UNIVERSAL
LIBRARY

OU_172652

AdVvddl
TVSHIAINN


















BY THE SAME AUTHOR

COORDINATE GEOMETRY. Ciown 8vo Thn-
teenth Edition. 68 The Straight Line and Circle

only, 3s 6d

SOLUTIONS OF THE EXAMPLES IN THE
COORDINATE GEOMETRY (with A 8 Gosser-
TaNNer, M A) Ts 6d

AN ARITHMETIC FOR SCHOOLS. Tenth
Edition Globe 8vo with o1 without Answers,
4s 6d O1 1 two Parts, with Answeis, 2¢ 6d each
The Examples alone, 33  The Answers alone, 6d

A NEW EDITION OF DR TODHUNTER’S
ALGEBRA FOR BEGINNERS Globe 8vo Seventh
Impression, with Corrections 3s 6d without An-
swels 43 6d with Answers KEY, 8 6d net

A NEW EDITION OF DR TODHUNTER’'S
EUCLID Globe 8vo Third In.pression 4s 6d
Also ‘l;Eook I, 1ls Books T and II, 1s 6d Books
I —IV, 3¢

With T W GReNVILLE, M A

A SHILLING ARITHMETIC. Seventh Edition.’ Globe
8vo ls. With Answers, 1l¢ 6d

fondon: MACMILLAN AND CO, LiMITED.



BY THlK SAME AUTHOR

A TREATISE ON ELEMENTARY DYNAMICS.
Crown 8vo Seventh Edition 7s 6d

SOLUTIONS OF THE EXAMPLES IN THE
ELEMENTARY DYNAMICS Crown 8vo. Ts 6d

THE ELEMENTS OF STATICS AND DYNAMICS.

Ex Fcp. 8vo
Part I  ErLeMeENTS oF StAatics Twelfth Edition,
4s 6d
Part IT ELeMENTS OF DYNaMIcs Twelfth Editio ,
3s 6d

The two Parts bound 1n one volume, 78 6d

SOLUTIONS OF THE EXAMPLES IN THE
ELEMENTS OF STATICS AND DYNAMICS
Ex Fcp. 8vo. T7s 6d

MECHANICS AND HYDROSTATICS FOR
BEGINNERS Ex Fcp. 8vo Eleventh Edition
4s 6d

PLANE TRIGONOMETRY. Crown 8vo Nmth
Editior 78 6d Or in two Parts
ParrI Up 10 AND INCLUDING THE SOLUTION OF
TrIANGL&S Ds
Parr II Dg MoivrRe's THEOREM AND THBR Hmm R
PortioNs  3s. 6d

THE =LEMENTS OF TRIGONOMETRY WITH
FOUR-FIGURE LOGARITHM TABLES Ex
Fep 8vo Second Edition 3s 6d

SOLUTIONS OF THE EXAMPLES IN THE
PLANE TRIGONOMETRY Crown 8vo. 10s 6d

SOLUTIONS OF THE EXAMPLES IN THE
ELEMENTS OF HYDROSTATTCS HKx Fcp 8vo
58

DYNAMICS OF A PARTICLE AND OF RIGID
BODIES Demy 8vo 125 6d.



Pitt Press Mathematical Series

THE ELEMENTS

OoF

HYDROSTATICS.



CAMBRIDGE UNIVERSIIY PRESS
jlondon FETITR TANEK, 1 (
C. ¥ CLAY DMANAGER

Eumbwmgh 109, PRINCES STRFET
Balm A ASHI'R AND CO
Lapsig 1 v BDROCKHAUS
P PGork G P PUINAMS SONS
Bombay any Salcutta MACMILLAN AND Co, Lo

AU rights reserved



THE ELEMENTS

OF

HYDROSTATICS

BY

S L. LONEY, M.A.

PROFESSOR OF MATHEMATIOS AT THE ROYAL HOLLOWAY OOLLEGE
(UNIVERSITY OF LONDON),
SOMETIME FELLOW OF SIDNEY BUSSEX COLLEGE, CAMBRIDGE.

CAMBRIDGE :
AT THE UNIVERSITY PRESS
1911



First Edition, Oct 1900.
Second Edition, May 1904.
Reprinted 1906, 1911



PREFACE.

HE present volume 18 mntended to be for the use

of the class of students for whom my Elements
of Statws and Dynamics was wrtten, and may be
regarded as a continuation of that book.

Hence, except m a very few articles, enly a know-
ledge of Elementary Geometry and Algebra and of
the Elements of Trigonometry is presumed.

A few formula relating to the mensuration of some
elementary solids are prefixed to the text.

Most of the examples in the chapters are easy,
with the exception of a few in Chap IV. and some at
the end of Chap. V. These latter examples, as well
as a few other examples and articles marked with
asterisks, should be omitted by the student on a first
reading of the subject.



Vi PREFACE.

The Miscellaneous Examples at the end of the book
are, with the exception of the first few, generally of a
harder type than those in the different chapters.

Any corrections of errors, or hints for improvement
of the book, will be thankfully received.

S. L. LONEY.

Roxarn Horroway CoLLEGR,
EuuaM, SURrEy,
July 19th, 1900,

PREFACE TO THE SECOND EDITION.

OR the second edition the whole book has been

thoroughly revised An appendix has been added
1 which the position of the centre of pressure in a few
cages has been found by the use of the Integral Calculus
To meet the wishes of many correspondents a book of
solutions of the examples has been published

May 16th, 1904,
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SOME TMPORTANT GEOMETRICAL RESULTS

Jirele. ) The circumference of a circle of radius 7= 2xr,
and 1ts area =

[7=314159265 . =32 nearly ]

Cylinder. The area of a cylinder, whose height 18 & and
the radius of whose base is r, = 277,
and 1ts volume =,

Sphere. The area of the surface of a sphere of ~adis »
=47,
and 1ts volume = 4§m°
The ares of the zone of a sphere (1. of the surface
of the sphere cut off between two parallel plines)
= circuraference of the sphere x perpendicular dis-
tance between the planes = 2xrd
The 0@ of this zone bisects the distance bctween
the centres of the plane ends
The volume of a sphere included between two
parallel planes at distances &, and z, from the centro

= ’3' (%3~ ;) [3a" — (2" + ey + 2)]



X SOME IMPORTANT GEOMETRICAL RESULTS.

Cone. The area of the curved surface of a cone, whose
height 1s 4 and the radius of whose base 18 7,

= } Slant side x Perimeter of the Base

=mr Jh 49
Its volume = § Height x Area of the Base
= §wrh

The volume of a frustum of a cone
™
=3 d (1?4 rry +10),

where r;, 7, are the radn of 1ts circular ends, and d 1s
the perpendicular distance between them

Paraboloid of revolution. Tiis 1s a solid formed by
the revolution of a parabola about 1its axis

The volume of a portion of 1t cut off by a plane
perpendicular to 1ts axis

= half the cylinder on the same plane base and of the
same height

= 4 aiea of 18 plane base x 1ts height



CHAPTER I

FLUID PRESSURE.

1 In Statics we have considered the equilibrium of
rigid bodies, and we have defined a rigid body as one the
particles of which always i1etain the same position with
respect to one another A rigid body possesses therefore
a defimte swze and shape We have pointed out that there
are no such bodies in Nature, but that there are good
approximations thereto

In Hydrostatics we consider the equiibrium of such
bodies as water, oils, and gases The common distingush-
g property of such bodies 1s the ease with which their
portions can be separated from one another

If a very thin lamina be pushed edgeways through water
the resistance to 1ts motion 18 very small, so that the force
of the nature of friction, ¢ along the surface of the
lamina, must be very small There are no fluids 1 which
this force quite vanishes, but throughout this book we
shall assume that no such force exists in the fluids with
which we deal. Such a hypothetical flmd 18 called a
perfect flmd, the defimtion of which may be formally given
-as 1n the next article,

L. H. 1
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2. Perfect Fluid. Def. A perfect fluid is a sub-
stance such that its shape can be altered by any tangential
force, however small, if apphed long enough, of which
portions can be easily separated from the rest of the mass,
and between different portions of which there 18 no tan-
gential, v.e. rubbing, force of the nature of friction The
difference between a perfect fluid and a water 18 chiefly
geen 1n the case of the motion of the water,

For example, 1f we set water revolving 1n a cup, the
frictional resistances between the water and the cup rnd
hetween different portions of the water soon reduce 1t to
1est  When water 18 at rest 1t practically is equivalent to
a perfect fluxd

3. Flud- are agan subdivided into two classes, viz
Liguids and Gases

Laiquids are substances such as water and oils  They
are almost entwrely incompressible. An incomprossible
body 1s one whose ‘otal wolume, te the space 1t occupies,
cannot b. increased or diminished by the application of
any force, however great, although any force, however
small, would cnange its shape All hquids are really
compressible under very great pressure but only to a very
shght degree For example, a pressure equal to about
200 times that of the atmosphere will only reduce the
volume of a quantity of water by a one-hundredth part.
This wompressibility we shall neglect, and therefore define
hquids as those fluids which are incompressible,

Gases, on the other hand, are fluids which can easily be
made to change their total volume, 4.6, which are, more or
less easily, compressible.

If a child’s air-ball be placed under the receiver of an
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air-pump, from which the air has been excluded, it wul
mcrease very much mn size. If the skin of the air-ball be
broken, the air will expand and fill the receiver whatever
be the size of the latter.

4. The definitions of a hiquid and gas may be formally
stated as follows,

4 perfect iquid is o flund which 13 absolutely wncom-
pressible

A gas 18 a jluid such that a finite quantity of 1t will, if
the pressuie to which it is subjected be suficrently dvmanished,
cxpand so as to fill any space however great

6 The differences between a rigid body, a hiquid, and
a gas may be thus expressed ,

A perfectly 11g1d body has a definite size and a defimte
shape,

A perfect iquid has a definite s1ze but no definite shape

A perfect gas has no definite s1ze and no defimite shape

8. Viscous flurds No flmds are perfect slany fluids,
such as treacle, honey, and tar, offer a considerable resis-
tance to forces which tend to alter theiwr shape. Such
fluds, in which the tangential action, or sheaiing stress,
between layers i contact cannot be neglected, are’called

viscous fluds
¥

7. Pressure at a point. Suppose a hole to he made
i the side of a vessel containing flmd, and that this hole
is covered by a plate which exactly tits the hole The plate
will only remain at rest when some external force 1s apphed
to it, the fluud must therefore exert a force on the plate,

Also the flmd can, by definition, only exert a foice
nerpendicular to each element of area of this plate

1—2
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If the force exerted by the fluid on each equal element
of area of the plate be the same, the pressure at any point
of the plate 18 the force which the fluid exerts on the umt
of area surrounding that point

If, however, the force exerted by the flud on each
equal element of the area of the plate be not the same, as
1 the case of the plate €D, the pressure at any pont P of
this plate 18 that force which the flud would exert on a
unit of area at P, :if on this unit of area the pressure were
uniform and the same as 1t 13 on an indefintely small arca

at P,

The pressure at any pomnt within the fluid, such as @,
1s thus obtained  Suppose an indefimtely small rigid plate
placed at O, s0 as to contain ¢, and let 1ts area be a square
feet. Imagine all the flud on one sde of this plate
removed and th.., to keep the plate at rest, a force of
X lbs weight mnust be apphed to 1t  The pressure a¢ the

pomnt @ 18 then % lbs. weight per square foot.

8 The theoretical umt of pressuie 1s, 1n the foot-pound system
of units, one poundal per square foot In the o a.s. system the
corresponding unit 18 one dyne per square centimetre

In practice the pressure at any point of a fluud 1s not usually
expressed 1n poundals per square foot but in Ibs wt. per square wnch
The former measure 18 however the best for theoretical caloulation
and may be easily converted into the latter

Similarly 1n the o.e 8. system the practical measure of a pressure
18 1n grammes weight per square centimetre

1t 15 sometimes convenient to convert & pressure expressed 1n the
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foot-pound system into the ¢ @ 8 system The 1elations betweer
the units of the two systems are approximately,

11inch=2 54 ems , 1 em = 3937 1nch
11b =453 6 grammes, 1 gramme = 002204 1b,
Hence a pressure of 11b wt, per 8q 1nch
=g pressure of 453 6 grammes wt per (2 54)° sq cms

453 6
= & pressure of L grammes wt per 8sq cm
= g pressuie of 70 30 grammes wt per 8q cm,
So a pressure of 1 gramme wt per 8q em
=g pressure of 002204 1b wt per ( 3937)% »q 1inch

=a pressure of (93%2 f%% Ib wt per sq inch

=g pressure of 0142 1b wt per sq inch

9 Transmission of fluid pressure. If any pressure
be apphed to the suiface of @ flurd 1t 18 transnutted equally
to all parts of the fluad

This proposition may be proved experimentally as
follows ,

Let flmd be contammed 1n a vessel of any shape, and
1n the vessel let there be holes A, B, C, D . of various sizes,
which are stopped by tightly fitting pistons to which forces
can be applied

Let the areas of these pistons be a, b, ¢,d,  square feet,
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and let the pistons be kept in equilibrium by forces apphed
to them.

If an additional force p a be apphed to 4 [i.e. an ad-
ditional pressure of p lbs, wt. per umt of area of 4] ¢ w
Jound that an additional force of p & lbs. wt. must be
apphed to B, one of p.c lbs. wt to C, one of p d lbs. wt
to D, and so on, whatever be the number of pistons,
Hence an additional pressure of p, per umt of area,
applied to 4 causes an additional pressure of p, per umt
of area, on B, and of the same additional pressure per un.t
of area on each of the other pistons C, D,......

Hence the proposition 18 proved.

10. The pressure at any point of a fluid at 1est 18 the
same v all directions

This may be proved experimentally by a modification of
the experiment of the last article

For suppose any one of the pistons, D, to be so
arranged that it may be turned into any other position,
1e 80 that .ts plane may be made parallel to the planes of
etther 4, B, or C or be made to take any other position
whatever. [I¢1s found that the appliecation of an additional
pressure at A, of p per umt of area, produces the same
additional pressure, of p per unit of area, at D whatever
be the position that D 18 made to occupy.

11. The foregoing proposition may be deduced from
the fundamental fact that the pressure of a flmd 18 always
perpendicular to any surface with which it 18 1n contact.

Consider any portion of fluid in the shape of a tri-
angular prism having its base 4CC'4’ horizontal, and its
faces ABB'A’ and its two triangular ends ABC and 4'B'C’
all vertical
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Let the length A4’, the breadth AC, and the height
{B be all very small and let P, ¢, and B be respectively
he middle points of 44', BB’, and CC',

Q

uy___\<‘, QR
P R
%w Yyz P xz

Let the lengths of dd’, 4B, and .AC be z, y, and »
espectavely.

Since the edges 2 and z are very small the pressure on
he face 44'C’'C may be considered to be uniform, so that,
f p be the pressure on 1t per umt of area, the force exerted
)y the fluid on it is p x 2z and acts at the middle point
f PR

So if p' and p” be the piessures per umt of area on
{A'BB’ and BCC'B’ respectively, the forces on these areas
we p' x xy and p” x x. QR acting at the middle points ot
PQ and QR respectively

If w be the weight of the fluid per umt of volume,
hen, since the volume of the prism 1s 44’ x area 4.BC, we.
1 % 3y2, the weight of the flmud prism is w x fay> and acts
rertically through the centre of gravity of the triangle
DQ R

This weight and the three forces exerted on the faces
nust be a system of forces mn equilibrium, for otherwise
he prism would move,
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Hence, resolving the forces horizontally, we have

p xy=p"'xx QRxcos(90°-R)=p"xx QRxsn R
=p’'xx PQ=p".xy,
so that P=p" . e (D)

Again, resolving vertically, we have

praz—wxjoyz=p" xx QR xsimn(90°—-R)
=p"'xx QRxcosR=p"xx PR=p" xxz
P (@)

Now let the sides of the prism be taken indefinitely
small (in which case p, p, and p"” are the pressures at the
pomnt P 1 dnections perpendicular 1espectively to PR, PQ,
and Q) The quantity w.3}y now becomes indefinitely
small, and 1s therefore negligible

The equation (2) then becomes

P=p"
so that p=p =p"

Now the direction of @R 15 any that we may choose,
and hence the direction of p”, which 1s peipendicular to
@R, may be any that we please, hence the pressuie of the
flmd at P 1s the same 1n all duections

12. Bramal's or the Hydrostatic Press. Bramah’s
press affords a simple exawmple of the transmission of flud
pressures,
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In 1ts simplest shape 1t consists of two cylinders A BCDS
and FFGH both containing water, the two cylinders being
,connected by a tube CG@. The section of one cylinder 1s
very much greater than that of the other
In each cylinder 1s a closely fitting water-tight piston,
the areas of the sections of which are X and 2
To the smaller piston a pressure equal to P lbs wt per
samit of 1ts area 18 applied, so that the total force applied to
1t1s P albs wt
By Art 9 a pressuic of /> Ibs wt per umt of area will
be transmtted throughout the fluid, so that the thrust
exerted by the flmd on the piston in the larger cylinder
will be P X lbs wt
Thiy latter thrust would support on the upper surface
of the piston a body whose weight 1s P. X lbs
Hence
weight of the body supported 77 X .U
~ 7 force applied TP xTw?
so that the force applied becomes multiplied 1n the ratio of
X to @, v e 1n the ratio of the areas of the two cylinders
In the above investigation the weights of the two
pistons have been neglected, and also the difference be-
tween the levels of the flud in the two cylinders
The pressure 18 usually appled to the smaller piston by
means of a lever KL}/ which can turn freely about 1ts end
K which 18 fixed At M the power 1s applied, and the
pomnt L 1s attached to the smaller piston by a rjgid rod
Theoretically we could, by making the small piston
small enough and the large piston big enough, multiply to
any extent the force applied Practically this multipleca-
tion 18 hmited by the fact that the sides of the vessel would
have to be immensely strong to support the pressures that
would be put upon them
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18. Ex If the area of the small piston in a Bramah's Press be
4 sq. wnch and that of the large piston be 2 square feet, what weight

would be supported by the application of 20 lbs, weight to .he smaller
prston ?

The pressure at each point of the fluid m contact with the small
piston 18 20 -~ &, 2. 60 lbs. wt. per sg. moh,

This pressure 1s (by Art 9) apphed to each square inch of the
larger piston whose area 1s 288 8q 1ns

Hence the total thrust exerted on the large piston 1s 238 x 60,
1e 17280 Ibs wt,1e 7§ tons wt

A weight of 7§ tons would therefore be supported by the larger
piston

14. Biamal’s Piess forms a good example of the
Prnciple of Work as enunciated in Statwcs, Art. 200

For, since the decrease in the volume of the witer in
the small cylinder 1s equal to the increase of the water n
the large cylinder, 1t follows that

X Y=y,
where Y and y are the respective distances thiough which
the large and small pistons move
X y

Hence =7

force exerted by large piston X' gy
" force exerted by small piston ~ @

= _Y‘
." force exerted by large piston x ¥

= force exerted by small piston x y,
1.e. the work done by the large piston 1s the same as that
done on the small piston
Hence the Principle of Work holds.

16. Safety Valve. The safety valve affords another
example of the pressure exerted by fluids. In the case of
a boiler with steam inside 1it, the pressure of the steam
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might often become too great for the strength of the boiler,
and there would be danger of its bursting The use of the
safety valve 18 to allow the steam to escape when the
pressure 18 greater than what is considered to be safe,
In one of its forms 1t consists of a circular hole D 1n
the side of the boiler mto which there fits a plug This
plug 18 attached at £ to an arm ABC, one end of which,

D
1
4, is jointed to a fixed part of the machine The arm
ABC c~n turn about 4 and at the other end C can be
attached whatever weights are desired

It 1s clear that the piessure of the steam and the
weight at ¢ tend to turn the arm in different directions
When the moinent of the pressure of the steam about 4 18
greater than the moment of the weight at C, the plug D will
rise and allow steam to escape, thus reducing thg pressure

In other valves there 18 no lever 4BC and the plug 1s
1eplaced by a circulu valve, which 1s woighted and which
can turn about a pomnt 1n its circumference

Ex. The arms of the lever of a sujety valve aie 1 wmch and
18 wnches and at the end of the longer arm 13 hung a weight of 20 lbs

If the area of the valve be l,} square wches, what 18 the marumum
pressure of the steam which 13 allowed?

If p lbs. wt per square inch be the required pressure, the total
force exerted on the valve by the steam=px § Ib< wt

When the valve 18 just about to rise the two forces %2 and 20 lbs
wt balance at the ends of arms 1 and 18 mnchcs.

Hence 32p £1=20x 18,

o p=240 lbs, wi,
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EXAMPLES. L

1. In a Bramah’s Press the diameters of the large and small
piston are respectively 24 decimetres and 2 centimetres, a kilogram
18 placed on the top of the small piston, find the mass which 1t will
support on the large piston.

2 In a Bramah’s Press the alea of the laiger piston 1s 100 squate
mches and that of the smaller one 18 1 square inch, find the force
that must be applied to the latter so that the former may hft 1 ton

3. A water cistern, which 18 full of water and closed, can just
bear a pressure of 1500 1bs wt per «<quare foot without bursting

If a pipe, whose section 18 } square inch, communicate with 1t
and be filled with water, find the greatest weight that can safely be
placed on a piston fitting this pipe

4. In a Bramah's Press if a thrust of 1 ton wt be proiuced by
& power equal to 51bs wt and the diameters of the pistons be 1n the
ratio of 8 to 1, find the ratio of the lengths of the arms of the lever
employed to work the piston

5. In a hydraulic press the radu of the cylindeis are 3 inches
and 6 feet respectively The power 18 apphed at the end of a lever
whose length 18 2 feet, the piston being attached at a distance of
2 inches from the fulerum If a body weighing 10 tons be placed upon
the large piston, find the power that must be applied to the lever

If the materials of the press will only bear a pressure of 150 1bs
wt to the squate inch, find what 18 the greatest weight that can be
hifted

. A vessel full of water 18 fitted with a tight cork How 18 1t
that a slight blow on the cork may be sufficient to break the vessel ?

7. The arms of the lever of a safety valve are of lengths 2 inchen
and 2 feet, and at the end of the longer arm 18 suspended a weight of
121bs 1t the area of the valve be 1 square inch, what 18 the pressure
of the st.am 1n the boiler when the valve 1s raised?

8. Find the pressure of steam 1n a boiler when 1t just sufficient
to raise a circular safety-valve which has a diameter of Q inch and
18 loaded so a8 to weigh § Ib

9, The weight of the safety-valve of a steam boiler 13 16 1bs and
its section 18 é of a square mnch  Find the pressure of the steam n
the boiler that will just hift the safety-valve,
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CHAPTER IL

DENSITY AND SPECIFI(' GRAVITY.

16. Density Def The density of a homogeneous
body 1s the mass of a unmit volume of the body

The mass of a cubic foot of pure water at 4° C 1s found
to be about 1000 ozs, e 621 lbs Hence the density of
water 18 623 lbs per cubic foot

A gramme 18 the mass of the water at 4° C wlich would
fill a cubic centimetie Hence the density of water at 4° C
18 one grammnie per cubic centimetre

The reason why a ceitain temperature 18 t ken when we define
a gramme 18 that the volume of a given mass of water alters with the
temperature of the water If we take a given mass (say 1 lb) of
water and cool 1t gradually from the boiling pomnt 100°C [z ¢ 212°F ],
1t 18 found to occupy less and less space until the temperature 1s
reduced to 4°C [about 39 2°F ] If the temperature be continually
lowered still further the volume occupied by the pound of water 1s
now found to tncrease until the water arrives at its freezing poimnt
Hence the pound of water occupies less space at 4° C. thah at any
other temperature,

1 ¢ there 18 more water 1n a given volume at 4°C than at any
other temperature,

1 e, the density 18 greatest at 4° C

The mass of a cubic foot of mercury is found to be
13696 times that of a cubic foot of water. Hence the



14 HYDROSTATICS.

density of mercury 18 nearly 13-596 x 62} lbs per oubic
foot.

If we use centimetre gramme umts the density of
mercury is 13 596 grammes per cubic centimetre.

17. It 18 sometimes convenient to be able to convert
densities expressed in the foot-pound system into the c.a s,
system, and conversely .

As m Art. 8 we have

1 foot = 30 48 centimetres, 1 cm.= 0328 ft
11b =453 6 grammes, 1 gramme = 002204 lb
Hence a density of 1 1b. per cubic foot
= a density of 453 6 grammes per (30 48)° cubic cms
= a density of %ﬁ grammes per cub cm.
= 01602 grammes per cub e¢m approx
So a density of 1 gramme per cub cm
= a density of 002204 Ib per (*0328)° cub. ft
002204
= a density of 62 4 lbs per cub. ft approx.

= a density of lbs per cub. ft

18. If W be the weight of a gwen substance 1n poundals,
p w8 densuty in lbs. per cubic foot, V 18 volume wn cubwe feet,
and g the acceleration due to gravity measured in foot-second
units, then W=gpV

For if M be the mass of the substance, we have by

Dynamacs, Art 68,
W = Mg

Also M = mass of V cubic feet of the substance
=V x mass of one cubic foot
=V.p
S W=gpV.
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A similar relation 1s true if W be expressed in dynes,
p in grammes per cubic centimetre, ¥ in cubic centimetres,
and g 1 centimetre-second units

19. B8pecific Gravity. Def. The specrfic gravty
of & guven substance 18 the ratio of the werght of any volume
of the substance to the weight of an equal volume of the
Standard substance,

Thus a specific gravity 1s always a number

. [NB The term specific gravity 18 generally shortened
to 8p gr.]

For convenience the standard substance usually taken
18 pure water at a temperature of 4° C.

Since the weight of a cubic toot of mercury 1s found to
be 13:596 times that of 4 cubic foot of walter, the specific
gravity of mercury 1s the number 13 596

When we say that the specific gravity of gold 18 19 25,
water 18 the standard substance, and hence we mean that a
cubic foot of gold would weigh 19 25 times as much as a
cubic foot of water,

te. about 19 25 x 621 lbs,,

t.e. about 1203} lbs wt

Since the weights of bodies are proportional to therr
masses, the specific gravity of a substance may be defined
as the ratio of the mass of any volume of the substance to
the mass of an equal volume of the standard substance

The specific gravity of a substance 1s also often called
its “relative weight” or 1ts “relative density.”

20 Specific gravity of gases. Since gases are very light eom-
pared with water, their sp gr.1s often referred to air at a temperature
of 0°C. and with the mercury-barometer [Art. 96] standing at a

height of 760 millimetres, 1.e about 80 inches The mass of & cubig
foot of air under these conditions 18 about 125 ozs,
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21. The following table gives the approximate specific
gravities of some important substances.

Solds.
Platinum 21 5 Glass (Crown) 25 to 2-7.
Gold 19 25 » (Flint) 30 to 3 5.
Lead 113 Ivory 19
Silver 10 5. Oak 7 to 10,
Copper 8 9. Cedar 6
Brass 8 4 Poplar 4.
Lion 73 Cork 24.

Laquads at 0°C.

Mercury 13 596 Milk 103
Sulphuric Acid 1 85 Alcohol 8.
Glycerine 1 27 Ether 73.

22. If W be the weight of @ volume V of a body whose
specrfic gravity 8 8, and w be the werght of a unit volume of
the standard substance, then W —V.s w

we.ght of a umit volume of the body
weight of a unmit volume of the standaid substance

For ¢ =

». wt of unt volume of the body =s.w

. wt of V units of volume of the body =V .s. w.

SP=V s w

Cor. If the units used be the 0 6.8 system, then
w=weight of one cubic cm. of water =1 gramme.

S W=V s grammes, that 18, 1n the 0.6.8. system the
weight of a body expressed in grammes is equal to 1ts
specific gravity multiplied by 1ts volume in cubic cms.
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Bx. If a culne foot of water weigh 621} lbs , what 18 the weight of
4 cub, yards of copper, the sp gr of copper being 8 8?2
Here w=62} 1bs. wt., =108 cub. ft., and s=88.
& W=108 x 88 x 624 =59400 lbs wt
=26%% tons wt

23. The word “intrinsic weight” 1s sometimes used
The 1ntrinsic weight of a substance 18 the weight of a umt
volume of the substance. Thus, as 1n the previous article,
the mtrinsic weight =s w, and then W=V x the intinsic
weight of the substance

EXAMPLES. IIL

[In all examples 1t may be assumed that the weight of a cubie foqt
of water 18 624 1bs ]

1. What 1s the weight of a cubic foot of 1ron (sp gr =9)?

2. The sp gr of brass 1s 8, what 18 1ts density 1n ounces per
cubic 1nch, given that the density of water 13 1000 ozs per cubic
foot ?

3. A gallon of water weighs 10 lbs and the sp gr of mercury 1s
18 598 What 18 the weight of a gallon of mercury?

4, Find the weight of a litre (a cub decimetre or 1000 cub cms )
of mercury at the standard temperature when its 3p gr 15 13 6.

5. 1f 18 cub.1ns, of gold weigh as much as 96} cub, 1ns of quartz
and the sp. gr of gold be 19 25, find that of quarts

6. The sp. gr. of gold being 19 25, how many cubic feet of gold
will weigh a ton ?

7. The sp. gr. of cast copper 1s 8 83 and that of copper wire 18
8:79. What change of volume does & kilogramme of cast copper
undergo 1n being drawn mnto wire?

8. If a foot length of 1ron pipe weigh 64 4 1bs. when the diameter
of the bore 18 4 1ns, and the thickness of the metal 18 1} s, what 1
the sp. gr. of the iron?

