve is represented by the dotted line in Fig.
14.3b. The experimental discovery of negative dispersion was made
by Ladenburg; thus, this prediction of quantum theory was also
confirmed.

Let us now find the value of the oscillator force fux and the
dispersion formula for a harmonic oscillator. The only nonvanish-
ing matrix elements in this case are [see (10.55)]

— /] — hk
x,ﬂl.k-‘]/f +1) and Xpa,p oy

2y, 2mywy "

‘‘By chance,” it turns out that the quantum-mechanical frequencies
of radiation are identical with the eigenfrequencies of oscilla-
tion

Wpy1, 5 ==y ANA 0,y == —w,.
We thus obtain
feae=(k~+1), frar=—*r (14.82)
Consequently <since2 fer= 1). the dispersion formula (14,81) can

g
be written as
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I__ Nei k1 _Nei k __ Nep 1 (14.83)

n®—
in

my of —o? my of—o® My o) —o?’

We can see that in this particular problem the quantum and clas-
sical theories yield the same value for the index of refraction n.
The phenomenon of negative dispersion is not observed. The
reason for this is that the regions of positive and negative disper-
sion coincide since | ,|*==|w, 1,,|% so that the stronger effect of
positive dispersion masks the negative dispersion.

G. RAMAN EFFECT

Let us consider the phenomenon of dispersion from the stand-
point of energy diagrams. Suppose that a photon with energy

e=Ho (14.84)

impinges on an atom with only three energy levels E, <Er<Ep
(see Fig. 14.4). In general, the scattering of this photon (that is,
dispersion) will be a second-order effect. The first form which
this process cantake is absorp-

tion of the photon. This is ac- b4

companied by excitation of an ——— T e

electron from level £ to some bl |hw!

intermediate state (which may £

even be a forbidden state’; see hw,y '117 £

Fig. 14.4,1) and, subsequently, AW [V E””

by emission of a photon. If, as , «

a result, the electron returns ho'| | hw

to its initial state, it follows  -——————- Ll -

from the law of conservation of a

energy that the frequency o' of

the scattered photon is the same Fig. 1%.4. Energy diagram for photon

as the frequency o of the inci- scattering

dent phOtOIl. h’mlxs the energy of the incident photon,
Alternatively, the order of hw', the energy of the scattered photon,

th T be d: I and II represent elastic scattering
€ process may reversed: (hw#hawygr, and Kof Rage), T and IV

the atom first emits a photon represent induced transitions (Fw~fwy/,
(see Fig. 14.4,II) and then ab- or Hw Hewpy 1)

sorbs the incident photon. As

in the preceding case, the frequency o' of the scattered photon will
be equal to the frequency e« of the incident photon if the atom re-
turns to its initial state.

7More prectsely, the law of conservation of energy may be violated in intermediate
states It 1s required to hold only 1n the final result
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Finally, resonance occurs when oa-wy: In this case, both
processes—scattering and absorption of the photons—take place
(see Fig. 14.4, III); as a result of the last process the electrons in
the atom undergo induced transitions. The probability of these

transitions is given by the Einstein

“““““““““““ coefficient Bur [see (9.21)]. An
A I;%w' Lwn external field increases the number
e of downward transitions (see Fig.
14.4, IV), which results in some
& additional radiation proportional to
. X" the coefficient By .
So far, we have been concerned
Fig. 14.5. The Raman cffect. with cases in which atoms return to
hw 1s the energy of the incident their initial state after scattering.
photon, iw) the energy of the scat- It may happen, however, that after

tered photon corresponding to “Stokes” the atom has absorbed the incident
lines; and Hhw', the energy of the
scattered photon corresponding to  PROton, the electron does not return
“ants-Stokes” lines from the intermediate state to the
level %, but instead makes a transi~
tion to the level &' or k” (see Fig. 14.5). In this case, the frequency
of the scattered light (¢ or «”) is not equal to the frequency of the
incident light. This type of scattering is called the Raman effect,
after the Indian physicist who first discovered this phenomenon in
liquids. In solids the Raman effect was discovered by the Soviet
physicists L. I. Mandel’shtam and G. S. Landsberg (1928).
From Fig. 14.5, it canbe seenthat the frequency of the scattered
photon may be either lower or higher than the frequency of the
incident photon. In the former case, the lines

w’:m—wk-k <(D

correspond to excitation of the atom, since the atom ends up in a
higher energy state. These lines are known as ‘‘Stokes’’ lines (the
levels are shifted towards the red part of the spectrum). The
second case corresponds to ‘‘anti-Stokes’’ lines (shifting towards
the violet part of the spectrum):

o' =04 opr > o;

these lines appear only whenthe light is scattered by excited atoms.
It is obvious that at low temperatures only Stokes lines can be
observed. As the temperature increases and the atoms of the
substance begin to undergo transitions to excited states, anti-
Stokes lines appear.

The Raman effect provides much important information in
studies of molecular structure. In Chapter 12, Section C, we saw
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that the rotational and vibrational levels (and also the vibrational-
rotational levels), which provide data on molecular structure, are
all located in the far infrared region of
the spectrum and are very difficult to
observe. In studies of the Raman effect, i ]
it is possible to use visible light in al

determining molecular spectra, since ' "

these spectra are superposed on the
lines in the spectrum of the incident
light. The experimental values of o' and

(see Fig. 14.6) yield the molecular
frequencies

Opp =0 —0 and wppr==0" — ®,

b1 1

Fig. 14.6. Superposition of the
molecular frequencies on the
frequency of incident light:
a) spectral line » in the ab-
sence of molecular oscillations,

and b) shift of the spectral line
due to molecular oscillations

from which the selection rules can be (@'= w—wpig and = w 4 W'

derived.

—

Problem 14,1,4 Find the energy correction for a system 1n second-order perturbation
thed¥y,
Solution, Including the terms up to and including the second order in the expansions of
the wave function ¢ (14,3) and the energy E (14.4), and substituting these expansions into

the Schridédinger equation (14,2a), we obtain the equation
(En—H)4p=—(E, — VW — Entp.

Since the solution uPn of the homogeneous equation (E° —H )41: =0 1s orthogonal to the
right-hand side and since we can substitute the expression (14,22) for 41," we have

(14,85)

The value of V,,, is given by (14,15), and we have used the relationship

=V

N n n'm

which holds for Hermiuian operators,

We note that the second-order correction (14,85) to the energy of the ground state 18
always ,jegative, since all the other levels En are higher than the level Ej, that s,
En > En.

Problem 14,2% Using the results of the perturbation theory, find the energy of the
anharmoHic o ator including the terms up to the order of /*; take the Hamiltonian of
the system to be equal to

P mom il ,
H= 2my + TV,

where V' =ax?® |- Bx* (the constants a« and B are classical quantities),
Solution, The energy of a harmonic oscillator (V' =0)1s

Ef[ = ho) (Il + 1/g).
Taking V' as the perturbation energy, the first-order approximatior gives
En="Vin=2(x")pn +B (*Yn
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It can easily be shown that
+ o
= | 14l =0,
— o0

since the integrand 1s an odd function,
To calculate the matrix elements f (x),,, we use the multiplication rule for matrix
elements (see Problem 10,4), obtaining

(x‘)nn=2 )y (N = (%", p9)* + (£, ) + (%), 4 D™
k

Substituting the value of (x*%),, from Problem 10,5, we obtain the following expression
for the first approximation of the perturbation energy En:

Eﬂ:%h“ B (n2+n+.;), (14.86)

miw?

Our problem, however, is not yet fully solved, since in the second-order approximation
there is a contribution proportional to ihg— ~ h® which arises from the first term of
the perturbation energy ox? and we must take this contribution into account, The
second-order contribution from the term fx* is proportional to -f;-f— ~ % and accordingly

it may be neglected in our approximation, The second-order correction arising from
the first term of the perturbation energy can be calculated from Eq, (14.85):

o at ‘(x“)’m,(x’)n,n
T ho wm (n—n') "
'

The only nonvanishing matrix elements are {see Eq, (10.55) and Problem 10,5]
B, n-1= (X*)n, n (X, p1 + (£%)n, n-3 (X)p=s, n-1 =
. n\2
== .3.(1", V(”ﬁ‘) N
. nin—1)(n—2
Dy = (nyn s(X)g 9,0 s =X} V’ ( g)‘g“_"‘) ’

Py nr1 == (A1, o

(xa)n, a+s = (%)nis, s

h
e

Hence

» 15 a® 11
En=— 7 (n’ +nt 30) . (14,87)

—r;l;}m‘
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Chapter 15

The Klein-Gordon Scalar Relativistic
Wave Equation

/éELATIVISTIC MECHANICS AND THE KLEIN-GORDON
EQUATION. RELATIVISTIC INVARIANCE

The Schrodinger wave equation is nonrelativistic: it is suitable
only for particles whose velocity v is much smaller than the
velocity of light ¢. It is not invariant with respect to the Lorentz
:ransformations of the special theory of relativity since there is
an asymmetry between the time and space coordinates (the!
squation contains a first derivative with respect to time, and
second derivatives with respect to the space coordinates). Ac-
sording to the special theory of relativity, it is necessary for the
time and space coordinates to be treated on the same basis.

It is interesting to note that the de Broglie relations

p=hk, E=ho (15.1)

are relatively invariant, In the Lorentz transformation, they
behave like a four-vector p, with components

P1,9,3=P, Pi= % (15.2)

This indicates that it is possible to generalize quantum mechanics
to the case of particles traveling with a velocity of the order of
the velocity of light.

A method of extending the nonrelativistic wave equation in a
way consistent with the special theory of relativity was proposed
by Klein and Gordon in 1926. (This method was also put forward
by Schrodinger and by Fok.) The simplest way of obtaining the
Klein-Gordon equation consists in taking the relativistic relation-
ship between the energy E, momentum p, and rest mass myof a
free particle

E'— ¢ — mict =0, (15.3)
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substituting the energy and momentum operators
E=if 3, p=—it¥, (15.4)

which act on the wave function ¢(r, f). Replacing m, by fks/c and
dividing by #2%?, we obtain'’

(V* - % —,,?; — k‘:) b= (,,% ;,%H — k;‘) $=0. (15.5)

Here

Xy=X, Xy=y, Xx,=—z, xz=—ict (15.6)

(a double occurrence of the subscript p in a term indicates that it
should be summed from 1 to 4). Since our initial equation was the
relativistic relationship (15.3), Eq. (15.6) is relativistically in-
variant and, therefore, it is symmetric with respect to the space
and time coordinates. We shall not attempt to prove the invariance
of the Klein-Gordon €quation more rigorously, and shall now pro~-

ceed to examine its properties. ")

B."/‘{HE CHARGE AND CURRENT DENSITY
As in the nonrelativistic theory, equations for the charge and

current density can be obtained on the basis of the equation of
continuity

. J
Vi _0_;’-.—__—0, (15.7)

We multiply (15.5) on the left by %*, and the complex conjugate
of this equation [that is, Eq. (15.5) with ¢* substituted for ¢ ] by
$. Then we subtract the second of the resulting equations from
the first

U l 02 o
9*V9¢~q)\7*'49* —_09_ (LP* Jt? 4)__(;)32-; q;*):o. (15-8)

After some simple transformations, Eq. (15.8) becomes

V-V — g g 1 b pet) =0, (15.9)

lHere and 1n the subsequent chapters, we shall not write ¥ as a function of ¢, as was
done 1n the Schodinger theory. In the wave equation for monochromatic (E - const) waves,
for which only the time-independent part of the Y function must be considered, we shall
use the energy eigenvalue instead of the operator.
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Defining the charge density and the current density as

e
= e |0 o — (%) ¢) (15.10)
J= e (49 — (V4% 1, (15.11)

note that these expressions satisfy the equation of continuity
.7). Moreover, they define a four-dimensional vector

= g |#* o — (5], (15.12)
ere

xy==ict, jy==icp. (15.13)
e current density (15.11) is identical with the nonrelativistic
ression (5.21), and the charge density (15.10) reduces to the

wrelativistic expression (5.20) when v-<_c. Substituting iz gt——vE
‘e (15.4)] into (15.10), we obtain

r
p=i 54y, (15.14)

ich becomes the usual expression p=e}*y in the nonrelativistic
yroximation E~my®, Thus we have selected a normalization in
ich the relativistic values of p and jreduce to the corresponding

rrelativistic expressions when [ Z’) 1.
It is worth noting that the definition of the particle density
distinguished from the charge density)

p___ if

Po= gt

d oy*
S — Sy (15.15)
‘es rise to some difficulties in the relativistic theory. The
3in-Gordon wave equation is a second-order differential equation
1, therefore, both ¢ and ‘;‘!t’ can be arbitrarily defined at some
‘en time f. Consequently, the density po (15.15) is not positively
‘ined, unlike the nonrelativistic probability density

po={*¢. (15.16)
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Accordingly, the expression (15.15) cannot be interpreted as the
particle density (that is, the ‘‘number of particles per unit
volume’’). The underlying reason for this is that the same rela-
tivistic equation describes particles with either positive or nega-
tive charge (and, indeed, = mesons, to which the Klein-Gordon
equation is applicable, may be either positive or negative in charge).
The quantity po , therefore, can have both signs,

C. RELATIVISTIC THEORY OF THE HYDROGEN ATOM
(NEGLECTING THE ELECTRON SPIN)

To treat the interaction of a particle with an electromagnetic
field (defined as usual by a vector potential A and a scalar po-
tential @), we introduce the same operators as in the nonrela-
tivistic case

E=if 3 —ed, P=—itV—-L 4, (15.17)
From (15.3), we can obtain the Klein-Gordon equation?
{(in - e(p)’ —o (ihV + {-A)’ — miel} g =0. (15.19)
We shall use this equation to study the spectrum of the hydrogen-
like atom. Setting A=0, and V=e0=—2% in (15.19), we have
V- {(E— V) — mic} § =0, (15.20)

Since the potential energy does not depend on time in this equation,
we can transform to the time-independent case by means of the
substitution

$(r )=0¢(r)e —;— Etmoent

In this equation, we have not included the rest mass energy my® of
the particle in the energy E. As a result, Eq. (15.20) becomes

vy +ET]ﬁ"[(E +moc*+£:i)'— m:c‘]¢=0. (15.21)

2This equation can also be obtained from the relativistic Hamiltonian for a particle in
an electromagnetic field

2
H = ch(p —%A) +mbc? t e . (15 18)

It 1s only necessary to transfer e® to the left-hand side, square both sides, and replace
p and A by their quantum-mechanical operators.
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Just as in the Schrodinger theory, we shall look for a solution to
this equation in the form

$=R(r)YT (3, o). (15.22)
The equation for the radial part is

(v:—A+¥—i§’—+—’}.“——“’—z-'—>R=0- (15.23)

Here a=—?ﬁ-%’%:, is a dimensionless quantity, called the fine

structure constant, and

A=t 1=+ 5]
=" |

When ¢?~» oo, the expressions (15.24) reduce exactly to their non-
relativistic counterparts (see Chapter 13).

The somewhat improved values that we have obtained for A
and B by taking into account the relativistic effect do not change
in any way the general character of the solution that was obtained

Ya:l

in nonrelativistic theory. Formally, the additional term g—,,,— in

(15.24)

Eq. (15.23) can be treated as a relativistic, attractive potential
energy, which obeys an inverse square law and which affects the
solution under certain conditions. A detailed analysis of the role
of this term will be given below.

First of all, let us consider the asymptotic solution R, as
r— 0. In this case, Eq. (15.23) reduces to

1 d*(rRo {4+ 1)—2Z%*
L _‘(%?_) — L€+ D=2 p,=o. (15.25)

We shall look for a solution of this equation in the form

Ry=Cr*.
We then obtain an equation for s
s(s+ 1) —1(l+ 1)+ Z%3 =0, (15.26)
the solution of which is
sa=—gz ) 1+ 1) =2z (15.27)

Consequently,
Ry=Cyrs14-Cyrss, (15.28)
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<,

both roots s; and s, will be realfor all values of I ({=0,1,2,...).
We retain only the solution for rR, that does not diverge at 7 = 0;
that is, we set Cy=0. Similarly, only the exponentially decreasing
solution for the wave function as r— oo should be kept when
E <0 (A >0). The asymptotically decreasing solutions for the two
limiting values of r yield the same equation for the energy spectrum
as in the Schrodinger theory, as can be seen from Eg. (13.20) by
substituting s, for I. Thus, for the eigenvalues we have the equation

_B__ . 22, 15.29
- bty ]/ 1| ) —Zw (15.29)
Substituting the relativistic values (15.24) of the constants A and
B, we have (for n=f+4141)

Z_!‘i__T___ 9] : —myct.
k+%+]/- (1+ g) _zw) | (15.30)

E,p==myc? { 14 (

Expanding this expression into a series of powers of Z2i2 and
retaining only the first two nonvanishing terms, we obtain an
energy spectrum which includes relativistic effects:

RhZ? WA 3
En= nw"[l +1,,2—([:"—,—-— T)] (15.31)

2

The first term is identical to the nonrelativistic expression. The
second term, which is proportional to the square of the fine
structure constant a=~1/137, gives the relativistic correction.

The relativistic correction for the hydrogen atom (Z=1) is
interesting because it removes the degeneracy with regard to L.
The level for a given n is split into n closely spaced sublevels
(the close spacing is a consequence of the smallness of %) because
the orbital quantum number [ can assume n different values
(tl=0,1,2,..., n—1). In order to compare these results with
experiment, let us compute the distance between the doublet states
of the Balmer series (n=2). We find

Ret

8
3R (15.32)

A(o__-b“_h_E“

Experimental data show that the actual distance between doublet
states in the Balmer series is only one third of the distance
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given by Eq. (15.32). This discrepancy arises because the fine
structure of the hydrogen levels cannot be explained entirely in
terms of the relativistic relationship between mass and velocity.
As we shall see in Chapter 19, it is also necessary to consider the
electron spin (that is, the intrinsic angular momentum of the
electron, which gives rise to a magnetic moment). At first it
was thought that the Klein-Gordon equation could be used to describe
a relativistic electron. As a result of the discrepancies between
its predictions and experiment, however, it was established that
it describes particles with spin of 0, whereas the electron has a
spin of 1/2. Consequently, the Klein-Gordon equation can be used
for = mesons, which have a spin of 0,
Finally, let us consider the case in which

Za> 4 (15.33)

in Eq. (15.27). In this case, the solution does not consist of a
correction added to the nonrelativistic solution, but is fundamentally
new. Indeed, for /=0 bothroots s; and s; are complex. Therefore,
the asymptotic solution (15.28) is

1 .
Ry= 777 (Ce - Cue=), (15.34)

where 7= ]/Z"mSa ——711-. We cannot impose the condition C,=0 (or

C;==0) on our problem because both solutions have the same
singularity as r-—>0. Since the solution remains unrestricted by a
potential barrier at small r, even when E < 0,the energy spectrum
for =0 is continuous. Consequently, the particle will ‘“fall”’ to
the center.

The question of the stability of the motionof the particle is very
important in studies of the central forces. The above results can be
used to analyze the solution of the Schrodinger equation in the
general case of an attractive potential

h! p!
V=—sr0 (15.35)
On obtaining the asymptotic solution for r—0 [15.25], we see that
the solution will vanish at the origin only for a maximum value of
g equal to 2 and that the particle will not fall to the center if

<5

It is interesting to note in this connection that the -2 dependence
of potential energy occurs fairly frequently in the theory of
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elementary particles since the potential energy ofthis form charac-
terizes the interaction oftwo elementary magnetic dipoles. Actually,
two cases have to be distinguished. Inthe first case, V ~r~? only at
relatively large distances, while at small distances V varies as
r*. This behavior of V is observed for the spin-orbit interaction
in the Dirac theory and it does not give rise to any difficulties.
Moreover, it is found that stable motion corresponds to a value of
Z greater than any In the present periodic system of elements
(Z < 137) because the spin effects reduce the influence of the
relativistic effects (whereas in the }(lem—Gordon theory Z is con-
fined to relatively small values Z < ++ 137).

In the second case, V contmues to vary as r™® even at small
distances (r—0), and particles cannot be combined into atomlike
systems, This case can be observed in the meson theory of
nuclear forces, where quasi-magnetic interactions are of con-
siderable importance. The formation of an atomlike system be-
comes possible only if the potential is cut off at small distances
from the origin,

Problem 15.1. Flnd an expression for p and ; if the scalar relativistic equation con=
ta

g from the presence of an electromagnetic field,
Solution, Let us substitutep —p — -E- A, E— E—e® 1n the Klein~-Gordon equation,

which now describes the motion of a particle in an electromagneuc field,

ie . \? 1 /0 | ie®\? A
{(v—%a) - (G +%) —npe=0
Repeating the calculations that lead to Eq, (15.15), we obtain the generalization

oy* 2de
2m.,t {‘P' dxl_,L - a}; " he a4 Au} ’

where the four-dimensional potential A, has the components

A={A, i},

Problem 15,2,) Show that in the case of time-independent potentials A and &, the
spaceend bordinates 1n the Klein-Gordon equation can be separated and the wave
function can be written as

E
Yr,=4(@e 1.

Find the wave function of a free particle described by the Kleia~
Gordon equation using for normalization the expression for the density p. Show that in
the relativistic case, p is the charge density rather than the particle density,
Solution, Suppose the momentum of the particle is directed along the z axis and
that the particle travels in a segment of length L (the one-dimensional case), The
solution of the Klein-Gordon equation can be written in the form

$= {Ae—icKttikz | BoicKt—ikz}

3
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where E==#%¢hK {s the energy of the particle, Since the charge density is given by the
expression

_len [ L 0p oy
= (% — % ¢}

the total charge is [see (15,14)]

L
5 pdz _—_-f"_'o_f,' (A*A—B*B).
~Yn

It follows that o is the charge density rather than the particle density, since this re-
lation can be interpreted only if it is assumed that particles described by an amplitude
B (negative energies) have a charge of opposite sign from particles described by an
amplitude A (E > 0).



Chapter 16

Motion of an Electron in a Magnetic Field.

Electron Spin

In 1896, Zeeman found that when atoms are placed in a strong
magnetic field, their spectral lines are split into several compo-
nents, This phenomenon is known as the Zeeman effect, The
Zeeman effect played an important role in the investigation of the
structure and magnetic properties of the atom. It led in particular
to the discovery of the spin (intrinsic mechanical moment) and
magnetic moment of the electron., Accordingly, it is worth elaborat-
ing the theory of this effect in some detail.

A. THE CLASSICAL THEORY OF THE ZEEMAN EFFECT

The simplest model of the radiating atom in Lorentz’ selection
theory is based on the assumption that the electron moves under
the influence of an elastic force

The elastic constant % is related to the electron mass and the
angular frequency of oscillation »w, by the expression

k== nyo;. ) (16.2)

The equation for the oscillations of an electron in a homogeneous,
constant magnetic field H, therefore, becomes

€o

mof - mywgr =— > F x H, ’ (16.3)

where e==—e¢, i{s the electron charge, Taking the components of
(16.3) along the coordinate axes (the z axis is chosen in the direc-
tion of the field H, so that H =H =0, H,=%"), we find

X4 wix - ;;:‘0’—017;%':0, j-- wa'y—;:::z 2K =0,
(16.4)
2t o0lz=0,
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Multiplying the second equation byi(i=V-I) and adding it to the
first, we obtain

- off—2i5=0 (16.5)

where o = %g_g/' is the Larmor frequency of precessionand t=x-} iy,

For o< v, the solution of (16.5) is of the form'®
E=e"t {Ae't | Be— oot} (16.6)
and it follows from (16.4) that the z component is
z=_Ce*ot, (16.7)

From the above expressions it can be seen that the frequency of
oscillation of the electron (a three-dimensional oscillator) changes
under the influence of a magnetic field, An atom placed in a
magnetic field should emit radiation at three frequencies:

@y —0, Wy, Wy—}o. (16.8)

According to the classical theory, an oscillator does not emit
energy in the direction of oscillation, Therefore, when we observe
the light emitted by an atom in the z direction (the direction of the
magnetic lines of force), we are able todetect only two lines (there
will be no component », due to oscillations along the z axis). In
other directions, we are able to observe all three components (the
normal Zeeman effect), Equations (16.6) and (16.7) indicate that
the oscillations are resolved in a longitudinal component in the
direction of the magnetic field (the z axis) and two transverse
components corresponding to two directions of rotation (a right-
handed rotation and a left-handed rotation). Thus, the magnetic
field has no effect on the longitudinal oscillations and acts only
on the circular rotations in the plane perpendicular to the magnetic
field.

In quantum theory a change in the frequency of oscillation is
always associated with a change of energy. At first glance, it may
seem strange that the magnetic field changes the energy of the

electron, since the Lorentz force F= % v x H is perpendicular to

the velocity, and therefore the work done by this force, just as the
work done by any centripetal force, must be equal to zero. On the

lEven m the case of very strong fields (97 ‘v 10 gauss) the quantity 0 1s of the
order of 10 sec 1, whereas the fre%uency of oscillation of an electron in an atom (the
optical spectrum) 1s wg ~- 10 sec” Therefore, the inequality 0 << wg 1s practically
always satisfied
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other hand, it is well known that an electron rotating in a circle
(that is, a current loop) forms a dipole. The energy of this dipole
in a magnetic field is equal to

->

ymee — __u. H, (16.9)

These two conflicting conclusions may be explained inthe following
manner., As the magnetic field changes from zero to a certain
constant value H,==2%", the electron experiences a force directed
along one of the components of the electric field 8. This force
imparts an additional energy to the electron. The magnitude of
this component of the electric field can be found from Faraday’s
law of induction (second Maxwell equation):

E;;gdl:-—i_b.‘:_ SerS

Assuming that2¥"and & depend only on time and that the switching
on of the magnetic field does not alter the radius of the stationary
orbit, we find

The additional velocity imparted to the electron (e= —¢,) by this
electric field can be found from the equation

4  mag___ ¢®%__ reo 457
dt my 2’"00 dt °
which gives

pmag — o
=5
2mgye

As we can see, v™ma js independent of the rate of change of the
magnetic field when it is switched on. Since the magnetic field is
directed along the z axis and the induced electric field (and there-
fore also v™38) is perpendicular to it and to the radius of the orbit,
we may write in vector form

Mg — % Hxp,
2moc

From this it is clear that the magnetic field produces an additional
rotation of the electron (Larmor precession) with an angular
e
Qm‘.',c

velocity o =

We may now determine the unknown additional energy acquired
by a rotating electron when the magnetic fieldis switched on. Since
the energy of an electron placed in a magnetic field is determined
entirely by its kinetic energy, we have
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- o magye __ Mo?*
V mag — T (g gmagys — 12

where o is the velocity of the electron before the magnetic field is
switched on. Retaining only terms that are linear with respect
to ™38, we obtain

ymeg =2 0. (Hx r)=2H-(r x 0). (16.10)

Comparing (16.10) with (16.9), we see that the magnetic moment
of an electron moving in a circle is given by the expression

p=—2r x0. (16.11)
Recalling that its angular momentum is equal to
=My r X,

we find a simple relation between these two quantities

b 1. (16.12)

‘L=*2moc

It is worth noting that the magnitude of the magnetic moment can
also be found from other considerations, As weknow, the magnetic
moment of a current loop is

p= JTS n

where n® is a unit vector normal to the plane of the current loop.
In the above relationship the current strength is equal to

o &V
J= T 2ar’

i
where T = f—’; d

is the period of rotation, while the area enclosed
by the current is

S= ‘Rf“.
Combining these last relations we againobtain the expression (16.11)
for the quantity p.

B. THE ZEEMAN EFFECT IN THE NONRELATIVISTIC
SCHRODINGER THEORY

In order to obtain the Schrodinger equation for an electron
moving in a magnetic field, we shall use the general rule for trans-
formation of the classical Hamiltonian to the quantum case (see, for
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example, Chapter 5). To do this, we substitute the momentum oper-
ator p into the classical expression for the energy of an electron in
the presence of electrostatic and magnetic fields. The Schrodinger
equation for the central forces in the presence of a magnetic field
characterized by the vector potential 4 then takes the form

(E—HS )y=0 (16.13)

where the Hamiltonian of the Schrodinger equation is

HS —ed (rH- (16.14)

lelg

and the operator P=p— A is called the generalized momentum

operator. For the case of a constant, homogeneous magnetic field
directed along the z axis (H,=H,=0, H,=<X"), we may write

1 1,
A‘—_Eyoj., Ay—zz—xij\-

Using the fact that
P-A)p=—uh (V-A)}--(A-p)},

where
V-A=0,

and neglecting the terms proportional to the square of the magnetic
field strength .7, we find

{E ~e(l>(r)—--—- 4-— A - pzqa=0. (16.15)

2my myc
Remembering that
e n — e

ngc P = omee =2 (16.16)
where
L,=—in 3

we reduce the Schrddinger equation to the form

{ +2m° [E+“%L —ed (r)]}¢=0. (16.17)

2mgc
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It is easy to show that this equation is satisfied by the usual
wave function for a centrally symmetric field:

$=R(r) V" (%, ¢). (16.18)
Substituting this solution into (16.17) and recalling that
LY =nmVT,

we obtain the equation

{ L 2 2mo <E+ Sig:;h m—B‘I’(’))} =

which also includes the effect of the magnetic field on the atom.
This equation may be written as

(E—HS )y=0,

HS _—_—-———e‘,(I)(r)—[—g"’ﬂﬂl, (16.19)

2mqc

where we take the charge of the electron as
e = -— €.

The last term in the Hamiltonian may be attributed to the presence
of the orbital magnetic moment of the atom, which gives rise to an
additional energy

Vmag——:——}l'ﬂ—'_-'—llz" _‘i nr,_,){_‘ (16.20)

T Jmge
Therefore, the orbital magnetic moment obtained on the basis of
the Schrodinger theory is

n
e =g M- (16.21)

Recalling the expression for the z component of the angular momen-
tum

L, =Hm,

we obtain the same relation between the magnetic moment and the
angular momentum as in the classical theory [see (16.12)]:

B & (16.22)

L, 2mye *

It follows, therefore, that the components of the orbital magnetic
moment are multiples of a certain unit magnetic moment
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" B = —po'm,
e -
bo== o =9.273. 10" erg-gauss-!, (16.23)

which is called the Bokr magneton,

The orbital magnetic moment of an electron is one of the most
important magnetic properties of an atom. It can be seen from
Eq. (16.20) that the additional energy of an orbital electron placed
in a magnetic field is given by the expression

Fmag Vmag:fg'm_m%"_ m=ofim, (16.24)
0

since V™3 ig a constant, where , is the Larmor frequency. Because
of the selection rules for the magnetic quantum number (Am=0, =+ 1),
the additional radiation frequencies due to the Zeeman splitting
are the same as in the classical theory [see (16.8)], namely,

Aw_——_-i;;a%:n Am=0, +o, (16.25)

The normal Zeeman splitting? of the spectral lines (triplets
and doublets) is encountered only in the case of a strong field (the
Paschen-Back effect) or in the case when the total spin of the
electrons in the atom is equal to zero (for example, in parahelium,
whose outer shell consists of two electrons with oppositely directed
spins). In cases in which the spectral lines are split into more than
three components, the Zeeman effect is said to be anomalous.
The anomalous Zeeman effect is connected with the spin properties
of electrons, and an explanation of this effect can be constructed
only on the basis of Dirac’s theory, which takes into account the
spin effects (see Chapter 20),

C. THE EXPERIMENTAL DISCOVERY OF ELECTRON SPIN

It was shown inthe last section that the Schrddinger theory is able
fo explain only the orbital angular momentum and magnetic méhtent

“of an electron, The basic equations characterizing these propérties
are Eq. (16.22) for the ratio of the orbital magnetic moment and

ZLet us note that the reasons for the use of the terms “normal Zeeman effect” and
“anomalous Zeeman effect” are purely historical Before the discovery of electron spin,
only the classical theory of triplet splitting (normal Zeeman effect) was known When a
more complicated splitting was discovered 1t was called the anomalous Zeeman effect
because no theoretical explanation could be given for 1t until the development of the theory
of electron spin
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the orbital angular momentum and Eq. (16.24), which indicates that
the number of possible orientations of the magnetic moment relative

to the 2z axis is necessarily odd, since the
number of states with different quantum
numbers m is equalto 2/ + 1, The Schrdodinger
theory, however, does not adequately account
for all the experimental data, the analysis of
which led to the discovery of the spin prop-
erties of electron, Let us briefly discuss
these experimental results.

1. First of allletusconsider the Einstein-
de Haas experiment (1915), whichwas carried
out in order to verify Eq. (16.22):

77 €o

L, 8 ome

where g, the Landé factor, should be equal to
unity for orbital moments, In this experi-
ment, a ferromagnetic rod is suspended on
a quartz fiber and magnetized by passing a
current through a coil (see Fig. 16.1). As
a result, the rod acquires a magnetic moment
and an angular momentum whose magnitude

”»

— 1

—==Z
o ——
-
~V 2
——
~ -~

=

7
1

e

b

Fig 16 1. Diagram of the
Einstein-de Haas exper1-
ment for the determination
of the Landé g factor.

1) quartz fiber, 2) cur-
rent carrying coil, 3) fer-
ro-magnetic rod.

can be determined from the angular rotation

of the quartz fiber. If an alternating current is passed through the
coil, an alternating torque will arise, causing torsional vibrations
in the ferromagnetic sample. In addition, resonance can be used
to enhance the rotational effect. Experimental measurements of
the gyromagnetic ratio (16.22) show that the sign of this ratio is
negative, so that it can be definitely concluded that the magnetiza-
tion of the ferromagnetic sample is due to the motion of electrons,
The value of the Landé g factor, however, turned out to be equal
to two (g=2), rather than to the unity that was required by the
classical or Schrodinger theories. This g value was not explained
until the development of the theory of electron spin (see below).

b4
H(z)

| I €mag M(2)
A N ~— z
|l v
~€mag H(Z-lcosa) \(/

Fig. 16.2. Diagram of the Stern-Gerlach experiment for the
determination of the magnetic moment of monovalent atoms
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2. Stern and Gerlach (1921) studied the behavior of a beam of
atoms in an inhomogeneous magnetic field in order to check the
theoretical result (16.23)

Py = — /M,

which describes the spatial quantization. In their classical experi-
ments a beam of monovalent atoms (hydrogen, lithium, silver),
traveling along the x axis, crossed a magnetic field directed along
the z axis (H,=H,=0, H,=<%'). This magnetic field was very
inhomogeneous, so that it had large gradients. Then a magnetic
dipole of moment

B=€mag !, (16.26)

where emag is the ‘‘magnetic charge’’ and ! is the length of the
dipole, will experience a force directed along the z axis’®

F ’-emag{(’?{ (z)“‘@%/'(Z—ICOSa)}__

0K o 00
=emag [ COSa="5=p, == — o =5~ . (16.27)

Let us calculate in a simplified fashion the displacement ex-
perienced by a particle under the action of the force F, during the
time ¢, If the particle moves with a velocity v perpendicular to
the magnetic field (that is, to the z axis) and travels a distance
L=ut, the displacement along the direction of the z axis will
equal

Sz = w,z ;ﬁ_fﬁ"fzf (16.28)

In this case the acceleration is w= 1;4’, where the force F, is given

by (16.27), and M is the mass of the atom. Consequently, a beam of
particles possessing a magnetic moment p will be split into
components as it passes through an inhomogeneous magnetic field.
The number of components is determined by the possible number
of projections of the magnetic moment n on the direction of the
field.

In their experiments, Stern and Gerlach studied the splitting
of a beam of atoms in the s state. In this state, the angular
momentum and consequently the magnetic moment of an atom are
equal to zero (! =m=20), and therefore there shouldbe no splitting.
If the electron is in the p state ({=1), then triple splitting should

3We note that 1in order to determine the motion of the center of mass of the magnetic
dipole, 1t 1s quite immaternial whether we regard 1t as a rigid dipole or a current loop
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be observed because of the three possible values of the magnetic
quantum number

LDl (1),

32=0 (m=0), ¥z=z 9z

N)l —
EFT

Experiments on hydrogen, lithium, silver, and other atoms show,
however, that the beam is split into only two components. This
proved the existence of a magnetic moment for atoms in the
s state. The projection of this magnetic moment on the z axis can
assume only two values, The measurements of the quantity p
showed that it is equal to one Bohr magneton

=2, (16.29)

2inye

In order to reconcile the results of these two classical experi-
ments, Uhlenbeck and Goudsmit introduced the hypothesis that
an electron posses an intrinsic angular momentum in addition
to its orbital angular momentum., At first it was believed that
this intrinsic angular momentum could be treated by analogy
with a top spinning about an axis, and therefore it was called the
electron spin. It must, however, be emphasized that no rigorous
classical theory of spin exists. According to the hypothesis of
Uhlenbeck and Goudsmit, the intrinsic angular momentum of an
electron is equal to

1

S, = +—2—

7 (16.30)

that is, the quantum number characterizing its projection on the
z axis takes on half-integral values ()llsz_‘té—> . The important

distinction between the integral (orbital magnetic quantum number
m) and the half-integral (spin quantum number m, ) values of
quantum numbers lies in the number of possible states. Integral
quantum numbers always give us an odd number of states (for
l=0 we have one state m=0; for [=1 there are three states
m=0, -+1, —1; and so on). On the other hand, half-integral
quantum numbers give us an even number of states (for example,

| 1 i 3
for s=- there are two states ms=+f2‘, — 5 for s=< there

are four states; and so on).

The assumption of the half-integral quantum numbers was
introduced even before Uhlenbeck and Goudsmit in order to explain
the double splitting of terms for the monovalent atoms. The Stern-
Gerlach experiment showed that there are two possible electron
states in a monovalent atom; that is, the electron spin must be
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described by the half-integral quantum numbers corresponding to
two opposite orientations. Recalling that the Einstein-de Haas
experiment showed that the Landé g factor in Eq. (16.29) is equal
to two (g=2) and the intrinsic angular momentum is given by
Eq. (16.30), we find the following expression for the z component
of an intrinsic magnetic moment:

Pgo=— ;"‘:C' Sz =Tk vy (16'31)

which is simply one Bohr magneton, The introduction of the
electron spin also made it possible to explain the multiple splitting
of the spectral lines of atoms, as well as their magnetic properties,

D. PAULI EQUATION

A nonrelativistic wave equation that includes the intrinsic
magnetic moment of the electron was first proposed by Pauli, For
this purpose he took the ordinary Hamiltonian of the Schrodinger
equation and added to it a term representing the interaction between
the magnetic moment of the electron M and the external magnetic
field H :

VP =—p - H. (16.32)
Then the time-independent Schrodinger equation takes the form
{E—HS 4w+ H}o=0, (16.33)

where the Hamiltonian 1S is

HS =) (p—CA) +ed. (16.34)

Dm,

Next, it was necessary to find suitable quantities to describe
the intrinsic magnetic moment of the electron. It is well known
that introduction of the spin is related to introduction of a
fourth quantum number, characterizing the internal properties of
an electron. On the other hand, the wave function ¢y of a particle
depends only on three quantum numbers, corresponding toquantiza-
tion of the three spatial coordinates. In order to describe spin,
Pauli introduced two wave functions ¥, and ¥, In place of the single
_wave fanction . One of the wave functions describes a state With
one spin orientation and the other wave function describes a state
with the opposite spin orientation. The actual wave equation
represents a system of two equations, It is possible to represent
a system of two or more equations, such as
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ay ¥, ap,¥, =0, (16.35)
an¥,-+-a,¥;, =0,

by a single equation in matrix notation
— (@ ‘1’1) — 16.35a
(@) (¥)= (azx azz) ( s 0. ( )

where the multiplication is carried out according to the rule for
the multiplication of matrices(c)=(a)(b):namely, an element of a
matrix product is obtained by multiplying each element in the
appropriate row of the first matrix by the corresponding elements
of the appropriate column of the second matrix and taking the sum
of these products, that is,

e =Y. Qinbp. (16.36)

n

Pauli suggested selecting the wave function ¥ inthe form of a one-
column matrix ¥ =($:) and setting the intrinsic magnetic moment
of an electron equal to

M == —pe0’, (16.37)

where p, is the Bohr magneton and ¢’ stands for the three 2 x 2
Pauli matrices

a=(0g), a=( ~8. a=(_9). (16.38)

These matrices are denoted by the letter s with a prime (the same
letter without a prime will be used to denote the 4 x 4 Dirac
matrices). These matrices characterize the components of the
spin vector along the coordinate axes.

Using the rule (16.36) for matrix multiplication, it can be
readily shown that the square of each Pauli matrix is equal to

unity
of=g=gq=1, (16.39)

where I’ denotes a 2 X 2 unit matrix(é ?) . It can also be shown

that different matrices anticommute with one another:

0,0, == — 5,0, =13, (16.40)
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In terms of the above matrix expressions, the nonrelativistic
Pauli equation has the form

el
*"((1) —1> ]}(‘I> (16.41)

This matrix equation is equivalent to a system of two ordinary
equations, each of which corresponds to one of the rows of the
matrix

(E—HS —pH )W, —po(H, —tH) ¥V, =0.

(E~-HS [yl )W, =y (H 4 t,) W, =0, (16.42)

Let us consider the case of an electron moving in a magnetic field
directed along the z axis (H,=H,=0, H,= /"), Using the Hamil-
tonian (16.19), which includes the effect of a magnetic field, we
obtain two equations of motion for the electron

{ E 4 e)® — pod? ' m — pot” — P
, (16.43)
{E+ea - - s m-ppy K _*} ¥, =0,

2my

where pe#'m is the energy of interaction between the magnetic
field ¥ and the orbital magnetic moment, and -t-p,2#" is the energy
of interaction between the magnetic field and the spin magnetic
moment., In the s state the magnetic quantum number m is equal
to zero, so that the Pauli equation takes the form

(E ey — g — m) W, =0,

(16.44)
(et — )

that is, the wave function ¥, describes a state in which the intrinsic
magnetic moment of the electron is parallel to the z axis, and the
wave function ¥;, a state in which the magnetic moment is anti-
parallel to the z axis, These are the orientations of the intrinsic
magnetic moment which were observed in the Stern-Gerlach
experiment.

As the function ¥' Pauli suggested taking the Hermitian adjoint
of ¥, that is, the matrix ¥+=(¥*¥*), whose elements are ob-
tained by taking the complex conjugates of the elements of V¥
and transposing them (interchanging rows and columns), Thus, if
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I is a column matrix, ¥* will be a row matrix. The probability
density will be given by

WY == (\lff\lfj)($:> =W, WY (16.45)

which includes the possibility of two spin orientations,
The other matrix elements are formed in a similar manner,
For example,

. 10\ W
Wi W = (1Y) (0 —1> (\U:> =(urfw;)(_w:>=
W W

(16.46)

that is, ¥ }¥, and V¥, represent the probability densities of states
in which the electron has a spinorientationparallel and antiparallel
to the 2z axis, respectively. Using the expression for the intrinsic
magnetic moment in the Pauli theory

. esh
b= Qnge ?

and the Einstein-de Haas relation between the intrinsic magnetic
moment and the angular momentum

Cy
= mee S,

we find that

L
S==, ha', (16.47)

Thus, in agreement with the other experimental facts, the z com~
ponent of the spin angular momentum is equal to =t !/, .

Since the spin operator is expressed in terms of the matrices
o, the spin components do not commute, In this they resemble the
components of the orbital angular momentum, which are operators
depending on derivatives [see (11,75) and (11.76)]. The commutation
relations satisfied by the spin operators can be easily established
from (16,40) and (16.47):

S,S, —S,S, =ihS,,
$,5: — 5.5, =hS,, (16.48)
S5, —S,8, =4S,
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Concluding our discussion,@re note that the Klein-Gordon theory,
which includes the relativistic &ffects but neglects the spin effects,
and the Paulitheory, which, onthe contrary, neglects the relativistic
effects but includes the spin effects, were predecessors of the more
rigorous theory of the electron developed by Dirac, which predicts
all the elementary properties of the electron,)It should be noted
in this connection that the absolute value of tH€ intrinsic magnetic
moment was introduced in the Pauli theory from purely empirical
considerations,

@Show that in nonrelativistic quantum mechanics, just as 1n the classical
theory, the eman effect 1s due to the precessional motion of the orbit 1n a magnetic
field, the motion having the Larmor frequency,

Solution, From the Hamiltonian of the Schriédinger equation for the case of an electron
moving in a magnetic field directed along the 7 axis

) L
ey 1 ta

we can find the time derivatives of the angular momentum

an

d
dt i I‘:' == 0,

i d
=g ML, —L )= —dl,, - L,=0l,, it

daty

where o is the Larmor frequency, It follows that the component of the angular momentum
in the field direction (z axis) is a constant of the motion, The components along the x
and y axes, however, precess around the z axis with the frequency o,

bgoblem 16,2,) Show that the spin operator § 1s vectorial; that 1s, 1if we construct the
linear combination

S.Ix = alst+ﬁlsy+718:v S;,: @S, 4 ﬁﬂsy + 1.5,
S, =Sy +8:Sy + 1485

where q, B, 7 are the directional cosines, then

S S‘ — SVQ‘ =1hS), and so on,

A

oblem Show that 1n a homogeneous magnetic field which 1s a function of tame
only, ve function of the Pauli equationcan be resolved into a product of coordinates
and spin functions, What form does this solution take if the field is time independent?
Solution, Let us look for a solution of the Pauli equation 1n the ferm

(W (r, t)) — (C‘n (t)>

(‘1‘2(". ? =¢(r C: (8))-
It is readily shown that the coordinate part of the wave function ¢ (r, ¢) satisfies the
ordinary Schrédinger equation without the spin

L obr, ¢
'”i%r:*)=“s¢(r, n,

while the spin part of the wave function may be obtained from the equation

M 5 (Golh) =me (G 8).
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The spin part of the wave function is normalized as follows
crcy) (c,) = CHC+ CIC = 1.

In the case of a stationary magnetic field it is easy to determine the time-dependent
part in the above equations, We simply set

(G0) =7 (9)

i
—p E=EQt

Y(r, t)=e $(r).

Then the tme-independent parts of the wave function are determined from

—EQy=H5 ¢,
(@) = (&)

Problem 16,4,% Find the eigenvalues of the operator of a spin component along the
direction SPCCHIEU by the spherical angles & and ¢, Investigate the particular cases in

which this direction 1s the .x, ¥ or z axis,
Solution, Consider ﬂrst the case in which the spin is directed along the z axis. Then
the imtial equation takes the form
5. (Cs (C;)
Al A
(Ca) h CS »

where

This matrix equation is equivalent to two homogeneous algebraic equations

L -1 =0,
5 Ca Gy =0,

The normalized solutions of these equations have the form

1 I l 0
)\=—2-’ Cl/=<0> and)\=———2-, C—‘/J=<])A

The first evadently corresponds to the case in which the spin 1s directed along the 2
axis; the second to the case in which the spin is directed along the ~z axis,

The operator for the component of spin along the direction defined by the spherical
angles 4 and ¢ with respect to the coordinate axes is equal to

S=sm¥ cos¢Sy+ s smeS,+ cos¥S,,

where

RO\ . A0 —i a0
Se '2'(10\ 5}'*?(;‘ 0)’ S~"‘2<o-1)'
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Hence from the equation
Ci\ _ C,
s(¢)=m (&)
we find two solutions:

(a) the soluuon corresponding to the case1nwhich the spin 1s parallel to this direction

/COS $
}‘:%’ C]/ﬂ ;
91” —’—‘elf/

(b) the soludon corresponding to the case in which the spin is antiparallel to this
direction

#
—_ <1n§‘
A:—T,C_,J:u 3 .
< 0s — e'?
\ 2

Setting % =0, ¢ == (} we obtain the same soluuon as above, The cases in which the spin 1s
directed along the x or y axes may be obtained by setung, respectively,

4=

el a

, 9==0 or ¥=z-

SE!
-
Il

)

Problem 16 5 )The electron spin is parallel to the 2 axis, Find the probability that
the pone “the spin (a) in a direction parallel to the  axis, and (b) in a direction

making an angle } with the 2 axis, will have the values + ftand — i h,

Hint, Take the wave function describing the state in which the spin is parallel to the
2z axis and then expand it in terms of the functions corresponding to the cases in which
the spin is parallel and antiparallel to the direction forming an angle ¥ with the z axis.
Both these functions are given in Problem 16,4, Without loss of generality we may set

the angle ¢ =0,
‘Then the squared modulus of the expansion coefficients gives the probabiliues
P —_— B 8 —_ «i 2 3
Wy, = cost s, Wy, = sin®

of the components of the spin along the corresponding directions; these are equal to

1
:‘:"z‘h.

In order to find the x component of the spin, we must set § = -’5— in the last equations,



Chapter 17

The Dirac Wave Equation®

A. LINEARIZATION OF THE ENERGY OPERATOR.
DIRAC MATRICES AND THEIR RELATION TO
PAULI MATRICES

As indicated in Section 15, relativistic quantum mechanics is
based on the well-known relativistic relation between the energy E,
momentum p, and rest mass my:

E=cV p*Fmic (17.1)

To obtain the wave equationdescribing a free particle, we substitute
the appropriate operators into this equation

E=ily, p=—ily, (17.2)

and act with these operators on the wave function. It is impossible,
however, to make a direct transition to operators in (17.1) because
we cannot determine the action of the differential operator under
the radical sign 1s therefore necessary to get rid of the square
root To~(17.1). Ghe’ way of doing this is to take the square of Eq.
(17.1). This gives the relativistic Klein-Gordon wave equation with
a one-component wave function.” As already noted, this equation
describes the motion of spinless particles and is not applicable to
electrons, whose spin is equal to 1/2 (in units of 7).

A different method of obtaining a linear relativistic wave
equation was adopted by Dirac (1928). This method gave a first-
order wave equation and consisted in linearizing the relation
(17.1). It led to the discovery of the relativistic wave equation for
the electron. This equation plays a fundamental role in relativistic
quantum mechanics and quantum field theory since it provides a

ISec P A M Dirac, Principles of Quantum Mechanies, New York Oxford University
Press, 1958

2More exactly, we 1n fact have a function with two components ; = ¢ and g = 9y

cot’
since a second derivative with respect to time appears in the fundamental equation One
degree of freedom corresponds to particles with positive energy, the other to particles with
negative energy It was shown by Pauli and Weisskopf that the negative energy states can
be eliminated by carrying out a second quantization of the scalar 'equatmn and introducing
spinless particles with charges of opposite signs
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suitable description of the motion of particles of spin 1/2. The
discovery of this equation was the most important advance in the
theory of the electron since the Maxwell-lorentz equations of
classical electrodynamics. Bohr’s semiclassical theory and non-
relativistic quantum mechanics served only as transitional theories.

The relativistic_relation between energy and momentum is
linedrizZexhy. fextracting’’ the square Toof 6f the four-term poly-
nom1al with the aid of matrlces. For this purpose we represent
(17.1) in the form T

E=c) pYmei=c Ya,p, (17.3)
=0
where

Py==mC, P1==Pg, Pa="Py, Ps=P, (17.4)

We note that

3
o — 2 PuPy=C* (p* -+ mic?). (17.5)
p=0

To determine what conditions the quantities «,, must satisfy, we
square both sides of (17.3). Then, if the operators p, and p.- com-
mute, we havef*.

. § \ 2 \
Et=¢ 22 pppll' Ly Oy == 'L:z' E Zpltpl-l' (1p.al-’~' + a'l'-'ap)' (17. 6)
kg uoop
Equation (17.6) coincides with (17.5) only if
@, —[— @y, = 26!”!" (17. 7)
that is, all four quantities a, anticommute with one another

@0 - aen, =0 p Ay (17.8)
and the square of each of them is equal to unity

ol =1 (17.9)
We recall that the 2 x 2 Pauli matrices also possess analogous
properties
. (01 o [0 —i {1 0
°‘=(l 0)_ u_,z(l 6>, c_,:(o __1)' (17.10)

? 3These operators commute with each other if there 1s no electromagnetic field There-
fore, Dirac proposed that one should first extract the square root of the operator for a free
particle, and then generalize the resulting equation to the case when fields are present



THE DIRAC WAVE EQUATION 287

since they anticommute [see (16.40] and the square of each is equal
to unity [see (16.39)]. To extract the square root of the four-term
polynomial, however, it 1s necessary to have four relations (17.7)
(0 =0,1, 2, 3), instead of three [Egs. (16.39) and (16.40)] that are
satisfied by the Pauli matrices.

Accordingly, Dirac proposed that we take a system of 4 x 4
matrices 9 and ¢. that are related to the 2 x 2 matrices by the
expressions

) 0
w=(Fa) =129, (17.11)

_ 0’ II /0’ — II II ()r
Pl—(lf 0/), PQ:(ZI’ lo'), P.!:(OI __Ir>, (17.12)

where o, are the Pauli matrices

0'=(° 0) and 1'=(‘ 0)_

00 01
Hence we find, for example,
0100
a,:—./(l) 8 8 ?> and so on,
N 010

The properties of these matrices are similar to those of the
Pauli matrices, as may be easily checked by direct multiplication.
In particular, it turns out that their squares are equal to unity

or, more exactly, are equal to the 4 X 4 unit matrix
1000
_ (0100
I_<0 01 0). (17.14)
0001

As in the case of Pauli matrices, we have

010y == — 0,0, ==13;, pPr==—p,py==1Ipy and SO on.

17.15
6P =pns, (n, n'=1, 2, 3) ( )

From this it follows that the different matrices s anticommute with
one another (a similar conclusion is also true for the system of p
matrices):

9nn 'l"' /Gy == PpPu’ 1 PP == 2nns (17'16)
The matrices ¢, and P, however, commute with each other.
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Dirac proposed that the matrices 2, [see Eq. (17.3)] be
chosen as follows:

0n=pio, =", ‘6) (n=1, 2, 3), (17.17)
r oo
%:PJ:(O' —-l’)‘ (17.18)

/0001 0 00 —iy
¢ 0010\ _ (o 0i o)
“=1o100p 270 40 0
1000/ ‘v 00 0/ 17.19)
0 01 0 10 0 0
__fo 001\ . 01 0 0\
““‘\1 00 0) =P={g0_1 o/- \/
0—10 0 00 0—I

Multiplying the above matrices by one another, it is easy to show
that they satisfy the relations (17.7).

B. THE DIRAC EQUATION. CHARGE DENSITY
AND CURRENT DENSITY

Let us substitute the corresponding operators into the linearized
relativistic relation (17.3) between the energy and momentum. We
obtain the Dirac equation for a free particle*

(E—H)$=0, (17.20)

where the operators E andp are, as usual, equal to

E=it D, p=—ity,

4Because of the four components of the wave function Y, each state can have either
posttive or negative energies (sce below) and two directions of the spin (see Chapter 18)

In the classical case the relation (17 1) between the energy and momentum can be
represented in a form similar to (17 20)

E-vep- \/;— /;7171002 =0
This equation 1s easily verified 1if 1t 1s remembered that for a free particle
mge? mou
L. 290 and p-— 9
VI=p2

\V1-R2
Consequently the matrix @ > v ¢ must play the role of the velocity, while p3 -»\/1_4'/?7 1S
a scalar that characterizes the Lorentz contraction
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and the Hamiltonian H is given by
H=c(a-p)+ p,mc*. (17.21)

Since @ and p, are 4 X 4 matrices; the wave function ¢ must have
four components, which we combine to form a single-column matrix

4'»1
= <E:> ) @7.22)
&

The complex conjugate of this function is understood to be the
Hermitian adjoint, that is, the row matrix

ot =($T¢597)- (17.23)

The Dirac wave equation (17.20) is therefore equivalent to a
system of four equations

(E — myc®) 9 — ¢ (px— 1py) b —€ph3 =0,

(E—mye*) g —c (pe—+tpy) bs -+ cp.pe =0, 17.24
(E - i) s — ¢ (py— 1) s — oy =0, (17.24)
(E_f' ﬂthZ) q)i_c(px'f_lpy)q)l+cpzq’\1=0- )

In the case of motion of an electron in the electromagnetic field
specified by the given vector and scalar potentials A and ©, we
can still use Egs. (17.20) and (17.24), but the energy and momentum
operators have to be generalized in accordance with the general
laws of quantum mechanics: \/

.y O . e
F=in -dt—-—-e(I), P=—1hV—?A. (17.25)

The complex conjugate of the wave equation may also be repre-
sented in the form of a single matrix equation

" (F —c (o * P) —pymyc?) =0, (17.26)
where the action of the operators ih-ddt and —i#V on the wave

function which is on their left should be taken to be the same as
in Eq. (17.20) but with opposite sign, that is,

— Y =RV iR = — D g, (17.27)
For a free particle, Eqs. (17.20) and (17.26) now become
e 0 .
il 5 ¢+tich(a- V) —pymyc*yp =0, (17.28)

it D4 deh (V" - @)+ mac®ytp, =0 (17.29)
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Multiplying (17.28) on the left by ¢* and (17.29) on the right by ¢
and adding them, we obtain

T - §lep=0, (17.30)

which may be interpreted as the equation of continuity for the
probability density p and the current density j:

0oV j=0, (17.31)
where®
p=eltp, J=ec) o, (17.32)

If we write the last equation in terms of components of the wave
functions, rather than in terms of matrices, we obtain

1
Pe=F ==y =(POINIY) (“;) = 9190+ P+ P+ $d; (17.33)
s

that is, po 1s a matrix consisting of a single element (it is just a
number), In exactly the same way 1t is readily shown that

/08?(1) < \ (q) ‘})i)'ty“ (’,‘P‘\_”_
i

]*/cc=‘{"01‘?—(?f‘1"§%'h) L0100 / T,“'
\l 00 0/ \,/
et 28T s T L P ol M (17.33a)

We note that, contrary to the Klein-Gordon theory, the density
po is a positively defined quantity. This does not mean, however,
that in the Dirac theory p, can be considered the particle
density. Just as in the Klein-Gordon theory, there will be particles
with a sign opposite to that of the electrons (positrons). From
Eq. (17.32) it can again be concluded that ca should be regarded
as the velocity operator.

*Stmilar relations will also hold 1n the case when a field 1s present

°In second quantization, the definition of pg as a positive quantity means only that
Fermi statistics should be applied to the particles (for example, in the case of the Dirac
equation), 1f pg may take either positive or negative values (for example, 1n the case of
the Klein-Gordon equation), then Bose statistics should be applied to the particles
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C. TRANSFORMATION PROPERTIES OF THE WAVE
FUNCTION UNDER LORENTZ TRANSFORMATIONS
AND SPATIAL ROTATIONS

According to the general principles of the special theory of
relativity, physical laws must be independent of the choice of the
Lorentz frame of reference. Therefore, the Maxwell equations,
the Klein-Gordon equation, and the Dirac equation must all be
invariant under the Lorentz transformations. Let us investigate
the transformation properties of the Dirac wave function. The
Lorentz transformations can be written as

cf' =ct coshy— xsinhy, ¥=x cosh {—c¢fsinhy, y'=—=y, 2=z, (17.34)
where

, sinhy=- P , [3:?-.

coshy—-- -
T ]/[__ﬂ.: ¢

1
Vi

This transformation must be satisfied by all four-dimensional
vectors, including, in particular, the charge and current densities

cp’==cpcosh y—j.sinhy, j,=j,coshy—cpsinhy, [, :=j,. (17.35)

The definition of these quantities, according to the Dirac theory,
gives

¢y =4"(cosh {—a,sinh )y =¢'e 119,
oy =¢* (2, cosh y—sinhy)h=1'a,e "1y, (17.36)

(KA r___
Py =Ty

Here we have used the fact that e "1 = cosh y7, - sinh 72, = cosh
Y—a, sinh y, since 2 =1, 0"t'= 7, where # is an integer. In
order to satisfy the above relations, we must set

. — e
q)l_—_-(cosh 3 —7;sinh ‘}\';’-‘—"0 T,
’ . (17.37)
‘Pu:_,'.]-ﬁ(cosh —_— Sinh»,}).—:.' W T
Then, since
1 § r T
-5 7 = 5% ikl 5 °
me 2 ==e ® oy, ae P ==e? 'y, (17.38)

it is easy to show that the relations (17.36) are correct. From
(17.37) it can be seen that the wave functions do not transform as
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LAN

vectors (whole angle 1) or as tensors (double angles 1), but as
spinors, the transformation of which is characterized by the angles
1/2. Spinorg.are.alsg called tensors of rank 1/2.

In & similar manner, T May De shown LhAtthe transformation
law of a spinor under an ordinary spatial rotation (for example,
around the z axis by the angle ¢) 1s as follows:

isy g— —l3g %

q_.’:e 11')’ q;”'::i')*'e (17‘39)

The above relations follow from the transformations for the cur-
rent vector:

fe= e cosp+f, s1n g,
];'ny COs 9 — j,sin ¢, (17.40)
j:=1]:

these transformations are represented in the Dirac theory as

¢y’ =" (2 cosp+a,s1n9) 9, (17.41)
$"'a ) =¢*ayp and so on.

By substituting the values for ¢ from (17.39), and using the fact
that

?
10g—
2 . . .
a,e =a, <c0s Tﬁ-—}—tcn sin §)=<cos %——za_,sm%) ay =
—iag & fy 5o I3y
=e ay, a,e =e ag,

we can obtain the relations (17.40).