9. A rod 18 ins long and of uniform cross-section weighs 8 ozs,
and its sp gr 18 8:'8. 'What 15 the area of 1ts cross section?

L i 2
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10. A sphere, of radius 45 ems., weighs 2376 kilogrammes; what
isits density? [r=32]

11. What volume of copper (sp gr.=89) weighs 189-0635 lalo-
grammes ?

12. The mass of 9 cubie feet of metal 18 4900 lbs , find 1t8 density
1n grammes per cubie centimetre.

13. The mass of 45 cubic metres of wood 18 36000 kilogrammes;
find 1ts density 1n lbs per cubic foot

14. The sp gr. of an imperfect metal casting 1s found to be 6:3,
if the proper sp. gr of the casting 18 7 5, how much per cent, of 1t 18
not occupied by metal ?

24. Specific gravities and densities of mixtures.
To find the specific gravty of a mixture of gwen volumes of
different substances whose specific gravities are given

Let V,, V,, V;, be the volumes of the different
substances, and s, 8,, 8, . theiwr specific gravities, so that
the weights of the different substances are, by Art. 22,

Visiw, Ves,w, Vysw, ..

where w 15 the weight of a unmit volume of the standard
substance.

(1) When the substances are mixed let there be no
diminution of volume, so that the final volume is

Vi+ Vot Vy+ cuue

Let # be the new specific gravity, so that the sum of

the weights of the substances 1s
(Vi+ Va+ Vet )& w.

Since the sum of the weights must be unaltered, we
have

(Vit Vot Vo+..]8 w=Visyw+ Vigaw+ Vysyw+ ...
Visy+ Vosg+ Vesg 4 oo -

Vit Vot Vv, °

SoE=
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(2) When there 13 a loss of volume on mixing the
substances together, as sometimes happens, let the final
volume be n times the sum of the original volumes, where
n is a proper fraction

In this case we have

n[Vi+ Va+ Vgt . J5w=Visw+ Vygw+ ...,
Visi+ Vasg +
n(Vi+V,+ )’

Similar formule will hold if the densities instead of
the specific gravities be given For the origimnal speacfic
gravities 8, s;,  we must substitute the original densities

P1s Pas and for the final specific gravity § we must
substituve the final density p

so that §=

Ex Volumes proportionul to the numbers 1,2 and 3 of three liquids
whose sp g18 are proportional to 1 2,14 and 16 are mized together,
Sfind the sp. gr of the nuxture

Let the volumes of the hiquids be z, 2z, and 3z
Thewr weights are therefore
wrx12, 2wrx14, and 3wrx16

Also, 1f 3 be the sp gr of the mixture, the to*al weight 18

ws (2 + 2 + 3x)
Equating these two, we have

6ws z=wzrx88

.- i-—--&-x 88=146

26. 7o find the specrfic gravty of a mixture of given
weights of dafferent substances whose specyfic grawities are
grven.

Let W,, W,, .. be the weights of the given substances,
8, 8, ... their specific gravities, and w the weight of a umt
volume of the standard substance.
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By Art. 22, the volumes of the different substances are

: v, W,
sw’' sw

9 cese

If no loss of volume takes place when the mixture is
made, the new volume 18 L + El+ .
sW  Sw
Hence, if § be the new specific gravity, the sum of the
weights of the substances 13, by Art 22,

(-’K‘ + Rffdr )s'w,

sw o s,w
W, 1V,
ve, (-J +—2 4 >§
8 &2

Hence, since the sum ot the weights necessai1ly 1emains
the same, we have

(5 L >§=W,+ Wyt oy

8 8
so that §= ﬁ% .
W W
& S

If there be a contraction of volume so that the final
volume 18 » times the sum of the original volumes, then, as
1 the last article, we have

W, + W, +
]
n| —+24+

8 8

§=

A similar formula gives the final density in terms of
the weights and the original densities.

Bx 10 We wt. of a hquid, of sp. gr 1 25, 18 mized with 6 lbs wt,
of a liquad of sp. gr. 1'18  What 18 the sp. gr. of the mizture?
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If w be the weight of a cubie foot of water the respective volumes
of the two fluids are, by Art. 22,

10 6
T xw 11E%w ° 1

Hence, if § be the required sp gr., we have

and

10 6
(T'2_5§Eu + m) § w=total weight=10+86,

. i[8+120 = 16.

23
16x23 23 -
§= =01 .__E_l 2105 ..

EXAMPLES. IIL

1. Thesp g of a hqud being 8, 1n what proportion must water
be mixed with 1t to give a liquid of sp gr 85?

2. 121bs wt of a hquid, of sp gr 11,18 mixed with 20 lbs of
a liqud, of sp gr 9, what 18 the sp gr of the mixture?

3. If a volume of 39 cub oms, of a hiquid of density 9 grammes
per ocub. om be mixed with 51 cub cms of a Iiqumc of density
75 grammes per oub om, what 18 the density of the resulting
mixture?

4. How much water must be added to 27 ozs of a salt solution
whose sp gr 18 1 08 so that the sp gr of the mixture may be 1 05?

5. What 18 the volume of a mass of wood of sp. gr 5 so that
when attached to 500 ozs. of 1ron of sp gr. 7, the mean sp. gr of the
whole may be umty ?

6. An alloy 18 composed of zinec and copper whose specific
gravities are respectively 7 and 89, if the alloy 18 of volume
452 cub cms and mass 3873 grammes, what 18 the volume of
each component of the alloy?

7. Three equal vessels, 4, B, and O, aire half full of liquids of
densities p;, py, and pg respectively. If now B be filled fiom 4 and
then C from B, find the density of the liguid now contained in C, the
liguids being supposed to mix completely.
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8. When equal volumes of two substances are mixed the sp gr
of the mixture 18 4, when equal weights of the same substances

are mixed the sp gr of the mixture 18 8. Find the sn. gr. of the
substances

9. When equal volumes of alcohol (sp gr =°8) and distilled water
are mixed together the volume of the mixture (after it has returned
to 1ts onginal temperature) 18 found to fall short of the sum of
the volumes of 1ts constituents by 4 per cent Find the sp. gr., of
the mxture,

10. A mixture 18 made of 7 cub. oms. of sulphuric amd
(sp gr.=1843) and 3 cub cms of distilled water and its sp. gr
when cold 18 found to be 1 615, What contraction has taken place?

11. The mixture of a quantity of a iquid 4 with n 1bs, of I} has
a 8p. gr s, with 2nlbs of Basp gr ¢, with 3nlbs of Ba sp gr. s,
ﬁng equations to determine the specific gravities, s; and sy, of 4
and B.
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CHAPTER III

PRESSURES AT DIFFERENT POINTS OF A HOMOGENEOUS
FLUID WHICH IS AT REST.

26. A rFLuID 18 said to be homogeneous when, if any
equal volumes, however small, be taken from different
portions of the fluid, the masses of all these equal volumes
are equal

27. The pressure of a heavy homogeneous fluid at all
points wn the same horwzontal plame 18 the same

Take two pownts of a tlmd, P and ¢, which are in the
same horizontal plane.

Join P@, and consider a small portion of the flmd
whose shape is a very thin eylinder havir 3 P@ as its axis.

The only forces acting on this cylinder in the direction
of the axis 2@ are the two pressures on the plane ends of
the cylinder,

}[’For all the other forces acting on this cylinder are perpendioular
to PQ, and therefore have no effect 1n the direction PQ.]
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Hence, for equilibrium, these pressures must be equal
and opposite

Let the plane ends of this cylinder be taken very small,
so that the pressures on them per umt of area may be
taken to be constant and equal respectively to the pressures
at Pand Q

Hence pressure at P x area of the plane end at P
= pressuie at @ x area of the plane end at ¢.

.. pressure at P =pressue at ¢

28. 1o find the pressure at any gwen depth of a heavy
homogeneous hiquid, the pressure of the atmosphere being
neglected

Take any pomt P in the liquid, and draw a vertical
line P4 to meet the suiface of the liquid 1 the pomt 4

Consider a very thin cylinder of liquud whose axis 1s
P4 This cylhnder 18 i equilibrium under the forces
which act upon 1t

The only vertical forces acting on 1t are its weight and
the foice exerted by the rest of the fluid upon the plane
face at P

If a be the area of the plane face and  the depth 42,
the weight of this small cylinder of liqud is wxa x
where w 1s the intrinsic weight of the liquid,
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Also the vertical force exerted on the plane end at P 1=
p x a, where p 18 the pressure at P per umt of area.

Hence P a=w a x
fp=w.x

Cor. Since the pressure at any point of a liquid
depends only on the depth of the point, the necessary
strength of the embankment of a reservoir depends only
on the depth of the water and not at all on the area of the
suvface of the water

29 In the above expression for the pressure care
must be taken as to the umts in which the quantities are
measured If British units be used, « 18 the depth 1n feet,
w 1s the weight of a cubic foot of the hiquid, and p is the
pressure expressed 1n lbs wt per square foot

If ces umts be used,  1s the depth 1 centimetres,
w 18 the weight of a cubic centimetre of the liquid, and p
15 the pressure eapressed i grammes weight per square
centimetre. If the liquid be water, 1t should be noted that
w equals the weight of one gramme  [Art 16.]

30. The theorem of Art. 28 may be verified expei-
mentally P@ 18 o hollow cylinder one end of which @ 1s
closed by a thin hght flat disc which fits tightly aganst
this end.

The cylinder and disc are then pushed into the water,
the cylinder remaining always in a vertical position. The
disc does not fall, being supported by the pressure of the
water

Into the upper end of the cylinder water 1s now poured
very slowly and carefully The disc 18 not found to fall
until the water inside the cylinder stands at very nearly
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the same height as it does outside, and, the less the weight
of the disc, the more nearly are these heights the same.

If kb be the depth of the point ¢, and 4 be the area of
the eyhinder, the pressure on @ of the external fluid must
balance the weight of the internal fluid, and this weight is
A.hxw, t.e Axwh. Hence the external pressure at @
per unit of area must be wh

3l. In Art 28 we have neglected the pressure of
the atmosphere, © ¢ we have assumed the pressure at 4 to
be zero.

If this pressure be taken into consideration and denoted
by I, the equation of that article should be

pa=w a.x+I a
ve, p=wxr+II

The pressure of the atmosphere is roughly equal to
about 15 lbs. wt. per sq. mmch [This pressure is often
called “15 lbs. per square inch.,”]

Instead of giving the atmospheric pressure in lbs. wt
per sq. inch 1t 18 often expressed by saying that it is the
same a8 that of a column of water, or mercury, of a given
height.

This, as we shall see in Chapter VIIL, 1s the same as
telling us the height of the barometer made of that liquid
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For example, if we are told that the height of the water-
barometer is 34 feet, we know that the pressure of the
atmosphere per square jfoot = weight of a column of water
whose base 1s a square foot and whose height 1s 34 feet

=wt of 34 cubic feet of water
=34 x 62} 1bs. W
Hence the pressure of the atmosphere per square mnch

34 x 624
=25 Tbs wt

= 14399 lbs. wt.

The same fact is often expressed by saying that the
pressure 18 that due to a “head” of 34 feet of water

An imaginary horizontal surface at a height above
BC [Fig, Art 28] equal to the height of the water-
barometer 18 often called the Effective Surface The
pressure at any point in water 18 then proportional to the
depth below the Effective Surface

Ex 1 Fund the pressuie win water at a depth of 222 feet, the height
of the water-barometer being 84 feet

If w be the weight of a cubic foot of water, we have
M=w.841bs wt
p=II+wh=1w 34+4+w.222=256 w pe1 8q ft
=256 x 624 Tbs wt per sq. ft

_ 16000
=714

=111} 1bs wt per sq mch

1bs. wt. per 8q 1nch

Ex. 2 Find the pressure at a depth of 10 metres wn water, the
pressure of the atmosphere being equal to that of a head of mercury
(sp gr =18 6) of 760 mullimetres

Here II = pressure of the atmosphere per 8q cm.=wt. of a column
of 76 cms height=wt of 76 cub oms. of mercury =76 x 13 6 grammes.

¢ p=II4wx 1000=(76 x 186 + 1000) grammes wt. per sq. om ,
gince w=weight of 1 cub cm of water=1 gramme
»+  p=2033'6 grammes per 8q. em
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32. The surface of a heavy liquid at rest 13 horizontal.

Take any two points, P and @, of the liquid which are
in the same horizontal plane Draw vertical lines P4 and
@B to meet the surface of the hiquid in 4 and B.

Then, by Art 27, the pressure at P

= the pressure at ¢
Hence, by Art 31, N+w PA=N+w @QB.
s PA=@QB

Hence, since PQ 18 horizontal, the line 45 must be
horizontal also

Since F and ¢ are any two points in the same horizontal
hne, it follows tl.at any line 4B drawn in the surface of
the hiquid must be horizontal also

Hence the surface 18 a horizontal plane

38. In the preceding proofs we have assumed that
the werzhts of different portions of the fluds act vertically
downwards in parallel directions This assumption, as was
pointed out 1n Statics, Art. 9€, 13 only true when the body
spoken of is small compared with the size of the earth.

If the body be comparable with the earth in size we
cannot neglect the fact that, strictly speaking, the weights
of the different portions of the body do not act in parallel
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lines, but along hnes directed toward the centre of the
earth,

«  The theorem of the preceding article would not there-
fore apply to the surface of the sea, even if the latter were
entirely at rest

34. The proposition of Art 27 can be proved for
vhe case when 1t 18 1mpossible to connect the two points by
a horizontal line which lies wholly within the fluid

For the two pomnts P and @ can be connected by
vertical and horizontal lines such as P4, 4B, and BQ
the figure !

We then have
pressure at 4 =pressure at B
But pressure at 4 =pressure at P+w AP,
and pressure at B =pressure at Q +w BQ
But, since P and @ are 1n the same horizontal };la.ne,
AP =BQ
Hence the pressure at P =pressure at Q.

Siinilarly the proposition is true for any two points at
the same level.

Thus, if B be at the same level as P, and vertical and
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horizontal hnes be drawn as 1n the figure, we have pressure

at R =pressure at P+w.PA-w CD-w.FF
+w.GH+w . KL-w MR
= pressure at P,

since CD+EF+MR=AP+HG + LK

Hence the surface of the flud will always stand at the
same level provided the fluud be at rest

For example, the level of the tea inside a teapot and
the spout of the teapot is always at the same height

35. The statement that the surface of a liquid at rest
18 & horizontal plane 1s sometimes expressed in the form
“water finds its own level ”

It 1s this property of a liquid which enables water to be
supplied to a town A reservoir 18 constructed on some
elevation which 1s higher than any part of the district to be
supphied. Mauain pipes starting from the reservoir are laid
along the chief roads, and smaller pipes branch off from
these mains to the houses to be supplied. If the whole of
the water 1n the reservoir and pipes be at rest, the surface
of the water would, if it were possible, be at the same level
in the pipes as 1t 18 1n the reservoir. The mains and side-
pipes may rise and fall, in whatever manner is convenient,
provided that no portion of such main pipe is higher than
the surface of the water 1n the reservoir.

36. It follows from the previous article that the
pressure at any pomnt of the base of a vessel containing
liquid does not depend on the shape of the vessel, but
only on the depth of the liquid

Thus suppose we have four vessels as in the figure, of
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different shapes, but of the same height, and let them all
be filled with water.

> -

By Art 27, the pressure at any point of the base 1s
the same as at its centre, and the pressure here is, by
Art. 28, just that due to the vertical height of the surface
of the fluid above 1t

The principle that the pressure at any point is that due
to the depth of the point below the surface of the hquid is
also exemplified by the Hydrostatic Bellows. A leather
bellows 4 has attached to 1t a tube BC, and on the face of
the bellows 1s plgced a weight W Water 1s poured 1nto

the tube at C' and the weight is raised Let X be the area
of the portion of the upper board of the bellows in contact
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with the water. 1f the height of the top of the water in
the tube above A be &, there 1s a pressure xw exerted on
each unit of area of X. [Art 28] Thus the total force
on the upper face of the bellows 18 Xaw If this be
greater than the weight W, the latter is raised , the level of
the water 1n the tube 1s thus diminished until the quantity
Xxw is just equal to W, and then there is equilibrium.

This experiment 1s sometimes known as the Hydrostatic
Paradox

37. To find the pressure at any gwen depth wn the
lower of two gwen heavy homogeneous liquids, which do not
mux

Let w and w’ be the specific weights of the lower and
upper hiquids 1espectively

Let P be any point in the lower hquid. [Fig, Art. 38.]
Draw a vertical line to meet the surface of separation of
the two hiquids 1n 4, and the upper surface of the upper
hquid m 4’ .

Asn Art 28, consider a very thin cylinder whose axs
18 PAA’ and the area of whose cross-section 18 «

Then, 1f p be the pressure at P per umt of area, we
have

p o=w a PA+axthe pressure at 4
=w.a Pd+axw A4’
Sp=w PA+w AA =w.h+wh,
where &' 18 the thickness of the upper stratum and % is the
depth of the pont considered below the common surface of
the two hiquids,

38. ZThe common swrface of two heavy homogensous
hquids, whick do mot max, 18 a horvzontal plane.
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Let P and @ be any two points 1n the lower Liquid, the
straight line joining which 1s horizontal

Let 2, w’ be as in the last article Draw PAA’, QBB
vertically to meet the common smiface in 4 and B, and the
surface of the upper hquid 1 4’ and B,

Since PQ is horizontal,
the pressure at P =the pressute at Q  (Art 27)
Sow PA+w . AAd' =w QB+w BY (Art 37)
w(PAd" - A4)+w A4’ =w QB -BBY+w BB (1).

But PQ 1s horizontal, and A’B 1s horizontal, by
Art 32,

s P4'=QB".
< (1) becomes (w' - w). A4’ = (w' —w) BD'.
* 44'=BB'

s AB1s parallel to 47,
and is therefore horizontal
Hence the straight line joining any two points on the
common surface 1s horizontal, and thus the common surface
is horizontal,
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EXAMPLES 1V,

1. If a cubic foot of water weigh 1000 ozs , what 18 the pressure
per sq 1nch at the depth of a mile below the surface of the water ?

2. Find the depth 1n water at which the pressure 18 100 lbs. wt
per sq 1nch, assuming the atmospheric pressure to be 15 lbs wt per
8q. 1nch,

3. The sp gr of a certamn flmd 18 1 56 and the pressure at a
powt 1n the fluud 1s 12090 ozs , find the depth of the point, a foot
bemg the umt of length

4 The pressure 1n the water-pipe at the basement of a building
1> 31 Ibs wt to the sq ich and at the third floor 1t 15 18 1bs. wt to
the sq imnch Find the height of this floor above the basement

5. If the atmospheric pressure be 14 lbs wt per sq 1 and the
<p g ot air be 00125, find the height of a column of air of the same
uniform density which will produce the same pressuie as the actual
atmosphere produces

6. If the force exeited by the atmosplicre on a plane area be
equal to that of a column of water 34 feet high, ind the force
exerted by the atmosphere on one side of a window-pane 16 inches
Ingh and one foot wide

7. Tk» pressure at the bottom of a well 13 four times that at a
depth of 2 feet; what 18 the depth of the well 1f the pressure of the
atmosphere be equivalent to that ot 30 feet ot water ?

8. If the height of the water-barometer be 34 ft , find the depth
of a pont below the surtace of water such that the pressure at 1t may
be twice the pressure at a point 10 ft below the surtace

9, If the pressure at a point 5 feet below the suiface of a lake be
one-half of the pressure at a point 44 feet below the surface, what
must be the atmospheric pressure in lbs wt. per sq nch?

10. Find the pressure1n tons per sq yard at a depth of 10 fathoms
m the sea, assuming the sp gr. of eea-water to be 1 026 and that a
cubic foot of fresh water weighs 62§ lbs

11, The sp gr. of mercury 18 18 596, at what depth 1n mercury
will the pressure be equal to that at & depth of 500 matres in water?

12. At what depth 1n mercary (sp. gr. = 13 596) will the pressui.
be equal to a kilogramme weight per sq cm.?
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13. The mercurial barometer stands at 750 mm, and a cubio cm,
of mercury weighs 13 6 grammes, a square valve, the length of whose
side 18 one decimeti e, closes an exhausted receiver, find approximately
i grammes’ weight the force that must be apphed to its centie to
open 1t

14, If the pressure of the atmosphere be 151bs wt per sq 1nch,
and the weight of a cubic foot of water be 623 lbs , find the pressue
per 8q inch at a depth of (1) 10 feet, (2) one mile, below the surface
of the water.

15. A vessel whose bottom 18 horizontal contains mercury whose
depth 18 30 inches and water floats on the mercury to o depth of 24
inches, find the pressure at a pont on the bottom of the vessel in
Ibs wt per sq inch, the sp gr. of mercury being 13 6

16. A vessel 18 partly filled with water and then oil 13 poured in
till 1t forms a layer 6 1nches deep , find the pressuie per sq i1nch due
to the weight of the hiquids at a pomnt 8 5 mches below the upper
surface of the oil, assuming the sp gr of the oil to be 92 and the
weight ot a cubic mch of water to be 252 grains

17. A vessel contains water and mercuiry, the depth of the watel
bemng two feet It being given that the sp gr of mercury 18 13 568
and that the mass of a cubic foot of water 18 1000 ozs , find, 1n lbs
wt per 8q inch, the pressure at a depth of two 1mches below the com-
mon surface of the water and mercury

18. The lower ends of two vertical tubes, whose c~oss sections
ale 1 and 1 sq 1nches respectively, are connected by a tube The
tube contains meicury of sp gr 13 696 How much water must be
poured imto the laiger tube to raige the level 1 the smaller tube by
one 1nch?

19. 4 small uniform tube 15 bent wnto the form of a circle, whose
plane 18 vertical, equal quantities of flurds, whose densities are p and o,
Jill half of the tube, shew that the radius passing through the common
swirface makes with the vertical an angle

PO
pro’
Let 4, B be the highest and lowest points of the hiquids, so that

AB goes through the centre O, the point C where the hiquids join 18
therefore such that £ 40C= £ BOC=90°

Draw AL, BM, CN perpendicular to the vertical diameter of which
D 18 the lowesy point

By Art 28, considering the flmid BD, we have the pressure at
D=pw. DM

tan

3—-2
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Also, considering the fluid DC4, the pressure at D
=pw DN +pressme at C=pw DN+ow NL.

s p DM=p.DN+e¢ NL,

10, p NM=¢ NL,
te. plcos 8- cos (00° - )] =0 [cos 6+ cos (90° - 6)],
1o p(cos 6 —sin 0) =0 (cos 6 +s1n 6),
1e tang=""2
pto

20. A fine circular tube 1n a veitical plane contains a column of
hquid, of density p, which subtends a right angle at the centre and a
column, of density o, subtending an angle @ Prove that the radius
through the common suiface makes with the vertical an angle

L p—0+ocosa

ptosna

21. In the lower half of a umform circular tube one quadrant 15
occupted by a liquid of density 2p and the other by two hquids, which
do not mix, of densities 3p and p, prove that the volume of the lower
of the two latter liquids 1s twice that of the other.

292. A circular tube of fine umform bore 18 half filled with equal
yolumes of four liquids, which do not mix and whose densities are as
1 4 8 7, and s held with its plane vertical , shew that the diameter
jomng the free surfaces makes an angle tan~! 2 with the vertical.

23. n hquds are arranged in strata of equal thickness h, the
densmty of the uppermost being p, that of the next 2p, and so on, that
of the lowest bemng np; find the pressure at the lowest pownt of
the lowest stratum.

24, In a heterogeneous fluid where the density at depth s 1s
P-af, show that the pressure there 18

tan

: ]
4+ 2

2a '
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89. Whole Pressure. Def. If jfor every smail
element of area of o materal surface vmmersed n fluid
the pressure perpendicular to this small element be found,
the sum of all such pressures vs called the whole pressure of
the flurd upon the given surface

If this smface be a plane surface, the whole pressure 1s
easily seen to be cqual to the resultant force, or thrust,
acting on 1t By the following theorem 1t will be shewn
how this thrust may be calculated,

Theorem. I[fa plane surface be vmmersed wn a hquid,
the whole pressure or thrust on 1t 18 equal to wS 7, where
S 18 the area of the plane surface and z 18 the depth of s
centre of gramty below the surface of the lhiquad, the pressure
of the awr being meglected

For consider any plane aiea, horizontal ov inclined to
the horizon, which 1s immersed 1n the hiquid.

Consider any small element o, of the plane surface
situated at P, and draw P4 vertical to meet the suirface
of the hquid in 4, and let P4 be 2z,

The pressure on this small area 13 therefore wa,;2;

(Art. 28)

Similarly if a,, a5, be any other elements of the plane
surface whose depths are 2,, 2;... the pressures on them are

WagZy, WagRy ...
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Hence the resultant thrust
=wlaz+toy+ . ] [Staties, Art 55
But, 1f Z be the depth of the centre of gravity of the
given plane area, we have, as m Statics, Avt 111,

R T

(e

a;+a, i
SooEmtagnt o =z ta+ )=Z2 S
Hence the resultant thiust =wz &=area of the suiface
multiplied by the pressure at 1ts centie of gravity,

ve the resultant thrust 1s equal to the weight of a
column of hquid whose base 1s equal to the area of the
given plane surface, and whose height 1s equal to the depth
below the surface of the hiquid of the centre of gruvity of
the given plane suiface

40. If the pressure of the air 1s not to be neglected,
we must understand by z the depth of the centre of gravity
below the ¢ eftective sutface,” 2¢ below a surface at a
height & ~bove the surface of the liquid, wheie A 15 the
height of the barometer made of that hquid

If the pressure of the atmosphete 1s given as 1l per
umt of area, the part of the thrust on S due to the
atmosphere 1s I,

41. If the surface considered be not plane, but be any
curved surface, the whole pressure 1s still given by the
formula of Art 39, and the proof 15 exactly as in that
article.

In the case of a curved suiface, however, the whole
pressure has no physical meamng whatever, and thus 1ts
calculation serves no useful purpose. The student must
carefully notice that, in the case of a curved surface, the



FLUID THRUST. 39

whole pressure 18 not the resultant thrust on the curved
surface 'We shall see how to obtain this resultant thrust
in the next chapter

42 Ex 1 A4 squaie plate, whose edge 18 8 inches, 18 immersed n
sea-water, 18 upper edge bewng horizontal and at a depth of 12 wnches
below the surfuce of the water Find the thrust of the water on the
surface of the plate when 1t 18 wnclined at 45° to the horizon, the mass
of a cubuc foot of sea-water being 64 lbs.

The depth of the centre of gravity of the plate

6+,/2

=124 $ cos45°=(12+ 2,/2) inches=- T £t.

2
Also the area of the plate= (§> 5q ft.
Hence the thiust
4 0FN2
-9 6
=35 149 lbs wt nearly

x 04 1bs wt

Ex 2 A hollow cone stands with its base on a horizontal table
The area of the base 1s 100 sq wnches and the hewght of the cone 13
8 64 wnches and 1t 18 filled with water. I'und the thrust on the base
of the cone and 1ts ratio to the weight of the water in the cone.

The thrust=wt of 100 x 8 64 cubic inches of water ,
=% x 1000 ozs wt =500 ozs Wt
=31251bs wt

Since the volume of the cone 18 one-third the product of the
height and the area of the base, the weight of the contained water

=wt of $x100x8 61 cubio inches
={x31251bs wt

Hence, the thrust on the base of the cone
=three times the weight of the contained water

This result, which at first sight seems 1mpossible, 18 explained by
the fact that the upward thrust of the base has to balance both the
weight of the liquid and also the vertical component of the thrust
of the curved surface of the cone upon the contained fluid, and thig
tcomponent acts downward and could be proved by the next Chapter
to be equal to twice the weight of the contained Huid.
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Ex. 8 4 lquid, whose specific werght 13 w', rests to a depth a upon
another liquid, with wlach 1t does not mixz, whose specific weight 18 w.
A4 square of side b(>a) 18 tmmersed wn the two liquads, 1ts upper edge
being wn the surface of the upper fand and its plane being vertical.
Find the thrust on the square.

The thrust of the hiquids on the square may be considered to be
due to the thrust of two liquids, one, of specihc weight w’, 1n contact
with the whole square, and the other, of specific weight w~w’, 1n
contact with the lower part only of the square

The required thiust wall be the sum of the thrusts due to the two
hquds

The thrust due to the first, by Art 39,
=w xb¥x g

The thrust due to the second
=(w—w’)xb(b—a)x2:7§.

.. the total thrust
o 13 Lo b 2
=w x§+(w—~w)x§(b—a)
=3wb (b-a)2+4w'b[b2~ (b-a)?)
= %wb (b~ a)®+4wab (20 - a)

Aliter. The thrust may also be calculated thus,
The thrust on the portion of the square 1n the upper fluzd

=w xbax;
A b D
[ -
K ——{K
b—a
B L c

To find the thrust on the lower portion KBCK’ imagine the liquil
AKK'D, of speaific wt w’, to be replaced by a pogtion LKK'L’ of
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8 ¢ wt w, which would cause the same pressure at the level KX’
that the given liquid does, so that

KL w=K4d w'=a.w'.
» thrust on XKBCK’
=18 area X w X (KL + Zi;_a (Art. 39)

aw’  b-da
=b(b—a)xwx|:5—+ —g~
=b(b-a)x[ow +4 (b-a)w]
the required 1esultant thaust

=4wbad+b (b - a)[aw +4 (b-a)w]
=} b(b-a)w+abw’ [g+b-a]

=40 (b-a)Pw+4ad (20 - a) ',
as befor..