Chapter 18

The Dirac Theory of the Motion of an Electron

in a Central Field of Force

A. ORBITAL, SPIN AND TOTAL ANGULAR MOMENTA.
CONSERVATION LAWS

We shall determine the angular momentum of an electron from
the conservation laws characterizing the motion of an electron in
a central field of force:

V ::e(D (/‘) (18. 1)

(for example, an electron moving in the Coulomb field of a nucleus
V=— %‘g’) It was shown in the nonrelativistic Schrodinger theory
that the orbital angular momentum is conserved in a central field

L=rxp. (18.2)
In the Dirac theory, however, which takes into account the electron

spin, the component of the orbital angular momentum does not
commute with the Hamiltonian

H=c(a.p) -+ pamyc® -} V() (18.3)

and therefore it is not a constant of the motion. Indeed

P (a1py — @) 7 0. (18.4)

L

HL,—L,H=

In order to generalize the law of conservation of angular mo-
mentum to particles having spin, we shall use the relation

Hoﬁ—o_,H:?Tc (22px — ®1Py)- (18.5)

1t follows from this that the operator

=L+ he=L+S$ (18.6)
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commutes with the Hamiltonian operator H and thus is a constant
of the motion, '’

This result may be interpreted in the following manner, The
electron has an intrinsic angular momentum (spin). We have just
found that only the total angular momentum is conserved (the
orbital angular momentum plus the spin). The orbital angular
momentum in the s state is equal to zero, and therefore we have
here the law of conservation of spin angular momentum. For the
square of the spin we obtain

St (et -bo} | s =s(s F A =1 A% (18.7)

that is, the electron spin takes half-integral values s= 1/2 (in
units of #)

B. PROPERTIES OF THE TOTAL ANGULAR MOMENTUM
OPERATORS. QUANTIZATION OF THE TOTAL ANGULAR
MOMENTUM. VECTOR MODELS

We shall now show that the operators for the components of the
total angular momentum in the Dirac theory satisfy the same com-
mutation relations as the operators for the components of the
orbital angular momentum in the nonrelativistic quantum theory
(see Chapter 11), It can be seen that the operators L. and S com-
mute with each other, because they act on different variables.
Therefore,

J\J_v - Jv‘] v (Lv _‘l_ S\) (Lv "I— S_v) - (Lv _i_ Sv) (L\ "’" Sx) ==

—L\L,—L,L, | S.5, 8,5, =if(L,+S,) (18.8)

and

3, — 33 =unl,,
I, — 1, =, (18.9)
J =33, =,

The last two relations are obtained from the first by cyclic per-
mutation of the coordinates

X—=>Y, Yy—>2, 2> X

'Since only the total quantity (18 6) 1s conserved, the separation of the angular mo-
mentum 1nto spin and orbital parts 1s not rigorous 1in the general case This separation 1s
found to be possible only in certain special cases (see Chapter 20)
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The operator of the square of the total angular momentum is seen
to be

P=(L4SP=L14S £ 2(LS,+1L,S,+LS),  (18.10)

which commutes not only with the Hamiltonian but also with any of
its components, for example, with the z component:

13, —,J=0 (18.11)

By analogy to the orbital and spin angular moments, we conclude
that the square of the total angular momentum and one of its com-
ponents (for example, J,) may have simultaneous eigenvalues.

The quantization rules of the total angular momentum may be
found from the quantization rules of its orbital component (for a
spinless particle):

L=wrll4+1), (=01,..), Lo==fm, (n= 1, ..., -|-1) (18.12)
and its spin component (for example, for [= 0)
St=t%(s-+1), (s=="), S.=hm, (m="1",) (18.13)

This problem can be solved exactly in general form in the Dirac

theory. For the sake of simplicity we shall, however, solve it in

the Pauli approximation, that is, taking into account the spin of

the particle and assuming that the particle itself is nonrelativistic.
If the particle moves in a central field of force, the components

of the wave function

1R

W= (lri ), (18.14)

which obeys the Pauli equation (see Chapter 16), can be related by
means of the law of conservation of angular momentum

)= +ga) (1) =m0 (),
A

3e(t) = (s o § ) (32) = o, (),

\

(18.15)

where L= » X p is the orbital angular momentum operator and ¢
are the two-component Pauli matrices. We shalllook for a solution
of the system of equations (18.15) in the form’®

W, =C,Yr!, w,==C Y, (18.16)

’In this particular choice of a solution, only the square of the orbital angular momen-
tum 1s conserved, not i1ts projection on the z axis.
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where Y/ are the spherical harmonics (see Chapter 11). Then,
since

L () =+ (i), (18.17)

Egs. (18.15), (18,12) and (18.13) give

Lam (p) =[G+ —w+n—3] ()

or
!
— (L, —L )W, LV, =qT,,
) [( y) A+ P | q* (18’18)
o (L L)W, — LW =¥,
where
L 3
g=j(-+)—I{l1)—. (18.18a)
Using the relations (11.87) and (11.88), we have
LY} = — if 0‘; Yi = mhY?, (18.19)
(L, L)Y =— V{1 m) (g m) YT (18.20)

Then, taking into account (18.16), we may write Eq. (18.18) as

(g—m-+ 1)0,131/(_1”4- 1 —m)(l +m)C,=0, (18.21)
V-|-1-—-m)( 4-m)Cy +(q4-m)C,=0.

From the requirement that the determinant of the system be equal
to zero, we find two values of ¢ corresponding to the two possible
types of solution

g=1 =1+ C=—] e, (18.22)
g=—U+1, j=1=h =] e, (18.23)

The coefficients €, and C,, which determine the relationship® be-
tween the spherical harmonics in the sum of the orbital and spin
angular momenta, are called the Clebsch-Gordan coefficients.

3We note that this relationship between the spherical harmonics 1s obtamned only in the
case of spimn-orbit interaction, which we have taken into account with the aid of the re-
lations (18 15) If there 1s no interaction, the two solutions will be completely independent
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Using also the normalization condition C:+C:=1, wemay write

the first type of solution whenj=1{+ ) y1=0,1,....,in the fol-
lowing form:

f [+ m ym=1
IYTRYR _.‘ 1 A U=t
Wr=0+1/s) — =Yz .

[F1<m
—]/ TuUFT e

For j=I —'/,, I=1, 2,... (the second type of solution), the wave

l/l—m—l— yp-!
2041 (J~=1—17g)
=Y 2,
‘/-H—m ym I'm (18.25)
A+1 M

where Y}, are the so-called spherical spinors. The orthonormality
condition for the spherical spinors can be written as

(18.24)

function has the form

(==l =1/3) =

§ dRY' LY =8, 88 (18.26)

where j=1 + !/;corresponds to the case in which the spin and orbital

angular momenta are parallel, and j=/! —'/,to the case when they
are antiparallel. This condition follows immediately from the fact
that the spherical spinor Y{’,/' is a single-row matrix and from the
orthonormality condition for spherical harmonics. The spherical
spinors (18.24) and (18.25) are spinor generalizations of the ordinary
spherical harmonics (see Chapter 11) and represent the angular part
of the solution for all problems involving the motion of a particle of
half-integral spin in a central field of force.

Substituting these solutions for the function W into (18.15), we
find that the component J, of the total angular momentum takes the
value J,=#am,, where the quantum number m; isequal to m;=m — L
For the first type of solution (j=1+), it can be seen from (18 24)

that it ranges from —/ (m,=——l-l=—l) to l—|—l(m,._l+ =j),
since the coefficient at the function Y ™, which does exist for the
last value of m, vanishes. In exactly the same way the number m

in the second type of solution (j=!— —) ranges from — 11
(my=—j) tol (m,=)).

Thus our results can be summarized as follows. The square
of the total angular momentum has the eigenvalues

1
[ R i 1£0,
. 2?
. hg](]' { ])‘ j= (18.263)
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that is, it is quantized similarly to the orbital angular momentum,
except that the quantum number j, which is called the total
angular momentum quantum number, takes half-integral values.*
The eigenvalues of the component of the angular momentum along
any axis are also characterized by half-integral quantum numbers

J=hm, my=—j, ..., +]j. (18.27)

From the relations (18.6) and (18.7) and the quantization rules
(18.26) and (18.27), it is easy to obtain quantization rules for the
scalar products L « S and J - S, which are important in spectros-

copy
Lo S =4 (P—L—S)="{j(j+ )~ L+ 1)—s(s+ D}, (18.28)

and by analogy

JoS =5 @=L S)=T{j(j-+ ) — I+ D+ s(s+ ). (18.29)

We shall consider here the vector model of the addition of angular moments, In
spite of the lack of mathematical rigor of this model, it enables us to resolve a number
of complicated questions and often gives accurate results,
As we know, the orbital angular momentum does not have
a specific direction in space in quantum mechanics. The
absolute value (square) of the angular momentum and one
of its components, for example, along the z axis, have,
however, simultaneous definite values, These facts can be
represented geometrically by an angular momentum vector
that describes a cone about the z axis, The projection of
the angular momentum on the z axis will then have a well-
defined value, whereas the projections on the x and y axes
remain 1indeterminate, These arguments apply with equal
validity to the spin angular momentum since it has the
same commutation properties as the orbital angular mo-
mentum, ‘The spin and orbital angular momentum vectors
are oriented in space in such a way that their sum forms a
vector J that is constant in magnitude, Thus, the vectors
L and § do not have arbitrary directions; they precess about
J like two coupled gyroscopes,

The dimensionless quantities ;*, /*, and s* are drawn
in Fig, 18,1, Each of the vectors I* and s*is defined on

0 the surface of a cone, They ‘‘precess’’ around j*like a

coupled system, We note that, according to Eq, (18.26),

the addition of the vector !* (/= 0, 1,2,..,)andthe

Fig. 18.1. Addition of the yector §* (s=a-!/y) leads to the total angular-momentum

spin and orbital angular vyector j* with half-integral values of the total angular mo-
moments. mentum quantum number j =1 '/s.

*The number ] 1s also called the intermnal quantum number. This number was introduced
by spectroscopists before the discovery of spin on a purely empirical basis. It expressed
certain internal properties ot particles that were still unclear at that stage.

SThe lack of mathematical rigor lies, for example, 1n the fact that the square of the
vector j 1s equal to J(J t 1) rather than to ,r2

®From the standpoint of the classical theory, this coupling can be interpreted as a
coupling of the orbital motion by the magnetic field.
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From the vector model we can quickly find a number of quantities, For example, we
can find the quantization rule of the angle between the vectors /* and s*. From the
oblique triangle we obtain

L —pe g, (18.30)

cos (Is!) = TR

that is,

gty JUED— 104D -5 1) 18.31
cos (15") 2 VI Ds(s £1) (1830

C. MOTION IN A CENTRAL FIELD OF FORCE INCLUDING
SPIN EFFECTS. THEORY OF THE ROTATOR

If we wish to investigate the motion of a particle in a central
field in the nonrelativistic approximation with the inclusion of
spin effects, we must use spherical spinors Y/, characterizing
the states in which the total angular momentum (orbital plus spin)
is conserved, instead of the spherical harmonics VY}" describing
the states where only the orbital angular momentum is conserved.
Since the spherical spinors (inthe nonrelativistic approximation) are
composed of spherical harmonics having the same quantum number /,
we obtain the same radial equation as for a nonrelativistic spinless
particle, that is,

ViR - (1';;_' _ /,(’rj*.‘)) R==0. (18.32)

For the wave functions of an electron in a central field we obtain

Wi =RYn, (18.33)

where the spherical spinor Y;% is defined by the expressions
(18.24) and (18.25).

In particular, for the rotator we may set r—a— const and the
radial part of the wave function R=1. It is seen that the spin
effects in the nonrelativistic approximation do not give any ad-
ditional terms for the rotator energy, which will be given by the
same expression (12,7) as for a spinless particle, that is,

41
E’:—imu_(l:‘-’ )

The wave function will be given by the spherical spinor Yi/;
therefore we must find the selection rules for the quantum num-
bers !, m, and ;. These selection rules hold not only for the
rotator, but also for any problem of motion of a particle in a
central field of force (for example, the electron in the hydrogen
atom).
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In place of Eq. (12.19), from which the selection rules for
spinless particles were established, we now have

@i = (¥ i)' qYdo, (18.35)

where ¢ may have three values
g=z=cosd, g=xtiy=smde! (18.36)

(for simplicity let us take the radius of the rotator equal to unity:
a==1). If in place of the spherical spinors we substitute their
values from (18.24) and (18.25), the matrix element (18.35) be-
comes

@)im " == Du» \T (YF=) gy~ de - Ccun (.[, (YEye gy de  (18.37)

From this it is seen that the two integrals in (18.37) agree exactly
with the integrals in Egs. (12,19)-(12.22). The selection rules for
the quantum numbers [ and m will therefore be the same as for
a spinless rotator, that is,

AM=l--I=+1 Am=0 (g=2), Am=:t1 (y=x ).
We shall now find the selection rules for the quantum numbers
m, and j Since m, is related to m by the relation m,=m ~%

for both types of solutions, the selection rules of m, will be the
same as for m, that is,

Am, =0, xI1.

To determine the selection rules for j let us consider first the
case in which the transitions occur between states characterized
by the same type of solutions (j==0"-|{-'/y— j=I-}-1,0or)/=0—1/,
j=0—1,), It follows from (18.24) and (18.25) that the coefficients
Dup» and Cv» are always positive and therefore such transitions
are always allowed. In this case the possible change of ; must
be the same as the change of the orbital quantum number [, that is,
Aj=Al=F1

If the transitions occur between states characterized by different
types of solution (f=0-"/s—>j=Il—")y or f=U—-"},— j=1+"}),
then by taking into account aA/=— +1, we obtain three possible
values for Aj=0, +2, ~2. Here, however, we must consider the
fact that the coefficients D77 and Cv» have different signs. For
Aj=7%2 the two terms cancel each other, so that this transition
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is forbidden. For Aj=—0 the difference between the two terms is
not zero, but owing to the fact that the two terms occur with
different signs, the intensity of the radiation will be weaker
than in the case of transitions between states characterized by
the same type of solutions, when Aj==-t1. This can be shown with
the help of a specific example., Let us suppose that the initial
state is j=/(—"'/, and the final state is j=1/-'/,. We shall
consider the case Am=m'--m=0. Then, using (12.22), we re-
duce the appropriate matrix element (18.37) to the form

@)im? =8p, 11 DV DA, m~—1)--CV DA, m)]+

-+ 8 1 DY IB(l, m-—1)4CY DB, m), (18.38)
where =0}/, and j=1/-—"/,. Substituting the expressions
D=t - Ya j=1—1/3) — S mVyl+1—m
V(’l'+1)(’l H)V A Vit
and
Cu=ttimi=t-"—mem oo e VI LT Vi+m

V<>1'+1)(’l+ 0

from (18.24) and (18.25), and the expressions for A and B from

(12.22a), we find that the coefficient of 3. ,.: vanishes; that is,
the transition Aj=-—2 is forbidden. At the same time, the co-
efficient of 8 ,_, does not vanish, that is, the transition Aj=0

is allowed, but the intensity of the lines is weak in comparison
with Aj=-+ 1. In a similar manner it is easy to show that the
transition Aj=2 is forbidden not only for g==z, but also for
g=xtuy (Am=+1).

In accordance with the above discussion, the selection rules
for the quantum numbers which characterize the state of a particle
in a central field of force, when the spin is taken into account,
have the form

AM==+1, 8m=0, %1, (18.39)
Ai e {il (normal intensity),
=10 (weaker intensity).
D. PARITY OF A STATE
In connection with the formulation of the law of conservation of
angular momentum for Dirac particles, we shall now define more

clearly the meaning of the quantum numbers / and j in the Dirac
theory of a particle in a central field. In nonrelativistic quantum
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theory, the orbital quantum number / is associated with the square
of the angular momentum L*=#% (!4 1), which is a constant of
the motion; therefore in both Schrddinger’s and Pauli’s theory
the quantum number / represents a quantity that is constant in
time.

In the Dirac theory the orbital angular momentum does not
commute with the Hamiltonian,and therefore it is not a constant
of the motion, Consequently the quantum number / has only an
approximate meaning when used in connection with the law of
conservation of angular momentum,

It turns out, however, that / characterizes anadditional property
of a particle in quantum theory, namely, the parity of a state. By
the parity of a state we mean the behavior of the wave function
with respect to space inversion:

x=—Xx, y=—y, 2=—2. (18.40)
The parity operator is defined as follows’

Y (A =9(—r) (18.41)
that is, it reverses the signs of the space coordinates. The eigen-
values A of this operator may be found by applying this operator
twice:

Iy =2\%. (18.42)

This double application of the parity operator leaves the co-
ordinates unaltered. From (18.41) and (18.42) it follows that

A==+1; (18.43)
that is, either the wave functions remain unchanged with respect
to space inversion (even functions, A= 1), or they reverse their
sign (odd functions, A =-—1).

We shall now find the quantities which determine the parity of

a wave function in a central field. In the spherical coordinate
system r, 8, ¢, space inversion affects only the angular part

r=r, ¥=n—% ¢=0¢4n, (18.44)

as can easily be seen from the fact that the sign of the coordinates

y=rsindcosy, y=rsindsing, z=rcos?d (18.45)

"This operator converts a right-handed system of coordinates into a left-handed system,
and vice versa In the Dirac theory Iy(r) — po3y(-T).
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changes. The radial part of the wave function remains unchanged
with respect to space inversion, whereas the angular part changes
in accordance with the relationship

Y7 @, ¢)=VYI"(r—3, n-¢)=const P"(—cosd)ein+n=

=(—1)Y7, (18.46)

because
P (—x)==(— 1} +mP[" (x).

Thus the parity of a state ina spherically symmetric field is deter-
mined by the parity of the number [

Furthermore, it can be seen that the Hamiltonian in a central
field remains unchanged under space inversion; therefore, the in-
version operator 1 and the Hamiltonian operator H commute with
each other. It follows that the parity of a state is a constant of the
motion, since

d i
1= = (HI —IH)=0. (18.47)

The law of conservation of parity has no classical analog, unlike
the other conservation laws (energy, momentum, angular mo-
mentum). Consequently, in nonrelativistic wave mechanics the
number / characterizes two constants of the motion; the square
of the angular momentum and the parity of a state. In the Dirac
theory, the number / does not have the significance of the square
of the angular momentum, but the relationship between this num-
ber and the parity of a state is preserved.

We shall see later that parity plays a particularly important
role in the physics of elementary particles. All wave functions—
whether for one or more particles—can be classified as functions
of odd or even parity. Dipole transitions can occur between states
with different parities. In the case of two or more particles, the
parity depends on the total spin of the system and also on the type
of statistics obeyed by the particles. These concepts will be
analyzed in some more detail inthe treatment of specific examples.

E. SOLUTION OF THE DIRAC EQUATION
FOR A FREE PARTICLE

Let us consider the motion of a free particle of spin 1/2 and con-
stant momentum such as, for example, an electron. Without loss of
generality we may take the 2z axis to lie along the direction of
momentum; that is, in Eq. (17.20) we set

Px=py=0, py#0. (18.48)
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The Dirac equation then takes the form
7} ) N
(l/[ ot T CHaih (;; — p;,mOC') $=0. (18.49)
We shall look for a solution of this equation in the form

g = UL/ be— ikt + ik (18.50)

where L? is the normalization volume, and the wave number % has
the same value as in the nonrelativistic Schrddinger theory,
namely,

k=" (1=0, 1, 2, ..),

K=V Ktk k=",

and the 4 X 4 matrix

b,
o/
satisfies the normalization condition
b'b=>0{by 4 bjb,-}-b;0, -} bjby=1 (18.51)

To determine the quantity ¢ and the coefficients 6, we use the
system of equations (17.24), setting

pe=py=0, Dyp=cheky, py==nh}.
We then obtain

(K — ko) by — kb, =0, (K — k,) by -1~ kby =0,

(18.52)
(K |- k)b, — kby =0, (K - ky) by - kby=0.

Hence we find two values for the quantity e: e= 1 (the energy of
the electron is positive) and ¢=— 1 (the energy of the electron
is negative); while we obtain four values for the matrix b, the
components of which satisfy the normalization condition (18.51).
Two of the values of the matrix b refer to states with e=1:

ViTE 0
1 0 X 1 ]/ l‘}‘% \

2
, b= —

W)
K

(18.53)
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and two of them refer to states with e=—1:

0

=
K ko
| —
0 w_ ! ‘/

bB®) — 1

b e
V2| _ 1/ k) V2 0
]/01 o JigE

. (18.54)

that is, the states (18.53) differ from the states (18.54) in the
sign of the energy.

To determine the physical significance of the states 4 with
different i= 1, 2, 3, 4, let us find the projection of the spin on
the direction of motion, that is, on the z axis, First of all, we
note that, since L,=xp,—yp,=0 when a particle is moving
along the 2z axis, the projection of spin on the z axis must be con-
served. This follows directly from the fact that the matrix o,
commutes with the Hamiltonian in (18.49).

We can find the eigenvalues of this operator ¢, by applying
it to the spin functions 6'". We have then

L ka
SRR
1 1 — 0 1
L =1 _|==0m; (18.55
5 %3 210 01 ot ‘/1 s 2 ( )
V2 K
0 00 1 0

that is, for this solution the eigenvalue of the operator !/, s, equals
1/,. In exactly the same way it is easy to show that

l—%b‘”:—%bm, %cab‘“:-;—b‘” and %a,b‘”:—»-éh“).

Thus, the four possible states correspond to the four possible com-
binations of the sign of the energy and the spin direction, The solu-
tion 'Y corresponds to positive energy (¢ — 1) and the projection of
this spin along the positive z direction (s=1). In a similar way we
have :¢=1, s=— 1 for the solution 4" and we have e=—1, s=1
and e= —1, s=— 1 for the solutions4'*’and b'*), respectively, where
s is double the projection of the spin in the direction of the mo-
mentum,

In the nonrelativistic limit (v <% ¢), the wave functions ¢, and ¢,

will be of the order of I%N% times the wave functions ¢, andy,
(%N%?:) for positive energy states (e= 1). For states with nega-

tive energies [see (18,54)], on the contrary, qJ,N%%.
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We have considered the special case of motion of a particle along the z axis, This
does not restrict, however, the generality of the investigation of the general motion of a
particle, Whenever the direction of momentum is characterized by spherical angles &
and ¢, it is always possible to choose a primed coordinate system in such a manner
that the z' axis is directed along the momentum, Then, by carrying out two rotations,
one rotation through an angle & around the y'axis directed perpendicularly to the z2'
plane, the other, second rotation through an angle ¢ around the z axis, we may transform
from the solution in the primed coordinate system (momentum along the z' axis) to the
general case (direction of momentum characterized by the spherical angles §, ¢ ),

Using the fact that under a rotation of the coordinate system the wave function
changes in accordance with (17,39), we may write the solution for this general case

S kR \s
V1+s(1+5—°)
K
- Ro\1/s
i l—s(1+5-~)
y= Zil/je ,(9::1—0:,)_[ 14 K gkt + ke (18.56)

e ViFs(1—%)"
e

which is a generalization of Eqs, (18,50), (18.53) and (18,54).

——

) (/] .
.B;glblem 18, ﬂhow that the energy and momentum operators E=ift = and p = — i#V,

respectively, transform like a four-vector under the Lorentz transformations:
E' , , E'
E ?-{-ﬂpx. _pr+“c—ﬂ . )
T Yi=e M yimp e BT R
where

v . 0
ﬁ=—c-, E':mﬁf , and so on,

Hint, Use the Lorentz coordinate transformaton [Eq, (17,34)] and change to new

variables in the process of differentiation,
”m

em 18,2, jProve the relauvistic invariance of the scalar equation for a free
particle,
Hint, First, let us prove the invariance of the operator relation
EY c*p" =E? — ¢2p?

by using the results of the preceding problem,
{groblem 18.3; ’Show that tn the case of spatial rotation of the coordinate system
aro by the angle §, the wave function transforms according to the relation

)
+iso
¢'=<ms%+z‘c, sin -g->41=e 2 34:.

Hint, Use the method which leads to the relation (17,39),

f With the aid of the vector model of addition of angular moments,
nd

the angles between J* and s* and between J* and [* taking into account the geo-
metric vector addition in quantum mechanics; that is, find

Cos (J¥s*);  cos (s*[¥)

BThese problems also refer to the material in Chapter 17
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Hint, Use a method similar to the one that led to Eqs, (18,30) and (18,31),

' Show that the wave function {=C {* where C=iasp;, and {*is
the comprex*Tonjugate (but not the Hermitian adjoint, that 1s, not ¢+) of the Dirac wave
function for an electron with negative energy satisfies the Dirac equation with posiuve
energy and opposite (positive) sign of the charge, thatis, describes the motion of a
positron (a charge conjugate transformation),

Solution, The Dirac equation is

a2t i (250
+ B(T(_;Z,_..i_ :)I——p,\ynoc"}q;=0,

for the complex conjugate of this equation, we may write (taking into account the fact that
af==ay, af == —a,, a} = ag, p¥=1p,):

70 n o e "o e
{Tgt__m,.{-c[al (Ta}'i-z-ﬂx)—ﬂz (T(‘)';"}"?Ay)‘l-
no
or (7 i+ £ )] —emafie=o

We note that the complex conjugate {* differs from ¢+ (the Hermitian conjugate): namely,

-~
*

Il
A
38 415 e
\._/

whereas
P = ($1did3dd).
Let us substitute & =l&2p,¢‘ into the complex conjugate of the Dirac equation, We

then find that ]: satisfles the Dirac equation if the charge e is replaced by - e.

—-HEI‘

A

Since the state § (r, £) =e¢ ¥ (r) is treated as a state with positive energy (E =| E|),

—i 18,

and the state ¢*(rf)=e " ¢*(r) 1s tweated as a state with negative energy
(E=—|E|), we must interpret the sign of the energyin } differently thanin e,



Chapter 19

The Dirac Equation in Approximate Form

In many problems which are solved by the Dirac theory, we
retain only the relativistic corrections of the order of (%)’in the
final results. Therefore we may immediately write the Dirac equa-
tion in an approximate form, retaining quantities of the order of (%),

It will be shown below that the role of both the relativistic and spin
terms is clearly displayed in this approximation.

Let us consider the motion of an electron with positive energy
E>>0 in an electromagnetic field which does not depend on time. In
this case we may replace the energy operator by its eigenvalue,
separating out the rest mass energy my’:

E —mc*+E. (19.1)
The wave equation (17.20) then becomes
(E — ed) (?;:\I.—:c (0'-P) (i) , (2myc* + E —- e®) (;) =c(a"P)| i) (19.2)
where o' stands for 2 x 2 Pauli matrices [see (16.18)}, and P=
p— —’c— A. Equations (19.2) are simply a different form of the exact
Dirac equation. For the components of ¢, we obtain from (19,2)
(E —e®) iy — ¢ (Py—1P,) 4 — P, =0

and so on, This equation can alsobe obtained from the first of Egs.
(17.24), if we substitute into it both (19,1) and (17.25).

As was mentioned in the preceding section, in the nonrelativistic
limit the components ¢, and {; are ‘‘small’’ for positive energy

states, since they are of the order of % times the ‘‘large functions

v and ¢;. The transition to the approximate Dirac equation consists
in eliminating the ‘‘small’’ components ), and » from Eqs. (19.2)

and retaining terms of the order of (-:i) in the remaining equations

for the ‘‘large’” components ¢, and ¢,, Thus from (19.2) we obtain

(ii)= T (1“5,:7;@) (o'-P) (i) (19.3)
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First of all we change from the four-component wave functions

1 .
<$: } to the two-component functions ($;> by setting
s

)

where N is the normalization coefficient. This coefficient may be
determined from the ‘‘renormalization’’ relationship

1
(4934391 <3‘> = qwiwy)(y!). (19.5)
b

Since the ‘‘small’’ wave functions ¢; and ¢, occur as squares in
(19.5), we may set

¢ a'ep ar (W4),
(q,:) = Srnec N (1];:) ; (19.6)

that is, in (19.3) we neglect second-order terms and replace P
by p. This change of operators is permissible in calculating the
normalization coefficient since they differ from one another by a
first-order term (inversely proportional to the velocity of light).
When applied to second-order terms (squares of the ‘‘small”
wave functions), this term of P gives only third-order terms,
which we discard. Then, substituting Egs. (19.4) and (19.6) into the
left-hand side of (19.15) and using the equation'

(@-a) (o b)=(a- b)+ iEr' : (axb)], (19.7)
which holds both for the Pauli and Dirac matrices, we find

¥,

(Wi (N2 N 2 ) (\yi>=(qf1w;)($;). (19.8)

4mic® \
From this we obtain

Ne=]e— P

8mict *

'In order to prove this equality, we may, without loss of generality, assume that vector
a 1s directed along the z axis (a, = a, =0, a, - a), and that vector b 1s located 1n the zx
plane (by — 0) Then we obtain

@ @)@ b) - (3@ (r3h, + O1by) = ab, + 10yaby =

a-b i+ tla-bxad - a-b i+ tlo’ @xb)



310 RELATIVISTIC QUANTUM MECHANICS

This approximation gives us, in accordance with (19.3) and

(19.4),
(6)={1 = o) )

() [P Gt el (). 09

Substituting (19.9) into the first of Egs. (19.2) and neglecting terms
of the order of (v/¢)*, we find

{E-—e(D - ,cg (E——e@)p}(r>=

v
P) (0"-P) — (¢’ P ( Y (19.10
— @) 0P — @)t @) — i ) (9.10)

Using the relation (19.7), we have

(¢- P) (0"~ P)=P* - i[0*(P x P)|=
=P*—(=“1(pr)+(Axp1>=P'—2’i[u'-<va)1= (19.11)
=pi-. ¢ —o -H),

where H is the magnetic field since the operator v acts only on the
vector potential A, and not on ¢,
In exactly the same way, with the aid of the relations

(0"-p) (E — e) (0" p) = (E — e®) p* — the (0+ E) (0" p) =

(19.12)
=(E —e®) p'— ihe (E-p) -+ er|a"(E x p) )
and
D ==t (E—e) =(E—e0) pi--1¢ Eup 4-tey'®,  (19.13)
where E=—y® is the electric field intensity, we may reduce the

Dirac equation (19.10) to the following approximate form:

. ps v, o p* o
(E —eb— ""2 my ) <‘L" >— [_— Bmied 2m ¢ “Smee (@H) —

AP A
4,,” (o’ (Exp)l+8f,,c -<DJ(%). (19.14)

The left-hand side of Eq. (19.14) describes the motion of a particle
with a nonrelativistic velocity in a stationary electromagnetic
field. The right-hand side of (19.14) contains an additional inter-
action energy that describes the relativistic and spin corrections.
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The first term on the right-hand side of (19.14)

yrel —___P (19.15)

T Bmic?

takes into account the correction due to the relativistic velocity of
the particle, A similar additional energy must also appear in the
relativistic Klein-Gordon equation. The classical analog of this
term will be obtained if the relativistic expression for the Hamil-
tonian is expanded in a series, retaining terms of the order of

(v/c)?

—— —— 2 13
H=VmdF pl=me:4+-L . P _
Vmict+ p oo+ 2m, 8micd "

The second term on the right-hand side of (19.14) may be written
as

ymag — _p.H, (19.16)

From this it is clear that the quantity p,:—z;flhr o’ may be treated
0

as the Dirac magnetic moment of an electron, which appears ex-
plicitly in the nonrelativistic approximation only through this
transition. This interaction energy turns out to be of the order of
v/c, From the intrinsic angular momentum [Eq. (18.6)] of the
electron

S=l}o', (19.17)

we find the relationship between S and p that is required by ex-
periment and follows automatically from the Dirac theory

4
Mg

o= (19.18)

The next term of the expansion characterizes the so-called spin-
orbit interaction

vs-°-=—T,%’E,- (¢« (Ex p)l, (19.19)

which describes the interaction of a moving magnetic dipole with
an electric field,

This interaction may also be interpreted from the classical point of view in the follow=
Ing way: a magnetic dipole moving with a velocity v (the spatial component of a tensor
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quantity) acquires an additional electric moment (space~time component of the same
tensor quantity)

| 1
Pe| = L UXP= mee pPxpos (19.20)

which interacts with the electric field of the nucleus, This additional energy of inter-
action is

Vcl eit

= Epel ==y ng [5(Exp)] (19.21)

2mie?

This classical expression for the interaction energy 1s twice as large as the correspond-
ing quantum expression [see (19,19)]. Even before the advent of the Dirac theory, an
attempt was made to explain the fine structure by the semiclassical introduction of spin-
orbit interaction, To obtain an agreement with experiment, Thomas and Frenkel sug~
gested that we substitute the coefficient 1/2 into the classical expression for the inter-
action energy (19,21), This interaction, which follows automatically from the Dirac
theory, is called the Thomas~-Frenkel correction,

In particular, for the Coulomb field of a nucleus

(p__;g’_fl’, Ezzf;uf., e=—-e, (19.22)
The interaction between the moving magnetic dipole and the
nucleus according to (19.19) becomes

/Se00— Zej  gep, (19.23)

2mictr®

where S= n0’/2 is the spin, and L==rxp is the orbital angular
momentum,

We note that there is no spin-orbit interaction for an atom in
the s state since the orbital angular momentum in this state
vanishes. Finally, the last term of the interaction, which in the
case of the Coulomb field is equal to®

E) 102
peont — Be__ve( __rthised

8mic? YR

3(r), (19.24)

is called the contact interaction. The additional energy corre-
sponding to it

AEcont S [+ /conuy iy (19.25)

2J. I. Frenkel, Wave Mechanics, New York Oxford University Press, 1938, Vol. 2,
see also (16.11), where the coefficient 1/2 appears in the magnetic moment produced by a
moving charge.

3In the derivation of (19 24), we have used the fact that, according to (4 78),

VL - —ans () - —ams (0 5 8(2) (19 24a)
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is proportional to |¥ (0)|%, and it will differ from zero only for the s
state since, according to (13.28a), only in this case |¥ (0)*£0.
For all other states (! 3¢ 0) this square of the wave function vanishes
when r=0. In this sense the contact term may be regarded as
the spin-orbit interaction for the s state. We can see now that
the last two terms in the interaction energy (19.14) characterize
the spin properties of an electron.

Problem 19,1} Show that the matrix ca is the velocity operator, and that in the case
of ™ :

PfTicle @ is not a constant of the motion, unlike the momentum operator
(p= —thy), Explain this difference, Determine in what case the average velocity

7= S $tcaddx, and so on,
will be related to the average momentum by the classical relation
v=c'f. (19.26)
Hint, From the Hamiltonian (17,21) 1t is possible to obtain the velocity operator
r= —,;— (Hr —rH)=ca,

It can also be shown that the velocity is not a constant of the motion, since o == 0, Con-
sequently, if for a given £ we take a linear combination of positive and negative energy
states [see Eqs. (18.53), (18.54)] there will exist interference terms that will fluctuate
with time (~ e* 2K%), As a result, Ehrenfest's theorems will hold only on the average
in the Dirac theory, The interference terms will disappear in the calculation of the
average value of the momentum operator,

Equation (19.26) holds only if the states with positive energies are retained (e = 1),



Chapter 20

The Fine Structure of the Spectra of
Hydrogen-like Atoms

A. STATEMENT OF THE PROBLEM.

The problem of the motion of an electronin a hydrogen-like atom
(Kepler’s problem) is rightfully considered as the touchstone of all
forms of quantum theory. There are two main reasons for this.
First, it has great physical significance, since the problem of
motion in a Coulomb field can be solved exactly. Second, the
results may be compared with experiment to a high degree of
accuracy; for example, the emission spectra of atoms can be
observed by optical and microwave spectroscopy.

The solution of the problem of motion of an electron in a
Coulomb field of a nucleus (hydrogen atom) on the basis of the
Schr'édinger equation, obtained in Chapter 13, gives an expression
for the energy

72

oy =—2"Z (20.1)
which is in good agreement with experimental data. This ex~
pression for the energy may be taken as the zero-order approxi-
mation. A more detailed study of atomic spectra shows, however,
that the spectral lines have a fine structure which, of course, must
be associated with the detailed structure of the energy levels. The
Schrodinger theory does not give an adequate description of the
regularities frequently occurring in spectra, since it neglects at
least two important facts: the relativistic dependence of mass
upon velocity and the spin properties of the electron. Both these
facts, as we already know, are accounted for by the Dirac theory,
and therefore application of the Dirac equation to the Kepler
problem gives results that accurately describe the multiplet
structure of energy levels,

As was pointed out, the Kepler problem can be solved exactly
in the Dirac theory. The solution, however, requires many
tedious calculations (much more complicated than inthe Schrodinger
theory, because in this case we have not one but four equations).
Moreover, in the course of these calculations one does not always
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perceive the physical meaning of the results, the analysis of which
is of primary importance to us. We shall therefore use a more
elementary method, based on the approximate equations of the
preceding section. This method not only enables us to obtain
formulas characterizing the fine structure up to terms of the

order of (1;—)2' but also to interpret the individual terms as

manifestations of relativistic or spin properties of the
electron.

B. RELATIVISTIC AND SPIN EFFECTS

As follows from Chapter 18 [see (18.24) and (18.25)], the wave
function of a particle obeying the Dirac equation, taking into
account the spin properties, is

V=R Y. (20.2)

Here R, is the radial part of the wave function and Y}/, is a spher-
ical spinor: for j=1-|-!/,the spin is parallel to the orbital angular
momentum and for j=1[{—1/, it is antiparallel.

Although terms of the order of (v/c)’ are not formally accounted
for in Eq. (20.2), the relationship between the spherical harmonies
in the spherical spinor that determines the zero-order approxima-
tion of the wave functionis established by the spin-orbit interaction,
which is of the order of (v/c):.

The spherical spinor can therefore be used only when the atom
is not subject to external perturbing forces of magnitude greater
than those involved in the spin~orbit interaction. If that is not the
case, the spin-orbit coupling will be disrupted and a new set of
premises must be set forth in order to establish a relationship
between the spherical functions.

Spherical spinors, just as spherical harmonics, satisfy the
equation

v Yi=—ll4 DY (20.3)
therefore, taking into account (11.17), the radial function in (20.2)

satisfies the same equation that was derived in the nonrelativistic
Schrodinger theory:

2myE;, 2my Zed L ({-+ 1))
v nt+(—_ﬁg"_n+"n3‘0 _rg— ( r‘l‘_ ') Ru=0.

l’I‘here are several cases in quantum mechanics 1in which a small interaction energy
enables us to find a relation between the coefficients of the functions in the zero-order
approximation We have already encountered a similar situation in the treatment of the
Stark effect (see Chapter 14).
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The wave function (20.2) completely determines the selection
rules for all quantum numbers. The selection rules for the quantum
numbers I, j, and n, are given by formula (18.39), while the selec-
tion rules for the principal quantum number n will evidently be
the same as in Schrodinger’s theory [see (13.48¢)], since the radial
function remains unchanged. Considering all this, we obtain the
following selection rules for a theory of the hydrogen-like atom
which takes into account spin effects:

Al=c1, 4j=0, =1, Am;=0, %=1 (Anis an integer). (20.4)

As for the expression for the energy, we cannot restrict ourselves
in this problem to its nonrelativistic value (20.1), since the
latter does not determine the fine structure of the energy levels.

Knowing the zero-order approximation of the wave function
(20.2), and also the additional perturbation energy describing the
relativistic [see (19.15)] and spin [see (19.23) and (19.24)] effects,
we may find the energy levels characterizing the multiplet struc-
ture of the spectrum.

According to formula (19.15), the relativistic correction to the
energy levels is

J 1
AETEl — 5 (W"’)Fﬁ)ﬁ Iy, (20.5)
Since in the present case

g0 — (En +Z€0)w(j)

2m,,

(o . —(\EU))* (EH—%’), (20.6)

we see that this additional energy will be independent of the solid
angles #, ¢; that is, integrating over the solid angle we get

paevpyvy=1. (20.7)

Then the additional energy characterizing the relativistic effects
is

AETel — — 2—m—c§ (EL)* -+ 2E5ZeX (r Ty -} 2%t (r%) ] =
— Rz a3
- nt I+ 4)’ (20.8)

IH . .
where a= 3 o<'/;y, is the fine structure constant.
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In the derivation of (20.8) we have used (13.29a)

)“ 1 2RZ%m, _
of BT mri )"

Equation (20.8) agrees exactly with the formula for the rela-
tivistic energy, which was calculated in identical approximation by
means of the relativistic Klein-Gordon equation [see (15.31)].

In a similar manner, with the aid of (19.23), we find the addi-
tional energy due to the spin-orbit interaction

AEs0= A (s . L) (r7), (20.9)

T 2mict

Using expression (13.29a) for (r*)

o8 VAR 1
1= (G sy

and expression (18.28) for(S - L)

he
S-L :{T_,-q for 10,
0 for 1=0,

we obtain the following value? for the energy (20.9):

3 _ Zlat (](1—' ﬁu)
siso= RN 5% 000 (20.10)

In these equations

L for j=1-+1},

20.11
4 ) for j=l—ty, GO

1=1G+ D=1+ D=5+ 1 = {

2At first glance it may seem that the spin-orbit interaction, which 1s inversely propor-
tional to the third power of the distance, cannot give a stable state. This, however, 1s not
so. At small distances the spin-orbit interaction behaves just like the relativistic inter-
action, that is, 1t 1s inversely proportional to the square of the distance. Indirect proof of
this 1s the fact that AE® ° differs from AE™! only by a numerical factor of the order of
unity
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and the quantity

0 for 30,
a,o={ for 70 (20.12)

I for [=0.

Finally, the energy corresponding to the contact interaction, accord-
ing to (19.24), is given by

AEcont — Z¢ |y (0) s,

2mc?
where
| ¥ (0) P=R3,(0) Y}f)f Yih. (20.13)

Furthermore, considering the expression for
4 Z\3
| Rut O = 130 (Z)

[see (13.28a)], and using the fact that |Y!) |’=4—IR when [ =0 and
j=1, we find

LAY
O =_"% (;;) ' (20.14)
that is,
AEcont— R £y, (20.15)

From this we obtain the following expression for the additional
energy which accounts for the relativistic effects, the spin-orbit
and contact interactions:

AE —AEFE rel {—AES-"-—{—- AEcont —

= ztf w3 (=% ___
—"Rh_nf‘[1+l/, 4 AU+ na‘“]'

3lncxdentally, Eq. (20.10) for the contact interaction may be obtained when the expres-
sion for the spin-orbit interaction (Eq. 20.10) 1s allowed to go to the limit as [ » 0, 1f we
discard the factor 310 1n 20.10. Therefore, many authors use this procedure and neglect
the contact interaction in deriving the fine-structure formula. However, the agreement be-
tween the two formulas is accidental since for the s states the numerator of Eq. (20.10) 1s
always zero, while the denominator vanishes only in the nonrelativistic approximation. In
a number of other problems, for example, an atom containing several electrons, the energy
associated with contact interaction is no longer a limit of the expression for the spin-orbit
interaction.
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Substituting here the value of ¢ from (20.11), we have*

1 4

Aan,=_m2‘°'(-_" _E). (20.16)
/+3

Therefore, summing both results [(20.1) and (20.16)], we obtain
the fine structure formula for the spectrum of a hydrogen-like atom®

Eny=Es4AE, =82 {1 +22 (J-—"—l-—%ﬂ (20.17)

2

From this it is seen that the splitting of the levels is proportional
to the square of the fine structure constant.

C. THE FINE STRUCTURE IN THE DIRAC THEORY

When we take the fine structure into account the position of the
energy levels in the hydrogen atom is found to depend also on the
total angular momentum quantum number ;. Therefore the terms
will be denoted in the following manner:

h,.:/ Rz Al 3\
oy BT 2 (= 8] oo
From this formula it is seen that the fine structure, according
to the Dirac theory, depends only on the principal quantum number
n and the total angular momentum quantum number ;. In contrast to
the Klein-Gordon theory, it is independent of the orbital angular
momentum quantum number [ (up to terms of the order of ).

“This ptoblem can be solved exactly in the Dirac theory. We then obtain a closed for-
mula for the energy levels, 1n this formula, the first expansion term (which is independ-
ent of a2) gives the nonrelativistic formula (20.1). The second term, which 1s proportional
to a2, gives the additional energy (20.16). The third expansion term, which 1s proportional
to ¢* i this approximation, can be neglected, since 1l 1s smaller than the so-called
vacuum corrections, which are proportional to a3 (see Chapter 22).

5An exact solution of the Dirac equation gives the following generalization of Eq
(15 30), which takes into account the relativistic effects in the case where spin 1s also

present:
2 2 —%
Z
Eqj = mge? [1 i I — ] —mgc? (20 17a)
(n=y—-14+4 \/(]1 v)? - 22a?)?

Equation (20 17) may be obtained from (20 17a), if the latter 1s expanded 1in a series and
we restrict ourselves to the first two terms

Since the minimum value of j 1s equal to 1/2, we find that stable motion 1n the Coulomb
field of a point nucleus, according to the Dirac theory, will extend to Z., = 137, whereas
1n the Klein-Gordon theory 1t was limited by Z ., = Zl)- 137 [see (15 33)] Such an increase of

Z ., 1s, as we have already mentioned, due to the slight compensation of the relativistic
effects by the spin effects
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The diagram given in Fig. 20.1 shows that all terms are doubly
split, since to each value of [ there correspond two values of j;
for example, instead of a single term 2p ({=—1) we now have two
terms 2pi, and 2p.,. The exceptions
E/b-0 are the s terms (/=0), for which s
can have only one value (j="''). Thus
the relativistic and spin effects some-
Idsy; what reduce but donot splitthe s terms
a2, 352 (see Fig. 20.1)
E— VR TPA + 1E. 29.1).
The degree of degeneracy also
changes owing to splitting of the energy

2py» levels. We know that the principal

- 212120,/ gquantum number may take the following
values: n=1, 2, 3, 4,.... The orbital

1,/ angular momentum quantum number !

varies from [=0 (s state) to ! =n—1.

Fig. 20.1. Encrgy level dia- The total angular momentum guantum
gram of the hydrogen atom number jtakes the valuesj=={:1_1/,(/ :£ 0)
and j=='/,(l=0) and, finally, the mag-

netic quantum number m, =—--j,..., -l-y, that is, for a given j there

are 2j--1 half-integral values of m,. The degree of degeneracy,
which is characteristic for any central field of force and is related
to the equivalence of the various directions in space, is therefore
equal to 2j--1 for particles with a spin of 1/2 (we remember that
for spinless particles it was equalto 2/ -1). In contrast to the rela-
tivistic spinless theory, the degeneracy with respect to ! is still
present when we take into account terms of the order of «? and
even the following expansion terms proportional to «! When the
finite size of the nucleus is taken into account, the degeneracy with
respect to ! is removed. We note incidentally that even greater
splitting with respect to [ is due to vacuum fluctuations (see
Chapter 22). The magnitude of the splitting of spectral lines can
be determined from the selection rules (20.4). For the Lyman
series we then have two lines (instead of a single one):

o =(lsi ,)— (i),

(weak line, since 4j=0) (20.19)
w2 =(ls _,)——'(Ilpl _.).

The Balmer series lines are split as follows:

ol =(2s0,) — (np.)),
W = (281 ,) — (np: ),
o = 2pa,,) — (5, ,),
W =2pu,)— (ns1 ),

W =(2ps,) —(nd. ), (20.20)
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and, finally, the transition 2p: , — nd.., is forbidden, because in this
case Aj=2, If the degeneracy with respect to ! is not removed,
the lines o' and v'*' coincide, since the initial and final levels have
the same values of the principal quantum number n and the total
angular momentum quantum number ;. In a similar manner we
may determine the splitting of all other lines. The lowest split
energy level corresponds to n=2. Let us consider in greater
detail the splitting of this level in the case of the hydrogen atom
(Z=1), which is the one most carefully investigated experi-
mentally. In general, the n==2 level would be split into three sub-
levels, and, according to our theory, two of these sublevels would
combine:

@)= @)= |1+ (2= )]

(2nl15)=[§[1 +542’<‘ *:)l (20.21)

The transition frequency between these levels is, according to the
Dirac theory,

AP = 2p1,) — (2py.) =R, (20.22)

which is about 1.095-10* Mec.’ If only the relativistic effects are
taken into account (Klein-Gordon equation) the corresponding
splitting is [see (15,32)]

Ra®

AoK-G = (25)—(2p)= 3 7", (20.23)

that is, the frequency is almost three times greater than the one
found from the Dirac theory. Consequently, the spin properties
of particles somewhat reduce the influence of the relativistic
effects.

The conclusions of Dirac’s theory have been accurately con-
firmed by experiment,

It is interesting to note that the fine structure of the spectrum
of the hydrogen atom was first theoretically calculated by Sommer-
feld who applied a relativistic Hamiltonian to the steady states
of the Bohr classical theory. Sommerfeld obtained [see (2.61)]

6 - R
1 Mc = 106 sec l, that 1s, the angular frequency ), expressed 1n sec l, 1s connected
with the frequency v, expressed in Mc, by the relation

w = 27 10% .
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the following expression for the relativistic theory (20.22) without
taking into account the spin effects:

2uSOMe— (95) — (2p) =22 (20.24)

Agreement of the Sommerfeld result with the conclusion of Dirac’s
theory was, however, only accidental. Sommerfeld’s theory did
not take into account the spin effects, and therefore it was unable
to predict the splitting of the n=2 level into three sublevels, the
presence of which was later confirmed experimentally.

D. EXPERIMENTAL VERIFICATION OF THE FINE
STRUCTURE THEORY

The major accomplishment of Dirac’s theory was its treatment
of the fine structure. The theory was in good agreement with the
experimental facts and was able to explain this structure as a
manifestation of the relativistic and spin effects caused by the
motion of the electrons within the atom. However, further and
more detailed studies showed divergencies between the theory and
fact. Thus, special attention was given to the 2s,and 2pi,levels
which, according to the Dirac theory [see (20.21)], should coincide
in a hydrogen atom. Among spectroscopists, doubts about the
validity of this conclusion were expressed as early as 1934. How-
ever, the techniques of the time did not allow greater experimental
accuracy, and the discrepancy between the theory and optical
observations (that is, the splitting of the levels) being small, no
great attention was paid to it. Better experimental data on this
splitting were obtained considerably later, when microwave spectro-
scopic techniques were used.

The microwave spectroscopic method was invented and rapidly
developed in the postwar years as a result of technical progress in
microwave engineering.” Microwave spectroscopy, which has now
developed into a special branch of physics, gives valuable results
when used in the investigation of nuclei, atoms and molecules.
Microwave spectroscopic methods are also applied to the physics
of solids and liquids. In 1947 Lamb and Rutherford employed this
method to studies of the 2sy, and 2p., levels, making use of
a special property characteristic of the 2si, state. This state is

7By microwave ultrahigh-frequency radio emission we mean the region of the electro-
magnetic lfectrum located in the wavelength range from millimeters to tens of centimeters
(10° = 10° Me). Successful application of microwave spectroscopy to the investigation of
atomic spectra is due to the fact that the distances between the components of the levels
split by the relativistic, spin and vacuum effects are of the same order of magnitude as the
wavelengths in the microwave region.
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metastable, since a dipole transition from the 2s,, state to the
lower lsiy, state is forbidden by the selection rules Al=0 [see
Eq. (20.4)).2

Transition from the metastable state may be associated either
with the emission of two photons (the probability of such a transi~
tion is 10* lower than that for the allowed transition), or with
a preliminary transition to the 2p level. Lamb and Rutherford
investigated the latter type.

Let us describe the general features of their experiment
(see Fig. 20.2). A beam of hydrogen atoms in the unexcited ls,
state is obtained as a result of dissociation of molecular hydrogen
at high temperatures (tungsten furnace). A bombarding beam
of electrons then excites some fraction of the atoms in the hot
beam (approximately one out of 10%) to the metastable state 2sy,.
The metastable atoms, unlike the unexcited atoms, readily give
up their energy of excitation upon striking a metallic target. In
so doing they remove electrons from the metal, The resulting
current is measured by a sensitive galvanometer.

Fig. 20.2. Diagram of the Lamb-Rutherford ex-
periments on the detection of the splitting of
the 2siy, and 2py, levels: 1) tungsten fumace
emitting a beam of hydrogen atoms; 2)beam of
electrons exciting the hydrogen atoms, 3)radio
frequency field; 4)target, 5) galvanometer

If the beam of metastable atoms is subjected in transit to a
perturbation capable of causing a 2s— 2p transition, then the atoms
will almost instantaneously pass to the lsi., state (prior to reaching
the target). As a result, the current reading on the galvanometer
is lower.

In the Lamb-Rutherford experiment such transitions were
induced by microwave radiation (the probability of the corre-~
sponding spontaneous transition, proportional to % is vanishingly
small as a consequence of the smallness of v); a strong damping

8’I‘hxs 1s correct for a dipole transition, but calculation shows that the quadrupole
transition between these states 1s also forbidden
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action, resulting in a decrease of target current, was observed at
some frequency o. This o was assumed to be the resonance
frequency which causes transitions 2s;,, - 2psy,, or 2s,, — 2py, with
a subsequent practically instantaneous transition to the lsi, level;
the energy difference between these corresponds to fiw. Thus,
one can very precisely measure the relative positions of the

levels

251/:,2/)1/2 and 2/).1/.. 9,

These measurements showed that the level 2si, is shifted
upwards relative to the level 2p.., by approximately one tenth of
the distance between the doublet levels 2p:, — 2pi/,, which is equal

to %R. The arrangement of the levels of a hydrogen-like atom

(n=2) derived from the Lamb-Rutherford experiment is given
in Fig. 20.3. The disposition of these levels according to the
Dirac theory 1s given for comparison. According to the latest
data, the shift of the 2s,, level is approximately 1057.77 Mc
or, in wavelengths, ~ 238 cm.

2Ps/2 2ps5/2
Q
N S
R Q
N
o 02
—— 2[7;/2 e —e————— 25//?;2/71/2
a b

Fig 20.3. Sphtting of cnergy levels in the hydrogen

atom a) experimental data, h) according to the Dirac

theory (neglecting vacuum effects) The frequencies

of the corresponding transitions and the distances
are given 1n Mc.

This apparently negligible discrepancy between theory and ex-
periment led to remarkable progress in theoretical physics and,
in particular, in quantum electrodynamics. This subject will be
considered in greater detail in Chapter 22,

9n the experiments of L.amb and Rutherford, the frequency of the microwave radiation
was fixed and the resonance condition, corresponding to the difference 1n the Zeeman com-
ponents between the states 25y, and 2py, or 2p3/2, was obtamned by adjusting the magnetic
field @7" Then, extrapolating the results to the case 7 = 0, the authors found the level

shaft.
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E. ANOMALOUS ZEEMAN EFFECT

The complete theory of the Zeeman effect (both normal and
anomalous) must be based on the Dirac theory, because the latter
takes into account both the relativistic and the spin corrections.
Since the anomalous Zeeman effect is due to the spin effects in
the atom, neither classical theory nor Schrodinger'swave me-
chanics was able to give a satisfactory explanation of the Zee-
man effect, and for obvious reasons.

As a starting point of the theory let us take the approximate
Dirac equation (19.14), in which these effects are taken into account

up to the terms ( %) Let the magnetic field be directed along the

z axis, that is, H,==/1,=0, .= 7", Then, using the fact that,
according to (16.16),

e o e pep PP o O
-2 Ap o — Wl I 95’

2my T 2 e T 2m,

(20.25)

we reduce Eq. (19.14), describing the motion of an electron in the
Coulomb field of a nucleus, to the form

([3 L - P_> (3!) — (Vrel L V5.0, | [cont | |/mag) (gr:), (20.26)

where VYrel | |/s.o. and Vcont are given by Egs. (19.15), (19.23) and
(19.24), respectively. Upon averaging of these terms

. .
AE, = \ (W, ) (Vrel -} /.0, Pcont) (‘{x) d'x (20.27)
we obtain the fine structure formula (20.16), that is,°

1a? n 3
AE,,=—Rn2}- (7?7 _ I\_ (20.28)

When a magnetic field is present, we obtain on the right-hand
side of Eq. (20.26) the interaction

Vmag —p, A (— i (;1- +4i), (20.29)

19Gencrally speaking, the spin-orbit interaction V" 1s of fundamental importance in
this case. Since, however, the relativistic terms are of the same order as the spin-orbit
interaction, we may set
s o
AE®° AR,
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which gives the following value for the additional energy of the atom:

armas=y, 9 § (0 (—i Jo) () dw (20.30)

¥,
The appearance of either anomalous (case of a weak magnetic field)
or normal (case of a strong magnetic field) Zeeman effects depends
on the relative proportion between the additional energies on
the right-hand side of (20.26).

Let us assume that we have a ccinparatively weak magnetic
field, whose interaction with the atomic electrons is smaller than
the relativistic or spin~orbit interaction.

Then the zero-order approximation will be expressed by the
wave functions (20.2) that are obtained when the spin-orbit coupling
is retained.

Substituting these functions into (20.30), the additional energy
becomes

im

AEMag—, 57" g | R, P rt dr 5; de (Y ny* (__,- B% .{_a:;) Yy (20.31)
p /

In (20.31) we should note that the integral over r is equal to
unity

[anl

§ | Ry Pridr=1. (20.32)
0

Substituting in place of the spherical spinors their values from
(18.24) and (18.25), and using the orthogonality condition for the
spherical harmonics

frprpaa=1,

we find the following expression for the additional energy when
F=l4")
AEmag — o [(d-mym4+(4-1—m)y(m—1)]=
20+ 1 =

= (Im— '/2) “25(-1{-{%—%)_

In exactly the same way when j=I!—1/, we obtain

AEmag=2ﬂ;ff [l —m4-Yym~+ (4 m)(m—1)] =

@ 2
= oI (m—fs) o7
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Recalling that m,=m —1/,, the last two expressions may be written
as a single formula

AEmag_-—zp.o%'gmj:oﬁgm/‘ (20.33)
where °=%§;)éi is the Larmor frequency, and the Landé g factor is
g=r5h. (20.34)

Thus, in the case of the anomalous Zeeman effect, the expression
for the additional energy contains the Landé g factor, which in the
case of the normal Zeeman effect [see (16.23)] is equal to unity..

The additional energy (20.33) does not lead to the usual triplet
splitting (normal Zeeman effect), but to a more complex splitting
pattern (anomalous Zeeman effect).

In view of the fact that m, can assume 2j-4-1 different values,
each level in the case of the anomalous Zeeman effect is split
into 2j--1 separate sublevels; that is, the external magnetic field
completely removes the degeneracy, which is present even in the
relativistic theory of the hydrogen atom.

my=1f2 = my=1/2
—/ AR I G T
744 -//2
J 3
YIRE]
3 3 o Y
- - ],
I%I/?__._._.__._!_21._._._..___..!_:!_ _____
‘//Z
a b ~//2 c

Fi1g. 20.4. Zeeman effect: a) position of the energy levels
i the absence of a field, h) anomalous Zeeman effect,
¢) normal Zeeman effect

To obtain the splitting pattern, it is necessary to take into
account the value of the Landé g factor (g==2 for the sy, states,
g=">/y for the py, states, g=1*/, for the p., states, and so on) and
also the selection rules for the magnetic quantum number m,. In
particular, when Am,=0, the emitted components are polarized
parallel to the z axis (that is, parallel to the magnetic field), and
when Am ==:1-1 the components are polarized perpendicular to the
magnetic field.
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Equation (20.33) gives us the following value for the frequency
of the radiation:

w=oy, -0 (g"m; — gm,), (20.35)

where o, is the frequency of the radiation in the absence of a mag-
netic field (% -=0); g¢' and ¢ are the Landé g factors of the 1itial
and final states; the magnetic quantum number m, of the final state
may take three values:m, —=m;, m; ' 1.

Figure 20.4b shows the splitting of the spectral levels 1% , and
2‘py, In a weak magnetic field, the Larmor frequency being taken
as the unit of the splitting, From Fig., 20.4b it is seen that in this
case there are four, and not three (as in the normal Zeeman effect)
shifted lines. The magmtude of the displacement is given by
(20.35).

In the case of a weak field [according to (20.34)] we find

2

A’“-"«' ' g:z
Hence
.lu)_, = — ——1— 0,

17
7y

wts

Amyp = Wy — 0y ==

)

Amy = t o, Amy=- — 3 (20.36)

Equation (20.34) for the [ andé g factor 1s applicable to the hydrogen
atom and to atoms having a single valence electron, In the general
case, the Landé g factor becomes

U D '

where L, §, and J are the orbital, spin and total angular momenta
of the atoms and

J=|L*S]|.

In particular, for elements of the first group (/=j, L=I, s=1},),
Egs. (20.37) and (20.34) are identically the same. The Landeé g
factor attains its maximum value for s states (! =0, j=s=1/;):

ge=2 (20.38)

For atoms with two electrons in the outer shell (for example,
helium atoms), single lines (S=0, J=1L1) are possible along with
the triplet state S=1. For the single lines we have g =1, and,
therefore, in this case spin effects should be of no importance;
only the normal Zeeman effect (that is, triplet splitting) should be
observed in either a weak or strong field.
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F. STRONG MAGNETIC FIELDS. PASCHEN-BACK
EFFECT

It has been indicated that the anomalous Zeeman effect appears
in the case of weak fields, when the external magnetic field cannot
disrupt the spin-orbit coupling.

Mathematically this means that AE™2E [see (20.33)] is much
smaller than the natural splitting of the lines AE® given by Eq.
(20.28)

AFS©0 L ALmag, (20.39)

In the latter case we first solvedthe problem by taking into account
the spin-orbit interaction; this establishes a relation between
the spherical harmonics that form the spherical spinor (18.24) or
(18.25); then we found an additional energy that leads to the
anomalous Zeeman effect, since the Lande g factor does not equal
unity.

In the case of strong fields, when the splitting due to the external
magnetic field is greater than that due to the spin-orbit interaction

AEmag - AFS:0, (20.39a)

the magnetic field ‘‘breaks’’ the spin-orbit coupling and the zero-
order approximation solutions, expressed in terms of spherical
spinors [see (18.24 and 18.25)], are no longer true.

In this case we may neglect the interactions Vrel, V5o and
\’cont in (20.26), which, when (20.29) is takeninto account, becomes

£ = L))o (g ), e

\

Using the fact that the functions ¥, and ¥, must be proportional to
the spherical harmonics Y, with —i g,‘; YP=mYP, we find two

independent equations for these wave functions:

(E 28— — e (m 1)) ¥, =0,

e (20.41)
Ze3 s .
(E + ——:— — "EDE' — X (m— 1)> v,=0,
from which it is evident that the additional energy equals
AER 8 =pg " (n+2m,), (20.42)

and
A (AE ) mog==po " (Am - 28m,);
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that is, the wave function ¥, corresponds to the case in which the
electron spin is directed along the magnetic field (m;="1/,), and the
wave function ¥, corresponds to the case in which the spin direc-
tion is opposite to that of the magnetic field.

If we choose m such that the same energy value is obtained
for both functions, then we must set m;=m — 1 for the function ¥,,
and m,=m--1 for the function ¥,.

In this case the wave functions

W, =R Y™, W,=Ru¥Y/" (20.43)

will be mutually orthogonal, so that

[

S W, g = g | R, Pr*dr JZ d2(Yp-1) Ymri=0.  (20.44)
§

Since the interaction between the atom and the external magnetic
field (20.29) contains only the matrix o¢;, which does not couple the
wave functions W, and W,, transitions from the state with m,="'/; to
the state with m = —!/,, induced by this interaction, will be for-
bidden in this case and hence Am =:0

Taking into account this circumstance, and also the selection
rules for the quantum number m (Am==0, -'.1), we find from (20.42)
an expression for the Zeeman splitting of the spectral lines

Aw=0Am =0, *+o, (20.45)

which agrees with the result of Schrodinger’s theory, which explains
the normal Zeeman effect (triplet splitting of the spectral lines).

Thus, in strong fields (AEMag™>.AES%)  the anomalous effect
becomes the normal effect, which is in agreement with experi-
mental data (Paschen-Back effect). It is interesting to note that
the passage from the anomalous Zeeman effect tothe normal effect
can be illustrated by Fig. 20.4, if the Landé g factor is set equal to
unity (see casc c). Then the splitting will be

Au!l::.'lu)zzo, A(u.‘=o,and Aoy=—o0;

that is, we obtain three components of the split line instead of four,

In special cases, when AE™°<CAE™?8 for one energy level and
conversely AES:9>> AE™M@E for the other level, or when the energies
of both levels are of the same order of magnitude, the Zeeman
splitting becomes complex. Since these are all special cases, we
shall not elaborate them here.
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Problem 20,L) Investigate the diamagnetism and paramagnetism of atoms by placing
them

ant homogeneous magnetic field(H, =H,=0,H,=4"); contrary to the
invesdgation of the Zeeman effect, keep all terms con[ain.lng X as well as terms pro-
portional to ¢J¢"* in the Hamiltonlan [see (20,25)].
Indicate the atoms in which diamagnetism may be observed,
OSosl)ution. When terms portional to <7 %are taken into account, we have, instead of
(20,2

pﬂ pl
Ty . 2mg Pt 5, 649 + g 8m c“ (57 X

Consequently, on the right-hand side of (20.26) we have another term

deam _ (¢* 4 3) - ¥73,

Sm Mac®

which in conjunction with (20,33) gives the following expression for the additional energy
of an electron in a magnetic field:

mag _ D' Y AR (20,46)
AETE = ol gmy + 12mget "

Here when calculating the perturbation energy proportonal to 1*-} % we have used the

spherical symmetry, which must occur 1n the zero-order approximation(.% —=0), and

have set

d 9
g‘lf"(x’—}-v*)‘l‘ A3y = ? \ Ui poy 48, ._,;; r

Hence the magnetic moment of an atorn in a magnetic field is

AE™aE e 07r! diam
atom__ __ a L = — pogm, — b,:?':;"-' —egParamy i (20.47)
The latter relationship is a generalization of a familiar equation relating Af, M88 10"
in the case where A/Mag is a nonlinear function of . ",

The diamagnetism of atoms {s characterized by the second term of Eq, (20.47), which
is proportional to /%"

The magnetic susceptibility per gram-atom is

"o?f)?' = omaet (20.48)

where N is Avogadro’s number,
The quantity /diam is never zero and must always be negative (r* > 0). ‘Therefore,
the diamagnetic effect must occur in all atoms,
As for the first term on the right-hand side of Eq, (20,47), which is proportional to
3

my, it may take either positive or negative values, since m, = 1. 3 L I A A

, L
In a state of thermodynamic equilibrium, however, the negative values for m;, which

give a smaller value for the energy, will be preferred. On the average we therefore
obtain a positive value for the paramagnetic susceptibility !!

yparam__ pig? 10+n
) RT3 ¢

Expression (20.47) is obtained for a weak magnetic fleld, when the anomalous Zeeman

effect occurs, It can, however, be easily extended to the case of a strong magnetic field,
To do this we must set g=1, m,==m in (20,47) [see (20,42)].

Hgee R Becker, Electron Theory.
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Since the paramagnetic susceptbility is considerably larger than the diamagnetic
susceptibtlity (yParam ‘s, 7 diam), the atoms exhibit paramagnetic properties when ;7 0,
For hydrogen-like atoms j differs from zero (the minimum value of ; equals !/.) and,
therefore, they are always paramagnetic, Only for atoms with an even number of
electrons can the quantum number j vamsh (for example, parahelium in the ground state,
see Chapter 24), Such an atom will be diamagnetic,

Problem 20 2) Adding geometrically the orbital and spin angular momenta, show that
the ™ .

eeman effect is associated with the fact that the total magnetic moment
p is not parallel to the total angular
momentum J, With the aid of the geo~
metric model, also explain the Paschen-
Back effect,

Solution, First let us find geometri~
cally the angular and the magnetic mo-
ment vectors

J=L+S, p=-— 2 (L429)

Lemm 2myc
0=y
In the geometric representation (see
Fig, 20,5) 'we may choose the scale so
R €o
- —_——— immaterial at
that p Snig (it 1s ial
'*_\ the moment whether the vectors are
L=py parallel or antiparallel),
Then

Fig 20 5 Geometric interpretation of the
anomalous Zeeman effect =L, and g, =28;
that 1s, the total magnetic moment p will undergo two rotations 1n a magnetic field: one
with an angular velocity o around the direction of the total angular momentum (this
angular velocity corresponds to the frequency associated with the transition between
components of the spin-orbit splitting of the spectral lines« - Ra®), and the other corre-
sponding to the Larmor frequency of precession around the direction of the magnetic
fleld H(H,=H,=0, .=,1").
When o 7 o, the additional energy should be calculated from the relation

-

: p-NJ-H
Agmag;-_,_dg(_*__

Since the magnetic moment is directed on the average along J, we have
A £ 2% = gohm,

e o
where 0 == -, H

Dtge , and the Landé g factor is equal to

g=—lj—cos (L) +2 %cos (§-J).

Substituting the values of the cosines of the angles

: 1248 2 __ G2 3
cos(S.J)-;'J__TZJST*___. cos(L'ﬂ:L_'§JL+[““

and remembermg that J3 — A%J(J+ 1), and so on, we obtain the expression (20,37) for
the Land€ g factor, Let us pay attention to the fact that if the vectors p and J were
parallel, the Land€ g factor would be unity,
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In strong fields o>« we must consider independently the rotation of the orbital and
the spin moments p around the z axis, Then the additional energy becomes

SEMg = — .y =X (1, 425 = oft (m 41,

which leads directly to the normal Zeeman splitting (Paschen-Back effect),

¢Problem 20,3} By means of the relativistuc scalar wave equation and the Dirac equa-

tiofl, - equency of the allowed transitions between the n==2 and n=23 states,
Show that, according to the Dirac theory, there are seven lines, five of which are distinct,
and that, according to the scalar theory, there are only three distinct lines,



Chapter 21

The Effect of Nuclear Structure
on Atomic Spectra

A. INTRODUCTORY REMARKS

As has been mentioned in Chapter 13, theposition of the spectral lines is shifted when
the finiteness of the nuclear mass is taken into account, The Rydberg constant R in the
expression for the energy of a hydrogen-like atom

En=_£_h_2’ (2L1)

n?

is somewhat reduced and becomes equal to

R=Rw(l-%‘1) 2L2)

where

. Moe)
Reo=ps-

is the Rydberg constant corresponding to infinite nuclear mass, Consequently, the
Rydberg constant will have somewhat different values for hydrogen, deuterium, and
tritium, With the great accuracy attainable in modern spectroscopic techniques, this
effect can be used to detect the presence of different isotopes (see Chapter 13),

In a similar fashion, the finite size and the magnetic moment of the atomic nucleus
have certain effects on atomic spectra,

B. EFFECT OF THE FINITE SIZE OF THE NUCLEUS

When the motion of an electron in the field of a nucleus is treated as a problem in
classical theory, it is quite immaterial whether the nucleus 1s regarded as a point or as
a particle with finite dimensions, All that matters is that the electron should at all
times be outside the nucleus and that the nuclear charge should be spherically sym-
metric, since the potential outside a spherically symmetric charge distribution is the
same as the potential of a point charge,

In quantum mechanics the situation i{s somewhat different, The wave function must
differ from zero inside the nucleus; therefore, there 1s a certain probability (however
small) that the electron will be located inside the nucleus, Consequently, the charge
distribution inside the nucleus must in some manner influence the energy levels of the
electrons in the atom,

To estimate the effect of the finite nuclear size on the energy spectrum of a hydrogen~
like atom, we shall assume that the nucleus can be represented by a sphere of radius
Ry with charge distributed uniformly throughout the volume, The potential energy will
be given by (see Fig, 2L1)

4{) for r<R,, 2L3)
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A+
=—%2 for r>Ry (214)

The shift of energy levels due to the finite size of the nucleus can be calculated with
the help of perturbation theory, We shall assume that the perturbation energy consists
of the difference between the potential energy of a point nucleus and the potential energy
of a nucleus with charge uniformly distributed over the nuclear volume

vol __ N _1__ 1 3 1 r 21.5
|4 -—Zeo(r Rw&(—‘z——-i ﬁ‘-}:,))'(r)' (2L5)
with
1 for r<R,,
«r={y @ 1o R (216)

The perturbing force therefore differs from zero only inside the nucleus,

r=/?~ ,

T
1
[
|
i

Fig. 21.1 Potential energy with the
finite dimensions of the nucleus taken
into account The dashed curve shows
the variation of the potential energy
which would be obtained inside the
nucleus, 1f the potential were de-
scribed by the Coulomb law both inside
and outside the nucleus

——

In first-order perturbation theory the shift of the levels is given by
AEvol — S 4,mvol ydix. @2L7)

Since |{ |* does not change appreciably in theregion r << R, this integral can be readily
evaluated by substituting for |{ |* its value at the origin,

r

s —zaivor | n[3-d(4-4 )r-

=Fzary 14 O (218)
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Substituting the expression (20, 14) for |¢ (0) |*, we obtain

4 2 p3
Z alo NE .

aznl 2

(2L9)

vol .__2_

that 1s, 1n nonrelativistic theory, the shift of the energy levels 1s different from zero only
for s states ({=0).

R 2
It can be shown that for p levels this shift will contain a factor of the order (—ly)

a

3 R\ 4 "
(where a,,—_—a.,n7 ), and for 4 states a factor of the order of ( (IN) , and so on,! Con-
< n

sequently, the shift in the energy levels for p and d states can be neglected 1n the first
approxamation,

For hydrogen, the first-order shift in the energy levels is about 1 Mc; this is much
too small to account for the Lamb shift, which is equal to approximately 1,057 Mc (see
Chapter 20),

The volume of the nucleus is important in connection with the isotope shift, that is,
the shift {n the energy levels of atoms with the same atomic number Z and different
mass numbers A, The chief factors that give rise to the isotope shift are the different
masses (the mass effect) and different volumes (the volume effect) of the isotopes, The
mass effect is manifested in a shift of the spectrum lines towards the ultraviolet as the
mass number A increases, For example, for Z=1 the highest frequencies are found
in tritium with A—3, then deuterium with 4 =2, and, finally, ordinary hydrogen with
A=1 [see (2L,2) and also Chapter 13], On the other hand, the volume ettect 1s mani-
fested in a shift of the spectrum lines towards the infrared as A increases, For instance,
1t can be seen from Egs, (21,1), (21.9) and (21,13) [see below], that the energy levels of a
hydrogen-like atom will be given by the following expression when the shift due to the
volume effect is taken 1nto account:

2 208
f:‘,,——-—f@%l—% %HBA““).

Experiment shows that an isotope shift towards ultravioletis observed in elements whose
atomic number Z is less than 40-50. For elements with a larger value of /Z an {sotope
shift in the opposite direction is observed, that is, towards the infrared, This indicates
that, for relatively light elements, the isotope shift is caused mainly by the mass effect,
whereas for heavier elements it is caused by the volume effect, This, however, is a
rather simplified picture of the 1sotope effect, and other features associated with the
structures of the atom (for example, nuclear spin and polarization of nuclei by electrons)
also have to be taken into account,

C. MESIC ATOMS

The finite size of the nucleus has a particularly important effect on the position of
energy levels in a mesic atom—an atomic system consisting of a p meson revolving about
a nucleus, The p meson is a particle that has the same spin as the electron (that is, spin

1
To calculate the shift of the p levels we must substitute the second term in the ex-
pansion of l\lll(r) into (21 7), namely,

dyn) 2

dr lr-o0

since the main term |\IJ(0)|2 vanishes for p states

lyael? = 2
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1/2 in units of #) and a mass 207 times greater (m, ==207m,), so that the p meson is
basically a ‘‘heavy’’ electron, Mesic atoms can be produced by passing negative 1 mesons
through matter, After losing its energy and slowing down, a p meson may be captured
in an orbit about a nucleus, forming in this way a p-mesic atom, Mesic atoms have
been obtained for almost all elements of the periodic system, from hydrogen up to
the heavy elements (uramum, neptunium, and so on).?

The motion of a p meson about the nucleus is determined mainly by the Coulomb
attraction, just like the motion of an electron, A p meson, however, also has nonelectro-
magnetic interactions with the electron-neutrino and nuclear fields; these interactions
may result in spontaneous decay of the p meson 1nto an electron, neutrino, and antineutrino
(the lifetime of a p meson at rest 1s == 2,2 x 10~6 sec), The p meson has, in addition,
a definite probability of being captured by a nucleus, Thus the lifetime of a p~-mesic
atom Is determined by two competing processes: natural decay of a p meson into an
electron, neutrino, and antineutrino and nuclear capture of the p meson, In light mesic
atoms (Z << 10) the probability of the first process is greater than the probability of
the second; that is, the lifedme of a mesic atom is determined by the lifetime of a
p meson at rest (t~ 107° gec), For 7 > 10, nuclear capture begins to predominate
and the lifedme slowly decreases to ~ 7-10°8 sec (for Z = 82).3

In the theory of p-mesic atoms, ordinary electrostatic interaction plays a funda~
mental role, In the first approximation, we can regard the nucleus as a point charge
and calculate the energy of the mesic atom and the radius of the orbit using the equations
derived for an ordinary hydrogen-like atom, replacing the electronic mass by the mass
of a }i meson, Then the energy and radius of the orbit will be given by [see (13,33),
(13.45)

m,Z%} ht n?

En= =34 "m=p a7 (2L.10)

where m,=20Tmo, It can be seen that the energy of the p meson in a mesic atom is
207 tmes greater than the corresponding energy of an electron in the atom, and that the
radius of the orbit on the contrary is reduced by the same factor, If electrons remain
in the atom along with the p mesons, they will move about the nucleus in considerably
larger orbits than the p meson and therefore cannot exert a significant influence on the
1 meson rotating around the nucleus, A mesic atom, therefore, may be regarded as a
hydrogen-like atom that can have both large and small values of Z.

Since the radius of the ‘‘Bohr’’ orbit of the meson {s 207 times smaller than that of
the electron orbit, the probability that the meson will be located in the nucleus is con~
siderably greater than for an electron in a hydrogen-like atom, The main correction to
the energy levels of a mesic atom will therefore come from the volume effect, The
equation for the energy of s states can be obtained from (2L9) and (2L 10) by replacing
the Bohr radius @, by the corresponding radius in a mesic atom

)
0“=mo (2L11)

obtaiming, therefore,

m,7e} (1 4 Z’R‘iv) )

Euto=="gps \!| =5 Szt~ @L12)
>

2These subjects are treated in more detail in a paper by D D Ivanenko and G E Pus-
tovalova. Uspekh: fizicheskikh nauk, 61, 27 (1957)

3For m mesons, which strongly interact with nucler and are responsible for nuclear
forces, the lifetime with respect to decay into a ;2 meson and neutrino 1s equal to 2 6 X
1078 sec, whereas the lifetime with respect to capture by a nucleus 1s many times smaller
In particular, for 7-mesic hydrogen the capture time of a negative pion from the orbit 1s of

the order of 107 '% secc

N
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Using the fact that the nuclear radius is related to the mass number A ~ 2Z by the
expression

Ry=RiA"" =Ry (22)'8, (2L13)
where R, = const, we obtain in the first approximation
m, 7%} 4.2 Ry \?
B o= = 125 20 (2] 2L 1)

It follows that, for the s levels, the energy correction due to the nuclear volume will
be proportional to 7*/4, and therefore attains very large values for heavy elements,

In heavy elements, the orbit of a p meson may even be inside the nucleus, at large
Z and small n, The Bohr radius of the mesic atom becomes equal to the nuclear radius
forZ=1/7 or = 45

For orbits inside the nucleus (£ > Z.), the main part of the potential will no longer
be determined by the Coulomb law (21,4) but instead by formula (21,3) which corresponds
to the potential of a three-~dimensional harmonic oscillator (on the assumption of a
simplified model of the nucleus in which the charge is uniformly distributed over the
volume), Thus the energy has to be determined from the following equation instead of
(13.4):

d*R 2 dR | ?m,
dr? +7 dr + pe X
2 32e) 1 Zeirt 1t {-DHnty, (21,15)
R e e [

In Eq. (2L, 15) let us change the variable by setting R= V rR',r=} ¢. Since

2R — gp¥a (TR, 2 AR, 3
V:R=4p (a'p” + b dp +1692 R

it follows that the equation for the energy of a three-dimensional harmonic oscillator is
formally identical wath the equaton for the hydrogen-like atom

a*R' 2 dR' 2B C
T L T (A2 2\ pr = 2L16
de* T p d9+( A4S P")R—O' @Lie
but has different values of the constants, namely,
AN _om, 3Ze;
A= aneryy B=anr (B g, )
c=g(rri=F)=rc+n, (2L17)

To determine the eigenvalues of the energy we may use Eq, (13,20), according to which

B '
-V—:.‘-l +E4 1L

Substituting for B, . and /' their values from (21 17) and using the fact that k=rn — {— |,
we can find the energy of the meson in an orbit inside the nucleus:

Eyp=—Vod-hu 2k F1+422), (2L18)
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where the frequency of mechanical vibrations of the three~-dimensional oscillator is

(o::]/jj: .

’"u,R?v

The quantity 8/,fio represents the zero-point energy of the three-dimensional oscillator;
1t is three times greater than the corresponding zero-point energy of a one~dimensional

3 3
%;- ;’;\9' is the greatest depth of the oscillator potential well,
Equation (21,18) is correct on the assumption that the potential energy varies in ac-
cordance with (21.3) from zero to infinity, If the finite size of the nucleus is taken into
account, an additional energy is obtained that represents the difference between the
potential energy of the particle in the oscillator well and its potential energy in the
Coulomb field (this difference being averaged over the space outside the nucleus), The
equation for the additional energy is

oscillator, The quantity V,=

food
AE vol = Z¢§ t" o\ |§? [Rl— (%*—*;\,) —-%] ridr.
) " N N, (2L19)

X

Since the wave function of a spherical oscillator is similar to the wave function for a
Coulomb field (it is determined from the same wave equation with r replaced by p =r?),
it decreases exponentially as r increases, The

correction (21,19) is therefore significant only 28/,
when the radius r, of themesicatomsis close
to RN'

As an example, let us consider the 7p — 1s 2Py,
transition in lead (7 = 82), If the mesic atom 2P,

of lead {s assumed to have a point nucleus, the
energy released in this transition can be found
from (21,10)

/S,/y

Im. 72l Iig 21.2 Energy levels in a mesic
Es—FE;j=—== gﬁ'-'—g =14 Mev, (2L20) atom

The relativistic and spin effects in the 2p, e Isy ;, transition increase this energy by
the amount :

A(AE) 222 Mev, (2L.21)

Incidentally, such a significant role of the relativistic and spin effects is due to the fact
that the energy is expanded in terms of (Z2)®, This quantity is comparatively large for
lead (Z= 82, a= 1/137), Comparison with experiment shows, however, that in this
transition an energy of 6 Mev is liberated instead of the predicted 16 Mev, This dis~
crepancy between theory and experiment arises because the | s state for lead lies inside
the nucleus, In the 2p state the orbit lies outside the nucleus and the volume effect of
the nucleus is small, If we take the energy of the Is level from (2L 18), and the energy
of the 2p level from (21,10) for a point nucleus, the energy of the 2p - - s transition
will be 3.6 Mev, If we add to this the correction (21.19) for the energy of the Is level,
the energy of the transition will come to about 5 Mev, which is relatively close to the
experimental value,

A study of the multiplet structure of the ?p level in mesic atoms enables us to
determine the spin of a p meson, For a particle with integral spin, the level splits
into an odd number of components (for spin O no splitting occurs, for spin 1 three lines
are observed, etc,), Since the 2p level splits into two components (2p;,, and 2ps,, ), it
was established that the spin of a p meson is 1/2, On the assumption of a point nucleus,
the theoretical splitting calculated from Egq, (20,17) should amount to about 0,55 Mev,
with the 2p,, and 2s1/, levels coinciding, When the finite size of the nucleus is taken
into account "in a mesic lead atom, the splitting of the 2ps/, — 2p1,, levels is reduced
to 0,2 Mev and the 2s, sy level is raised above the 2p,, level, This s illustrated in
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Fig, 2L2, From the above data it follows that heavy mesic atoms will emit gamma
quanta having energles of several Mev, Lighter mesic atoms emit x~-rays,

Because of the significant influence of the size of the nucleus on the spectra of heavy
mesic atoms, the charge distribution inside the nucleus can be determined from an
analysis of the spectra, It has been found that the value that should be substituted for
Ko in the formula for the electromagnetic radius of a nucleus with mass number .1:

Ry= RoA'/s (21,22)

ts L2x 10~13 cm rather than L4 x 10-13 cm (the value assumed for nuclear inter-
actions),

Similarly, the multiplet structure of the spectral lines of mesic atoms can be used to
determine the magnetic moment of the ;1 meson; {ts value is close to the muon magneton

A— LS (21.23)

where the Landé g factor is g=".

The theory of p-mesic atoms {s based mainly on electromagnetic interactions, By
contrast, in the theory of m -mesic atoms, a great part is played by the nuclear inter-
actions, the theory of which is far from complete, Further experimental study of
mT-mesic atoms and an explanation of the semiempirical laws that describe their be-
havior will have important bearings on future work in the theory of nuclear forces,
These topics, however, lie beyond the scope of this texthook,

D. APPLICATION OF THE DIRAC EQUATION
TO THE NEUTRON AND THE PROTON

The Dirac equation describes the motion of particles with spin 1/2, It applies to
electrons as well as to protons and neutrons, In the presence of an electromagnetic field
it is necessary to take Into account the charge of the proton, as well as the so-called
anomalous magnetic moments of the proton and the neutron, We recall that the energy
of interaction between a charged Dirac particle and an electromagnetic field is

Ve=eh—¢ 24 . (2L24)

In the nonrelativistic approximation this expression contains a magnetic moment due to
the intrinsic (spin) angular momentum (1 '20)

eft
2mgye ° (21.25)
This quantity is known as the kinematic or Dirac magnetic moment, In passing to the
relas}vistlc equation, we must replace the mass m,in Eq, (2L25) by its relativistic value
un
V1—p*
the velocity of light (v ~ ¢),

In addition to the Dirac magnetic moment, which appears only in the nonrelativistic
approximation and which depends on the charge, a particle may heve an anomalous
magnetic moment that does not vanish even in the relativistic case and is independent
of the particle’s charge,

We shall now find the energy of interaction due to the anomalous magnetic moment,
The energy of interaction (2L24) of an electron with an electromagnetic field isa
scalar quantity, since in four-dimensional space (P ==/, A, =24, 1, =A,; A,=ds
In the same way the unit matrix 1 is the fourth component of the velocity matrix ap
(that is, a,==11),% 'The interaction energy (21,24) may, therefore, be represented as a
scalar quantity in four-dimensional notation

Pe ==

and, therefore, the Dirac magnetic moment vanishes as the velocity approaches

Ve=—e Z au Ay (2L26)

*More precisely, the quantity j,, = er‘df*'!,u,w [see (17 32)], where @ = ap 9,3,%4 =11, will
transform as a four-vector
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The electromagnetic field forms an antisymmetric tensor of second rank
94, d4,

M=y, ~x, " @1.27)
where :
xy==lict
It follows that
Hy=Hys, Hy=Hy, H,=1l\s,
IEg=Iy, 1Ey=H,, iE.==Hu,. (21.28)

The interaction energy of the anomalous magnetic moment with the electromagnetic field
is, therefore, given by

]
\
Va=p Y ol (21.29)

w, v=1

where ¢,, is a second rank tensor composed of the Dirac matrices,5
Using the rules for transformation of a wave function under the Lorentz [see (17.38)]
and spatial rotations [see (17,39)], we can show that the quantities

Oy == Iy, Ugy = PO yn == pg0g, a -:——-[)_.3,
3 == Py 31 PaSuy 1 P39 1t Pt (21.30)

@y == — P9y, Ugg == -= 1,0y

are the matrix elements forming a secondranktensor, The energy of interaction between
the anomalous magnetic moment and the electromagnetic field takes the form

Vp=plpso-H 4 pso-E) (21L.31)

An electron has a charge, a spin, and also a Dirac magnetic moment, Its anomalous
magnetic moment is relatively small (see below), A neutron has no charge, but it does
have an anomalous magnetic moment; this magnetic moment determines the interaction
between the neutron and the electromagnetic field, As for the proton, it has both a
charge and a spin, and hence a Dirac magnetic moment; in addition, 1t has an anomalous
magnetic moment, It should be noted that nuclear interactions are of great importance
1n the theory of nucleons,

E. EXPERIMENTAL DETERMINATION OF THE MAGNETIC
MOMENT OF THE NEUTRON AND THE PROTON

The procedure for determining the magnetic moment of the neutron, proton, and
complex nuclei is basically the same as for the magnetic moment of the electron (the
Stern-Gerlach experiment), The basic principle consists in applying a magnetic field
perpendicular to the direction of motion of the particle, The particle will react dif-
ferently depending on whether its magnetic moment is oriented parallel or antiparallel
to the field,

Let us first consider the possibility of determining the Dirac magnetic moment
and the anomalous magnetic moment of a free particle, Suppose a free particle moves
perpendicularly to the z axis, The Hamiltonian describing its motion has the form

H= cp1axpx + cp10yPy -+ patitoc™. (2L32)

The component of the intrinsic angular momentum perpendicular to the direction of this
motion

fa,, (21.33)

SMore precisely, the quantity ¢+"'uu Yy 1s a second rank tensor
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does not commute with this Hamiltonian, The component of the total angular momentum
along the 2 axis does commute with the Hamiltonian

1
=Y pe—2xpy+ 5 hog (21.34)

and can therefore be determined exactly together with the energy,

Let us evaluate the error in the determination of the orbital angular momentum by
means of the uncertainty relation, If the origin of the coordinate system is taken to be
at the center of the wave packet, the error in the orbital angular momentum will be

AL, == Aydp, — bxdp,,.
h h
In accordance with the uncertainty relation, we have 4p,~ i dpy ~ iy° Since the
errors may be either positive or negative, we find

|4y ] IA_«\?I>
IALz|~fl(]MI 1ay1)" (2L.35)
The error AL, will be minimum when |Ax|=|Ay|, Thus the error AL, due to the

translational motion of the particle 1s of the order of the spin, and therefore the per-
pendicular components of the intrinsic angular momentum and the Dirac magnetic
moment cannot be determined simultaneously,

z
Pola;‘/izer S Hy=co ns'tb. Analyzer
pin Do v Spin
Spin Neutron 4 NS
Neutron beam l Iy
o / Z | Transmitted
s Polarized s neutrons
neutrons

Fig. 21 3 Expenments for determining the magnetic
moment of the neutron

We recall that the Stern~Gerlach experiment allowed for the determination of a mag-
netic moment of a bound electron; since, however, the orbital angular momentum in the
s state is zero, it was the spin (or Dirac) magnetic moment that was actually measured,

In accordance with (21.31), the Interaction energy associated with the perpendicular
component of the anomalous magnetic moment is

Vi = 1pads A (2L.36)

This component commutes with the Hamiltonian (21.32) and can therefore be measured
exactly, Consequently, it is possible to measure the magnetic moment of a free neutron
when the magnetic field is perpendicular to its motion, as was done by Bloch and Alvarez
(1940),° In their experiments when a beam of neutrons was passed through a piece of
magnetized iron,” the most pronounced scattering was observed for those neutrons whose
magnetic moment was parallel to the magnetic induction vector inside the iron, The
emerging beam consisted, therefore, mostly of neutrons whose magnetic moment was
antiparallel to the magnetic induction vector, If the neutron beam passes now through
two magnetized iron plates in succession, the experiment is completely analogous to
the transmission of light through two Nicol prisms; that is, the first iron plate acts as

°Snmllarly, it may be shown that only the longitudinal component of spin commutes
with the Hamiltonian In principle, therefore, 1t also can be measured expenimentally

7Neutrons have no electric charge and they pass quite freely through matter Actually,
their only interactions occur on collisions with the nucler.
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a polarizer and the second as an analyzer, This phenomenon was used to determine the
magnetic moment of the neutron,

A schematic diagram of the Bloch~Alvarez experiments is given in Fig, 213,

Unpolarized neutrons moving along the direction of the .x axis pass through the
polarizer (first iron plate, with a magnetic induction vector directed upwards), The
emerging beam consists mostly of neutrons whose magnetic moment is directed down-
wards, These polarized neutrons will pass freely through the analyzer if its magnetic
induction vector is directed upwards, like thatof the polarizer, On the contrary, they will
be transmitted much more weakly if the 1ron plates are oppositely magnetized,

Between the polarizer and analyzer there is a device that reorients the neutron
spin, This device is similar in principle to the one used by Rabi in his nuclear magnetic
resonance experiments to determine the magnetic moment of the proton and of heavier
nuclei, The basic principle of the instrument is as follows, In the space between the
polarizer and the analyzer, a relatively strong, constant magnetic field is applied
parallel to their magnetization vectors (see Fig, 2L3). A neutron whose magnetic
moment i{s antiparallel to this magnetic field acquires the additional energy

AEAMU— o, (21,37)
1f, however, the magnetic moment is parallel to the field, the neutron loses an energy
AEPY = . (2,38)

In addition, there is a relatively weak oscillatory magnetic field // applied perpendicu-
larly to the field ,7¢
Hy=A cos opt,

This oscillatory field will reorient the spin of the neutron particularly strongly when the
frequency o, is close to the resonance frequency

Apanti. ppcpar =2;L,,.9‘['
PR

W (2L39)

g ==

At this resonance frequency, the number of neutrons undergoing a reorientation of the
magnetic moment reaches its maximum value, To find when this happens, it is necessary
to determine when the number of neutrons passing through the analyzer is minimum in
the case of parallel magnetic induction vectors, or maximum 1in the case of antiparallel
magnetic vectors,

Once the frequency «, has been determined (it is, in effect, twice as great as the
Larmor frequency of precession), the magnetic moment of the neutron can be found,
According to recent data it {s equal to 8

pa=—-19131p )

where the unit for measuring magnetic moments 1s the nuclear magneton

et my ] _ L 10-2 . -1
P nuel™ 2mpe” ~ my, Mo= Jgzg¥o =005 1072 erg - gauss=,
where i, is the mass of a proton and 4, is the Bohr magneton,

From the resonance frequency of the oscillatoryfield, we can determine the magnitude
of the magnetic moment but not its sign, If, however, we replace the oscillatory magnetic
field by a rotating magnetic fleld, we can also determine the sign of the moment, since
for resonance it is necessary that the vector equation ®o==— 20 should hold, where

A

0 == - ]

shows that the magnetic moment of the neutron, just as for the electron, is directed
opposite to the spin,

is the Larmor frequency of precession of the neutron spin, The minus sign

'Sublequent improvements on the Bloch and Alvarez experiments are described in
E. Segre, Experimental Nuclear Physics, Vol. 1, 1953,
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The resonance frequencies at which the magnetic moment of a neutron, proton, or
other nucleus s reoriented in a field <7¢" ~ 10! oersted are in the microwave region,
From (21,39) these resonance frequencies will be of the order of 10° Mc (this corre-
sponds to a wavelength of several meters),

The magnetic moment of the proton can be found only in a bound state since the proton
is a charged particle and therefore has a Dirac magnetic moment in addition to the
anomalous magnetic moment, The experiments cannot be carried out with individual
atoms, but only with molecules in which the electron spins cancel out, For instance,
the magnetic moment of the proton can be found by applying the method of nuclear mag-
netic resonance to the H, molecule, To obtain molecules with polarized protons, we do
not pass them through magnetized iron (H; molecules do not pass through iron), but
instead split the beam by passing it through an inhomogeneous magnetic field in the
same way as in the experiments of Stern and Gerlach, This method of measuring the
magnetic moment of a proton was first used by Rabi (1934), even before the experiments
of Bloch and Alvarez,

‘The magnetic moment of the proton has a positive sign; that is, it {s parallel to the
spin, It is equal to p, == 2,7928 (in units of a nuclear magneton), It contains two
components: one (p, = 1)? corresponds to the Dirac magnetic moment and the other
(pgnom = 1,7928) to the anomalous magnetic moment, The anomalous magnetic mo-
ments of the proton and neutron are approximately equal and have opposite signs, The
magnetic moments of the deuteron (ppy==+-0,8573) and other nuclei have been deter-
mined by similar methods,

One of the main results of the experimental determination of the magnetic moments
of nuclel was the fact that they are of the order of the nuclear magneton, whereas the
magnetic moments of atoms are of the order of the Bohr magneton, which is (m,/m,)
times larger than the nuclear magneton, This difference served initially as a strong
argument in favor of the proton-neutron model of the atomic nucleus, according to which
electrons (which have a large magnetic moment) are not present in nuclei,

¥. HYPERFINE STRUCTURE OF THE
HYDROGEN SPECTRUM

The hyperfine structure of spectral lines is due to the interaction between the mag~
netic moment of the nucleus and the magnetic moment of the electron, If the nucleus of
the hydrogen atom (Z= 1) has a magnetic moment p = pya,, where o are the
Pauli matrices acting on the wave function of the nucleus, it gives rise to a magnetic
fleld

.9
A=VxPE H=Vx A
This magnetic fleld acts on the magnetic moment of the electron . == — p,¢' (¢' acts on
the wave function of the electron), which results in an additional interaction between
the nucleus and the electrons and leads to the hyperfine structure of the energy levels

h.s.

4 =_(p'H)=F'DP'p°'(v)( V x Er£)=

(21,40)
=ty (€D ET) £ — @ V1)

In the first approximation we may assume that there are no preferred directions and,
hence, making use of the equations

6"V (0, V)= —;— CREMAvA (21.41)
and

vt _:. =—4md (r),

9This should properly read: ;LI:,“ =1



THE EFFECT OF NUCLEAR STRUCTURE ON ATOMIC SPECTRA 345

we obtain

8 .
VA =R g (07-03) 3 (1), (21.42)

Consequently, in the first approximation, the interaction of magnetic moments-just like
the contact interaction—influences only the s state, The expression (¢'-¢,) in (21,42)
can be found from the following simple considerations,

The spin matrices of the proton ap and the electron ¢' must satisfy the relation

THE =SS+ ), (21.43)

where S 1s the absolute value of the total spin, which 1s equal to either zero (antiparal-
lell spins) or to umty (parallel spins), Then

I, , .
Tl o 26 =8 (S + 1.
Using the fact that o'* 4 oy '} = 6, we obtain
(c'-up)=28 S+ 1H—3. (2L44)
Since i1ntegration when the 3 function is present gives
S dsxyt 8 (r)=| ¢ (0) |3,

we obtain the following expression for the shift of s levels (hyperfine structure) of
hydrogen:

AEg= 3 patrp oo 25 (S + 1) — 3], (21.45)

aa1

where g, = is the radius of the first Bohr orbit, and the value of |{ (0)|? 1is taken

mge
from Eq, (20,14),
Two cases should be distinguished:
(1) Spins of the proton and the electron are antiparallel (S = 0); then

AES=O=-8PU}LP?B&? . (21.46)

(2) Spins of the proton and the electron are parallel (S = 1); then

1

i (21.47)

8
Ago 1= = tattp

The difference between these levels represents splitting of the s term due to the
interaction between the electron and the magnetic moment of the nucleus

AE 1 —ALg_, 32 oty |1
— 2= o=r o2 lp
Ao= . =Fh. (21,48)

If we use (21.48) to calculate the s-term splitting for the case n = 1, then substituting
the value of 1, obtained in Rabi’s experiments and setting u, equal to the Bohr mag-
neton, we find

AwtheoT—= 1417 Mec.

On the other hand, a careful experimental verification of the splitting of this level by
microwave spectroscopic methods has given the value

Awe*P = 1420 Mc.
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The relativistic corrections and the corrections for the finiteness of the nuclear mass
do not raise the frequency 4uT®°T to the required value AoS*P, The proton’s
magnetic moment has also been measured very accurately, To explain this anomaly,
therefore, it remained to assume that the magnetic moment of the electron is not exactly
equal to the Bohr magneton, but isnstead somewhat larger, Kusch and Foley showed that
to obtain agreement with experiment the magnetic moment of the electron must be taken
to be

tep =—to(l 1), (2L49)

where, according to recent data,
8 = 0.00116.

These considerations show that an electron will have a very small anomalous mag-

netic moment a?om = b In addition to the Dirac or kinematic magnetic moment

e
(- ). We shall discuss the nature of the anomalous magnetic moments in the next
chapter,

goncludlng this section, it i{s necessary to point out that the hyperfine structure can-
not explain the Lamb shift of the 2s1,, level (1,058 Mc relative to the 2p1/, level), First
of all, it follows from (21.48) that the splitting of the s, term is of the order of 200
Mc, and, in addition, the center of mass of the s terms is not shifted, Suppose, the
level with S == 1 (parallel spins of the electron and the proton) is raised by a certain
amount [see (2L47)]; then the level with § = 0 (antparallel spins of the electron and
the proton) is lowered by an amount three times as large [see (21,46)]. Since a state
with  S= 1 is three times more probable than a state with S= 0 (when S =1the
spin may be directed along the 7 axis, opposite to the z axis and perpendicular to the
2 axis), the center of mass of the s states remains unaltered, so that it occurs in the
same position as when the magnetic moment of the nucleus is neglected, The hyper-
fine structure cannot therefore account for the Lamb shift, The theory of this effect
will be considered in the next chapter,

%roblem 21, l} Find the shift of the |s levels in the light p-mesic atoms as a result
of of the nuclear structure, taking into account the nuclear motion and
also the variauon of the wave function within a distance comparable to the size of the
nucleus,

Hint, The shift of energy levels should be calculated by the perturbation method, We
use Eqs. (21.5) and (21,7) where the wave functions are those of hydrogen-like atoms with
the meson mass substituted for the electron mass, Because of the finiteness of the
nuclear mass, the motion of the nucleus has much greater influence on the position of
the energy levels of a mesic atom than on the levels of an ordinary atom, It is there-
fore necessary to use the reduced meson mass in more accurate calculations, The
wave functions of a meson change appreciably inside the nucleus; therefore, the quantity
|4 |* can be replaced by its value at the origin only in a comparatively crude qualita-
tive estimate, as in the derivation of (21,14),

Answer, In the general case

o 3,3 3,3 ,3] u
AL“"_QL”{1‘2"b+213?“[2b‘3+b=+2b]" }
where
RyZ .
b N E,o=——l'**iz~,,,——\-
M 92 m,
2h<]+M/

For small 4 and Al — co, this expression may be obtained from Egq, (21,12),



Chapter 22

The Electron-Positron Vacuum and the
Electromagnetic Vacuum

IRAC THEORY OF ‘‘HOLES.” DISCOVERY OF
THE POSITRON

The Dirac theory, which includes spin effects and relativistic effects, was able to
account for the fine structure of the spectral lines of hydrogen-like atoms and the
anomalous and normal Zeeman effects, The Dirac theory, however, also gave rise to
a number of major difficulties in connection with the interpretation of negative energy
states, These difficulties were not overcome for some time, but they eventually led to
fundamental new discoveries {n relativistic quantum mechanics,

In our treatment of the motion of a free particle (Chapter 17), we mentioned that the
Dirac equation allowed solutions corresponding to both posittve and negative values
of energy, It is worth noting in this connection that solutions with negative energy are
not characteristic of the Dirac theory alone, but appear in any relativistic theory, In
relativistic mechanics, the energy of a free particle is connected with the momentum
and rest mass by the well-known expression

E? = c%p* + mict,

which has two roots

= Yo e,

The regilons of positive and negative energies are separated by an interval equal to
2mgc? (see Fig. 22,1), At first glance, states with negative energy do not appear
to have a real physical meaning, since the region of negative energies extends to infinity
(L'=—c0) and, therefore, there is no lowest

state, This would imply that no ordinary state

is stable, since a spontaneous transition to a £

lower energy state would always be possible,
Furthermore, a particle with negative mass

(negative energy) would have a number of *myc*

strange properties: for example, it would repel

a particle with positive mass, £=0
In classical physics, states with negative

energy do not cause any difficulties, because -/77002

the energy of a moving particle can only change
continuously; therefore, transitions from the
states with positive energy to the states with
negative energy cannot take place, since the
energy would have to change discontinuously by = Fig. 22.1. Allowed energy levels of a
the amount AE =2m,c% Defining the energy free Dirac particle
to be positive from the start, we may, therefore,
neglect the negative energy states,

The situation is quite different in quantum theory, where transitions can take place
between the states in a discrete spectrum, as well as in a continuous spectrum, States
with negative energy cannot be excluded simply by defining the energy to be positive
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at the ininal time, because the probability of the transition between the states with
energy -1 myc* and — m,¢* is not equal to zero,

In order to avoid transitions of electrons to negative states, Dirac suggested (1931)
that we regard all negative energy Jevels as occupied by electrons (see Fig, 22,2),
so that an electron with a positive energy cannot
jump into a negative energy level under ordinary
m'mditlons.l The state in which all negative
energy levels and no positive energy levels are

moc' occupied is called the ‘‘electron vacuum,’’
Let us now assume that a Y-ray photon with
2m, o? energy ¢ > 2myc? excites an electron from the
-mc? electron vacuum into a positive energy state, In
4 this case, the absorbed 7Y=-ray photon will be

replaced by an electron with positive energy, and
a ‘‘hole’”” will appear in one of the negative energy
states (see Fig, 22,3),

The decisive factor that led to the success of
Fig 22.2. Zero-point energy dia- Dirac’s hypothesis was that he interpreted the
“*hole’’ as a particle (the ‘‘positron’’) with posi-
tive mass equal to the mass of the electron, but
with the opposite charge,? Let us suppose that
there are no particles at the initial time, Then
the ‘‘zero-point energy’’ Eyac (the energy of the electron vacuum) is equal to the sum of
the energles of the electrons in the negative energy states n_

gram of the electron-positron
vacuum

. \IFs
Evac= 2_ E,. (22.1)
n_
The *‘zero-point charge’’ is equal to
Cyac™=— ::"0'
n_

Thus, from the standpoint of the hole theory, the absence of any real particles means
that all positive energy states are empty, and all negative energy states are occupied,
This case corresponds to the electron vacuum (see Fig, 22,2),

When an electron jumps from a negative energy state #2_ to a positive energy state n,,
the total energy change of the system is

~ s " ~ \ ~ >
ML=, + }_ Ey — Z Ey =E, —E, =E, +1E, | 22.2)

n'_ n'_

This change represents the sum of the positive energies of two nascent particles,’ Similar
arguments with regard to charge show that the charge of the nascent particle correspond-
ing to the ‘‘hole’’ 1s opposite to the electron charge

’ \l
e=—e,,F-—Z PO+Zeo=——en++en_=——e.,—{—eo. (22,3)
n_ nl

'In accordance with the Pauli exclusion principle (see Chapter 6), only one electron
can occupy each state

2A similar conclusion was reached 1n the treatment of the hole theory of semiconductors
(see the discussion of the band theory of conduction 1in Chapter 6)

3"I‘he prime attached to the summation sign (z') means that the summation extends over
all states n’_ except the state n’_ _ n_
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Thus, the transition of an electron from a negative energy state to a positive energy
state (as a result of the absorption of a Y-ray quantum with energy greater than 2mqct)
leads to the creation of apair of particles, The unoccupied negative energy state (‘‘hole’’)
may be regarded as a state occupied by a particle with positive charge +- ¢, and positive
energy,* This particle, which was predicted by
Dirac, was called a ‘‘positron’’ and was dis-
covered by Anderson in cosmic radiation (1932),

Once it is interpreted in this way, the Dirac
theory describes in a natural manner both the m,c
electron and the positron, The positron is an
antiparticle; its wave function satisfies the Dirac 2mac’
equation with positive energy and positive charge 2
(see Problem 18,5),

In the Dirac theory, pair annihilation—a
process which is the reverse of pair creation-is
also allowed. This process takes place when an
electron with positive energy jumps into a hole,
In this case the electron and positron are con- Fig. 22.3. Formation of an electron-
verted into v-rays. positron pair

In these transformations, the laws of conser-
vauon of energy and momentum are rigorously
obeyed, As already mentioned, pair creation due to the absorption of a Y~-ray photon can
occur only in the presence of a third particle (for example, a nucleus), that takes up the
excess momentum of the photon

(TIRTY

Y+ Zeo —Zeg+ e, e (22.4)

Similarly, the conversion of an electron-positron pair into Y-rays takes place in accord-
ance with the laws of conservation of energy and momentum; as a result of pair annihila-
tion, at least two Y=ray photons are created

e, +e_ =2y (22,5)

In order to show this, we may choose, without the loss of generality, a coordinate system
in which the electron and positron move with opposite momenta, so thatk_=—=—k, =&
(the center-of-mass system), Then, according to the law of conservation of momentum,
the total momentum of the two photons which are formed as a result of annihilation must
also equal zero

h(ky 4 k) =0. (22,5a)
Using the law of conservation of energy
et (ky 4 k1) =2 Y mict F ch?kE, (22.5b)

we find that B;==— k., and the energy of each of the photons is equal to

¢ = chky = chky = |/ mict I c*hik®.

The lowest value of the photon energy 1s obtained when £ ==0 (that is, when the electron
and positron are at rest), Then ¢ mp = moc*. These two Y-ray photons move apart with
the same energy and oppositely directed momenta, It is easy to see that the electron-
positron pair cannot be converted into a single y-ray photon (k:=0), since the laws of
conservation of energy and momentum cannot be satisfied simultaneously with only one
Y -ray photon,

*With the help of quantum field theory, we can construct a theory of the electron-
positron vacuum that 15 symmetric with respect to charge. However, even with the theory
described above, which 1s asymmetric with respect to electrons and positrons (an electron
1s a particle, whereas a positron 1s a “hole”) we can give a clear explanation of many
phenomena involving the transformation of particles
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The law of conservation of total angular momentum (orbital plus spin)is also very
important in the annihilation processes, If an electron moves with a nonrelativistic
velocity, this law (as shown in Chapter 18) can be resolved into & law of conservation of
orbital angular momentum and a law of conservation of spin,

The law of conservation of spin can be observed particularly clearly in the annihila-
tion of positromum (a hydrogen atom in which the proton is replaced by a positron, or
more exactly, a system in which an electron and a positron rotate about their common
center of mass), In this atom, the nucleus (that is, the positron) and the electron have the

same mass, and therefore the reduced mass is 2211 The energy of levels in the positron-
ium atom will, therefore, be one half as large as in the hydrogen atom

Rh
En=—5p>
while the radius of the orbit will be twice as large, The velocities of the electron and
positron may be regarded as nonrelativistic, just as in the hydrogen atom, If the spins
of the electron and positron are antiparallel (parapositronium), positronium can decay
into two Y~ray photons (the corresponding mean life is 1 25 - 1071° sec),

The total spin of parapositronium is equal to zero, and therefore the two photons move
apart with opposite directions of spin (that is, their total spin is zero),

If, however, the spins of the electron and positron are parallel (orthopositronium) the
system must decay into three Y-ray photons (the corresponding mean life is1.4 - 10~7sec),
The spin of orthopositronium is equal to unity, Orthopositronium cannot decay into one
Y-ray photon with spin 1, because In this case the law of conservation of momentum
would be violated, It cannot decay into two Y-ray photons because then the law of con-
servation of spin would be violated (the total spin of two Y-ray photons is either two or
zero), Only 1f orthopositromum decays into three Y-ray photons will the law of con-
servation of momentumn and the law of conservauon of spin be sausfied,

The discovery of the positron opened a new stage in the study of elementary particles,
This discovery showed that particles had a new fundamental property—interconvertibility—
and confirmed the existence of antiparticles, We can regard the creation of a positron
as the conversion of a Y-ray photon into an electron-positron pair, and the annihilation
of an electron-positron pair as the conversion of an electron-positron pair into Y-ray
photons,

B. THE LAMB SHIFT OF ENERGY LEVELS OF
ATOMIC ELECTRONS

When an electron moves in an atom, it interacts with the electromagnetic vacuum,
as well as with the atomic nucleus and the electron-positron vacuum, The interaction
between the electron and the electromagnetic vacuum exerts a particularly strong
influence on the motion of the electron in the atom, and 1t explains the shift of the 2s, /s
level upwards relative to the 2p,,, level (in the hydrogen atom),

A complete theory of this phenomenon can be constructed only by means of quantum
electrodynamics, which is based on the theory of second quantization, But even without
referring to this theory we can sull obtain the appropriate equations with accuracy up to
coefficients of the order of unity, while using comparatively simple physical arguments,

One of the basic ideas of the quantum field theory is that each wave or field can be
associated with a particle, Thus, for example,the Dirac ¢ waves correspond to electrons
and positrons, and light waves correspond to photons, It is very well known, however,
that Maxwell’s equations describe not only light waves, but also electrostatic and magnetic
fields, which depend on charges and their velocities (an accelerating charge produces
electromagnetic or light waves), The electrostatic and magnetic fields can be agsociated
with ‘‘pseudo-photons,’’ which have observable effects only in the presence of charges,
An electrostatic fleld can be expanded in a Fourier series, that is, schematically repre~
sented as a set of oscillators with different frequencies, An analogous expansion holds
for the vacuum field of ‘‘pseudo~photons’’

Ep.p.~ Z E () cos wt. (22.6)
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Since the rest mass of a ‘‘pseudo-photon’’ is zero, we may write the relation between its
frequency » and the wave number R as follows:

£ [y % 1 ES L B3
(->=—i=—n/i=c]/k;+kj,+k§. (22.7)

The components &, ky, k, are related to the integers n,, ns, n, and the period L (see
Chapter 6) by the expressions

kx=—21~;~n—' and so forth,

where ny=:+1, +2, +3, ....Hence

° .
My = :zrlélll_ — ,ZL"_ = Aky = Ak,
so that
OkyAky Ak, =k dRdQ,
or 24
w*qgw
—a =5

If the system is spherically symmetric, this relation may be written as

1 _ _'ug dw 1 (22.8)

LY & 2t

With the aid of Eq, (22,6), we find that the energy of the electrostatic field inside a region
of volume L* is

Ln
P p.= z'; S Eydiy= 2(5 () (22.9)

In deriving this expression, we have used the relation

(cos wt cos w't)gy = % LI

Just as in the theory of the harmonic oscillator, the energy of the field in the lowest
energy state is not equal to zero, but instead is equal to the sum of the zero-point
energies of the harmonic oscillator (see Chapter 10)

;n=22%nm. (22,10)

The coefficient 2 in front of the summation sign takes into account the fact that each
harmonic corresponds to two different states of polarization of the ‘‘pseudo-photons,’’

In the state where there are no real photons the total energy of an electromagnetic
field (the vacuum), must be equal to this zero-point energy (e p,p, = ¢o). Hence, taking
(22.8) into account, we find

(E (o) = gz’; fo— iﬂ’l wlde (22,10a)

In the absence of real parucles and external fields, the vacuum (including the electro-
magnetic one containing photons and pseudo-photons) does not, as a rule, have any
observable effects because 1t is isotropic, On the other hand, when real particles
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and external flelds are present, the isotropy is disrupted and virtual particles (‘*‘pseudo-
photons’’ or electron~positron pairs) are created and subsequently annihilated (vacuum
fluctuations),

A simple physical picture of a few basic notions involved in the theory of the vacuum
was obtained somewhat unrigorously by Welton by means of a semiclassical, nonrelativistic
treatment of the motion of an electron, taking into account its interaction with the vacuum
fluctuations, As an illustration of Welton's calculations, let us attempt to give a more
concrete meaning to the zero-point fluctuations (22,10) In a rough approximation we
can use the ordinary classical equation

mor=eEp b, (22.11)

to find how an electron will be affected by the vacuum field of ‘‘pseudo-photons,’’ Ex-

panding Ep.p, in a Fourier serles

Ep.p.= Y, E (w)cos of (22.12)

w

and integrating Eq, (22, 11), we find the displacement of the electron positron due to the
vacuum field:

w?

,-=__£_25(m) cos wf . (22,13)
mo
@

The mean-square deviation of the position is given by

P iy S e? E («))?
Ary=(r— )= (—5,.-2)- ) (22.14)
since
Gon of.= 0, Cos ol o8 0 = - b,
and therefore F==0 Substituting (22,10a), we obtain a divergent integral
I n\2 ¢ odo
W=7 he (n_log) 3 w ? (22.15)

from which a finite (observable) part can be separated out if the range of variation of the
frequency is cut off from above at a frequency corresponding to the rest energy of the
electron

e Mot

Omax =X (22,16)

and from below at a frequency corresponding to the minimum energy of the electron in
an atom”
|E]  mget
min="j" = 5piga. (22,17)

,

Substitution of (22,17) and (22,16) into (22,15) gives

. 2 n?
@=Lt a () 2 (22.18)

T\l

5
The Umits of the range of variation of @ are specified more accurately in renormali-
zation theory
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Thus it can be seen that the vacuum field of ‘‘pseudo-photons’’ will cause the electron
to perform a motion somewhat resembling Brownian motion with a definite value of the
mean square displacement, It is well known that the Brownian motion of a particle is due
to its collisions with randomly moving molecules of the surrounding medium, In similar
fashion, an electron undergoes ‘‘collisions’’ (of a special kind) with the assembly of
virtual particles forming the vacuum,

As was shown by N, Bogolyubov and S, Tyablikov, the vacuum fluctuations cause a
certain ‘‘smearing out’’ of a point electron, As a result, the electronic radius turns out
to be the geometric mean of the classical radius and the Compton wavelength

- R
L L = 22,19
T ]/moc’ my P “ mge” (22.19)

The existence of this effective radius should have several consequences, In particular,
the interaction between the electron and the nuclear charge should be changed, and this,
in turn, should lead to an additional coupling energy and thus to a shift of the energy
levels, The usual expression for the potential energy of an electron in the field of a
nucleus

Ve=—e,b(r) (22,20)
is replaced by

‘B (r A =— e, 1+ (OrY) F 5 (BreP 4 L0, @22D)

Changing to the average values and using the relations

8 =0, (Brof =+ (i v, (22.22)
we obtain
Ve el b @ 4 o, (22.23)
The additional energy of interaction between the electron and the nucleus is given by
€03 4 h\2 2n°
AVp, p.= V'— V= 6" (Br )iy = 5 eda (;1:0) In - 3 (r), (22,24)

since the Coulomb potential of the hydrogen nucleus satisfies the Poisson equation
VD= — 4dned (r). (22,25)

To obtain an expression for the shift of energy levels in the hydrogen atom, it {s necessary
to average the additional interaction energy over the corresponding state

st = v—vivoraes=feae (L vorndr. o2

This shift occurs only for s states, since the quantity | ¢ (0) |*in the approximation under
consideration vanishes for other states (/=1, 2, 3, .,.), whereas for the s state

1

o (22,27)

WO =

where g, = f1?/m,e} is the radius of the first Bohr orbit of the hydrogen atom, and 7 {is the
principal quantum number, If we now substitute this value into (22,26), we obtain a
formula for the S-level shift

8 ,RR . 2n?

a? —In

8p.p=3: ™ T I e (22.28)

This formula was first derived by Bethe,
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A substitution of numerical values for the 2s state (n == 2)gives

AEP. P.
This is in fairly good agreement with recent experimental data (AE = 1057.77 Mc) for
the Lamb shift (see Chapter 20),

A complete study of the shift of energy levels of atomic electrons with the help of
relativistic quantum field theory gives considerably better agreementbetween theoretical
and experimental results than the semiclassical formula (22,28), The discrepancy is
reduced to less than 1 Mc,

For the sake of brevity, we shall not discuss the modern theory of the vacuum in
greater detail, and we shall confine ourselves to a mere enumeration of the main results
that this theory has yielded,

= 178R = 1040Mc . (22,29)

C. ELECTRON-POSITRON VACUUM

Equation (22,28) for the Lamb shift was obtained from a calculation of the interaction
between electrons and the electromagnetic vacuum, In addition to the electromagnetic
vacuum, there exists an electron~positron vacuum and also vacuum states of other
particles, The method of second quantization (which is in some measure applicable to
all fields) can be used to calculate the influence of the electron-positron vacuum,

In modern quantum field theory, the study of the properties of the vacuum states of
different particles plays a particularly important role, The vacuum gives rise to inter-
actions between particles, In particular, the electromagnetic interaction of two electrons
(Coulomb’s law) may be regarded as aninteraction which takes place through the electro-
magnetic vacuum, with one electron emitting a virtual photon and the other electron
absorbing it,

On the other hand, the vacuum represents a sort of ‘‘reservoir,” from which real
particles are ‘‘drawn’’ when they are created, and to which they ‘‘return’’ when they are
annihilated, We have already come across the electron-positronvacuum as a *‘collection’’
of electrons 1n negative energy states, Unfortunately, it has no classical analog and
therefore we cannot use a semiclassical analysis, as was possible in the case of the
electromagnetic vacuum, The Coulomb field of a nucleus can polarize the electron-
positron vacuum (so that an electron will behave as if it were in a dielectric), giving rise
to an additional interaction

n

4 | 2
Ve,-p.=— 56 (m> 3 (r). (22.30)

Comparing (22,30) with (22,24), we see that the level shift due to interaction with the
electron-positron vacuum is about 1/40 times as large as the level shift due to the fluc-
tuatlons of the electromagnetic field, and is opposite in sign,

The electron-positron vacuum exerts a particularly strong influence on the magnetic
properties of the electron, It was shown by Schwinger that the magnetic moment of the
electron becomes somewhat larger than the Bohr magnetron

tep=—te (14 3. @2.31)

The change in the magnetic moment of the electron, with the second-order term taken
into account,

-4

]
8o -p=— (g5 — 0328 % Jo=— 00011506 1, (22.32)

is in good agreement with experimental data obtained with the aid of microwave spectro-
scopic methods (see Chapter 21), Qualitatively, the appearance of the additional magnetic
moment of the electron and the sign of the moment can be explained as follows, The initial
electron A (see Fig, 22,4), whose spin is directed upwards (we specify in this manner a
preferred direction), creates & virtual pair—electron A' and positron B'—which generally
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have opposite spin directions, Since we have a preferred direction (determined by the
spin of electron A) the spins of electron A' and positron B' can be directed in two ways:
either the spin of A will be antparallel to the spin of A' and parallel to the spin of B'
(case 1 in Fig, 22,4), or the spin of A will be parallel to the spin of A' and antiparallel
to the spin of B' (case 2 in Fig, 22,4).
In determining the additional magnetic mo-
ment, it is necessary to consider the following
possibilities of pair creation and annihilation: A
(a) Pair A'B' i3 created and thenannihilated,
This is possible in case 1 and case 2, No cor-
rection to the magnetic moment should arise,
because the probability of the creation process
is the same in both cases, and the magnetic
moments have opposite signs in the two cases,
(b) Since A and B' have opposite spins in
case 2, positron B'may be annihilated together
with A", as well as with the 1mnal electron A,
In case 1, however, this process is less prob- e
able, since the spins of pair A and B' are
parallel to one another, This process gives a Antiparallel Parallel
preferred state in which the additional magnetic spins of spins of
moment is parallel to the initial magnetic mo- electrons electrons
ment of electron A, since, as can be easily A and A A and A
seen, the magnetic moment of all threeparticles  Fyg. 22 4 Virtual creation of an elec-
(A, A" and B') is directed downwards, Conse~
quently, there arises an additional magnetic
moment of the electron, equal to

n
.
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tron-positron pair by an electron The
spins of the real and virtual particles
are depicted by solid and dashed ar-
Ape p, =— 2y, rows, respectively

where y is a numerical factor which determines the probability that the initial electron
A will be annihilated together with positron B',
These simple considerations give the correct sign of this anomalous magnetic mo-
ment, More rigorous calculauons led to Eq, (22,32),
In additon to the Dirac magnetic moment, B
a

anomalous magnetic moment Pan = 55 HoPsd, which arises owing to the interaction

= —-p,e, an electron will have an

between the electron and the electron~positron vacuum,

The anomalous magnetic moment of nucleons (neutrons and protons) can be explained
in meson theory, The accuracy of the results, however, is much less striking than in
calculations of the anomalous magnetic moment of the electron, This is due to the fact
that meson theory is still inamuchless satisfactory state than quantum electrodynamics,

According to the meson theory, protons and neutrons interact with the r-meson field,
Since the proton can dissociate into a neutron and a positively charged = meson, and the
neutron into a proton and a negatively charged m meson, the anomalous magnetic moments
of protons and neutrons due to the m-meson field must be approximately equal in magni-
tude and opposite in sign,

The appearance of the additional magnetic moment of a neutron is explained as follows,
The neutron has a definite probability of dissociating into a proton and a = meson, Since
the spin of a » meson equals 0, it does not possess an intrinsic magnetic moment, There-
fore, there will be a contribution to the magnetic moment of the neutron from a pion
which is, for example, in a p state (we recall that the orbital angular momentum {in the

s state is also equal to 0), The magnetic moment of a r meson is ,72 = 7 times greater

than the nuclear magneton, and therefore the » meson produces the ‘ma1n contribution to
the anomalous magnetic moment of the neutron, For the virtual process to fulfill the
law of conservation of angular momentum, it is necessary that the direction of the
orbital angular momentum (equal to 1) of the virtual = meson should coincide with the
direction of spin of the neutron, while the spin of the virtual proton (equal to !/y, just
like the spin of the neutron) should be directed opposite to the spin of the neutron so that

Sy =8, — Sp Sy=S5p= % , 8,=1. Since the r meson has a negative charge and its

angular momentum {s parallel to the spin of the neutron, it gives rise to the negative
magnetic moment of the neutron,
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In order to explain the magnitude of the anomalous magnetic moment of the neutron,
one must assume that the neutron spends !/, of its tme in its dissociated state, This
estimate is perfectly reasonable and gives the correct sign and order of magnitude of the

magnetic moment of the neutron (u,?“ ~ — 2% nuc)s Similarly, it can be shown that the dis-
soclation of the proton 1into a neutron and a =+ meson gives rise to a positive anomalous

magnetic moment of the proton (5"~ - 2unyc). Moreover, the proton has a Dirac mag-
netic moment (f‘xla)= *nuc)h More accurate data on the magnitude of the magnetic moment
of the proton and neutron are given in the preceding chapter,

Thus we have a basis for regarding the anomalous magnetic moment of Dirac particles
as a secondary effect which can be explained on the basis of the field theory, This
moment does not appear in the initzal equations, but arises as a result of the interaction
either between the electric charge and the electron-positronfield (in the case of electrons),
or between the nuclear charge and ther-mesonfield (in the case of protons and neutrons),

D. RENORMALIZATION

One of the most important sections of modern quantum field theory is concerned with
the question of renormalization, This subject 1s not yet in a mathematically satisfactory
state, but a number of important results have been obtained,

The basic idea involved in renormalization is the separation of finite, observable
terms from the divergent terms describing the interaction between an electron and the
electromagnetic or electron-positron vacuum,

In effect, the question of renormalization first arose in classical electrodynamics—
for example, in the theory of the electromagnetic mass of the electron, If we assume
that the electron charge is distributed inside a sphere of radius r,, its classical electro-
magnetic mass will be equal to

F!
mheld =4 ©0 (22.33)

where 7 is a factor of the order of unity which depends on the charge distribution inside
the sphere, The attempts to construct a classical electrodynamics in which a finite
radius rp ~ [0"!* cm would give a reasonable value for mfield (the Lorentz theory, the
nonlinear Born-Infeld theory, the Boppe-Podolsky theory with higher derivatives) did not
give any satisfactory results, Moreover, all these theories gave rise to fundamental
difficulties in connection with quantization,

On the other hand, the theory of a point electron leads to an infinite value of the mass
as ro— (O both in the classical and quantum forms of the theory, It was therefore a major
achievement of renormalization in modern quantum field theory that it was able to
separate, from the infinite interaction energy, finite terms assoctated with the Lamb
shift of the atomic levels and the additional magnetic moment of the electron,

Modern renormalization theory extends to the problem of the self-mass and charge
of the electron, It has been found that when the electron-positron vacuum and the electro-
magnetic vacuum are taken into account, the electromagnetic mass (22.33) drops out
completely, Therefore, the main mass of the electron (the so-called ‘‘bare’’ mass) will
not be associated with the electromagnetic field, The interaction with the vacuum ({n this
case the main contribution is obtained when the electromagnetic vacuum and the electron-
positron vacuum are taken into account simuitaneously) yields an additional mass which
diverges only logarithmically

anfteld am, o In —i—:’::;( . (22,34)

Renormalization is faced with the important question of finding the value s max at
which the logarithmically divergent expression should be cut off, This problem is a
theoretically important one, although 1n practice the logarithmically divergent terms may
be regarded to be of the order of unity, and therefore the quantity Am will remain of the
order m bare /137 over a comparatively wide range of values & max,
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In exactly the same way, the interaction of the electron with the electron-positron
vacuum (rather than with the electromagnetic vacuum) leads to a decrease of its ‘‘bare
charge’’ by the amount

=P €max
Ae = aebareln it (22.35)

The field corrections to the mass and charge of the electron have not yet been experi-
mentally separated, and this important subject requires further investigation,®

3 When can the emission of photons take place for the free motion of an
elecHrs PMEdium with index of refraction # > I (the Cherenkov effect)?