EXAMPLES. V.

1. A cube, each of whose edges 13 2 ft long, stands on one of its
faces on the bottom of a vessel contaimng water 4 ft deep Find the
thrust of the water on one of 1ts upright taces.

9. Water 18 supphed from a reservoir which 18 400 ft. above the
level of the sea. A tap 1 one of the houses supplhed 18 at a height of
150 ft above the sea-level and has an area of 1% 8q 8, Find the
thrust on the tap.

3. A cube of 30 cms edge 18 suspended 1in water with 1ts upper
face horizontal and at a depth of 75 cms. below the smface Find
the thrust on each face of the cube

4, A hole, six 1ns &q , 18 made mn a ship’s bottom 20 ft. below the
water-line. What force must be exerted to heep the water out by
holding & prece of wood against the hole, assuming that a cubioe ft of
sea water weighs 64 lbs.?

5, Find the resultant thrust on either side of a vertical wall,
whose breadth 1s 8 ft and depth 12 ft , which 18 built 1n water with
;}t: ;zpper edge 1n the surface, the height of the water-barometer being

b
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6. A vessel, whose base1s 15 oms sq and whose height 18 15 cms ,
has a neck of section 10 sq cms and of height 7 5 cms , 1f 1t be filled
with water, find the thrust on the base of the vessel

7 If the height of the water-barometer be 1033 cms , what will
be the thrust on a circular disc whose radius 1s 7 cms when 1t 18
sunk to a depth of 50 metres 1n water ?

8. The dam of a reservoir 1s 200 yards long and 1ts face towards
the water 1s 1ectangular and 1nchined at 30° to the horizon Find the
thrust acting on the dam when the water 1s 30 ft deep

Has the s1ze of the surface of the water 1n the reservoir any effect
on this thrust?

9. A vessel shaped like a portion of a cone 18 filled with water
It 18 one 1nch 1 diameter at the top and eight meches 1 diameter at
the bottom and 18 12 ins high Find the pressure i lbs wt per
sq in at the centre of the base and also the thrust on the base

10 A square 18 placed in liquid with one s:de 1n the swmface
Shew how to diaw a horizontal line 1n the square dividing 1t mnto two
portions, the thrusts on which are the same

11. A vessel, in the shape of a cube whose side 18 one decimetre,
18 filled to one third of its height with mercury whose sp gr 1813 6
while the rest 1s filled with water Find the thrust against one of 1ts
sides 1n kilogrammes wt

12. A vessel, one foot high, 1s filled to a height of 8 inches with
mereury and the remainder of the vessel 18 filled with water; 1f one
side of the vessel be 10 inches long, ind the thrust on one tace of 1t,
given that tue sp gr of mercury 18 13 596, and that the atmospheric
pressure 18 15 lbs wt per square inch

13. A rectangu..r vessel, one face of which 1s of height two feet
and width one foot, 1s half filled with mercury and halt with wate:
Find the thrust on this face, given that the sp gr of mercury 18 13 5

14. Two equal small areas are marked on the side of a reservoir
at ditferent depths below the surface of the water. If the thrust on
4 be four times that of B and 1f water be drawn off so that the
surface of the water in the reservoir falls one foot, the thrust on 4
18 now n'ie times that on B What wete the o11ginal depths of 4 and
I3 below the surface of the water ?

15. A cubical box, whose edge measures 1 ft, has a pipe com-
municating with 1t which rises to a vertical height of 20 £t above the
Ld Itis filled with water to the top of the pipe, Find the upward
thrust on the lid and the downward thrust on the base, and shew that
their difference 18 equal to the weight of the water 1n the box

How do you explain the fact that the thrust on the base 18 greater
than the weight of the liquid 1t contains ?
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16. An artificial lake, i- mile long and 100 yards broad, with a
gradually shelving bottom whose depth varies from nothing at one
end to 88 ft. ut the other, 18 dammed at the deep end by a masonry
wall across 1ts entire breadth If the weight of the water be % ton
weight per cubic yard, prove that the thrust on the embankment 18
3226(5% tons weight, and that the total weight of the water 1n the lake
18 484000 tons

17. The sides of a cistern are vertical Its base 18 a horizontal
remular hexagon each side ot which 15 \/3 feet long I'ind 1ts depth 1f
when 1t 18 full of water the thrust on each of its sides 18 the same as
on 1ts base

18. A regular tetrahedron, whose edges are each of length a, 1s
completely 1mmersed 1n water with one of 1ts faces horizontal and
the opposite angular point downwards Given the depth d of this
face, find the thiust on cach face and deduce the resultant thrust on
the tetrahedron

19. T.e width of a rectangular vertical dock-gate 18 50 ft, and
on one side there 18 salt-water (sp g1 1026) to a depth of 25 ft
On the other side there 18 fresh water, find 1ts depth 1f the thrusts on
the two sides are equal

920. A hollow cone, whose axis 13 vertical and base downwards, 15
filled with equal volumes of two liquids whose densities are in the
ratio of 3 1, shew that the thrust on the base 1s (3 -3/4) times as
much as 1t 18 when the vessel 18 filled with the highter fluid.

Find the thrust on

21. acctangle, whose sides are a and b, the side @ being hor-
zontal and at a depth ¢ below the suiface and the plane of the
rectangle being mclined at an angle 6 to the vertical

22. each of the plane ends of a circular eylinder, of height & and
radius of base a, the middle point of the cylinder bemng at the depth
¢ below the suiface of the fluid, and 1ty axis being inclined at an
angle 8 to the vertical.

23. A cone, full of water, 18 placed on 1ts side on a hoiizontal
table, shew that the thrust on 1ts base 1s 3sina times the weight of
the contained fluid, where 2a 18 the vertical angle of the cone

24, A hollow weightless cone, of vertical angle 2a, 18 filled with
fluid and suspended freely from & point on the rim of 1ts base, shew
that the thrust on the base 18 to the weight of water the cone would
contain 1n the ratio of

12smn%a to cosan/1+1banta,
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25. A hollow weightless hemisphere, filled with liquid, is sus
pended freely from a point 1n the rim of 1ts bace; shew that the thrus
on the plane base 1s to the weight of the contained hquid as 12 /73

268. A parallelogram 18 1mmersed 1n water one smde being 1 th
surface ; divide 1t mnto n parts by horizontal lines so that the thrust:
on these parts may be equal Shew that the depths of the dividin
lines a1e proportional to the square roots of the natural numbers.

27. A square laimna ABCD 1s immersed 1n water with the sid«
4B 1n the sumitace Draw a straight hne through 4 which shal
divide the lamina mto two parts the thrusts on which are equal

28. Divide a square immersed vertically in a8 fluid with one sidc
1 the surface by a straight line parallel to a diagonal so that the
thrusts on the two parts may be equal.

29. A semi ciroular area 1s 1mmersed 1 liquid with the diamete
1 the surface and 1ts plane vertical , shew how to divide 1t into 7
sectors the thiusts on each of which are the same.

30. A triangle 18 completely immersed 1n hquid with the verte:
C 1n 1t8 surtace, shew how to divide the triangle into two parts by ¢
straight line drawn thiough 4 so that the thrusts on the two parts
may be equal

31. The lighter of two liquids, of density p, rests on the heavier,
of density o, to a depth of a inches A square of side b is 1mmersec
1 & vertical position with one side 1n the surface of the upper hquid
if the thrusts on the two portions of the square 1n contact with the
two liquids be equal, prove that

pa(3a—-2b)=0 (b-a)?

32. 4BC 1s a triangle immersed vertically in water with € in the
surface and the sides 4C, BC equully 1nclined to the surface; prove
that the vertical through C divides the triangle into two others the
thrusts on which are in the ratio

b +8ab? ¢ a®4 3a2b.

33. A cubical box with vertioal sides 19 filled with equal volumes
of n different liquids, which do not mx, the density of the uppermosi
being p that of the next 2p, and that of the lowest np. Shew thal
the thrust on the base is (n+1) times the thrust on that part of one
of the sides which 13 1n contact with the lowest hiquid.

34. A cylindrical tumbler, half filled with a liquid of density p, is
filled up with a hiqud of density p’ which does not mix with the
former one. Shew that the thrust on the base of the tumbler is to
the whole pressure on 1ts curved surface as

2r (p+p') to h(p+8p),
where 4 18 the height and ¢ the radius ot the base of the tumbler.
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35. A closed hollow cone 18 just filled with water and 18 placed
with 1ts vertex npwards and 1ts axis vertical, divide 1ts curved surface
by a horizontal plane into two parts on which the whole pressures are

equal.
Perform the same division when the vertex 1s downward

38. A cylinder 18 filled with equal volumes of n different flmds
which do not mix, the density of the highest 18 p, that of the next 1s
2p, and s0 on, that of the lowest being np, shew that the whole
prssure on the different portions of the curved surfaces of the
cylinder are 1n the ratios 13 2?2 n?

43. Centre of pressure of a plane area.

If a plane atea be immersed 1n liquid, the pressure at
any pomnt of 1t 1s perpendicular to the plane area and is
proportional to the depth of the pomt

The pressures at all the points on one side of this area
therefore constitute a system of parallel forces whose
magnitudes are known

By Statiwes, A1t 53, 1t follows that all these parallel
forces can be compounded 1nto one single force acting at
some definmite pont of the plane area

This single force 1s called the resultan. flmd pressure
and is in the case of a plane area the same as the whole
pressure, and the pomt of the atea at which 1t acts 1s
called the centre of pressure of the given area

The determination of the centre of pressure in any given
case is a question of some difficulty.

We shall not discuss it until Chap IX,but shall here
state the position of the centre of pressure in omne or two
simple cases

(1) A rectangle 4BCD 1s immersed with one side 45
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in the surface If L and M be the middle points of 47
and CD, the centre of pressure 18 at P, where LP=3LAl.

(2) A trangle ABC 15 1mmersed with an angular
pomt 4 1n the surface and the base BC horizontal If D
be the middle point of BC, the centre of pressure P les
on AD, such that AP=}4D

(3) A tuangle ABC 15 nnmersed with its base BC 1n
the surface If D be the muddle powmt of the base, the
centre of pressure P biscets DA

Ex A rectangular hole ABCD, whose lowei side ¢D 18 horizontal,
1s made 1n the s1de of a reservorr, and 18 closed by a door whose plane 1
vertical, and the door can turn freely about a hinge cownciding with
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AB. What force must be applied to the middle pount of CD to keep the
door shut if AB be one foot and AD 12 feet long, and 1f the water rise
to the level of AB?

If P be the requued forece then its moment about 4B and the
noment of the pressure of the water about 4B must be equal.

The thrust of the water, by Art. 39,
=1x12x6x 1200 Iby wt =4500 Ibs Wt
Algo, by (1), 1t acts at a point whose distance from AB
=% AD =8 feet
Hence, by taking moments about 4B,
Px12=4500%x8
» P=30001bs wt

EXAMPLES VL

1. A cubical box 1s hilled with water, and 18 fitted with a hd
ABCD consisting of a umform square plate, whose weight 1s two-
thirds that of the contained water If the box 18 held so that the hd
18 1nclined at an angle of 45° to the horizontal, and the hinge 4B 19
horizontal and above CD, prove that the lid 18 on the point of
opening

2. The vertical side of a cubical box 18 movable about 1ts upper
edge to which 18 attached at right angles to the side a aniform rod
weighing 5 lbs and of length equal to that of an edge, the weight of
the water that would fill the box 1s 24 Ibs , find baw much water can
be poured 1nto the box before the side begins to move

3. A howuzontal tube contamning water 1s closed by a square hd
inchned at an angle of 45° with the horizontal and with two of 1ts
edges horizontal. If the lid be one ft square, and be movable about
1t8 lower edge as axi9, find 1ts weight 1f 1t be on the point of opening
when the water stands level with 1ts upper edge.
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CHAPTER 1IV.

RESULTANT THRUST ON ANY SURFACE

44 I¥ a portion of a curved surface be immersed 1. a
eavy liquid, as 1n the figure of the next article, the deter-
iination of the total effect of the pressure of the hiquid on
i t.e, of the resultant liquid thrust, 1s a matter of some
ifficulty  For the pressures at different points of the sur-
wee act 1n different directions and n different planes.

By resolving the pressure on each element of the surface
ito vertical and horizontal components we can find forces
» which the resultant thrust on the suiface is equivalent.

We shall first find the total vertical force exerted by
1e liquid on the curved surface This force 13 called the
esultant Vertical Thrust. It is equal to the resultant
f the vertical components of the pressures which act at the
ifferent points of the given surface. For these vertical
>mponents compound, since they are parallel forces, into
ne single vertical force

In the next article 1t will be shewn how this resultant
ertical thrust may be found

45. Resultant vertical thrust on a surface immersed in
heavy ligund

Consider a portion of surface PRQS mmmorsed in the
quid, Through each point of the bounding edge of this
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surface concewve a vertical line to be drawn, and let the
points 1n which these vertical lines meet the surface of the
hquid form the curve ACBD

Consider the equihbrium of the portion of the hquid
enclosed by these vertical lines, by the suiface PRQ@S, and

by the plane surface ACBD

Since, as 10 A1t 28, the vertical thrust of ecach elemecut
of surface of PSQR balances the weight of the correspond-
ing thin superincumbent cylinder of fluid, therefore the
resultant of all these elementary vertical thrusts (ze the
resultant vertical thrust) must be equal £1d opposite to,
and 1 the same line of action as, the resultant of the
weights of these elementary columns But this latter
resultant is the weight of the hiquid PRQSDACB and acts
at 1ts centre of gravity

Also the thrust of the suiface upon the hqud 1s equal
and opposite to that of the iquid upon the surface

Hence, “The resultant vertical thrust on amy surface
vmnersed in amy heavy hquid 13 equal to the weight of the
superincumbent liguid and acts through the centre of gravity
of this superincumbent liguid.”

L. H. 4
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468. If the liquid, instead of pressing the surface down-
wards, press 1t upward as in the adjoining figure, the same
construction should be made as in the last article.

The pressure at any pomnt of the surface PRQS depends
only on the depth of the point below the surface of the
hquid.

Hence, in our case, the pressure 1s, at any point, equal
m magnitude but opposite 1n direction to what the pressure

will be if the liquid inside the yessel be removed, and instead
hquid be placed outside the vessel so that 4.5 1s 1ts surface

In the latter case the resultant vertical thrust will be
the weight of t'.e liqmd PQA4B

Hence, 1 our case, The resultant vestical thrust on the
given portion of surfuce 18 equal tu the werght of the hquid
that could lie upon 1t up to the level of the swiface of the
liquid, and acts wvertically upwards through the centre
of grcwty of ths liquid.

47. If the surface be as in the subjoined figure, the
resultant veirtical thrust on the part 4B 18 upwards, and
equal to the weight of the hqud that would occupy the
space BAED,

The resultant vertical thrust on BC’ is downwards, and
equal to the weight of the liquud that would occupy the
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The resultant vertical thrust on the surface 4BC 1s
equal to the difference of these, and 18 thus equal to the
weight of the hquid B4 and acts downwards

48. TIn Art 46, 1f the liquud be not homogeneous, the
hiquid that would occupy the space PQA4.B must be supposed
to have the same densily at each point of 1t that the liquad
in the vessel at the same depth below the surface as that
pomnt has. In this book, however, we shall meet with very
few examples of liquid that 18 not homogeneous.

49. The resultant vertical thrust on a body vmmersed,
wholly or partly, in a hquid 18 equal to the weight of the
liquid displaced. [For another proof see Page 64.]

Consider the body P7T'QU wholly immersed 1n a hqud

Let a vertical line be conceived to travel round the
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surface of the body, touching 1t 1n the curve PRQS and
meeting the surface of the hqud 1n the curve 4CBD

The resultant vertical thrust on the surface P7'QRP 1s
equal to the weight of the liquid that would occupy the space
PTQBA and acts vertically upwards through 1ts c a.

The 1esultant vertical thrust on the surface PUQRP 1s
cqual to the weight of the hquid that would occupy the space
PUQBA and acts vertically downwaids through 1ts c.8.

The resultant vertical thrust on the whole body 1s equal
to the resultant of these two thrusts, and 1s therefore equal
to the weight of the hquid that would occupy the space
PTQU and acts upwards through the centie of gravity of
the space PTQU

Hence, The resultant vertical thiust on a body totally
ummersed is equal to the weight of the displaced hiquad and
acts vertwcally thiough the centre of grawty of the displaced
hquid [From Ait 52 1t will follow that the resultant
horizontal thrust on the body 1s zero ]

This centie of gravity of the displaced hquid 1s often
called the centre of buoyancy of the body and the
resultant vertical thiust 1s often called the force of
buoyancy.

The important result just enunciated 1s known as the
Principle of Aichimedes, who was a Greek Philosopher and
hived about 250 B C

50. The same theorem holds if the body be partially
mmersed, as may be easily seen

If the shape of the body be somowhat irregular, as 1n
the figure on the next page, the resultant vertical thrust 18
equivalent to the weight of the hquid 4 PQB acting upwa,rds,
less the weiohts of the lhamd SHBO and ROAP actine
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downwards, plus the weights of the hquid DSM and CLR
acting upwads,

te, 18 equivalent to the weight of the liquid that could
be contained m LRPQSH acting upwairds through its
centre of gravity.

51. If the liquud 1s not homogeneous the remark of
Art 48 applies, and the space occupied by the body must
be supposed occupied by hiquid of the same density as at
the cortesponding level outside the body

EXAMPLES. VIIL

1. A vessel in the foim of a portion of a cone 1s closed at the top
and bottom by two circular plates, their diameters bein, 6 and
8 1inches, and the vessel 1s filled with liquud Compare the thrusts
on the lower plate, according as the larger or the smaller plate 18 at
the bottom

Explamn why this thrust is in the oue case gieater, and n the
other case less, than the weight of the hquid

. 2 A conical wine glass 1s filled with water and placed mn an
mverted position upon a table, shew that the thrust of the water
upon the glass 1s two thnds of that upon the table,
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3. A quantity of water wiuch just fills a cone, whose height 18 &
and the radius of whose base 18 7,18 poured mnto a cylinder, the radius
of whose base 18 also r Compare the thrusts on the two bases, the
axs of each vessel being vertical

4. If a hollow cylinder be filled with water, and be closed at both
ends and held with 1ts axis horizontal, find the vertical thrust on
the lower half of the curved surface

5. A hemispherical bowl 18 filled with water and inverted and
placed with 1ts plane base m contact with a horizontal table, pro- 2
that the resultant veitical thrust on 1its surface 1s one third of the
thrust on the table

6. A right encular cone, closed by a base, 18 held with 1ts axis
horizontal and 1s full of water, find the resultant vertical thrust
(1) on the upper half, (2) on the lower half, of the curved surface

7. A bucket 1n the form of a frustum of a cone, the radu of its
top and bottom being 6 and 4 inches respectively, 18 one foot high
and 18 full of water, a cubic foot of which weighs 1000 ounces Find
the resultant vertical thrust on 1its curved surface

8 A hollow closed vessel 1n the shape of a cylinder surmounted
by a cone 1s filled with hquid  If the axis of the cone be three times
as long as that of the cylinder, prove that the resultant thrust on the
surface of the cone will be the same 1n the two po«itions 1n which the
vessel can be placed with 1ts axis vertical

9. A double funnel, formed of two equal cones with a common
axis communicating at their common vertex, 18 placed on a horizontal
plane with the ax.s vertical and s filled with water , prove that the
resultant vertical thrust on the curved surface of the lower cone 1s 24
times the weight of the water

10. The shape of the interior of a vessel 18 a double cone, the
ends being open and the two portions connected by & minute aperture
at the common vertex, it 18 placed with one circular rim titting olose
upon a horizontal plane and 18 filled with water, find the resultant
vertical thrust on the vessel and shew that 1t will be zero if the length
of the axis of the upper portion be twice that of the lower.

11. A heavy comical cup 18 placed vertex upwards on a smooth
horizontal plane, and water is gradually poured 1n through a hole 1n
the top. The weight of the cup 18 gths of the weight of the water
which would just fill 1t; prove that the cup will be on the point of
rlmng from the plane when the water has reached half the height of
‘the cup.
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12. A comecal shell 18 placed with 1ts vertex upwards on a
horizontal table and iquid 18 poured 1n through a small hole 1n the
vertex, if the cone begins to rnise when the weight of the iquid poured
in 18 equal to 1ts own weight, prove that this weight 18 to the weight
of the liqmd that would fill the cone as 9-3./3 * 4.

13. A double funnel 1s formed by joining two equal hollow cones
at their vertices, and stands on a horizontal plane with the common
axis vertical ; liquid 18 poured into the cone until 1ts surface bisects
the axis of the upper cone If the hiquud be now on the pomnt of
escaping between the Jower cone and the table, prove that the weight
of either cone 1s to that of the ligmd 1t ean hold as 27 16

52. To find the resultant horzontal thiust wn @ gwen
direction on a gwen surfoce.

Through each point of the perimeter of the given
surface draw horizontal lines PP’, QQ’, RR’, 8§’ etc. n

the given direction, and let these hines meet a vertical
plane perpendicular to the given direction m a curve
PRQS

Take any very small element of arca of PQRS and
construct, as in Art 27, a small thin cylinder on 1t whose
other end is on the plane P'Q'R’'S, and whose generating
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lines are parallel to PP’ By resolving parallel to PP the
forces acting on 1t, we have
horizontal thrust on this small element of PQRS

= honizontal thrust on the corresponding small element
of PQRS

[For all the other forces acting on this thin cylinder,
viz 1ts weight and the pressures of the surrounding flmd,
act 1n directions perpendicular to PP ]

Since this 1s true for all such elements of area, 1f they
ate taken small enough, 1t follows that the resultant
horizontal thrust on PQRS n the direction PI” 1s equal
and opposite to, and in the same line of action as, the
resultant horizontal thiust on IP’Q'R’'S" 1 the same
direction

Now the latter 15 known 1o magnitude by Art 39 since
it 18 the whole thrust on I”R'Q'S’, also 1its pomnt of
application 15 the centic of presswie ot 7R'QS

Hence the resultant horiwvontal force wn any qieen
direction on any surface w8 equal to the whole thrust
wupon the projection of the swiface upon a wveitical planc
perperdiculas to that dnection, and auts at the centre of
pressuie of that projectron

53  Resultant thrust on any swiface wmmersed wn
hquad

‘We can now find the 1esultant tlhiust on any surface,
the resaltant vertical thrust 15 known in magnitude and
Line of action by Ait 45

The resultant horizontal thrust i cach of two horizontal
ditections at 11ght angles 1s known by Art 52 1n both
magmtude and hne of action

If these three forces compound mto one single resultant
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resultant 1s found by the proposition known as the
Parallelopiped of Forces

54 Bx 4 hollow cylinder closed by a plane base 1s filled with
lLiguad and Leld with its avis vertical, find the magnitude and the line
of action of the resultant thrust on half the cylinder cut off by a vertwcal
plane through the axris
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Let & be the height and ¢ the 1adius of the base of the ecylinder
Let ABB' A’ be the section of the eylinder made by the dividing plane

Thiough O, the middle point of 4B diaw OC the bisecting 1adius
of the upper bounding sem arcle, and on 1t take € _, such that

()G,:% [Statics, A1t 118 ]

Then ¢ 1s the centre of gmavity of this semi-cicle

If we draw @, G4 vertically downwards to meet the base in @, and
bisect GyG, 1 G, then G 18 the centre of gmavity of the <emi-
cyhndrical mass of hiquid that we are considering

The vertical thnust, by Art 45, acts through G, and
=weight of the semi-oylhinder of liquud
=4m? h w,
where w 18 the weight of umit volume
The horizontal thrust on the curved surface, by Art 52,
=1he thrust on the 1ectangle 4B’ 1/,
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This, by Art. 43 (1), acts at the centre of pressure P, whers
OP=§ 00’, and 1ts magmtude
=w x a1ea of ABB’A’ x depth of its c.a.

=wx27hxg=wh’r

If, as 1 the nght-hand figure, the vertical through G meets the
honizontal through P in K, the required resultant thiust then acts
through K, and, 1f 1ts magmtude be R at an angle 6 to the honzon,
we have

R cos = whr,

and Rsin 0:%7”-'1110
m
.. tan 0:5?1 ,
and R= wln~/lﬁ+ i

The magnitude and line of action of the resultant thrust are thus
found

EXAMPLES VIIL

1. A solid hemisphetre, of radius «, 18 placed with 1ta centte at a
depth & below the surtacc of water, aud has 1ts plane base 1n & vertical
plane, what 18 the horizontal thrust on 1ts curved smiface? Find also
the resultaat thrust on it

2. A sohd nght circular cone 18 placed with 1ts axis horizontal
and at a depth h velow the spiface of water, find the horizontal thrust
on half of the cone cut off by a vertical plane through the axis

3. A hollow nght circular cone, with 1ts axis vertical and vertex
downwatds, 18 filled with liquid, find the resultant horizontal thrust
on half of the curved surface determined by any plane through the
axis.

4, if ahollow rnight circular cylinder 18 filled wath liquid and held
with 1ts ax1s horizontal, find the magnitude and the line of action of
the resultant thrust on half the curved surface cut off by a vertical
plane through the axis

5. A vessel in the shape of a right circular cylinder 18 placed with
1t8 axis vertical and 18 half filled with water, and half /th a liguid of
ap. gr 2 which does not mix with water. Find the direction of the
resultant thrust on the part of the surface cut off by a plane through
1t8 ax1s
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8. A horizontal trough 18 semi-circular in section and is filled
with water whose weight 18 W, 1if the trough be imagined to be
divided 1nto halves along the middle, shew that the water will tend

to push them asunder horizontally with a force g .

Shew also that the resultant thrust of the water on either half of

the trough makes with the veitical an angle cot—? %

7. A solid right circular cone 1s divided into two parts by a plane
through 1ts axis and one of these portions 13 just 1mmetsed, vertex
downwards, 1 watet Find the resultant thiust on its curved

su.face, and shew that 1t 19 inchined at an angle tan“(g tan a.> to

the horizontal, where a 18 the semi-vertical angle ot the cone

8. A solid right circular cone, of beight k& and vertical angle 2a, 1s
made of uniform material and floats 1in water with 1ts axis vertical
and vertex downwards and a length A’ of axis 19 1mmersed The cone
18 bisectea by a vertical plane through the axis and the two parts are
hinged together at tho veritex Shew that the two parts will remain
m contact if 2'>hsinZa

[The vertical and honizontal components of the thiust on one part
are known, as 1n Arts 45 and 52, and their points of application are
known, 1f the sum of the moments of these two components about
the vertex 1s greater than the moment of the weight of one pait, the
two parts will not separate ]

9, A thin hollow vessel 1 the shape of a right cone with a
circular base 18 cut 1n two by a plane through the axis, and the two
parts are hinged together at the vertex and the edgus greased so as to
be watertight The vessel 18 then hung up by the hinge and filled
with water thiough a small apertnie near the hinge Shew that the
water will not flow out 1f the vertical angle of the cone exceed 120°

65. When a surface 1s bounded by a plane curve, the
resultant thrust on 1t may often be more simply found
without using Art. 52, The method 18 best shown by
examples, as 1n the next article

66. Ex 1. A hemisphere 18 1mmersed wn water with its centre at a
depth h and s plane base inclined at an angle a to the horizon, find
the direction and magnitude of the resultant thrust on the curved
s face.
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Let ACB be the plane base of the hemisphere whose centre 15 O,
and whose centre of grayity 18 G Let a be 1ts radius

The resultant thrust on the whole body is, by Art 49, equal to
the weight of the hqud displaced, viz £wa®w, and acts vertically
thiough G

But thig thiust 19 the 1esultant of

(1) the thrust X on the plane base 4CB, which equals wa’lw
(Art 39), and acts perpendicular to the plane base at some point P
which must by symmetry lie on 4B, and

(2) the pressuies of the liquud at the different points of the curved
surface of the hemusphere, the direction of each such pressure acts
noimally to the surface of the sphere and thus goes through the centre
0, the reanltant thrust on the curved surtace thus acts through O and
must be equal to some force R acting at some angle ¢ to the horizon

Equating the 1esultant of I and X to the veitical thrust § wasw, we
have

{% matw=R 1 ¢+ X cos a=I s ¢ + wa?hw cos a,

O=1NRcos¢p-Xsma=LRcos¢—mra?hw s a.

=radw [2
. Rsm ¢p=ma*w [2a-hcos a] .
and eosp=malw heina
o L= wa“wJ(%a -heosa)+h2sinta

. 12 dah. 4at
=ma‘u 3 3 (Osa—i-—g—,
%$a-hcosa_2a-8hcosa
wnd g sa  Shema
We thus have the direction and magnitude of the resultant thrust
on the curved surfaoe.
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Cor If the plane base be as 1n the annexed figure then the thrust
Y acts downwards, and the equations given above become
2nsdw=DRan ¢-Xcosa,
O=Rcos¢p—-Xsma

These then give

R
I(’::'rra'-’u*\/hg-;-.‘f_lg,f 08 a+é;—,

9
and tAng="" +38hcosa

3hsma

Ex 2 To fund the centie of pressuae of a plune circle immersed in
Lquird
In the previous example the moment of X about () must be
equivalent to the moment of %1"1311‘ at G about O, since R goes
through O
Y ()1’—~1ra wx O0G s a,

3
Le. wathw OP=%madw x ; sina [Statics, Art 225 )

. OP:%L;—-sma

The distance of the centre of pressure of a cuole from 1t3 centie

15 thus always equal to ZI_ simna

Cor If the oncle had its plane vertical, so that a=90° then

)
0P=:—h, and thus, 1n this case, the depth of the centre of pressure

below the surface of the hiqud= ht h , where a 18 the radius of the

4n
circle and A is the depth of the centre below the surface of the hqud



62 HYDROSTATICS.

Ex 8 4 cylinder closed at Loth ends 18 enturely immersed in water
with s axis inclined at a given angle 0 to the horizontal, f uts
height be h and the radius of 1ts base be a, find the resultant horizontal
and ver tical thrusts on 1ts curved surface.