Why does this emission become impossible in a vacuum (2= 1)?7

Solution, In order for the emission to be possible, it is necessary that the laws of
conservation of energy

Vmict £ épt=to+ V mict +pT
and momentum
p=p e

be satisfied, where p and p' are the 1niual and final moments of the electron and #kis
the photon momentum,

Squaring these relations and then subtracting one from the other, we obtain the follow~
ing expression for the cosine of the angle of photon emission:

® hk w?
cosh = c—kﬁ-{— % [1 “E?k"]‘
Using the relation for the index of refraction 2 of the medium

B=hm=0'hk=n—é€
n

(c' = % is the phase velocity of light in the medium), we obtain

cos =+ 5o (1= 75

nl

Radiation can take place when {n > 1 (that 1s, when the electron velocity v remains less
than the phase velocity of light in vacuum, but becomes greater than the velocity of light
in the medium ¢ > v' > ¢'), In the classical case (% =0), the angle at which the photon is
emitted satisfies the relation

(:080=l

Bn*
The emission of radiaton in vacuum is impossible because for n=1we have

€05 § = %, and the velocity v cannot become greater than the velocity of light c.

%See G Wentzel, Quantum Theory of Fields, New York' Interscience, 1949, A I
Akhiyezer and V B. Berestetskiy, Elements of Quantum Electrodynamics (trans ), London:
Oldboumne Press, 1962, N N Bogolyubov and D V Shirkov, Introduction to the Theory of
Quantized Fields (trans ), New York: Interscience, 1959



Chapter 23

Theory of the Helium Atom Neglecting
Spin States

“A. BASIC PRINCIPLES OF THE THEORY OF
> MULTIE LECTRON ATOMS

The helium atom is the simplest multielectron atom; it con-
sists of two electrons moving about a nucleus of charge Z=2. In
spite of its simplicity, this system exhibits several important
features characteristic of the many-body problem in quantum
mechanics.

In classical theory two electrons can always be identified by
subscripts 1 and 2, and the motion of each electron can be followed
separately, According to quantum theory two electrons can,
in practice, be distinguished from each other only when the dis-
tance between them is large., If electrons 1 and 2 are so close
to each other that there are points in space where their wave
functions are both simultaneously different from zero, then,
since electrons are identical particles, we shall be unable to
distinguish whether an electron occurring at the point is electron 1
or 2.

This indistinguishability or identity of particles is a special
feature of quantum theory. It gives rise to the so-called exchange
forces, which have no classical analog,

In multielectron atoms, spin properties are very important;
these properties are neglected in the classical and Bohr theories
and are taken into account only in quantum mechanics. In fact,
only in the case of a one-electron atom can the spin corrections be
neglected in the first approximation. This explains why the pre-
dictions of the Bohr theory are applicable only to hydrogen-like
atoms. The Bohr theory could not be extended to atoms with two
or more electrons, since it could not account for either the ex-
change forces or the spin states.

In order to investigate the basic features of the quantum theory
of the many-body problem, we shall consider in some detail the
problem of hellum-like atoms (for example, neutral helium, singly
ionized Li*, doubly ionized Be*, and so on).
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B.- SOLUTION OF THE PROBLEM OF THE HELIUM ATOM
VIA METHODS OF PERTURBATION THEORY

To start with, let us determine the physical nature of the ex-
change forces which are related to the indistinguishability of
electrons. We shall neglect the spin properties of the particles.'

We shall assume that the position of
the first and second electrons is given
by the position vectors r; and r, re-
spectively (their origin coincides with

the stationary nucleus; see Fig. 23.1). For "-
the sake of brevity, states with quantum '
numbers (ny, I, my) and (ny, {,, m) will
be denoted by, respectively, n, and n, (in
this notation, therefore, n stands for the
whole set of quantum numbers). If there
were no interaction between the electrons, m,
we could determine the motion of each
electron separately from the Schrodinger Fig 231 The helwum atom
equation
(En]_H/)q’n, (rj)=0! (23.1)
where
. 1 it 2 Ze}
H=T,4+V, T,=,, (T V/) y Vy=— -:;*", (23.2)

and the subscript j takes two values: j=1 in the case of the first
electron, and j=2 in the case of the second electron. From these
equations we can obtain the energy values E, (see Chapter 13)

. RHZ
E,=— e (23.3)

The eigenfuncfions «,'J,,j will be the same as the wave functions of a
hydrogen-like atom; they will satisfy the orthonormality condition

EAGENGLES LR (23.4)

If we now take into account the interaction of the two electrons

Ve & ___ & (23.5)

!We are allowed to do this because 1n this approximation the problem has a solution
in the form of a product of two functions, depending on the spatial and spin coordinates,
respectively (see Chapter 24).
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their motion can no longer be regarded as independent, The
Hamiltonian of the complete system will be

H=H,}+H,4-V'=H'+}V, (23.6)

and to describe this system we must take the Schrodinger equation
in the form

(E—H'— V)¢ (r, r)=0, (23.7)

where E is the total energy, and ¢ (ry, 73) is the total wave function,
which depends on the coordinates of both electrons. The quantity
*(r, r)9(r, r)) characterizes the probability of finding the first
electron at position 7, and the second electron at position r,.
Therefore, the normalization condition for ¢ (#, ) takes the form

Sq»*(rl, r) ¢ (r, nyd'xndn=1, (23.8)

where the integration extends over the coordinates of both particles,

Since the exact solution of Eq. (23.7) entails insurmountable
difficulties, we shall use the perturbation theory® developed in
Chapter 14, assuming that the mutual interaction of the electrons
causes only a small change in their individual motions in the
Coulomb field of the nucleus (the justification for this approxima-
tion will be examined in greater detail later).

We shall first consider the zeroth approximation, in which the
perturbation energy V' can be neglected. The Schrodinger equation
(23.7) becomes

(E*—H% ¢°(r4y, r5)=0. (23.9)

Since the zero-order Hamiltonian H° can be resolved into a
sum of two Hamiltonians H;-H,, each of which depends only on
a single variable (either r or 7;), it is obvious that in the zeroth
approximation the wave function may be writteninthe form (y°=u)

U=={n, (1) Y, (r3). (23.10)
Substituting (23.10) into (23.9) and using (23.1), we get
(E' — 1) u = {E" — (Hy - Ho)} 9, (71) $ny (1) =
= E'u — {$n, (r2) Hidn, (r1) 4, (F)Hadn, (m)} =

= E% — {Yn, (r2) Enyn, (11) + On, (1) Enyn, (1)} =
={E*— (En,+ En)} u=0.

2The problem of the helium-like atom 1s a three-body problem and cannot be solved
exactly, even 1n the classical approximation.
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Hence, the energy in the zeroth approximation
E'=E,, -} Ea,, (23.11)

where E,, and E,, are the energies of the two electrons on the as-
sumption of no mutual interaction. This result can be explained as
follows. In the absence of the perturbation V’, the motion of the
electrons is determined by their interaction with the nucleus Ze,;
that is, their motion is completely described by the Schrodinger
equation (23.1) which has the eigenvalues E, [see (23.3)] and
eigenfunctions ¢s;, Since one of the electrons is in a state #; and
the second in a state n,, the total energy of the system is E,, | E,,
when V'=0,

Since the two electrons move independently of one another, the
total wave function will be the product of the corresponding two
independent one-electron wave functions obtained in the one-
electron problem. By direct substitution into Eq. (23.9) it is,
however, easy to show that, in addition to the first solution (23.10),
there will be a second solution (¢°=v) corresponding to the same
energy eigenvalue (23.11):

0 = {n, (73) ¥n, (r1). (23.12)

This solution differs from # by a permutation of the electrons. The
first electron is now in state n, and the second electron is in
state ny.

This state of the system has, therefore, an additional degeneracy
which is due entirely to the indistinguishability of the electrons;
this 1s known as exchange degeneracy.

If both electrons are in identical states (n,=n,), the wave
functions u# and v are identical and there will be no exchange de-
generacy since

U=0=={p, (r1) Pna(7y). (23.12a)

In the case n, # n,, however, functions « and v are different, and

therefore the following linear combination should be taken as the
general solution ¢° of the Schrédinger equation (23.9):

$*=Cyu+} Cyp, (23.13)

where C, and C, are arbitrary constant coefficients, which are
related only by the normalization condition

St{a“t{)”d’x;dﬂxg =1.

In order to find the values of the coefficients C; and C,; and the
energy E of the perturbed system (the system with V' taken into
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account), according to the perturbation theory, we shall look for
the solutions of £ and % in the form:

E=E'4|E,
Y=V, (23.14)

We use a first approximation of the Schrodinger equation (23.7),
and write it in the form

(B0 — H%) ¢/ = — (E' — V') (Cyu + C.). (23.15)

From Chapter 14, we recall that the solution of the homogeneous
equation for the unperturbed problem must be orthogonal to the
right-hand side of the inhomogeneous equation for the first-order
approximation of the wave function [see (14.13)]. Since the functions
u and v are solutions of the unperturbed problem, we have

( ut (E'— V') (Cott 4 Cy) d'x, v, =0, (23.16)

g 0¥ (E'— V") (Cyut -+ Cyv) dx, &y =0. (23.17)

In (23.17), let us substitute 7, for », and /1 for r,. The function
v [see (23.12)] then becomes u [see (23.10)], and the function v
becomes «, while the perturbation energy V' remains unchanged
since |r—nr|=|r,—ri|. Thus Eq. (23.17) takes the form

S ut (B — V') (Cyt 4 Coo) di'x,y dPxy = O, (23.17a)

It is, therefore, sufficient to consider only Eq. (23.16) since the
results can be extended to Eq. (23.17a) by substituting C; - C, and
Cg—)Cl.

Let us substitute into Eq. (23.16) the explicit expressions
(23.10) and (23.12) for « and v, and introduce the notation

$ny (71) Ony (7)) = pus (71), (23.18)
g (72) $ne (79) = pus (#3), (23.19)
Py (1) 9ny (1) =p1s (1), (23.20)
Pns (73) $ny (P0) = pas (r3). (23.21)

Here pii(7) and Pu(”) characterize the probability density distri-
bution of electrons in the states n, and n,, respectively, whereas



THEORY OF THE HELIUM ATOM NEGLECTING SPIN STATES 363

pu(r) and pey(r) characterize the so-called density of mixed (or
exchange) states,’ when each electron is partially in state n, and
partially in state nq.

The orthonormality condition gives

S u*udixy dixy= S P11 (71) daxxs pas (7)) dPxy=1,
and

g u*U daxl d3x2= S P12 (rl) daxls Pat (ri) daxi=0,
and therefore we can reduce (23.16) to the form
EC — {Cleo g & TR i,';’) P’;’(T’) dxy d'x, -+
1-Cye} S endenln) oy, ) =o. (23.22)

| #y—re|

The first integral in Eq. (23.22) is simply the Coulomb interaction
of two ‘‘smeared-out’’ electrons

K=ei | ulren @ gy, gy, (23.23)

The second integral gives the so-called exchange enevgy
<

A=¢e} g L R (23.24)

. [ri—re]

corresponding to the interaction of two electrons when each is in
a mixed state n, and n,. Unlike the Coulomb energy K, the ex-
change energy A has no classical analog; it is essentially a
quantum-mechanical concept.

Using Eqgs. (23.23) and (23.24), we obtain instead of Eq. (23.22)
the following expression:

Cy (B — K)— C,A =0, (23.25)

From Eq. (23.25), we obtain the equation corresponding to (23.17a)
by substituting C, - C, and C; — C,:

C,(E' — K) — C,A =0. (23.26)

3
These densities have no classical analog
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Equations (23.25) and (23.26) give

) E=K-+A, C=C, (23.27)
and

2) E=K—A, C,;=—C,. (23.28)
Accordingly, we have two solutions for the wave function [see
(23.13)] and for the total energy

1) symmetric

$*=C, (u+v), (23.29)
ES=E' K4 A, (23.30)
and
2) antisymmetric*
U'=C (1t —v), (23.31)
E'=E'4 K — A. (23.32)

We can determine the coefficient C; from the normalizatior
condition of the wave functions ¢* and ¢

S ‘Phtpsd"xldlxz: S 4‘*‘1¢.{d3x1d3x‘z= 1,

Hence, 2Ci=1 or C1=Vl—§» . Thus for ¢° and §* we finally have

¢ = —'7,-(tt+v), (23.29a)

R 1
= j'*/"z‘: (ll --U). (23.313)
When both electrons are in the same quantum state (n,=1r)),
the functions « and v are identical. In this case Egs. (23.16) and
(23.17) reduce to the same equation

\' u* (' — V') ud*xydxy =0, (23.33)
From this it 1s readily seen that

F =K, (23.34)

*We recall that under a permutation of coordinates (that 1s, when ry and r, are inter-
changed) the function u and v transform 1into one another The wave function Y® does not
change sign as a result of this operation (symmetric function), whereas the function s
reverses its sign (antisymmetric function)
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and thus the exchange energy disappears inthis case, For the wave
function we obtain a unique symmetric solution

Y5 =u= ", (1) ¢n, (r3), (23.35)
with the corresponding energy of the system
Es=E'} K. (23.36)

Summarizing the results of this section, we can make the fol-
lowing statement: Application of the perturbation methodto the prob-
lem of the helium atom?® leads to two types of solutions—a sym-
metric or antisymmetric solution. This is in complete agreement
with the general theory of systems of identical particles (see below).

r

C. "COULOMB INTERACTION BETWEEN ELECTRONS

Let us find an expression for the Coulomb energy of two
electrons in the lowest energy state (n,=n,=1). In this case the
energy and the wave function of each electron are given by

Zr
E=—52% win="(E)"e ™, (23.37)

hﬂ
where %=1y, & is the radius of the first Bohr orbit.
The Coulomb energy of interaction between the two electrons is

K={ 04 () 520 dndi, (23.38)

Here |ri—ry|=Vri4ri—2nr,cost,and$ is the angle between the
vectors ry and r, To integrate (23.38), let us choose the direction
of the 7 axis along the direction of the vector 7y. Substituting the
expression (23.37) for the wave functions into Eq. (23.38) and in-
tegrating over the angles, we find*

5Thls 1s due to the fact that the perturbation removes the degeneracy, and therefore
the coefficients that were indeterminate 1n the zeroth approximation can now take specific
values (See also Chapter 14, the Stark effect )

6
In integrating over the angle ¥ (x = cos J)., we used the relation

1 ,22 for ry <ry,
- dx
h f \71‘—2} r2 —2’:’_‘ ) 2
- — >
-1 ! 2 12 r for ry >y (continued)
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s 22ry @ 2Zrs

K= 32 2% g r:dfle— “ao S fie— ‘a0 dr,. (23.38a)
0

a

Ty

Next, integrating over r; and r,, we finally obtain
-_-% Zey (23.39)
Since the zero-order energy is
Eo=2F, =2 (23.40)

the total energy of two electrons in the ground state is equal to
_z eo
E=E+}+K=—=- -—[— 5L a., (23.41)

Let us now find the ionization energy of the helium atom, that
is, the energy that must be expended in order to remove one
electron from the first orbit. For a singly ionized helium atom
(a hydrogen-like atom) the bonding energy between the electron and
the nucleus is simply E, [see (23.37)]. The ionization energy of a
helium-1like atom is therefore

e3 b}
Flon—_F, _E = (Z‘ —= Z), (23.42)

0

so that for helium (Z=2) we have
Elor =0.75 %, (23.43)

According to experimental data, the ionization energy of helium
is

Eep =0.9% =24.48 ev, (23.43a)

The discrepancy between the theoretical value andthe experimental

data is a result of the fact that the perturbation energy K= 2 ‘;’0
is not very small as compared with the zero-order energy| E°| =%‘?

(their ratio is ~1/3), Perturbation theory, therefore, gives us

2
Considering that the integrand \!'f(rx)lll?(rz) 1s symmetric with respect to the variables
ry and ry, we replace (for ry > rp) the radius 7] by ry and vice versa, obtaiming

! ra for ry <ry.
0 for 1y >ry

This expression was used 1n evaluating the integral (23 38)
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only qualitative aspects of the problem. The accuracy of the method
is not very great because K and E°have the same order of magnitude.

D. THE VARIATIONAL METHOD

The variational method developed by Ritz, Hylleraas and others
was first successfully used to find the ground-state energy of
atomic systems, and in recent years it has been applied in collision
theory.

As we know, the average energy of anatomic system is given by

E= S $*HY d'r. (23.44)
If the wave function is represented as

p=XC,b,, (23.44a)

where the coefficients C, give the probability of an electron being
in state n, the average value of the energy will be given by the
relation [see (7.21)]

E=Y|C, E,. (23.45)

Replacing each eigenvalue E, in the summation by the lowest
eigenvalue E™!® and using the fact that for normalized functions

JiC =1,
n

we find that
Emin S PFHd; (23.46)

that is, the lowest value of the integral S $*Hbdx can be used to

determine the upper limit of the ground-state energy of the system,

It was found that the variational method gives very good results
when the perturbation energy E’ is of the same order as the energy
E, of the zero-order approximation, The variational method can
therefore be used in cases where perturbation theory gives poor
results (for example, in calculation of the ground-state energy of
the helium atom). When a problem is solved by the variational
method, both the additional interaction V' and the main interaction
are treated equally in the Hamiltonian [I of Eq. (23.7). A test
function ¢ then depends on several parameters and is selected
in such a way that the integral can be calculated exactly. The
energy E will then be a function of these parameters and it is
obvious that the minimum value of this function will be close to
the true value if the test function resembles the true function,
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The most difficult part of the method lies in the choice of the
best test function. All the available information on the properties
of the system must be used in making this choice, It is impossible
in the general case to indicate the form of the test function, and
therefore it is frequently necessary to rely on physical and
mathematical intuition. Very often, a test function is similar in
form to the solution of the unperturbed equation.

We shall now use the variational method to calculate the ground-
state energy of the helium atom. Our procedure will be based on
that of Hylleraas (1927). At the end of the discussion we shall
compare both perturbation and variational methods.

For the test function, Hylleraas chose the ground-state function
(23.27) of the hydrogen atom, replacing the charge Z by a certain
effective charge Z’, The quantity Z is the unknown parameter which
has to be determined from the variational principle. The test
function

s, _Zr
%(r)=%{(§o) e m (23.47)

will obviously be normalized to unity, just like (23.37), since its
normalization is independent of the value of Z'.

The Hamiltonian H in (23.46) must include both the zero-order
approximation Hamiltonian H® and the perturbation potential energy
V'. We thus obtain

H=T,+ V- Ty 4V, -V, (23.48)

where T, and V,;(j=1, 2) are given by (23.2) and the perturbation
potential energy V’is given by (23.5).

Since the wave functions are normalized and since T,-}V,; does
not depend on 7; and Ty V, is independent of the coordinate #,
the average value of the Hamiltonian is

H=9T, 42V, 4V, (23.49)

where
Ti=gm () (2 0) wry dn, (23.50)
Vi=— {4 2o, (23.502)

V={Hum e dadn o (23.500)
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The integral (23.50b) agrees exactly with integral (23.38); therefore,
setting Z=2', we obtain in accordance with (23.39)

75 Za (23.51)

ao.

oo e

The quantity T, in Eq. (23.49) represents the average value of
the kinetic energy of a hydrogen-like atom with atomic number 7’
when the electron is in the lowest state. This value is related to
the total energy of the hydrogen-like atom by the well-known ex-
pression

2
T,=—E =51, - (23.52)
In exactly the same way, replacing Z’in (23.50a) by Z, we can ob-
tain the average value of the potential energy of a hydrogen-like
atom, since it is well known that the potential energy is twice the
total energy (V =2E, ). Consequently,

Vi=ZoE =24 . (23.53)

o

It follows from (23.49) that the average value of the energy is
given by the expression

E@)=8@2"—22+31), (23.54)
0
which is a function of the parameter Z'.
Let us now find the value of the parameter Z’ corresponding to

the minimum energy of the system. Differentiating E (Z’) with re-
spect to Z’' and setting the derivative equal to zero, we find

2'=27—

Sl

The minimum energy of electrons in the helium atom is therefore

Emln___.._(z_.]‘z)gﬁ_ (23.55)

do
For the ionization energy we have
_ in__ € Sz74.%5
Elon —F, __ Em n_z_aoo(zs_ >Z4 128)‘

In particular, for helium (Z =2) we obtain

Eion~.0.85 3. (23.56)
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This result is considerably closer to the experimental value [see
(23.43a)] than (23.43) obtained from the perturbation theory.
Hylleraas later improved the agreement with the experiment by
using several variational parameters. The result (23.55) for E™m=®
has a simple physical interpretation, namely: the interaction between
the electrons results in a screening of the positive nuclear charge.

The variational method can also be used tofind the upper energy
limit of one or several excited states. Inthis case the test function
has to be chosen in such a way that it is orthogonal to the wave
functions of all the lower states. When the energy levels are
arranged in order of increasing magnitudes (E,, E;, E; . . .), it can
easily be shown that since ¢ is orthogonal to functions $o» $1, 93, « .
the corresponding expansion coefficientsC,, C,, C,,. . .areallequal
to zero. Therefore, in accordance with (23.45), the energy is

E= 2 E,|C. P, (23.57)
n=ny

where n, is the quantum number of the given excited state. Using
the relation zlcn ['=1, we find that the minimum value of this

energy corresp’bnds to the unknown energy E,, of the excited state.
The application of this method to the calculation of the energies of
the highest excited states is rather difficult, because of the neces-
sity of introducing a large number of additional conditions to ensure
that the wave function of a given state will be orthogonal to the
wave functions of the lower states.

E. DERIVATION OF THE SCHRODINGER EQUATION
BY THE VARIATIONAL METHOD

We shall consider one of the most general forms of the variational problem, when
the choice of the test wave function ¢ that is used to find the average value of the
Hamiltonian

E={ prya (23.58)

describing the motion of a single particle is restricted only by the normalization con-
dition

S Wy dix=1. (23.59)

Upon varying E with respect to ¢ and using the hermiticity of the operator H, we ob-
tain

VE = S (BY*HY 4 3UH*¢*) dx =0. (23.60)
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Here the variations 3¢ and 3¢* cannot be regarded as independent since they are con-
nected by the normalization condition (23,59), These variations can be made independent
by varying the condition (23,59)

S d* g dix 4 S 3p4* dix =0,

Muluplying this equation by a constant Lagrangian muluplier A, which is chosen in such
a way that the variations are now independent, we add the resulting equation to (23,60),
Since the variations ¥} and 3¢* are now arbitrary, the variational principle gives auto-
matically the Schrddinger equation for ¢ and ¢*:

(H—E) =0, (H*—E){y*=0, (23.61)

and the physical meaning of the parameter A becomes clear: it is the negative of the
energy E (A== — E).

Consequently, the variational principle and the normalization condition together lead
to the Schrodinger equation, It is apparent from the above results that the eigenvalues
of the Schrodinger equation (23,61) give the extremals of the variational integral, A
more detailed analysis shows that these extremals are minima and that the energy of
the ground state corresponds to the absolute minimum-the smallest possible energy
value, In order to calculate excited states, it is necessary to impose orthogonality
conditions on the wave functions of the lower energy state (as mentioned above), whereas
orthogonality follows automatically in the Schrodinger theory,

F. HARTREE-FOCK METHOD OF SELF-CONSISTENT
FIELDS

We have considered two extreme cases of the variational method.
In one case (the Ritz-Hylleraas method) the variation of the wave
function amounted to a determination of the ¢‘best values’’ of
parameters in a specially chosen wave function, In the other case,
the choice of the wave functions was restricted only by the normal-
izatlon condition. THIS case ted to the Schrodinger equation. There
is also an intermediate case in which the wave function is not
specified, but is assumed to be a product of one-electron functions
depending on the coordinates only. The specific form of these
functions is found by using the method of successive approxi-
mations to solve an equation derived on the basis of the variational
principle.

One such method was proposed by Hartree (1928). This method,
whose interpretation from the point of view of the variational
principle was given later by Fock, may be described as follows.
Let us start with the variational principle for two particles in
general form’

E =S $* (1, r) Hp (ry, 1) Py d, (23.62)

As an additional condition, we require that the total wave function
should be a product of one-electron functions

$(r, ) =y1(71) ba (7). (23.63)

7Thls integral can be generalized 1in a similar fashion to the case of three or more
particles
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It is also necessary to allow for the normalization condition
§ eeton dndn =1, (23.64)
which can be written for each particle separately

S by dixy = S i, dixy=1.

Substituting the test function (23.63) into (23.62) and varying ¢,
and ¢;, we obtain

§ (@rer + w00 (Hi 4+ Hat 2 ) o +-

" (23.65)
et (T Ha 1) Gata+ 419 d'ud', =0,

where H;=p} 'Q:T ~+4V,(r,) is the Hamiltonian describing the
0 2
motion of a single electron (j= 1, 2), and %’; represents the in-

teraction energy between the electrons.
From the normalization condition (23.64) we obtain a relation
between the variations

§ Gotpdds - 4100 - 9100300 - 414 adl) d'rad ey =0,

Multiplying this equation by the Lagrange multiplier A—=—E and
adding it to (23.65), we can select A so that all the variations
3¢9f, 3¢7, and so on, will be independent, Therefore, we obtain the
Hartree equations

(11 ottt + § o 2 wdn— E)pa =0,

(114 § et + § 412 gt — E) gy =o0. (23.66)

Analogous equations can also be obtained for the complex conjugate
functions. We multiply the first equation by ¢ and integrate it
over the whole coordinate space of the second particle; ina
similar fashion, we multiply the second Hartree equation by ¢; and
integrate it over the coordinate space of the first particle. Adding
the two resulting equations and dividing the total sum by 2 we
obtain the expression for the energy

\ * ; I \'\Y 3
£= [ty g 3 ¥ o S50t @xd. 0g.660
j 57
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where in the case of two particles j, =1, 2. This equation can
also be used successfully for a larger number of particles.

If we neglect the interaction energy (that is, if we set the terms
e
I

containing equal to zero) and use the relations

E=E1+ E,
and
Ey={ yH g d,

Hartree’s equation can be resolved into a system of two inde-
pendent equations

(H,—E)y,=0

describing the motion of each particle individually.

In problems treated by the Hartree method, the field in which
each electron moves is composed of an external field (for example,
the nuclear field) and the field produced by all the other electrons.
This method is, therefore, known as the self-consistent field
method.

Fock (1930) generalized the Hartree method by taking into
account the exchange effects. For this purpose it is necessary
that the test function in the initial equation (23.62) be consistent
with the Pauli exclusion principle. The choice of test functions
is, therefore, further restricted by the requirement of anti-
symmetry (antisymmetric functions satisfying the exclusion prin-
ciple will be considered in greater detail in the next chapter).

Hartree’s system of equations (for example, for anelectron shell
in an atom) is solved by the method of successive approximations.
First of all, the wave functions in the zeroth approximation (that
is, neglecting mutual interaction between the electrons) are deter-
mined. These wave functions together with the interactionpotential
between the electrons are then used to obtain the first approxi-
mation equations. The first approximation wave function is sub-
stituted back into the Hartree-Fock equations to obtain the next
approximation and so on. This process is continued until the
solutions obtained in successive approximations are identical
(within the desired accuracy), that is, until the solutions are self-
consistent. Hartree’s system of equations can be solved only by
means of numerical methods of integration. With the help of
modern computers it is now possible to use Hartree’s method to
determine the energies and the wave functions for both light and
heavy atoms.

Another approximation which can be used in treating heavy
atoms is the Thomas-Fermi statistical method. Although this
method is not as accurate as the self-consistent field method,
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it is comparatively simple and predicts many properties of multi-
electron atoms., This method will be used in our subsequent in-
vestigations, and we shall consider it in Chapters 25 and 26 in con-
nection with the theory of the periodic system of elements.

G. INVESTIGATION OF THE EXCHANGE ENERGY

Let us consider in somewhat greater detail the physical mean-
ing of the exchange energy (23.24), which represents the average
value of the Coulomb interaction between two electrons that are
both partly in state n, and partly in state n,. In accordance with
Egs. (23.30) and (23.32), the total energy of the system is re-
lated to the Coulomb energy K and the exchange energy A by the
expression

E=E'4+K=*A, (23.67)

where the plus sign corresponds to ¢°, and the minus sign to ¢%.
In order to analyze the exchange energy in greater detail, we shall
examine the behavior of the system in time, taking into account the
exchange energy. The wave functions of the symmetric and anti-
symmetric states may be written as

F

P )=y% g Es'and Pt)=ue 1, (23.68)

Introducing the notation

E+K _ A _
tK —w, 4=3, (23.69)

Eq. (23.68) may be represented as
¥ (== o),
" (23.70)

— 1wt +18¢

()= —]—/1——2_ (u—v)e

Let us consider a state of the system described by a super-
position of the solutions ¢°(¢) and ¢?(?)

W (r, 1y, =T () =C* (t)} C*(¢). (23.71)

It is easy to show that the function ¥ (f) represents the general
solution of the Schrodinger equation (23.7) in the first-order
perturbation theory.

We shall now assume that at the initial instant of time (f{=0)
one of the electrons is in state n,, and the other is in state n,.
Then the function

¥ (0) =]-};_ (C4CYyu+ (G — CYyo) (23.72)
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is simply equal to the function u, It follows that

7‘27(c5+@)=1,and Cs—C*=0,

that is,

Cs=Co=—1_. 23.73

73 (23.73)

According to Eqgs, (23.70), (23.71) and (23,73), at a certain later
time ¢, the function ¥ (¢) becomes

W (f)=e ' {ucos bt — osindt} =e " {Cu+-Cyj,  (23.74)
where
C,=cosd, C,=—isinds (23.75)

It is obvious that the amplitudes C, and C,, which satisfy the
normalization condition

[C. P4 1C P=1, (23.76)

characterize the probability of a system being in states described
by « and v, respectively.

Since at =0 we have C,=0 and C,=1, the system is initially
in a state represented by the function #. However, after a time

n

= (23.77)

~
0

(so that Stzg), it can be seen from (23.75) that the coefficients

C, and C,, will have the values
C,==0and C,=—i.

At the time {==r, the state of the system will therefore no longer
be described by the function u, but instead by the function v. This
indicates that whereas at time /=0 one of the electrons of the
system is in state n; and the other in state n,, after a time Af=r,
the first electron will be in state n, and the second electron in
state ;. The time <« (23.77) during which the ‘‘exchange’ of
electronic states occurs is called the ‘‘exchange time.’’ It is con-
nected with the exchange energy A by the simple relationship

n o

T == 26 =—2—A-.

(23.78)
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It is readily seen that if there is no exchange energy (A =0) then
T ==C0.

To conclude this section, let us evaluate the exchange energy
when the first electron is in the state n;=1s, and the second
electron is in the state n,=2s. The wave function ¢,,=1¢, is given
by (23.37) and the wave function ¢,,=1, can be found from (13.26)
and (13.28)°

Z \3/2 —%
w=5 (o) e (1 —2)- (23.79)
For the exchange energy, instead of (23.38), we obtain
A= 0 ) 72 b ) dad's. (23.80)

Carrying out the integration in the same way as was done for the
evaluation of energy, we obtain, instead of (23.38a),

473 o zr )\ ~em L ¢ Zrs\ —6m 2
A=——-—‘3\r;<l-— \)e drIS ( )e a0 dr,.

2a, 2a,
b £

Evaluating these integrals (which is a relatively simple process)
we find that

IR

Az 228 (23.81)

dodo

In accordance with (23.78), the exchange time of electrons in the
Is and 2s states in the helium atom (Z =2) has the value

3nht
t=—2-: % ~0.8-10715 sec.
€

The exchange time in the case where one of the electrons is in
the 1s state and the other in the 10s state is of the order of several
years, and there is practically no exchange. Consequently, it can
be seen that the exchange energy plays a significant part only
when the probability densities |¢,[* of different states mutually
overlap to a considerable extent. When the overlapping of the
wave functions is insignificant, the exchange energy A is very
small. This situation somewhat resembles the transfer of energy
from one coupled pendulum to another. It is well known that an
oscillating pendulum transfers its energy to another pendulum,

8See also Problem 13.1.
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initially at rest, and its amplitude of oscillations after a certain
time interval becomes equal to zero. The exchange time of the
oscillatory energy depends to a great extent on the relationship
between the natural frequencies of oscillation of the two pen-
dulums; the time of exchange attains a maximum when the two
frequencies coincide (the case of resonance). It must be em-
phasized that this analogy is purely formal and is possible only
because of the wave properties manifested in both phenomena.



Chapter 24

Elementary Theory of Multielectron Atoms
Including Spin States

A. SYMMETRIC AND ANTISYMMETRIC STATES

As we pointed out at the beginning of Chapter 23, the quantum-
mechanical theory of assemblies of identical particles contains
several features that have no classical analog. The most im-
portant of these features arise from the fact that the state of a
system is unaffected by interchange of identical particles, This is
known as the principle of indistinguishability.

We shall consider here the general properties of a wave func-
tion that describes a system composed of two identical particles.
The state of the system is characterized by the position vector r,
three spatial quantum numbers n, !/ and m, and the spin quantum
number s. For the sake of brevity, we let n denote all three of the
quantum numbers n, ! and m. The wave function of the system
has the form

U (nysyry; 195:7)), (24.1)
where subscripts 1 and 2 refer to the first and second particles,
respectively.

Let us introduce an operator P which permutes the position
coordinates 7y and #; or the quantum numbers n,, s, and 73, S

PY (ms1ry; nysim) =Y (nysiry; masiry); (24.2)
It is easy to find the eigenvalues of this operator
PW (nys1ry, mys,ry) =AW (mysiry; nysyry). (24.3)

It follows from (24.2) that two successive applications of P lead
to the initial wave function

PW (nysiry; nysirs) = PY (nysyrg, nysory) =W (1,5,4; 148,13). (24.4)
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On the other hand, it follows from (24.3) that
P (15,7 ngspty) =MW (1ys,77; NaSyPs). (24.5)
The eigenvalues of the permutation operator are therefore
A=cz1, (24.6)

This result means that interchanging the particles leaves the wave
function unchanged (symmetric wave functions, witha=1)

WS (mysyry; nasure) =T (nysiry; mSiry), (24.7)

or causes the wave function to reverse its sign (antisymmetric
wave functions with A=—1)

W2 (nysyry; ngsars) =—T (nysyry; nys,ry). (24.8)

According to a principle of quantum mechanics, a set of
identical particles can only exist in states with a definite type of
symmetry, A state is either symmetric (described by a symmetric
wave function) or antisymmetric (described by an antisymmetric
wave function). Quantum transitions between symmetric and anti-
symmetric states are impossible; states with different types of
symmetry do not mix. This suggests that there are two kinds of
particles: one kind described by symmetric wave functions,
and the other by antisymmetric wave functions.

B. FERMI-DIRAC AND EINSTEIN-BOSE STATISTICS,
THE PAULI EXCLUSION PRINCIPLE

Experimental and theoretical investigations of the properties
of systems of identical particles have shown that there are two
kinds of particles with fundamentally different statistical prop-
erties, and that this difference is essentially related to the spin.
Particles with half-integral spin (S—-——-%, % ... in units of the
Planck constant fb obey Fermi-Dirac statistics., These particles
are known as fermions and include electrons, protons, neutrons,
u mesons and hyperons (all with spin !/;). On the other hand, par-
ticles with integralspin(s=0, 1, ...) obey Einstein-Bose statistics.
These particles are known as bosons and include = mesons, K
mesons (both with spin 0), and photons (spin 1).

We may note here, without going into a detailed analysis of the
statistical properties of aggregates of particles, that in Einstein~
Bose statistics an unliminted number of particles can occupy each
state. On the contrary, in Fermi-Dirac statistics only a single
particle can occupy each state defined by four quantum numbers.
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This characteristic feature of fermions was established empirically
by Pauli (1923) before the discovery of quantum mechanics and
quantum statistics; it is known as the Pauli exclusion principle.

In order to establish the relationship between the type of sym-
metry of a state and the kind of statistics that is appropriate for
this state, let us consider a system of two particles which have a
negligible mutual interaction. The wave function for the system
can be written in the form of the product

W (msiry nasara) = Yns, (F1) $n s (Fa)y (24.9)

where $n,s; and Y., are the wave functions of the individual parti-
cles. The solution (24.9) corresponds to a state in which the
particles with positions 7; and r; are in states characterized by the
quantum numbers mns; and 15, respectively. Because of the
identity of the particles, the state of the system is not changed
when the particles are interchanged. The following solution is
therefore just as valid as (24.9):

W (ny8:r15 115172) = Ynysy (71) $nys, (73) (24.10)

(that is, particles with coordinates 7, and #; are in the states n,s,
and ms , respectively).

Both wave functions (24.9) and (24.10) describe the same
physical state of the system. We note that any linear combination
of these functions will also describe the same physical state. One
of the possible linear combinations is the sum of the solutions
(24.9) and (24.10), namely,

v =-I/1? { ‘an (t‘,) q’nss.z (rﬁl) + q’ﬂlsl (r*) ‘Pnus_. (t‘;)} (24'11)

(we have assumed that the functions ¢, and ¢, are mutually
orthogonal and normalized to unity, and therefore we have intro-

1
duced the normalization factor 75‘) This solution is symmetric

with respect to interchange of the spatial and spin coordinates
WS (nysyry; nysrs) =Y (mysyry; nysiry). (24.12)

Another possible iinear combination is the difference between
(24.9) and (24.10)

1
Ve = —i/hf‘ { Yaisy (r) q)ﬂz-’s (ri) — Qs (r9) Prysy (rl) }n (24- 13)
which gives an antisymmetric solution since

ya (nlslrl; ngSgr.]) =3 (ﬂzslrl; nlslrg). (24. 14)
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From the form of ¥ and ¥*? it follows directly that particles
obeying Fermi-Dirac statistics can be described only by anti-
symmetric solutions. The Pauli exclusion principle (Fermi sta-
tistics) is satisfied only by a solution of the form (24.13) since
when both particles are in the same state (that is, ny=n,=n and
5y ==8,=1:), we have

Wa (nspy; nsry)=0, but I's (nsry; nsry) #0. (24.15)

On the other hand, ¥2 does not satisfy the requirement of Einstein-
Bose statistics, in which an arbitrary number of particles can
occupy the same state.

It is easy to generalize the antisymmetric and symmetric wave
functions to the case of a system composed of N noninteracting
particles. The antisymmetric solution may be represented by the
determinant

$aysy (rl) q)fllh (r‘)) see q)ﬂlh (rN)
wa— L | Yres (7)) 9 (79) oo bnes (7) (24.16)

‘«PnNsN("l) $npsy () ... Yr sy (rn)

The antisymmetric nature of this solution is obvious since inter-
changing any two columns changes the sign of the determinant.
Moreover, it is obvious that the function (24.16) satisfies the Pauli
principle because if any of the sets of quantum numbers are equal
(for example, ny=n,, s;==s,) the determinant vanishes.

The symmetric wave function can be written in the form of a
sum of products

WS = Vi ,{‘Pnlsx("l)‘Pn ss(F2) oo Yuysy () -

-+ Dngs, (rl) Pnysy (r‘i) cee l‘PIINJN (rN) + v } (24.17)

C. ADDITION OF ANGULAR MOMENTA. RUSSELL~SAUNDERS
COUPLING. CLEBSCH-GORDAN COEFFICIENTS

Let us consider more fully the antisymmetric wave function
for a system composed of two particles

V= ”}“/l;— { 15, (1) Pngsy (73) — Pnys, (73) Ynse (79) }- (24.18)

In the many-body problem, we are faced with the question of how
to add the angular momenta. In the two-particle case, each
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particle is characterized by orbital angular momentum quantum
numbers [, and {,, respectively, for which

i=nl 1) (24.19)
and spins s5; and s;, for which
St =" (s 1). (24.20)

There are two different ways in which these four quantities can be
added. One of these involves adding the orbital and spin angular
momenta separately and then finding their total sum

L=L,+L;, S=8-+S, J=L-4S (24.21)

This type of coupling of the particles in an atom is called LS
coupling or Russell-Saunders coupling. It corresponds to the case
in which the total orbital angular momentum and the total spin
angular momentum are conserved separately. This situation is
encountered most often in light elements.

The second way of combining the angular momenta involves the
addition of the orbital and spin angular momenta of each electron
individually and then finding the total angular momentum of all the
particles

Ji=Li+S, Ji=L+Sy J=J-|J, (24.22)

This type of coupling is called jj coupling and is encountered mainly
in heavy elements, It corresponds to the case in which only the
total angular momentum is conserved, and therefore it is im-
portant when there is a strong spin-orbit interaction.

We shall now compare the order of magnitude of the Coulomb
and spin-orbit interactions in the helium atom. The Coulomb
energy [see (23.23)] has the form

K= | pnlem)dnds gy (24.23)

|re—rs]

(v lies approximately between 0.1 and 1). The existence of LS
coupling depends on the Coulomb energy since the orbital and spin
angular momenta are conserved separately in this interaction. The
spin-orbit interaction for the helium atom

Eso.— 26 . S_-;:T—N RAZ%a? (24.24)

T 2mic* =

(e =1s) is considerably smaller than the Coulomb interaction, and
therefore the coupling is of the LS or Russell-Saunders type. It can
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be seen from (24.24) that the order of magnitude of the spin-orbit
interaction depends strongly on the nuclear charge zZ (~ Z!), so
that for large Z (heavy elements) the value of Es° may be quite
large. In this case the coupling will be of the jj type.

Let us consider the problem of the addition of the orbital angular momenta of two
particles and find the function ¥, (1,2) which 1s an eigenfunction of the operator for the
2 component of the total angular momentum L=L, L,

L:Yim (32 = (Liz+Lag) Yy pr (1,2) = AMY 5 (1,2), (24,25)

and of the operator for the square of the total angular momentum

LY,y (1,2) = {L} 4 L3+ (Lig —tLiy) (Lay + iLay) + (Liy + iL1y) (Lee —iLay) +
—+ 2L1;Ls,} YLM (I,Z) = h’}‘YLM (’,2); A=L (L +1) (24.26)

As we shall show, the eigenfunction ¥; (1,2) can be written as a linear combination of
products

Y=Y by, V0 (1) Y722 ), 24.27)
mymy

where the wave functions Y{';‘ (1) and Y,’:‘" (2) refer to the first and second parucles,
respectively, and

Ly, Y (1) =hm V(1) Ly, Y (2) = hmaV] (2);
LIV () =Rl (44 1) Y (1) L3V Q=R (1 1) V2 (2)  (24.28)

The numerical coefficients b, ., 1n the linear superposition(24,27) are called the vector
summation coefficients of Clebsch-Gordan coefficients.

For simplicity, we shall restrict ourselves to the case /; =, == 1, Subsututing (24,27)
1nto Eq, (24,25)

L Yin(12)= Z — e N YPL) YT Q=8MY 4 (1,2), (24.29)
mymsq
we find that M= + mzand by m, = b,

Without loss of generality we may set M ==0; that is, we make the z axis perpendic-
ular to the total angular momentum, Then it follows from (24,27) that

Yio(1,2) =064V (1) Y71 (2) + 51Vt (1) YE(2) 4 bo V7 (1) V1 (2). (24.30)
Taking into account the equation for spherical harmonics [see (11,88)]
(Lig 2 Ly) Vit (0 =—1 V{1 m) (5 my) YE (), (24.31)

and using Eq. (24.26), we obtain
LYo (L2) =1 (b [2V} V7' 42V Yi] 4 by [2Y7' Vi 2V300] +
4 b [AVIY) 2V YT 2V =2 (0 VIV by VYL - B VYY) (24,32)

This equation is equivalent to a system of three homogeneous equations for the unknown
Clebsch~-Gordan coefficients

2o+ (2—1) by =0
26, +@—Nby=0 (24.33)
(A —2) by + 26, 426, =0.
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This system has a nonvanishing solution if its determinant is equal to zero

2 2—x 0
2 0 2—Xx|=0. (24.34)
4—r 2 2

Calculating this determinant and subjecting the wave function Y, to the normalization
condition

Slym [ dQ, do; =1,

that {s
' B4 01+ bt =1,

we obtain three possible solutfons:

1
1) A.:O, bx=b—l=—bu‘-*-7/'3.

From the conditions A =L (L + 1) we find that L = 0; that is, this solution corresponds to
the case in which the vectors {, and [, are antiparallel

L4 ] .
1
2) A=2, b0=0, —b1=b_1=7§, L=1
This °case corresponds to the addition of the angular momentum vectors at an angle
of 60

3) k=6, L=2, ba=-2—' bx=b«-1='l'

V‘"h

This solution corresponds to parallel /; and /3

Lt

We conclude, therefore, that two vectors /1 and /4, whose absolute values are integral
quantum numbers, can be oriented at angles such that the vector representing their sum
L is also characterized by integers, For /, == [, these values are

Lz‘-[l-{"lg, l;+l’—'l, ceey Il—l,+l, ll——[g (24.35)

(a total of 2/; + 1 values),

This method of adding the angular momenta is based on a vector model of the atom,
We can obtain our previous results by setting ;=/3=I and M =0, It is interesting to
note that the same values of the Clebsch-Gordan coefficients would also be obtained in
adding the orbital angular momentum to a spin angular momentum equal to unity (for
example, for photons), In this case, however, one would have to use the normalized spin
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function instead of the spherical harmonics Ylﬂ . It is easy to show that the Clebsch~
Gordan coefficients will satisfy the following condidons:

2 bLM bL My, 2 bLM buu =3,

In general the Clebsch~-Gordan coefficients &, ~will depend not only on the quantum

number my=M —m,, but also on L and M. If the orbital angular momentum of the
second particle is /3 = I, then adding both orbital angular moments , we obtain

1
Yiw= Y RV i, .

my=—1

for which the Clebsch-Gordan coefficients are given in Table 24,1,

D. WAVE FUNCTION OF THE HELIUM ATOM
INCLUDING SPIN

We shall now consider more fully the wave function of the
helium atom, for which, as we know, the interaction between the
spins and the orbital angular momenta of the electrons is of the
Russell-Saunders type. Since, therefore, the orbital and spin
angular momenta are added independently of one another, the wave
function can be written as a product of two parts, one of which
depends on the spins of the particles and the other on their co-
ordinates. The wave function must be an antisymmetric function
with four quantum numbers

T2 = C (s, Se)%,n,(f‘n I'g):-—"——-C(S,, Sl)q’n:n, (ry r))=
=—C (51, %) Pnsn, (r2s 71)- (24.36)

There are two possible cases: either the function is symmetric
with respect to the spins and antisymmetric with respect to the
coordinates, or the reverse case is true. We have therefore the
following two types of solution:
T2 =C* (51, &) Ynyny (71, 73),s (24.37)
W2 =C? (81, S3) Y, (r1, 1) (24.38)

We recall that the spatial part of the wave function has already
been obtained (see Chapter 23). For n; #n,,

b (10 1) = 7= (4 +-0), (24.39)

Yaung (A1 13) = 7}5— (t—0), (24.40)



RELATIVISTIC QUANTUM MECHANICS

386

(140 g

I+w—"0mWw—"m

a+mue _
a+w—"Dw+"

G+ a+me

I+w+Hnw+w

_ Gt o4 +NuA a+wa+m \—
W= +7 W +w—a+w+m 0
-+ s \— a+mme T+ a+™Mz
T+wt+w+m a+w+HoDw—m TI+w—"w—"m 1=
377}

1—1

1

I+"

1°%¢ 91qeL

(1=% J0J) SJUaIOIJI900 UBPIOD-YOSYS[D JO SqB.L



THE MULTIELECTRON ATOMS INCLUDING SPIN STATES 387

where

u="9n,(ry) $ng (79)s
U={n, (F2) $n, (r1)- (24.41)

Let us now investigate the spin part of the wave function, It has
already been mentioned that in Russell-Saunders coupling the spin
angular momenta are added independently of the orbital angular
momenta. The law of conservation of spin, therefore, provides a
basis for the construction of the spin wave function for the two~
electron system. We shall take the spin function of each electron
to be an eigenfunction of the operator for the z component of the
spin

n
S; =75, (24.42)
and also of the operator for the square of the spin
1P e e
St=7 (it o3 493)" (24.43)

Here we write 2 x 2 Pauli matrices ¢ (see Chapter 16) without

primes
_ (0N [0 —i _ (1 0
a=({ o), == ), w=(p _1)-

Thus the spin functionC =(2) of a single particle satisifies two

equations
S,C= T’zl" oC= g g3 (ﬁ;) = ﬁl](f:;)‘ (24.44)
hﬂ 2 L] < c c
SC= i +°‘+°*)<cl>=”g“ <c§). (24.45)

Since sij=1, and so on, we obtain from Eq. (24.45) \,=3/;. The
matrix equation (24.44) for X, is equivalent to a system of two
homogeneous algebraic equations

¢ (Yfa—2r)=0,

e:(Mfa+2)=0, (24.46)

from which it follows that there are two solutions corresponding to
the two possible orientations of the spin with respect to the z axis

1) M=, =1, ¢=0. (24.47)
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Here the spin is parallel to the z axis. The wave function corre-
sponding to the eigenvalues ‘/; is

.4
¢(2)=(o). o
2) M=—"", =0, c=1. (24.49)

In this case the spin is antiparallel to the z axis. The correspond-
ing wave function is

C <_ %) — (?) (24.50)

In Egs. (24.48) and (24.50) the value of the z component of the
spin is indicated in the parentheses following the amplitude C.
It is easily shown that both spin parts of the wave function satisfy
the orthonormality condition. If, in accordance with the definition,
we take the Hermitian conjugate spin function to be a single-row
matrix

Cr= (CIC;),

then from (24.48) and (24.50) we see that

e (5)e(b)=c (~d)e(~3)=t

and

The effect of Pauli matrices on the spin function, according to Egs.
(24.50), (24.48) and (24.44), is

el el )=l
o€ (£ g) =2 (). (24.51)

We shall look for the spin function C of the two electrons of the
helium atom in the form of a superposition

omaci{$)ai2) o (e~ 1)+
+ab <" 3)C < 7) FaCi—) o~ 3) (24.52)
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where C,{ ;) and G, (i %) are the spin functions of the first and

second electrons, respectively, while a;, a,, a, and o;are the
Clebsch-Gordan coefficients that have to be determined. Letus now
attempt to select the coefficients a, of the function (24.52) in such
a way that the latter will be aneigenfunction of the operator for the
z component of the total spin

r ” h ’ L4
S:=8;43S =7 (o34 93), (24.53)
and also of the operator for the square of the total spin

Sl=(SI+S")Q { !l+o"l+20 a”}
l 4 "
=" (7+7 o"a"). (24.54)
Here the primes and the double primes on the Pauli matrices
indicate that these matrices act on the spin functions of the

first and second electrons, respectively. We thus have two
matrix equations

2@ Fapc=mc, (24.55)

Pl L) o @150

Substituting the total spin function (24.52) and taking into account
the effect of the Pauli matrices on the spin functions of the in-
dividual electrons [see (24.51)], we find from (24.55)

o ()0 ) 06 (- ) ()=
= facs (e (3 +oe (e (- £+
+a6,(~3)6. (3} +ac, (- Ho (4]

Equating the coefficients at the same spin functions on both sides
of the equation, we obtain the equations for the parameter A, and
the coefficients a,

a; (I —X)=0, g}y =0, ah, =0, a;(1 +2)=0 (24.57)
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Similarly, using the relation
) c=a (1) (3)-afe () e[ )-

—se(=4)a)]-afol- He(H) - e D]+

Lal, (_ %) C, <_ ;) (24.58)

which can be obtained with the aid of (24.51), we obtain from (24.56)
201=)\ga|, 2a‘=)\za‘,

a=0N—1)a, a=0A(—1)a,. (24.59)

As usual we set \,=S(S-1), where S is the eigenvalue of the

total spin. We note that the systems of equations (24.57) and

(24.59) must be satisfied simultaneously, From these equations

we find that the possible nonvanishing solutions have eigenvalues

A\ =2,with \;=-+1,0, —1 (triplet),
A =0, with A, = (singlet).

Consider now four cases. Case 1. Total spin is equal to unity and
is directed along the z axis, The spins of both particles are par-
allel. The corresponding solution, given by (24.52), is symmetric:

1 1
Cs ZC,(QA) c, (7) (s. ﬁsg), (24.60)
» = 1 ’
)\Iz—}-l, aJ=a,=a‘=O.
Case 2, Total spin is equal to unity and is antiparallel to the z

axis, The spins of both particles are parallel, The corresponding
symmetric solution is

Cs =G, (— ;) C (._ ;_) (31 W s) (24.61)

}\2 =2, a;=— 1 ’
)\1_—"‘—1, 01=a2=ad=0.
Case 3. Total spin is directed perpendicular to the z axis and is

equal to unity., The spins of both particles are parallel. The cor-
responding symmetric solution is

=g la(z)a(=s)ral=3)al) () e

1
)\2=0, ag:——‘—a.;:%:,

)‘l=01 a1=a1=0
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Case 4. Total spin is equal to zero. The spins of the particles are
antiparallel. The solution is antisymmetric:

o —pplalal-d-al-Hal) @) e

We note that the choice of the nonvanishing Clebsch-Gordan co-
efficients was such that all four solutions are normalized to unity.
Returning once again to the spatial part of the wave function for
the helium atom and using the fact that the total solution must be
antisymmetric we have, in accordance with (24.37) and (24.39),

Va =Cs (5, 8)47 (1, 1) (24.64)
(three states) and

‘F“' :Ca (Sl, Sz) q)s (I‘|, r\z) (24.65)

(one state). The spin functions are given by Eqgs. (24.60)-(24.63),
and the spatial part of the wave function for n, # n, is

a1 (y-
$r = V;z_(u_v). (24.66)
In the case where both electrons are in the same state (1, =n,)),
there is only one solution with a symmetrical spatial part:

W' =C (s, )95 ¢ =u=9n, (1) n, (r)- (24.67)

E. PARAHELIUM AND ORTHOHELIUM

We have obtained the wave functions that describe two states,
One state (parahelium) is characterized by antiparallel spins of the
electrons [the wave function (24.65), which is symmetric with
respect to interchange of the coordinates]. The other state (ortho-
helium) corresponds to parallel spins [the wave function (24.64),
which is antisymmetric with respect to interchange of the co~
ordinates; see Fig. 24.1]. A very interesting property of these
states is that both types of helium are stable; in other words,
parahelium and orthohelium are not converted into one another,
We can convince ourselves that both systems are closed by direct
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calculation. The matrix element of the dipole moment correspond-
ing to a dipole transition from orthohelium to parahelium

rs.a= 5 P’ (1) (M 1) 42 (1, 1) P dPx, =
= | ¥s(rur) (4 m) ¥ (rar) dxid'n = (24.68)
= S §'S (rur) (M) 4 (ran) dxgd'x,
turns out to be equal to zero, since
Fsoa=—rs,=0. (24.69)

[In (24.68) we have changed the
variables of integration and used

m the symmetry properties of the
. wave functions.] Dipole transitions
Orthohelium’ from one state to another are
therefore forbidden.
Fig 24 1. Electron spin orientation Mutual conversion of these
in the helum atom states may, however, take place

under the action of other parti-
cles. For example, the bombardment of orthohelium by electrons
may lead to the replacement of anejected electron by another elec-
tron with opposite spin, and thus orthohelium can be transformed
into parahelium, and vice versa.

F. ENERGY SPECTRUM OF THE HELIUM ATOM

It has already been noted that the total orbital angular momentum
L, which is a result of the addition of the orbital angular mo-
menta I; and /,of two electrons, assumes integral values (Russell-
Saunders coupling). In the particular case where [, —1/,—1 (both
electrons are in the p state), the total orbital angular momentum
takes the values L—2, 1, 0. In terms of the vector model, these
values correspond to the following situations:

1. L=2. The angular momenta are parallel;

Lt 1l L=l +1l,=2.
2. L=1. The angular momenta are at an angle of 60°;

L=l-ply—1=1.
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3. L=0 The angular momenta are antiparallel;
llT ‘Lli L=ll_li=0'

In the general case where /,>=/,, the number L takes all possible
integral values

L=+, L+4L—-1, L+4L—2, ..., L—l, (24.70)

In denoting the energy levels for multielectron atoms, we follow
the same rules as for hydrogen-like atoms, except that the states
with a definite value of the orbital angular momentum L are denoted
by capital letters

L=0 S state
L=1 P state
L=2 D state
L=3 F state, and so on.

Let us enumerate the energy levels of the helium atom. The lowest
level corresponds to the total orbital angular momentum L =0 with
both electrons in the s state. This singlet term of parahelium is
denoted by

(1s15) 'S,

and corresponds to an antiparallel spin orientation. The super-
script at the upper left-hand side of the letter characterizing a
particular term indicates the number of states (the multiplicity
of states).

The next term corresponds to the case when one of the electrons
is in the 1s state and the other is in the 2s state. In this case, both
parahelium

(1s25) 'S,

and orthohelium
(1s25)3S;

are possible, Orthohelium, unlike parahelium, has a spin angular
momentum and exhibits anomalous Zeeman splitting in a magnetic
field.

We note that the (1s25)3S, level of orthohelium is metastable,
because a transition to the lower energy state belonging to para-
helium is forbidden by the selection rules. The levels of para-
helium are singlets (spin 0), and those of orthohelium are triplets
(spin 1).
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The splitting can be easily explained in terms of the vector
model of the orbital and spin angular momenta. According to the
vector model, the sum of the two vectors L and § (that is, the

total angular momentum vector)

Eev, can take the values
2 _'5 Parahelium § (.),%tgleuum ,
) % 2, )
2l g S (o J=L+S, L4+S—1,
20551 —— —(1525) _'5e (1s20) %, e |E—S1 (24.71)
1977 on
Metastable (fs2s) %5,
A state For L>S, the total number of
6} these values is
a4l
el 28 -1, (24.72)
10 3
. " whereas for L<S itis
6 oL 1. (24.73)
4t
2} It follows that for the S term
ok (505 S (L = V0), the total number of pos~
Ground ’ sible states for both ortho-

level helium and parahelium is equal

Fig 24.2 Energy level diagram for the to one. Inexactly the same way,
helium atom (the splitting of the 3p the s term of the hydrOgen
level 1s not 1n scale) atom (one valence electron) isa
single, and the number of states
is equal to two (that is, the levels are doublets) only for p, d terms
(for which!™>s).

The total spin S of helium assumes two values: S=0,1. For
S=0 the number of states (2S--1) is equal to unity, and for S=1
it is equal to three (2S-}1=3); that is, the state is a triplet. A
general diagram of the energy levels of the helium atom is given
in Fig. 24.2.

For elements of the third group (S=%andS=%), the states

are quartets or doublets. Thus the number of valence electrons
(see Chapter 25) completely determines the splitting ofthe spectral
lines,

The theory of multielectron atoms is treated in several books. !

\ Problem 24, L] A particle is in the Yukawa potential well

ae-ur
V=—g* Pl

!See, for example, D. I. Blokhintsev, PPrinciples of Quantum Mechanics (trans.), Allyn
and Bacon, 1964.