P
/,/
\/
\ e
N )
A} - -
»

If d be the depth of the middle point 0 of the axis, the depth of
the centre 4 of the uppermost plane end=d ~ AN =d——g sin 6, and
thus the thrust P on this plane end

= ru? (d-—gsm 0>w (Art 39) ... (1)

So the depth of the centre B of the lower plane end =d+g vin @,

and thus the pressme P’ on this end
=mra? (d+§ sIN 0) w e e (2)

Let IT and V be the required horizontal and vertical thrusts on
the cur~ed portion of the cylinder, I being taken towards the left and
V vertically upwards

Then the resultant of ¥, H and the thrusts, P and P, on the two
plane ends 18 equal to the resultant tbrust on the whole cylinder,
which 18 vertical and equal to ma?h xw. (Art. 49.)

Hence, 1es0lvang horizontally and vertically, we have
-1 + (P~ P)cos §=0, )
and V+ (P~ P)sin 0 =wa®hw.f
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also, by (1) and (2), P~ P=mwa’hwrmn @
. H=(P - P)cos @ =wa’luwsim b cos b,
and V=mwa?hw - wa*hw s1n? 6 = ra®hw cos? 4

The resultant thus=wa2hw cos § mchined at an angle 90° -4 to
the horizontal, 2 e. at 8 to the vertical

By Ex 2,:f K, L be the centies of pressure of the two faces, then

- a? a?
AK :.-—-—-7:—-———- cos , and BL::.-—-———,————coso
4(d-——sm0) 4(d+—‘smo)
2 2
P AK=P" BL

the moments of the two parallel forces, P and P’, about O are
equal and opposite.

Hence their resultant passes through O, also the diiection of the
resultant thrust on the whole cylinder passes through 0.

the 1esultant of H and ¥V passes through O

. the resultant thrust on the curved surface passcs through O,
and 18 cqual to 1/ cos @ at an angle § with the vertical, where W 1s
the weight of the water displaced by the eyhnder.

EXAMPLES. IX.

1 A sohid hemnsphiere 18 1mmersed 1 hqud with the highest
point of 1ts plane base in the surface, and the base 1s 1nchined at tan—!2
to the horizon , shew that the resultant thrust on the cuived surface 1s
equal to twice the weight of the displaced hiquid

2. A closed cyhinder, whose height 18 equal to the diameter of 1its
base, 18 filled with water, and haugs freely from a string fastened to a
point on 1ts upper nim, 1f the weight of the cylinder be neglected,
shew that the vertical and horizontal components of the resultant
thrust on 1ts curved smface are each of them eqnal to half the weight
of the contained water

3. A hollow weightless hemsphere with a plane base is filled with
water and hung up by means of a stiing, one end of which 1s attached
to & point of the 11m of 1ts base, find the inclination to the horizontal
of the resultant thrust on 1ts curved surface.

4, A nght cone 1s filled with water, 1t is then closed and laid
with & generating line 1n contact with a table; find the 1esultant
vertical and horzontal thrusts upon the ourved surface.
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5. A solid cone 1s just nnmersed in water with a generating hine
m the surface, prove that the inelination to the vertical of the
resultant thiust on the curved suiface 18 tan™?! __«‘Ltfﬂ%_, where 2a
1-2tan‘a

13 the vertical angle of the cone

6 A cone floats with 1ts axis horizontal 1n a hquid of density
double 1ts own , find the pressure on its base and prove that, i1f  be
the 1nclination to the veitical of the resultant thiust on the curved
smiface and a be the semi-vertical angle of the cone, then

tan 0= é tan a
m

7. A hollow cone, of veirtical angle 2a, 18 filled with water and
placed on 1ts side on a plane, 1ough enough to pievent any shding,
which 18 mcined at an angle 8 to the horizon  Find the 1esultant
horizontal and vertical thrusts on 1ts curved surface, the vertex being
the lowest point of the cone

8 A closed cylindrical vessel with hemispherical ends 1s filled
with water, and placed with 1ts axis honzontal Find the resultant
thhust on each of the ends, and detexmine 1ts line of action

9, A weightless sphere 18 divided by a vertical plane into two
Lialves which are hinged together at their lowest point, and 1t 15 just
filled with water, shew that the tension of a string which ties togcther
the highest points of the two halves 13 three exghthsof the weight of the
water that the whole spheic would contain

10 Two closely fitting hemispheres, made of sheet metal of simnall
uniform tuickness, are hinged together at a point on theiwr rims, and
are suspended fiom the hinge their 11ms being greased so that they
form a watertight spherical shell The shell 19 filled with water
through a small nole neat the hinge, prove that the contact will not
give way 1f the weight of the shell exceeds three tunes the weight of
the contained water,

Note The result of Art 49 (or 50) may also be shown
thus, conceive the body removed, and the space PUQRP to
be filled up with extra hquid, the rest of the liquid being
undisturbed  The pressure on each element of the surface
of this extra hquid 13 the same as on the corresponding
element of the sohd (Art. 28), and hence the resultant
thrust on the solid 18 the same as the resultant thrust
on this extra hquud  But this latter balances the weight
of the extra hquid. Hence etc.
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CHAPTER V.

EQUILIBRIUM OF FLOATING BODIES.

57. Conditions of equilibrvum of a body freely floating
wm @ hiquad,

Consider the equilibrium of a body tloating wholly or
partly 1mmmersed 1 o hqud

There are two, and only two, vertical forces acting on
the body,

(1) 1ts weight acting through the centre of gravity G
of the body, and

(2) the resultant vertical thrust on the body which 1s
equal to the weight of the displaced liquid and acts through
the centre of buoyancy,

v . the centie of gravity G of the displaced hqud

L H ]
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Tor equilibriun these two forces must be equal and act
in opposite directions 1n the same vertical line

Hence the requued conditions are

(1) The weight of the displaced hquid must be equal
to the weight of the body, and

(2) The centres of gravity of the body and the
displaced hiquid must be in the same veitical line

58 Ex 1 4 cylndu of wood, of hewght 6 feet and werght
50 1bs , floats i water  If ats sp gr be %, Jind how much 1t wile be
depressed 1t a werght of 10 lbs be placed on 1ts upper surface
Let A be the area of the «ection of the eylinder  Then
50=d4 6 F u=4 6 } 624,
s0 that A= foaq ft
Let x be the distance through wiieh the wood 19 depressed when

10 1bs are placed on 1t The weight of the water which would occupy
a cylindar, of section 4 and height z, must therefore be 10 lbs

— -8 191
10=1 =z w= x.()ll

.l=-1—% ft

Ex 2 A man, whose weirght 13 equal to 160 1bs and whose sp gr
18 11, can just float in water with his head above the surface by the aid
of a prece of cork whick 15 wholly immer ed  IHaving gwen that the
volume of lus hec 7 1 one-sizteenth of his wlhole volwme and that the
sp qr. of corh s 24, finid the volume of the cork

Taking the wt of a cubic {t of water to be Gz% Ibs we have, 1t V'
be the volume of the man,
160 =V x h’) X 62%,
50 that '=Jr)‘3,)"i cab ft
Agauny, since the weight of the man and the cork must be equal to
the weight of the iqmd displaced, we have, 1f ¥/ bo the volume of the

cork 1n cubic feet,
100+ V7 x 20x 02} =(LaV+17") 1.624
VX TOR025=160- L3V 025=100-18 328 1286
95 18 f - 2680
BV =160-1390=200

Y 2 260 10
oV ) O .ﬂgcub it,
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Ex 3 A loaded prece of woed and an elastic bladder contannung
an just float at the surface of the sea, what will happen if they be
both plunged to a great depth n the sea and then released ?

The resultant upward thrust of a homogeneous liqud on a body
18 always the same, whatever be 1t3 depth below the surface of the
liquid, provided that the volume of the body 1emains unaltered

In the case of the wood, which we assume to be incompiessible,
the resultant thiust on 1t at a great depth 1s the same as at the
surface and theicfore the body just float«

In the case of the elastic bladder the piessure of the sea at a
great depth compresses the bladder, and 1t therefore displaces much
less liquad than at the surface ot the sea  The resultant vertical
thrust theirefore 18 much diminished, and, ag the bladder only just
floated at the surtace, 1t will now sinh

EXAMPLES X,

1 A man, of weight 1601bs, floats in water with 4 cubic inches
of lus body above the smiface  What 18 his volume 1 cubie feet ®

2. What weight of wron (sp gr --7) must be attached to 11b of
cork (sp gr .-:—};) so that the combination may just float 1n water ?

3 A certan body just floats 1n water  On placing 1t 1 sul-
phuric acid, of sp gr 1 85,1t requuzes the addition of a weight of 42 5
grammes to immerse 1t Find 1t- volume

4 A cubic foot of air wughs 1 2 oz¢ A balloon <o thin that the
volume of 1ts substance may be neglected contains 15 cubic ft of
coal-gas, and the envelope together with the ca. and appendages
weighs Loz The balloon just floats in the middle of a room without
ascending o1 descending, find the sp g1 of the gas compared with
(1) ar, and (2) water

5 The mass of a hitie (1e, a cubic decimetic) of air 13 12
grammes and that of a hitie of hydrogen 13 089 giammes The
matenal of a balloon weiphs 50 kilogrammes, what must be its
volume so that 1t may just float when filled with hydrogca?

6. A piece of ron waghimg 275 grammes floats 1n mercury of
sp gr 1559 with 3ths of ils volume immersed Find the volume
and sp gr of the iron

7. 1f au ceberg be n the torm of a cube and float with a height
of 30 ft abovo the surface of the water, what depth will 1t have below

tho surfaco ot the water given that the densities of 1ce and sen-water
wie ay 918to 1025°?

5—2
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8. A ship, of mass 1000 tons, goes from fiesh water to salt
water If the area of the section of the ship at the water line be
15000 sq ft and her sides vertical where they ocut the water, find
how much the slnp will rise, taking the sp. gr of sea-water to be
1026

9. A ship caihing from the sea 1nto a river sinks a mnches, and on
discharging z tons ot her cargo rises b inches; 1f sea-water be
one-fortieth heavier than river-water, prove that the mass of the ship

18 41 %a: tons

10 A cubical block of wood of sp g 8, whose edge 13 one foot,
floats with two faces horizontal down a fiesh water river and out to
sea where a fall of snow occurs causing the block to sink to the same
depth as in the niver  If the sp gr of sea-water be 1 025, shew that
the weight of the snow on the block 1s 20 ozs

. A piece of pomegranate wood, whose sp gr. 18 135, 18
fustened to a block of hgnum vitm, whose sp gr 1s 65, and the
combination will then just float 1n water, shew that the —slumes of
the portions of wood ate equal

12. A piece of cork, whose weight 13 19 ozs , 18 attached to a bar
of silver weighing 63 o7s and the two together just float i water; iof
the sp gr of silver be 10 5, find the sp gr of cork

13. A rod of umform section 18 formed partly of platinumn
(sp gr =21) and partly of wron (sp gr =75) The platinum portion
bemng 2 ns long, what will be the length of the iron portion when
the whole doats in mercury (sp gr =13 5) with one 1nch above the
surface ?

14 A prece ui gold, of sp gr 19 25, weighs 96 25 grammes, and
when 1mmersed 1 water displaces 6 grammes KExamine whether
the gold be hollow and, 1if 1t be, find the size of the cavity,

15, A man, whose weight 18 ten stone and whose sp g1 18 1-1,
just floats 1n water by holding under the water a quantity of cork
If the sp gr of the cork be 24, find its volume

16. A cylindrical lead pencil floats in water with %ths of 1its
volume immersed If the lead 18 a cylinder whose radius 18 one-
fourth that of the pencil and the sp gr. of the wood 18 78, find the
sp gr of the lead

17. A block of wood floats 1n liqud with ﬁths of 1ts volume

mmmersed In another liquud 1t floats with 1Z-rdfs uf its volume
mmersed If the liquids be mixed together in equal quantities by
weight, what fraction of the volume of the wood would now be
immersed ?
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18, A sohd displaces 2 , 1, % of 1ts volume respectively when
1t floats 1 three different liquids, find what fraction of 1ts volume 1t
displaces when 1t floats 1n a mixture formed of (1) equal volumes,
(2) equal weights of the liquids

19. A picce of 1ron, the mass of which 18 261bs , 18 placed on the
top of a cubical block of wood, floating 1n water, and sinks 1t so that
the upper surface ot the wood 1s level with the suiface of the water
The 1non 18 then romoved Iimd the mass of the iron that must be
attached to the bottom of the wood so that the top may be as beforo
1n the surtace of the water

|Sp gr ofnon=745]

20. A cubical box of one foot extcinal dimensions 18 made of
material of thickness one inch, and floats 1n water 1mmersed to a
depth of 33 inches How many cubic s of water must be poured
1 go that the water outside and mmside may stand at the same level ?

How deep 1n the water will the box then be?

21. A thin uniform rod, of weight W, 18 loaded at one end with a
weight P of msigmcant volume If the rod float m an nchned
position w1th%th of 1ts length out of the water, prove that

(n-1)P=Ww

22. A thin cylindiical rod, weighted at one end, floats in water
with half its length immersed and inclined at any anzle to the
honzon, prove that the weight which 18 added 18 equal to the weight
of the rod

923, A thin umform rod has a very small portion of heavy metal
attached to one eund, and 1t can float in water half immersed and
inclined at any angle to the hoiizon, shew that the sp gr of the

rod must be }.

24. A rod, of small section and of density p, has a small portion of
metal of weight ﬁth that of the 10d attached to one extremity , prove
that the rod will float at any inchnation m a hiquid of density ¢ 1f

(n+1)2p=nlc

25. An ordinary bottle containing air and water floats in water

neck downwards Shew that 1t 1t be immersed 1n water to a sufficient

depth and left to 1tselt 1t will sink to the bottom, What condition
determines the pomnt at which 1t would neither rise nor sink ?
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26. A steamer, whose load 18 80 tons to the mch in the neigh-
bourhood of the water line 1n fresh water, 18 found after a 10 days’
voyage (in which 60 tons cf coal per day are burnt), to have 11sen 2 feet
m sea water at the end of the voyage , prosve that the original displace-
ment of the steamer was 5720 tons, taking a cubic foot of fresh water
as 62 5 and that of sca-water as 64 lbs

97. A sohid cone has1its axis of length & and 18 of density p, 1f
1t floats, with 1ts vertex upwards, 1n a hiqud of density o (> p), how
much of 1ts axis 18 out of the flmd ?

28. A cone, 7 1uches 1in height and 2 inches m diamcter at 1ts
base, 15 attached at 1ts base to a hemisphere of equal diameter, the
sp gr of the cone being 1{; and that of the hemisphere 12, find thoe
sp gr of a hqud 1 which the body would sink till only 3 inche« of
the ax1s of cone 13 out of the liqud

29 Shew that a homogencous body in the shape of a rght
arculu cone can float 1 a hiquid of twice 1ts own density with its
axis horizontal

30. A hollow conical vessel floats 1n water with 1ts vertex down-
wards and a ccrtain depth of 1ts axis 1immersed, when water 1s poured
nto 1t up to the level originally immersed, 1t sinks till 1t> mouth 1s on
a level with the suiface of the water What portion of the axis was
originally 1mmeased ?

59. 4 body floats with part of wts volume vnmersed wn
one liqurd and with the 1est an another hquad, to deteamane
the conditions of equalibrwum

The weight of the body must clearly be equal to the
1esultant vert'~al thrust of the two hiquids, v ¢ to the sum
of the weights of the displaced portions of the two hquds,
and must pass through the pomnt on the lhine jorming then
centres of gravity at which the resultant of these two
weights acts  [Statics, Art 53 |

Th's mcludes the case of a body floating partly 1m-
mersed 1 hiquid and partly m awr

60. Ex 1 4 vesscl contains water and mercury A cube of vion,
5 cms along each edqge, 18 in equalibrium n the liquids with 18 faces
vertical and horwizontal Fund how much of 1t 1 wm each hquid, the
specific gravitres of won and mercury bewng 77 and 236

Let z cms be the height of the part in the mercury and therefore
(5 - ) cms. that of the part in the water,
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bimece the weight of the 1ron 18 equal to the sum of the weights
of the displaced mercury and water, therefore

5xTT=0x1306+4+(5-x)x1
. z=2 83 ems

Ex 2 A piece of woud flouts in a beaker of water with '196”“
of ts volwire 1mmersed  When the beakcr 15 put under the receiver
of an au-pump and the awr withdrawn, how s the mmmersion of the
wood aflected of the <p gr of awr be 00137

Let ¥ be the volume of the wood and zF the volume immeised
when the an 1s withdrawn

a1’ v
The wt ot 1)1—:7 of water together with that of 0
the wt of «17 of water  For each 15 equal to the wt of the wood
WLy
TR T
r= 90013,
80 that the volume mmmased mm water 18 1ncreaced fiom 9V to
90013V,

of an must equal

v 0013=2zV 1

EXAMPLES XL

1 A circular eylinda floats 1 water with 1ls axis vertical, half
1ts axis being immersed, find the sp g1 ot the eylinder if the sp @
ot the air be 0013

2 An nch cube of a substance, of sp gr 12,18 nnmeised n a
vessel containing two hiquids whieh do not nux ' he sp gis of the
liquids are 10 and 15 Find how much of the sohd will be mn-
meirsed 1 the lower hquid

3. A umform cylinder floats 1n mercmry with 5§ 1432 1ns of the
axis nmersed  Water 13 then powed on the mercury to a depth of
one inch and 1t 15 found that 5 0697 s of the axis 18 below the
surface of the mercury Iind the sp g1 of the mercury

4. A mass composed partly of gold (sp g1 19 25) and partly of
silver (sp @ 105) floats with 18 ths of 1ts volume immaised
mercury (sp gr 13 6) aud the 1cmamder 1 water  Compare the
weights of the gold and silver 1n the mass

5. A rectingulat block of wood, 40 ums 1 depth and of sp gr
9, 13 floating 1 water with 1ts upper surface honzontal, O1l of
ap gr 6 1s poured on to the water, so as to cover the wood, prove
that the wood will 11se thiough 6 cms
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6. Ifabody be floating partially immersed 1n a liquid and the an
1n contact with 1t be suddenly removed, will the body rise o smk?

7. Two liquids which do not mix are placed in the sawme vessel,
the density of the lower liquid 18 p and that of the upper 18 mp, a
cylinder floats 1in them with 1ts axis vertical and 1s completely
submerged , 1ts density being np, find the condition that 1t may be
half in the upper and half in the lower hiqud

8. A body floats 1n water contained in a vessel placed under an
exhausted recerver with half 1ts volume immersed Air 13 then
forced 1nto the receiver until 1ts density 1s 80 times that of air rt
atmospheric pressure Prove that the volume immersed 1n water
will then be §ths of the whole volume, assuming the sp. gr of air at
atmospheric pressure to be 00125

9. A cube floats mn distilled water with 4ths of 1ts volume 1m-
mersed It 18 now placed inside a condenscr where the pressure 1s
that of ten atmospheres, find the alteration in the depth of immersion,
the sp gr of the air at atmospheric piessuie being 0013

10. A vertical cylinder, of density p, floats 1 two hiyuids, the
density of the upper iquid being p, and that of the lower p,, 1t the
length, h, of the cylinder be n tines the depth of the upper hquid,
prove that the depth of immersion of the upper fuce ot the cylinder 1s

Q—-h PP

n p—py’

Pa” 1,

provided that p<p, and >p, - i

11. A ught encular cone, of density p, floats just immersed with
1ts vertex downwerds 1n a vessel contaimng two hiquids, of densities
o, and o, 10spectively, shew that the plane of separation of the two

3 g

liquids cuts off from the axis of the cone a fraction, \/’3:12 ot 1ts
0y~ 0,
length e

61 A body rests totally wmmersed in a gwen lguid,
bevng supported by a string, to find the tension of the string

The vertical upward forces acting on the body are the
tension of the string and the resultant vertical thrust of
the liquid which, by Art 49, 15 equal to the weight of the
displaced hquid The veitical downwaid force 13 the
weight of the body
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Hence, for equilibrium, we have

Tension of the string + wt of displaced hiquid=wt of
the body, so that

Tension of the string =wt of the body — wt of the
displaced liquid

62. The tension of the string i the previous article
18 the apparent weight of the body in the given hquid, so
that the apparent weight of the body in the given hiquid 18
les: than 1ts 1cal weight by the weight of the hquid which
16 displaces

If & body of weight ¥ and sp gr s be immersed in water the
weight of the water displaced 18 L—V, 8o that ?f 18 the apparent loss
of weight If 1t be immersed 1 a liquud of sp gr s’ the apparent
loss of weight 16 W f:-’.

This fact 13 of some 1mportance when we are “weighing”
a given body by means of a balance or otherwise To
obtain a peifectly accurate result the weighing should be
performed wn wvacuo. Otherwise there will be a shght
discrepancy aiising from the fact that the quantities of air
displaced by the body and by the “weights” that we use
are different  Since however the weights of the displaced
air are 1 general very small compared with that of the
body this discrepancy 1s not veiy great

If great accuracy be desired the densities of the body
weighed and oi the weights must be found, and th> true
weight determined from the appaient weight as i the
following article

63. A substance, whose density 18 p, 16 weighed by
means of weryhts, the density of which 1w p', f o be the
demsity of the awr, find what 18 the true weight corresponding
to any apparent weight.
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Let IV be the true weight of the substance, W, the
appatent weight as shewn by the balance, 1e the sumn of
the ¢ weights ’ used

Then, the balance being assumed to be tiue, the
tensions of the two supporting stiings of the scale pans
are equal, 76

wt of substance — wt of the air 1t displaces

=wt of the “weights” - wt of the ant they displace,

W 14
ve W———l— o=W,~ =% . . (D)
P p

[For the volume of the substance 1s 4 (A1t 18), and
Py

therefore the weight of the an 1t displaces 1s Z o

W
So the volume of the weights 15 =2, and thus the weight
Py

}
of the an they displace 1s y,o o]
p

1-2
P’
oo W= Wol = e 2)
p
The true weight of any substance 13 thus found by multa-
1-2
plying the apparent weight by the fraction —L
1-Z
p

Now, in general, the density of the air 13 very small
compared with the densities of the substunce and the
“weights,” that 15, o 15 very small compared with p anc
¢ Thus this fraction
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(-6

3 P

(o8 [ o
= <l - P—,) (1 + . + Ingher powers of p)’

by the Binomial Theorem,

o o
=1-—+- )
PP
squares and higher powers of o bemg neglected
Thus a suthiciently near approxmmation 1s m general

W IVo[l - +E]
p P

64 Ex dAn accwmrate balance 1 completely immersed e a vessel
of water In one scale pan some qglass (sp g1 =2 5) 15 betng werghed
and 15 bal nced by a one-pound werght, whose sp gr 8 8, which 1
placed wn the other scale-pan  Iind the real ueight of the glass

Let the real weight of the glass be 1V 1bs  The woight ot the
water which the glass displaces tflwrefme:;)—l—5 H’:%W
The tension of the stuing holding the scale-pan 1 which 13 the

glass thercfore
=W- %—W: i

Again, the weight of the water displaced by the Ib wt =110 wt,
so that the tension of the stung supporting the scole pan m which
18 the “weight”

=11b wt =% 1b wt =T 1b wt

Since the beam of the balance 1s horizontal, the tcnsions of these
two strings must be the same

W=E,
<o that W=32=1411bs wt.

This 16 the real weight of the glass

EXAMPLES XIIL

1. A body, whose wt 18 18 lbs and whose sp gr 1s 8, 18
~uspended by a stung  What 1s the tension of the string when the
body 13 suspended (1) m water, (2) in a liquid whose sp gr.1s 2?
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2. Water floats upon mexcury whose sp gr 18 13, and a mass of
platinum whose sp gr. 18 21 18 held suspended by a string so that
%gths of its voluwme 1s immersed 1n the mercury and the remainder of
1t8 volume 1 the water  Prove that the tension of the string 18 half
the weight of the platinum

3. A piece of silver and a piece of gold are suspended from the
two ends ot a balance beam which 18 1 equiibrium when the silver
18 1mmmuised 1 alcohol (sp gr = 85) and the gold in mtric amd
(sp gr =15) The sp gis of silver and gold being 105 and 19 3
respectively, find the ratio of their masses

4, 1f thesp gr of iron be 7 6, what will be the apparent weight
of 1 cwt of wron when weighed 1n water, and how wany lbs of wood
of sp gr 6 will be 1equired to be attached to 1t so that the joint body
may just float ?

5. A solid, of weight 1 oz, rests on the bottom of a vessel of
water, 1f the thrust of the body on the bottom bo {,’; oz., find 1ts

sp gr.

6. A body, whose volume 18 30 cub cms. and sp gr 15, 18 placed
1 a vessel and just covered with water What 18 1ts thrust upon
the bottom of the vessel?

7. A miaxture of gold (sp gr 19 25) and silver (sp gr 10 5) lost
one-fourteenth of 1ts weight when weighed 1 water, find the ratio
of the volumes of the two metals

8. A piece of lead and a piece of wood balance one another
when weighed 1 an, which will really weigh the most and why ?

9. The mass of a body 4 18 twice that of a body B, but then
apparent weights 1n water are the sume  Given that the sp gr. of 4

18 %, find that of B

10. A vcssel contamning water 18 hung vertically from the end of
a sprng balance, and a body suspended from the end of a second
spring balance 18 1mmeised 1n the water How ax) the readings of
the two balances altered?

11. A cyhndnecal vessel stands on a table and contains water, a
piece of metal of given volume 18 dipped nto the water, being
supported by a string How 18 the piessure on the baso affected

(1) when the vessel 18 full, and
(2) when the vessel 18 not full?
In the second cage, what 13 the change?
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12. A block of wood, of volume 26 cub 1ins, floats in water with
two-thuds of 1ts volume 1mmersed, find the volume of a piece of
metal, whose sp gr 18 8 tumes that of the wood, which, when sus
pended from the lower part of the wood, would cause 1t to be just
totally immersed When this 1s the case find the upward force which
would hold the combined body just half immersed

13. A cylindiical bucket, 10 1ns m diameter and one foot high,
18 half filled with water A halt hundred weight of 1ron 1s suspended
by a thin wie and held so that 1t 18 completely immersed in the water
wrthout touching the bottom of the bucket Subsequently the wire
18 removed and the non 15 allowed to rest on the bottom of the
bucket By how much will the thinst on the bottom be increased
in each case by the presence of the won?

[The mass of a cubic foot of 1ron 13 110 1bs ]
14, If B, 7 be the weights of a body mn vacno aud water
1espectively, prove that its weight m an ot sp gr s will be
W—s(IV =)

15. If the sp gr of aun be s and 11, IV’ be the weights of & body
m air and water respectively, prove that its weight 1 vacuo 18

2 - w
W = (= 11)

16 If w,, w,, wy be the apparent weights of a given body in
tluids whose specific gravities are s,, 85, 83, then

Wy (g = 8g) + 109 (33 = 8)) +wg (5 - 3,) =0.
17. Two sohds are each weighed 1 succession .a three homo-
gencous Liquids of different densities, if the weights of the one are
w,, g, and wy and those of the otheis aro Wy, W,, and W, prove

that
wy (Wy~ o) 4wy (W — W)+ wq (W) = Wg)=0

656 If a hody be totally immersed m a liquid whose
specific gravity 1s greater than that of the body, the
resultant veirtical thiust on the body 1s greater than its
weight, and the body will ascend unless prevented from
doing so

Ex 1 A4 pece of wood, of werght 12 ths and sp ¢ }, 18 tred by

« string to the bottom of a vessel of water so as to be totally immersed
What 18 the tension of the string ?
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Since

wt_of water displaced by the wood _  sp g1 of water
wt of the wood " sp gr of the wood

NN

.

RS |t

wt of the displiced \vater—;% x 12 1bs wt =16 1bs wt
For equilibrium we must have
Tension of the string +wt of the wood
=wt. of the displaced wate:
tension of the string=16-12=4 lbs wt

Ex 2 The mass of a balloon und the gas which & contans s
3500 tbs  If the balloon displace 18000 cud ft of awr and the mass of
a cub ft of awr be 125 ozs  find the acceleration with which the
balloon commences to ascend

The weight of the air displaced by the balloon=48000> 1 2507 wt

=3750 lbs wt
Hence the upward force ou the balloon

=wt of digplaced air - wt of balloon
=250 lbs wt =250¢ poundals

mitial aceeleration of balloon= IEQXLH—@—]—%‘-" = ?:92 =17
mass moved 3300 1%

EXAMPLES XIII.

1. A piece of cork, weighiug 30 grammes, 15 attached by a stung
to the bottom of a vessel filled with water so that the cork 1s wholly
mmmersed  If the sp gr of the cork be 25, find the tension of the
string

2. A block of wood, whose sp gr 18 8 ana weight 6 lbs, 18
attached by a stiing, which cannot bear a strain of more than 2 lbs
wt , to the bottom of a barrel partly filled with water in which the
block 18 wholly tmmersed  Fluid whose sp gr 19 12 18 now poured
mto the banrel, so as to mix with the watetr, until the baircl 18 full
Prove that the string will break 1f the barrel were less than two-thirds
full of watet

3. A cylinder of wood, whose weight 18 15 1bs and length 3 ft |
floats 1 water wath 1ts axis vertieal and halt ymmersed mm water.
What toree will be requited to depress 1t <ix mches more?
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4. Altic of air contans 1 29 grms and a litre of coal gas 52 gums
A balloon contains 4,000,000 hitres of coal-gas and the mass of the en-
velope and 1ts appendages 1s 1,500,000 grms  What additional weight
will 1t be able to sustain 1n the air?

5 A balloon contamming 10 cub ft of hydrogen 1s prevented
from rismng by a string attached to 1t Fmnd the tension of the
string, a cub ft of awr being assumed to weigh 125 oss and the
<p gr of awr beimng 14 6 times that of hydrogen

6. Tho volume of a balloon and 1ts appendages 1s 64,000 cub ft
and 1ts mass together with that of the gas it contains s 2 {ons, with
what acceleration will 1t cominence to ascend if the mass of a cub ft
ot air be 124 oz8 ?

7. A tnangular lamma ABC, of which the sides AB, AC arc
equal, floats 1 watcr with BC vertical, and three quarters of 1ts
length 1mmersed, being kept 1n equilibiium m tlas position by means
of a stung fastened to A4 and the bottom ot the vessel Find the sp

gr of the lamina, and shew thit the tension of the string is Q‘T“‘ of
the weight of the lamuna

66  Conditions of equilibrium of a body parily wm-
mersed wn a Lquul and supported by a strng attached to
some powné of 1t

Let P be the point of the body at which the stiing s
attached, and let 7" poundals be 1its tension

Let ¥ be the volume of the body, w its wt per umt of
volume, and @' 1ts centre of gravity

Let V' be the volume of the displaced hiquid, w' its wt.
per umt of volume, and ( 1ts centre of gravity
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Let the vertical hnes through P, @, and ¢’ meet the
surface of the hquid in the ponts 4, B, and C.

The vertical forces acting on the body are
(1) the tension 7 acting upwards through 4,
(2) the weight Ve acting downwards through 5,

and (3) the resultant vertical pressure V'w' acting up-
wards through C (Art 49)

Since these three foices are in equihbrium the po.nts
4, B, and C must be 1n the same straight hine, and also,
by Statics, Art 53, we must have

T+ Vw=Vw e (1),

and V'w' x AC=Viox AB . (11)
Ex 4 wmform rod, of length 2a, flouts partly immersed in a
ltiquud, being supported by a string fastened to one of us ends If the

density of the Liguid be % times that of the r10d, prove that the 10d wll
rest with half 1ts length out of the Liqund

Iind also the tension of the string

Let LM be the rod, N the point where 1t mects the hqud, G’ the
middle pomt of MN, and G the middle pont ot the rod

Let w be the weight of a umt volume of the 10d and §w that of
the hquid.

Let the length of the immersed portion of the rod be z, and k the
scctional area of the rod

The weight of the rod 18 & 2u w and that of the displaced liqmad
whk z éw.
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If 7' be the tcnsion of the string, the conditions of equilibrium are
T+k z gw=2¢ k w . (1),
and Ez fwxdC=2a k wxd4dB ... . ...(2)

The second equation gives

fr_dB_LO_ o _

8a~ AC LG 94- ‘12“"’.

3 - dazx +3a2=0
Hence z=a, the larger solution 3a of this equation being clearly
madmissible

Hence half the rod 18 1mmersed
Also, substituting thus value mn (1), we have

T=%.a w=% wt of tho rod.

EXAMPLES XIV,

1. A umtorm 1o0d, six feet long, can move about a fulexum which
18 above the surface of some water In the position of equilibrium

four feet of the 10d are mmmersed , prove that its sp gr 1s %

2. A uniform 1od 18 suspended by two vertical strings attached
to 1ts extremities and half of 1t 18 1mmersed 1n water , 1f jts sp gr bo
2 5, prove that the tensions of the strings will be as C 7

3 A unifoom rod capable of turning about one of its ends,
which 18 out of the water, rests inchned to the vertical with one-

third of its length 1n some water, prove that its sp gr 18 &

4, A uniform rod, of length 2a, can turn freely about one end
which 18 fixed at a height k(<2a) above the surface of a hquid, 1f
the densities of the rod and hiquid be p and o, shew that the rod can
rest either 1n a veirtical position or inchined at an angle 6 to the

vertical such that
h a
cos §= B \/a'—_ﬁ .
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Stability of equilibrium.

67. When a body 18 floating 1n iquid we have shewn
that 1ts centre of gravity G and the centre of buoyancy /4
must be 1n the same vertical me  [Art. 57.]

Now let the body be shghtly turned round, so that the
line HG becomes inclined to the vertical The thrust of
the liquid 1n the new position may tend to bring the boc'y
back 1nto 1ts original position, 1 which case the equilibrium
was stable, or 1t may tend to send the body still further
from its onginal position, 1n which case the equiibrium
was unstable,

Fre 2 Fia 8.

Th~ different cases are shewn in the aunexed figures.
Fig. 1 shews the body 1n 1ts original position of equilibrium;
in Figs. 2 and 3 1t is shewn twisted through a small angle,
In each case H' is the new centre of buoyancy and H'M is
drawn vertically to meet HG i M.

In Fig 2, where the point M 18 above G, the tendency
of the forces is to turp the’body in a direction opposite to



EQUILIBRIUM OF FLOATING BODIES, 83

that in which the hands of a watch rotate. The body will
therefore return toward its origmnal position and the equi-
librium was stable

In Iig 3, where the pomt M 18 below @, the tendency
of the forces 13 opposite to that of Fig. 2 The body will
therefore go further away from 1its original position and the
equilibrium was unstable.

[We have assumed that, 1n the above figures, the vertical
line through X/’ meets /I(/, this 18 generally the case for
symmetrical bodies ]

It follows that the stability of the equilibrium of the
above body depends on the position of 3 with respect to G
On account of its importance the pomnt A has a name and
18 called the Metacentre It may be formally defined as
follows

68. Metacentre Def. If a body float freely, and
be shghtly duspluced so that «t dwplaces the same quantity of
liquid as before, the pount (vf there be ome) wn which the
vertical lune through the mew centre of buoyancy rwets the
line govnang the centre of gravity of the body to the original
centre of buoyancy s called the Metacentre

The body 1s 1n stable o1 unstable equilibrium according
as the Metacentre 1s above or below the centre of gravity
of the body.

It follows theiefore that, to mnsure the stability of a
floating body, 1ts centre of gravity must he kept as low as
possible, Hence we see why & slup often cairies ballast,
and why 1t 18 necessary to load a hydrometer (Art. 80) at
its lower end.

In any g.ven case the determination of the position
of the Metacentre 18 a matter of consmiderable difficulty.
This position depends chiefly on the shape of the vessel

6—2
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69. If the portion of the solid which 18 1 contact
with the hquid 1s spherical, 1t 1s clear that the centre of
this spherical portion 13 the Metacentre. For the pressuie
at each pownt of the spherical surface 18 perpendicular to the
surface and so passes through the centie, hence the total
thrust passes always through the centie, and therefore the
centre 15 the Metacentre

In this particular case the equihbrium of the body for
small displacements will be stable or unstable, according as
its centre of gravity 1s below o1 above the centre of the
sphetical portion [Ct Statwes, A1t 129.]

EXAMPLES XV.

1 A wooden ball 15 floating 1n water, shew that its equlibrium
will become unstable 1f any weight, however small, be placed upon 1t
at 1ts highest point

2. A solid body cousists of a 11glt cone jommed to a hemspheire
on the same base and floats with the spherical portion partly im-
mersed , prove that the greatest height of the cone consistent with
stability 18 /3 times the 1adius of the base

3. A hollow buoy 18 made of a hemispheic and a cone joined at
their bag~s, the thickness ot the metal being the same throughout
Shew that 1t can float 1n stable equilibrium with the cone uppermost
1f the semi-1artical angle of the cone be 45° but not 1f 1t be 80°,

4, A body consists of a cybnder jomned to a hemisphere on the
same bage, and floats with the spheiical portion partly immersed in
water, find the greatest height of the cylinder consistent with stabihity,

(1) if the body be sohd and homogeneous,

(2) 1f 1t be hollow and made of metal which 18 of the same
small thickness throughout

**/0 Some harder examples on the subject of thus
chapter are appended,

Ex. 1 4 cylndrical buchet with water n 1t balances a mass M by
means of a string passing over a pulley A pece of cork, of mass m
and &p g1 o, 8 then tied to the middle point of the bottom of the bucket
80 as to be totully wmmcrsed Prove that the tension of the string
attached to the cork 1s

20mg (1 )

AM+m \o
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Let f be the acceleration with which the bucket descends, so that

f= 2M +m ’ ’ (1)
(Dynamics, Art 74 )

During the motion let T be the tension of the sting, and P the
resultant vertical thrust of the liquid on the cork

mf=mg+ T~ . . (2)
Now 1f the cork were 1emoved and 1eplaced by an equal volume,
Z‘, of water, this thrust P together with the weight of %n would

give 1t the acceleration f
—_ )
f= o g-1 . (5)

By subtracting (3) from (2), wo have

nz/’(l—l>:’l'{~mq(1—-l~)
o 12
R 1 _2¥Umg (1
* 1~1)l([,—f)<0'_1)“2:i7?'11((r ])'

Ex 2 In the previous crample, shew that the piesswre at the
lowest pownt of the curved surface of the bucket will be > than at
was orvginally, accordm_] as the volume of the corh hus to the volume

of the water a 1atio” <3 11 1 ,

Let I be the depth of the water oniginally, and H afterwards, and
let a be the 1adius of the bucket, let v and ¥ be the volumes of the
cork and water respectively, 5o that V'=mra%h

Then ratH=v+V,

and H L v+V V.

Tho pressure at the lowest pomnt of the cuived surface originally
=w &, and tho pressure when there 18 motion

=u II( - f—) [Dynamacs, Art. 80.]
v+ V

=wh - [1 e m:|
vtV 2N

=wh,

VvV 8+mt
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This 18 greater than befors if

2M (v+ V) > (2M +m)V,
ieaf 2My>mV,
te af r.m
VoM

Ex 3 A ectangle, movable about an angular point which 18 fixed
below the surface of a Liqurd, floats with s sides equally inclined to
the vertical and with half its area wmmersed wn the hquad, If the
lengths of 1ts sides be a and b, and one of the sides of length b be
entirely immersed wn the lvquad, shew that the ratio of the density of
the body to that of the hquid 18 a~b 4a

Since half of the rectangle 1sin the hiquid, the surface KL of the
liqmd pass~s through G the mddle pomnt of the rectangle Let
z=DK, and u.aw KN perpendicular to 4B Since NK, NL are
equally inclined to the horizon,

NL=NK=)
s Yab=rect AK+ AKNL=z b+40%
. ._a-b _a+b
LI and AL= 5

Let p and ¢ be the densities of the rectangle and the liqmd
The weight I of the rectangle =abp, and aots vertically through G.

The resultant vertical thrust of the iqmd is equivalent to the wt
of the amount ANKD acting vertically through the mddle point of
AK, and the weight of the amount NKL acting at its centre of
gravity.

The weight W’ of ANKD of hqui=0z o=%b(a-b)s.
The weight W of KNL of iqmd=% KN .NL.o=}1%s
4
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Also, a8 1 Statics, Art 104, W” acting at the centre of gravity of
KNL 18 equivalent to 37" at each of the angular pomnts K, N,
and L.

Taking moments about 4, we therefore have
IV x & AC cos (a+45°)

V’/
= [z cos 45+ AL cos 45° - (b - =) 008 45°] — W x } (b - 2) cos 45",

where a= L BAC
W W' a+b
-5 AC (cos & - 8in a)=—3—[z+—-2-—b+'c]—%W'(b—-z)
W?I
* W(a-b)=—3[4z+a-b]-W'(b-"),

2 -
ve. abp(a-b)=1%x3(a—b)--&b(a~b)a-x3b2 2.

N B The artifice of replacing the weight of a triangle by thiee
equal foices acting at 1ts angular points 18 often found useful in

Hydrostatics

**MISCELLANEOUS EXAMPLES. XVL

. A umform hemsphere, of weight W, floats 1n & hqud and a
weight w 18 placed on the rim, prove that the base will be displaced

through an angle tan=? ?;—:; , the rim not being submerged.

2. A thin hollow cone, with a base, floats completely immersed
i water where er 1t 1s placed; shew that the vertical angle 18

2 sn—1§,

3. Two wooden parallelopipeds, each of gp. gr %, and weighing
100 and 50 1bs respectively, are floating 1 water, and a bar rests on
them supported by iron pins fized to the middle pomts of the upper
surfaces of tha pieces of wood, if the bar weighs 100 lbs and 1its
centre of gravity be one-fourth of 1ts length from the pin on the
heavier piece of wood, find how much of each piece of wood will
remamn above the water
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4, A pusm, of weight ¥ and sp. gr %, whose transverse section
18 an 1sosceles right-angled triangle, rests with the rectangular edge
immersed 1n water, one of the remaining edges in the surface of the
water, and both the upper edges 1n contact with smooth veitical
planes, prove that the angle between the uppermogt surface of the
prism and the surface of the water 18 tan™! 3}

5, A prism, whose section 18 a triangle ABC, 1s made of umform
matenal, and floats fieely 1in water with the edge € 1n the surtace,
prove that 1its specific gravity 1s either

sin A cos g? sm_]}—cgs_i(
sin C smnC

A thin uniforin open shell 1n the form of a right eircular cone
of vertical angle 60° floats partly immeised 1 water with 1ts vertex
downwards and the lowest pomt of its cucular base just m the
surface  Show that the line joming the vertex to this pomt makes

an angle tan-? “—? with the hoiizontal

[In this case the suiface of the water cuts the cone 1n a curve called
an ellipse whose centre of gravity 18 1ts middle point, the centre of
gravity of the water displaced divides the straight Iine jomnmg this
widdle powt to the vertex i the ratio 1, 3]

7. A heavy hemispherical bowl, of 1adius a, contaming water
rests on & rough mchned plane of angle a, prove that the ratio of the
weight of the bowl to that of the water cannot be less than

28ma

sin¢g-2smna’
whele ma?cos“y .8 the area of the swiface of the water.

8. A bucket half full of water 18 suspended by a stiing passing
oves a pulley small enough to let the other end fall mto the bucket
To this end 1» tied a ball whose sp gr o 18 >2 If the ball do not
touch the bottom of the bucket and no water overflow, shew that
equibbrium 1s possible 1f the weight of the ball e between W and

‘;52 1V, where W 18 the weight of the bucket and water.

9 Two buckets contan water, the mass of each with the water
m 1t being M, and they balance one another on a smooth pulley.
Two pieces of wood, of masses m and m’ and specific gravities ¢ and
o', are then tied to the bottoms of the buckets so that they are wholly
mmmorsed , shew that the tension of the string attached to m 18

2m (M +m') (1 _ 1)

20 ym+m Y \o
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10. A cylinder, of height h and density p, floats with 1ts axis
veitical 1n a hquid of demsity oy, 1f now tﬁe density of the air
mecreases from g, to o, find by how much the cylinder will rise
or sink

11. A 10d floats upright partially immersed in a homogeneous
hgquid Prove that a small mcrease of atmospheric density will
produce a small rise of the rod proportional to the square of the
tength of the unimmersed poition

12. A cylindical piece of cork, of height %, 18 floating with 1ts
a"18 vertical i a basin of water If the basin be placed under the
receiver of an an-pump and the air be pumped out, prove that the

cork will sk through a distance f& (1~5) k, whete o and s are

1
respectively the specific gravities of air and cork

13 A body floating 1n water has volumes Py, P,, Py above the
surface when the densities of the smiiounding an are respectively
1y P1r P, Prove that
P, PP
- g 1_.)=0

P2 Ps, P3
5
1)1 F 2 3

14 A composition 1s made of two metals, 4 and B, the sp grs.
of which are o; and o, 1espectively The composition weighs a ozs

in air and b 048 1n water Prove that the 1atio of the volumes of 4

and B 1s

op(a-b)—-a a-a(a-0)

15 A body, of density p, 13 weighed by means of v eights, of
density p, (p’>p), the denmaty of the air being ¢ The density of the
air increases from ¢ to o', prove that the body we_ ag less than
(' =p) (o'~ 0)
(p=0) (o'~ 0')

16. Assumung the sp gr of an to be 00125, and that of some
brags weights to be 8 4, shew that the correction to be applied to the
apparent weight of water weighed in a balance by means of these
brass weights 18 about 1 per cent

17. 4, B, C are ballg of equal weight 4 balances £ and C
when all a1e suspended 1n a liquid of density o,, B balances C, 4 mn
a hqud of density o,, C balances 4, B 1n a liquid of density oy,
Find the sp gr of 4, B, and C

18. A tnangulax lamina 4CB, right-angled at C, floats mn a
lhiquid of %rds 1ts density, being hinged fieely at C to a point fixed
below 1ts surface and with 4B entirely out of the hqud. If CA
make an angle of 30° with the horizon and CB be bisected by the
suiface of the liqmd, prove that the lengths of C4, OB are as 2+ \/3

before by a fraction

of 1ts former weight
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19. A rectangular lamina, whose sides are as \/3 1, can turn
fieely about the middle point of one of its shorter mdes and this
point 18 fixed below the surface of the ligmud The lamina rests with
its plane vertical and one diagonal in the surface of the liqmd
Compare the specific gravities of the lamina and hquid, and prove
t}ﬁatlthe pressure on tho fixed point 18 two-sevenths of the weight of
the lamina.

20. The corner 4 of a umform square lamina A BCD, whose side
13 b 1nches long, 18 freely hinged at a point 4 inches below the surface
of some water, and the lamuna floats 1n equilibrium in a vertical
plane with the corner B in the suiface and the edge CD partly
mnmersed IFind the sp gr of the lamina

21. A rectangle movable about an angular point rests with half
its area 1mmersed 1n a iquad  If the angular point lie outside the
hquid and the rectangle float with 1ts sides equally mchned to the
vertical, prove that the ratio of the density of the rectangle to that of
the hqmd 18 3b+a 4D, where @ and b are the sides of the rectangle
and a<b

292, A umform rectangular lamina 4BCD, of sp gr. ¢ has its
corner A4 fixed at a depth ¢ below the surface of sowte water and the
corners B and C above, and D below, the surface and 1t can turn
freely about 4 It AB=2b, AD=2a, find an equatinn for 6, the angle
that 4B makes with the surface in the position of equlibrium

23. A square lamnina, of density p, floats in water, of deusity o,
with 1ts plane vertical and one angular point below the suiface, 1t
90 >32p, vrove that there are three positions of equilibriuwn 1n two of
which neither diagonal 18 vertical

24. A sou.. hemisphere, which can turn fieely about a fixed hon.
zontal diameter of 1t3 plane base, just fits 1nto a fixed hemispherical
cup, whose centre 18 the same as that of the solid hemisphere and
whose plane base 18 honizontal, if the hemisphere be turned through
any angle, and the cup be then filled with liquid of twace the sp. gr of
the sohid, prove that 1t will always be 1n equilibrium,

25. A solhid cylinder hangs vertically by a hec sy chamn and 18
partially 1mmersed 1 a large vessel of water The chain passes over
& smooth pulley and a surtable counterpoise 18 attached to the other
end which hangs freely. If the diameter of the cylinder be properly
adjusted, shew that the equilibrium of the cylinder 1s neutral, i ¢ that
1t wall rest wath any length immersed

26. A hemispherical bowl rests on the top of a gphere of double
its radius, and water 18 slowly poured into the bowl, prove that the
eqmlibnum will be stable until a weight of water, equal to half the
weight of the bowl, has been poured 1n.
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CHAPTER VI.

ON METHODS OF FINDING THE SPECIFIC GRAVITY
OF BODIES

71. Ix the present chapter we shall discuss some ways
of obtaining the specific gravity of substances
To find the speafic gravity of any substance with
1espect: to water, we have to compare 1ts weight with that
of an equal volume of water
The principal methods are by the use of
(1) 'The Specihc Gravity Bottle,
(2) The Hydrostatic Balance,
(3) Hydrometers, and
(4) The U-tube
We shall consider these four 1n order.

72. Specific Gravity Bottle This is a bottle
capable of holding a known quantaty of liquid It 's wade
in two forms  In (1) the neck of the bottle 13 open, and a
mark 1s made on the neck up to the level of which the
bottle is always exactly filled In (n) the bottle 1s closed
by a tightly-fitting glass stopper, which 18 pierced by a small
hole to allow the superfluous hquid to spirt out when the
stopper is pushed home,
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(1) o find the specafic granity of a swen higuad.
Let the weight of the bottle when exiausted of air be w.
‘When filled with water and the stopper put in, let the
weight be w'
When filled with the given hiquid let 1ts weight be w”.
Then
w' —w_ weight of the water that would 11l the bottle, and
w” —w = weight of the liquid that would 11 tho bottle.

Since w"” —w and w’ —w are the weights of equal quan-
tities of the given liquid and water, the refore, by Art 19,
the sp. gr of the hquid 1s

W' —w
w—w

(2) To find the specvfic gravity of @ g wen solrd whach 18

angoluble vn water

Let the solid be broken into pieces ¢ mall enough to go
mto the hottle, and let the total weight ¢ \f the pieces he W.
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Put the sohid into the bottle, fill 1t with water and put
1n the stopper, and weigh Let the resulting weight be .
Let the weight of the bottle when filled with water only
be 2’

Then
W +w' = total weight of the sohd and of the bottle when

filled with water
Also

w" = total weight of the solid and of the bottle when filled
with water — weight of the water displaced by the
sohd

Hence, by subtiaction,
W+ w' —w'" = weight of the water displaced by the solhd

Therefore W and T + ' —w" are the weights of equal
volumes of the sohid and water, so that the 1equired sp gt
w

= Wiw

In performing the operations deseribed some precautions must be
taken and conections made The water should be at some defimte
temperature, a convenient temperature 1s 16° C

If 1t were convenient the weighings should take plarce in vacuo
For, as oxplained i Art 62, the air displaced by the cights and the
bodies weighed has some etfect on the result of a delicate experiment
In practice the weighings take place in air and corrections are apphed
to the results obtained

73 1f the body be, hike sugar, soluble in water, 1t
must be placed 1 a hiquid 1n which 1t 18 1nsoluble In the
case of sugar alcohol 1s a surtable hqud

Again, potassium decomposes water , 1t therefore should

be weighed in naphtha

Using the notation of the last article, we have in these
cases

sp gr of the sohd w
sp. gr. of the liquud ~ W+ —2”"
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Hence, the sp gr of the hiqud being known, we obtain
the sp. gr. of the body

74 Ex 1 A sp yi bottle when filled with water weighs 1000
grawns  If 850 grawns of a powdered substance be wntroduced into the
bottle it wesghs 1250 grawns  Find the sp yr of the powder.

Here 1250=1000 + wt. of substance — wt of the water 1t displaces
~ wt of water displaced =wt. of substance — 250 =100 grains,
_wt _gf_substgnce . lf;:‘ig
wt of displaced flmd ~ 100
Ex, 2 The effect of the awr being neglected, the sp gr. of a solid

body w found by a spectfic gruvity bottle to be o, if a be the sp. gr of
the awr, shew that the real sp gr 13 d—a(g—1)

=3 8.

= required sp gr =

Let p be the real sp gr of the body, V; 1ts volume, and ¥V, the
volume of the watct that the bottle would contain Let D be the
sp gr of the substance of which the ¢ weights ” are made, and w the
weight of unit volume of water

Then w’, w” and W being the apparent weights, found as in
At 72, we have

wt 1n atr of bottle+ wt 1n air of the water=wt, 1n an of w’,
1e asin Ait 63,
wt. 1 awr of bottle + Vyw (1 — a) =w’ (1 ——%) < e (1)
So

wt. 1 air of bottle +wt. 1 air of (V,— V;) of water +wt, 1n air
~f 7, of the substance=wt 1 air of w",

i ¢. wt. 1n air of bottle+ (V,— V) w (1l -a)+ Vyw (p-a)

=w" (1 - %) (‘Z)
Subtracting (1) from (2), we have
=V (1-a) £ Vo fp-a)=(" - w) (1-3),

i.e. Vi (p-1)=(w" ~w') (1 - %) B )8
Also wt 1n air of the substance=wt in air of W,

Vo (p-a)= W(l-—%) ceeene + sumesnae ().
Dividing (3) by (4), we have
P_l wll«wf

=

o-a w
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/4
Now from Arxt. 72 (2), we have o= i ="
o1
pal

sow-w'=W.

p-1_o-1

[

.o

pra= o

po—0o=ps—p-ac-ta,

ie p=c—a(oc-1)

EXAMPLES. XVIL

1. A given sp. gr. bottle weighs 795 grains; when full of water
it weighs 18763 grains and when full of another liquid 14271 grains.
Find the sp. gr. of the latter liquid:

2. Wren a sp. gr. bottle is filled with water it is counterpoised
by 988 grains in addition to the counterpoise of the empty bottle and
})y 778 grains when filled with alcohol; what is the sp. gr. of the
atter?

3. A sp. gr. bottle, full of water, weighs 44 grms. and when some
pieces of iron, weighing 10 grms. in air, are introduced into the bottle
and the bottle is again filled up with water the combined weight is
527 grms. TFind the sp. gr. of iron.

4, A sp. gr. bottle completely full of water weighs 384 grms., and
when 22°3 grms. of a certain solid have been introduced it weighs
49'8 grms. Find the sp. gr. of the solid.

5. A sp. gr. bottle weighs 212 grains when it is filled with water;
60 grains of metal are put into it; the overflow of water is removed
and althe bottle now weighs 254 grains. Find the sp. gr. of the
metal,

6. Shew that the same correction as in Arxt. 74, Ex. 2, is
necessary if the lensity of a liquid be found by means of the specific
gravity bottle, the effect of the air having been neglected.

75. The Hydrostatic Balance. This is an ordinary
balance except that it has one of its pans suspended by
shorter suspending arms than the other, and that it has
2 hook attached to this pan to which any substance can be
attached.
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(1) 7o find the specrfic gravity of a body which would
suink wn water
Let W be the weight of the body when weighed in the
ordmary manner Suspend the body by a fine stiong
thread or wire attached to the hook of the shorter arm of
the scale-pan, and let the body be totally immersed m a
vessel filled with water
Put weights into the other scale-pan until the beam of
the balance 1s again horizontal, and let «w be the sum of
these weights.
Then
w =apparent weight of the solid in water
=real weight of the body — the weight of the water 1t
displaces
= W — wt of the displaced water
W —w=wt of the displaced water.
Also W =wt of the solid
W IwT requited sp gr
If the hy.1d be not water, but some other hquid, then
s sp. gr of the body

W=w  sp. gr of the hquid’
1e the ratio of the sp grs of the body and hiquid is the
ratio of the real weight of the body to the loss of weight of

the body when immersed 1n the given hquid

(2) To find the specific gravity of a body which would
Sloat wn water

In this case the body must be attached to another body,
called a sinker, of such a kind that the two together
would sink in water
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Let W be the weight of the body alone,
W’ the weight of the sinker alone,

w the weight of the sinker and body together when
placed 1n water,

and  w the weight of the sinker alone 1n water
Then

w=real wt of the sinker and body— wt of the water
displaced by the sinker and body (Art 02)

=W+ IV’ — wt. of water displaced by the sinker and body
S W+ W —w=wt of water displaced by the sinker and

body (1)
So W' —w'=wt of water displaced by the sinker
alone. (2)

Hence, by subtraction,
VW —w +w =wt of water displaced by the body alone.
Also IV =real wt of the body.
" W:g—:&,:sp gr. of the body.
It will be noted that the r1esult does not contain ¥¥7, which 18 the
weight of the sinker, so that in practice this weight 1s * _v 1equired

(8) Zofind the specific gravity of a gwen liquad

Take a body which 1s 1nsoluble 1 the given liquid and
. water, and let 1ts actual weight be W

‘When suspended from the short armn of the hydiostatic
balance and placed 1n water, let 1ts appurent weight be w

‘When the given liquid 18 substituted for water, let the
apparent weight be ',

Then w = wt. of the body —wt of the water 1t displaces.

Hence wt of the water displaced = W —w.

So wt, of the hquid displaced = W —w/.

L. H. 7
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Hence W—w' and W-—w are the weights of equal
volumes of the hquid and water

W—-w'

W w

=requred sp. gr.

76. Jolly’s Balance consists of a long spiral spring
carrying two scale-pans, one above the
other, and 18 so arranged that the lower
scale-panisin water The spring hangs
i front of a vertical divided scale The
body, whose sp gr. 1s to be found, 18
placed 1n the upper scale-pan, and the
pownt to which the spring 18 extended 18
noted by means of the scale The body
18 then 1eplaced by weights sufficient to
produce the same extension as before,
and the weight of the body thus deter-
mined. The body 13 then placed 1n the
lower pan 1n the water, and extia
weights placed in the upper pan till the
spring ha again the same extension
as before. These extia weights measure
the loss of weight which the body
undergoes through being placed in the
water, 16 they are equivalent to the
weight of the water displaced by the
body

The weight of the body and the weight of the water
displaced have now been found, and thus the sp, gr. 1s
known

77 Ex 1. A4 piece of copper weighs 9000 grms n awr ana
7987:5 grms. when weighed in water. Find 1ts apecyfic gravety.
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Here
7987 6=9000 —~ wt of water displaced by the copper.
~  wt. of displaced water=1012 5.