2 These problems refer to Chapters 23 and 24
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Choose a test function in the form ¢, = A,e781” and determine the upper limit of the
values of « at which at least one discrete level will exist, Using the obtained solution,
consider the special case of a Coulomb potential (g* == ¢j, x=0), Show that discrete
levels always exist for the Coulomb potential, Determine the lowest energy level and the
corresponding wave function,

Solution, The normalized wave function is of the form [see (23.,47)]:

1 3/ —Byr
Dy — 3 1
71 = y s 31 e .
The average values of the kinetic and potenual energies are [see (23.52), (23,53)]
Y L VN, 1| S
r= 2my * V= (B 47
The appearance of the first discrete level is possible under the conditions
S oF, .
Ey=T+4 V=0, —aﬂ—;_o,
from which we find
= Meg®

max= “f2 *

Discrete levels exist for /2 <0, This happens when « << 7p,5x. For a Coulomb field
»==0, and therefore thus condition 1s always sausfied, The average energy in the Coulomb
case is

2

h.
where a,= “MmoeE is the radius of the first Bohr orbit, The expressions for the wave func-
a

tion and the average energy will be exactly the same as those yielded by the Schrédinger
equation for the Is level of the hydrogen atom (see Chapter 13)

Calculate the diamagnetic susceptibility of the ground state of one
gram-atorn or parahelium, using the expression (23,47) obtained for the wave function by
the variational method,

Solution, In the ground state of parahelium, the orbital and spin angular momenta are
equal to zero(j=0), and therefore parahelium must be diamagnetic (see Problem 20,1),

In accordance with (20,48), the diamagnetic susceptibility per gram-atom 1s given by
the expression

eiN

fo==— "
6mye®

(rf 4 rd), (24.74)
where N is Avogadro’s number and

ri4ri= “ (r3+rd) | (ry, r)Pdix dixa. (24.75)
From (23.47) we obtain an approximate expression for { (r,, r:)

2% 2y
Ylror)=_".¢ Zrid-rava
ey
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where for heltum

. 5 27
2=Z—-1%=16

Evaluating the integral (24.75) with the above expression for ¢, we obtain

=S
The diamagnetic susceptibility is therefore
ytheor — __167. 1079,

which is in fairly good agreement with the experimental value
LEXP = — 1,90 . 107¢,



Chapter 25

Optical Spectra of Alkali Metals

A. GENERAL DISCUSSION OF THE STRUCTURE
OF COMPLEX ATOMS

It has already been pointed out that the position of an atom in
the periodic table of elements is determined by the atomic number
Z. This number characterizes the nuclear charge in units of e;
that is, it is an integer that is equal to the number of protons in
the nucleus and also to the number of electrons in the neutral
atom. Thus, for example, sodium has 11 electrons (Z=11) and
uranium has 92 (Z = 92).

The most important questions in the theory of a complex atom
concern the electron density distribution and the energy spectrum.,
In studying these questions it is necessary to consider the mutual
interaction between all the electrons, in addition to the attraction
between the electrons and the nucleus. Owing tothe interelectronic
interaction, the energy values of the electrons will be smaller (in
absolute value) than those given by the well-known expression

[=—200
n-

Just as in the hydrogen atom, each electron in a complex atom
is characterized by four quantum numbers. For Russell-Saunders
coupling (the case where the spins and orbital angular momenta
of the individual electrons in a given shell are added separately),
these quantum numbers are as follows:

(1) the principal quantum number n =1,2, 3,4, ...,

(2) the orbital angular momentum quantum number / =0, 1, 2,
e ooy (n—1),

(3) the magnetic quantum number m = 0, +1, ..., * [, and

(4) the spin quantum number m — +1/2 (characterizing the
projection of the spin on the z axis).

In the case of jj coupling, the four quantum numbers are as
follows:

(1) the principal quantum number »n,

(2) the orbital angular momentum quantum number /,

(3) the total angular momentum quantum number j=|/='/;|, and
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4) mj=—j, —j41...j—1, j (characterizing the component
of the total angular momentum along the z axis).

As we have already said, Russell-Saunders coupling (or LS
coupling) is characteristic of light elements, while jj coupling is
characteristic of heavy elements. Both types of coupling give the
same number of levels.

A group of closely spaced energy levels, which is separated
from other energy levels by an appreciable gap, forms a shell
made up of several subshells. Just as for the hydrogen atom, the
classification of the shells is based, as a rule, on the principal
quantum number n. The relationship between the principal quantum
number n and the letters which are used to denote the shells in
x-ray spectroscopy is as follows:

Shell symbol

SOOI W=
QUVO=ZItXx

Within the shells, electrons with values of the orbital quantum
number / equal to 0,1,2,3,...form the s, p,d,f,...sub-
shells. To determine how the shells and subshells are filled, one
should take into account the Pauli exclusion principle, according
to which there can be only one electron in each quantum state
characterized by four quantum numbers. In a state with fixed
values of n, /, m, there can be at most two electrons, differing in
spin direction. Since the quantum number m, which varies from
-/ to +/, can take 2/ + ! values, we obtain the following expression
for the maximum number of electrons in a given subshell:

Ny=N,=2(2 +1). (25.1)

!The same value for N; 1s found for j; coupling For given values of the three quantum
numbers n, I, ), the fourth quantum number m; may take the values ~J, .., -, %, ,,
corresponding to 2 + 1 states Hence we obtain the same value for N;

Ni= D@ = 2@,
]

where ?

ARTRS!
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It follows that the maximum number of electrons in the subshells
s(l=0), p(l=1), d(!=2) and f(l=23) is as follows:

N,=2, N,=6, N,=10, N,=14.

Subshells with a larger value of / are not encountered in unexcited
atoms, and therefore we shall not discuss them here.

We can now find the maximum number of electrons which can
occupy a given shell

n—1

Na=Y N=2(143+...+n—1)=2n 2= lom. (25.2)
=0

Thus there can be at most two electrons in the K shell, eight
electrons in the L shell, eighteen electrons in the M shell, 32
electrons in the N shell, and so on. It should be mentioned that
these relations between the quantum number and the number of
states in the various shells are true, generally speaking, only for
hydrogen-like atoms.

To establish the order in which the shells and subshells are
filled in complex atoms, it is necessary to consider the mutual
interaction of the electrons. As we have emphasized several
times, this problem cannot be solved exactly. The application of
quantum mechanics to multielectron systems, however, has led to
the discovery of various important properties of such systems,
including, in particular, the exchange interaction. Moreover, the
development of approximation methods has made it possible to ob-
tain highly satisfactory quantitative results for complex atoms.
As indicated in Chapter 23, the simplest approximation methods
are the variational methods developed by Ritz, Hylleraas, and
others; these give comparatively good results for the light atoms
(up to potassium). A more complete analysis of the structure of
an atom can be made by means of the self-consistent field method
developed by Hartree and Fock. This method has been used to
determine the energy and the electron distribution in heavy and
light atoms (see Chapter 23), This method also gives the shell
structure of complex atoms.?

Unfortunately, the use of the self-consistent field involves some
very complicated computations, which can be carried out only by
computers. As a result, the eigenfunctions characterizing the
electron distribution are obtained in the form of numerical tables
rather than analytical expressions.

2For more details see Hartree, D R The Calculation of Atomic Structures, New York:
John Wiley & Sons, Inc., 1957.



400 RELATIVISTIC QUANTUM MECHANICS
B. THE THOMAS-FERMI STATISTICAL METHOD

Besides the approximation methods, there are statistical
methods that have been introduced on the basis of principles
developed by Thomas and Fermi. These methods apply mainly to
heavy atoms.

In the statistical treatment, the electrons of an atom are re-
garded as a degenerate gas with T=0, just as in the theory of
metals (see Chapter 6). The Thomas-Fermi statistical method is,
of course, less accurate than the Hartree-Fock self-consistent
field method, because many features of the behavior of the in-
dividual electrons are neglected. In spite of this general short-
coming, the Thomas-Fermi method provides a fairly simple
explanation of many important properties which are characteristic
for the average behavior of electrons in an atom.,

The Thomas-Fermi method does not enable us to find the
shell structure of an atom, but it does explain several important
features of the filling of the electron shells. This method can be
used for calculating the total bonding energy of electrons in an
atom and the radii of atoms and ions. It can also be used to deter-
mine the influence of screening electron shells on the scattering
of fast electrons, bremsstrahlung, and the creation of electron-
positron pairs due to absorption of x-ray photons in the nuclear
field.

Presently statistical methods are being successfully used to
construct a theory of heavy nuclei and a theory of matter at high
pressures (for example, inside stars).

In heavy atoms the positively charged nucleus is surrounded by a cloud of negatively
charged electrons, which partially screen the electric charge of the nucleus, The po-
tential of an ionized atom at distances greater than its radius is given in the first
approximation by the following expression:

(Z—N) e
me,

Pron ==

(25.3)

where Z is the atomic number, and N is the number of electrons, For a neutral atom
N=2Z and, therefore, ®,==0; that is, the electrons completely screen the charge
of the nucleus,

In constructing a statistical theory, three forms of energy should be taken into
account,

1, The electrostatic energy of attraction between the electrons and the nucleus,
This energy is related to the electron density po (the number of electrons per unit
volume) by the expression

Vhe = —é \ pobyy dix, (25.4)

where e=— ¢, is the charge of the electron, and ¢, = Z—:9 is the potential produced by

the nucleus,
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2, The electrostatic energy of repulsion between the electrons
Ve e=—22 5 pabe dix, (25.4a)
where

e (r)=— ey s' Ir""(r)ld’ v

3, The kinetic energy of the electrons in the atom, Just as in the theory of solids at
absolute zero, the average kinetic energy of an individual electron is related to the
electron density po by the following expression, in accordance with Eqs, (6,33) and
(6.33a)3:

Toy=7po *s, (25.4b)

where

% (3= )”-‘— § €000 359"/ . (25.5)

Hence the kinetic energy of the electrons is

T g oo/ dbx. (25.6)

The total energy of an electron gas in the field of a nucleus is equal to the sum of the
potential energy, which consists of two parts [see (25,4) and (25,4a)], and the kinetic
energy [see (25,6)]. Thus the total energy is

E=T+4V,. e+vL o=

= S‘ po¥/adx — e S Py dx + S Po(7) bof f;(i);{.lx £ @57)

The density of the electron gas must satisfy the condition
{oae=n, (25.8)

where N is the number of electrons in the atom,
With the auxiliary condition (25,8), the vartational principle can be formulated as
follows:

3 {E + PN } =0, (2509)

Using this principle, we can find a relationship between the total potential @ =P, + &,
and the density of electrons pg

1
Po =gz (2Mae0 (2 — D)2, (25,10)

3’I'hese formulas werc obtamned on the assumption that at most two electrons can occupy
each quantum state characterized by three quantum numbers. Thus the Thomas-Fermi
statistical theory automatically incorporates the Pauli exclusion principle, which is of
fundamental importance 1n the theory of complex atoms
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where the Lagrangian muluplier &,, which plays the role of a constant potential, must
be found from the boundary conditions, In the derivation of (25,10), we have used the
relations

3 S p,ﬁ/nd’x:% S po®/slp, dix,
] SPoq’ dix= 5 P dpo d¥x,
2 & S‘ po(r) P°(r)d'xd'x -

=%3 S [3po(r) o (f')'l{‘:ﬁ"’)}ll’ﬂ")] dxd'x Srpe Yo dPx; aS po dix =3N.

(25.11)

Substituting Eq. (25,10) for the electron density into Poisson’s equation for a spheri-
cally symmetric electron distribution

i = EtrlT r® = 4nepo (25.12)

and recalling that ®, = const, we obtain the Thomas-Fermi equation which forms the
basis of the statistical model of the atom

2
L& (@ — @)= 150 @maedn (2 — o) (25.13)

When a specific problem 1s investigated, the solution of Eq, (25,13) must sausfy
certaig definite boundary conditions. For an atom the boundary conditions can be given
in the form

d>——<x>o=-z;f—° for r—0 (25.14)
and

b= Z=Ne for r=r,. 25.15)

0
Here r, is determined from the condition that the electron density should be equal to
zero at r=r, , that is, po (ro) = 0, Hence, in accordance with (25, 10), we find

® =(Z—N)Eo.
ro

With the help of Poisson’s equation (25,12) and (25,13), the condition (25,8) may be
written as

(25.16)

ro
2
S Lr@—20) 4 Ne, (25.17)

dr?

It follows from (25,16) that =0 and r,=oo for a neutral atom (N =Z). Instead of
(25.17) we get, therefore,

¢ aro
r
Sr ar dr=Ze,.

This condition will hold if the second boundary condition is satisfied

lim r&=0. (25,18)

r—oo



OPTICAL SPECTRA OF ALKALI METALS 403

We note that the Thomas-Fermi equation (25, 13) has one exact solution

81n2h® |

O =g 11

(25, 19)
as can be easily shown by substituting (25,19) into (25, 13),

This solution for a neutral atom (P, =0) will satisfy one of the boundary conditions
for r — co [see (25,18)], The second boundary conditionfor r — 0 [see (25, 14)], however,
will not be satisfied,

Unfortunately, solutions of the Thomas-Fermi equation which satisfy both boundary
conditions cannot be expressed in analytic form, ¢

Substituting (25, 14) into (25, 10), we find the behavior of the density po as r — 0,

po==const r—*/s, (25.20)

The solution (25,19) for a neutral atom gives too high a value for ® asr-—oo,
The more exact Hartree-Fock method shows that the electron density will decrease
exponentially as r — o,

Since we are interested only in the basic principles of the statistical method, we shall
construct an approximate statistical theory of the atom with the help of the variational
method, This will enable us to formulate a solution of the problem in analytic form with
only small quantitative deviations which are of no importance to us,

C. SOLUTION OF THE THOMAS-FERMI PROBLEM
BY THE RITZ VARIATIONAL METHOD

Solving a problem by the Ritz variational method, one can propose any number of
test functions which depend on the different values of the variational parameter ).

We shall choose the test function on the basis of the following considerations, The
function should agree roughly with the solution of the Thomas-Fermi equation for

*We may note that the numerical integration of this equation presents two advantages
over the numerical integration of the Hartree-Fock equations First, the Thomas-Ferm:
equation 1s much simpler than the Hartree-Fock equations Second, this equation and the
boundary conditions (for example, ® = 0 for a neutral atom with Z = N) can be transformed
into a universal form which 1s independent of Z To do this, we must replace ®(r) by a
new function

Ze
o) - =L@,

where

1

r 917'2 3
X = —), a = a —_—
a °<123z

With the function f(x), Eq. (25.13) becomes

— 32 3
\/xi—,f*-f/’, (25 13a)

and the boundary conditions (25 14) and (25 18) become
f(x) =1 for x—-0, f(x) = 0 for x—- 0. (25 14a)

These equations are of a universal character, that is, they do not necessarily depend on
the quantity Z. Therefore, after numerically integrating the Thomas-Ferm: equation, we
can change the variable (which depends on Z) and use the equation to investigate any
heavy atom. This cannot be done with the Hartree-Fock equation.
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r— 0 (this region is the most important with regard to the solution of the problem as a
whole), and it should have a comparatively simple form, so that it can be exactly in-
tegrated in the calculation of the total energy. One test function which satisfied these
requirements is

/g —
N2 v

po= _161'\:"3/9 . (25,21)

This function is already normalized to the total number of electrons

[oe]
/3

s Vre-Vidr=N, (25.21a)
p

S Po d”x:m

and therefore the auxiliary condition (25,8) will be satisfled automatically,

For r— 0, the test function (25,21) changes in the same way (p, ~rY ) as the
solution of the Thomas-Fermi equation [see (25,20)], As we shall see later, this ex-
plains the good quantitative agreement between results obtained by means of the test
function (25,21) and those obtained by means of the potential satisfying the Thomas-
Fermi equation,

The potential due to the electrons in the atom 1s

Pe =~ (1= VT Y7 = V), (25.22)

This can be easily shown by substituting Eqs, (25,21) and (25,22) for po and @, into the
equation

V2‘De = 4)‘!3090

Using also the expression (bn_—_g%’, we can see that the total potential satisfies the
boundary condition (25,15) for r=ry~ oo, when the charge density vanishes together

with the exponential term e~ Vin .
We can also find an expression for the kinetic energy T in terms of the variational
parameter A, From Eqgs, (25,6) and (25,21) we have

N\%s 5 °,° B—E/BV)T, 9 /[3n\%s 5 2
T=dm (Ioﬁ:) \¥s 5 S dr=400(2> N*/3)2e3a,. (25.23)

We have the following expressions for the potential energy due to the interaction
between the nucleus and the electrons [see (25,4)] and for the potential due to the mutual
interaction of the electrons [see (25,4a)]:

ZNei sy, (e~ ¥V ZNe;A
Vaoe=—"5" S === (25.24)
o0
258 - — —_
Veme =1L8e—“ \¥2 S —;;r_ e““’(l—e’w"— Vire™ Vin —
¢ r
N2e2A
== (25.25)
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Adding Eqs. (25,23)-(25.25), we find that the total energy (25,7) of the electron cloud is
E= A\ — BA, (25.26)

where

9 Bm\ta s, by, N 25,27
A—400(‘2') N ;euaOy B.——zNeu V4 8 /) ( )

The variational parameter A, corresponding to the reciprocal of the effective radius
of the atom, can be found from the condition for the minimum of the total energy £ of

the atom, that is, oF = 0, Hence we find

oA
, o 1_9 ’3@>‘/3,J_V1"_ a
Reff =7 100( 2 (z N) o (25.28)
Y
1, B 25(2\e/sep 1/3(,_”/\_’)2
E_7V~—m_—9<3n> % N(z—5) (25.29)
For a neutral atom (N =Z), we have
. ay
Reff ~03- ‘Zl’/"_’
(25.30)

3 a,

Ee_ 2519 (3)”“ &8 4 078, D27,
0

It is worth noting that numerical integration of the Thomas-Fermi equation leads to a
value for the energy of the atom which is very close to that given by (25,30)

ET-F =—0709..2 77 = 2094 2" e, (25.30a)
0

The expression (25,30a) (with the sign reversed) represents the total bonding energy
(or ionization energy) W of a neutral atom, that is, the energy requred to remove all
the electrons from the atom,

The theoretical values obtained for W from (25,30a) are quite reasonable even in the
case of the hydrogen atom, but they are somewhat higher than the corresponding experi-
mental values, The relative error decreases with increasing Z (see Table 25,1),

Table 25.1

Theoretical and experimental values of the total ionization
energy W of atoms (in units of e;%/a,)

Element w theor w exper
H 0.769 0.5
Li 9.982 7.5
Na 206.9 162
Hg 21207 18130
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Concluding this section, let us compare the curves which are obtained for the charge
distribution in neutral argon (Z==18) on the basis of the Thomas-Fermi statistical
theory and on the basis of Hartree’s method of the self~consistent field (see Fig, 25,1).
It can be seen from the graph that the curve of p, computed according to the Hartree
method (Curve B) has characteristic maxima and minima corresponding to the electron
shells, whereas the curve calculated according to the Thomas~Fermi statistical theory
(Curve A) describes only the average behavior of the electron density, and therefore has
no relative maxima, For large values of r there is also a marked lack of agreement
between the two curves: the Hartree-Fock method gives functions which decrease
exponentially with increasing r, whereas in the statistical theory the decrease is pro-
portional to r~4 [see (25.19)].5

40

20pr
' 0 —
5 5 ‘\Ev'\
Q \\ B

2 <

7 A

<
w A
1/ / 2 4 5 6

r/a,

Fig 25.1. Comparison of the electron density distn-
butions 1n argon (Z = 18) obtained on the basis of the
Thomas-Ferm1 method (Curve A) and the Hartree-Fock
method (Curve B) A pseudologarithmic scale 1s used
for the ordinate axis (we have plotted the quantity
£n (1t Dag), where D — 41rr2p0) Therefore, the graph
will be linear for small Dag, and logarithmic for large
Dagy The choice of this scale cnables us to follow
the variation of oy at large values of r, as well as for
r< ao

D. ENERGY LEVELS OF ALKALI METAL ATOMS

In studying spectral lines in complex atoms, it is necessary to
distinguish between outer and inner shells.

In the hydrogen atom there is only an outer shell (the K shell),
which contains one electron. In helium (Z=2), the K shell is
completely filled (a noble or inert gas). In lithium (an alkali metal
in Group I of the periodic table, Z=123), the inner shell (K shell) is
completely filled, but the outer [ shell has only one electron.
The filling of the L shell is completed in Ne(Z=10). In sodium
(an alkali metal, (Z=11), the inner K and L shells are completely

5A detailed exposition of the statistical theory of an atom 1s given in P. Gombas, Die
statistische Theorie des Atoms und thre Anwendungen, Vienna® Springer-Verlag, 1949,
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filled, but there is one electron in the outer M shell. The filling of
the shells in these atoms is illustrated in Fig. 25.2.

It should be noted that the bonding energy of an electron in an
inner shell is much greater that that of an electron in an outer
shell, An indication of this is provided by the ionization energy,
which is more than 20 ev for inertgases, whereas for alkali metals
it is only slightly more than 5 ev. The removal of the first valence
electron in lithium requires the expenditure of 5.39 ev, but re-
moval of the second and third electrons from the inner shells re-
quires the expenditure of 76 and 122 ev, respectively.

K
H He
K

Fig. 25.2. Diagram of the filling of electron

shells in different atoms. On the right, atoms

with completely filled shells (1nert gases) The

dark spots represent electrons and the light

spots (with a plus sign in the middle) represent
nucle1

The atoms in Group I of the periodic table (Li, Na, K, Rb, Cs,
etc.) are known as alkali metals; each has an outer shell containing
one electron, just like the hydrogen atom. Their optical and
chemical properties, therefore, should be essentially the same as
those of the hydrogen atom (for example, all of these elements are
monovalent and they all exhibit doublet splitting of the spectral
terms).

The optical spectrum is caused by the transition of a valence
electron (that is, an electron in the outer shell) from an excited
state to a lower state. The excitation of electrons in the inner
shells generally requires considerably more energy than does that
of electrons in the outer shells; therefore, downward transitions from
excited states to the ground states of the inner shell are accompanied
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by the emission of x-rays (see Chapter 26). The atomic nucleus
and the electrons in the inner shells together form what is known
as the atomic core. Thus the charge of the atomic core is equal
to Z,=Z—N, where N is the number of electrons in the inner
shells. For alkali metals (Li, Na, etc.) N—=7—1, and thus the
charge of the atomic core is equal to unity (Z,=1). Therefore,
the main part of the potential energy which retains the outer
electron in the metal is the same as for hydrogen, namely,

Vo — 7, —_ 0 (25.31)

The analysis of the spectra of alkali metals can thus be based on
the corresponding expression for the energy which was obtained
in Chapter 13

By =X (25.32)

n*"

Similarly, we can use the hydrogen wave functions as the zero-
order approximation of the wave functions

4= Ypym- (25.33)

In alkali metals, however, we cannot confine ourselves to the
Coulomb energy in treating the interaction between the valence
electron and the atomic core, and we must also take into account
the polarization forces and the ‘‘smearing’’ of the atomic core
over a finite volume. This yields various corrections and removes
the [ degeneracy which occurs in hydrogen.

In Bohr’s semiclassical theory, the orbits of valence electrons
were rigorously divided into orbits which penetrate the atomic
core, and those which do not. In the case of ‘‘nonpenetrating”’
orbits (orbits with nearly circular trajectories) we need to con-
sider only the polarization forces, since the potential outside the
atomic core (that is, outside the inner shells) is completely
independent of the radial distribution of a spherically symmetric
charge. The radial distribution is very important only for ‘‘pen-
etrating’’ orbits (elongated ellipses) (see Fig. 25.3).

In quantum theory the concept of a trajectory is no longer
meaningful. In order to classify orbits as ‘‘nonpenetrating’’ or
‘‘penetrating,”” we must introduce a new convention; namely, if
the wave function describing the behavior of the valence electron
can be set equal to zero inside the atomic core, the orbit is
‘‘nonpenetrating,’”’ and if on the contrary the wave function can-
not be set equal to zero inside the atomic core, the orbit is
‘‘penetrating.’’
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It should be noted in this connectionthat the s orbit of a complex
atom is always penetrating, since its wave function differs from
zero inside the atomic core and, indeed, even inside the nucleus

1

e

Y (0)*= (25.34)

We shall now calculate the polarization forces that arise between
an outer electron and the atomic core. The outer electron will
obviously repel electrons in the inner shells and attract the nucleus.
As a consequence, the atomic core is polarized, and a polarization
force arises between it and the outer electron

1 1 2e(Z—1D)x
p— oy | AT (25.35)

FP = (Z —_— 1)(’,’;
The quantity ¢,(Z—1)x==p represents the polarization of the
atomic core.
If we regard the atomic core as
an elastic dipole, we can set

Nonpenetrating
orbit

T TN
77 Inner
/ elecirons N\

/
/
(25.37)

Fig. 25 3. “Nonpenetrating” and “pene-
trating” orbits in alkali metal atoms
is the electric field produced by the

outer electron at the center of the

atomic core. Thus we can obtain the following expression for the
potential energy associated with the polarization®:

Penetrating
orbit

p =08, (25.36)

where B is the polarizability of the
atom, and

¢ ¢ e ;
Vp= S Fydr = — S =S dr:—-g:,—. (25.38)

Since the polarization can be regarded as a perturbation in this
problem, we have the following expression for the polarization
energy:

8B = { inVp dmmatv= = (55). (25.39)

5The coefficient of polarization B 1s usually determined from semiempirical formulas
Its numerical values for alkal1 metal 1ons (cores) are as follows (1n units of 10—24 cm3):

0 03(L1*), 0 19(Na*), 089(K*), 1.50(Rb*), 260(Cst)
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Since, according to (13.29a),
j_tat+n

(;l‘__}=§g{ : R 3
" (,_1/,)1(1+‘/g)(1+1)(1 +§)

relation (25.39) may be reduced to

e; 20

AEP'_'—?a;Bi’ (25.40)
where
§=38 — %,
3= 3 _—
4a} (z —%) 1(1 +%) -+ 1)(1 +%) (25.41)

({41) 4
82= —~(§$—)‘01.

We can, therefore, find the total energy, which in this case depends
upon both / and n (for the time being, we are neglecting spin
corrections)

Substituting expression (25.40) for AL, and using the relation

Rh _ e
n? 2ayn*’

we obtain

— e eg 2 el
Bt == g ™ 22y 10 ™~ Ty a9 (25.42)

since

! 1 B\v-2 1 28
= (1) =t

Introducing the ‘‘effective principal quantum number’’ n 4 =n—3,
we get

En! = @

T 2an® eff
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It should be noted that Eq. (25.41) cannot be used for s states,
since the coefficient 3, becomes infinite when {=0. This happens
because polarization forces can be introduced meaningfully only
in the case where the outer electron is at a sufficiently great
distance from the atomic core. For s termsthe wave function does
not vanish even when r=0 [see (25.34)].

The influence of the inner electrons onthe s orbits (penetrating)
is due mainlytothe ‘‘smearing’’ of the electronic cloud of the atomic
core. In general, the additional energy due to the ‘‘smearing’’ of
the electrons over the volume of the atomic core is given by

ALEyoi= \ [ (r)]? Vad'x, (25.44)

where Vy, is the difference between the potential energy produced
by the electrons of the atomic core, taking into account their
distribution over a finite volume, and the potential energy pro-
duced by an equivalent charge concentrated at the center.

To estimate the order of magnitude of the correction 3 for s
terms, let us assume that the Z —1 electrons of the inner shells
fill uniformly a volume of radius R. We then have

—1)e 3 s
Vo= _SZ;"T“)‘E‘(l — -.2-‘"%-*"';‘1:—,) (25.45)

Replacing the wave functionfor the s states by its value at the origin
[see (25.34)], we find the following approximate expression for the
additional energy of the s terms”:

AEVOI%—'EWB—z:—'?—a;?-, (25.46)
where
2 ZR?
8=§"‘&3—. (25.47)

This expression no longer diverges.

TAs a rule, the correction § for penetrating orbits 1s taken into account in the following
manner It 1s assumed that the orbit consists of two parts: an outer part and an inner one
In the outer part of the orbit the electron 1s acted upon by a point charge ¢gZ%, (1n alkala
metals Z, = 1), 1n the inner orbit, the electron experiences the effect of point charge egZ,
which should be greater than egZ, because the screening effect of the inner electrons 1s
reduced. It 1s difficult to determine the charge Z;, theoretically, and 1t 1s usually regarded
as an empirical parameter.

We thus obtain the following equation for 2
5= 22, L (H%). (25 43)

! -
%o \,20—‘; Z,~1(+1)

where a 1s the maximum distance from the nucleus to the electron in the inner ellipsoid
(that 1s, the radius of the atomic core) It 1s easily shown that the quantity §; decreases
rapidly with increasing [. A particularly good value of ;18 obtained for s terms.
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We may note here that according to the Thomas-Fermi model,
the radius of an atom [see (25.28)] is

R=Tp, (25.48)

where the coefficient 1, which characterizes the distribution of the
charge inside the atom, is of the order of unity.

Consequently, for the total energy of an electron in the case of
‘‘penetrating’’ s orbits, we again obtain an equation of the same
form as (25.42)

- . Rh e
Enimo= =G5 == mam (25.49)

where 1. =n—3, but now 8 is given by (25.47).

In order to analyze the difference between the corrections
3 for ‘‘penetrating’’ and ‘‘nonpenetrating’’ orbits, we shall take as
an example the Li atom.

In this atom the p orbit (! = 1)is nonpenetrating, Equation (25.41)
gives the value 3,~0.04 for the lowest state (n=2). According
to (25.47), the corresponding expression for 8; for penetrating s
orbits must be one order of magnitude greater.

It should be noted that for increasing n and /= const, the
eccentricity approaches unity; that is, the elliptical ‘‘orbits”’
become more and more elongated:

et D (25.50)

n?®

In heavy nuclei, therefore, there will also be penetrating orbits
with /=0 as well as those with larger values of /. This is re-
flected in the corrections 3 for the alkali metal spectra, whose
values are given in Table 25,2.

Table 25.2

Corrections s for the spectra of alkali metals®

z Element , 3, B, By O
1 H 0.000 0.000 0.000 0.000
3 Lt 0412+ 0,041 0,002 0.000
11 Na 1,373* 0.883F 0010 0,001
19 K 2.230% 1.776* 0.146* 0.007
37 Rb 3195+ 2.711* I 233% 0012
55 Cs 4.131% 3649* 2.148* 0.022

3’l‘he values of 8 for penetrating orbits are indicated by an asterisk
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It follows from Eq. (25.49) and also from the Table 25.2 that,
for a given n, the largest downward shift (that is, in the direction
of decreasing energy) associated with the ‘‘smearing’’ of the inner
electrons over a finite volume occurs in states with the lowest 1.
In other words, the largest shift occurs for s terms. °

The hydrogen atom alone has no penetrating orbits. For the Li
atom (Z=3; that is, the next element after hydrogen in the first
group of the periodic table), the only penetrating orbit is the outer
s orbit. In the next alkali metal, namely, the Na atom (Z=11), the
s and p orbits are penetrating.

E. FUNDAMENTAL SERIES

The energy levels of the hydrogen atom without relativistic
corrections are given by the well-known relation

__Eu_ R (25.51)

From this we can find the values of the spectral terms
( ls) == —IR§' =R,

(2s)=(2p)=§ =§, (25.52)

(3) =@ =B =5 =X.

It follows that the states of hydrogen are degenerate with respect
to both [ and m. A schematic diagram of the energy levels in the
hydrogen atom is given in Fig. 25.4.

In the Li atom, the energy levels ofthe K shell (n=1) are filled
(see Fig. 25.2), and therefore it is the L shell which is the outer one.
Table 25.2 shows that the K shell exerts the strongest influence on
s terms, and for the corresponding terms we have

i R __ R
(n— 0412y — (n—1 1 0588)*"

(ns)==

This shift is so large that it was difficult to determine experi-
mentally whether it belonged to n states or n--1 states. In order

%In Chapter 21, when the finite si1ze of the nucleus was taken into account, 1t was also
found that the largest shift occurs for s terms. In that case, however, 1t was the positive
charge that was spread over a finite volume, and therefore the terms were shifted upwards
and not downwards
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to make the term notation resemble that of hydrogen, spectros-
copists have originally attributed the shift to the n — [ state!®

R R
(ns)=(n*s)= (n-—B,)’ = (n"‘+s)’ ) (25.52&)
where n*=n—1 and s=1-—3,=0.588 . We shall use an asterisk
for the original notation (n*s) in order to distinguish it from the

correct one (ns).

0 H Li Na
-1k ba____
-2 . Ip F
( Py
( 3| b3
-3l Q IS
(Zé=(25) 2 P
-4 /’° -
8 8
‘5 oex l'g S
g 25 —L 8s ~
-6 . : .2
: 5 g R
' o™ > gg—‘.
13- E5e 20
s 383 Eg%
A S > =] Ot ©
[T} o< d o
col  BE g% #08 BgR
@ For T B w'S § 3=
Riold 3% Eis
Qo= O 5a
§888y THg £33
<% wn..4d E2dg "‘ga
Vo gXRg Euq [ ]
Sopd9g AN
L5 9ER

Fig. 25.4. Energy ~level diagram of monovalent

atoms The potential 1s usually measured (in

ev) from the lowest level upwards Here,

however, we wish to compare the energy

levels of different atoms and, therefore, we

have taken the potential at infinity as the
zero level

The shift of the other terms of lithium (/=1, 2) relative to the
corresponding terms of hydrogen is negligible
=(n*p)=_F__
(np)=(n*p) =" o5
— ___ R
(nd)—(n*d)—- (n + d)“ ’

101f the principal quantum number n 1n lithium assumes the values n = 2, 3, 4 (the term
n = 11s occupied by two electrons and forms an inner shell), than the quantum number n*
takes the valuesn* =1, 2, 3....
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where

p=—6p=—0.041,
d=—3,=—0.002.

The shell to which a shift belonged could be, therefore, uniquely
determined and in the old notation the p, d, and other terms were
placed in shells which were later shown to be theoretically correct
(that is, n* =n ; see Fig. 25.4).

In the next alkali metal, Na (Z=11), the inner (filled) shells are
the K and L shells (see Fig. 25.2). As can be seen from Table 25.2,
the inner shells of Na have a pronounced influence on both the s
terms and the p terms. The original notation which was used for
the s terms was

R R
(rlS)=(n*S)=m=W:}; 0627y (25.53)

where n*=n—2, and s= — 3,4 2= 0.627. Thus, spectroscopists
had originally assumed values of the principal quantum number for
the s terms of sodium which were low by two units.!!

The original notation that was used for the p terms was

R
(np)=(n*p)= (n—03883) — (n:c{l?_p)s , (25.54)

where n*=n—1, p=1—3,=0.117. Thus, the principal quantum
number for the p terms was reduced by one unit. The corrections
for the states d, f, . .. were negligible, and these terms had been
assigned to the shells that were later obtained from the theory.
The energy-level diagram of Na is given in Fig, 25.4.

The spectral series of alkali metals are as follows.

1. The principal series. The variable term is the p (principal)
term. The spectral frequencies in this series are given by

o=(1*s) — (n*p),
which means

for H:(1s)— (np),
for Li:(2s)— (ap), (25.55)
for Na (3s) — (np).

T1At present, spectroscopists have also adopted a notation which follows from theoreti-
cal calculations This 1s the notation used in Fig. 25 4
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2. The sharp series. The variable term is the s (sharp) term.
The spectral frequencies are given by

0= (2*p) — (n*s),
which means

for H:(2p)— (ns),
for Li:(2p)— (ns), (25.56)
for Na:(3p) — (ns).

3. The diffuse series. The variable term isthe d(diffuse) term.
The spectral frequencies are given by

0= (2*p) — (n*d). (25.57)
4, The fundamental series.
o =(3*d) — (n*f). (25.58)

The variable term is the f (fundamental) term.
These series take into account the selection rule

Al =H-1,

The names of the series partly reflect the character of their
multiplet structure.

F. MULTIPLET STRUCTURE OF THE SPECTRAL LINES

Just as in the hydrogen atom, the multiplet structure of the
spectral lines of alkali metals is due to the spin and relativistic
effects. To find the splitting of the terms, let us use a relation
including both the relativistic and spin-orbit corrections for a
hydrogen-like atom [see (20.18)]

AEn; RZ'« [ n 3
iy K2 (?’/T*ﬂ' (25.59)

where «=¢;/ic=1/137 is the fine-structure constant.
To account for the effect of electrons from the inner shells of al-
kali metals, we simply replace Z by a certain effective value Z ., < Z.

AEp, __ Ra® ,, 3
St () s
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For ‘‘nonpenetrating’’ orbits, we may set Z.; = 1, because all
the Z—1 electrons will screen the positive charge of the nucleus.
For ‘‘penetrating’’ orbits the best value of Z.¢ is chosen from a
comparison with experiment.

“Py2 4's
AQw, L * ”
¢ 4Py Is
27 .
aw; 1 :o 7 Z2s
3pye
2 2y
aw, | T s aw)] [ aw, fre
2P 2pye
s
Aw, > Aw,>8wW, Aw, = Aw, = dw,
Principal series, con- Sharp series, equi-
verging doublets distant doublets

Fig 25.5. Spectra of alkali metals

Since the total angular momentum quantum number ; assumes
the values

and
j=141 for 7140,

we may conclude that all spectral terms of alkali metals should be
doublets, except for the s term, where there is no splitting.

In order to find the magnitude of the splitting, let us calculate
the value of the spectral terms for two cases? first, when the spin
and the orbital angular momentum are parallel

AE Ra?Z? 3
=141 __ £f n_o__2).
Lty e (l_ 1 4), (25.61)
and, second, when they are antiparallel
AE, _, Ra*Z}4 3
J=l=1s __ ff (1
— 1oty o N e (1 4), (25.62)
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The splitting of the terms is equal tothe difference between (25.62)
and (25.61) 12

Ra2Z{
bo= Lty (25.63)

We shall use this equation to explain the doublet splitting of the
principal series, that is, transitions originating from the p levels.
Setting [=1 we find

Awns&iz-‘ﬁl (25.64)

2n*

It is evident now that the decrease in splitting will be inversely pro-
portional to the cube of the principal quantum number n (see Fig.
25.5); thatis, the spectral of the mainseries are narrowing doublets.

Fev In the sharp series, the initial
level is a doublet and the final level

=== —  (with variable s) is a singlet (see
bs——— Fig. 25.5). The distance between the

doublets in the sharp series is con-
stant (equidistant doublets)

4
Poi 4»0//2
a0 ¥
Awy=Aw;=.,.=Aw, =
__ Re*Zegy

48 S T A 7 =1

F o

g\x

ol & In particular, for the spectrum of

o
5@@95% Li we have Z.y4 =1, and n*=2 (the
p orbit is ‘‘nonpenetrating’’), so that

40 38y

Js, . :
0# v this constant splitting is equal to
Fig. 25.6. Diagram of the spectral
terms of the sodwum atom including Ra?
the fine structure Aw, == 16 °

A diagram of the multiplet structure of the principal and sharp
series of sodium (Z=11) is given in Fig. 25.6.

The diffuse series does not obey such an explicit law for the
splitting of spectral lines. Each line will be split into three rather
than four levels (see Fig. 25.7), since in this case in addition to
the selection rules Al==+], it is also necessary to take into

25everal other formulas have also been proposed for the doublet splitting For example,
on the basis of the quasi-classical picture of penetratmg orbits, Landé proposed a formula
replacing 1n (25 63) n by nege —n— 8 and Z:" by Zf, Z;, where Z, 1s the total charge of
the 10n and Z, 1s the effective charge of the nucleus in the inner region [see Eq. (25.43)]
into which the orbit penetrates. For further details we refer the reader to E. Condon and

G. Shortley, Theory of Atomic Spectra, New Yorks Cambridge University Press,1958.
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account the selection rule for the total angular momentum quantum
number

Aj=0, * 1.

The spectral lines of the fundamental series are also split into
three components.

3
n d_;/?

fl*d 3/?

H
2 P

*
2Py

Fig. 25.7. Splitting of the diffuse
series

The multiplet splitting of the spectral lines of monovalent atoms
may be explained only by taking into account the spin properties of
electrons. We have already and repeatedly stated that only the
half-integral quantum numbers (which characterize the spin) can
lead to doublet splitting of the terms (as in the Stern-Gerlach
experiments).



Chapter 26

Mendeleyev's Periodic System of Elements

A. X-RAY SPECTRA OF ATOMS

X-ray spectra provide important information on the structure
of the inner shells of atoms and are therefore useful in studying
the sequence in which the shells are filled by electrons. We recall
that x-rays are emitted when a beam of fast electrons strikes the
plate of a cathode-ray tube (see Fig. 26.1). An analysis of the
emerging x-rays shows that they consist of two different types of
spectra—a continuous and a line spectrum. The continuous x-ray
spectrum arises as a result of the deceleration of electrons when
they strike the target. The continuous spectrum is therefore a
type of bremsstrahlung. If the deceleration of electrons is equal
to w(w<{0), then according to classical electrodynamics, the energy
radiated by the electrons per unit time is given by the relation

A characteristic feature of the continuous spectrum is that it
is cut off at short wavelengths. The wavelength Am;, at which this
occurs decreases as the potential difference between the cathode
and the anode increases; the cutoff wavelength Amin can be deter-
mined {rom the law of conservation of energy

2
V=7iw—{—-'~'—l"22,

where V =¢,® is the electron energy before colliding with the
target, ® is the potential difference between the anode and the
cathode, #lwis the energy of the emitted bremsstrahlung photon,

and L".i;—’: is the kinetic energy of the electron after colliding with

the target.,
Introducing the wavelength A =-2"¢ instead of the frequency o,
[0

we find that
ch

A= .
V— ? myv?
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From the last equation it is evident that X can vary from +=o0 (as
in the case when an electron does not lose any energy during the

collision with the target (% myp' = V) to a certain minimum value

h
Anin="» (26.1)

as in the case when an electron loses all its energy in the collision

<mo;ﬂ — 0) .

Electrons

V' / X-rays

Fig. 26.1. Schematic diagram of an x-ray tube.
C — cathode, T — target

The dependence of the radiation intensity on A is plotted in
Fig. 26.2 for two values of the energy of the primary electrons (25
and 50 kev). It is clearly seen that an increase in @ corresponds
to a decrease of the cutoff wave-
length A ,,,, in accordance with Eq. 50kev

(26.1). This equation was successfully 0
used in the determination of a more g
accurate value of Planck’s constant 2
h than was given by the Wien and the g
Stefan-Boltzmann laws (see Chapter 3
1), 3

When the energy of the electrons g
incident on the target exceeds a cer- &
tain critical value, determined by the 0 .
target material, a line spectrum, 0z o4 06 O i3 ‘a
which is known as the characteristic Wavelength,
spectrum, is superposed on the con- Fig. 26.2. Short wavelength lim-
tinuous spectrum. The line spectrum its of the continuous x-ray
characterizes material of which the spectrum.

target is made (or rather, the struc-

ture of the inner shells of the target material) in the same way as
the optical spectrum characterizes the structure of the outer shells
of the atom. For example, in the case of a rhodium target, a line
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spectrum begins to be superposed on the continuous spectrum at
an energy of 31.8 kev.

The properties of the line spectrum are identical for all chem-~
ical compounds of a given element. The characteristic x-ray
spectrum and the optical spectrum are different in this respect,
since the latter depends on whether the substance occurs in atomic
or molecular state (for example, the optical spectra of atomic
oxygen, the Oz molecule, and the H2O molecule are completely
different). This can be readily understood since only electrons of
the outer orbits participate in chemical bonding.

The spectral lines of the characteristic x-ray spectrum form
regular sequences or series, just like the optical lines of atoms.
These series are designated by the capital letters K, L, M, N, .. . ;
the K series has the shortest wavelength, followed by the L series,
and so on.

B. CHARACTERISTIC SPECTRA OF ATOMS AND THE
STRUCTURE OF THEIR INNER SHELLS

The mechanism which is responsible for the characteristic
x-ray spectrum of an element was first explained by Kossel (1914).
Let us suppose that an electron which is incident on a target re-
moves an electron from, for example, the K shell of the target
atom, and thus leaves a vacant site in the K shell (see Fig. 26.3).
An electron may jump from the L,
M, N, ... shells to this vacant site,
giving rise to x-ray lines (denoted
by K., K;, K,5...). The character-
istic x-ray spectrum is thus formed
as a result of transitions of electrons
from one inner shell to another. Since
the bonding energy of electrons mov-
ing in the inner orbits is much
greater than that of the outer elec-
trons. Electrons of much greater
energy (several tens of kev) are re-

Fig. 26.3. Schematic diagram of

the origin of a characteristic quired for production of the charac-
x-ray spectrum according to Kos- teristic X-ray spectrum than for the
sel:@—electrons. The dashed ine excitation of optical spectra (where
represents the ejection of an several tens of ev are sufficient).

electron from the K shell Two methods that can be used in

constructing a theory of the com-
plex atom, while taking into account the interaction of atomic
electrons. In the first method the main potential is taken to be
the potential of the nucleus when it is completely screened by
the inner electrons. We used this method in constructing the theory
of the optical spectraof alkalimetals. The potential was determined
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by the nuclear charge (Ze) and the charge of the electrons in the
inner orbitals [—(Z —1)e,]. The total potential was equal to

€y - €o
o="(Z—(Z—1)="2. (26.2)

As the perturbation potential we selected an additional potential
which took into account the polarization and the space distribution
of the electron cloud. This method is particularly suitable for outer
electrons, as, for example, in atoms of alkali metals.

In studying the motion of electrons inthe inner shells, it is con-
venient to use the potential of the nucleus

o=12% (26.3)

as the main term in the expression for the potential, and to regard
the additional potential produced by the electron shell as a correc-
tion. In this case, the presence of electron shells will result in a
screening (an effective decrease) of the nuclear charge Ze, by the
amount S,¢,, and the total potential will be

@:@’ﬁ, (26.4)

For example, in the investigation of helium-like atoms, it was
shown that the interaction of the electrons in the K shell reduces
the effective nuclear charge [see (25.35)], which then becomes

Z’-»Z—,%. Thus the quantity S, is equal to %/, in this case.

The screening constant S, must be a function of both n and /.
It becomes larger as n increases since there is a greater number
of electrons screening the nucleus. It also becomes larger (but
more slowly) as [ increases, since the orbits become less and less
penetrating and the effective charge decreases somewhat on the
average. In the first approximation it may be assumed that the
screening constant is independent of L

The potential (26.4) gives the same formula for the spectral
terms as was obtained for a hydrogen-like atom, except that the
quantity Z is replaced by Z — S,:

E,= =5 R (26.5)

From (26.5) we can obtain an expression for the frequency of the
K, line

or, =B 5 = R[E52E —E520 ] (26.6)
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1t follows that the frequency of the x-ray spectral lines increases
monotonically as a function of the atomic number Z. This was
first deduced by Mosley (1914), from an analysis of empirical data;
he wrote this relationship in a somewhat different form

vk, =R (Z — S)* ("11?“%\) (26.7)
This formula can be obtained from (26.6) if it is assumed that the
screening constant for K and L shells isthe same, i.e., S;=38,=S.
We know, however, that this is not quite correct, and, therefore, in
studying x-ray spectra, just as for optical spectra, we should
express the frequencies as differences of spectral terms. In

accordance with (26.5), the spectral terms may be represented in
the form

T;l___ Er‘__ zZ-—-S§
=V —la=" (26.8)

This relation is called Moseley’s law; it is usually analyzed
graphically, Ascribing different values to the principal quantum
number n, we get (see Fig. 26.4):

7"k terms (n=1) for K terms (n=1)
V4 L. terms (n = 2) = 7.8
3| ]/E‘= St (26.9a)
ot
for L terms (n=2)
25}
Ta  Z—8,.
¢ M terms (n = 3) %: 5 (26.91b)
5t
0 for M terms (n=3)
| -
5, =225 (26.90)
0 0203905060708 902 Investigations of the experimental
T . .
Fig. 26.4. Moseley diagram curves F -~ f(Z) have given the

following average values for the
screening constants: §;=1, §,=3.5, §;=10.5., It has also been
established the x-ray spectra change monotonically with increas-
ing Z and that no periodic regularities are observed. This repre-
sents a further difference between x~ray spectra and optical spectra,
in which periodicity exists (see Section C).

1See A. Sommerfeld, Atombau und Spectrallinten 1, Vieweg., Braunschweig, 1951,
Chapters 4 and 5.
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Thus, periodic properties appear only in valence electrons, and
not in inner electrons. The study of x-ray spectra made it possible
to prove definitely that the atomic number Z, introduced by
Mendeleyev, is determined by the charge of the nucleus, and not by
its mass. It turned out that Mendeleyev had correctly arranged the
elements Co—Ni, Ar—K, Te—I in a sequence which was not the
same as the order in which their atomic weight increased.

There were also doubts concerning the correct sequence of the
rare earths (elements from Z = 58to71), whose chemical properties
are very similar. Moseley’s law made it possible to verify
their arrangement in the periodic system. In addition, the study
of x-ray spectra made it possible to determine the filling of
the inner shells of the ferromagnetic metals and lanthanides, where
the Moseley curve is discontinuous.

C. MULTIPLET STRUCTURE OF X-RAY SPECTRA

X-ray spectral terms are primarily determined by the quantum
state characterized by quantum numbers n, ! and j, from which the
electron has been removed, leaving a ‘‘hole.”’

As a rule, LS coupling occurs for outer electrons, whereas jj
coupling occurs for inner electrons (in sufficiently heavy atoms).
In the heaviest atoms jj coupling begins to play an important role
for outer electrons as well.

Since the inner electrons are relatively close to the nucleus,
they are mainly under the influence of the field of the nucleus, and
therefore, their energy states are close to those of a hydrogen-like
atom. We may, therefore, take the following formula as a starting
point:

RrZ* RﬁZ‘ y n 3
Ey = TR T T 7 1T T ayp (26.10)
I+

where the fine structure constant is

1

~ 131

Q
I
»lé‘ﬁ

In order to account for the screening of neighboring electrons,
we must make the substitution Z - Z —-S,,in (26.10). We assume
in this approximation that the screening constant depends not only
on n, but also on I. Then for the x-ray spectra we obtain

T,  Ew, (Z- —_-_s,,,)* 4 E=Su) ( n 3
i Rn = nt I 4y
Ity
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Taking the approximate square root we find a generalization of
Moseley’s law to the case that includes relativistic and spin
effects

V nR gZ Snt_{ 1@Z— i;u)‘ﬂ’( n 1 _%)‘ (26.11)
J
2

This formula shows that in Moseley’s curves there appears a
term ~ Z' in addition to the term which is proportional to Z, The
influence of this additional term becomes marked only at large
values of Z. This conclusion is in agreement with experimental
data,

In addition, Eq. (26.11) explains the multiplet structure of x-ray
terms. We note, first of all, that there is no splitting of the K
term, since only one state (lsy,) is possible (n=1, =0, j=1/,).

For L terms, we have three components: L;~ 2si,,(n=2, [=0,
i= Yoy Lu~2pi,(n=2, l=1, j="1);) and Ly~ 2ps,(n=2, I=1,
="/a

’{‘c)> make Eq. (26.11) agree with the experimental data for
screening constants, we must set

8.1523, Sgp=4.

We obtain the following equations for the corresponding terms:

Tosi), 7-3 5
l/—f(l—/—=—-2——|~ 3 (Z— )37(14 terms);

l/ ey 24 e hs (z— 4)“%(Lnterms); (26.12)

Tap, Z—4 1 1
]/—R“ =5 1 15(Z—4" 7 (Lu terms).

These relations are represented graphically in Fig. 26.5.
In exactly the same way, it is easily shown that the M terms
contain five components

M (3si44), Mu(3prsy),
M (3pss), Miy(3dss,), My (3dsy,),

where the screening constants are S,,=8.5, §;,=10, S;;=13.
There are seven components for the N terms.

The parallel doublet L; and Ly [see (26.12)], which is due to
the screening of the nucleus by the electrons is known as an irreg-
ular doublet, whereas the diverging doublet L, and Ly, is known
as a regulardoublet, The reasons for the adoption of this terminology
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go back to the first stage of the theory of multiplet splitting of
x-ray spectra. It may be recalled that atheory of the fine structure
was first constructed by Sommerfeld, starting with a relativistic
generalization of the Bohr theory. Sommerfeld’s formula gave a
correct value for the splittingof the spectralterms (see Chapter 2),
but neglected the spin properties. For x-ray spectra this formula is

]/T,,"?_(Z—anp) +_1—‘(Z—Snn¢)" n i)
R n 2 n® n,  4)’

where n,=1[--1. Applying this equa- /57
tion to the analysis of the L terms, V4
it can be shown that these terms split I Ly
into only two components which corre-
spond to the diverging doublet L; and L
Lw in our notation. Thus, only this
doublet was explained in Sommer- -
feld’s relativistic theory. Accord-
ingly, it was called the regular
doublet. The doublet L; and Ly, for
which no theoretical explanation was
given for a long time, was called the L L
irregular doublet. With the advent of 5560 65 70 75 60 85 90 2
the Dirac theory, the irregular doublet

also found an explanation. Therefore, Fig. 26.5. Multiplet structure of
the reasons for the adoption of this the x-ray L terms
terminology are entirely historical (just as for the ‘‘normal’’ and
‘““anomalous’’ Zeeman effect). The correct theory of the multiplet
structure of x~ray spectra (and of the anomalous Zeeman effect)
was developed much later, when the spin properties of electrons
were taken into account.

D. THE DISCOVERY OF MENDELEYEV’S PERIODIC LAW

Upon arranging the known elements in order of increasing
atomic weight, Mendeleyev discovered that various chemical
properties tend to recur quasi-periodically. For example, the
chemical properties of sodium, potassium and other alkali metals
are similar to those of lithium, and the chemical properties of
chlorine, bromine, iodine and so on, are similar to those of
fluorine.

Mendeleyev ascribed to each element a number Z (the atomic
number) giving its position in the periodic system. Although the
increase of Z is for the most part parallel to the increase of the
mass number of the elements, there are several exceptions—for
instance, (3, CO—yNi), (3Ar—,K), (5,Te—yI)— where the element
with the smaller atomic number has a larger atomic weight.
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Moreover, as we now know, there exists alarge number of isotopes,
that is, atoms having the same Z, but different masses (for ex-
ample, ,H', ,D?, ,T').

The periodic law has acquired particular significance in con-
nection with recent discoveries concerning atomic and nuclear
structure. In particular, the study of x-ray spectra and experi-
ments on the scattering of a particles by atoms have established
that the atomic number Z characterizes the charge of the nucleus
(and the number of electrons in the neutral atom).

Sixty-three elements were known when Mendeleyev discovered
the periodic law (1869). He predicted the existence of ten more
elements, and even described the basic chemical and physical
properties of three elements which were subsequently discovered,
namely, scandium (,Sc), gallium (,Ga) and germanium (,,Ge). The
inert (noble) gases were discovered at the end of the 19th century.
In Mendeleyev’s time, only three elements from the rare earth
group (lanthanides) were known: cerium, didymium (a mixture of
praseodymium and neodymium) and erbium. At the present time
the properties of all fourteen rare-earth elements have been
investigated.

By 1937, ninety~-two elements were known, but four of these had
not yet been observed. It was later found that these four elements
were radioactive and virtually nonexistent in nature. They were
produced in the laboratory as a result of nuclear reactions.

In 1937, E. Segre produced an element with Z=43, called tech-
netium, by neutron bombardment of molybdenum, The half-life of
its most stable isotope, ;Tc’?, was found to equal 2.6 x 10¢ years.

In 1938, it was first reported that an isotope of the last rare-
earth element with Z =61 had been produced as a result of deuteron
bombardment of neodymium. The half-life of the most stable
isotope of this element, ;;,Pm'®, is about 20 years.

In 1940, E. Segre discovered an element with Z =85 by irradi-
ating bismuth with a particles. He calledthis element astatine. The
half-life of its most stable isotope, sAt*", is 8.3 hours.

A short-lived element with Z=287, called francium, was dis-
covered in 1939 by a Frenchwoman, Mlle. Perey. This element is
produced in the « decay of gAc?’. The half-life of its most stable
isotope, ,Fr**, is equal to 22 minutes.

And finally, we must mention that with the development of
nuclear physics, it has become possible to produce transuranium
elements. These range from neptunium (Z-=93) to lawrencium
(£=103).2 Thus,the periodic system now consists of 103 elements
without any intervening gaps.

2’I‘l’\e largest number of transuranium elements has been discovered by G Seaborg and
his students The discovery of lawrencium (Lw) with Z = 103 was recently announced.
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E. FILLING OF THE ELECTRON SHELLS

In quantum mechanics, the levels of the electron shells are
filled in accordance with the following rules.

(a) There can be at most one electron in each quantum state
(Pauli’s exclusion principle), and therefore the maximum number of
electrons with a given / is equal to 2(2/-41) (see Chapter 25).
Thus the s, p, d and f subshells can contain no more than 2, 6, 10
and 14 electrons, respectively.

(b) Electrons tend to occupy the lowest energy levels. There-
fore, the shells withn=1 will be filled first, then those with n=2,
n=3,and so on.

The shells would be filled in this way in an ideal scheme in
which the wave function of an atomic electron could be calculated
on the basis of the assumption that the charge of the nucleus and
the charges of the Z — I electrons are all located at the center. In
this case the energy levels of the remaining electron would be the
same as in the hydrogen atom, and therefore they would be degen-
erate with respect to /. As was shown in the investigation of alkali
metals, however, the distribution of the electrons over a finite
volume removes the / degeneracy, so that terms with a fixed value
of the principal quantum number n (that is, the terms in a specific
shell) are arranged in order of increasing /. The s term is there-
fore filled first, then the p term, and finally, the d term.

Moreover, the 4s subshell is located below the 3d subshell (and
5s is below 4d), while the 6s subshell is below both the 54 subshell
and the 4f subshell (similarly, 7s is below 5f). It turns out that the
outer shell (in an unexcited atom) can consist only of s and p sub-
shells. The d and f subshells can be filled when they lie in the
first or second inner shell, respectively (the first inner shell is
taken to be the shell directly adjacent to the outer shell)l We
shall make an attempt to substantiate this by an investigation of
the ground-state configuration of the electrons in individual atoms
(see Fig. 26.6),

3The order 1n which the electron subshells are formed can be remembered most simply
with the help of the following empirical rule: the levels are filled in the order in which the
sum of the principal and orbital quantum numbers, n t I, increases, and levels with the
same value of this sum are filled in order of increasing n Since ! takes the values
0,1, 2, , n— 1, we can find the rule for filling the terms in any shell For example, the
fourth period (see below) will be filled in the order

4s(nt+1—4), 3d(ni+l=5), 4p(n+l 5)
and the sixth period in the order
6s(n+1=6), 4f(n+1-=17),

Sd(n+1=7), 6p(n+l="17).
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Within the first and second periods of Mendeleyev’s system,
the order in which the levels are filled conforms to the sequence
of levels in the hydrogen atom (the ideal scheme). If this ideal

112118 .
1047—112* 5’2
apTh — 5, N0,103 5
= = e @ (32,
QAC 5‘7 ( )
Fr—gR
g7tr 88 a 75 J
Tl =gEM o
72HF —ggHg 5 Fig. 26.6. Diagram of the filling of energy
s9Ce = 7 Lu . levels 1n the periodic system of elements.
La 41145 P (32) Only s and p subshells can be present in the
24 5d outer shell of an atom. A d subshell can be
5508 - 5Ba 6s ) filled only beginning with the first inner
shell. An [ subshell can be filled only be-
soln —5Xe ginning with the second inner shell. The
Y - .cd 5/0 ! filling of the 3d subshell gives the ferro-
EAN 4d 0 (/g) magnetic elements (Fe, Co, Ni). The fil-
7R = 5551 ling of the 4f subshell gives the lantha-
55 nides or rare earths (53Ce — 7;Lu). The
Ga - Kr filling of the 5f subshell gives the actinides
¥ J6
s 7 4p (9oTh — 103). The asterisks denote the atom-
C — n
21 J0 1c numbers of elements which have not yet
K - Co 3d(/@ N (IE) been discovered. The maximum number of
1 2 48 electrons 1n a given shell or subshell 1s 1n-
AL - Ar dicated 1n parentheses. Emanation (Em) (the
d i 3, element with Z = 86) 1s also called radon (Rn).
1 i }M (8)
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s
8 Ne
5 10 ?ﬂ(ﬁ L (8}
L - ,Be
J 4 2s
H = ,He
! 2
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scheme were applicable to complex atoms, the 3d subshell would
start to be filled beginning with potassium (Z=19). According to
the table given in Chapter 25, however, 8,=—0.146, and 3, = 2,23, for
potassium, and therefore the energy of the electrons in the 3d and
4s states will be

Epym o _RR

MTTTOFIT5O046)F T T D84

b RA ___ Rn_ (26.13)
T TTTE =223 T L

It can be seen that E;;, > E;;, and hence the 4s level will be filled
before the 3d level. Consequently, the third period will contain only
seven elements (;,Na — ,,Ar), just like the second period.
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After the 4s subsheli is filled in Ca (Z=20), one might expect
that the filling of the subshell would begin with scandium (Z =21).
Spectroscopic data show, however, that in elements o Sc — 4Ni the
3d subshell is filled first. This subshell becomes filled at the ex~
pense of electrons from Cu to 3 Zn of the 4s subshell, which then
must be refilled after all available statesinthe 34 subshell are oc-
cupied. Only after that can the refilling of the 4p subshell start,
Thus the fourth period contains 18 elements and consists of the 4s,
3d and 4p subshells (see Fig. 26.6). The fifth period repeats the
fourth period (the 5s, 4d, 5p subshells are filled), and thus it also
contains 18 elements (;Rb — 5 Xe).

The sixth period contains 32 elements (;Cs —g;Rn), because
besides the outer shell, consisting of 6s and 6p states, the first
inner subshell (ten electrons) and the second inner subshell 4f (the
14 electrons of the lanthanide or rare-earth elements)will be filled,

In exactly the same way the seventh period should repeat the
sixth period; that is, it should contain 32 elements (the 7s, 5f, 6d,
7p subshells). So far, however, only 17 elements of this period
have been discovered. The so-called actinides, in which the second
inner subshell 5f isfilled (,,TH—element 103) should have properties
similar to those of the lanthanides.

The first period therefore contains two elements, the second and
third periods eight elements each, the fourth and fifth periods 18 ele-
ments each, and the sixth and seventh period 32 elements each
(except that the seventh period is incomplete). The order in which
the states are filled is illustrated in Fig. 26.6.

F. APPLICATION OF THE THOMAS-FERMI METHOD TO THE
THEORY OF THE PERIODIC SYSTEM OF ELEMENTS

We shall now attempt to treat the ground-state configuration of the elements more
rigorously,

In a paper devoted to the statistical theory of the atom (1928), Fermi proposed a
method, now known as the Thomas-Fermi method (see Chapter 25), to explain the periodic
system of elements, With this method, he obtained the minimum values of Z for which
s, P, d and f states are filled in atoms. He obtained these values by starting from the
following quasi-classical ideas,

In classical theory the angular momentum of a particle L 1s related to the momentum
p by the expression

Z =TIxp.
Consequently,
I8
p,g; = F ’

where p, is the component of momenturn perpendicular to the position vector r.