=88.

*. required sp gr.= 9090«-
- req P 8=10195

Ex 3 A4 piece of cork weighs 30 gams wn arr, when a pmece of
lead 13 attached the combined werght wn water 18 6 grms , of the werght
of the lead in water be 96 grms , what 18 the sp gr of the cork?

If w be the wt. of lead 1n air,
the wt of water displaced by the lead and cork
=w+30 -~ combined wt 1n water=w+30-6=w+24,
So wt of water displaced by the lead =w -~ 96
Hence the weight of water displaced by the cork
= (w +24) — (w ~ 96) =120.
30 1

sp gr of the coxk=1—2—6=1.

Ex. 8 If a ball of platinum weigh 20 86 ozs in air, 19 86 wn
water, and 19 36 wn sulphuric acid, find the sp gr. of the platinum and
the sulphuric acid.

‘Wt. of the water displaced by the platinum
=2086-19 86=1 oz,

Wt. of the sulphurio acid displaced by the platinur
=2086 ~19 36=1 5 oss.

Hence the sp gr of the platinum ==29-f 662 28, =20-86,

and the sp. gr. of sulphurie acid= ];1_5_02255_=1 5

78. 1If the substance whose specific gravity is to be
determned is, like sugar, soluble 1o water or if it absorbs
water, it may be coated with wax

Ex Some sugar weighing 68 grammes 18 coated with 11 grammes
of waz whose sp. gr. 18 ‘88, If the whole weighs 261} grammes in
waler, find the sp, gr. of the sugar.

72
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Weight of water displaced by the sugar and wax
=68+ 11 - 264 =524 grammes.
Weight of water displaced by the wax

1
=-gg x 11 grammes =12§ grammes,

weight of water displaced by tho sugar
=52% ~ 124 =40 grammes,
~ 8p gr of the sugar=§5=17

EXAMPLES. XVIII

[In Exs. 1—17 the sp. gr. of the air 18 neglected ]

1. If a body weigh 782 grms 1n air and 252 grms in water, what
181t sp gr ?

2. A picce of flint glass weighs 2 4 ozs, 1 an and 16 028
water, find 1ts sp gr

3 A piece of cupric sulphate weighs 8 ozs 1 air and 1 86 ozs
m ol of turpentine What 18 the sp gr of the cupric sulphate, that
of o1l of turpentine being *88?

4, It 18 required to find the sp gr of potassium which de-
composes water. A piece of potassium weighing 432 5 gims 1n awr
is weighed 1n naphtha, the sp gr of which 18 847, and 18 found to
weigh 9 grm=  What 1s the sp gr. of potassium ?

5. A piece of lead weighs 30 grains 1n water. A piece of wood
weighs 120 grains 1n air and when fastened to the lead the two
together weigh 20 grains in water Find the sp gr. of the wood

6. A solid, which would float 1n water, weighs 4 lbs , and when
the solid 18 attached to a heavy piece of metal the whole weighs 6 lbs
in water, the weight of the metal in water being 8 lbs, find the
sp gr of the solid

7. A body of weight 300 grms and of sp gr 5 has 200 grms. of
another body attached to 1t and the joint weight 1n water 18 200 grms,
Find the sp gr. of the attached substance

8. A piece of glass weighs 47 grms 1n air, 22 grms, in water, and
25'8 grms. 1n alcohol  Find the sp. gr. of the aleohol.

9. A bullet of lead, whose sp gr.1s 11-4, weighs 109 ozs. m aur,
and 1 oz 1n olive o1l. Find the sp gr. of the ohve oil.
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10, A ball of glass weighs 665 8 grammes 1n air, 465 8 grammes
1 water and 297 6 grammes 1n sulphurio acxd 'What 18 the sp gr
of the latter?

11. A piece of sugar weighing 40 grammes 13 coated with
576 grammes of wax whose sp gr 18 96 If the whole weighs
14 76 grammes 1n water, find the sp gr. of the sugar

12. Some copper weighs 72 grammes and 18 coated with
18 grammes of wax whose sp gr 18 9 If the whole weighs
62 grammes 1 water, find the sp g1 of the copper

13. A piece of marble, of sp gr 2 84, weighs 92 grms, 1n wate
and 98 5 grms 1m oil of turpentine Find the sp gr of the o1l and
the volume of the marble

14. A body 1s weighed 1n two liquids, the first of sp g1 8 and
the other of sp gr 12 In the two cases its apparent weights are 18
and 12 grms respectively  I'ind its true weight and sp gr

15. The apparent weight of a sinker when weighed 1n water 1s
5 times the weight 1n vacuo of a portion of a certain substance; the
apparent weight of the sinker and substance together 18 4 times the
same weight, find the sp gr of the substance

16. A given body weighs 4 times as much 1n air as 1 water and
one-third ag much again 1n water ag mn another liquud  Find the sp
gr, of the latter liquid

17. The crown used by tho Stuart Sovereigns which wa- destroyed
m the 17th century was said to have been made of pure gold (sp gr

=19 2) and to have weighed 71} Ibs How much 7 « 1t weigh n
water?

If 1t had been of alloy, partly silver (sp. gr =10 3) and paitly
gold, and had weighed 74l 1bs m water, how much of each metal
would 1t have contained?

18. Thesp gr of a body found by the Hydrostatic Balance, the
observation beln.g 1n air and 1ts effect neglected, 18 ¢, prove that this
result 18 really too great by a (¢ — 1), where a1s the sp gr. of air.

79. Hydrometers. A hydrometer is an instrument
which, by being floated mn any hquid, determines the
sp gr of the hquid. There are various forms of the
hydrometer, we shall consider two, viz. the Common
Hydrometer and Nicholson’s Hydrometer,
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80. Common Hydrometer. This consists of a
straight glass stem ending 1n a bulb, or bulbs, the lower of
which 1s loaded with mercury to make the instrument float
with 1ts stem vertical,

To find the specific gravity of a given liquid

When immersed in the given liquid, let the mstrument
float with the point D of the stem at the surface of the
hquid.

When immersed in water, let it float with the point C
of the stem 1n the surface of the water

Let ¥ b- the total volume of the instrument and a the
avea of the section of the stem, this section being constant
throughout the stem

When 1mmersed in the first liquid, the portion of the
stem, whose length 18 4D and whose volume 18 a. 4D, 18
out of the hiquid The volume 1mmersed 1s therefore

V-a.4D
Similarly, when placed in water, the volume immersed is
V-a.AC.

In each case the weights of the displaced liquids are
equal to the weight of the instrument, so that the weights
of the liquids are the same,
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Hence, if s be the sp gr of the liquid, we have
8(V—a.4D)=V—-a AC.
e V@ AC
' V—a.AD’

In practice the mstrument maker sends out the common
hydrometer graduated by maiking along 1ts stem at different
prnts the sp grs of the hiquids in which the given instru-
ment would sink to these points

A hydrometer to shew the sp gis of hquds of all
densities would have to be inconvemently long Hydro-
meters are therefore usually made 1 sets to be used for
hiquids specifically highter than water, for medium hquids,
and for very heavy liquids 1espectively

8l. Let O be a pont on the stem of the hydrometer,
produced if necessary, such that the volume of the length
A0 of the tube 18 equal to V, the total volume of the
hydrometer

Henee V=a AO.

The result of the previous article then gives
- V—a.dC
" V—a.4D
~2 A0—a 40
a.40—~a.4D
=9
0D
Hence 0D= Qg .




104 HYDROSTATICS.

The hydrometer may be then theoretically graduated
thus; Let C be the pomnt at which the mstiument would
float in water, let O be the point on the stem or stem
produced, such that the volume of the length OC of the
stem 1s equal to that of the water displaced by the mnstru-
ment when floating 1n water, then the graduation D
corresponding to any sp gr 8 1s given by

()D:—O—g.
8

It follows that for values of the sp gr & in Anithmetical
Progression the distances 0D are 1n Harmonical Progression,
whilst if the distances OD are in A p the corresponding
Sp gr are 1 NP

There are thus two types of the common hydrometer ,

(1) Twaddell’s hydrometer, used 1n England Here
the values of s ascend 1n A.p, (eg 1,1025,105, 1075, )
and the corresponding values of O.D descend 1n 1 p, so that
the marks of graduation become closer together the lower
they are on the tube

(2) Beaumé’s hydrometer, used on the Continent.
Here the values of OD are 1n AP so that the distances
between the marks of graduation are the sawme, the corre-
sponding values of ¢ are now 1n u p

82 Ex 1 Thewlole volume of a common hydrometer 18 6 cubic
wnches and the stem, which 18 a square, 18 émch wn breadth, 1t floats
m one hquid with 2 inches of 1ts stem above the surface and wn another
1lmth ; wnches above the surface  Compare the apecific gravities of the

tquL

In the first iquud the volume 1mmersed

1 191

=6-2 =3 cub, ms,
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In the second hiquid the volume immersed

4 190
=6- =33 ocub, 1ns,
Hence, if 8; and s, be the requned specific gravities, we have
191 190

39 817 35 %
tos; & 190 191,

Ex 2 The stem of a common hydrometer 18 cylindrical, and the
Inghest graduation corresponds to a specific gravity of 1 whalst the
lowest corresponds to 12 What specific qravity will correspond to a
pownt exactly mudway between these dwwisions ?

Take the notation of Art 81 Let € and D be the points which are
1 the surface of the iquid when the specific gravity of the latter 15 1

and 1 2 respectively, so that OD:?—% (1)
Let D, be the point half-way between ¢ and D, and ¢ the corre-
sponding specific gravity, so that OD, = (2)
oc o¢

.. S2=0D,=}(0C + 0D)=§[oc+-ﬁ

2 9
o= 1+%=J‘(§J‘, 50 that G:%‘*{ =109
This result 1t will be noted 18 not half-way between 1 and 1 2
More generally, if s, and s, be the specific gravities corresponding
to any two graduations of the common hydiometer, then the sp gr, s,
corresponding to the graduation which 1s half way between these two,
1s given by
1 1

2
iTats

& b9
83. Nicholson's Hydrometer. 'This hydrometer
consists of a hollow metal vessel 4 which supports by a
thin stem a small pan B on which weights can be placed.
At 1ts lower end 18 a small heavy cup or basket C, which
should be heavy enough to ensure stable equilibrium when
the 1nstrument 18 floated in a hquid

The instrument may be used to compare the sp grs. of
two hquids and also to find the sp. gr. of a solid
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On the stem is a well-defined mark D, and the method
consists of loading the instrument tall 1t sinks so that this
mark 18 1n the surface of the two liquids to be compared.

(1)  Zo find the sp gr. of a given liqurd

Let W be the weight of the imstrument Let w be the
weight that must be placed on the pan B, so that the point D
of the mstrument may float 1 the level of the given hquid.

Let w, be the weight required when water 18 substituted
for the given hiquid

In the first case 1t follows, by Art 57, that W+w 1s
the weigh. ~f the hiquid displaced by the mnstrument.

So W +w,is the weight of the water displaced by the
instrument

Hence W+w and W+w, are the weights ot equal
volumes of the given hqud and water
W +w
W+w,’

(2) 7o find the sp gr of a solid body

Let w, be the weight which when placed in the pan B
will sink the mstrument in water to the point D

Place the sohd upon the pan and let the weight now
required to sink the instrument to D be w,.

The required sp gr. therefore -
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The weight of the solid therefore = w, —w,.

Now place the solid 1n the cup C underneath the water,
and let w; be the weight that must be placed in B to sink
the mstrument to D.

The wt of the solid together with w, has therefore the
same effect as the wt. of the sohd 1n water together
with w;

. wt of the sohd + w,
= wt. of the solid in water + w,.

Sv wy—w, =wt of the sohd — wt of the solid m water

=wt of the water displaced by the solid

(Art 62)
Also w, — wy= wt of the sohd
W, —Wy
relerie the required sp gr.

It will be noted that a Nicholson’s Hydrometer always
displaces a constant volume of liquid, whilst the Common
Hydrometer always displaces a constant weight of liquid

84 Bx A4 Niwcholson's Hydrometer when loaded with 200 grains
wn the upper pan sinhs to the marhed point wn water, a stone 18
placed wn the upper pan and the werght 1equired to sinh t to the
same pownt 18 80 grains, the stone 13 then placed in the lower pan and
the weight required 18 128 grawns, find the sp gr of the scone

The weight of the hydrometer bemg W grains, the weight of the
fluid dusplaced 18 equal to

() W+200,
(1) W+80+wt of stons,
and (1) W+128+wt of stone in wader.

o W4200=1+80+wt of stone
=W +128 4+ wt. of stone in water,
& 120=wt. of stone . vor seene (1)
72=wt of stone 1n watler
=120-wt of water displaced by stone . (2)
. wt of stone 120
» required sp. 8T =5t of Water displnced by stone 130 - 72
120 5

= e 2 2 205,

48 2
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EXAMPLES. XIX,

1. A common hydrometer weighs 2 ozs and 18 graduated for
sp. grs. varymg from 1 to 1 2 What should be the volumes 1n cubic
s, of the portions of the instrument below the graduations 1,1 1,
and 1 2 respectively ?

2, When a common hydrometer floats mn water f’o-ths of 1its
volume 18 1mmersed, and when 1t floats 1n milk -19095 of 1t8 volt me
18 1mmersed, what 1s the sp gr of milk?

3. A hydrometer floats in a liquad of sp gr 12 and then 4 inches
of 1ts stem are exposed , if 1n a liqwd of sp gr 14 eight inches are
exposed, how much will be exposed 1f 1t floats 1 a liquid of density
13?

4. The sp g1 corresponding to the lowest mark on the stem of a
hydrometer 18 1 6 What 18 the sp g1 corresponding to the highest
mark 1f the reading half way between the two 151 3?

5. The volume of a common hydrometer 1s 12 cub oms and 1ts
weight 18 9 grammes How much of 1t will be unimmersed when 1t 18
put into a hqud of sp gr 85°

6. A common hydiometer has a small portion of 1ts bulb rubbed
off from frequent use In consequence when placed in the water 1t
appears to indicate that the sp gr of water 18 1002, find what
fraction of 1ty weight has been lost

7. The.e are thiee hiquids 4, B, C; a hydrometer of varable
mmmersion 1s placed in them successively, 1t floats with 2 inches of
1ts stem out of 4, with 3 inches out of B, and 4 inches out of C, the
sp gr of 4 being 8 and that of B 85, what 18 the sp gr of C?

8. A Nicholson’s Hydrometer weighs 8 ozs The addition of
2 ozs to the upper pan causes 1t to sink 1n one hiquid to the marked
point, while 5 0z8 are required to produce the same result m another
hiquid, Compare the sp grs of the hquids

9. A Nicholson’s Hydrometer, of weight 4§ ozs , requires weights

of 2 and 23 ozs respectively to sink it to the fixed mark in two
different liquids Compare the sp grs. of the two lhiquids.

10. A Nicholson’s Hydrometer 1s of weight 8{- ozs., and & weight

of 1& ozs. 18 necessary to sink 1t to the fixed mark in water., Whet
weight will be required to sink 1t to the fixed mark in & liqud of
density 2°2°?

'
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11. A certain sohid 1s placed in the upper cup of a Nicholson’s
Hydrometer, and 1t 18 then found that 12 grains are required to sink
the instrument to the fixed mark, when the solid 1s placed i the
lower cup 16 grains are required, and when the sohd 18 taken away
altogether 22 grains are required , iind the sp. gr of the sohd

12. The standard weight of a Nicholson’s Hydrometer 18 1250
gramns A small substance 1s placed m the upper pan and 1t 18 found
that 530 grains are nceded to sink the imstrument to the standard
pomnt, when the substance 18 placed 1n the lower pan 620 grains are
required What 18 the sp gr. of the substance?

13. In a Nicholson’s Hydrometer if the sp. gr of the weights be
8, what weight must be placed in the lower pan to produce the same
effect as 2 04s 1 the upper pan?

14. The sp g1 of a body found by a Nicholsow's Hydrometer 18 o
when the eflect of the air 15 neglected, piove that the real sp gr s
o —8(0—1), where 8 15 the specific gravity of awr  Also, of W be the
apparent werght of the body as found from the experiment, find its
real weight

Let D and p be the real sp gr of the * weights” and the body,
let w, w,, wg be a8 m Art 83, and let IV; be the real weight of the
body and 1V, the weight of the instrument

Asn Art 83, W=w, ~w, and 0= 2" "2,
Wy — We

The experiment being performed as 1n Art 83, we have

Wo+w, (1 - 1%) =wt of the water displaced,

Wy+wy (1 - 185) + W (1 -%) =wt of the water displaced,

s 1
and IVﬁ"'ws(]‘"B)"’Wl(l";):n ” » 1) ”»

, by subtraction, W, (1 —%) = (wy - wy) (1 —1-'3) cvevenenseennnnn(1),

and w, (l:_s ) v e vnnnnennnnne(2)

Ol =

.y by division, L

S o p=8+0(l-8)=0-8(c~1).
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Also (1) gives
1-2 17(1-12
le w -—’2 = D P

1-2 p=s
P

w<1_%)

=m-[o’—l(d‘-1)]

8 8
= (1-3) [+ )
[We have neglected the weight of the air displaced by the un-

mmmersed portion of the mstiument, this 18 constant and thus,
like 17,, does not appear 1n equations (1) and (2).]

15. If a common hydrometer be accurately graduated for use ;n
a vacuum, show that the error due to using 1t 1 air of sp gr ¢ will
be an apparent increasc of ¢’ of specific gravity, where ¢’ 18 to ¢ 1n
the ratio of the volume of the hydrometer ummmersed to that
mmersed.

16 A common hydrometer has a portion of 1ts bulb chipped off,
and when placed mn liquids of densitics a, 8, y 1t mdicates densities
o/, B, 4 respectively , prove that

_ Vo (o’ - ) )
YR a @B -7 (W -aB)
85. U tube method. If two liquids do not mix there
18 another method, by using a bent tube, of comparing their

Sp. gra.

ABC is a bent tube having a uniform section and
straight legs
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The two liquids are poured into the two legs and rest
with their common surfaces at D, and with the surfaces in
contact with the air at P and Q.

Let .D be 1n the leg BC and % the point of the leg 4B
which 1s at the same level as D

Let s, and s, be the sp grs. of the liquids

If w be the weight of a umit volume of the standard
substance, the pressures at £ and D are respectively

s.w EP+11 and s,.w.DQ+11,
where II 1s the pressure of the air
For equilibrium these two pressures must be the same

8w EP+II=s8, w DQ+IL
.8 _DQ

. s =P’
ve the sp grs of the two hiquids ai1e 1nversely as the heights
of their respective columns above the common surface.

EXAMPLES. XX.

1. The lower portion of a U tube contains mercury. How many
wmches of water must be poured mto one leg of the tube to rmse the
meicury one 1nch in the other, assunung the sp gr. of mercury to be
186?

9. Water 18 poured 1nto a U tube, the legs of which are 8 inches
long, till they are half full As much oil as possible 13 then poured
into one of the 1gs. What length of the tube does 1t occupy, the sp.

gr of oil being §?

3. A uniform bent tube consists of two vertical branches and of
& horizontal portion uniting the lower ends of the vertical portions,
Enough water 18 pomed 1 to occupy 6 inches of the tube and then
enough o1l to occupy 6 1nches 18 poured 1n at the other end. If the
sp. gr of the o1l be 31, and the length of the horizontal part be 2
inches, find where the common surface of the ol and water 1s
mtuated.
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4, The lower portion of a U tube contans mercury Some
Iiguid 18 poured mmto one of the limbs until 1t occupies 8 inches of
the tube If the difference of the levels in the two limbs 18 found to
be 7 1nches and the sp. gr. of mercury 18 13 6, what 13 the sp gr, of
the hquid ?

5. The lower ends of two vertical tubes, whose cioss sections
are 1 and 1 square inches respectively, are connected by a tube and
this tube and the two vertical tubes contain merecury of sp gr 13 596
How much water must be poured 1ato the larger tube to raise the level
of the mercury 1n the smaller tube by one inch?

6. A U tube, the sections of whose arms ate 2 8sq cms, and 18q
em 1¢spectively, 18 placed with 1t8 gams vertical and above the bend
A quantity of mercury, whose sp gr 18 13 65, 1s poured nto the tube
and 52 cub cms of water are then poured into the wider arm
Through what distance will the addition of the water cause the

*mercury mn this arm to descend?

7. A U tube of cross section a with equal vertical legs contains a
hgqud of density p In the hquid on one side there 18 floating freely
a solid body of volume ab and density ¢ (<p) The length of the
other leg unoccupied by liquid 18 ¢.  Another liquid of density s (<o)
18 then poured into the leg 1n which the solid 1s floating till that leg
18 fall ~ Shew that the length which 18 still unoccupied of the other
leg 19

p=T
PIETEE R
86. Hare’s Hydrometer. This instrument consists
of two hollow vertical tubes connected by a hollow horizon-
tal tube @, from the latter procceds a small tube which
can be secured by a stopper or other contrivance.

The two vertical tubes have their ends placed in
the tvo liquds 4 and B, whose sp. grs are to be
compared

By attaching an air-pump at R, or by simple suction,
a certain quantity of air 18 drawn out, so that the pressure
of the awr 18 reduced from the atmospheric pressure II to s
pressure IT',
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The iiquids then rse in the two tubes to some such
levels as £ and F.

Let C and D denote the corresponding levels in the
vessels 4 and B and let the heights CZ and D/ be measured
Let s, s, be the sp. grs of the hquids in the vessels 4
and B.

By Art 31, we then have
O=1 +ws, CE,

and O=IU+ws, DF
o 8,.0E=8 DF,

. 8 _ CE

2.6, 3, = 'D_F’

giving the ratio of the sp grs of the two liquids
If s, be a known liquid, say water, then s, 1s thus found

Tt is clear that the method of Hare’s Hydrometer 1s
that of an mnverted U tube
LH % 8
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87. Specific gravity Balls. A method often adopted
te find the sp. gr. of a hquid 1s to use small glass balls,
loaded with mercury, the load being so adjusted that cach
ball just floats 1n a hquid of a defimte sp. gr. If a number
of these balls be put into a hquid, some will float and some
will sink  Probably no ball will exactly float ; but generally
there is not much difficulty in finding one ball will just sink,
and another ball which will float with not quite all its volue
immersed The required sp gr of the liquid will lie between
the sp gis. denoted by these two.
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CHAPTER VIL

ON GASES.

88 W=z have pointed out 1n Art 3 that the essential
difference between gases and liquids 1s that the latter are
practically incompressible whilst the former are very easily
compressible

The pressure of a gas 18 measured 1n the same way as
the pressure of a iquid  In the case of a liquid the pressure
18 due to 1its weight and to any external pressure that may
be applied to 1t In the case of a gas, however, the external
pressure to which the gas 1s subjected 1s, 1n general, the
chief cause which determines the amount of 1ts pressure

89. Alr cxerts a pressure. This may be seer. from
several experiments,

(1) If we put a bladder of air into the receiver of an
air-pump and exhaust the air from the receiver, the
pressure of the air inside the bladder 1s no longer counter-
acted by that of the awr outside the bladder, the bladder
increages 1n size and finally bursts,

8—2



116 HYDROSTATICS.

(2) If we push a glass tumbler mouth downwards into
water, 1t will be seen that the level of
the water inside the tumbler is lower
than that outside, the pressure of the
wnprisoned air forces the water down.

(3) An experiment known as that
of the Magdeburgh hemispheres wasfirst
made 1n the middle of the seventeenth
century. Two hollow hemmsplieres were
fitted together very accurately, so that
they were air-tight  The hollow mside
was then exhausted of air It was
then found that very great force was
necessary to separate the hemspheres
If they are a foot 1n diameter, the force
to be exerted on each is more than
1600 Ibs wt

90. Air has weight This imay be shewn experi-
mentally as follows

Take a hollow glass globe, closed by a stopcock, and by
means of an aiwr-pump (Art. 137), or otherwise, exhaust
1t of air, and weigh the globe very carefully

Now open the stopcock, and allow air at atmospheric
pressure to enter the globe, and again weigh the globe very
carefu.ly.

The globe appears to weigh more in the second case
than 1t does 1n the first case This increase 1n the weight
ig due to the weight of the air contained 1n the globe.

The sp. gr. of air referred to water is found to be
001293, i.e. the weight of a cubic foot of air is about
1 293 ounces.



PRESSURE OF THE ATMOSPUERE. 17

So at a pressure of 76 cms. of mercury the density of
dry air is *001293 grammes per cub cm.
1
001293 = 773 nearly.
91, Tt may be sumlarly shewn that any other gas has
weight and pressure

The following are the specitic gravities of some principal
gases at 0° C and a pressure of 76 cmns of mercury.

Aar 001293.
Oxygen 001430,
Hydiogen 000089.
Nitrogen 001256.

Carbonic Acid 001977

Hydrogen 1s hence about one-fourteenth as heavy as arr,
and thus 1s very useful for filling balloons, Caibome acid
gas 18 much heavier than air, and 1t may be poured like a
hiquid from one vessel into another.

92. Pressure of the atmosphere.

Take a glass tube, 3 or 4 feet long, closed at one end B
and open at the other end 4. Fill 1t carefully with mer-
cury. Invert 1t and put the open end 4 into a vessel
DEF@ of mercury, whose upper suiface is exposed to the
atmosphere Let the tube be vertical.

The mercury inside the tube will be found to clescend
11l 1ts surface is at a point C' whose height above the level
H of the mercury 1n the vessel 18 about 29 or 30 inches

For clearness suppose the height to be 30 inches The
pressure on each square inch just inside the tube at H 1s
therefore equal to the weight of the superincumbent 30
inches of mercury.
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But the pressure at I/ just mside the tube 18 equal to
the p1essute at the surface of the mercury in the vessel, which

again is equal to the pressure of the atmosphere in contact
with 1t

Hence 1 our case the pressure of the atmosphere is
the same as that produced by a column of mercury
30 inches high

This experimment 18 often referred to as Torricellr’s ex-
perimewt, and the vacuum above C 1s often called Torricellt’s
vacuum

1f the height of the column of meicury inside the tube
be carefully noted, 1t will be found to be continually
changing Hence 1t follows that the pressure of the at-
mosphere 18 continually changing It 1s, in general, less
when the atuwosphere has n 1t a large quantity of vapour.

93. The piressure of the atmosphere may, when the
height of the column I/C' 1s known, be easily expressed 1n
lbs. wt. per sq foot or sq nch.

For the density of pure mercury 13 13:596 times that of
water, w.e. it 18 13596 ounces per cubic foot.
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When the height of the column HC is 30 inches, the
pressure of the atmosphere per sq 1nch

=wt of 30 cubic inches of mercury

13596
1728 x 16

=14756 1lbs, wt.

Similarly 1in centimetre-gramme units, if the height of
the column be 76 cms., the pressure of the atmosphere per
sq cm =wt of 76 cub c¢ms of mercury

=wt of 76 x 13 596 cub cms of water
=76 x 13 596 grammes wt,

=1033 296 grammes wt.

=1013663 376 dynes

=30 x Ibs wt.

94  Standard atmospheric pressure The atmosphere
18 said to be at standard pressure when the height of the
column of the mercury barometer 18 76 centimetres and
the tempeirature 18 0°C  This corresponds to a pressure,
as m the previous article, of about 1013663 dynes per
square centimetie

In England the height for the standard pressure is
usually taken to be 30 inches (=76 2 cms. nearly). The
corresponding pressure 18 14 76 lbs wt per sq foot.

This standard pressure, depending as 1t does upon the
weight of a certain quantity of mercury, 18 not the same at
all points of the Karth’s surface (Dynamacs, Art> 70)
Hence 16 has been suggested that 1t would be well to take
a pressure of one million dynes (ue. a mega-dyne) per
gquare centimetre as the standard presswe. This would
correspond to a barometrio height which

1000000

= 98T 15596 °0> = 70 oms. very nearly.
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Large pressures are often expressed in terms of the
pressure of the atmosphere as the unit.

95. Height of the Homogeneous Atmosphere.
If the atmosphere were homogeneous, which 1t 1s very
far from being, it would be easy to calculate 1ts height.
The height however of that atmosphere which, if 1t were
of the same density as the air at the earth’s surface, would
give the same pressure at the earth’s surface as the actual
atmosphere does, 18 called the height of the homogeneous
atmosphere. ’

The sp gr. of air 18 about 0013, so that its weight per

cubic foot = 0013 times the wt. of a cubic foot of water
=about 0013 x 62} Ibs wt

If A be the 1equired height of the homogeneous
atmosphere 1n feet, then
h x density of air =ht. of mercury barometer

x density of mercury.
density of mercury
density of air

13596 30
= 0013 * 12
=26146 feet nearly
=nearly five miles,

o=

x height of the mercury barometer

feet

The pressure at any point of the earth’s surface is thus
roughly equal to what it would be if the atmosphere were
throughout of the same density as 1t 18 at the earth’s
surface, and 1f 1t were § miles in height

96. Barometer. The Barometer is an instrument
for measuring the pressure of the air. In its simplest fora
it consists of a tube and reservoir similar to that used in
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the experiment of Art 92, and contains liquid supported
by atmospheric air, The pressure 1s measured by the height
of the hquid mside the tube above the level of the hqud in
the reservorr.

The hiquid generally employed 1s mercury, on account of
its great density. Glycerine is sometimes used 1nstead

The ordinary height of the mercury barometer is
between 29 and 30 inches,

If water were used, the height would be about 33 to
34 feet.

97. Siphon Barometer. The usual form of a
barome’sr 1n practice 18 a bent tube 450, the diameter
of the long part 4B being considerably smaller than that
of the short part BC. It 1s placed so that the two portions
of the tube are vertical.

The end of the short limb is exposed to the atmosphere,
and the end 4 of the long limb 1s closed. The long limb
is usually about 3 feet long and inside the tube is &
quantity of mercury Above the mercury in the long
limb there is & vacuum,
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When the surfaces of the mercury in the two hmbs
are at P and C respectively, the pressure of the air 1s
measured by the weight of a column of meicury whose
height 18 equal to the vertical distance hetween P and C,
v e to the vertical distance P.D where D 1s u pont on the
long himb at the same level as C,

Fo1, since there 18 & vacuum above P, the pressure at D
18 equal to the weight of a column of mercury of height DP.

Agan, since C and D are at the same level, the pressures
at these two points are the same, also the pressure of the
mercury at C 15 equal to the pressure of the atmosphere
Hence the pressure of the atmosphere 18 equal to the
weight of the column D2

The tube DI" 18 marked at regular mtervals with num-
bers showing the height of the barometer corresponding to
each graduation

98. Graduation of a barometer In graduating a
barometor there 1s one unportant pownt to be taken iuto
considorati~n, and that 15 that 1f the level of the mercury
1n B4 nises the level of that in BC must fall The required
height of the barometiie column 1s always the difference
between these two levels

Suppose the section of the part BA to be uniform and
equal to {;th of a squaie inch, and that the sction of the
larger tube near €' 13 uniform and equal to one square 1uch

Also suppose that the level of the mercury in the smaller
tube appears to rse one inch Since the increase of the
volume of mercury in one tube corresponds to a decrease
n the other, 1t follows that the level of the mercury in the
shorter tube has fallen 4;th of an inch
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Hence the height between the two levels has increased
by (1++%), e 1iths of an mnch Therefore an apparent
mcrease of one inch 1n the height of the mercury does, in
om case, correspond to a real increase of }jths of an inch

So an apparent increase of 3¢ 1nch corresponds to a real
mncrease of one inch

To avoid the trouble of having to make this correction,
the tube B4 1s divided nto intervals of 19 inch, and the
markings are made as if these mtervals are really inches.

More generally  Let the long limb be of sectional area
4 and the short himb of sectional area 4’, and suppose both
4 and 4’ to be constant

A 115, of ¢ 1n the level of the mercury in the long limb

would cause a fall of ‘%a, 1 the short hmb
Pe

Hence an apparent increase of ® 1n the height of the
barometiic column would correspond to a real increase of

4 4+ 4
z+ T e of 4
AI
So an apparent increase of Y would correspond to
a 1eal 1ncrease of x.

Hence, to ensure correctness, the distances between the
successive graduations in the long hmb are shoiter than
they are marked in the 1atio 4’ . 4 +4".

If the barometer 18 not so giaduated, but has the
distances between the graduations marked at their true
value, then to get the tiue height from the apparent height
we must multiply the latter by 1 + -:—:—, This 18 known as
the Correction for the Capacuty of the Custern
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99. Correction for Temperature. Mercury expands
with heat, and therefore 1ts density dimimishes; so also
does the measuring rod, usually made of brass, which
measures the apparent height of the mercury. For accu-
rate measurements 1t is therefore necessary to choose some
standard temperature, for the higher the temperature the
less the weight of a certamn length of mercury This
standard temperature 1s usually the freezing point of water

Let 2 be the observed height of the mercury at
temperature ¢° Centigrade, and let A, be the corresponding
height at 0°C

1f a (=about 00018) be the coeflicient of expansion of
mercury per degiee Cent, wo have

hy[1+at]=h
. _h
. 9 =~ m
=h(1+at)'=A(l - at),
approximately, by the Binommal Theorem, since a is very
small,

Again, 1f the divisions of the scale are true inches at
0°C, and 1f B be the coefficient of linear expansion of the
scale, then A apparent mches are really A(1 + (¢) inches at
t°0.

o hy="h(1 - at) apparent inches
=h(1+pt) (1 — at) real inches
Now, mn the case of brass, 8 18 very smau, and = about

000019.
" hy=h[l - (a-pB)t-af?]
=h[1 ~ (a - B)¢] nearly.
Also a—f3=-00018 - 000019
= 00016 nearly.
o hymh ~+00016 x 4 x 6.
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Thus from the apparent height A must be subtracted

the small quantity
00016 x A x ¢,

In a simlar manner it could be shewn that the cor-
1ection for temperatures IFahrenheit 18 — 00009 (¢ — 32) 4
nearly, at temperature ¢° F,

This correction 18 often made by the help of tables
which give 1ts value for all ordinary temperatures, and
barometric heights.

100. Correction for wnequal wntenswy of grawty.
When barometric observations extending over a large area
are compared, a correction must be applied for the unequal
intensity of gravity Tt 1s usual to reduce these observa-
tions to sea-level 1n latitude 45° It could be shewn that

g =g,[1 ~ 00257 cos 2A —1 96 x & x 10-9],
where g 1s the intensity of gravity at the given place,
whose latitude 18 A and whose height 18 4 centimetres above
the sea-level, and g, 18 1ts value at the sea-level 1n latitude
45°,

The observed height must thus be multiphed vy

1 — 00257 cos 2\ — 196 x & x 10-°
to reduce 1t to sea level mn latitude 45°.

101 There are also other corrections due to Capillarity
and Vapour Pressure

On account of capillarity, the top of the mercury in the
tube 18 not flat but 18 convex

The mercury 1n the tube gives off a certain amount of
vapour, and :ts pressure tends to depress the column.

These two sources of error are however both very small
1 the case of a mercury barometer.
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In the case of a water-barometer the vapour-pressure 1s
of much more 1mportance

102. Aneroid Barometer. This is a form of baro-
meter where there 18 no column of mercury or other hquid
In 1t the varying pressure of the atmosphere 1s shewn by
1its varying effect on the thin metallic cover of a closed and
partially exhausted chamber or box The motion of this
cover 18 by means of levers magnified and communicated
to an index which shews the change of pressure The
graduation of thig instrument 1s made by comparing 1t with
a standard mercury barometer

The aneroid barometer can be made of small size and
weight, and 1ts portability 18 a very important advantage
But 1t cannot be made to be as accurate as the mercury
bairometer,

EXAMPLES. XXI.

1. At the bottom of & mine a mercurial barometer stands at
77 4 cm: , what would be the height of an 01l barometer at the same
place, the sp. grs of mercury and oil being 13 596 and 9?

9. If the height of the water barometer be 1033 cms , what will
be the thrust on a circular disc whose radius 18 7 cms when 1t 18 sunk
to a depth of 50 motres mn water?

38 Glycenne riscs 1n a barometer tube to a height of 26 ft when
the mercury barometer stands at 30 s The sp gr. of mercury
being 13 6, find that of glycerine

1If an 1ron bullet be allowed to float on the mercur; in a barometer,
how would the height of the mercury be affeoted ?

. The diameter of the tube of a mercurial barometer is 1 om
and that of the cistern 18 4 5 cms  If the surface of the mercury in
the tube rise through 2 5 cms, find the real alteration in the height
of the barometer

5. The diameter of the tube of a mercurial barometer is } in

and that of the cistern 18 1,} ins  When the surface of the mercury
11ses 1 1n., find the real alteration in the height of the barometer.
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103. Connectron between the pressure amd demsity of
a gas

Tt 18 easy to shew that the density of a gas alters when
1ts pressure alters

Take an ordmnary glass tumbler, and immerse 1t mouth
downwards 1n water, taking care always to keep 1t vertical
As the tumbler 13 pushed down into the water the latter
rises nside the tumbler, shewing that the volume of the
air has been reduced

Also the pressure of the contained air, being equal to
the pressure of the water with which 1t 1s 1 contact, 18
greater than the pressumie at the surface of the water Also
the pressure at the surface of the water 1s equal to atmo-
spheric pressure, which was the original pressure of the
contained au  Hence we sce that whilst the contained air
18 compressed 1ts pressure 18 mncreased

Consider again the case of a boy's pop-gun To expel
the bullet the boy sharply pushes in the piston of the gun,
thereby reducing tho volume of the air considerably, since
the bullet 1s expelled with some velocity the pressure of the
air behind 1t must be icreased when the volume of the air
18 reduced

As another example take a bladder with very little air
1 1t but tied so that this air cannot escape Place the
bladder under the receiver of an air-pump and exhaust the
arr. As the air gets drawn out 1ts pressure on the bladder
becomes less, the am mside the bladder 18 ther efore subject
to less pressure, and 1n consequence expands and causes
the bladder to swell out

The relation between the pressure and the volume of a
gas 18 given by an experimental law known as Boyle’s
Law, which says that
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Z'he pressure of a gren quantity of gas, whose temperature
remains unaltered, varies inversely as 1t3 volume

This Law 1s generally known on the Continent under
the name of Marriotte’s Law

104. In the case of air the law may be verified
experimentally as follows

ABC 18 a bent tube of umiform bore of which the arms
B4 and BC are straight The arm BC 1s much longer
than B4

At 4 let there be a small plug or cap which can be
screwed 10 so as to render the tube BA air-tight.

o)

-G

First let this cap be unscrewed. Pour in mercary at ¢
until the surface 18 at the same level D and £ 1n the two
tubes

Screw 1n the cap at 4 tightly so that a quantaty of air
is enclosed at atmospheric pressure

Pour in more mercury at €' until the level of the
mercury 1n the longer arm stands at G. The level of the
mercury in the shorter arm will be found to have risen to

i
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some such point as I, which however 13 below &. It follows
that the air in the shorter arm has been dimmmished in
volume

Let & be the height of the meicury barometer at the
time, and let /{ be the point on the longer tube at the same
level as ' 'Theu the pressuie of the enclosed air

=pressure at &
=7pressuie at 7/
=wt of column /@ + pressure at (¢
=wt of column /G + wt of column A
=wt of a column (G +4)
final pressure _wb of a column (HE + h) V(e Lfo

oliglnu. pressure wt ot a column A h

origmal volume of the an DU
final volume of the air ~ 74

Also

1t 18 found, when careful measurements are made, that

UG +h DA
T h T FA
. final pressuie origmal volume
original pxe;;ﬁre: final volume

v e final pressure . original pressure
1 1
final volume original volume
This proves vhe law for a diminution in the volume of
the air

105. Boyle’s Law for an expansion of an may be
verified#in the following manner

Take a vessel contaimng mercmy and a tube AC
partially filled with mercury and open at the end C.
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Insert the tube and hold it in a vertical position with
1ts unclosed end € under the surface of the mercuiy in the
vessel Hold 1t initially so that the level of the mercury
mside and outside the tube 1s the same Let the pont of
the tube which 1s now at the surface of the mercury be B,
so that the enclosed air when at atmospheric pressure
occuptes a length 4.8

Raise the tube some distance out of the mercury The
arr will be found to expand and also the mercury to 1se
nside the tube Let the common surface of the mercury
and eaclosed air be now at D,

If % be the height of the mercury harometer at the time
of the experiment, the original pressure of the air inside the
tube was goh  After the tube has been hifted the pressure
of the air inside 18 the same as that of the mercury at D),
and = pressure at £—gp NE=gp(h— DE)

Also the orginal and final volumes are proportional to
AB and AD

1t 18 found, on careful measurements being made, that
h—-DE AB
T h 4D

final pressure _ onginal volume

1o that —————— =S
original pressure  final volume
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106. Boyle’s Law may also be verified by the follow-
ing method, which 18 a modifi-
cation of that of Art 10f, and
18 applicable to hoth increases
and decreases of the volume of
the air

AB and CD are two glass
tubes which are connected by
flexable rubber tubing and are
attached to a vertical stand B
AB 1s closed at the top but C/D
1sopen A vertical scale 1s fixed
to the stand, and CD can move
m a vert.;al direction parallel
to thus scale The rubber tubing
and the lower pait of the glass ,, i
tubes are filled with mercury.
The upper part of the tube
AB 18 filled waith air, and 1ts
pressure at any tume 18 weasured by b+ E£D, where £ is
at the same level as B and A 1s the height of the meicury
barometer  Raise or lower the movable tube ¢ Then
n all cases 1t will be found that

1
® KT ED’
1

t.e that volume ¢ —--—- ,
pressure

AB

107 Until comparatively recent tumes 1t was supposed that
Boyle’s Law was perfeotly accurate Moie careful experiments have
shewn that 1t 18 not strictly accmate for all gases It 18 however
extremely near the truth for ga<es which are very hard to hquefy,
such as air, oxygen, hydrogen, and mitiogen Most gases are rather
moze compressible than Boyle’s Law would 1mply,

92
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1t 1s found that for all gases, except hydrogen, the product of the
volume and pressure duminmishes, for moderate pressures, as the
pressure 1ncreases, and that this diminution 1s greater the more easily
the gas 1s hquefied, on the other hand, for hydrogen tho product of
the volume and pressure slightly 1ncreases as the pressuie incieases

A gas wiich accurately obeyed Boyle’s Law would be called a
Perfect Gas The above-mentioned gases are neaily perfect gascs

108 Tet »’ be the orgmal pressure, v’ the orgmal
volume, and p’ the original density of a given mass of gas

‘When the volume of tlus gas has been altered, the
temperature remaining constant, let p be the new pressure,
v the new volume, and p the new density of the gas.

Boyle’s Law states that

r_Yv
p'~77’
ce p v=p o e (1)

Now p.wand p’ v are each equal to the given mass of
the gas which cannot be altered

p oo=p VY. e (2)

From (1) and (2), by division,

Hence%m always the same for a given gas Let 1ts

value be denoted by £, so that p=kp

Ex  Assuming the sp q» of air to be 0013 when the height of the
mercury barometer 18 30 wnches, the sp qgr of mercury to be 13 596,
and the value of g to be 32 2, prove that the value of k, for foot-second
units, 18 841906 nearly

Iund also the value for 0.6 8 units, assuming g=981 and that t...
hewght of the mercury barometer 18 76 cms
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p_- x 13596 x g x oz{, poundals per square foot,

and p= 0013 x 624 lbg
30 5oy 1
o k—-——-xlS 596 x 32 Zx—oﬁm
10944780

=1 =811906 neatly.

n ¢ 68 measuio,

=70 <13 596 x Y81 dynes per 8q cm.,

and p== 0013 grammes per cub ¢m
. 70 x 13 596 x 981 _ 7b x 135960 x 981
© e 0013 =TTtz T

=779741000 nearly

109 Ex 1 The sp gr of mercury 1s 13 6 and the baromete
stands at 30 vy A bubble of gas, the volume of which 18 1 cub in
when 1t s at the bottom of a lake 170 ft deep, 115es to the surface
What wil be s volume when 1t 1eaches the swiface?

If w be the weight ol a cub ft ot the water, the pressure per
8q tt at the bottom of the lake

=170w+13 6 x 2fw
= 204w
Also the presswie at the top ot the lake=13 6 x 2w
=34w
Hence, 1f « be the requned volume, we have
o x 3tw=1x 204w.
£=0 cub 1ns.

Ex 2 At what depth in water would a bubdble of ar sink, grven
that the werghts of a cub ft of water and air are respectwely 1000 and

li 0z8 , and that the herght of the water barometer 18 84 ft 2

Let & be the depth at which the bubble would just float This 19
te case when the density of air at this depth 18 just equal to the
density of water.
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Then, by Boyle's Law,

2+34 _ density of air at dopth =
8¢ ~  atmospherie density

density of water
atmospherie denity
= 1000 =800.

1}

s+ 2=271066 ft =shightly gieater than 6 miles

, stnce the bubble yust foats,

Below this depth the bubble would sink, above this depth 1t would
1186

110 Cartesian Diver Tlus toy consists ot a hollow
glass bulb at the bottom ot which
18 a small opening, to this bulb
18 attached at its lower end a
counterpoise—usually the hguie
of a man. There 18 some ann
the bulb, and the amount of this
air and the weight of the toy are
so adjusted that the whole would
Just tioat 1n water

It floats 1n the water con-
tamned m a cyhnder, the upper
end of which 1s closed by a piece
of bladder or mmdia-rubber It
the hand be piessed on this
bladder, the air underneath 1s
compressed, and thus by Boyle's
Law 1ts pressure increased This
additional pressure 1s conveyed
through the water to the air
mside the toy and the volume of
this air 18 thus decreased, by Boyle’s Law
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The Diver now displaces less water than before, and
thus the upward vertical thrust of the water 15 decreased
Hence, since 1ts weight 1emains unaltered, it simnks

On rémoving the hand the pressure s lessened, and the
diver 1 genetal 11s¢5 again

If the vessel be deep enough 1t may however happen
that, even when the estcinal an pressure 1s 1emoved, the
an 1nswde the bulb, when 16 15 at the bottom of the vessel,
may occupy so hittle space that the weight of the diver
exceeds the weight of the displaced water. TIn this case
the toy will not rise again

EXAMPLES. XXII

1. Wlatis the sp g1 of the an at standard pressure (700 mm
of mercury) when the sp g1 ot ar at a pressure of 700 mm. of
mercury, referred to water at 4° C. as standurd, 18 found to be
001192

2. When the height of the meicurial barometer changes trom
29 45 1ns to 30 23 1ns , what 18 the change i the weight ot 1000 culy
s of air, assuming that 100 cub 1ns of air weigh 31 grains at the
former pressure?

3 When the water barometer 18 standing at 33 ft a bubble at
a depth of 10 ft from the surface of water has a volume of 3 cub, 1ns
At what depth will 1ts volume be 2 cub ms ?

4 Assuming the height of the water barometer to be A, find
to what depth an inverted tumbler must be submerged so that the
volume of the air mnside may be reduced to one-third ot 1ts original
volume

Find also to what depth & small inverted comical wine glass must
be lowered o0 that the water may 11se half way up it

5. A cylindrical test tube 18 held in a vertical position aund im
mersed mouth downward in water When the middle ot the tube 18
at a depth of 32 75 ft. 1t 18 found that the water Las rigen half way
up the tube Tind the height of the water barometer.

6. A uniorm tube closed at tho top and open at the bottom as
plunged 1nto mercury, so that 25 cms of 1ts length 18 occupied by
gas at an ntmosgbeno pressure of 76 cms of mercury, the tube 1s
now raised till the gas ocoupies 50 cms., by how much has 1t been
rased ?
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.\ Whufure tho uses of the small hole which 18 made n the id
f a teapot and of the vent peg of a beer banel?

8. A hollow closed eylinder, of length 2 ft, 13 full of ar at the
astmospheric pressure cf 15 lbs per square mch when 1 piston 1s
12 mms from the base of the cylinder, more ar 1s forced in thiough
& hole 1n the base of the cylinder till therc 1s altogether thiee times
as much air 1 the cylinder as at first, 1f the piston be now allowed to
1ieo 4 18, what 1s the pressure of the air on each side of the piston?

Through how many inches mnst the piston move from 1ts onginal
position to be again 1 equilibiium?

9 A balloon half filled with coal-gas just floats 1n the air when
the mercury barometer stands at 30 ns  What will happen if the
barometer sinks to 28 ms ?

What would happen if the balloon had been quite full of gas at
the lugher pressuie?

10 A gas-holder consiats of a cylindrical ve§sel inverted over
water Its diameter 1s 2%— ft and its weight 60 Ibs  Find what part
of the weight of the eylinder must he counterpoiced to make 1t supply
gas at a pressure equivalent to that of 1 1n ot water

11. A pint bottle containing atmosphenie air just floats in water
when 1t 18 weighted with 5 ozs  The weight 18 then 1emoved and the
bottle imme1sed neck downwards and gently pressed down

Shew that 1t will just float ficely when the level of the water m<ide
the bottle 13 11 ft below the surtace, and will sink af lowcred further,
and nise 1f 1a1sed higher  The water barometar stands at 33 1t und
a pint of water weighs 20 ozg

12 A closed awr-tight ¢yl nder, of height 2a, 19 half full of water
and half full of air at atmospheiie pressuie, which 18 equal to that
of a column, of height %, of the water Water 13 intioduced with-
out letting the air escape so as to fill an additional height % of
the cylinder, and the pressure of the base 1, thereby doubled Iiove
that

k=a+h-Nalh+13

13. In a vertical c¢ylinder, the horizontal section of which 18 a
square of side 1 ft, 15 fitted a weightless piston  Tuitially the aiwr
below the piston occupies a space 7 ft 1n length and 13 at tho same
pressure as the exteinal aiwr, 6 cub ft of water are taken and two-
thirds of a cub {t of wron If the ron be placcd on the piston
it sinks 1 ft  If the water also be then poured on 1t, 1t sinks
through zﬁf ft  I'ind the sp gr of wron and the beight of the water
barometer,
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14. A hollow eylinder, of height k and open al the top, 13 1nverted
and partially immersed so that a length & of 1t 13 under water, prove
that the air 1nside 1t occupies a length © given by the equation

2+x(H+k-h)=H h,
where H 18 the height of the water barometer

15. An open canister, 43-7,3 ms high, 18 inverted over a vessel
of mercmy and pressed down until 1ts bottom 1s 1n the surface of the
flmid  Fiad how hugh the meicury will have risen within the canister,
the height of the mercury barometer bang 30 ins

16 A comeal wine-glass, 4 s 1n height, 18 lowered, mouth
downwards, 1uto water till the level of the water inside 18 34 ft
below the smfice, the height of the water barometer being 34 ft,
what 1s the height of the part of the cone now occupied by ar?

17 A thin conical surface of weight W just sinks to the surface
of a liquud when immersed with 1ts open end downwards, when
immersed with 1ts vertex downwairds a weight mW must be placed
mside 1t ‘o make it 8ink to the same depth as before, 1f h be the
height of a barometer ot the same liquid, prove that the height of the

, "
cone 18 hmw/l+m

18 A cncular evlmda closed at one end has a height of 8 ft
and the area of the external cross section 1s £y that of the internal
(10se scetion as 7 4, the thichness of the flat end may be neglected
and the sp er of the cylinder 15 2

This vessel 18 pushed into water with the mouth dowmwards,
prove that 1f the depth of the mouth exceed 13 ft , the eylinder will
of 1tself sink lower, the height of the water batometer beir | 33 [t

19. A cylinder, of hewght 5 {t with 1ts axis vertical, 18 full of
awr at atmospherie pressure, and 18 closed at the top by a tightly
fitting piston of mass 30 1bs , if the piston sinks 2 ft under its own
weight, find the thrust that must be applied to the piston to torce
1t down an additional 2 ft

20 A piston of weight 62 57 lbs fits accmately m a cylinder,
whose ax18 18 v treal, and cucloses a volume of air which 18 1 ft 1n
height when 8 ft of water stands mn the cylinder above the piston
A sphere of density 6 6 and diameter 9 s 18 now suspended by a
stung ficely, and 1s completely numersed i the water, if the
diametor of the oylinder be 1 {t, find the depth through which the
piston will sink

21 A piston, of weight W, 14 placed at the middle of a horizontal
oylinder which 1t closely fits, the air on each sde of 1t being of
atmospherie pressure 1I, and the ends of the cyhnder closed The
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cyhnder 18 then tilted up till 1ts axis 18 1nchined at angle a to the
horzon, prove that the piston will be 1 equilibrium again at a
distance from 1ts original position equal to
a [»’ 1 ¥\ cosec? a - A cosec a,
where 2a13 the length of the ecylinder, 4 18 the area of the piston, and
I 4
A== “iy

22. A weightless piston hts into a vertical eylinder, of height A,
closed at 1t8 base and hlled with ain, and 19 imitially at the top of the
eylinder, water 1s slowly poured into the cylinder upon the top of the
piston, prove that a quantty which would hll a length h— H of the
eyhinder can be poured 1n betore any r1uns over, where H 15 the height
of the water barometer

Easplam the case wheie I > 1

111 Relattons between the pressure, temperature, and
density of a gus

It can be shewn expeiumentally that a given mass of
gas, for each incirease ot 1°C 1n 1ts temperature, has 1ts
volume wcreased (provided its pressure remain constant)
by an amount which 1s equal to 003665 times (= 544 nearly)
1ts volume at 0° C

Thus, if ¥V, be the volume of the given mass of gas at
temperature 0°C and a stand for 003665, the increase m
volume for each degree Centigrade of temperature 1s aV,
Hence the increase for ¢°0 18 aV, ¢, so that if V be the
volume of this air at temperature ¢° C, then

V=Vy+ aVot =V, (1 +at)
If p and p, be the 1espective densities at the temperatures
¢ C and 0° C,, then, since

PV‘ PoVon
we have @=—;—/~=l+at.
p

Soope=p (1l +al)
The above law is sometines known as Gay-Lussac’s
and sometimes as Charles’.
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112. A relation stmlar to that of the previous article
holds for all gases For those approximating to perfect
gases a 1s very nearly the same quantity

If the temperature be measured by the Fahienheit
thermometer and not the Centigrade, the value of o 13
% % 335 nearly [for 180 degrees on the Fahrenheit scale
equal 100 degrees on the Centigrade scale, 27¢ 1°F = §°C ]

Ex 1 If the volume of a certain quantity of awr at a temperature
of 10°C' be 800 cub cms , what will be 1ts volume (at the sume pressure)
when 1ts temperature s 20°C ¢

If V be 1ts volume at 0°C , then

, 1 283
300=1"+10 773 V_Z’ﬁiV’

273
o~ V—ZES » 300,
1

o 20" = p? a
Hence the volume at 20" 0 =V +20 973 14

203 ZH . 7
‘Q%l P x 00 = 310 (,ub cms.

Ex 2 The volume of a certain quantity of gas at 15° ¢ 18 400 cud
cms , if the pressure be unaltered, at what temperatwre will ts volume
be 600 cub cms ?

Let t be the required temperature Then

t
500 _ volume at temp ¢°0 1+ 273

400 = volumio at temp 15°C 1410
273

_ 213+t
288
. t=87°C.

113. Suppose the gas at a temperature 0°C to be
confined 1n a cylhnder, and to support a piston of such a
weight that the pressure of the gas 18 p, and let the density
of the gas be p,, so that

P=kppciniiiniiieniineninnnn o+ (1)
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Let heat be applied to the cylinder till the temperature
of the gas 1s raised to ¢° C., and let the density then be p

By Charles’ law we have then

Po=p(l+at) covvvriens vennnnen (2)
From (1) and (2), we have

p=kp (1 + at),
giving the relation between the piessure, density, and
temperatwie of the gas

114 Absolute temperature Tf a gas were con
tinually cooled till 1ts temperature was far below 0°C, and
if 1t dit not hquety and continued to obey Chailes’ and
Boyle'’s Laws, 1ts pressure would be zero at o temperature /,,
such that

1 e when f=—==-2T73,

This temperature —273° 18 called the absolute zero of
the Air Thermometer, and the temperature of the gas
measured from this zero 1s called the absolute temperature
The absolute temperature 18 generally denoted by 7', so
that

T=1+L
a
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Hence
p=p(l +at) = hpa (}: . t) —EpaT

Therefore, 1f ¥ be the volume of a certain quantity of
gas, we have

p ¥V

o

Hence the product of the pressure and volume of any
g1ven mass of gas 18 proportional to 1ts absolute temperature

=ka [V p]=ka x mass of the gas =a constant

Ex The radwus of a sphere contamning ar 18 doubled, and the
temperature rased fiom 0°C to 91°C  Diove that the pressure of
the awr 13 reduced to one-gixth of s original value, the coefficient of
evpansion per 1°C. bewng 3.

Let p be the original and p’ the final pressure, p tho or1ginal and
¢ the final density

Since the radius of the sphere 1s doubled, the final volume 18 8
times the original volume

P=kp
. ?L’=kp'(1-f-1‘.9l):1[1+91]
) kp 8 273
1 364 _
8 2737 6°

EXAMPLES XXIII

[In the following examples take o as 3}, ]

1 Find the volumes at 0°C and pressure 76 cms of mereury of

(1) the air whose volume at pressure 80 cms and temp 80°C
13 100 cub cms

(2) the air whose volume at 3 atmospheres and temp 100°F
18 3 cub. ft

2. If a quantity of gas under a pressuie of 57 1ns of mercury
and at a temperature of 69°C occupy a volume of 9 cub ins, what
volume will 1t ocoupy under a pressure of 51 ins of mercury and at a
temperature of 16°C ?
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3. A mass of air at a temperature of 89°C and a pressure of
32 1ns of mercury occupics & volume of 15 cub ms. What volume
will 1t occupy at & temperature of 73° C. under a pressure of 64 ins of
mercury ?