Obviously, the square p} of this component of momentum cannot be greater than the
square of the maximum momentum, which we shall denote by P. Therefore for a given P
and r the possible values of the angular momentum L must satisfy the inequality

L'_'
P> e (26,14)
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It was shown in Chapter 13 that, in the quasi-classical treatment of the atom, the
square of the angular momentum must be [see (13,62)]

1= ( I + %)’ . (26.15)

This relation represents a compromise between the Bohr relation L’I =h*(+ 1)* and
the quantum mechanical relation L2 =n* (/4 1),

The maximum momentum P {s related to the density of the electron gas (electrons in
the atom) p, by the expression (6,32)

P? =h?(3n2p,)"/0. (26.16)

The electron density po may be found from the Thomas-Fermi equation (see Chapter 25),
which, as we have already indicated, can be solved only by approximate or numerical
methods. A good approximation for p,, as follows from a solution of the Thomas~Fermi
equation, is provided by the expression [see (25,21)]

ANE — v
po= 1 6“—”—3/—2 , (26,17)
where the coefficient A is found by the Ritz variational method,
Substituting these values for P?and L? into the inequality (26,14), we get
2 .
3nZ\%3 A o7 Ve 4-1)ep
( 16) - >0 (26.18)
Introducing the new variable Ar — x, we find
2ve
;laVELD (26.19)
x
where
16
(1 + ) ( - z) . (26,20)

From the inequality (26,19) it is evident that the right-hand side of (26.19) becomes
greater than the left-hand side asx — 0 (r — 0) and as x — w0, The electrons in the atom
therefore can have a given value of / if x lies in the range xy << x <<.x2 for which the
inequality (26,19) is satisified, Here .x; and .x; are roots of the equation

2 L,
-5V%x _ D (26,21)
The condition for the appearance of states with a given value of / is the equality of
both roots
X1 = Xa

In this case we should equate not only the two functions themselves, but also their de-
rivatives. Then, in additon to Eq, (26,21), we will have

2 —
_2y
L s 0 (26.22)

3Vx Xt
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These two relations will be satisfied for
V=3,
that is, when
D =9e3,

Substituting the value for D from (26,20), we find the value of Z at which electrons with a
given / will first appear

Z= @i =r@ (26.23)

where ¢ =2.718... is the base of the natural logarithms and the coefficient 7 is equal to
0,158,
A numerical solution of the Thomas-Fermi equation gives a very similar value for 7

1T-F = 0.155.

This again is a convincing demonstration that the density (26,17) represents a good
approximation to the density which is given by a numerical solution of the Thomas-
Fermi equation,

Equation (26,23) enables us to calculate the Z values at which the s, p, d, and f states
begin to be filled, The results of this calculation are given in Table 26,1, The first row
gives fractional values of Z computed from formula (26,23) with 1 1_.F =0.155, The
values of Z, calculated with y 4_p=0.158, for which s, p, d, and f states first appear
are practically identical with those calculated with T _p=0,155, The second row gives
the nearest greater integral value of Z. The last row of the table gives the empirical
values of Z at which the states first appear, and also the symbol of the corresponding
elements,

Table 26,1

Atomic numbers at which the s, p, d, and fstates first appear for a given [

] 4 d f
L 0 1 2 3
Theoretical value 7 [015 4.2 19.4 53.2
(Thomas-Fermi) 1 5 20 54
Empirical value Z 1(H) 5(B) 21 (Sc) 58 (Ce)

From this table 1t can be seen that this approximate theory is in good agreement
with the experimental data, We may note that complete agreement is obtained if the co-
efficient y is taken to be 0,169 instead of 0, 155,

It is well known that in light elements (Z=1, 2, 3, 4) only s states are filled, The
filling of the p states begins with boron (Z = 5); this 1s 1n complete agreement with
theoretical data, Table 26,1 shows (in spite of the crudeness of the statistical model)
that the filling of the 3¢ subshell does not begin, as might be expected, in potassium
(Z=19), but in scandium (7 = 21); that is to say, 1t does not begin until the 4s subshell
is completely filled, Similarly, the Thomas-Fermi model explains the ‘‘delay’’ in the
filling of the 4f subshell, which might be expected to begin in Ag (Z == 47). According to
the theory, however, the filling of the 4f subshell should be shifted, and should begin only
in cerium (Z = 58), It follows from (26,3) that the filling of the 5g subshell (/ = 4) would
begin 1in the element with Z = |24

The Thomas-Fermi model accounts for a very important feature of the ground-state
configuration of atoms and explains the departure of the filling of the levels from the
ideal scheme (the hydrogen scheme) in terms of the ‘‘smearing”’ of the electron cloud,
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G. PERIODICITY IN THE PROPERTIES
OF ELEMENTS

The periodicity in the properties of the elements can be ex-
plained quite naturally in quantum mechanics. It is connected with
the periodic nature of the filling of the outer shell, which contains
at most eight electrons (s and p states) and which determines the
chemical and optical properties of atoms. All elements, therefore,
can be divided into eight groups, depending on the number of elec-
trons in the outer shell.

The elements in Group I (hydrogen and alkali metals) have an
outer shell containing a single electron. As a result, the optical
terms (except the s term) are doublets and the elements are
monovalent, as will be shown below. The elements of Group II—the
alkaline earth metals (beryllium, magnesium, calcium, etc.)-have
two valence electrons; their spectral terms must therefore be
singlets and triplets, and the valence is equal to two, The elements
of Group III have an outer shell containing three electrons, and
therefore the maximum splitting of their optical terms must be
equal to four (quartets); their maximum valence is three,

On the contrary, the elements of Group VII—the halogens
(fluorine, chlorine, etc.)—lack just one electron to fill the outer
shell completely. Therefore, in addition to the maximum (positive)
valence of seven, they may have a negative valence of — 1 (the
number of electrons required to obtain a stable configuration).
They exhibit this valence in the so-called ionic compounds (see
Chapter 27).

Finally, in the inert gas group (neon, argon, krypton, etc.) the
outer shell is completely filled. We may even say that there is no
outer shell in these elements, because the energy bonding these
electrons in the outer shell is larger than that bonding all other
shells in the molecule and thus it wouldbe more correct to ascribe
it to the inner shell, Thus, these elements may be assigned to the
‘‘zeroth’’ group. The elements of the zeroth group do not as a
rule enter into any chemical reactions, and thus these elements
are said to be chemically inactive.

There are, however, a number of exceptions to the rule that
there are eight elements in each period. The first exception is
constituted by hydrogen (Z —1) and helium (Z =2), which form the
first period. In this period there are only two elements, and not
eight, This is due to the fact that the K shell does not include p
states, Consequently, the properties of these elements are of a
dual nature. Because there is only one electron in the outer shell,
hydrogen should have the same chemical and optical properties as
the alkali metals. Indeed, just like inthese elements, the maximum
splitting of the spectral terms of hydrogen is two, and its valence
is one. Hydrogen, however, also resembles the halogen group in
that it lacks just one electron for a complete outer shell, and it can
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therefore acquire a second electron forming, in the same way as
the halogens, a negatively charged ion.

Helium resembles the alkaline earth metals of the second group
in that it also has two electrons in the outer shell. The spectral
terms of both helium and the alkaline earth elements are either
singlets (spin 0), or triplets (spin 1). However, in its chemical
properties, helium is a typical representative of the inert gases,
because its outer K shell is completely filled; hence it does not
participate in normal chemical reactions.

The maximum valence of elements is determined, as a rule, by
the number of electrons in the outer shell; that is, the valence of
atoms varies from unity (for atoms of the first group) to seven
(halogen group). There are, however, certain exceptions amongthe
elements in which the inner shells are filled after the outer shells.

It can be seen from the periodic table that there will be two
electrons in the outer shell of all elements from scandium (Z=21)
to nickel (Z=28), with the exception of chromium, where there is
only one. Owing to transitions of electrons from 3d states to 4p
states, however, the maximum valence of scandium (Z =21) is equal
to three, and that of manganese (Z=25) is equal to seven. Conse-
quently, it was necessary to place these elements in groups corre-
sponding to their maximum valences (this was correctly done by
Mendeleyev). Mendeleyev placed iron (Z=26), cobalt (Z=27) and
nickel (Z=28) in a special group (Group VIII). The introduction of
this group is justified from the point of view of modern quantum
mechanics, since at most eight electrons can occupy the outer
shell. In general, however, iron behaves either as a bivalent or
trivalent element. All of these elements have similar properties.
In particular, they have distinctive ferromagnetic properties caused
by uncompensated spins of the 3d electrons in the inner shell. The
presence of these states is due to the fact that from the energy
standpoint, the 3d state is more favorable during formation of the
crystal lattice than the other states in which the spins of the elec-
trons can be compensated.

In the elements following the ferromagnetic, the 3d subshell is
the first to be completely filled; the filling of the levels then con-
tinues in the 4s and then the 4p subshells. Krypton completes the
structure of the M shell (n=4); therefore its optical and chemical
properties will be characteristic of the inert gases,

As we have already mentioned, the fifth period, which extends
from the alkali metal rubidium (Z=237) to the inert gas xenon
(Z=254), is a repetition of the fourth period and exhibits no new
features.
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Quantum theory also explains the characteristic properties of
the elements in the lanthanide series (the rare-earth elements),
which comes immediately after lanthanum and extends from cerium
(Z=>58) to lutetium (Z=71). The elements in this series are
formed by consecutive addition of electrons to the deeper 4f sub-
shell (the second inner N shell), even though the first inner shell
(0) and the outer shell (P) are still incompletely filled. Since the
chemical properties are determined mainly by the electrons of the
outer shells, all 14 rare-earth elements are much closer with re-
gard to chemical properties than are the elements in which the
first mner d subshell is filled.

For a long time hafnium (Z=72) was also included in the
lanthanide series. A theoretical analysis performed by Bohr
showed, however, that there can be at most fourteen elements in
this group (the possible number of f-states) and that, therefore,
hafnium must be a chemical analog of zirconium. Careful exper-
iments have confirmed this theoretical conclusion.

The actinide series in the seventh and last period is analogous
to the lanthanide group. Begiining with thorium (Z=90), the ele-
ments of this series are formed by the consecutive addition of
electrons to the deep-lying 5f subshell of the O shell, while the 6s,
6p and 7s subshells remain completely filled and the 6d subshell is
partially filled. The actinides include protactinium (Z =91),uranium
(Z=92) and also the following artificially produced transuranium
elements: neptunium (Z ==93), plutonium (Z =94),americivm (Z =95),
curium (Z=297), californium (Z =98), einsteinium (Z =99), fermium
(Z = 100), mendelevium (2=101), nobelium (Z=102) and the recently
discovered element 103 (lawrencium)3

The question of how many elements can be produced by artificial
means and experimentally detected, and the question of where the
periodic system ends, have not yet been finally answered. It is
clear, however, that the periodic system ends because of he in-
stability of nuclei (due mainly to their spontaneous fission).

5The discovery and properties of the new elements are discussed in G.T. Seaborg,
The Transuranium Elements, Reading, Mass., Addison-Wesley, 1958



Chapter 27

The Theory of Simple Molecules

A, BASIC FORMS OF THE CHEMICAL BOND

The chemical properties and the optical spectrum of an
element are determined mainly by the outer electrons of the
atom. Therefore, the regularities in the structure of the outer
shell, which account for the optical periodicities, also provide
a basis for the construction of a theory of the periodically re-
current chemical properties of the elements. It should be noted
that the chemical properties, unlike the optical properties, are
not exhibited by isolated atoms, but appear only in the presence
of other atoms, with which the atom forms chemical compounds.

The inner electrons have almost no influence on chemical
processes, since they are much more strongly bound to the
nucleus than the outer electrons. Chemical reactions therefore
liberate much less bonding than the energy of the inner elec-
trons,

In discussing the chemical properties of an atom, we must
distinguish between two main types of chemical bonds: ionic (or
heteropolar) and atomic (or homopolar), We shall consider both
of these types in greater detail,

B. HETEROPOLAR MOLECULES

Inorganic salts consist of positive and negative ions held to-
gether by an electrostatic (Coulomb) attraction to form a mole-
cule. Compounds of this type are called ionic, and their molecules
are said to be heteropolar. The ions may be either positive or
negative. The sign of the charge on the ion depends, on the one
hand, upon the ionization potential, that is, the energy that must
be expended in order to remove an electron from the outer
shell; and, on the other hand, on the electron affinity, that is,
the energy which the atom must acquire to hold an additional
electron in the outer shell.

Let us assume that a neutral atom with atomic number Z
contains N electrons in the inner orbitals and Z,=Z — N elec-
trons in the outer orbitals, The electrons in the inner orbitals
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will completely screen a corresponding fraction of the nuclear
charge, but will do so only in the region outside this inner shell
(starting at the outer shell). Thus, the Coulomb potential energy
holding the electrons in the outer shell is

V= — Zati
2,

However, inside the atomic core the charge will be Z,>>Z,; that
is, the screening of the nuclear charge will not be complete (see
Chapter 25). In exactly the same way, the outer electrons will
completely screen the remaining part of the nuclear charge (Z.e)
only in the region outside the outer shell (that is, only in the case
of excited states). While in this case there appear polarization
forces proportional to r% they are not able to hold an additional
electron., In the outer shell itself the charge will be incompletely
compensated; for this reason (but provided there are unfilled
states in the outer shell), the incompletely screened part of the
nuclear charge will hold additional electrons in this shell, thus
forming a negative ion. The rule is that the less electrons there
are in the outer shell of a neutral atom, the larger the total
screening of the nuclear charge in this shell. Therefore, an alkali
metal will lose the onc electron in its outer shell more readily
than it will acquire additional electrons,

A curve showing the dependence of the ionization potential on
Z is plotted in Fig, 27.1, It showsa minimum for alkali metals and
a maximum for inert gases. This curve reproduces rather faith-
fully the periodicity exhibited by the number of electrons in the
outer shell.

In inert gases the ionization potential reaches its largest
value; the removal of an electron from the outer shell and its
transfer to another atom require a very large expenditure of
energy. In addition, no further electrons can be held in the outer
shell, which is completely filled. Therefore, inert gases do not
participate in ordinary heteropolar compounds (we shall also see
that they do not form homopolar bonds), and hence, as a rule,
they exist as unassociated atoms.

Atoms of alkali and alkaline earth metals readily give up their
valence electrons to another atom (the ionization potential is at

Ifor example, in sodwum (74 11), the ten electrons in the inner shell completely
screen ten units of nuclear charge, which leaves only the eleventh unit of nuclear charge
to be (partially) screecned by the outer electron. In chlonne (Z = 17) the ten inner elec-
trons completely screen only ten units of nuclear charge, so that the seven electrons of
the outer shell must screen the remaining charge, which they can accomplish only partially.
Therefore, a chlonne atom 1s able to hold an additional electron more easily than sodium,
and 1s thus converted into the negative 1on Cl . On the other hand, a sodium atom gives
up 1ts outer electron more readily, and in this way forms a positive 1on Na+.
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its minimum here), and thus convert to positive ions (for example,
a Nat ion).
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Fig. 27.1. The dependence of the ionization po-
tential of a neutral atom on the atomic number

On the contrary, atoms in Group VI (including oxygen) and in
Group VII (halogens), and also hydrogen (which resembles Group
VII with regard to the number of missing electrons), have a
higher electron affinity than the other elements (see Table 27.1).
The electron affinity of sodium is practically equal to zero, like

that of inert gases.
Table 27.1

Electron Affinity

Element Electron affinity
(ev)
H 0.71
F 4.13
Cl 3.72
o 3.07

The first successful attempt to construct a theory of the ionic
bond was due to Kossel (1916), who made use of the Bohr theory
of the atom.

Kossel’s theory was based on the fact that the eight-electron
shells of the inert gases are closed, so that these atoms have
zero valence, Positive valence (or valence with respect to hydro-
gen) is determined by the number of electrons in the outer shell
in atoms in which these electrons are readily lost (atoms of
Groups I or II), Negative valence (valence with respect to fluorine
or twice the valence with respect to oxygen) is determined by the
number of electrons which the atom can acquire, that is, the
number of vacant states in the outer shell (see Chapter 26).
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Negative valence is particularly pronounced in elements of Groups
VI and VII, although both types of valence may be exhibited by a
given element. For example, in the typical heteropolar compound

Na cL

Fig. 27.2. Two ncutral independent atoms
(Na and Cl). The black dots indicate
electrons, the light dot :ndicates a state
which can be occupied by an electron
owing to the electron affinity of the atom.

HC1, chlorine has a valence of -1, although other compounds are
possible in which chlorine has a valence of +7. An example of
the latter is Cl1;0;. We do not intend here to develop a complete
theory of the chemical bond, and shall restrict ourselves to an
examination of one typical ionic molecule, namely, the hetero-
polar molecule NaCl.? The energy bonding an outer electron in
atomic sodium is 5.1 ev.®> When the valence electron of sodium is
transferred to the outer shell of the chlorine [that is, during
formation of Nat and Cl1- ions (see Fig. 27.2)], it carries some-

what less bonding since its affinity for chlorine (ng= 3.7 ev)

is somewhat lower than the ionization energy of sodium (Wﬁ: =

5.1 ev). However, in the formation of the molecule, this deficiency
is compensated by the Coulomb energy of attraction between the
Nat and Cl1™ ions (see Fig. 27.3).

The total energy bonding these atoms in the NaCl molecule is
given by the expression

bond aff on
W Roe=WwCoulL wat _ wi.

This energy has been very carefully determined from experiment

and found to be equal to: W/gdc. = 4,2 ev. Hence for the Coulomb

2See G Herzberg, Atomic Spectra and Atomic Structure, New York, 1944

3'l‘he bonding energy of an electron in an atom (or molecule) 1s equal to the energy that
must be expended in order to remove an electron It 1s, therefore, equal to the negative of
the energy holding the electron in the compound (W — —V), that 1s, 1t will be a positive
quantity
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bonding energy between the ions we find

pCoul_ __ &t

WY - W =56 ev:
Since VCoul=—-|yCoul_ —«;‘f’, we obtain a perfectly reasonable value

for the interatomic distance in the NaCl molecule: R= 2.5 . 108
cm.,

3.7 ev)

- 2 =
Nd' gl = 5,6 ev cl

Fig. 27 3 The formation of an NaCl molecule

from Na' and CI” i1ons The 1onization poten-

tial of sodium (51 ev) and the affinity of the

chlorine atom for an electron (3 7 ev) are indi-

cated 1n parentheses The Coulomb bonding

energy between the 1ons i1n the molecule 1s
56 ev.

It should be noted that we have not considered here all the in-
teractions that occur in a heteropolar molecule. In addition to the
Coulomb forces of attraction, there will also be repulsive forces;
these exceed the Coulomb forces at small distances and prevent
the two atoms from approaching closer than the distance R. In
any case, this elementary discussion explains the principal physical
processes involved in the formation of heteropolar molecules; it
also explains, however qualitatively, the ionic structure of their
crystal lattice and the dissociation of these molecules into indi-
vidual ions, a process which occurs in solutions.

C. THE MOLECULAR HYDROGEN ION

Aside from ionic compounds, there exist molecules formed
directly from the neutral atoms, rather thanfrom ions. The simplest
representatives of these molecules are Hz, O and Nz, These are
called homopolar molecules.

The formation of homopolar molecules cannot be explained
on the basis of classical theory or Bohr’s semiclassical theory.
These theories are useful only for compounds held together by
electrostatic forces such as, for example, ionic compounds.
Before discussing the formation of homopolar molecules, let us
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consider a very simple case, namely, the molecular hydrogen ion
Hi , which consists of two hydrogen nuclei and a single electron.
This analysis is important for methodological reasons, because it
enables us to express in comparatively simple mathematical form
the features of the bond that arises between two hydrogen nuclei
owing to the exchange of an electron (exchange forces). The same
forces also appear in the homopolar hydrogen molecule Ha,

Let us denote the distance between the two hydrogen nuclei a
and o by R and assume that R changes adiabatically; that is, R
changes so slowly that it can be regarded as a constant in solving
the Schrodinger equation. In a more exact treatment, it is neces-
sary to take into account the vibrations of the nuclei about the
equilibrium position (the vibrational spectrum), and the rotation
of the nuclei about the center of mass (the rotational spectrum).
These questions have been treated in detail in Chapter 12,

Suppose r and ¥ represent the distances between the electron
and the nuclei @ and o', respectively. The Schrodinger equation
for the ionized hydrogen molecule can then be written as

(E—H)y=0. (27.1)

Here the Hamiltonian is

H=T—% % 4 o (27.2)

r R’

and the kinetic energy operator has the form
1 (a2 1 [r 2
T='§,T,o (T \% ) = '-2,,',;(7 v ) ) (27.3)

. d ,
where v, =vyx (Va=73"> w:%) since

r=r—R, (27.4)

and R may be regarded as a constant in the problem under con-
sideration,

We shall restrict ourselves to an investigation of the ground
state, and carry out our calculations with the help of perturbation
theory, The spin effects can be neglected in the case of a single
electron,

In the zeroth approximation we assume that the electron is
under the influence of either nucleus aor nucleus a' (see Fig. 27.4).
The Schrodinger equations describing these two possible unper-
turbed states are

(Ba—T+ F)9a=0.
(27.5)
(Bw —T -+ &) ga=0.
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Both eigenvalues and eigenfunctions are identical and correspond
to the 1s state of the hydrogen atom. Since one of the wave
functions is associated with nucleus «, and the other with nucleus
a', we may write (n=1, I=m=0)

E,=E, =E =—R#, y
, 27.6 -
Y =100 (7)s Yar =100 ('), (27.6) . N

where ¢,,,={¢10 is the wave function of ___-___,--:_\::a.,

the ground state of the hydrogen atom ¢ [, ..* | near
[see (13.32)], namely, nucleus @ __g9
r=
e r

1 - =

o0 (#) == Vral e %, (27.7) r’- ————————————— o

Electron 1 is near

nucleus g’

The total energy of the system and the
zero-order eigenfunction are as follows: i, 27 4. Diagram of the inter-
action of particles in the Hj
EY— El = — Rh, molecular 1on The solid arrows

4,0= Cl'l’a __I_ Cz'{’a'- (27‘8) represent the interaction of the

particles 1n the zeroth approxi-
mation The arrows depicted by
The uncertainty in ¢° is due .to the fact | . ped tme rep,ese:t the 1
that the presence of two nuclei leads t0 &  teraction corresponding to the
degenerate state of the system. Insolving perturbation
(27.1) by perturbation theory, we must set

E=E+E+...,
=9+ ...

Substituting (27.9) into (27.1) and restricting ourselves tothe first-
order quantities, we find

(27.9)

(B —T+ 848y =—c(F+%—%)0—

r

—C(E+2 — %) (27.10)

For the solution ¢, (the electron near nucleusa), —‘—”_"E represents the

main interaction, and _‘?3, the perturbation. On the contrary, for
the solution ¢, (the electron near a'), the main interaction is-f;!s:,
and the perturbation is- fr—“

From Eq. (27.10) we can find the additional energy L', and
also a relationship between the coefficients C; and C, in the wave
function ¢°. This can be done because the perturbation energy
removes the degeneracy (just as in the case of the helium atom).
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To solve this problem, we can make use of the theorem which
states that the solution of the homogeneous equation [that is, one
of the solutions of Egs. (27.5)] must be orthogonal to the right-hand
side of the same equation, that is, Eq. (27.10). Assuming that the
electron is near the nucleus a, we can neglect the perturbation

energy ,‘!' on the left-hand side of the equation, since it gives us

a second-order term when multiplied by ¢'. Then the solution of
the homogeneous equation will be the function ¢, and according to
the theorem we have just stated, it mustbe orthogonal to the right-
hand side of Eq. (27.10)

C, S ( E _a . f’u) bad'x-1-C, S by (E’ .,l,f":: - P“ q), d'x=0 (27.11)

Here we have used the fact that the wave function ¢, of the ground
state of the hydrogen atom is real.

In exactly the same way, assuming that the electron is near the
nucleus «, we may neglect the perturbation energy on the left-

e

hand side of Eq. (27.10) (inthis case the perturbation energy is e

Since the solution of the homogeneous equation will now be the
function ¢,.,, we obtain a second equation for the unknown quantities

Co\ b (B 15— 5 vudtix 4
+C \ o (B fl’——"“)v;;u d'x=0 (27.12)

r

When r is replaced by ', ¢, becomes ¢,., whereas in the reverse
substitution ¢, becomes ¢,. In both cases, the volume element
d'x remains unchanged (d'x==d'x’). Therefore, we can reduce
(27.12) to a form that is in agreement with (27.11), buf with the
coefficients C, and C, interchanged

€y § 4 (B 4 — ) i +-
A A " —>%,d'x_.0 (27.13)

In further transforming Eq. (27.11), we must not forget that the
function ¢, is normalized to unity

S $a d’x=1, (27.14)

but is not orthogonal to the function ¢,

S $atbar d’x =S (R). (27.15)



THE THEORY OF SIMPLE MOLECULES 445

This follows from the fact that, although the expression S(R)
vanishes for R — co (there will be no points where the two functions
¢, and ¢, both differ from zero), it becomes equal to unity for

R=0 (“P(l=q)ﬂ')'
Let us introduce the notation

=)o
and

2 3
A= S bab (% — ) s, (27.16)
where K is the Coulomb energy of interactionbetween the hydrogen
atom and the (atomic) hydrogen ion, and A is the exchange energy,
which has no classical analog, This energy arises because the
electron can be in both states ¢, and ¢, simultaneously (that is,
exchange occurs between states a and a’). Formally, the existence
of the exchange energy is reflected in the fact that the expression
for ¢ contains ¢,, as well as ¢,. As we shall see in what follows,
it is this exchange energy which gives rise to an attractive force
between the nuclei. At certainvalues of the internuclear separation,
this force exceeds the force of repulsion, and as a result the HE
molecular hydrogen ion is formed. It is worth noting that this
mixed state cannot arise in the Bohr theory, and therefore the
existence of an ionized hydrogen molecule can be explained only
in terms of quantum mechanics.

With the help of (27.14)-(27.16), we can reduce Egs. (27.11)
and (27.13) to the form

Ci(E—K)4Cy(E'S— A)=0,

Cy(E'S — A)+Cy(E — K)=0, (27.17)

obtaining two solutions: a symmetric one (C,=C,) and an antisym-

metric one (C;=—C,;). The symmetric solution is
1
S e a ar)r
¥ =y (et i) @718
, A—S
E's=Vs (R)=K+l—_}"sl-$-

and the antisymmetric solution is

a ——______l___/ U
q" - VZ(I_——S; (‘t’a ?a‘)’

E? =V? (R):K-——ﬂi—i—sgl—(,

(27.19)
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The factor V—z(—:i_“@— is the normalization coefficient. We may note

here that the symmetric and antisymmetric solutions are already
mutually orthogonal

\'q)aq)s dlx=0

The quantity £’ may be regarded as an additional interaction V (R),
which binds the H atom and the H* ion into a stable hydrogen
molecule. In order to find the specific form of this interaction as
a function of R, we must calculate the values of S, K and A. For

—k
this purpose we use the well-known expansion of the function er——or
into a triple Fourier integral

e-kor . 1 S‘emrd"k

= (27.20)

S

After differentiating this expression with respect to the parameter
ki, we can easily write the wave function for the ground state of the
hydrogen atom in the form of a Fourier integral

r

1 ~aq ko \?/ tkr
Digo (F) = ]/nﬁ e "= (;3) * S (ke_e_*_—k'g)é d'r, (27.21)

1
Where ko = a—a -

In accordance with (27.15), the expression for S becomes
S= | 4 (1) tana (r — R) &% (27.22)

We may replace ¢, (#) and ¢;(r—R) by their expressions in
terms of the Fourier integral (27.21), Integrating with respect to
volume, we obtain

S'e BB T iy — 83 (k- R), (27.23)

and thus we find the following value for S:

= S(k*+k)"”‘:
;__(, +£_{_ ;_ (.E)z) e ao . (27.24)
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The integral in this equation can be calculated with the aid of Eq.
(27.20), which should be differentiated three times with respect to
the parameter k&2,

In order to calculate the additional Coulomb interaction, we
shall use the relation

bloo () = ""e— it = §1|:3 (k’ + T R d'k,
where we must set &y =-~. Then, putting 4= 0in (27.20), we obtain
1 1 el (R—n ,
L= iR R (27.25)

In exactly the same way, we may represent the quantity 1/R in the
form of the integral (27.25). Substituting these quantities into
formula (27.16) and integrating over the volume d’x with aid of
(27.23), we find

K= g § ke (ot + ) (27.26)

Hence, using (27.20) and setting k)= a%, we obtain an expression
for the additional Coulomb energy

R
ey -2- R
K="he % (142). (27.27)
In calculating the exchange interaction

A=%5— S Yioo() g, (r — R)dPx (27.28)

we may use (27.21) for % (r— R) and (27.20) for ‘P_T‘ﬂ

‘Pxoo (") ky o3 P a3
= ons ) + ki k,

where k"='a]"., . Hence

A= g Ahled eFRarp
- R T T g (&2 +ku)a"‘

=% ] _2(RYV c‘%_ (27.29)
{ 3(00)
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Substituting the values found for S, K and 4 into the expression
for the interaction energy [see (27.18) and (27.19)], we obtain the
following expression (R u,=:):

(27.30)

Here the upper signs (-) refer to the antisymmetric solution V3,
while the lower signs (+) refer to the symmetric solution. For

small values of R (R- «,), we have
008 ,
006 \ Vi =Vs =j—;whenR “ay, (27.31)
Vﬂ
004 . \\
npy v A and thus the energy, as we would expect,
N is determined by the Coulomb energy of
repulsion between the two nuclei. For

large distances (R >»a,) we have

R

¥ (in unuts of g7/~
U
I
S 8 R »
[
4
—
]
?
\l

] - 2 P" R ag .
"y 1\ Vas= -t et (27.32)
exp
-61 |- WA —
-0 that is, the antisymmetric solution (+)

gives a repulsion, whereas the sym-
R metric solution (-) gives an attraction,

F1g. 27.5. Curves of the 1interaction
energy in the molecular hydrogen
1on as a function of the distance R
between the nucle: (1n units of ag)
for the symmetric (V®) and anti-
symmetric (V?) states

The general nature of the varia-
tion of V* and V*® as a function of R is
depicted in Fig. 27.5 which also shows
the experimental data on the inter-
action energy, It can be seen from
this figure that only the symmetric
state is realized in practice.

Theoretical values obtained from the graph give the equilibrium
distance as R,-=2.50q,— 1,32 A, and therefore the ionization

energy is

D —-

V(R)="1-0.0646 % =1.76 ev,

(27.33)

The corresponding experimental values are

ReXP =106 A,

(the zero-point energy of oscillations

De® —92 79 ev (27.34)

is not included in the

theoretical and experimental values given here).
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The discrepancy between the theoretical and the experimental
data is due to the fact that here, just as for the helium atom, the
perturbation energy is commensurable with the energy of the
zeroth approximation. Solving this problem by the variational
method, using a test function of the form

ZP\'a _zr
qaa=(-7ﬁ) ¢ %, (27.35)

where Z’, the effective charge of the nucleus, is taken as the
variational parameter, we can obtain values for R, and D which are
in considerably better agreement with experiment

Rysr—1.06 A, Dvar=2.95 ev,

If several parameters are introduced, the variational method gives
results that are in practically complete agreement with the
experimental data.

It can be seen that the formation of the molecular hydrogen
ion is essentially due to the quantum-mechanical exchange forces,
which in the symmetric state give rise to a stable molecule,
From the physical point of view, this can be explained as follows.
The probability of the electron being in the symmetric state is

5 = (%) = sy (4 - - 2hata), (27.36)

whereas the probability for the antisymmetric state is

= (4 ) = gy (4o - ¥ — b, (27.37)

If we plot the curves of constant probability density of the electron
(see Fig. 27.6), we see that the electron tends to be located at the
midpoint of the line joining the two nuclei in the case of the sym-
metric solution, whereas in the case of the antisymmetric solution
the position probability yanishes at this point, Since the electron
binds the two nuclei most strongly when it is halfway between them,
it is natural to expect that the first solution, and not the second,
will lead to the formation of a molecule. Moreover, in the case of
the symmetric solution, the curves showing the electrondistribution
about the nuclei tend to merge when the nuclei approach one another;
this provides a graphical characterization of the homopolar bond.*

4For more details see P. Gombas, Theorie und l.osungsmethoden des Mehrteilchen-
problems der Wellenmechantk, Basel Birkhauser-Verlag, 1950.
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Two hydrogen nuclei, or a hydrogen and a deuterium nucleus, can
also be linked by other particles besides electrons. We may
mention in this connection the y-mesic molecule (HD)', in which the
bonding between the hydrogen and deuterium nuclei is brought
about by a negative u meson. Alvarez produced a mesic molecule
of this type by passing negative u mesons through a bubble chamber.
The radius of such a molecule, as calculated from the equation

R=2.5 h:—., will be 1/200 the radius of the molecular hydrogen

m, e

©
|
|
Symmetric Antisymmetric
state state

Fig. 27.6. Electron density distribution in the molecular
hydrogen 1o0n.

ion, since the mass of the u meson is approximately 1/200 as
large as the electron mass. Thus, when the nucleus of the hydro-
gen atom approaches the nucleus of the deuterium atom, they
form a common nucleus, namely that of the ,lle’ molecule

' -F D>l e

As a result, an energy of 5.4 Mev is released and carried away by
the yu meson. Thus the u meson acts almost as a catalyst of the
nuclear reaction,

D. HOMOPOLAR ATOMIC MOLECULES

The first successful attempt to give a theoretical explanation of
the homopolar molecule was made by Heitler and London (1927)
with the help of quantum mechanics. In a homopolar molecule,
exchange forces play a fundamental role. In their treatment,
Heitler and London used perturbation theory, which does not give
completely accurate quantitative results. Although more accurate
quantitative results can be obtained by means of the variational
method, the Heitler-London theory enables us to bring out in a
very simple way the physical features of the homopolar bond.

Let r and r, denote the position vectors of the first and second
electrons relative to nucleus a, and 7| and r; the position vectors
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of the electrons relative to nucleus o' (see Fig. 27.2). Then
ri=ri—R, riy=r;—R. In the zeroth approximation we obtain two
wave functions which are products of the ground-state hydrogen
wave functions

Yaar ==Y (71) Yar ()’;) = Y100 (#1) $100 (ra— R)’ (27 38)
Yara = Yq. (7]) §o (re) = G100 (71 — R) P00 (7)- °

The first solution ¢,,, corresponds to the case when the first electron
is near the nucleus a (and the second electron near the nucleusa),
while the second solution ¢,, corresponds to the case when the
first electron is near the nucleus d, and the second electron is
near the nucleus a. Both these possibilities are depicted in Fig.
27.7, where the solid arrows show the atomic bonds, and the
dashed lines show the molecular bonds. When the distance between
the nuclei tends to infinity (R — co), all molecular bonds vanish.

Fig. 27.7. Diagram of the interactions
1n the Hy molecule The solid lines
jo1n the particles whose interaction 1s
taken into account in the zeroth ap-
proximation The dashed lines denote
interactions which are regarded as
perturbations, a and a are the nucle:
of the hydrogen atoms, I and 2 are
electrons

Just as in the problem of the molecular hydrogen ion, the main
solutions (27.38) that give rise to an additional degeneracy of the
system will not be orthogonal®

§= S‘Paa'q’a'addxldax":{s Y100 () Pro0 (F — R) d’x }2 = §% (27.39)

5A bar over a symbol denotes quantities referring to the neutral molecule.
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where S for the H} ion is given by the expression (27.34). The
Coulomb energy of interaction of the two atoms is given by

S"’““ (B4 88 Sleyan, (27.40)

where the first and second parenthetic terms in the integrand cor-
respond to the potential energy of repulsion between the two nuclei
and the two electrons, and the third andfourth terms correspond to
the potential energy of attraction between the first electron and the
nucleus ¢’ and between the second electron and the nucleus a.
In exactly the same way, we obtain the exchange energy
A= { bataa{f - 2 =8 — P} d',. (27.41)

ry

The expressions for K and A can be computed aproximately by
the same method as in the theory of the Hj ion. For K we obtain
a comparatively simple result, and for A a more complicated
result, since A is expressed in terms of an integral logarithm (as
shown by Sigura). The general character of the solution, however,
remains the same as in the theory of the Il ion. In particular,
the main forces which hold the two neutral atoms in the molecule
are the exchange forces. These forces have a minus sign at
comparatively large interatomic distances and correspond to the
mutual attraction of the atoms. Just asinthe case of the molecular
hydrogen ion, we have two solutions. The first solution is sym-
metric

1

q;.'l == Vel .L—' (q)aa' —I' q)a'a)’
Veaars
Ry (27.42)
V —_
(R)= 148’
and the second is antisymmetric
[V p—— l - - )
Vz(] - S) (‘Pna (1)0(1
e (27.43)
Va(Ry=="=

The general form of the curvesof V *=* for aneutral hydrogen mole-
cule is approximately the same as for the H, molecular ion; there-
fore, only symmetric solutions will give stable molecules. For the
radius corresponding to the equilibrium position [that is, the
minimum of the potential energy V* (R) for the symmetric solution],
we obtain R,=1.51¢,==0.80 A. The corresponding value for the
dissociation energy is

D=—VS(R)=0.115 : =32 ev. (27.44)
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The experimental values of these quantities are
RE*P—=0.74 A, DXP —4.73ev, (27.44a)

We have omitted here the zero-point energy of oscillations, 0,27 ev
(see Chapter 12), from both the theoretical and the experimental
values.

E. SPIN AND THE SYMMETRY OF STATES

In the H} ion and the H atom, there is only one electron, and its
spin leads only to insignificant spin-orbit interactions. On the
other hand, there are two electrons in the H, configuration, and the
spin plays an important role in the theory of this molecule, even
though the spin-orbit and the spin-spin interactions give only
small corrections. In the hydrogen molecule, just as in the helium
atom, the mutual orientation of the spins of the two electrons
determines the type of symmetry of the spatial part of the wave
function; this is of primary significance in connection with the
stability of a molecule. We shall therefore consider more fully
the question of the relation of the spin to the symmetry properties
of the molecule.

The total wave function W must contain a spin part in addition
to the spatial part. When the potential energy of the spin-orbit
interaction can be neglected, then, just as in the case of Russell-
Saunders coupling, the total wave function can be represented by
a product of a spatial part and a spin part. For electrons (which
obey Fermi statistics) the total wave function must change sign
when coordinates and spins are interchanged (that is, the solution
must be antisymmetric). We therefore have two possibilities

Ui=C2 (s1, )¢5 (1, 1) (27.45)
W, =CS (5. 8,)92 (11, 1y). (27.46)

It has been shown in Chapter 24 that the antisymmetric spin
function C? describes two electrons with antiparallel spins, and
therefore function ¢s, which is symmetric in the position coordinates,
corresponds to a state with total spin 0. In exactly the same way
the symmetric spin function Cs, as well as the antisymmetric
spatial function, describe a state with total spin 1 (the spins of
both electrons are parallel). In the case of the hydrogen molecule,
the only solutions which results in attraction is that corresponding
to ¢5; thus, a stable molecule is obtained only in the case in which
the electron spins are antiparallel.

We shall now proceed to a general analysis of the states of a
molecule, using the symmetry properties. In this connection, we
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note that in diatomic molecules the field of force possesses axial
symmetry with respect to the line passing through the nuclei
(the symmetry axis of the molecule). The absolute value of the
component of the total orbital angular momentum along this axis
of symmetry (which, incidentally, must be conserved) is denoted
by A. States corresponding to different A are denoted by the
following letters: X (A=0); I (A=1); A(A= 2); etc.

In addition, each electronic state must be characterized by the
total spin S of all the electrons in the molecule. For a given value
of S, v=2S51| 1 states are possible., The quantity v, as in the
case of an atom, determines the multiplicity of the energy level. In
the case where the total spin is equal to zero (S=0), we have
v= 1. For states with S=1, the multiplicity v= 3, etc. The
total spin of electrons in a molecule cantherefore be characterized
by the multiplicity v, and the corresponding term can be denoted
by "A.

In this notation, the symmetric solution for the spatial part of
the wave function (that is, the solution »s) corresponds to the term
'y (that is, A= 0, S§=0, v=1), while the antisymmetric solution
(p?) corresponds to the term 33 (A= 0, S=1, v= 3). It is obvious
that the ‘Y term corresponds to three states: in two of the states
the spin is directed along the symmetry axis of the molecule (in
a parallel or antiparallel direction), while in the third state it is
perpendicular to the symmetry axis.

It should be noted that symmetry plays a very important role
in the theory of molecules (particularly in the case of complex
molecules). If, for example, we reflect the wave function in a
plane passing through the symmetry axis of the molecule (which
we take as the z axis), the energy of the molecule must remain
unaltered.® At the same time, if the component of the orbital
angular momentum or of the spin along the symmetry axis differs
from zero (A 0 or S,#0), the rotations which are associated
with these angular momenta will be reversed as a result of this
reflection,’

For simplicity, we restrict our treatment to the states in
which the orbital angular momentum is zero, that is, A=0 (X
terms). In the case where the total spin of the electrons also
vanishes, that is, S=0, no change of states will occur in the
mirror reflection.

®In the case of reflection 1n the tz plane, mirror reflection amounts to a replacement of
v by —v

7As ts well known, the angular momentum L = r X p 1s an axial vector whose direction
1s a matter of convention (1t has one direction 1n a right-handed system of coordinates,
and the oppostte direction 1n a left-handed svstem) The direction of the contour bounding
the area and constructed from the vectors r and p remains, however, unaltered 1n both the
right- and left-handed coordinate systems
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If, however, the spins of both electrons are parallel (S =1),
the following cases are possible.

(a) The component of spin along the symmetry axis is equal to
zero (S,=0). In this case, the rotation characterizing the spin
remains unaltered as a result of mirror reflection (see Fig, 27.8,
where the initial and reflected spins are characterized by a
rotation denoted by [/ and //'). The corresponding terms are
designated by the symbol Y.

(b) The component of spin along the axis of symmetry z differs
from zero (S,="t1). In this case, the rotation which we associate
with the spin is reversed as a result of mirror reflection (see Fig.
27.8, where the initial spin is characterized by the rotation / and
the reflected spin by the rotation /’).

8 g

//,70 //,-‘)
R —o-
a ! i a a
T !
!

A A

Fig. 27.8. Change of the angular momentum on reflection
in the AAB’B plane, which passes through the axis of sym-
metry 2 If the initial rotation characterizing the angular
momentum occurs ina plane perpendicular to AAB'B (see I),
the direction of this rotation will be reversed after reflection
(see I) If, however, the rotation takes place in the plane of
reflection, 1t will be unaltered by retlection (II"= 1)

The terms whose spin changes on reflection are designated by
the symbol M-,

Therefore, the following terms of the ground state of the hydro-
gen molecule are possible:

'Y (A=0, S=0),
Y (A=0, S=1, §,=0), (27.47)
-“\:‘—(‘\___0’ Szly S:—'—: -‘ l)]

where the last term is obviously twofold degenerate.

If the molecule consists of two identical atoms, there will be an
additional symmetry property. A diatomic molecule with identical
nuclei must have a center of symmetry, in addition to a plane of
symmetry, This center of symmetry is the mid-point on the line
joining the nuclei. In Fig, 27.8, it is located at the origin of the
coordinate system, that is, at the point z= 0. In this symmetry
transformation we must change the sign of the coordinates of all
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the electrons. In particular, under this symmetry transformation
the positions of electron 1 and electron 2 will be interchanged in
the hydrogen molecule (the coordinates of the nuclei are left un-
changed), The symmetric wave function 45 will remain unaltered;
that is, it is even (this is denoted by the subscript g). The anti-
symmetric function ¢* changes its sign; that is, it is odd (this
is denoted by the subscript #). The main possible states of the
hydrogen molecule, taking into account both symmetry properties,
can be therefore denoted as follows:
N X' Y

and so forth,

The importance of symmetry with regard to the formation of a
molecule follows also from the fact that the ground state of most
diatomic molecules is a state in which the wave function is invariant
under all symmetry transformations.? Thus, '}, is the main term
of the hydrogen molecule. The question of molecular symmetry,
however, lies outside the scope of this book.

It should be noted that in stable states of the hydrogen molecule
the spins of the two electrons are always oppositely directed. At
the same time, there are two types of hydrogen molecules—para-
hydrogen and orthohydrogen. These names refer to the orientation
of the nuclear spins, and not to the orientation of electron spins.
In parahydrogen the spins of the nuclei are antiparallel, while in
orthohydrogen they are parallel. Since the number of possible
states for two particles with parallel spins is three times larger
than in the case of particles with antiparallel spins, ordinary hydro-
gen at room temperature will consist of an equilibrium mixture of
25% parahydrogen and 75% orthohydrogen. As the temperature is
lowered in the presence of a catalyst (for example, charcoal), the
percentage of parahydrogen in the equilibrium mixture increases,
and is practically 100% at 0°K. Parahydrogen produced at low
temperatures 1s extremely stable and can be preserved in such
an equilibrium system for a period of several weeks at room
temperature. Orthohydrogen has not yet been obtained in pure
form. The difference in the thermal conductivities atlow tempera-
tures (the thermal conductivity of parahydrogen is larger) is used
for determining the composition of the mixture, Similarly, para-
hydrogen and orthohydrogen have somewhat different dissociation
energies and optical properties.

F. THE VALENCE THEORY

We shall now explain the concept of chemical valence in terms
of quantum mechanics. By chemical valence we mean the ability

8
. As an exception to this rule, let us mention, for example, the 0, molecule, for which
LR 1s the main term
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of an atom to combine with a specific number of other atoms. As
already mentioned, the first success of quantum theory in con-
nection with the chemical properties of atoms was the explanation
of heteropolar chemical compounds (Kossel’s theory); these com-
pounds are formed as a result of the redistribution of electrons
in the outer shells of the participating atoms. According to this
theory, the numerical value of the valence is determined by the
number of electrons which an atom gives up to another atom (posi-
tive ionic valence) or acquires from another atom (negative ionic
valence). In the formation of a molecule, the electrons in the
outer shells of atoms are redistributed so that the valences of
the atoms are saturated.

Further progress in the investigation of the formation of a
molecule was made with the Heitler-London theory. This theory
succeeded in explaining the formation of the simplest homopolar
molecule H,, which serves as the basis of our present concept of
the covalent bond. According to the Heitler-London theory, the
spins of the valence electrons are mutually compensated in the
homopolar hydrogen molecule. Generalizing these results, it is
possible to conclude that the formation of homopolar molecules
occurs under the condition of mutual compensation of the spins
of the valence electrons, Accordingly, this type of valence is
also sometimes called the spin valence.

Since the saturation of valence bonds amountsto a compensation
of the spins of the valence electrons, the chemical valence of atoms
is given by the number of electrons with an uncompensated spin
present in the outer shell.

To illustrate these general principles, let us consider some
specific examples, Figure 27,9 gives the ground-state configurations
of several elements of the periodic system. The electron states
are shown as boxes, while the electrons are denoted by arrows
whose directions correspond to their spin orientations, It is clear
from this figure that the configuration of the outer shell of the
hydrogen atom (1s')%S corresponds to a single valence bond. The
valence of hydrogen, which is equal to one, is smaller by a factor
of one than the multiplicity of its terms, which is two (the multi-
plicity is designated by the superscript on the left-hand side of
the term symbol S).

Similarly, the ground state of the helium atom has the con-
figuration (2s*) It is evident that the multiplicity equals one ('S),
while the valence is equal to zero.,

The boron atom (Z=35) has the ground state (ls‘2s‘2p'), corre-
sponding to the doublet (‘P), and consequently the valence equals
one, The excited state (1s52s'2p’), corresponding to the quartet
(*P) is also possible; in this state the valence of boron is equal to
3. Thus the presence of several different valences in the elements
of various groups in the periodic system can be explained in
comparatively simple form (see Table 27.2).
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Although according to experiment the elements of oxygen and
halogen groups can have several different valences, the O and
F atoms themselves show only the principal valence. This is
due to the fact that their multiplicity can be increased only if
an electron is transferred to a shell with a larger value of the
principal quantum number, This process is unfavorable from
the energy standpoint (the d subshell is absent in O and F). On
the contrary, for other elements of these groups there is a pos-
sibility of transition between states of the same shell, but having
different values of !

s 7s 2p
S
] (75)
He E (7s2)

B L[t v T ] (s2s2208
8T T ] (122209
NI T ] (rs2252209)
N ] Y] ) (rse2se2p9)
N T YT ] (rse2sr2pa)
0 ([ Y[ 1] tse2se2p%)
U ) se2se2p9)
FUal [ o] (se2sezpe)

I'ig 27 9. Diagram showing the filling

of the clectron shells of several atoms

with the spin taken into account Homo-

polar valence of atoms 1s denoted by a

dot, and ionic valence 1s denoted hy
a t (positive) or —(negative) sign

Table 27.2
Multiplicity and homopolar valence

Group of the
periodic sys- 1 ] 11 A% \Y Vi vil
tem
I
Multlpllclty 2 lr 3 k 2v 4 1,3, 5 2v 4, 6 1, 3, 5, 7121 4, G, 8
Valence* 1 0, 2 ! 1,302 4 1,3,5 0,2 4 Gi 1,3, 57

*The bold-face type indicates the prnincipal valence.
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According to the configuration given in Fig. 27.9, nitrogen in
the ground state (1s’2s'2p') is trivalent (the three electrons in the
2p shell have parallel spins). However, it can also be univalent
(antiparallel spins of the two electrons in the 2p subshell) and
even pentavalent (15*252p%) (the four spin valences, associated
with the parallel spins of the electrons in the 2s and 2p subshells,
are augmented by a fifth ionic valence associated with the removal
of a second electron from the 2s subshell), In this connection we
note that the ionic valence of oxygen and fluorine is the same as
the spin valence (covalence),

It should be emphasized that, in general, it is impossible to
divide rigorously the chemical bonds into homopolar and hetero-
polar ones. The two types of bonds correspond to the limiting
cases of the electron density distribution in the incomplete shells.
The limiting case of asymmetry in the distribution of the electron
density between the atoms corresponds to a heteropolar molecule.
Such a molecule has a dipole moment and can be regarded as an
ionic structure, The case of a homopolar hond corresponds to
identical electron density distributions in the atoms of the mole-~
cule. A homopolar molecule has no dipole moment, and it can be
considered as a structure formed from two neutral atoms.

Quantum theory provides a general method for the explanation
of valence forces and deals with both types of bonds (homopolar
and heteropolar) in a single scheme. One of the chief merits of
the Heitler-London quantum-mechanical theory of the II, molecule
is that it explains the saturation of homopolar bonds in terms of
the saturation of the spins of the electron shells when electrons
combine into pairs with antiparallel spins. When a hydrogen atom
approaches a H, molecule no additional pairs with compensated
spins are formed, and hence there is no gain in energy. The i,
molecule therefore cannot exist,

It must be emphasized, however, that the Heitler- London theory
was developed only for molecules consisting of atoms in the s
state, and therefore an extension of its conclusions to more com-
plex atoms must be of a somewhat qualitative nature. Further
development of the theory of homopolar bonds has shown that in
the case of complex atoms quantum laws alone are not sufficient,
In this case we must also include the influence of the specific
properties characteristic of the chemical compounds.

G. MASERS AND LASERS

The electromagnetic waves radiated by conventional radio transmitters have a com-
paratively wide frequency band, Everyone who has used a radio receiver knows that
transmitting stations which have nearly equal frequencies overlap one another, This is
due to the fact that conventional transmitters have insufficient stability and often ‘‘drift’’
into another frequency band,
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Thus, the stability of even the best existing quartz oscillators is inadequate in a
number of cases (for example, high-stability oscillators are necessary for accurate
determination of distances by means of radar), Forthis reason, one of the great achieve-
ments of recent umes was the development of masers’by Townes and coworkers, and
independently by Basov and Prokhorov, In this device, quantum transitions between
discrete energy levels in a molecule are used as microwave generators,

We note first of all that the process of spontaneous emission, which depends on the
Einsteln coefficient A, has no essential significance in the case of molecular emission,
since its intensity is proportional to o' and is extremely small in the radiofrequency
region (that is, in the range of frequencies that are low compared with light frequencies),

As far as induced transitions, which are proportional to the Einstein coefficient B, are
concerned, the probability of upward transitions (resonance absorption)and the probability
of downward transitions (induced emission) are identical (see Chapter 9); they are pro-
portional to the energy of the field, Therefore, a system (molecule) with two levels will
undergo a transition from one level to another under the influence of a sufficiently strong
external field containing the resonant frequency, the transitions being accompanied by the
emission and absorpton of quanta,

I'ig. 27.10. Structure of the ammonia molecule
showing two mirror-symmetric states a and b
of the same energy.

If external radiation is passed through a substance, 1t will interact with its molecules
and cause resonant absorption as well as {nduced emission, In accordance with the
Boltzmann distribution (the number of particles in an equilibrium system with energy E

is proportional to ¢~ E/kT)  there must be fewer particles in the higher energy states
than in the lower states; therefore, absorption dominates induced emission in the thermal
equilibrium, The excess of absorbed energy is completely converted into the energy of
thermal motion of the molecules, raising the temperature of the gas,

In order for the system to amplify and not absorb the radiation incident on it, it is
necessary to disturb this thermal equilibrium in such a manner as to produce greater
occupancy of the higher energy levels than of the lower ones,!® When this is done,
such a system will generate electromagnetic waves with exwemely small line width
under the action of resonant radiation, The first masers were produced with ammonia
(NH;) molecules, The ammonia molecule consists of one nitrogen atom and three
hydrogen atoms and forms a right pyramid, However, from the laws of symmetry, the
stahle state of the ammonia molecule corresponds not only to the case in which the
nitrogen atom is located above the triangle composed of the hydrogen atoms (Fig. 27,10a),
but also to the case in which the mitrogen atom is located at the same distance under the
triangle (Fig, 27.10b), The stable states aand bhave equal energies and correspond to the

The term “maser” 1s an acronym formed from the first letters of microwave amplifi-
cation by stimulated emission of radiation.

1‘)Such a state can also be described by the Boltzmann distribution function, if 1t 1s

assumed that the temperature T, which in this case plays the role of a parameter, assumes
negative values
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minima of the potential energy; they are thus separated by a potenual barrier, so that
classical theory does not allow transitions from one to the other, In quantum theory,
however, the probability of penetration across the potential barrier is different from
zero, Consequently, the nitrogen atom, which is above the triangle, may reposition it-
self below the triangle in the absence of any external action, and may then return to its
original position, In molecular physics this phenomenon is called inversion, The process
of inversion can be explained in terms of the existence of two perfectly identical potential
wells, separated by a potential barrier of finite width, It 1s well known that this leads to
a spliting of the spectral lines, in spite of the fact that the energy states in the two po-
tential wells are completely identical to one another, For the ammonia molecule this
splitting, expressed in wavelengths, is 1,27 cm for the most intense line; this corre-
sponds to a radiofrequency wave,

Another remarkable property of the ammonia molecule is that, with the help of an
electric field, it is fairly easy to separate the molecules in the upper and lower energy
levels that have been formed as a result of inversion, It is found that when an ammonia
molecule is placed in an electric field, the two levels are shifted in different directions,
the upper inversion level being shifted upwards (the energy increases) and the lower
1nversion level downwards,

Since any system tends to a state in which its potential energy is minimum, we first
pass a beam of ammonia molecules through a carefully evacuated vessel containing an
electrostatic field which is produced by a quadrupole capacitor; this field decreases
towards the symmetry axis (see Fig, 27.11)

In this separating system the molecules in the upper level will tend to move to a
region where this field is minimum (since the field increases their energy); that is,
they will be focused about the axis of the capacitor, The molecules that are in the lower
level, however, tend to move to the region of maximum field (that is, to the periphery,
where their energy will be minimum), and thus they will be ejected from the beam, After
passing through the above separating system, the beam of molecules, which contains a
predominance of excited molecules, enters a cavity resonator which, among its rather
wide range of radio frequencies (produced by conventional radio frequency methods) also
contains the resonant frequency of the molecular transitions,

This external radiation causes molecular transitions which are associated with a
line of small width (~ 10 sec-1) ata frequency of 2,4 x 10'%sec-1 (that is, with a relative
error no greater than 10-9), corresponding tothe wavelength of 1,27 cm, This wavelength
1s determined mainly by the time of traverse of the molecules through the cavity resonator,

A molecular generator produced {n such a way exhibits extremely stable frequency,
The frequency stability is so high that molecular clocks constructed on this principle
have an accuracy of approximately 1 sec per 300 years of continuous operation,!!

On the basis of this principle, several types of radio receivers working in the micro-
wave region have been constructed, They all use paramagnetic crystals cooled to very
low temperatures, These devices, known as quantum paramagnetic amplifiers, greatly
increased the sensidvity of radio astronomical and radar equipment,

Recently, atoms and molecules have been used as generators and receivers in the
visible spectrum, In this case, we speak of lasers (light amplification by stimulated
emission of radiation),

What is the difference between an ordinary source of light and a laser? In an ordi-
nary source of radiation, for example, the Sun, the spectrum consists of a broad fre-
quency band and the individual incoherent quanta have arbitrary phases and directions,
Optical lasers enable us to obtain a monochromatic beam of light of high intensity (when
it is focused we obtain a radiation density a thousand times greater thanthat obtainable

Urhe stability of the frequency 1n masers made 1t pussible to construct two standard
independently operating, synchromized clocks These clocks were used to measure the
velocity of light 1n one direction under terrestrial conditions and therefore to check the
fundamental conclusions of the spectal theory of relatistty regarding first-order effects
(proportional to the velocity v = ¢ f3).

We recall that all interference experiments similar to the Michelson experiment 1nvolve,
in effect, only one standard clock and are used to measure the velocity of light over a
closed path Thus, only second-order effects (proportional to ﬂz) could be detected 1n
these experiments
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by focusing sunlight), great coherence and extreme sharpness (with telescopic apparatus
a beam of light reaching the Moon would have a diameter of the order of 3 km), The
first laser produced by Maiman was a three-level ruby laser, Chromium atoms, which
are present in ruby (aluminum oxide) as a slight impurity, absorb light from a power
klystron over a wide band in the green and yellow regions, Initially, these atoms give
up (without emitting radiaton) part of their energy to the crystal lattice and make a
transition to a metastable state from which dipole transitions are forbidden, and hence
they can be maintained 1n that state for a comparatively long time (of the order of
several milliseconds),

Ihg 27.11 Electrostatic field of the
capacttor 1in the separating system

At a '‘negative’’ temperature (when the number of metastable atoms {s greater than
the number of unexcited atoms and under the action of stimulated emission, such a
system is capable of generating almost instantaneously monochromatic waves with a
wavelength of 6943 (red region), These transitions are induced by the first emitted
quanta, which are retained in the ruby (the ruby has the shape of a circular rod, bounded
by silvered parallel ends, one of which {s semitransparent), Photons moving parallel to
the axis induce the emission of photons having the same frequency and moving in the
same direction, This chain process intensifies until a coherent ray finally passes through
the semitransparent mirror (after multiple reflection from the ends),

The prospects for practical application of lasers are enormous, These devices can
be used for the simultaneous transmission of various types of information, the establish-
ment of cosmic communication, the control of chemical reactions induced by thermal
excitation and so forth,
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Chapter 28

Elastic Scattering of Particles

A. TIME-DEPENDENT PERTURBATION THEORY

In the case when the Hamiltonian is an explicit function of time,
it is not, as a rule, possible to obtain an exact solution of the
Schrodinger equation. If the time-dependent part of the Hamiltonian
V’(¢) is small 1n comparison with the time-independent part of the
Hamiltonian HY time-dependent perturbation theory can be used
to solve the problem.

It is obvious that time-dependent perturbation theory can also
be applied when the perturbation energy is independent of time. In
this case we obtain the same solutions as in the stationary per-
turbation theory of Chapter 14.

Including the perturbationV’(f), we write the Schrodinger equa~
tion as

— RO (v, (28.1)

The solution of this equation in the zeroth approximation (V' (f) =0)
is

Y=Y C.etatmy,, (28.2)

where the wave function ¢, is a solution of the unperturbed time-
independent wave equation

Lo =H"%;, (28.3)

and satisfies the orthonormality conditions
§ P d = B, (28.4)

We shall look for a solution of Eq. (28.1) in the form of Eq.
(28.2), assuming that the coefficients C, depend on time: C,— C,(f).
This approximate method of solution was proposed by Dirac and is
known as the method of variation of constants,
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Substituting Eq. (28.2) into Eq. (28.1) and using Eq. (28.3), we
obtain the following equation for the unknown coefficients C,:

. _ 4 Epit ’ —a Epnt
— YT G ¥ = TV (1) Corpe” B (28.5)

n'’ n'
LE ot
Multiplying Eq. (28.5) by ¢re* ™ , integrating the resulting

expression over all space, and using the orthonormality condition
(28.4), we obtain a system of equations for the unknown coefficients

Cn’
h ; '
— 7 Cr= Z Curetonn Vi (1), (28.6)

where

E,—E (28.7)

and the matrix element
Viw ()= § 42V (&) gwt'x.

Dirac’s system of equations (28.6), taken for all values of n’, is
completely equivalent to the original wave equation.

The approximation used in perturbation theory consists in ex-
panding the solution in the form

C=Clo+Cio+Ci .. (28.8)

where the zero-order coefficients C% are independent of V’'. The
coefficients for the first and higher orders will be proportional
to V', V" and so forth.

Substituting Eq. (28.8) into Eq. (28.6) and retaining only the
first-order terms, we find the following system of equations for
the coefficients C,:

C; =0 (zeroth approximation),
(28.9)

—‘.1 Cy =ZC;’,~¢?"‘ “n'n"Vpn (t) (first approximation) and so on.
o

The first of the equations (28.9) shows that the unknown zero-
order coefficients must be independent of time, that is,

C =const. (28.10)
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Their values are given by the initial conditions and characterize
the state of the electron before the perturbation is applied.

Let us assume that at t=¢, the electron is in the state n. Then
we may set

Crr =8, (28.11)

This expression specifies the initial conditions of the problem.
Substituting Eq. (28.11) into Eq. (28.9), we find

t
Co(t)y=—5 X dtetonnV o (£). (28.12)
fo

In quantum mechanics one generally calculates the transition
probability w per unit time. Since the probability of finding a
particle in the state n’ is given by [Cu[’, we obtain the following
expression for the transition probability:

w=3 V| Cul" (28.13)

n'

Equations (28.12) and (28.13) are the basis for the investigation
of many quantum-mechanical problems in the first-order time-
dependent perturbation theory.

B. THE CROSS SECTION FOR ELASTIC SCATTERING

We shall now apply the results obtained above to the study of
the elastic scattering of an electron.

We assume that at the initial time /,=0 the particle is free;
that is, it moves uniformly with a momentum p =% and an energy

o P =R e
E”‘.!/no‘_CIIK (K_2ko’ by = | >

At the instant of time ¢{,=0,
the particle comes within the
range of interactions; that is,
it moves in a potential V (r).
The particle now has a finite
probability of making a tran-
sition to the state with the
momentum p'=#k and energy

’ k' R
E' = chK' (K =m); that is, Fig. 28.1. Scattering of a particle by a cen-

. : ter of force: Hk 1s the momentum of the
the partlcle is scattered as incident particle, fik' 1s the momentum of

a result Of interaction (Fig- the scattered particle, ? 1s the angle of
28. 1). scattering, O denotes the scattering center
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The wave functions of the initial and final states, describing the
free motion (in the zeroth approximation), are [see (4.62)]

q) (k) e L—a/._.eTicKl—f- :‘kr,

({) (k,) — L% =K't 4 llz'r‘ (28. 14)

where L is the period, and the momentum components % and
k; (t=1, 2, 3) are related to the integers n, and n; by means of
the expressions

2an; 2nn;

b=, k== (28.15)

Substituting the wave functions (28.14) into Eq. (28.12), we find for
the coefficient C,

— ptct (K'—K
Co ()=, Vit (28.16)
where the matrix element of the perturbation energy is [(V' =V (r)]

Vi eV (7) d's, n=k—F.

Hence, the transition probability is
0N\, 2sin ct (K' —
w=d-t-%,lcwl‘ ZIV iy S N (28.17)

We note that the function

__ _sinct (K'—
f=—m— ,0 (28.18)
has a sharp maximum for sufficiently large values of ¢ and
K'— K —0. This means that in practice we can restrict ourselves
to only those changes of K’ for which the following condition is
satisfied:

Ct]K'-—KlNQTE.

Since the quantity ¢{=t—¢ =Af is the time elapsed from the
initial instant, and the quantity c¢Z(K'— K)=AE is the energy
spread resulting from scattering, we find a relationship between
these quantities

At|AE |~ h. (28.19)
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This relation can be considered as a fourth uncertainty relation;
it is usually obtained from the theory of transition processes.

The uncertainty in the energy is characteristic for any wave
process; its optical analog is the familiar expression for the
broadening of spectral lines, resulting from the finite duration of
the emission.

For sufficiently large values of ¢({—o0) the uncertainty in
energy tends to zero and Eq. (28.18) becomes a statement of the
law of conservation of energy

K'=K.

This explains why this type of scattering is said to be ‘‘elastic.’”!
Mathematically, this follows from the fact that the function (28.18)
is a § function at {=oc0, Integration of the 3 function leads to the
replacement of K’ by K. To show this, let us consider the integral

1_—_L§ S‘”,‘(f’( —8 FK)dK'. (28.20)
"

Introducing a new variable

Ct(K,—"K);_——E'
we get
I sint £\ o
1=21 S“( E——F(K-}—E?)d:

If the function F has no singularities, we obtain as { - oo
1 e sin §
I=F(K)-- | S d=F(K)

— oo

On the other hand, from the definition of the 3 function it follows
that

\' 3(K' — K) F (K") dK' =F (K). (28.21)
3

An example of inelastic scattering 1s provx’ded by bremsstrahlung—a scattering process
in which an electron emits a photon, so that h « K.
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Hence it is clear that expression (28.18) becomes a 3 function as
t —> oo, and, consequently, Eq. (28.17) for the transition probability
can be written as

= h,ZlV 3 (K’ — K). (28.22)

Replacing the summation (28,22) by integration we use, in accord-
ance with Eq. (28.15), the following relation:

() =#" dide = ki dKde. (28.23)

The scattering process is usually characterized by a cross sec-
tion, which is equaltothe ratioofthe probability w to the number of
particles VN incident per unit time on aunit surface S perpendicular
to the incident beam. Obviously the particles that strike this sur-
face per unit time are those located at a distance not exceeding
the velocity of the particles v, that is, the particles contained in
the volume vS—=—v. The number N is equal to the number of parti-
cles per unit volume py=L * multiplied by a volume which is
numerically equal to the velocity of the particle

k
N=l=F & (28.24)

With the aid of Eqgs. (28.22)-(28.24), we find the following
expression for the scattering cross section:

= j) o (9, ¢)de. (28.25)

The integrand characterizing the number of scattered particles
incident per solid angle d®(d2=sinddddp, where & and ¢ are the
spherical scattering angles), known as the differential cross sec-
tion, is equal to

o, o) =gms) IValt (28.26)

\

In particular, when the scattering center is spherically symmetric,
we have

= (5 V(ryrtdr (j)e"”’dﬂ’

where 42’ is the solid angle associated with the vector », whereas
in Eq. (28.25) d2 is the solid angle associated with the vector ¥.
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Integrating the last expression over the solid angle 42, we
find

V= —4; S rsinxr V(r)dr.

0

From this it is clear that the differential cross section of the
elastic scattering is equal to

a@®)=|f®) (28.27)
where
x=|k— K'|=2ksin 3 (28.27a)
and the quantity
2"10 3 .
f@)=— § rsinr-V (r)dr (28.28)

is called the scattering amplitude.

Equation (28.27), describing the elastic scattering of the par-
ticles by a center of force V (r) in first-order perturbation theory,
was originally developed by Born; it is therefore called the Born
approximation.

We note that this problem can be also solved in the time-
independent perturbation theory, since the potential energy of in-
teraction is time-independent. To obtain the scattering cross
section we have used, however, the time-dependent perturbation
theory, the mathematical apparatus of which is comparatively
simple but is much more general. In particular, it can be used to
solve many problems in modern quantum electrodynamics, taking
account of the interaction of electrons with the doubly quantized
electromagnetic field (see Chapter 29).

The expression for o (%), obtained from the perturbation theory,
is applicable only within some definite limits. Inthe case of short-
range forces (nuclear forces, neutral atom, impenetrable spheres,
and so forth), which can be neglected for r > R, where R is a cer-
tain effective radius, the magnitude of the cross section must be
either less or of the same order as their geometric cross section
=R? (even if these forces create an absolutely impenetrable barrier).
For short-range forces, therefore, the range of applicability of
the perturbation method is given by

o< =R (28.29)
Equation (28.27)is notapplicable to long-range forces (Coulomb

forces) if the scattering angle is small. This question requires
a more detailed analysis (see below).
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C. SCATTERING BY THE YUKAWA CENTER OF FORCE

The form of the potential energy for the Yukawa interaction is
as follows:

Ve — A% (28.30)

r

where A is a constant related to the charge and Rz.—ﬁlu- is the effec-

tive range of these forces. The interaction (28.30) has somz im-
portant applications in the theory of nuclear forces and, in partic-
ular, in meson theory.

For nuclear forces, the quantity A is equal to g*, where g*
determines the strength of the potential. The range of nuclear
forces is equal to the Compton wavelength of a pion

R=-"_~.10" cm. (28.31)

me

In the case of fast-electron scattering (or«a-particle scatter-
ing) by neutral atoms, the interaction potential given by the Thomas-
Fermi model can be approximated by the expression (28.30).2 In
this case the quantity A=~Z¢!, where Z is the atomic number, and
the effective radius R of the atom in the Thomas-Fermi model is
equal to

R=1%, (28.32)

where 1 is a numerical factor of the order of unity.

Finally, setting R— co, we obtain the Coulomb potential of the
nuclear field which, consequently, can be considered as a limiting
case of Eq. (28.30).

Substituting Eq. (28.30) into (28.27) and using the relation

§fsiner(r)dr=_A S sinwe*rdr—=—A x’;—kg ,

0

we obtain the following expression for the differential cross section
of elastic scattering:

. Am3ArRr
a(8)= A ARy (28.33)

2As has been mentioned 1n Chapters 25 and 27, a more accurate approximation of the
Thomas-Ferm: potential 1s given by the expression (25 22) The results of the two approx-
1mations, however, do not differ greatly from one another (which 1s a consequence of the
short-range character of the forces). The approximation (28 30) 1s more convenient in
calculations of scattering.
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Here, according to Eq. (28.27a),

u"=4k“sin’%=4 g:—sini—%,
where p is the momentum of the particle.
Two cases should be distinguished in the analysis of Eq. (28.33).
1. Scattering of relatively slow particles, when xR« for all
scattering angles. In this case Eq. (28.33) shows that ¢(8) is inde-
pendent of the angle # and becomes equal to

o (9= 4moA R

(28.34)
The independence of the scattering cross section of the angle &
(isotropy) is a characteristic feature of scattering of relatively
low-energy particles by a center of short-range forces.

2. In the case of relatively fast-particle scattering, the differ-
ential cross section becomes independent of R (the effective range
of force) for all scattering angles satisfying the conditionxR > 1.
Equation (28.33) in this case reduces to

o (h) =M (28.35)

It is evident that for angles satisfying this condition the scattering
by the Yukawa potential is the same as the scattering by a Coulomb
center. Therefore, in the case of fast electrons or z-particle
scattering by a neutral atom through comparatively large angles,
the influence of atomic electrons is not important and the scatter-
ing is determined only by the potential of the nucleus.

Setting A= Ze¢} and x=Zsin 5 in Eq. (28.33), we obtain the
familiar Rutherford equation

VALY H
o () =——=, (28.36)

4pt sm‘-2—

which was obtained by the classical method in Chapter 2, Equation
(28.36) shows that for long-range forces there is a strong de-
pendence of the scattering cross section on the scattering
angle §,

However, for any large values of the wave vectors kz% we

can always find small angles & such that the following inequality
is true:

EPB. sin Yol (28.37)
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In particular, as & —0, Rutherford’s formula gives a divergent
value for ¢(8); in this case we must take into account the short-
range character of the forces resulting from the screening action
of the electron shell, The condition (28.37) now determines the
region of inapplicability of the Rutherford formula.

For #=0, that is, for forward scattering (x=0), we find from
Eqgs. (28.32) and (28.33) the following expression for the differential
cross section:

o) =41al2% ~ T, (28.38)

The total cross section can be obtained from Eq. (28.33)

8amiA R! 3 sin 8d %

nt [142-*R* (1 — cos §)]*
__ 16mm3A*R* I
- nt 4R3R% 4+ 1°

(28.39)

Finally, with the aid of Eq. (28.29), we can find the range of
applicability of the perturbation method for our problem in the two
limiting cases considered above

A< e for BRI,
R (28.40)
A< for kR 1

Problem 28, 1, jRepresent the cross section for scattering of particles by a spherically
syl tial as a sum of partial cross sectlons (the sum of the cross sections
for waves with a well-defined value of the orbital quantum number / ), Obtain the scatter-
ing cross section for the general case and for the Born approximation,
Solution, Suppose the 1ncident particle has a momentum P==HR and velocity
v=Nk/m,, directed along the z axis,
The wave function of the incident particle is of the form of a plane wave

Yinc=e"*".

A plane wave can be expanded in spherical harmonics (see Problem 21,5). Then, using
the asymptotic expression for the Bessel function as r — co

, k)= 1/2 sin (kr — —-l-> ,

the incident wave can be represented as

o
sin ( kr — Ll
ethz — Z H@r41) ( 2 ) P, (cos). (28.41)

l=0
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In the presence of the potential energy V (r), the asymptotic expression for the wave func-
tion of the particle in a centrally symmetric field, in accordance with Eqs, (13,75) and
(13,78), should be chosen in the form

o]
Q sin (kr ——%l + 61)
Yas= CiPy (cosd) ———pr—",
1=0

where the phase shift 8, can be determined from the asymptotic solution of the Schrodinger
equation for the radial function in the presence of the potential V (r)

1 d d. ] 1(l+1 2my
I L

Clearly the scattered wave is

0 al
1 i (kr — T)
bscar=Yas— ¥Yinc= 3 2 ~ Py( cosS) X

—i (lzr— -;—l)

The unknown coefficients C; can be determined from the condition that the function $gcar
must be a diverging spherical wave, Thus the coefficient of the converging wave

e—i(kr -3

X[Cre® —it @4 1)]—e [Cie™# — 2 + l)l}°

must be equal to zero, Then
=IO
r

q’scat_

The function f£(8) is the scattering amplitude [see (28,28)], which, according to the
exact theory, is equal to

f®)= ﬁ 2 (214 1) (2B, — 1) P; (cos 9). (28.43)
=0

The differential cross section characterizing the scattering of particles through an
angle § is equal to the ratio of the probability of scattered particles passing per unit
time through an element of the spherical surface dS =r*dQ:

dw,

scat=Wscar¥scal 42 =0 |f () [ dQ

to the number of particles incident per unit time on a unit surface perpendicular to their
velocity, that is, perpendicular to the z axis

Wine=v* ¥ inc="
From this we find the differential cross section

= L5CAL — | £®) 1 26 sindad. (28.44)
1mnc

Here, assuming the scattering field to be axially symmetric, we set the solid angle
equal to

dQ = 2z sin 8d9.
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Substituting the value obtained for the scattering amplitude and using the orthonormality
property of Legendre polynomials, after integrating over the angles we get

2,
A4T U

T
S Py (cosd) Py (cos 9) sin 3d8=
0
which gives us the following expression for the total cross section:
(o]
4z . g

o= 2 @+ 1)sin® ;. (28.45)

=0

This expression for ¢ is the desired sum of partial cross sections,

Let us compare the expression for the scattering amplitude found in the Born approx-
imation [see (28,28)] with the exact expression (28,43), The comparison shows that the
exact expression gives the same result as the Born approximation for small values of
the scattering phase angles 3;. Indeed, whend; < |, expression (28,43) becomes

O = 71;' 2(21 1 1)8,P, (cos ). (28.452)
=)

Solving Eq, (28,42) for a given / (for a partial wave) by perturbation methods, we can
show that

e (kr)dr. (28,46)

oo
Ty
By === -~ V(r)rJ:
: j I
0

Next, using the expansion

s 7r T

o0
1 ’=”21Trz(21+ 1)!;+_l_(kr)P,(cos%)),
=0

where

#
7==2k sm 9

the scattering amplitude (28,45a) can be reduced to the form (28,28) found in the Born
approximation,

Determme the cross section for scattering of particles by a spherically
mme

sy ¢ potential barrier of height I/;> 0 and radius a

V:{V° for r<<a,
0 for r>a,

when the radius e is much less than the de Broglie wavelength of the scattered particles,
that is, when ka--" 1,

Show that in this case the s wave (wave with / =0)1s the main contributor to the
scattering process,

Compare the exact solutions with those obtained by perturbation methods,

Solution, It may be seen from Eq, (28,46) that atka < |, the s wave (/ = 0) 1s the main
contributor,

Solving the problem by perturbation methods (Born approximation), that is, using
Eq, (28,28), we find the scattering amplitude

a
3
f(®)=— 2moVy S P — — 2myVya

n® - 3nE e
0
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Consequently, the cross section in the Born approximation is equal to

kg
- 16 miVia
cB=2nS smslf(s);!da=_9’5.ﬂﬁgL, (28.47)
0

Let us determine the scattering phase shift 3, in this simple problem, We restrict
ourselves to a determination of the phase shift for /=0 and low energies E, when we can
set ka<< 1.

When / = 0, the wave equations have the form

15 4-k%,=0 for r>a,

28,48
Yr —x%, =0 for r<<a, ¢ )
where
YomRor, =00 E, =M (V)=

Using the boundary conditions X, (0) =0, the solution of Eq, (28,48) can be represented
as

¥, = { A sinhx'r for r<<a,
® = sin (kr +43) for r>a.

Equating the wave functions and their derivatives at the boundary of the regionr =g, we
find in our case of small E (£ < V)

3, =arc tan Lg— tanh x’aJ——ka ~ka (mnh_v.a —1 ) R (28.49)

*ra
ra=1/ 2l s

Hence, according to Eq, (28,45), we have

where

tanh xa 2
¢ = 4na? (—; —1 ) ‘ (28.498)
In the case®
LR (28,50)
we can set
tanh»a 1
""‘;z" = 1— ‘7{ (xa)’.

Then Eq, (28.49) gives an expression for ¢ corresponding to the Born approximation
[see (28,47)].
When xa > | (that 1s, when V, — co) the cross section reaches its maximum value

o= 4na*. (28.51)

3We note that the condition (28.50), which in this problem can also be written as
og K ma? '

1s equivalent to the condition (28.29) for the applicability of perturbation method
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The last expression is four times greater than the corresponding cross section for
elastic scattering by an impenetrable sphere, calculated according to classical mechancs
when 3 is determined simply by the geometric cross section of the sphere na?, This
discrepancy is due to the appearance of wave properties (diffraction) of the scattered
particles,

{ Problem 28,3) Determine the cross section for scattering of slow particles (ka<<1)
by 2 3p My symmetric potential well:

=]—Vo for r<a,
4 { 0 for r>a. (28.52)

Indicate what distinguishes the cross section for scattering of particles by a potential
well from the cross section for scattering by a potential barrier,
Solution, In the exact solution of the problem, Eq, (28,48) should be replaced by

Y, +Rk¥o=0 for r>a,

] (28.53)
Yo+ k=0 for r<a,
where
W =20 (B 4 Vo) = ko 4
‘The phase shift 8 is given by the following expression [instead of Eq, (28,49)]:
3, ==arc tan <%,tnn k’a) — ka, (28,54)

When k’'a<€1 and E<<V,, we again obtain Eq, (28.47), which was derived 1n first-
order perturbation theory, In this case the cross sections for scattering by a potential
well and by a potential barrier are identical.

‘The difference appears when the quanttyzxa ( 2 — ?;19 Vo)becomes comparable to or

. . . tanh »a
greater than unity, Thus, nthe case of a potential barrier, the quantity —- monoton-

xa
ically approaches zero as V,increases, whereas in the case of a potential well the
tank'a |
corresponding quanuty l ra l varies periodically over the range from O to oo as

Vo increases,
T

In partcular, if the quantity k’a approaches 5 we find the following expression for

k'a
the cross section in the regio! :
s secto glon 2 € ka
4na?
res™ Figh* (28,55)
Because of the smallness of the quantity k’a’:z’;;‘;h a%, the expression for « is much

greater than the maximum value for the cross section in the case of scattering by a
potential barrier (9max =4na® when Vo— co [see (28,51)]), Since the relation k’a =

=ya + k¥ = -} for ka < 11s actually equivalent to the condition of appearance
of the first level in the spherically symmetric potential well,xa == 12:- , the cross section
(28,55) corresponds to the case of ‘‘resonant’’ scattering, Subsequent resonance maxima
of the cross section occur when xg — -fi , 5 = , and so forth,

Note, The scattering phase shift, together with the expression for the cross section,
can be accurately determined for a very limited class of problems (scattering by a
spherically symmetric potential barrier or potential well, scattering by a potential in-
versely proportional to the square of the distance, and so forth), However, in the general
case we must use approximate methods, For intermediate values of the potential energy V,
(for instance, in the case of scattering of charged particles by a Coulomb field the constant
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2

characterizing the potential energy must satisfy the condition % <, |) perturbation
theory (that is, the Born approximation) gives good results, In cases when the Born
approximation is no longer applicable, the phase can be determined by other approximate
methods, for example, the WKB method [see Eq, (13,78)], the variational method and
so torth, In view of the special nature of these methods we shall not discuss them in this
general treatment* It should be noted that many qualitative features, which are char-
acteristic of the scattering of particles by various potentials, are very well 1illustrated
1n the scattering by a potential barrier or a potential well,

4The theory of scattering 1s given a more extended treatment in N. Mott and G. Massey,
The Theory of Atomic Collisions, New York. Oxford, 1949, L. Schiff, Quantum Mechanics,
New York: McGraw-H1ll, 1955.



Chapter 29

Second Quantization

A. SECOND QUANTIZATION OF THE SCHRODINGER
EQUATION

As an example of second quantization, we shall consider the
nonrelativistic Schrodinger equation, and then generalize the re-
sults to the case of the Maxwell and Dirac relativistic equations.

In Chapter 5, it was shownthat the solution of the time-dependent
Schrédinger equation in the general case can be represented in the
form

E

— -y
40=YCote " =Y Calt) s (29.1)

where the coefficient C,(f) , which characterizes the probability
that a particle is in the state represented by ¢,, includes the time-
dependent part of the wave function

E

. ny
C,()y=Che " . (29.2)

Here the quantities E, are the energy eigenvalues, and the eigen~
functions ¢, of the time-independent Schrodinger equation satisfy
the orthonormality condition

S b dPx =38, (29.3)

In transferring from classical quantities to quantum-mechanical
ones, the position x, the momentum p,, and the remaining quantities
are replaced by their average values

X= S 9* () ¥ (1) d'x,

~ 29.4
p.= S ¢ () paty (£) d'x. @54
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The time variation of these average values cannot be determined
from the classical Poisson brackets, which in this case coincide
with Hamilton’s canonical equations

drel _ OH
e — opq’

and must be calculated from the commutator relation

¢ = (Hx— xti). (29.5)
Here the Hamiltonian is equal to

H=L 4V (). (29.6)

The quantum equation of motion [Eq. (29.5)] can be considered
as the fundamental equation describing the quantization of the
classical equations of motion. This process is called first quanti-
zation. In order to connect p and X by the usual relation

=" (29.7)

my ’

we must assume that in Eq. (29.5) the operators p and x do not
commute with each other and obey the commutation relation

pr—ip="1. (29.8)

Thus the commutation relation (29.8), which is basic to the
Schrddinger theory, can be regarded as a consequence of the
quantum equation of motion (29.5), and the transition from the
classical equation of motion to the Schrédinger equation is equiva-
lent to a transition from corpuscular concepts to the wave con-~
cepts.

In order to include in the theory the corpuscular properties
of the de Broglie waves, it is necessary to introduce a number
of additional hypotheses (for example, a hypothesis concerning
the probabilistic nature of the ¢ waves and the meaning of the
coefficients |C,|* as the probability of an electron being in state
n,and so forth),

The process of second quantization enables us to take into
account both the corpuscular and wave properties of the particles.

The name ‘‘second quantization’’ originated from the fact
that in this case we quantize the equation which has already been
quantized as a result of the first quantization, We note that as a
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result of second quantization, the coefficients C, become operators
(9 numbers), whereas in the Schrodinger theory they remained
ordinary constants (¢ numbers).

In order to carry out the second quantization, it is necessary
to find the average value of the energy operator

H= S * () Hy () d°x. (29.9)

Substituting (29.1) in place of ¢ (f) and recalling that Hy, =E,¢,, we
find

=Y ECt(HC,() S Poddx.

Taking into account the orthonormality condition Eq. (29.3), we
obtain

H= 2 E,.Ck(t)C, (t). (29.10)

We note that the last expression is independent of ¢, since it
is apparent from the equations

o vt 29.11
Co()=Ce ™, Crty=Cle * (29.11)

that the time factor in the product C;(f)-C,(f) is simply equal to
unity
C3 (1) C, (t)=C;C,.

Expression (29.10) is not an operator in the Schrodinger theory,
since the coefficients C, are ordinary numbers (¢ numbers). In the
theory of second quantization, however, these quantities and the
Hamiltonian (29.10) should be regarded as operators, that is, as
q numbers.

To find the commutation relation for the coefficients C,, we
must substitute C,(f) and C}(f) in place of x and p in the quantum
equation of motion (29.5), and the operator H must be replaced by
its average value H. We get

aC,() __ i 7 - 7]
a0) — L (HC,(0) — C(O). (29.12)

According to Eq. (29.11),

iE Ly
C,.-(t)=—~%‘—'c,.'e n

?
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and therefore from (29.12) we find the following relation, which is
a fundamental postulate of the second quantization:

e EyCpm=HCpy — CyH. (29.13)
Substituting H from Eq. (29.10), we obtain

— E",c,,,=25,, (CiC,Cr — CCICy). (29.14)

The last equation has two solutions, corresponding to the Bose
statistics and Fermi statistics, respectively. The first solution is’

C,C,—C,C,=0,

29.15
CoCr— ChCrr =3,y ( )
This can be easily verified by substituting the expressions
C.Cn=CpC,,
D (29.16)

Cn,'C;il == C:;Cn’ + ann’

into the first and second terms, respectively, on the right-hand
side of Eq. (29.14). We then obtain the identity

- En Cn’ = Z '-:,.Cnannﬂ
n

From Eq, (29.15), it follows that the coefficients C, and C% are
operators. Setting

CiC, =N, (29.17)

where N is the number of particles in the state n, we find from
Egs. (29.15)

C.Ci=1+4N. (29.18)
It follows, ‘herefore, that these operators do not vanish even in the
case where there are no particles present. Indeed, even though
C:C,=0 when N=0, we still have in that case C,Ci=1. This
nonzero value for the combination of coefficients C gives rise to
a relationship between the vacuum (the field of virtual particles)
and the real particles.

't follows from Eq (29 15) that the wave functions Y(r, t) and {/(r, t) commute, while
i) and * do not commute

Y@ DY D - Y ) = ;‘;np,,*(r’> Yo = 8¢ -1
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It is clear from the above equations that the operator C; should
be regarded as the ‘‘creation’ operator for particles, and C,
as the ‘‘destruction‘‘ operator. If at the initial time there are no
particles present, the condition C,C;=1 signifies that a particle
can first appear (owing to the action of operator Cj), and then
disappear (owing to the action of C,). The condition CiC,=0 im-
plies that in the absence of particles the inverse process, in which
a particle is first absorbed and then emitted, cannot occur,

In the solutions (29.17) and (29.18), the quantity N must be a
positive integer. It is not restricted to any maximum value.
Therefore, these commutation relations correspond to the Bose
statistics, which allows any number of particles to be present in
one state.

The second solution of Eq. (29.14) can be represented as

C.C,+C,Cp=0,

CL.C, -+ C,Ch == B (29.19)
which is easily verified by the direct substitution of Eq. (29.19)
into Eq. (29.14). Setting

CiC,=N, (29.20)
we find
CCi=1—N. (29.21)

Noting that C:C, and C,C} cannot be negative, we findthat the number
of particles in the state n can assume only two values: N=0 and
N=1. Consequently, the Pauli exclusion principle is already in-
cluded into this solution and the particles obey the Fermi statistics.
In particular, if there are no particles present initially (N =0), then
just as in the case of the Bose statistics we have

c:C,=0, C,Cr=1. (29.22)

The equation obtained in second quantization describes, there-
fore, a state with a variable (integral) number of particles. Con-
sequently, electrons will be similar to photons not only because
their motion is described by a wave equation, but also because
electrons, just like photons, can be created and destroyed.

Since the creation and annihilation of electrons requires an
energy more than twice as great as the rest-mass energy of an
electron (since an electron is always created together with a
positron), the second quantization of the nonrelativistic Schrédinger
equation is of purely methodological significance. In order to
consider real wave processes associated with the creation or
annihilation of particles, one should extend the method of second
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uantization to relativistic equations—namely, the wave equation
or photons (Maxwell’s equations) and the relativistic wave equation
or electrons and positrons (Dirac’s equation).

B. QUANTIZATION OF MAXWELL’S EQUATIONS

It is well known that the photon field (electromagnetic field) can
e described by a vector potential which satisfies the d’Alemberts
‘quation

1 02A
via— L Ch=o, (29.23)

nd is subjected to the following condition:
V:-A=0. (29.24)

Since the vector potential A is a real quantity, we can represent
he solution of (29.23) as

)
A— Z};/‘s Z Znifl (a -iextim.r 4-a tolert=1a r) (29.25)
3

vhere

x=|%|, and %="rn (n,=0, &1, 2, *=3..).

The condition (29.24) means that the vector a is perpendicular
o vector = , that is,

Xe@ =0. (29.26)

The normalization coefficient 3/ l/-ﬂh- is determined from

he condition that the energy of the electromagnetic field

=g {1+ umar=g {25 +
+(v- Ay} de= Zc’f; [(a*-a) +(a-%*)]

t ]

(29.27)

nust be equal to the sum of the products obtained by multiplying the
mnergies ctix of the individual particlesby the corresponding squared
mplitudes.

Since the Hamiltonian is proportional to the combinations of
soefficients of the form C*C 4~ CC* (the amplitudes of @ in this case
lay the role of the coefficients C), the quantum equation of motion



486 FUNDAMENTALS OF NUCLEAR PHYSICS

(29.13) for the field of photons permits only a solution corresponding
to the Bose statistics.? Furthermore, taking into account the con-
dition (29.24), we obtain the following commutation relations:

Xy %
aal —ata;== Ay =3y ——" (29.28)

where i, i'=1, 2, 3 and the amplitudes a, anda*, refer to the same
vector =, which plays the role of the quantum number n [see Eqgs.
(29.15)]. The coefficient A; expresses the transverse character of
the photon field

# Ay =2y Aiw=0. (29.29)

In particular, if there are no photons present at the initial
instant, only the following bilinear combination of amplitudes will
be nonvanishing:

Ak

a,ah = by — L, (29.30)

%3

C. SPONTANEOUS EMISSION

In Chapter 9 we found the Einstein coefficients A for the spon-
taneous emission by using the correspondence principle. In such
treatment, the reasons for transitions of electrons from higher to
lower levels remained unexplained (see Chapter 9). Quantum
electrodynamics (the name given to the theory that includes second
quantization of the electromagnetic field) explains the transitions in
terms of the interaction of an electron with the field of vacuum
(virtual) photons.

As can be seen from Eq. (29.30), there are quadratic com-
binations of the quantized amplitudes of the electromagnetic field
which differ from zero even in the absence of real photons.

The time-dependent Schrédinger equation, taking into account the
doubly quantized field of photons, can be represented as

[—F5—V—a (p—£4)]4=0. (29.31)

Neglecting the second-order terms proportional to A%, and taking
into account the transverse character of the electromagnetic waves

(p-A) p=(4-p) ¢, (29.32)

2If these amplitudes occur in the Hamiltonian in the combination C*C — CC* (this
happens, for example, for Dirac particles), then only the Ferm: statistics would hold for
the corresponding amplitudes This 1s easily verified by substituting into the Hamiltonian
the different solutions for the Bose statistics [see Eq. (29. 16)] and for Ferm: statistics
[see Eq. (29.19)].



SECOND QUANTIZATION 487
since
Eq. (29.31) can be reduced to

[“Th???— HO —V’ (t)]q»=0. (29.33)

Here the wunperturbed Hamiltonian =V - 2”, ! is time-

independent, and the operator of the perturbation energy is

V’

[

Let us assume that the electron is initially in the state n. Then
under the influence of virtual photons?

V)= A p_—-L,,—,f;;'-;g‘Jl/ Il goi-inrg* . p(29.34)

the electron can jump into the state n’.
In accordance with Eq. (28.12), we obtain the following ex-
pression for the coefficient Cx (), characterizing this transition:

ll(w r—w)
21: 1 nn *l ’
t)“" L“/zmo ZV-C’!* l(w"n,—-—-m) Q -Pun, (29.35)
where the matrix element
Prin = S e *rpy,d’x, (29.36)

and o==¢x is the frequency of the emitted photons.
The quantity %-r~. % is small since the wavelength of the emitted

light is A~ 10 ®* cm, and the dimensions of the atom are of the order
of r~10* cm, Therefore, in a first approximation, the exponential
factor in Eq. (29.36)

e~ r =] _jperd...

should be set equal to unity. Such transitions are called the dipole
transitions, *

3’I‘alkmg into account the commutation relations in (29 30) in the expression for the
vector potential A in the case when there are no photons, we should retain only amplitudes
proportional to a*, that 1s, operators for the creation of particles

41f we include the next term 1n the expansion we obtain quadrupole radiation. Quadru-
pole radiation 1s (v'/)\)2 times weaker than dipole radiation and 1s of importance only when
dipole transitions are forbidden.
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The probability of a spontaneous transition from the energy
level n to the level n’ is equal to
9 rx
Apnr = ot Cr () Cw (B)=

o2 on . Sin (o, —
L¥m} - o Oy — 0

o) (29.37)
(a-pin) (@™ Pun).

Here instead of two sums over the wave numbers of amplitudes a
we left only one, since the only combinations of amplitudes qanda*

N Xk
a,af = 3, — =

different from zero are those which refer to the same momentum x,
Using the last commutation relations, we find

(a-p:’n) (@ Prn) =| [ng,;',.] I*

Let us replace the sum over x by an integral in Eq, (29.37) [see
also Eq. (28.23)]

1 1 1
I Zﬁm \ d3n = S S 0¥dod? (29.38)

»®

and include the fact that for sufficiently large values of time £, we
have, in accordance with (28.20),

LSO 50— 0nm). (29.39)

‘R (] —-wn"r

Then in the case of spontaneous transitions Eq. (29.39) reduces to
the law of conservation of energy

E,—E,
© == Oy = — 5 =, (29.40)

since from Eq. (29.40) it follows that the energy of the emitted
photon #w is equal to the energy (E,— Ex~) lost by the atom as a
result of transition, For the probability of spontaneous emission,
we obtain

]
e’m,m, ’ Prin |
2nficim}

A = (ﬁ sin? 84Q.

Evaluating this integral and rememberingthat Pan == — tM®nnFpn,
we obtain the final expression for the probability of spontaneous
emission

P‘u)l

4 '
Arm’ = —d“ “ﬁg{i—- I Yoy ’“, (29‘41)
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which was already derived in Chapter 9 with the aid of the semi
classical correspondence principle [see Eq. (9.20)].

D. BETA DECAY

As another example of the application of second quantization
let us consider the theory of B decay. This phenomenon consists
of the emission of an electron (positron) by a nucleus, leading to
an increase (decrease) of the nuclear charge by unity.

The theory of B decay, which resembles in some respects the
emission of photons by atoms, was constructed on the basis of
second quantization,

There are no photons in an atom. A photon is created from the
vacuum when an atom makes a transition from one energy state to
another. Similarly, a nucleus does not contain electrons; they are
created only in the process of 8 decay.

As a result of experimental investigation of 8 decay it has been
established that these electrons have a continuous spectrum bounded
by a certain maximum energy equal to the difference in the energy
of the nucleus before and after the decay. It was also established
that in 8 decay the angular momentum of the nucleus changes by
a multiple of #, whereas the angular momentum carried away by
the electron equals ('/,) 2.

The apparent violation of the laws of conservation of energy and
angular momentum in B decay was resolved in the hypothesis of
Pauli, who assumed that the emissionof anelectron is accompanied
by the emission of another particle—a neutrino possessing half-
integral spin and a rest mass close to zero,

According to the Fermi theory, constructed on the basis of this
hypothesis, B8 decay should be considered as the transformation of
one of the nuclear neutrons (n) into a proton (p), an electron (e7),
and an antineutrino (v)

n—p-te |- v.

Similarly, the emission of positrons in 8 decay should be con-
sidered as the transformation of a nuclear proton® into a neutron,
a positron and a neutrino®

p—n-|-e" v,

5We note that since the rest mass of a neutron 1s greater than the total rest mass of the
proton, electron, and antineutrino, 1t follows that the decay of a free neutron should also
be observed. The decay of a free proton appears impossible from the energy standpoint and
therefore, positron decay can be observed only 1n a bound proton, when the required energy
can be taken up from the nucleus

bWe shall explain the difference between the neutrino and antineutrino at the end of the
present chapter in the discussion of the nonconservation of parity
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Furthermore, the capture of abound electronisalso possible; as
a result of electron capture a proton is changed into a neutron and
emits a neutrino(p+e -—n-v). As a rule, an electron from the K
shell is absorbed in this process, and therefore this phenomenon is
called K capture. K capture is similar innature to positron 8 decay,
since in both cases the charge of the nucleus is reduced by unity.

We shall not consider here the details of B decay; our task
will be to describe in general terms the creation of an electron
and antineutrino following the Fermi theory.

The energy of interaction of a neutron with the electron-
antineutrino field can be written as

Ver =Fo2px, (29.42)

where f is a coupling constant mtroduced by Ferml. The magnitude
of f is very small (f~ 1.4 x 10"¥erg x cm?®) so that this inter-
action is called a weak interaction. The spontaneous decay of
particles is caused mainly by weak interactions; therefore, the
lifetime of elementary particles or nuclei is comparatively large
and varies from a fraction of a second to billions of years. Nuclear
processes, on the other hand, are caused by strong interactions,
which sometimes are a thousand times larger thanthe electromag-
netic interactions, The duration of the processes caused by such
interactions is very short (of the order of 10-23 gec).

Neglecting spin effects, the wave functions ¢} and ¢* can be
represented as
Cawnt @t.m'e d} §F = L—/sq*eicKi—ik " r,
. (29.43)
!‘P% =L—l/, b*err-u—ix - r,

If there are no particles present at the initial instant, the following
relations hold for the amplitudes a* and b*: wa*a—-b*b_.o an* =
=or=1. pp.g C(B) = -%fe V() ol

Then, according to Eq. (28.12), we have the following expression
for the coefficient C(¢):

t

C(t)y=— hi{ LV aatb* S dte—tetKn—Kp—K—) (29.44)

0

Here E,=cnK, is the neutron energy and E,=chK, is the proton
energy. The matrix element of the 1nteraction Von is

- S)r}“rxne"“*"‘"'da . (29.45)

where X, is the wave function of the neutron, x}; is the wave function
of the proton, and 7 is the Dirac matrix which determines the
nature of the interaction. Since the interaction energy must be
a scalar quantity, an analogous matrix should also relate the spinor
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amplitudes of the wave functions of the electronand neutrino in Eq.
(29.42). However, the influence of the specific choice of the Dirac
matrices manifests itself only in the spin effects, which are ne-
glected in the present treatment,

Just as in the investigation of dipole radiation, the quantity in
the exponent in the matrix element (29.45) is much less than unity,
that is, inside the nucleus

(k+2)-r~|(k+=)-R| L1,

where R is tiie nuclear radius. The exponential,therefore, may be
expanded in a series 7

ebtor =1 — i (k%) r...

If the matrix element (29.45) does not vanish upon replacement
of the exponential by unity, the corresponding transitions are said
to be allowed B transitions.

We note that the allowed transitions, which correspond to the
dipole transitions in the theory of photons, are associated with
definite selection rules.’”

"In the case of vector interaction, the matrix element
1 3
Von= [ XpXnd'®

(the fourth component of the four-dimensional velocity, the first three components for the

nucleon at rest vanish) will differ from zero (allowed transitions) if the spin of the

nucleus (that 1s, the total angular momentum) remains unchanged in the j decay (AJ =0,

Ferm: transitions) This Ferm: selection rule 1s satisfied for the majority of nucler.
There are, however, some cases of allowed 3 decay, for example,

JHe® 5 LS+ e+ v

1n which the spin of the nucleus changes by unity (AJ — 1) The spin of the 2He6 nucleus
1s equal to zero (one alpha particle plus two neutrons with antiparallel spins), while the
spin of the 3L16 nucleus 1s equal to unity (one alpha particle plus one proton and one
neutron with parallel spins, just as in deuterium).

In order to explain these selection rules, Gamow and Teller pointed out that when we
form the interaction energy operator, which 1s a scalar (V= VaneV), one may take a
product of two vectors, as well as other relativistically invariant combinations of the four
wave functions For example, we may take a product of two pseudovectors, whichis also a
relativistic invariant The pseudovector interaction

VPn - fx;andjx

leads to the selection rules AJJ =0, 11 It should be emphasized that for a nucleon at
rest, the first three components will be different from zero

In view of the fact that the pseudovector interaction forbids 0 - 0 transitions, which
were nevertheless observed experimentally, as well as for several other reasons, present-
day theory uses a combination of vector and pseudovector interactions (as 1n the Feynman
and Gell-Mann version of the theory of S decay). This version enables us to explain the
basic experimental data obtained 1n the investigation of 3 decay.



492 FUNDAMENTALS OF NUCLEAR PHYSICS

In the subsequent discussion, we shall restrict ourselves to the
treatment of allowed transitions; in this case it is sufficient to make
the exponential term in the matrix element (29.35) equal to unity.
We then obtain the following expression for the coefficient C:

| KX =Ky

C(K'{'% —Knp)

c V,aatb* (29.46)

-t
s YA

where L,=ctK,,=ch(K,—K,) is the energy carried away by the
light particles (electron, neutrino or antineutrino) in S decay.

W(e)

£ €

['1g. 29.1 Energy distribution of electrons 1in

B decay (according to the Fermi theory).

Egy 1s the maximum encrgy of the [3 spectrum

The origin of the coordinate system corresponds
to the energy mgc

Using Eq. (29.39) and changing the summation over the momenta
of electron and neutrino to an integration [see (29.38)], we obtain
an expression for the probability of 8 decay

v="2 Zc*c Lol (K +2— Ko (20.47)

Integrating this expression over all possible angles at which the
electron and antineutrino emerge from the nucleus and also over
the energy of the antineutrino, we obtair an equation for the energy
distribution (£ =cnK) of the electrons (the 8 spectrum)

Ey
W= S w (E) dE, (29.48)

mocs

where

w(B)=L) el BV E i (B, — EY. (29.49)
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The energy-distribution curve of the B electrons, obtained in the
Fermi theory, is plotted in Fig. 29.1.° From this curve it is clear
that the energy of the emitted electrons lies between E, = my?
and E,w=E,=E,—E,

According to the Pauli-Fermi theory, there is no violation of
the law of conservation of energy, since the total energy of the
emitted antineutrino and electron must always be equal to the total
energy lost by the nucleus during 8 decay.’®

E. NONCONSERVATION OF PARITY IN THE DECAY
OF PARTICLES

One of the fundamental discoveries in the theory of weak interactions was the dis-
covery of the nonconservation of parity by Lee and Yang (1956), This phenomenon gives
rise to a spatial asymmetry in the spontaneous decay of elementary particles and, in
particular, 1n nuclear 8 decay,

The nonconservation of parity can be observed experimentally in the following two
phenomena,

1, The asymmetry of the angular distribution of electrons in the 8 decay of nuclei
with an oriented spin (the number of B electrons emerging along the direction of nuclear
spin does not equal the number of electrons emerging 1n the opposite direction),

2. The existence of circular polarization (helicity) in the particles formed during
decay (for example, electrons formed in 8 decay or u mesons formed in the decay of
7 mesons), even in the case when the decaying system has zero spin,

The phenomenon of nonconservation of parity in 8 decay or in the decay of a T meson
was explained with the help of the theory that assigned a definite circular polarization
(helicity) to the neutrino, At one time it was thought that the neutrino (which 1s formed
1n positron 3 decay) and the antineutrino (which is formed n electron 8 decay) were
identical particles (Majorana’s hypothesis). It was suggested that this hypothesis could
be tested 1n double B decay,

If the neutrino and antineutrino were identical, one would expect comparatively
large values for the probability of double 3decay without the emission of a neutrino (one
neutron of the nucleus emits an electron and a neutrino, while another neutron emits
an electron and absorbs this neutrino), that is, wath the emission of only two electrons,
1f, however, double B decay consisted simply of two successive identical 8 decays with
the emission of two electrons and two antineutrinos, the probability of decay should be
much less, Experiment has confirmed the correctness of the second hypothesis and
clearly demonstrated that the neutrino must be different from the antineutrino,

We note, 1ncidentally, that both particles are neutral and have a spin 1/2, Physicists,
however, were able to establish a difference between the partcles from phenomena
associated with nonconservation of parity. It has been demonstrated experimentally that
the asymmetry observed during positron B decay of a nucleus with an oriented spin,
when a neutrino 1s emitted together with a positron, is the reverse of the asymmetry
that 1s observed during electron g decay, 1in which an antineutrino 1s emitted together
with an electron, It was assumed, therefore, that the neutrino differs from the anti-
neutrino by the type of circular polarization, In order to explain the experimental data,
it was necessary to postulate that a neutrino resembles a photon with left-hand circular
polarization, while an antireutrino resembles a photon with right-hand polarization, The

alt should be noted that the maximum of this curve 1s slightly shifted towards small
energies. This asymmetry 1s due to the fact that the antineutrino mass 1s equal to zero,
while the electron mass 1s different from zero If the mass of the antineutrino were equal
to the electron mass, -this curve (neglecting the Coulomb attraction of the electron and the
nucleus) would be symmetrical, that 1s, the maximum would occur at the point E/2

9Formore details, see H Bethe and P Morrison, Elementary Nuclear Theory, New York:
John Wiley & Sons, Inc , 1958
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only difference is that the spin of the photon is 1 (in units of %), whereas the spin of
the neutrino is 1/2,
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trino and antineutrino The handed neutrino 1n right-hand
neutrino hasa left-hand circular and left-hand coordinate
polarization and the antineutrino systems
has a right-hand circular polari-

zation

The circular (longitudinal) polarization of the neutrino is generally called the helicity,

The neutrino has left=hand circular polarization, or negative helicity, This means
that if a left-handed screw rotates along the direction of polarization, it moves in the
direction of the momentum, The antineutrino, however, has right-hand circular polari-
zation, or positive helicity (see Fig, 29.2), In order to conserve helicity when changing
from one Lorentz frame of reference to another, so that it can be adopted as a character-
istic of the neutrino, 1t is necessary that the rest mass of the neutrino be exactly equal
to zero, 10

Several authors describe polarization with the aid of an axial vector, which 1s per-
pendicular to the plane of rotation and has a different direction in the right-hand and
left-hand coordinate systems (see Fig, 29,3), It should be noted, however, that, although
the axial vector 8 and the polar vector phave different mutual orientations in the right-
hand and left-hand coordinate systems, the helicity is nevertheless conserved; that 1s,
the helicity of the neutrino is still negative, and only the method of description has
changed, 1!

Starting with the polarization properties of the neutrino, we shall make an attempt
to give a qualitative explanation of the nonconservation of parity during the spontaneous
decay of particles,

Let us consider, for example, the 8 decay of nuclei with oriented spin, We note that
the spin of the nucleus (its longitudinal polarization) is more naturally described by a
rotation, since the direction of the axial spin vector is arbitrary, The spatial asym-
metry which should be observed in the phenomena characterized by the nonconservation
of parity is associated with the fact that in electron B decay, right-handed antineutrinos
are emitted upwards and downwards with spins oriented, respectively, parallel and
antiparallel to the spin of the nucleus, The electrons will be formed predominantly with
a helicity opposite to that of an antineutrino (that is, with a negative helicity), This pro-
duces a spatial asymmetry due to which the number of electrons emitted in the direction
of nuclear spin does not equal the number of electrons ematted 1n the opposite direction
(see Fig, 29.4). In general, we obtain the following equation for the number of emitted
electrons as a function of the angle & between the direction of electron momentum and the
upward direction, which two direcuons form a right-handed system with the polarization

of a nucleus:
w, (3) = w, (I —a cos?d), (29.50)
where a is positlve and is equal to approximately 0,4,

105t the rest mass of a particle differs from zero, the parallel spin and momentum vectors
may be directed at an angle after transition from one Lorentz frame of reference to another

gince the direction of the (axial) spin vector 8 relative to the polar vector of the mo-
mentum p 1s different in the right-hand and left-hand coordinate systems, Lee, Yang, Lan-
dau [Zhurnal Ekspertmental’noy t Teoreticheskoy Fiziki, 32, 405 (1957)], and others assume,
on the contrary, that in this case the negative helicity of a neutrino changes to a positive
helicity. In other words, they assume that the method of geometric description of the parti-
cle can change its internal properties (heliciaty).
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Asymmetry was detected in the electron 8 decay of Co 60 nuclei with oriented spins

and also in the angular distribution of electronsin the B decay of free, polarized neutrons
(for which a== 0.1).

Since a neutrino with a negative helicity emerges during positron decay, the asym-
metry pattern will be opposite to the one described above, The number of emitted posi-
trons is related to the angle # by the equaton

w,, (9) = w, (14 a cos 9); (29.51)

that is, the positrons that are formed have mainly a positive helicity and are emitted
primarily upwards, An asymmetry opposite to that of electron decay was observed ex-

perimentally in positron B decay of Co58 nuclei with oriented spins,
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Fig. 29.4 Schematic diagram of the S decay

of nucler with onented spins The direction

of rotation characterizes the direction of the

spin of the particles, p 1s the particle
momentum

Longitudinal polarization was observed particularly clearly in the spontaneous decay
of plons into muons and a neutrino, Let us choose a coordinate system in which the pion
is at rest and consider the negative pion which decays into a negative muon and an anti-
neutrino, Since the antineutrino has a positive helicity and the momenta of the muon and
the antineutrino must be equal and opposite, we find that the muon also must have a
positive helicity. Indeed, only inthis case will the total spin of the muon-antineutrino sys-
tem be equal to the initial spin, thatis, zero, In the decay of positive pions into a neutrino
and positive muons, the muons, however, will obviously have a negative helicity (see
Fig. 29,5).
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I"1g. 29.5. Decay of a pion at rest into a muon and a neutrino
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The total longitudinal polarization of the created muons has also been confirmed experi-

mentally,
A more detailed discussion of the nonconservation of parity lies outside the scope
of this book, and we must refer the reader to the special literature on this subject, 12

12
See the papers in T D Lee and C. N. Yang, Nobel Lectures, Physics, New York:
Elsevier Publishing Company, 1964



Appendix A

Hilbert Space and Transformation Theory

There is an elaborate formal structure of quantum mechanics
that is important for several reasons: the wave mechanics and
the matrix mechanics can be unified in one coherent scheme, The
conceptual structure has a deep intuitive appeal that gives the
theory a sense of completeness and solidity. The physical content
can be embedded in an extensive and rigorous mathematical
framework, And, most important for the validity of the physical
theory, it is a powerful and flexible phenomenological tool that
embraces a wide variety of empirical knowledge. The conceptual
structure and statistical foundations of quantum mechanics are
formulated most fully in the framework of ‘‘abstract Hilbert
space,’’ It is, however, not necessary to go into the mathematical
technicalities to achieve an accurate physical grasp of the theory.
For a complete treatment of the mathematical and statistical
foundations one should consult the original literature.' In this
appendix we shall outline some definitions and notational apparatus
around three broad topics: vector spaces, operators and the inner
product,

Vector Spaces

An abstract (complex) veclor space is a set of abstract ele-
ments called vectors (or points in the space) which together with
complex numbers obey the following axioms:

(1) If¥,and ¥, are vectors, ¥, + ¥, - ¥, + ¥, is also a vector.

(2) Yo r (Wp + W) = (Vg + W) + W,

(3) If x and y are complex numbers and ¥ is a vector, then x¥
is a vector and x (y¥) = (xy) V.

4) (x + Y = x¥ + y¥ and x (¥, + ¥p) = x¥q + x¥p.

(5) There is a null vector ¥,u1; = 0 such that ¥ + ¥, = ¥ and
0¥ - ¥, for all ¥,

Ip.amM. Dirac, The Principles of Quantum Mechanics, fourth edition, Clarendon Press,
Oxford, 1958. W. Heisenberg, The Physical Principles of Quantum Theory, translated by
C. Eckart and C. Hoyt, University of Chicago Press, Chicago, 1930. (Dover Publications,
New York, 1949). J. von Neumann, Mathematical Foundations of Quantum Mechanics,
translated by R. T. Beyer, Princeton University Press, Princeton, 1955,
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The structure of a vector space is appropriate for introducing
the notion of linear independence: the set of vectors ¥, ¥y, ...,
Y, are linearly independent if the only set of complex numbers z;,
29, ..., 2, satisfying the relation zi¥; + 29¥2 + - - -+ 2¥ = Ynun
is the trivial set zy = 29 = - -+ = 2z = 0, If it is possible to specify
n linearly independent vectors but notn + 1, the space is said to be
n-dimensional, If there is no limit to the number of linearly inde-
pendent vectors that may be specified, then the space is ‘‘infinite
dimensional.”’ In an n-dimensional space a set of » linearly inde-
pendent vectors ¥;, ¥y, ..., V¥, forms a basis that spans the space
in the sense that any element ¥, of the space can be written as a
linear combination of the basis vectors ¥,,i < 1,2,...,n,

¥, - Z}la,w,

The coefficients a;,: - 1,2, ..., n are complex numbers that char-
acterize the vector ¥, in the basis ¥;, ¥;,...,¥,, If ¢, and b,,
i =1, 2, ...,n are the components of the vectors ¥, - Xq, ¥, and
¥, - ¥b,¥,, then ¢, - a, + b, are the components of the vector ¥, -
2c,¥, = ¥, + ¥, and za, are the components of the vector z¥,,
where z is a complex number.

The geometric concept which is the k~dimensional generaliza-
tion of the notion of ‘‘lines and planes passing through the origin,’’
can be developed with the following definition:

A subset M of a vector space is called a linear manifold if it
contains all the linear combinations y(¥; + yo¥ + ... + y;¥; along
with any k(k - 1,2,...) of its elements ¥, ¥;, ..., ¥,. Alterna-
tively, if % is an arbitrary set of vectors containing the distinct
vectors Wi, ¥y, ..., V¥, then the set of all linear combinations
21¥1 + x2¥2 + - - - + xx¥, (Wwith arbitrary complex numbers x;, xg,

., xp) 1s a linear manifold M. M is called the ‘‘linear manifold
spanned by %.’’ If the vectors ¥,, ¥, ..., ¥, are linearly inde-
pendent, the manifold is k-dimensional,

The utility of the concept of a linear manifold is that it is the
domain of definition of a linear operator., In general an operator
is a mapping or correspondence from a domain consisting of cer-
tain points in the vector space into a range consisting of certain
other points, denoted symbolically by ¥ » R(¥). In quantum mech-
anics we are concerned with linear opevators for which by defini-
tion

R¥+® = RY) + R(® and R(a¥) = aR(¥).

That is, the domain of definition of the operator R is a linear
manifold. Note that a linear operator need not be defined for all
vectors in the space., For example, if the space is the ‘“function
space’’ consisting of square integrable functions on the interval
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~0 < x < oo, then there are vectors (functions) ¢ for which xy or
dy/dx are not square integrable,

There is a ‘‘projection property’’ associated with a linear
manifold: any vector ¥ may be resolved into the sum of two vec-
tors ¥ =¥, + V|, where ¥ is in the manifold M (i.e., there are
complex numbers c;,cg,...,c; suchthat¥y - c1¥) + cg¥ + - - - +
cr¥;, where ¥, ¥y, ..., ¥, span the M) and V) is entirely outside
M. As a notational device we may define the linear operator Py,
as follows: ¥ = ¥ for all ¥, The domain of definition of Py is
the entire space, while the range consists of M and the null vector,
If ¥; lies outside M, Pp¥; = Wnun. If ¥ lies wholy within !, Py ¥y -
‘Pg. If ¥ is an arbltrary vector, Pp¥ lies entirely within M and
Py ¥ = Pp(Pp¥) - Pp¥. Since this relatlon holds for all ¥, we may
assert the operator equation

2
Fyp = Py

An (Hermitian) operator satisfying this relationis called idempotent
or a projection operator, It has eigenvalues 0 and 1,

Operators

Let A stand for a physical observable which upon sharp meas-
urement yields any one of a sequence of values ¥i, %3, . . . which
are characteristic of the observable, The set of values %1, %3, . . .
is called the spectrum of ¥, An algebra of observables is set up
as follows: let z be a complex number, then z¥ is an observable
with characteristic values z ¥, z¥%5, . . . and if a measurement of ¥
yields ¥, the measurement of z¥ yieldszm. The observable %° =
Y yields the measured value (A3)* when ¥ yields %%. If ¥ and B
are simultaneously measurable then the sum % + 8 is defined to be
the observable that yields ¥} + 8; when % yields %, and B yields
9B;. Finally, the product A8 may be defined by the artifice

| 2 1 2
- R QR )
uP - (A + B ;8-

if A and B are simultaneously measurable, These definitions pro-
vide a ‘‘physical’’ construction of polynomials of several simul-
taneously measurable observables %, 8, etc.

In quantum mechanics the mathematical idealization of an ob-
servable is a linear operator on a Hilbert space. Let us first out-
line the purely algebraic aspects of operators which can be defined
without reference to the space on which they act, An abstract op-
evator algebva is a collection of elements called operators which
together with complex numbers are endowed with the structure of
a vector space (in a technical sense, not to be confused with the
Hilbert space) and in addition an operator product. Explicitly,
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(1) If M and N are operators, thenM + N = N + M is also,

(2) M+ (N+0 =M+N) + 0.
~ (8) Multiplication by a complex number is allowed; i.e., xM is
an operator and x(yM) = (xy)M,

(4) (x + )M =xM £ yM and xM = N) = aM + xN,

(5) There is a null operator 0 such that 0 + M =M and OM = 0
for all M,

Furthermore, there is a composition law (the ‘‘operator prod-
uct’’) which assigns to each ordered pair of operators (M,N) another
operator which is denoted by MN., The composition law obeys the
following axioms (we now denote operators by T, T2, T3):

(a) TiT32 is a operator if T) andTgare; i.e., the operator algebra
is closed with respect to the product,

(b) T1(T2T3) - (T1T2)Ts (associative rule),

(¢) Ti(aTg + bT3) = aT1T2 + bT1T3 and (aTg + bT3)Ty1 — aToTy +
bT3T1.

(d) There is a unit operator Ty,,¢ = | such that 1T - T1 - T for
all operators T.

Once a concrete identification of the operators is made and a
labeling scheme adapted a ‘‘multiplication table’’ can be set up.
The multiplication table can be formulated with the help of the
notion of linearly independent operators. Assuming there are only
a finite number n of linearly independent operators T, Ty, ..., Th,
we may express any operator as a linear combination of these, In
particular, as the operator algebra is closed,

T,T, - kZl Ctr,,

where the complex coefficients le are the structuve constants of
the algebra,

The algebraic properties defined by operator axioms (1)-(5) and
(a)-(d) can be realized concretely in terms of linear transforma-
tions on a vector space. The operator T, is identified with the
transformation which maps ¥ into T,¥. The transformation is
linear

Ti(a¥1 + b¥) = aT1¥; + bT Y5 .

Sum anddifference T1 t Ty isidentified with (T + T9)¥ = TV + ToY,
while 2T} corresponds to the transformation (2T)¥ = z2(T1¥), these
relations being valid for all ¥ for which T,¥ and T,V are defined,
If the range of Ty includes the domain of Ty, the operator product
T1T2 is defined by (T1T2)¥ = T1(T2¥ for all ¥ in the domain of T5.

A transformation is nonsingular if it transforms distinct vec-
tors into distinct vectors; that is, if ¥; # ¥, then T¥; » T¥;, An
alternative definition: T is nonsingular if to each vector ®; - T¥,
there is a unique solution ¥;, In particular, if T¥; = ¥,.11, then



HILBERT SPACE AND TRANSFORMATION THEORY 501

¥, = Y,un. The unique solution ¥; may be expressed in terms of
®; by an operator S defined by the relation ¥; = S®;, It then fol-
lows that ¥, - ST¥;, If this latter equation holds for all ¥;, we may
assert the operator equation ST = 1; S is called the left inverse
of T, If TS =1, then S is the right inverse of T. If ST =1 = TS,
then S is the inverse of T andis given the notation T-! also, T = S°1,
If A and B have inverses, then the inverse of AB is (AB)"! = B-14-1
even if A and B do not commute, Finally, if the vectors ¥, ¥,
..., ¥, are linearly independent and span a manifoldqM, and if V
is a nonsingular transformation, thenV¥y, V¥, . .., V¥, arelinearly
independent and span the transformed manifold VIR,

Inner Product

An Hermitian inner product is a mapping that assigns to each
ordered pair of vectors ¥, ® a complex number designated by (¥, ®),
The number (¥,®) is called the inner product of ¥ and ®. An inner
product has the following properties:

(¥,®) = (&, ¥)* (Hermitian symmetry)
Y,a® + bQ) = a(¥,D) + b(¥,Q)
(P,¥) >0 and (V,¥) = 0 implies ¥ - ¥,yu11.

The norm or ‘‘length’’ of a vector ¥ is | ¥ = V(¥,¥) and the dis-
tance between ¥ and @ is |¥ - ¢, If (¥,® = 0 the vectors are
orthogonal, A set of vectors ¥|,¥;, ... forms an orthonormal
basis if (¥,,¥) - 6. i,k = 1,2, .... Some important theorems are
the Schwartz inequality |(¥,®)| < |¥| - | ®| and the triangle in-
equality |¥] + [ ®| 2> || ¥ + ®|. For each linear manifold It there is
an orthonormal basis which spans M,

The projection operator Py of a manifold M spanned by the
vectors ¥;,¥, ..., ¥, can be written in terms of the inner prod-
uct as

k
Pp¥ = D Y,(¥, ¥
=1

The projection operator onto the ray or one dimensional manifold
defined by ¥, is P,¥ = ¥, (¥,,¥), If ¥;,¥,, ... is an orthonormal set
the projection operators are related to the vectorsby the equations
P¥, = 8,;,¥;. The orthonormality property is P,Pp = §,;, P, and the
completeness relation is ;P, = 1, the unit operator.

Let ¥;,¥;, ... be the eigenfunctions of an operator M corre-
sponding to the eigenvalues Mi,Ms5,.... For simplicity, let us
assume the eigenvalues are distinct, M; # My fori # k;then (¥,,¥),) = 0
and the vectors may be normalized so they form an orthonormal
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basis, The relation of the projection operators P, of this ortho-
normal basis to the operator M is the following: MP, = P)M = M;Pj.

The spectral resolution of M is M = ZM P,. Let F()\) be an arbi-

trary function of a real or complex varxable A. The operator func-
tion F (M) is defined by

FM = 2, FM)P,
i=1

In the mathematical realization of an observable ¥ in terms of
an operator A, the eigenvalues A}, A3 of the operator A are identi-
fied with the characteristic values %3, %2 of the observable. The
construction of polynomials of observables is identified with the
construction of functions of an operator given just above,

There is a particularly important notation, the Dirac notation,
in which a ket | > is placed around the symbol ¥ to denote a vector,
|¥ > is called a ket vector, The inner product between vectors ¥,
and ¥, is denoted by < ¥,| ¥, >. The expression <V¥,| is regarded
as a vector in its own right; it is called a bva vector or simply a
bra, The primary distinction between bra and ket vectors is that
if the abstract vector ¥ transforms as V¥ - U¥Y under a unitary
transformation U, the bra |¥> - U|¥> = |U¥Y>, while the ket < V|
transforms (contragrediently) as <¥| - <U¥| = <¥|U* = <¥|U"L,
Under these transformation properties the inner product <¥|®> =
<UY|U® > remains invariant., Matrix elements of an operator M
are written as <¥Y|M|®> = (¥,M®), In the Dirac notation, the de-
fining equation for a projection operator reads

Pgl¥> = 2 |¥,><¥,|¥>
t=1

for an arbitrary ket |¥>., Since |¥> is arbitrary it is a permis-
sible notational device to omit writing the | ¥ >, Then the expres-
sion for a projection operator in the new notation is

Pml = 'Z_:l |W,><‘P,|

where the sum runs over the vectors ¥{,¥s, ..., ¥, which span
the manifold M, An arbitrary operator A may be expressed in
terms of its matrix elements A,, = (®,,Ad;) in a complete ortho-
normal basis ®;,®y, . . . by the notation

A= 2 Akl 0> <0

There is a notational simplification possible when working with
a particular basis ®;,®,, . .. in that the ubiquious @ is a redundancy



HILBERT SPACE AND TRANSFORMATION THEORY 503
*

in the notation: the ket vector | ®, > can be abbreviated to read |i>.
The Hilbert space for a specific physical problem is built on the
cononical coordinates g,,q,,...q, for a system of k-degrees of
freedom, The abstract vectors have no numerical significance,
rather the ¢’s serve to label what will be considered a complete
orthonormal set, ¥g,,q,, --.,q,. The ket will be denoted by |q,,
g9, - -.,q,> In the (improper) 5-function normalization scheme
the orthonormality relation is

<4189 - -+ G, 1 41509, - - -+ 0, > = 8(gy - q])8lay — q3) - - - 8lq, — gq})

An arbitrary vector Ya may be expanded in the ¥q basis:

|¥a> = f . ‘f‘/’a(‘thz'""qk”ql’qz’""qk>dq1d‘12" . dg,

where the expansion coefficient x/;a(ql,qz, <. qy) is the probability
amplitude for finding particle 1 at position q,, ete.; i.e., ¥, (q,,4,,

., q,) is the Schrodinger wave function in the coordinate repre-
sentation, Taking the inner product of | 'Wa > withthe bra <q,,...q,]|
and using the orthonormality relation, one may verify that

Yo q1:dgs -+ -4 @) = <q Qg - -, q,|Ya>.

In quantum mechanics a particle may have a discrete internal
degree of freedom, spin, for example, where the discrete variable
o takes on either of two values, t+ for spin up or . for spin down.
For a particle with spin and one spatial degree of freedom x, an
arbitrary state Yo may be expanded as

| ¥Wa> = Zf«p,,(x>|wm>dx,

where ®,(x) is the probability amplitude for finding the particle at
x with spin o (see Chapter 16).

Treating now a particle on the interval -~ < x < o with no spin,
we write the inner product of two vectors ¥, and ¥, by first ex-
panding ¥, in terms of the set ¥,

o
\Pb=f Up(x) ¥, dx ,
-

then taking the inner product using the distributive rule under the
integral, The result is

o+ ©
(W, V) = f (Y, ¥ rp (x) dx = f Ya (x)* Yp(x)dx,
- -®

®
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the ordinary tunction space inner product, The projection operator
Pgap onto the intervala < x < b is

b
Pa,,w.—f Y (Y, Wadx ,

or in the Dirac notation

b
Pap - f | Wy >dx < Wl .
a

An arbitrary operator M is expressed in terms of its x-space
matrix elements <x|M|y > - (¥Y,M¥,) by the formula

w [0 o]
M:f f <x|Miy> ¥, >< ¥, |dxdy
-0 /-

the action of an operator Mona (ket) state vector [¥> is written as

M[\P>=f f |We><x|Mly><y|V¥ > dxdy,

where it is now appropriate to call < x{M|y > the kernel of the

integral operator M. The average value M, or what is the same
thing, the expectation value of M in the state @, is

@® o]
M= (O,MD) - f f <®lx><x|M|y><y|®>dxdy
-» v -o

An operator V is called local if its matrix elements have the
special form <x|M|y> = 8(x - y)V(x), where 5(x - y) is the Dirac
5-function and V(x) is an ordinary function. The expectation value
of a local operator is

V - f <Olx>V) <x|P~dx.

The kinetic energy operator T has the matrix element <x|T|y > =
2
—é’l VZ5(x — y), which is also regarded as a local operator. With

m
the help of integration-by-parts the expectation value of T can be
written

— 2 @
T - Jé’_f $* V2h(x)dx ,
m o o

where ¢(x) = <x[]>,



Appendix B

The Statistical Assertions of Quantum
Mechanics

We consider a cononical system of k degrees of freedom, em-
ploying the coordinates g¢,...q, to specify its configuration and
the cononically conjugate momenta to specify its condition of
motion, In the wave mechanical mode of description, in the co-
ordinate representation, everything that can be said about the
‘“‘state of the system at one time’’ (its configuration, condition of
motion and the values of all its physical quantities) must be de-
rived from the wavefunction ¢(q, ... q,). The functions admitted
as wave functions are those that are square integrable (normaliz-
able, || ¢ || finite) and furthermore normalized to unity,

@ @ 2
ff l¢(ql7"‘»qk)|dql"‘qu=1,

although in applications to continuous spectra this requirement
may be relaxed, There are three primary statistical assertions:
(1) the probability of finding the system within a volume V of con-
figuration space is

2
S [t ap P - ag,,

N
\'4

(2) if the energy of the system has the operator H with eigenvalues
Eq,Eg, ... and eigenfunctions ¢, ,, ..., then the probability that
the system has the energy value E, in the state ¢ is

© © 2
tf f lﬁj(ql"'qk)*qs(qls""qk)dql"'qub ’
- -®

and (3) the average value of a physical observable ¥ to which the
operator A corresponds is

o< ©
ad ]
Gy, oo @)V A gyy e gy — ey —
[w _/_;‘f’% qp (71 qy 3q, 3qk>

gy, - -+, q,)dgy - - - dq,
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4

in the quantum state ¢. The interrelation of these three assertions

will now be examined.
In order to present assertion (1) in a general form, we intro-

duce the projection operators P,(),j=1,...,k, associated with
the intervalue I, defined by ¢ < ¢; < q;. The projection operator is
defined by

(g, ...,q,) for q; <q, L q7
,Qk)={ ! k Py

P, 1) @(qy, . .. 0 otherwise .

The projection operator associated with the (rectangular) volume
V is Pi(1)Pg(g) ... P,(,) and the integral specifying the prob-
ability of finding the particle described by ¢ in V may be reduced
to the expression

1P Pay) - - - P ®|?

For assertions (2), let Pg_ denote the projection operator associ-
ated with the eigenvalue E, of H, that is,

PEnl/Im:'/'n for m =n, and = 0 for m # n.

The probability of finding the value E, upon a sharp measurement
of the energy of a system in the state ® can then be put in the form

IPe_o|%.

The probability of finding the system within an energy interval
E'<E <E"is

1P ®|2,

where P(lg) is the projection operator associated with the interval

PUg) = 2, Pg, .

E'<E,<E"

Assertions (1) and (2) may now be unified in what is called ‘‘the
most general probability assertion possible’’:

Statistical Postulate: The probability that in the state ¢
the physical quantities with the operators A, A,, . . . , A, take
on values from the, respective intervals I,,Ig, ... ,I, is

W = |PLdDP2dg) - - - Pul) @2,

where Pi,Pj, ... P, are the projection operators belonging
to the operators A;... Ap.
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Assertion (1) has m = k, with Ay - q1, A2 = g3, ..., Ap = q; while
assertion (2) has m = 1, with A; - H. In order to insure that this
postulate is a coherent statistical statement the following prop-
erties must be varified:

(a) Since the order of the operators is arbitrary in formulating
the statistical question, the order of the projection operators in
the statistical assertion must be immaterial, This implies that
the projection operators must commute for arbitrary intervals
I,I2,...,I,, and this in turn implies that the operators Aj,Ag,
.. .,A, must commute among themselves.

(b) Vacuous propositions may be inserted at will, vis,. if the
interval I’ is contained within the interval I, P() P{') = P("), or
the projection operator for obtaining any value whatever is the
identity.

(c) If the interval I, lies outside the spectrum of A;; for some j,
the corresponding projection operator is the null operator and the
probability is zero.,

(d) Probabilities are additive; i.e., if an interval I is resolved
into two disjoint subintervals I = I” + I”, with operators P(I) and
P(”) corresponding to I” and [”, respectively, then

Ipmo|? - [PYo|% + |PUHD|2.

(e) The total probability W ranges over the values 0 <W <1
for normalized ®.

Assertion (3) at the beginning of this appendix, can be expressed
in terms of the inner product, If we introduce the notation Exp{¥, ®}
to stand for the statement ‘‘the expectation value of the physical
observable ¥ in the state ®,’’ assertion (3) may be stated

Expl{%,®} - A = (®,AD),

where A is the operator corresponding to %. Let F () be any func-
tion of the real parameter A, There is a theorem to the effect that
if the observable ¥ has the operator A, then the observable F (%)
has the operator F(A), Assertion (3) may then be generalized to
read

Exp{F(3),®} = F(A) - (O,F(A)®) (3")

Assertion (3') can be derived from the statistical postulate as
follows: subdivide the interval (-, ) into a sequence of subinter-
vals I, ={Ap, A1}, Where —eo <A, <.+ < 4A] A <A <ot e> Ay <
+=. Let A; be_ some number in the interval A, < A} < Aj+1, The
average value F(A) in this mesh is

F(A) = 2, FO)@®,PU)D)

j=-n
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If we introduce the monotonic increasing projection operation E (A)
defined by

EN - 3, PU)
A <A
(conversely, P()) - E(y1) - E(\)) and let the n -~ and the mesh
size vanish, the sum approaches the Stieltjes integral

[ee]
F(A) - f F(M(®,dE(M D) ,

which by definition of a function of an operator is (®,F{A)®), So
far we have indicated that assertions (3) and (3') follow from the
Statistical Postulate, What is remarkable is that the converse is
also true: the Statistical Postulate follows from assertion (3), The
proof of this statement is obtained by a technical application of the

following theorem: Let Aj,Ay,...,A, be a set of mutually com-
muting operators; there exists an operator R and functions F;()),
Fo(\),...,Fp(A) such that Ay - F{(R),Ag = Fo(R), ... ,Fn - Fp,(R).

In the preceding discussion we have assumed that the state is
a pure state, that is, it is described by single vector ®, In general,
in the physical preparation of a state some of the variables are
left uncontrolled and the state is not completely specified. This
situation can be formulated in terms of a classical probability
distribution that is superimposed on top of the quantum mechanical
uncertainty. Let us suppose that the system isinone of the states
VYpa=1,2,..., but we don’t know precisely which one. Let W, be
the classical probability that the system is in the state ¥,. The
basic statistical postulate can now be reformulated as

W = D Wal PLUDPa(a) + + - Pp(lp) ol
and assertion (3) can be generalized to read
Fxpl %5 Wo, Wal = D0 Wa(W,, AY,)

The states ¥, are an arbitrary set of states; they need not be
mutually orthogonal, For the W,’s it is required that W, > 0 and
W, - 1,

The statistical assertions can also be formulated in terms of
the trace. The trace of an operator A is

trA = D (¥, A¥,),

where the sum runs over a complete orthonormalbasis ¥, ¥, ... .
The trace is independent of which basis is used to define it. The
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statistical assertions are
W _ trpP1UpP2g) - - - Pply)
and
Expl{ %, W, ¥o} = trpA

where p is the density matrix (operator)

P = Za:WaPa = Za:l‘pa’\wa(‘pal

The density matrix is useful for making a general statement about
the time evolution of the system. Expectation values change with
time according to the general rule

_;"[ xpl s Wo, Wl - trlipA + pAld.

¢

In the Schrodinger picture the burden of change is put on p; namely,
A0 and +ihp - Hp - pll, where H is the Hamiltonian, In the
Heisenberg picture p = 0 and -ihA - HA - All, (see Problem 8,4),
The Hamiltonian controls the evolution of an isolated system, When
the system is subjected to a measurement of one of its observ-
ables R and the eigenvalue R’ obtained the uncontrollable disturb-
ance of the measuring process forces the system discontinuously
into the state described by the eigenvector ¥y’ corresponding to
the eigenvalue R’. If the measurement of R is repeated (before the
evolution generated by the Hamiltonian moves the system into
another state) the system is already in an eigenstate Wg-of R and
thus yields the value R’ with certainty,






Problems

Chapter 1

1.1

1.2

1.3

14

1.5

Express the space and time dependence of E, H and A in
terms of amplitudes and phase angles for a plane wave
moving in the positive x direction. What are the conditions
for plane or circularly polarized light? What is the initial
data at ¢t = 0 for solution of Maxwell’s equations or the wave
equation for A? Express the solution in terms of a power
series in time, Express the solution for ¢t < 0 in terms of a
solution for ¢ > 0 with appropriate initial data,

Determine the magnitudes of E and H for unpolarized sun-
light characterized by the solar constant (Poynting vector)
S, = 2 cal'lemr?min-!, What is the ratio of electric to mag-
netic force on an electron moving with the speed of an elec-
tron in the first Bohr orbit?

Compare the wave and photondescriptions of normal reflection
of sunlight from a mirror. What is the energy density, pres-
sure against the mirror and the density of photons? Take
A = 5500A, What is the electric field intensity of a photon
absorbed in a 1 cc detector?

Find an expression for the angular momentum density of an
electromagnetic field, Show that a photon carries an angular
momentum of magnitude %, Calculate the torque on a quarter
wave plate by a normally incident left-circularly (right-
screw) polarized light.

Determine the spectral density of radiation under the as-
sumption that the oscillator representing the behavior of the
walls for angular frequency o can assume the energy value
E = 0 or any one of a continuum of values E > #w, Show that
the gap in the energy spectrum is related to the behavior of
p, in the quantum region kT « #w,

Answer. The partition function Z = Se *fr = 1 + &%/,

Chapter 2

2,1

Consider the scattering of 4 MeV alpha particles on gold
atoms (Z = 79). Show that the distance of closest approach is

rmn = (Z2°ed/2E) @ + csc%o) and evaluate it for scattering
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2,2

2.3

2.4

2.5

2.7

2.8

2.9

PROBLEMS

angles 5°, 20° and 80°, At what angles will the scattering
deviate from the Rutherford formula?

Consider the scattering of alpha particles from gold foil. A
radium source yields 4.8 MeV «e-particles at a rate of 3,7 x
1010 particles per second per gram of Ra. The target has
5.9 x 1022 atoms-cm™3, a thickness of 4 x 10%cm, and a
cross sectional area of 8 mm?2 The target is situated 1 cm
from the source., Consider a detecting screen of 2 mm? area
5 ¢cm from the target. What amount of radium is required for
a counting rate of 30 per minute at scattering angles 10° and
120°?

Derive (2.46) for a general one-dimensional potential by
evaluating dI/dE directly, Reduce the validity of the Bohr
quantization rule for large n by equating the classical ex-
pression for the frequency of the expression in terms of the
energy level spacing, (This application of the correspond-
ence principle shows that (2.46) and (2.47) give a consistent
classical limit if the same constant # appears in both equa-
tions.)

Examine the classical and quantum descriptions of the emis-
sion of light from a harmonic oscillator. On the basis of the
correspondence principle, argue that the # appearing in the
Bohr quantization rule is the same Planck’s constant char-
acterizing the corpuscular nature of light. Deduce the energy
level spacing and infer the levels between which electric
dipole transitions are possible (selection rules).

Use the correspondence principle to infer the energy levels
of a rigid rotator consisting of a mass m held at distance b
from a fixed axis of rotation. Note that the angular momentum
is independent of the mechanical parameters.

Show that for circular motion in a general centrally sym-
metric field, the angular momentum is quantized in steps
of #.

Find the energy levels of circular orbits in the Bohr plane-
tary model of the hydrogen atom using the correspondence
principle directly, Note that as usual » is left undetermined
up to an additive constant of integration. Infer the selection
rules for electric dipole transitions between circular orbits
and find the accompanying angular momentum change.
Estimate the lifetime of a stationary Bohr orbit by computing
the time required for the corresponding classical motion to
radiate away an amount of energy equal to the quantum energy
level spacing. Compute the cumulative time for several suc-
cessive transitions between circular orbits and compare it
with the time taken to radiate the same amount of energy
classically.

Use the Bohr quantization conditions to determine the energy
levels of an isotropic three-dimensional harmonic oscillator.
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2

Let the potential energy be émm r? and use polar coordinates

in the plane of the classical motion,

Find the energy levels of the relativistic linear harmonic
oscillator according to the Bohr-Somerfeld quantization rule,
Evaluate the lowest order correction to the non-relativistic
energies, The potential may be introduced via the scalar

potential e® - %kx2 or by replacing the mass invariant by

M002 + ékxz.

Chapter 3

3.1

3.2

3.3

3.4

3.5

3.6

3.7

3.8

Calculate the deBroglie wave lengths of the following par-
ticles each with a kinetic energy 500 keV: photon, electron,
proton, and alpha particles. Also of thermal oxygen atoms at
300°K.

What is the dispersion law o - w(k) if the group velocity is
inversely proportional to the phase velocity? How is this
case realized physically?

Compare the reflection of a particle and a wave from a
moving surface., Show that AE/Aw - Ap/Ak, where AE(Ap) is
the change in the energy (momentum) of the particle and
Aw (AR) is the change in frequency (wave number) of the wave.
Show this independently of the dispersion law of the wave and
the energy-momentum relation of the particle, How can this
result be generalized and what is its significance?

Calculate the deflection of a charged particle by a thin slab of
magnetic field, expressing the change of momentum in terms
of the vector potential, How is the difflection explained in
terms of the wave picture? What is the relation between mo-
mentum and wave vector in the presence of a magnetic field?

Answer, 8k = 0 across the slab and p + Ae/c - #ik,

Consider a particle bouncing back and forth in a rigid box of
linear dimension L, What is the minimum measurable ki-
netic energy of the particle? How much energy is required
to constrain an electron to remain within a volume of nu-
clear size?

Determine the maximum time a free particle will remain
within a volume of radius R by considering the limitations on
the specification of the initial data in the classical descrip-
tion of motion,

Find an uncertainty relation connecting angular momentum
and angular orientation, Consider a rigid rotator, What is
the minimum uncertainty in L?

One billiard ball bounces on another with a center-to-center
height of ten times the radius. What is the optimal horizontal
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localization to maximize the number of bounces? What is the
maximum number of bounces?
Answer, n ~ 50.

What is the optimal localization of an ideal pendulum to
maximize the time it will remain balanced in an inverted
position and what is the maximum time?

Answer, About six times the period for small oscillations.

Chapter 4

4,1

4.2

4.3

4.4

4.5

4.6

Under what circumstances can a narrow potential be approx-
imated by a o-function? What is the effect of a 5-function
potential on the continuity property of a solution of Schrod-
inger’s equation?

Show that the potential V(x) = -g5(x2 - a®) has a discrete
amtsgmmetric eigenfunction for g > %#2/m and not one for
g <%/

Consider the potential V(x) = » for [x| > L and V(x) == -V, 8(x)
for |x| < L, Show that for Vo > 0 there is one eigenvalue E <0
and that it remains discrete as L approaches infinity.

Find a complete set of orthonormal eigenfunctions for the
potential V = |V |8(x) on the interval -« < x < », Check the
completeness relation (4.67).

(Sturm-Liouville theorem) Let ¢; and ¢, be solutions with
energies E; and E3 of two Schrdodinger equations with po-
tentials V; and V,, respectively. Show that

b
’ ’ b
[‘/”5‘#1 -y ./ll]a = 2m/%?) f b [(Ez - Vo) - (B - V)] ¥, dx
a

for any interval a < x < b. Show that if ¢ and ¢, are solu-
tions for the same potential and if E; > E;, then y, has at
least one node between each pair of consecutive nodes of y,.
Over the entire interval, then, ¢/, has at least one more node
than ¢,. (The eigenfunctions are ordered in energy according
to the number of nodes. A set of eigenfunctions is complete
if there is one for each integral number of nodes.)

(Comparison potential for discrete states) Consider the in-
terval 0 < x < «» with the boundary condition U(0) = 0, Find
the potential for which U = x" is a zero energy solution of the
Schrodinger equation, Show that the potential obtained has no

discrete eigenfunctions for » real. If n is complex, n = % +

i3, show that the potential has arbitrarily many bound (i.e.,
discrete) states, The solution may be taken to be real U =
Vx cos Blnx.
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Let Vp be the comparison potential obtained in problem 4.6.

Show the following:

(a) If V>V, for x > xo, there is no discrete eigenfunctions
of V with a node located beyond xp.

(b) If V <Vy for x > x9, there is a discrete eigenfunction
with arbitrarily many nodes beyond xo. There are in-
finitely many discrete states of V.

(¢) If V> Vg for 0 < x < xp, there is no solution for the po-
tential V with E < 0 that has a node in the interval 0 < x < xp.

(d) If Vv LVy for x < xg (i.e., if V » -« more rapidly than Vy),
then there are eigenfunctions with arbitrarily many nodes
in the interval.

Scale the function in problem 4.6 to find some eigenfunctions

of the potential V = = for x <qand x > b, V = -Vo(1/x2 -

1/6%)a%b%/(b2% - ¢2) for 0 <a <x < b. Is there a restriction
among the parameters Vj, a, and b for this method to work?

Can one find a complete set this way?

Chapter 5

5.1

5.2

5.3

Let a particle be prepared in the state y(x,0) = V2a0(xp - x)
expiipx + alx — xg)} at ¢t = 0, where « >0, x9 <0 and 9(x) =

%(1 + signx), Assume that no forces act on the particle for
t >0, Expand y(x,00 in terms of energy-momentum eigen-
functions and show that for ¢ > 0,

\/@ exp (ipx ~ z'Bp2 + iy2/4,3)fm e“’2 dL
7 (2aB + iy) o 1-izL2’

Yx,t) =

where B =ht/2m, y - x — xo - 28p, and z = (1 + iy/2a0) 2. In-
terpret ¢ fort - .

Reconsider the initial wave function specified in problem 5.1,
Assume the particle is in a potential field V = -|Vp|8(x),
Expand ¢(x,0) in terms of the eigenfunctions of problem 4.4
and follow the motion in the dispersion-free approximation
(3.20). Compute the probability of the particle being reflected
by the potential, What is the probability of finding the par-
ticle in the ground state?

The initial value problem of the time-dependent Schrédinger
equation can be solved in the form of an integral operator

with the Green’s functionkernel G;(x,x") = 2 ¢, (x) ¢, (x)* e™"n"

where ¢, is a complete set of orthonormal energy eigen-

functions.

(a) Find the differential equation and boundary conditions for
G; in the case of a general one-dimensional potential,
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(b) Show that the force-free motion of a non-relativistic par-
ticle in an s-dim/gnsional Euclidian space is given by
Gy (r,r) — (m2a1A)™ explim (v - ©)2/28t},
(cf. Problem 3.3 in the text, How can G, serve as an approx-
imation to the 5-function?)
Find the angular dependence and total current of charged
particles flowing from a source at the origin, The wave
function far from the source is cos@e"/r in spherical co-
ordinates.
A particle is in a uniform gravitational field in a region
bounded from below by a perfectly reflecting surface, Adapt
the WKB method to the case of an impenitrable wall and show
that the energy levels go as(n + 3/4)%3for large n. Show that
K, - E,-1 ¥ heo for large n, where o is the classical angular
frequency.

Chapter 6

6.1

6.2

6.3

6.4

6.5

Find the probability for a particle of charge +Z’eg and speed
v to penetrate through the Coulomb barrier to a nucleus of
charge “Z¢g. (Gamow factor)

Derive (6.35), using integration by parts to pick out terms of
order 7% in ET,.

Find the pressure exerted by the walls to contain a particle
in a very deep potential well of volume V at absolute zero
temperatures,

Find a relation between the volume and pressure of an elec-
tron gas at 0°K.

Show that (6.66) holds for an arbitrary periodic potential
(Block’s theorem),

Chapter 7

7.1

7.2

7.5

Express 1/r as an integral operator in the momentum repre-
sentation,

Find the kernels for the expression of p? and Vp* + mic? as
integral operators in the coordinate representation.

Evaluate the commutator p,V(r) - V(r)py.

Let R(r,p) be a polynomial in the components of r and p. Show
that

R

A ! (Rx - xR)
OpPx Y}

and indicate explicitly the meaning of the partial derivative,
(a) Find an expression for the operator (A - zB)"! in powers
of 2, where A and B are non-commuting operators.
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(b) Let A and B be N x N matrices and let z; be the root of
the equation det(A - zB) = 0 which is smallest in absolute
value. Prove that the expansion of part (a) converges
whenever | z| < |z1| and diverges whenever |z]| > | 21|,

Show that in general any quantum mechanical operator can be

expressed as an integral operator,

Find an expression for the translation operator T,, defined

by Ty (x) = ¢i(x + @),

The solution of the initial value problem of the time-dependent

Schrodinger equation can be expressed in terms of an oper-

ator U(t) that transforms the wave function at time ¢+ - 0 into

the wave function at time ¢; that is, () = U ¢(0),

(a) Upon what properties of the Schrodinger equation does
this depend?

(b) Express U(t) as an integral operator in terms of a com-
plete set of energy eigenfunctions.

(c) Evaluate the kernel of the integral operator U (i) for the
motion of a free particle.

The concept of the quantum mechanical average value has its

natural generalization in the notion of the ‘‘inner product’’ in

the representation space (see Appendix). The average value

M= (I,M¥Y) is the inner product of ¥ with the vector MV,

Demonstrate the following:

(a) Let ¥, i-1...~, be a complete set of basis vectors
which is orthonormal with respect to the inner product,
(V,,¥:) = 8. Show that the action of an operator M is
completely determined by its matrix elements M, - (¥,,
MW¥p).

(b) An operator I[I is Hermitian if (¥,1I®) = (HY,®) for all
vectors ¥ and ®. Show that the eigenvalues of I are real,
the eigenvectors corresponding to distinct eigenvalues are
orthogonal, and there exists a basisinwhich H is diagonal.
Find the conditions on the matrix elements H,; such that
H is Hermitian,

(c) If (¥,0¥) _ 0 for all vectors ¥ and if © is Hermitian, then
(d,09) = 0 for all¥ and ®, One may then assert the oper-
ator equation © - 0.

(d) If (¥,Ad) = (BY,®) for all ¥ and &, then B is said to be the
Hermitian conjugate of A and is given the special notation
B - A*, Find the relation between the matrix elements of
A and A*, Show that A is the Hermitian conjugate of A*
and that a Hermitian matrix is self-conjugate, H = HY,
Express the Hermitian conjugate of the operator product
AC in terms A' and C*.

(e) Show that if the inner product is positive definite, i.e.,
(0,d) > 0 for all ® but the null vector, then the eigenvalues
of AA* are non-negative,

(f) An operator U is unitary if (UY,U®) - (¥,d) forall ¥ and ®.
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If ¥, i =1...~, is an orthonormal basis, then ¥; = UY¥; is
also, Find the conditions on the matrix elements U, such
that U is unitary. Show that U is non-singular.

(g) Show that the operators defined in problems 7.7 and 7.8
are unitary.

7.10 If A and B are N xN matrices and if AB = I, show that BA = |,
1 being the N xN unit matrix, Construct a counter example
to show this result is not true in general for ‘‘infinite
matrices,”” i.e.,N » o,

Chapter 8

8.1 Show that the commutation relations between the operators
for the velocity components of a charged particle in a mag-

netic field are v vy, ~ vyvy = —— H and cyclic permutations,
m

8.2 Show that if ¥, and ¥, are energy eigenfunctions and if M does
not depend explicitly on time, then the time dependence of off-

diagonal matrix elements is givenby %(‘P,, MY = iw,p (¥, M%)

where fiw,;, = E, - E,,

8.3 Let U() be the operator that generates the solution ¥(t) of the
time-dependent Schrodinger equation (with Hamiltonian H)
from arbitrary initial data ¥(0) in the form W) = Ut) ¥(0).
See problem 7.8,

(a) Show that U(:) satisfies the operator equation KU =
HU®, with initial data U(0) = 1.

(b) Deduce from the differential equation that U(¢) is unitary.

(c) Specify under what conditions and in what sense U(t) may
be written as U(t) = exp(-uit/h).

8.4 In the Schrodinger picture observables are represented by
operators that do not depend explicitly on time, the change of
dynamic variables with time being described by the change of
state vector ¥(t). In the Heisenberg picture the time depend-
ence is transferred to the operators themselves by means of
the unitary operator in problem 8.2. The procedure is M(t) =
(P@,M¥(0) - (¥, M1¥,), where ¥ = ¥(0) is the state vector
at ¢ - 0 and where M® = UW-1MU(®).

(a) Show that:#fl— m¥ — ¥m where ¥ = UMW 'HU(). If H is
independent of time X = H, This is the Heisenberg equa-
tion of motion,

(b) If AB - BA = iC, then GB - BG - iC.

(c) Derive an expression for the time derivative of the op-
erator product G (B (1),

(d) Find the position operator in the Heinsenberg picture for
the motion of a free particle, Express the result in the
coordinate representation,
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(e) Using the position operator in part (d), find the time de-
pendence of the variance of the position of a freely moving
particle,

Show that the mean value of the kinetic energy in a state be-

longing to the discrete spectrum is related to the mean value

of the potential energy by the relation 2T = (r. VV). If Visa
homogeneous function of degree a, V(Ar) = A\*V(r), then 2T = oV

(virial theorem).

]

]

)

Verify the following ‘‘sum rules,’’
—— (“F-sum rule”)
2mo
2
() 20 o, vl "
2 -
@ Loy Il = 2,720y,
0
diverges

ground state, Sum rules are important because they provide
a means of testing the physical content of the theory even

@) 22 Irel? = @B, = (¥, r2¥)

i

2 B

() 22wy | rut|
(€) 2wty [l
Here 7w, = E, - Ep. Note that w,, > 0 if k designates the
though the mathematical problem cannot be solved com-
pletely.

Chapter 9

9.1

9.2

Formulate the set of coupled differential equations governing
the population of a large number of quantum states. Show that
the total number of levels occupied does notchange with time.
Identify the conditions under which the occupation numbers
are positive definite, Derive the relations among the Einstein
coefficients which specify the approach to thermodynamic
equilibrium,

Compute the current density of the non-stationary state
which describes the transition from the 2p to the 1s state of
hydrogen and calculate the radiation field from this source,
Identify the angular distribution and state of polarization for
each value of the magnetic quantum number m, See Chapter 13,

Chapter 10

10,1 At what quantum level can a wave packet in a harmonic

oscillator be localized to 1% of the total excursion? Use the
uncertainty principle.

10.2 Find the stationary states of a linear harmonic oscillator in

a uniform electric field.
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Suppose that at ¢t = 0, a particle in the potential field V =

—;-mwzxz is described by the wave function ¥(x,0) = const,

exp Qikox - %az(x - x(,)z}, where a2 = mw/%. Calculate the

probability amplitude for the particle being in each of the

energy eigenstates. Find the wave function for ¢ > 0, Discuss

the spreading of the wave packet.

Show that e 5°t2st E '5': H,(p is the generating function for
n=0 I

Tchebycheff-Hermite polynomials. Use it to establish the

appropriate orthonormality relations,

Show that f U (e 2 ePEdy — Vg mpme P74,
-0

Infer the matrix elements of the position operator of a har-

monic oscillator from the spectrum, selection rules and the

F-sum rule,

Solve the Heisenberg equations of motion to find the time-

dependent Heisenberg operators for the position and mo-

mentum of a harmonic oscillator.

Find the time-dependent Green’s function for the harmonic

oscillator. Normalize by comparing it to the free particle

Green’s function at a time ot -1,

Study the harmonic oscillator using the operator properties

of the variables

a = Vimo/20) x 1+ V(h/2me) 3/dx ,
a*  Vmw/2R) x — V(i/2me) 3/9x .

Prove the following statements:
(a) The Hamiltonian operator is H - a'a + % where the energy

is measured in units of %w,
(b) The commutation relations

+

aat - a*ta =1

Ha - aH = -a
Hat -~ a*H = a*

hold as operator equations,

(c) The Hermitian conjugate (or adjoint) of a is a'. His
Hermitian (self-adjoint).

(d) If U 1s an energy eigenfunction with eigenvalue ¢, then
aUe 1is an eigenfunction with energy ¢ - 1 and (¢")"U. is
an eigenfunction with eigenvalue ¢ + n, This gives a series
of equally spaced energy levels,
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(e) There is a finite lowest eigenvalue.

(f) The series must terminate at the lower end by arriving at
a ‘‘ground state’’ Up that satisifes the equation alg = 0
(= the null vector). Solve this differential equation for Ug
and normalize.

(g) The ‘“‘excited states’’ are U, - (n)™%(a")* Uy with energies

(n + %) hw, This gives a complete set of orthonormal eigen-

functions,

(h) Determine the matrix elements of ¢, a*, x and p by alge-
braic means. Show that there are no finite dimensional
matrices which satisfy the specified multiplication prop-
erties,

Chapter 11

11,1

11.2

11.3

114

11,5

11.6

11,7

Prove the orthogonality and normalization condition of Le-
gendre p‘glynomials using the generating function (1 - 2rx +
2% 3 e, .
n=-0

Derive the commutation relations between the components of
angular momentum and the components of (a) the position
operator, and (b) the momentum operator.
Let A,, Ay, and A, satisfy the commutation relations L;A, -
AyLy = ikA;, LyAy - AyLy = 1Az, LyAc - Ay Ly = 0, andcyclic
permutations, with respect to the angular momentum oper-
ators., Such operators are called ‘‘vector operators’’; ex-
amples are r and p. Prove the following relations:
(a) LoA%2 - A%L, - 0
(b) Ly(A-L) - (A-L)L, -~ 0O
(€) L2A, - A L2 - th(AyL; + LzAy = A;Ly - LyA2)
(@) L2 (L2A, - A,L2) - (L2A, - A,L2)L2 -

2(L2A, + AxL%) - 4L (A L)
@) It v DA™ (L. A
Show that in a state y with a sharp value of L., L,y - my, the
mean values of L, and L, are zero,
Suppose a system can be resolved into two weakly interacting
subsystems 1 and 2 so that the total angular momentum L is
Ly + La. If the subsystems are in states characterized by
definite values of the quantum numbers /i, [, and Ig, l2, re-
spectively, what are the possible values of 2 and what is the
average value of L2?
Express the spherical harmonics for 1 =0, 1 and 2 as poly-
nomials in x, y and 2z,
Find the transformation rule of the spherical functionsY,;,
Y10 andY;.1for a rotation of the coordinate system through
Eulerian angles «, 8 and y.
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11,8 LetL, = Ly t iLy. Verify the following relations:

11,9

(a) (Lp* = Ls
(b) L2 = L2 + %( +L- + L-Ly
(¢) L.L, - L,L; = *AL,
(d) L,.L- - L_L, = 2&L,

L 2

(e) L:L, - L,L2 = 0
(f) L2L, - LL% =0
Study the way in which the multiplication properties in prob-
lem 11,8 can be represented in terms of matrices, or what is
the same thing, linear transformations on afinite dimensional
vector space. Let ¥), be a finite set of degenerate eigen-
functions of L% with eigenvalue A. Here u labels the elements
of the set. Show the following:

(a) L, ¥\, is an eigenfunction of L2,

(b) There is some linear combination of the ¥’s which is an
eigenfunction of L,. Denote the eigenvalue by m#% and the
particular linear combination by ¥),,.

(c) L,¥),, is an eigenfunction of L2 with eigenvalue A.

(d) L,¥,,, is an eigenfunction of L, with eigenvalue (m + )%,

(e) From the condition that the norm of L,¥,, is nonnegative,
it follows (respectively for +) that A > m(m * D%2, the
equality holding if the vector is null,

(f) The condition for the existence of finite multipletes is
that the series generated by (L)" terminates at both ends.
This implies that A has the form /(I + D)%%, where | may
have the values 0, 1/2, 1, 3/2, ..., and that m runs over
range -1, - 1+1,...,1 -1, 1,

(g) Find the matrices of order 2/ + 1 that representthe action
of the operators L, and L, on the vector space spanned by
¥,,» -l <m <1, for a fixed value of I. For example,
v, L, ¥, =W,y - =md, -. Select a phase convention
compatiable with (11,88).

(h) Write out the explicit matrices for / = 1/2 and verify the
commutation relations by direct matrix multiplication,

Chapter 12

12.1

12.2

Find the energy levels and eigenfunctions of an isotropic
three-dimensional harmonic oscillator. Find energy eigen-
functions that are also eigenfunctions of L2 and L,. What is
the degeneracy of each level? What part of the degeneracy
stems from isotropy of the potential?

Write out the explicit / = I,m = 1, 0, — 1, eigenfunctions of
lowest energy of a three dimensional spherically symmetric
harmonic oscillator, Express these eigenfunctions as linear
combinations of the solution obtained by using spearation of
variables in Cartesian coordinates. If each triplet of wave
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functions is orthonormal, show that the matrix of coefficients
of the transformation is a unitary matrix,

For the isotropic potential V(r) = -g8(r - a), determine the
range of g for which there is an [/ = 0 discrete state but no
1 = 1 discrete state,

In the case of a continuous spectrum, the wave function far
from the scattering center is characterized by the ‘‘phase

shift’’ §;(k) defined as follows: rRy ;(r) ~ c sin (kr - %” + Bl(k))

for kr » 1 (kr » 1for I = 0), where kk = V2mE,. For a ‘‘short
range’’ potential, §; is independent of r (see page 222 and
Chapter 28B)., Calculate the ! = 0 phase shift for the potential
in problem 12,3,

1%
The combination él Jy,(p) = j;(p) occurs frequently and is
called the ‘‘spherical Bessel function.’”’ The second solution,
%
irregular at the origin p = 0, is n;(p) = - (=)} (21> d;_y (p), con-

sistent with the definition of Neumann functions,N, = (J, cosnp —
J-p)/sinnp, Verify the following properties:
(a) differential equation,

n %,,; N <k2_ 1+ 1)>"1 o
p

(b) explicit form,

. sin p co8s p
= T, n =TT,
To ) 0 p
. sinp  cosp cos p sin p
g = 2 - ) n, o= - 2 - *
p p P p
(c) recurrence relations,
. . 21 + 1, ., l+1, .
Jis1 * Ny = PR 1 =~ I + I

(d) asymptotic form (p > 1, p » 1),
i, (p) -1—- sin( - -l—’l>
I1%p ) P~

n ( ) - ‘—'1 cos (p - == >
1 P ) 2

2l

i) =~ —2 8
e = oo ?
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@
nl(p) = - é‘ll'* P

(f) integral representation (see page 202),

1 [
Iljl(p) = 2’/ Pl(x)elptdx
-1

(g) orthonormality,
f jykn)j (R P2 dr = L saeny
A ! 2kk’

Find the conditions under which the spherical potential well
V - ~|Vg| for 0 - r <a, and V - 0 for r > a, can support N
s-wave bound states, but not N | I,

In the limit of zero Kinetic energy, an s-wave phase shift
behaves as, &,(k) - -ka, where a is the ‘‘scattering length.”
Find an approximate relation between scattering length and
the energy of a loosely bound state, £y ~ 0.

Chapter 13

13.1

13.2
13.3

13.4

13.5
13.6

13.7

Find the momentum distribution of an electron in the 1s, 2s

and 2p states of hydrogen.

Calculate the lifetime of a hydrogen atom in the 2p state.

Give an expression for the transition rates between consecu-

tive circular orbits in a hydrogen-like atom.

Show that (I - 0™ expht/(1 - 0f = 3. 'L, ) t* is the gen-
k=0

erating function for Leguerre polynomials L, (x) = Q,? ().

At what quantum level is a muonic atom the same size as a

normal hydrogen atom in its ground state?

What is the probability of finding an electron with quantum

numbers n,! inside a nucleus of radius R,?

Show that if the energy is regardedasa complex variable, the

Coulomb ‘‘scattering amplitude’’ for a definite value of I,

0
(02'X’ - 1) /2ik, has a simple pole singularity at the energy
value corresponding to each level of the discrete spectrum,

Chapter 14

14.1

14,2

Evaluate the shift in energy levels of a harmonic oscillator
produced by a perturbing 5-function potential that is centrally
located. State the limit of validity of the approximation.

Calculate the lowest order effect on the spectrum of a linear
harmonic oscillator due to the relativistic increase in mass
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of the particle. In what circumstance is the relativistic effect
pronounced? When is the perturbation approximation valid?
Cf. problem 2.10.

Treat the Stark effect of the n = 3 level of hydrogen. Deter-
mine the pattern of splitting and residual multiplicity by
symmetry arguments., How does the secular equation factor
in the representation in which L, is diagonal? What linear
combinations of unperturbed eigenfunctions are energy eigen-
functions in the presence of the field?

Evaluate the static (v - 0) electronic polarizability of a hy-
drogen atom in its ground state,

For the continuous part of a spectrum, the states may be
labeled by the eigenfunctions of the free particle Hamiltonian
Hy and an (exact) integral equation for the eigenfunctions
¥, ® of the Hamiltonian Hy + V set up along the pattern of
perturbation theory. The integral form of the Schrodinger
equation is

¥y - expik-r 4 fGE(r.r')vmwk<r')d3r:

where (i is the energy Green’s function

Crlee) - - SRRIr =]
4z|r - o’

characteristic of the free particle Hamiltonian, The Green’s

function can be defined in terms of a complete set of energy

eigenfunctions ¢, (r) of the (any) Hamiltonian Hg as follows:

o b, (D) b, ()
GE(r,r) }n: 5K, .

(a) Formulate a differential equation and boundary conditions
for the Green’s function,

(b) Evaluate the explicit form of the free particle Green’s
function from its definition in terms of a complete set of
energy eigenstates.

(c) Find the relation between the energy Green’s function and
the time Green’s function G;. (See problem 5.3.)

(d) The effect of a ‘‘short range’’ potential on the wave func-
tion at large distances from the scattering center is de-
scribed by the ‘“scattering amplitude f(6),”’ defined by the
asymptotic form (forr - )

tkr
W) ~ ekt e L
r

(See Chapter 28, Section B) Derive anexactexpression for
f(@ in terms of the exact solution ¥, of the Schrédinger
equation,
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(e) Formulate a perturbation approximation for ¥, and f(6) on
the basis of the above results,
For a definite value of the angular momentum the integral
from of the Schrodinger equation for a spherically symmetric
potential takes the form
. 2my [° . oo
upi(r) = sinkr + w2 g1,y YV up (r)dr,
1]

where
gro(ry’) = % [sinklr -r’| - sink|r + r’|:|.

foril =0,

(a) Evaluate gg;(r,r’) for [ > 0.

(b) What is the relation between the wave functions and be-
tween the Green’s functions of the three-dimensional
(problem 14.5) and the partial wave formulations. It is
necessary to distinguish ingoing and outgoing wave bound-
ary conditions e**"/r, The addition formula for spherical
harmonics is helpful,

1
LU S R TS

Pr(cos®) = —
1ieos 20 + 1 m=11

where cos® = cosf cosf” + sin@ sind’ cos(p - ¢").
(c) An exact expression for the s-wave phase shift is

®
ktan§; - - 27?20— A sinkr V() uy (r)dr.

Verify this relation and generalize it for [ > 0, What nor-
malization condition is implied for u;? See problem 12.4.

Chapter 15

15.1

15.2

Identify the conditions under which the Klein~Gordan equation
reduces to the Schrodinger. How does the initial data prob-
lem for the second order differential equation reduce to that
of the first order equation?

Show that the function-space inner product

() = if[¢* %‘tﬁ - "ait ¢:|d3x

is independent of time if ¢ and ¢ are solutions of the Klein-
Gordan equation, Find the form of the inner product in mo-
mentum space. Is the inner product positive definite?
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A general solution of the Klein-Gordan equation is a super-
position of a positive-frequency and a negative-frequency
part, with time dependence e '“! and e*'“!, respectively.
Show that under a Lorentz transformation that does not
reverse the sense of time, a positive-frequency solution is
transformed into a positive-frequency solution, i.e., that the
decomposition is Lorentz invariant,

Find a complete set of positive-frequency solutions of the
Klein-Gordan equation that are orthonormal with respect to
the inner product in problem 15.2., Show that the complete-
ness relation (for unequal times) is

’ 1 —tk(x-x") d3k
) (x)*=——fe‘ ar
Ea:f“ fo (2m)3 2w

where o = w(k) = cVk2 + m2c2/h2 and where the Minkowski
space inner product is k(x -x) = w(t - t) - k+ (x - x).

Chapter 16

16.1

16.2

16.3

16.4

What is the value of the ¢ factor of a particle described by
2
the Hamiltonian (1/2mo) [o” - (p - (e/c)A)]"?

A particle of spin 1/2 and magnetic moment ¢ moves in a
precessing magnetic field

Hy = ¥ smn@coswt, Hy = ¥ sing sinwt, H, = ¥ cosd.

At time t = 0, the spin is parallel to the z axis. What is the
probability of the spin being antiparallel to the z axis at some
later time?

Find the (time-dependent) position operators in the Heisen-
berg representation of a particle of spin 1/2 and magnetic
moment y moving in a nonhomogeneous magnetic field

Hy =0, Hy = ~ky, H; = Ho + kz.
Determine the energy spectrum and wave functions of a charged

particle moving in uniform electric and magnetic fields that
are perpendicular to one another.

Chapter 17

17.1

17.2

Show that the four matrices (I ¢’) are Hermitian, linearly
independent and form a complete basis for 2 X 2 matrices.

How many matrices are required to form a complete set of
Hermitian, linearly independent NxN matrices? How many
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mutually commuting, Hermitian, linearly independent NxN
matrices are there?

In the Dirac theory, « and p are mutually commuting linear
operators, Develop a notation for the linear vector space on
which the operators act. Find an expression for the inner
product in the composite (direct product) space. Show that
the Dirac Hamiltonian is Hermitian,

Use the Heisenberg equation of motion to show

(@) _‘il_(x ¢ thpga/2me) = py(p - (e/IN)/m,
dt )

(b) .d(‘i,(t ¢ thpg/ame) — pg(l - e®)/me? |

What transformation of the spinor wave function mustbe made
to restore the form of the Dirac equation after a change of
gauge in the electromagnetic potentials?

Show that the form of the Dirac equation remains unchanged
by Lorentz transformation or spatial rotation,

Chapter 18

18.1

18,2

18.3

18.4

18,5

18.6

18,7

Suppose a system consists of two weakly interacting sub-
systems each of spin 1/2, The total spin is S = s; + sp. What
are the possible eigenvalues of S? and S,? Compute the value
of s;-sg in the triplet (spins parallel) and singlet (spins
antiparallel) states of the composite system, Find eigenfunc-
tions of S? and S, as linear combinations of products of eigen-
functions of the subsystems.

An electron moving in a central field of force is in a state
specified by the quantum numbers /yjm,, What are the possible
values of the z components of orbital and spin angular mo-
mentum and what is the average value of each?

Is the parity operator I a linear operator? Is it Hermitian?
What are the commutation properties of I with the operators
rnpL,Sand J?

An axial vector transforms as a vector under proper rota-
tions (i.e., rotations without space inversion) but does not
change sign under inversion, Classify the following as being
either vector or axial vector: E, H, A, S, I,,pandu x v
where u and v are vectors,.

Show that if a system is in a state characterized by a sharp
value m, for the z component of the total angular momentum,
the mean value of the total angular momentum about an axis
2" making an angle 0 with the z axis is m, cos®,

Evaluate the particle flux of positive energy and negative
energy plane wave solutions of the Dirac equation. Also cal-
culate the flux of the corresponding charge conjugate solutions,
Can the charge conjugation transformation be represented by
a linear operator?
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Chapter 19

19.1

19.2

Evaluate p and J for a Dirac particle in an electromagnetic
field, Verify that the Lorentz force is given correctly.
Calculate the spin-orbit and contact potentials for an elec-
tron outside a closed atomic core consisting of a hydrogen-
like atom,

Chapter 20

20.1

20,2

20.3

20.4
20.5

20.6

Calculate the energy level splitting of a hydrogen atom in a
weak electric field, Neglect the Lamb shift and assume the
Stark effect is small in comparison with the fine structure.
Account for the latter by using eigenfunctions of J2, J, and L2
for the unperturbed states.

Evaluate the Stark effect for the n - 2,j - % level of hydrogen

for the case where the Stark effect is comparable with the
Lamb shift. Represent the Lamb shift by a phenomenological
perturbation matrix element that touches only the s-state.
Study the hydrogen Stark effect for the level n - 2 in the
transition region where the Stark effect and the fine structure
are of the same order of magnitude. Plot the energy levels
as a function of &,

Compute the lifetimes of the 2p1/2 and 2ps/2 states of hydrogen.

Find an expression for the lifetime of the metastable Zsé

state of hydrogen in a very weak electric field. At what field
strength will the lifetime by 1073 sec? Is the Stark level shift
appreciable at this field strength? Hint: Evaluate the matrix

element of r using a perturbed 2s% wave function that con-

tains an admixture of the Zp% state and take advantage of the

smallness of the Lamb shift.

Find the mean value of the operator p = L + g,S in a state
characterized by the quantum numbers J, J., L, S. (This
gives a generalization of the Landé formula inthe case where
the ¢ factor of the electron is not exactly equal to two. See
page 346.) Hint: Use problem 11,3(e).

Chapter 21

21.1

Determine the form of the contact interaction when the finite
nuclear size is taken into account, Calculate the splitting of

the 2s)-2p) levels of hydrogen stemming from this effect.
It is about - 0.1 Me,
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Calculate the hyperfine splitting of the ls% state of hydrogen

using a classical model in which the nucleus is represented
by a uniformly magnetized sphere of radius Ry, Give a
classical explanation of the sign of the splitting,

Find the magnetic field at the nucleus of an s state electron,
Consider a hydrogen atom in the ground state in a uniform
magnetic field. Find the appropriate linear combinations of
electron-proton spin wave functions that are energy eigen-
functions in the case where the interaction with the external
field is the same order of magnitude as the electron-proton
dipole-dipole interaction.

Calculate the hyperfine splitting of a hydrogen-like atom in a
state of non-zero orbital angular momentum, Hint: Use
problem 11,3(e).

Chapter 22

22,1

22,2

22.3
22.4

Specify a complete set of commuting constants of the motion
for positronium,

Calculate the fine structure of positronium, Obtain the
Hamiltonian by semiclassical arguments, Account especially
for ‘‘hyperfine’’ splitting, knowing that the magnetic moment
of the positron is equal in magnitude and opposite in sign to
that of the electron. Present the results in an energy level
diagram for n = 1,2.

Evaluate the Lamb shift for positronium.

Construct a theory for positronium using a Dirac Hamiltonian
for each particle and the Coulomb interaction between them,
Separate the motion of the center of mass from the relative
motion in the approximation of retaining only the lowest order
relativistic corrections for the relative motion, Does the
‘“‘hyperfine’’ interaction emerge automatically? Hint: The
action of spin operators on a product wave function can be
expressed as follows:

(0(1) ia‘2’)(¢ N :,b) _ (0(1)(?S « ¢,) + (¢> y 0(2)¢)_

Chapter 23

23.1
23.2

23,3

Construct a complete set of orthonormal two-particle eigen-
functions from a complete set of one-particle eigenfunctions.
Derive the Hartree-Fock equations for determining the best
single-particle functions to give an antisymmetric (or sym-
metric) two-particle wave function of lowest energy.
Calculate the n = 1 and 2 levels of a hydrogen-like atom, in-
cluding fine structure and the Lamb shift, using a variational
method.
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Show how the variational method with trial functions ¢ =
SA,e " can be reduced to a matrix procedure if the A’s are
regarded as the variational parameters. The «’s may be
selected by intuition or by an itteration scheme, Note how
this gives a finite set of orthonormal vectors.

Evaluate the ground state energy of helium using the follow-
ing ‘‘self-consistent’’ variational method: assume the first
electron is in a hydrogenic 1s state with Z - Z" and calculate
the screened field seen by the second electron. Describe the
second electron by a hydrogenic 1ls function with Z = 2",
Vary Z” to find the lowest energy for a given Z'. Then impose
the symmetry by setting Z* = 2",

Chapter 24

24,1

24.2

24.3

24.4

24,5

24.6

Give the possible values of the total angular momentum for
the following states (terms): !S, 28, 3s, 2P, 3P, 2D and 4D.
Which terms are possible for the following two-electron con-
figurations: (a) nsn’s, (b) =nsn’p, (c) nsn’d, and (d) np, n’p?
Which terms are consistent with the exclusion principle if
n=n"?

Couple three unit angular momenta /) = Iz = I3 = 1 to yield a
resultant eigenstate L = 1, L, = 0 of L2, whereL = l; + lg + I3,
How many independent states of this sort are there?
Estimate the low-lying excited state energies of helium in
the approximation of neglecting exchange effects. Do this
assuming that one electron is described by the 1s function
found in the ground state calculation and carrying out the
variational procedure for a hydrogenic 2s (and independently,
2p) wave function in the screened Coulomb field. The 2s state
must be taken orthogonal to some appropriate 1s state. The
root of the variational equation may be found by a rapidly
converging iteration method.

Calculate the low-lying excited state energies of helium taking
into account exchange and spin effects, Use appropriately
symmetrized product eigenfunctions for the configurations
(1s, 2s) and (1s, 2p), where the 1s function is that found in
the ground state calculation., The required matrix elements
are given in problem 24,6 for reference.

Consider the hydrogenic wave functions

¥, = 2327 Y,,

Woe = b(1 - Be PY,,
VYop = cre™”Yin

where a = Zis/a0, B = Z2s/2a0, and y = Zg,/2a0 and where b, B
and ¢ are determined by the orthogonality and normalization
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conditions, Verify the following one- and two-particle matrix

elements:
22
Top = (Yo T¥ep) - 751
1
Vop - - = e27Z
2p 2 €y &y
eda?y?(a? + Bay + 10y2)
K(ls2p) - —— — — — — '
6(a + y)"
286‘2
A(ls2p) = — — —
3a + y)la
r ﬁ(ﬁz F _ﬁ‘f,_)
2T mp\6 a2 apa
752
v Zeg ( [32((1 — 2B )
2s 5 B~ 2. g g
2 a’ - aB + B
2 3
K(152s) - 00a< I 0 A @~~>
@+ B2 2@+ Pa®-ap + B2
4(,2 33.)

A(ls2s) - .- — —
(@ + B2 - af + D
24,7 Calculate the ground state of lithium by means of a variational
method based on an antisymmetrized product wave function
for the configuration (1s2s), The appropriate matrix elements
can be reduced to those given in problem 24.6,

Answer: The best variational wave function is given by
Z1s = 2,694 and Zgs = 1,634, The energy is
~ 200.8 eV compared with the perturbation theory
value — 190.8 eV and the observed value — 202,54
eV,

24,8 Calculate the (1s22p) excited state of lithiumby the variational
method, (a) neglecting exchange effects and assuming a
helium core, (b) neglecting exchange effects and using the
1s2 core found in problem 24.7 and (c) taking exchange effects
into account usmg the antisymmetrized wave function for the
configuration (1s22p),

Chapter 25

25,1 Show that the virial theorem 2T : Veae + V,, e — 0 is fulfilled
in the Thomas-Fermi model. Does it also hold in the varia-
tional solution?
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Using the virial theorem, show that in the Thomas-Fermi
model of a neutral atom the energy of electrostatic repul-
sion between the electrons is 1/7 the magnitude of the elec-
trostatic attraction between the electrons and the nucleons.
Estimate the order of magnitude of the following quantities
in a neutral atom according to the Thomas-Fermi model:

(a) the size of the atom,

(b) the average electrostatic repulsion between two electrons,
(c) the average kinetic energy of one electron,

(d) the average speed of an electron,

(e) the average angular momentum of an electron,

(f) the mean radial quantum number,.

Show that the mean perturbation of all states of a given term
is zero for the spin-orbit interaction.

Calculate the L - S splitting of the 3P term of helium,
Evaluate the L - S splitting of a singlenpelectron in a spheri-
cally symmetric potential, Express the result in terms of an
arbitrary radial matrix element, Estimate the radial matrix
element for the doublet splitting of sodium,

Two electrons move in an (np)? configuration in a spherically
symmetrical potential. Regarding the electrostatic repulsion
between the electrons as a perturbation, evaluate the splitting
of terms in first order approximation. Neglect the spin-
orbit interaction, Use qualitation considerations to infer
ordering of the terms. Hint: To facilitate diagonalization of
the secular equation, use a representation in which M, and Mg
are diagonal and note that the sum of the roots of a secular
equation is equal to the sum of the diagonal matrix elements.

Chapter 26

26.1

26,2

Find the possible atomic terms (a term is characterized by
L and S) in a configuration of two equivalent d-electrons.
Give the total number of states and the number of states in
each term, What values of J are possible to each term?

In an atomic configuration the term that has the lowest

energy can be determined by Hund’s semi-empirical rules:

(1) The ground state will have the largest value of S con-
sistent with the Pauli principle,

(2) I, will have the largest value consistent with the value of
S determined in rule (1),

(3) The total angular momentum of the ground state is J =
|L - S| if the unfilled subshell is half full or less than
half full; it is J - L + § if the subshell is more than half
full,

Give a qualitative physical justification for each of these rules.
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26.3 Using Hund’s rules (see problem 26,2), find the ground state

of the configuration np* for x=1, 2, ..., 6, For each value
of x, state an element for which this case is realized physi-
cally,

26,4 Do problem 26.3 for the configuration nd*forx =1, 2, ..., 10,
Chapter 27
27,1 Estimate the relative frequencies and separation of energy

27.2

27.3

274

27.5

27,6

levels for the electronic, vibrational and rotational motions
of a diatomic molecule,

Derive the Schrodinger equation describing the motion of the
nuclei of a diatomic molecule in the approximation that the
nuclei move much more slowly than the electrons and thus
experience only an interaction with the electrons that is
averaged over many electron revolutions, This procedure
provides a separation of variables between the electronic and
nuclear motions. The approximation is called the adiabatic
or Born-Oppenheimer approximation,

What are the possible symmetry states of the diatomic mole-
cules Dy, Ny, LiH formed from the bonding of the two atoms
in their ground states?

What spin symmetries are possible for the rotational states
of the deuterium molecule D, in the electronic ground state?
The deuterium nucleus has spin 1,

Calculate the energygof a rigid electric dipole in a uniform
electric field, Use second order perturbation theory.

Show that the force between two hydrogen atoms in their
ground states varies as 1/R7 if the atoms are separated by a
large distance R.

Chapter 28

28.1

The rate for making transitions from an initial state i to the
final state f is

20 a2
W = %l#:;l p(E)

where p; is the number of final states per unit energy interval

(““Golden Rule No, 2”?%),

(a) Find the expression for ¥, in first order perturbation
theory. What normalization convention is implied for the
wave function?

(b) Derive an expression for ¥ in second order perturbation
theory.
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(c) Evaluate the density of states p,forafinal state consisting
of two free particles of definite total energy and momentum,

(d) Evaluate p, for a final state consisting of three equal mass
(free) particles. Express the results in the center of mass
system. How is the partition of energy among the three
particles accounted for by a probability distribution?

(e) Calculate the dependence of p; on energy near the energy
threshold for an N-particle final state.

Calculate the rate for induced transitions from state m to

state n of an atomic system in an electric field with spectral

density £(w) at transition frequency o = %(E,,, - E,). Identify

the Einstein coefficient B and thereby infer the rate for
spontaneous emission,
Consider a particle of mass m bound in a three-dimensional

harmonic oscillator potential ;—krz. The particle is irradiated

with a mild pulse ¥ - ex2e~‘*/7" for the time interval -e <
t < =, Determine which transitions are possible and calculate
their probabilities, Identify the limiting cases of sudden and
adiabatic perturbations, State the limits of validity of the
perturbation calculation,

At t = 0, a hydrogen atom in its ground state is irradiated
with a uniform periodic electric field, Determine the mini-
mum frequency of the field necessary to ionize the atom and
compute the ionization probability per unit time. As an ap-
proximation, the electron in the final state may be regarded
as free. State the limits of validity of the approximation,
Show that the scattering of slow particles in a short range
potential is characterized by §,(k) ~ k271 Find the proportion-
ality constant in Born approximation and state the conditions
under which the approximation is valid.

Taking into account the symmetry of the wave function, give
the differential cross section for elastic Coulomb scattering
of an electron on an electron and of an alpha particle on an
alpha particle., Distinguish spin states and also give the
formula for the scattering of unpolarized electrons, Identify
quantum effects and show how they disappear in the classical
limit. For reference, the exact scattering amplitude for a
fixed Coulomb potential is

fc(® = - 72 . ra-+ iy) . e—21'yln smn 6/2
Zszg ra - iy

where y = e2/fv. Cf, Chapter 13, Section D,
Compute in Born approximation the differential scattering

cross section for the scattering of fast neutrons by a Coulomb
field,
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28.9 Set up coupled Schrodinger equations to describe the ‘“two

channel’’ reaction and scattering processes
(11) a+b »a+ b,
12) a+b > c+d,
(22) c1d > c+ d,
(21) c+d > a+b.

Assume the particles are spinless and of unequal mass,

Separate out the motion of the center of mass.

(a) How must the potentials Vy1,Vi2, Vgo1,Vas be related in
order to describe a system that is invarient with respect
to reversal of the sense of time? How are the cross sec-
tions for reactions (12) and (21) related? (detailed balance)

(b) Give expressions for the effective cross sections for these
reactions in Born approximation.

(c) Formulate an expression for the reaction and scattering
amplitudes in terms of partial wave amplitudes of definite
angular momentum. What relationamongfy;,f12.f21.f22(for
a definite value of /) is implied by conservation of prob-
ability?

Note: The results are presented most simply in terms of a

matrix notation, The many-channel generalization of the

quantity ¢2'” is called the S-matrix.

Chapter 29

29,1

29,2

Verify the anticommutation relations
Yo (r) g (1) + l/ll;(rﬁl)n/;a(r,l) - g8 -9

l/la(r,t)x/lﬁ(r:t) r dlﬁ(rfi)l//a(r,t) -0

satisfied by the second quantized Dirac wave function, The «
and B indicate components of the Dirac spinor and I, A is the
unit 4 X 4 matrix. The positive-frequency parts of ¢ and ¢*
describe the creation of positrons and electrons, respectively,
while the negative-frequency parts describe the annihilation of
electrons and positrons, respectively. Electrons and positrons
are described by independent sets of mutually anticommuting
creation and annihilation operators

W(p) ((€) (e)ip) _
(’n (n + Cn ('n -0,

*
ciPCle”™ 4 el e <o,

Evaluate the commutation relations between components of
the current and charge density of a quantized Dirac wave
field, i.e,, evaluate ]P(l‘,l)jy(r:t) - ]V(r,'t)j“(r,t) at equal times,
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29.3 Calculate the Born approximation matrix element for the
production of an electron-positron pair in anexternal electric
field

O(r,t) = ®, coskx coswt.

29.4 Express the energy and momentum operators of a quantized
Dirac wave field in terms creation and distruction operators.

29,5 Let M(x) be a massive pseudoscalar meson field satisfying
the Klein-Gordan equation., Calculate the force between two
stationary Dirac ‘‘nucleons’’ in second order perturbation
theory, assuming the interaction energy between the ‘‘nu-
cleon’” and meson fields is

H - gf(/;+(x)p3pl¢(x)M(x)d3x.
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