4 At the sea-level the barometer stands at 750 mm and the
temperature 19 7°C, while on the top of a mountun 1t stands at
400 mm and the temperature 18 13°C , cowpare the weights of a
cub metre of an at the two placey

5. A cylinder contains two gases which are separated from each
other by a movable piston The gases are both at 0°C and the
volume of one gas 18 double that ot the other If the temperature of
the first be raised t°, prove that the piston will move through a space

2lat
9+ Gat
of expansion per 1°C

, where ! 18 the length of the cylinder, and a 13 the coeflicient

6. The radius of a sphere containing air 18 doubled and the
temperature 1a1sed fiom 0°C to 455°C  Shew that the pressure ot
the air 18 reduced to one third of 1ts original value, the coeuicient of

expansion of air per 1°C bung ;i3

7. TFind the value of %,i for a gramme of air supposing a centi-

metre cube of air at 80"C to be 001 giatame when the height ot
the baromcter 18 76 cms, the density of meicury 13 596, and tho
numerical value of the acceleration of gravity Y81, the expansion of
air at a constant pregsure fiom freezing to boitling point being from
1 to 1 366

8. A piston accurately fits a cylinder and moves freely in 1t,
mitially 1t 15 placed mm the middle of the ¢ylinder and the ends are
closed The cylinder bang placed vertically the distance of the
piston from the top 18 \/2 times 1t« original distance The tempera-
ture 1n the two parts being raised to the absolute temperatures #
and t,, the piston goes back to the middle of the cylinder. Shew
that the original absolute temperature of the cylinder was ¢, ~¢,

115. Pressures of a mixture of gases It can be
shewn experimentally that 1f two gases occupy two vessels
and be of the «ame temperature and pressure, and 1f they
be mixed together, the pressure of the mixture 13 the same
as before, provided that no chemical action takes place
Letween the gases.
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116  If the pressures of two gases of the same tempe-
rature and wvolume v be p, and p,, the pressure of the
maxture of the two gases, when the combned volume 18 v, 15
Py + Pay the temperature beang unalter ed

Change the volume of the second gas so that its pressure

18 p, Its volume, by Boyle’s Law, 1s then i
1

We thus have two volumes, » and 1[7—’, of different

21
gases each at pressure p,

Let them be mixed together
By the experimental fact of the previous article they
foim a mixture of volume v+ v;';? at pressute p;
1

Let the volume of the mixture be now changed to »
and let the corresponding pressure be 72 Then, by Boyle's
Law, we have

)
v ]’=<v+v[-—3»> X Pry
P
X P=p +p,

117. Two wvolumes, v, and v, of differenc gases at
different pressures, p, anwd p,, aie mied together «nd put
wto a vessel of volume V, find the resulting pressure, the
temperatures bewng constant

Change the pressure of the second gas from p, to p, .
by Boyle’s Luw 1ts volume changes from v, to %P
1

‘We thus have two gases, of volumes v, and 32—7)—’, each of
M
pressuie p,
As before they form a mxture, of volume v + %72-’

ot pressure p,.
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Let the volume of this mxture be changed to V and in
consequence the pressurc to £ Then, by Boyle’s Law,

P V=p x (’”1 + v;}&) TPVt Paley
1
1¢ the required pressure

_ U+ vy

118 1If, as in A1t 116, we had several gases, each of
volume v, and of presswies p,, p,, py,  we should stmilarly
have that the pressure of the mixture, when of volume v,
18 Py + Pyt Pst

This 1s known as Dalton’s Law tor the mixture of gases
and may be put thus, If seveial gases are included 1n a
given volume, the pressure of each 1s the same asif the
others were absent, so that the pressure of the mixture 13
the sum of the pressures exeited by the separate gases.

Ex Masses m, m’ of two gases in which the 1atios of the pressure
to the density are respectively k& and &' arve nuxed at the same
temperature Shew that the ratio of the presswme to the density in
the mixt re 18

mk | A
m-+m'

‘119 Determination of heights by means of the
barometer [f the atmosphere be at rest and s temperature
constant, then, 1f pownts be takem whose heights above the
earth are wn Aruthmetical Progression, (the common dyfference

bevny small,) the piessures ut these points are wn G ¥

Tet P, P;, P;, be a series of points in a vertical
line, and let
OP,- P\Py=P,Py= =P ,0,
=3, where 3 15 small

Consider a column of air, of small horizontal section, whose
axi8 18 the straight line OP,P,

* The student who 18 acanainted with the Intogral Caleulus mav
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The distance 8 being small, we may consider any layers
of this column to be of constant density throughout, let
the densities of the laycis commencing from the bottom
be pi, p3y , and therefore thew pressuies kp,, kp,,
which we may take to be the piressures at the points
0) P 1 P 2

The difference of the piessures on the faces at O and /°,
supports the element 0P, FHence

~ kpy=gp,8

So for the columus PP, P, I’P,, . we have
bp,— hps = gp.f3,
kpy = kpy = yp,3,

kpn—-»l - kl)n = .‘//)n—lﬁ

—r,

Hence py;=p, [:l - ‘!B R "
Pezpz{:l”(l/? [l-v~ B

i oy

37 f EP"'

en[i-] o[-y, ER

= pp- 1[1"!"8‘] I:l—-@ "-‘.

Hence the densitics py, p;, py, .., and therefore the
corresponding pressuies, are 1 G.P.

If p be the density just above £,, we have similarly

e[l T
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If we put 28 = Ak, so that p 1s the densaby at « height
above the ground, we have

1
Let o2,

J’l 1 ~gh

then p= ,,'[1 - _J - {{" ;]—~} .

Now let # be creased indefimitely, 4 being kept cor
stant, v ¢ let the number of layers into which 02,18 divide
be made inhimte

Then 1t 18 known that

Ltjl -~ 1] z—-—-e,
2= L
where e 18 the basc of the Napienan systom of logarithms
=1k
p=p ¢4t

This formula gives the denwty at « height 2 1n tenws o
that at the suiface of the earth It has been obtained o
the a sumption that g 13 constant, this 1s only tiue for.
compar. tively short distance from the carth’s suwface Th
temperature 15 also supposed to be constant which will no
be the case for any considerable ditlerence 1n altitude

120 7o find the diflecence an the altitude of two poud
by means of barometric 1eadings
The formula of the preceding article gives
- gh
pP=p1e ¢
Let 77 and Z, be tho 1cadings of a barometer at the twi
places, then
.11, p p, by Boyle's Law.

u o
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H ~ygh

s log, 7=

7R

/A u,

k
A h=y]0g,~[[ ;log,o I x log, 10

k
_ Flog 10 (log,y H, —logy, £]
Hence the height n feet 15 obtained by multiplying the
diflerence between the logatithms of the two barometric

heights by g log, 10

Taking the value of & ag found in Art 108, Ex, g=32 2
1 1

and log, 10 = ——- = -~ - =923020
v 08e log,e 43429 ’
the value of this constant, when feet are used, 18 about

60200

When ces units are used, we have found the value

of % to be about 779741000 [Art 108 ]
Thus, since g = 981 1n this system, the constant

_ 779741000 x 2 3026

981
= 1830300 nearly

Ex 1 Shew that a fall in the barometer fiom 706 to 75 cms will
coriespond to a 11se ot about 105 metres, given

logy,e= 43429, log,,76=188081 and log,75=187500

Ex 2 If a change from 80 mches to 25 inches m the height oi
the barometer corresponds to an altitude of 4500 teet, shew that the
altitude corresponding to the height 20 inches of the barometer 1s
about 10007 feet

121. Wenow give some examples dealing with defective

batometers,
10—2
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Ex 1 10 cub. ems of awr at atmospheric pressure are meusured
off When introduced into the vacuum of a barometer they depress the
meicury, which originally stood at 76 c¢ms, and occupy a volume of
15 cub cms What 18 the final height of the barometer?

Let IT denote the atmospherio pressure. By Boyle’s Law we have

final pressure of the air _ original volume 10 _ 2
1 " final volume 15 3°

final pressure of the awr=31II

The pressme above the column of mercury 15 now % of atmospheric
pressure, so that the length of the column of meicury 18 only & of 1ts
ougmal length and 18 theiefore 254 cmn

Bx 2 When the readung of the true barometer 18 30 ins the
reading of a barometer, the tube of whih contains a small quantity

of awr whose length 18 then 3}; ms, 18 28 s If the reading of the
true barometer fall to 29 wns, prove that the reading of the faulty
barometer wall be 27} ans

At an atmospheric pressmie of 30 ing of mercury, let  1ns be
the length of the column of air When the length 18 3& s, its
pressure per squale inch

=2 x atmospheric pressure = I 80,
3] 3
where w 18 the weight of a cubic inch of mercury

Hence, for the equihibrium of the faulty barometer, we have
3% w 30+w 28=atmospheric pressure
3
=w 30

2=}

When the real barometer pressure 1s 20 1ns , let the height of the
faulty barometer be y 1ns , so that the pressure of the air per sq. mnch

X 30
31t -y
T 20
s 2=yt e X BO=Y A s
YTy YT 913y
y=274,

the other solution of this equation, viz. 83, being clearly inadmissible.
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Ex 8 The readings of a faulty barometer in which there 15 some
arr arc a and b when the true readings are a and B, find the true
reading when the faulty barometer reads c.

Let the quantity of air be such that it would occupy a length
z of the barometer at an atmospheric pressuie equal to A nches of
wmeoreury

In the first case the pressure of air 1s that due to a - a 1nches, and
thus 1ts length ﬁhen:ifa’ z, by Boyle’s Law.

Thus the whole length of the barometer tube 18 a + a—’%

Thus, 1n the second case, the air 18 of length a + a}—l_t“ ~b, and 1ty
preegsure 1s 8- b
Hence, by Boyle’s Tiaw, (8- D) <a +;’—L_% - b) =hz.
jo (@=0) (B=1) (a=b)
(a—a)-(8-0)
In the thurd case, 1f ¥ be the true height, the length of the an 1

hx
a+ aca” ¢, and 1ts pressure y—c,

he
(a Faoa™ c) (y-¢)=hz

. fa-4){B-0)(a-b)

ST W e = (=) (B3-1)"

after reduction,

EXAMPLES. XXIV.

1. Why does a small quantity of air intioduced mto the upper
part of & barometer tube depress the mercury considerably, whilst a
sxtnallll?portlon of iron floating on the mercury hardly depresses 1t
at &

2. A barometer stands at 30 ins. The vacuum above the
mercury 18 perfect, and the area of the oross-section of the tube 1s
‘s quarter of & sq m. If a quarter of a cub 1n of the external an
be allowed to get into the barometer, and the mercury then fall
4 g, whai was the volume of the original vacuum ?
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3 A bubble of air having a volume of 1 cub 1n at n pressure
of 30 1ns of mercury escapes up a barometer tube, whose cross-section
18 1 8q. 1In and whose vacuum 18 1 1n. long. How much will the
mercury descend?

4, The top of a uniform barometer tube 18 33 ins above the
mercury 1n the tank, but on account of air in the tube the barometer
registers 28 6 1ns when the atmospheric pressure 18 equivalent to that
of 29 1n of mercury What will be the true height of the barometer
when the height registered 18 29 48 ins ?

5. The top of a umform barometer tube 18 86 ins above the
surtace of the mercury 1n the tank In con-equcnce of the pressure
of air above the meicury the barometer reads 27 ins when 1t should
read 28 5 1ns  What will be the true height when the reading of the
barometer 1s 30 1ns ?

8 The readings of a true barometer and of a barometer which
contains a small quantity of air 1 the upper portion of the tube are
1espectively 30 and 28 1ns  When both barometers are placed under
the receiver of an air pump fiom which the air 18 partiall, exhausted,
the readings are observed to be 15 and 14 6 1ns respectively

Prove that the length of the tnbe of the faulty barometer measured
from the surface of the mercury in the basin 13 31 35 1ns.

7. The two imbs of a Marnotte’s tube are graduated m inches
The mercury 1n the shorter tube stands at the graduation 4, and
51ns of air are enclosed above 1t  The mercury in the other limb
stands at the graduation 38, and the barometer at the time indicates
a pressure of 29 5 1ns  Find to what pressuie the 51ns of air are
subjecte’ and also the length of the tube they would oceupy under
baromctric piessure alone

8. A U tube of umform bore, closed at one end and with vertical
arms, contains mercury at the same level in both anms  If mercury
sufficient to fill 8 inches of the tube be poured in, the level of the
mercury 1n the closed arm 1s raised one inch, and, if a further
quantity sufficient to fill 11 inches be added, the level 1s raised
another inch  Find the height of the mercury barometer

9, The space above the meicury in a barometer contains some
au, and the barometer reads 700 mm when a standaid baromete:
reads 762 mm Find 1 grammes weight per sq. em the pressure of
the enclosed air [Sp g1 of mercury=13 596.]

10 If a barometer consisting of a uniform bent tube have an
mmperfcet vacuum, and if the apparent reading be 81 inches when
the true reading 1s 32 inches, and the length of the vacuum then be
onench, find the true reading when the apparent reading 1s 294 inches,
the temperature being unaltered
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11 When the true barometiic height 18 30 mches, the mercury
stand. at 29 8 1n a barometer with a detective vacuum  What fraction
of the space above tho mercury would the air fill 1f 1t were compressed
to atmospheric pressuie?

12. A barometer stands at 30 inches, and the space occupied by
the 'Lorricellian vacuum 1s then 2 inches, 1if now a bubble of air
which would at atmospheric pressure occupy half an inch of the tube
be introduced mto 1t, shew that the swmface of the mercmy n the
tube will be lowered 3 1mches  Shew also that the height of a correct
barometer, when the incorrect one stands at z inches, 18

x 15 mches
32 -z ‘

13. A barometer with an imperfect vacuum stands at 29 8 and
29 tinches when a correct baromcter indicated 30 4 and 29 8 mches
respectively , when the fiulty batometer stands at 29, shew that the
true atmospheric pressuro 1s 29 3 inches

14 The height of the Torncellun vacuum i a barometer 1s
«a mches, and the mstrument indicates a pressure ot b inches of
mercury when the true 1eading 18 ¢ inches If the faulty readings
are due to an mapafect vacuum, prove that the true reading
a(c-b)

corzesponding to an appaient reading of d inches 15 d + rb—d
a+b-d
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CHAPTER VIIIL

MACHINES AND INSTRUMENTS ILLUSTRATING THFE
PROPERTIES OF FLUIDS

122 Diving Bell This machine consists of a heavy
hollow cylindrical, or bell-shaped, vessel constructed of
metal and open at 1ts lower end It 1s heavy e .ough to
sk under its own weight, carrying down with 1t the air
which it contains  Its use 1s to enable divers to go to the
bottom of deep water and to perform there what operations
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they wish  1he bell 18 lowered into the water by means of
a chain attached to 1ts upper end

As the bell sinks mnto the water the pressure of the
contancd air, which 1s always equal to that of the water
with which 1t 18 1n contact, gradually increases The
volume of the contaned awr, by Boyle’s Law, therefore
gradually dimimshes and the water will rise within the bell

To overcome this compression of the air, a tube com-
municates fromn the upper surface of the bell to the surface
of the water, and by this tube pure air 13 forced down nto
the bell, so that the surface of the water inside 1t 18 always
kept at any desired level A second tube leads from the
bell to the surface of the water so that the witiated air
may be .emoved

The tension of the chain which supports the bell 1s
equal to the weight of the bell less the weight of the
quantity of water that it displaces TIf no additional an
be pumped 1n as the bell descends, the air becomes more
and more compressed, and therefore the amount of water
displaced continually dummshes Hence, in this cv:se, the
tension of the chain becomes gieater and greater g

123 4 dwing bell is lowered wnto water of gwen
density  If no awr be supphed jfrom above, find

(1) the compression of the awr at a gwen depth a,

(2) the trnswon of the chawn at thas depth, and

(3) the amount of awr at atmospheric piessure that
must be forced wn so that at this depth the water may not
ri8e wathin the bell

(1) Let b be the height of the bell At a depth a, let
« be the length of the bell occupied by the air, and let 4 be
the height of the water barometer in atmospheric air,
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Let II be the piessure of the atmosphere IT" the
pressure of the air inside tne bell, and w the weight of a
umt volume of water,

so that 1T = wh,
and II.6=1II'" x, by Boyle’s Law,
Henco II=w L .

&z

Now the pressure of the air and the water at their com-
mon surface mside the bell must be equal tor equilibiium

.. W=pressuie at C=w(a +a)+ 11
=w(w+a+h)

Equaang these two values of I, we have
hb .
womsw (v+a+h),

50 that *+(a+h)yx—-hb--0

This 18 a quadratic equation having one positive and
one negative root  The positive root 13 the oue we require
The compression of the air 1side the bell 1s then b —

(2) If 4 be the area of the section of the bell, the
amount of water displaced 18 4 . @ and 1ts weight 18 there-
fore wdx. Hence, 1f W be the weight of the bell, the

tension of the chain
= W -wdx.
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To make this result quite accurate, the weight of the
contained air should be added to this result, but this
weight 18 quite infinitesimal compared with the weight of
the diving-bell

(3) Let ¥ be the volume of the diving bell, and V” the
volume of atmospheric air that must be forced in to keep
the water level at D

In this case the pressure of the air within the bell
= pressure of the water at D
=wb+a)+TM=w(a+b+h)

Hence a volume (V + V') at atmospheric pressure 11
(v e wh) must occupy & volume V at pressuie w(a + b+ k)

Therefore, by Boyle’s Law,
(V+VP)h=V(a+b+h)

+
SV V—]L-IZ, giving the required volume

124 Ex 1 A cylindircal diving bell werghs 2 tons and has an
anter nal capucity of 200 cubic feet, while the volume of the matéral com-
posing 1t 18 20 cubic feet 1'he bell 18 made to sinh by attac’ed werghts
At what depth may the weights be remoted and the bell yust not ascend,
the height of the water barometer being 33 feet?

Let x be the 1equned depth, so that the pressure of the air con
taimed =1w (7 +33), where w 18 the weight of a cubic foot of water

The volume of the air then x w (z--33)
=200xw 33, by Boyle’s Law.
Hence the volu ne of the water displaced (1n cubic feet)
o 200 x 33
=20+3 +33°
Also the weight of this water must be 2 tons
200 x 33
« HD —_ e 1
2x zz4o_<2o+ oS ) X 621,

229
and thus z=94 33 t
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NB In this example the difference between the pressure of the
water 1n contact with the air inside the bell and the pressure of the
water at the bottom of the bell has been neglected

Ex 2 In the diving bell of Art 123 a soda-water bottle 18 opened,
which wn the external awr would Liberate a volume V of gas, shew that

n
the tension of the rope 1s dinunished by Jf;@fg:{ﬁ,’ where squares
a+h)+

V
of 74 T neglected
Asn Art 123, we have
22y (a+h) =hb=0 . e . (1)

When the bottle has been opened, let = become z+y The
oniginal volume of the gas and an inside the bell would at pres-

pure h occupy a length b+§ of the bell Hence, by Boyle’s Law,

(x+y)(x+y+a+h)=(b+g) ho. (2)
Subtracting (1) from (2), we have
yly +2r+a+h]:!1-1h (3)

Since vh 18 small, 1t follows from tlus equation that y 18 small,

and thus the square of y may be neglected Hence (3) may be
wntten
Vh

y[2r+a+h)= T e (1)

Now the original tension of the chawn =¥ -4 z w,
and the final tension =W - 4 (z+y)w

.. decrease 1n the tension
=d _____Jiu h by (4
==y )
V
= zo_h_::__” rom (1),
Via+ n2rdnd

EXAMPLES XXV,

1. A oylindrical diving bell, whose height 18 6 feet, is let down
tall 1ts top is at a depth of 80 teet, find the pressure of the contamed

air, the heght of the water barometer being 83} feet
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2. How far must a diving bell descend so that the height of a
barometer within 1t tuay change from 30 to 31 inches, assunung the
sp gr. of mercury to be 134 and the bell to be kept full of air?

3. If the mercury mm the barometer within a diving bell were to
rise 12} mches, at what depth below the surface would the diving bell
be? (sp gr of mercury=13 6)

A cyhndrical diving bell, whose height 18 9 feet, 18 lowered
till the level of the water 1n the bell 18 17 feet below the surface The
height of the water barometer being 84 feet, find the depth of the
bottoin of the bell If the arca of the section of the bell be 25 square
feet, find how mmuch air at atmospheric pressure must be pumped
mto the bell to dnve out all the water

5. A diving bell having a capacity of 125 cubie feet 1s sunk m
salt water to a depth ot 100 feet If the sp gr of salt water be 102
and the height of the water barometer be 3% feet, find the total
quantity of air at atmospherie pressure that 18 required to fill the
bell

6. The bottom of a cylindrical diving bell 18 at rest at 17 feet
below the ourface of water, and the water 1s completely excluded by
air pumped 1n from above  Compare the mass of air now 1n the bell
with that which 1t wounld contain at the atmospheric pressure, the
water barometer standing at 34 feet

7. A cylindiical diving bell, 10 feet high, 18 sunk to a certain
depth, and the water 1s observed to 11se 2 feet 1n the bell  As much
arr 18 then pumped 1n a8 would fill | mths of the bell at atmospheric
pressure, and the surface of the water in the bell <inks one foot
Find the depth of the top of the bell and the height of thd wate:
barometer ’

8. The height of the water barometer being 33 feet 9 inches and
the sp gr of mercury 13 5, ind at what height a common barometer
will stand 1n a eylindieal diving bell which 18 lowered fall the water
fills one-tenth of the bell How far will the surface of the water m
the bell be below the external surface of the water?

9, A diving bell 18 lowered 1into water at & uniform rate, and air 18
supplied to 1t by a force pump so as just to keep the bell full without
allowing any an to escape  How must the quantity, ¢ e. mass, of an
supplied per second vary as the bell descends?

10. A cylindrical diving bell of height ; 18 sunk 1mto water till 1ts

lower end 18 at & depth nh below the surface, 1f the water fill Jth of
the bell, prove that the bell contains air whose volume at atmospheric

pressure would be g u+—96 V, where ¥ 18 the volume of the bell
and h 18 the height of the water barometer,
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11. A cylindrical diving bell 18 loweted m water and 1t 18
observed that the depth of the top when the water fills 4 of the mside
= 3] times the depth when the water fills } of the inside, prove that
the height of the cylhinder 1s 1 of the height of the water barometer.

12 A small hole 18 made 1n the top of a diving bell, will the
water flow in or will the air flow out?

13 A small piece of wood floats half immerscd 1n water, how
much of 1t will be immersed in the water inside a diving bell, 10 feet
high and 8 feet 1n diameter, which 1s loweied till its top 18 47 feet
below the suiface of the water, the height of the water barometer
being 34 fect and the sp gr of au at atmospheuic pressure being o?

14, A conical diving bell, of which the axis 18 of length 16 feet,
18 let down mto water, and 1t 18 found that when the vertex is 33% feet

below the surface the water has risen within the bell to a height of
4 feet Iind the height of the water barometer

15 A cylindncal diving bell 18 lowered to such a dep.ua that the
confined air occupies two-thinnds of 1ts interior, half as much air
again 18 now pumped nto the bell  ITow much further must the bell
descend before 1t 18 half full of water?

16. A diving bell, whose height 18 b feet, contains a mercury
barometer, whose height 1s & 1nches when the bell 1s above the surface
of the water, and &’ inches when 1t 13 below, to what height 18 the
top of the bell submerged when 1ts shapo 1s (1) conical, and (2) eyhn-
drical ?

17. An open vessel, whose density 18 greater than that of water,
18 pushed with 1ts mouth downwards into water, after a certain depth
has been reached, shew that the equilibrium will be unstable

18. A cylindrical diving bell, of height a, 18 lowered till 1ts top
18 at & depth 2 below the surface of the water If the bell be now
half-full of water, and air be pumped 1n till all the water 1s expelled,
prove that the bell must be lowered a further distance 411 — 2h before
the bell 18 again halt-full of water, I being the height of the water
barometer

19 A cyhndncal diving bell, of height 10 feet and internal
radius 3 feet, 18 1mmersed in water 8o that the depth of the top 18
100 feet Prove that, if the temperature of the air in the bell be now
lowered from 20° C to 15° C and 1if 30 feet be the height of the water
barometer at that time, the tension of the chain 1s increased by about
67 1bs
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*%90, A cylindrical duwing bell, whose cross section 18 of area 4,
18 suspended wn water with its flat top at a distance a below the surface,
the awr winsude the bell then occupying a length b of the bell 4 man,
of volume Aa and sp qr 8, who has been sitting on a platform inside
the bell, fulls wnto the enclosed water and floats Shew that (1) the
tevel of the water inside the bell rises, but that (2) the amount of water
wnstde the bell 18 less than before.

Innd also the change 1n the tension of the supporting chain
[The waight of the air displaced by the man may be neglected ]

(1) The volume of the air 1n the bell imtially=4 (b - a)

If b —pf be the length of the bell occupied by the an finally, the
volme of the air then

=1 (b~ B) — portion of the man above the water

=.1(b-B)- (da - dsa), since dsa 1 the volume of the water displaced
by the man,

=A(()—ﬁ——a+aq)

Heneo 1if 117, [1” be the pressures of the air imtially and finally we
have, by I’ yle’s Law,

AG-a)xM'=4(b-B-atas)xIl”
But, as m At 123
IV —w(@+a+h)and I1"=w (b -B+at k),
wheie % 1s the height of the water barometer
Hence
OV a)(d+at+h)=(b~-B-a+as)(b-B+a+h)
B2-B2+ath-a+tas]+w (b+a+l)=0 (1)

This 18 a quadintie equation for B Itg second term 1s clearly
negative, and 1ts thud texm 14 pusitive  ence 1ts 100t8 are positive

Thus 8 18 poutive
Hence the level of the water rises

(2) If H be the total height of the bell, the amount of water 1n
1t mually=4 (17 - b)
The amount finally
= [II - (b~ B)] - amount of waler displaced by the man
=A[I[-b+8] - das
Thus amount of water initially — amount finally
=das-4B=~-4(B-a) . ceees (2)
But equation (1) can be wiitien
B-w)(B-20-a-h+a)=as(b~a)
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The second factor on the left-hand mde 18 clearly negative, and

the right-hand side 18 positive,
B - as 18 negative

Hence the right-hand smde of (2) 13 ponitive,

Hence imtially the amount of the water 1n the bell 18 greater than
the final amount

(3) Tension of the chain imtially

=wt of the bell 4+ wt of the man —wt of the water displaced

=W+ dasw - 4bw

‘Tension of the chain finally=W-A4 (b-8) w

. Imtial tension - final tension

=Aasw — 4fw=Aw (as - 8) = positive, a8 in (2).
The tension of the chain 18 therefore diminished

7/ 21 A diving bell 18 1mmerged 1n water so that its top 18 at a

dopth a below the surface, the height of the air within the bell being

then ¢ and the height of the water barometer being A If a bucket

of water, of small weight 7, be now drawn up 1nto the bell, prove
W =z

tbat the tension of the chain 18 increased by TTatie app1 .ximately

22. If a cylindrical diving bell, of height a and of such mternal
volume that i1t would contain a weight W ot water, be lowered so that
the depth of 1ts highest point 18 d, prove that, when the tempcrature
18 raised from t° C to ¢,° C, the tension of the supporting cham 18

dimimished by alt =) Wi _==- nearly, & bemg the height of
L+at Jw+a Yy dah

the watcr barometer and a..m

23 1. adiving bell ir the shape of a cone of height a, be lowered
11l 1ts vertex 13 at o depth d, prove that tie height x of the part of
the bell occupied by the air 18 g1ven by the equation x4+ 22 (h +yd) =a’l,
where h 18 the height of the water barometer
If the ternperature of the air inside be now rmdsed from I to
(2'+1)°, prove that the tension ot the supporting chain 18 dinunished
3ath W
Y Sy sz
contain, and a 1s the coefficient of expansion, the squares of a being
neglected
24. A cyhndiical diving bell, of height 3, is immersed 1n water
w1tb 1t3 ighest point at a depth a below the surface , 1 the barometer
rises so that the incrcase of the pressure on 1its top 1y P, shew that
the alteration mn the tenston of the chain 18 approximnately

a+h
B N/ (‘l;:_h—)é:‘uﬂl

where h is the height of the water barometer.

where W 18 the weight of the water the cone would
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125 8yringe The simplest form of the pump 1s
seen 1n an ordinary syringe

It consists of a hollow cylinder 4B at

whose end 13 a nozle ¢  Within this @
cylinder there works an air tight piston
The end of the syringe C 18 placed under
the surface of a hquid and the piston
raised , the piessure of the air forces the
liquud up into the cylinder to fill the
vacuum which would other wise be formed
below the piston

When sufficient liqmid has been raised
the syringe 13 taken out, and the hquid ¥y
ejected agan through the nozzle ¢ by ~~ G 777
reversing the motion of the piston

126 The principle of all pumps 1s that of suction
A partial vacuum 18 created and the atmospheric pressure
forces the hiquid 1n to fill up this partial vacuum. This
principle was by the older philesophers express&d by
saying that Nature ablors a vacuum It was latédr found
that this abhorrence extended in the case of water to a
height of not more than about 34 feet

127. Valves are used i suction pumps and 1n the
construction of air pumps

They are made so as to allow water, aiwr, &c to pass
through the holes, which they close, 1n one direction but
not 1n the other; but there 1s always some leakage even
with the best valves

In an ordinmy pair of bellows the valve 1s a leather
flap closing a circular hole, this allows air to enter when
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the bellows 18 being expanded, when the bellows are
compressed the leather 1s pressed down tightly on the hole,
and the an caunot pass out.

The valves ¥/ and #F 1 Art 128 are gencially circular
discs of metal turning round a hinge at thewr edges 1In
the case of the an-pumnps, the valves usually consist of a
portion of oiled silk, secured at both ends to a plate of
brass i which 1s a nariow shit through which the aiwr passes
The silk 1s adjusted so that its central part 1s over the sht
When the pressure on the far side of the plate 13 the
greater, the sulk lifts, and air passes in. When the pressure
on the near side 1s the greater, the silk 13 pressed tightly
down over the shit, and the latter becomes air-tight

Another valve 1s shewn at # 1n Art 146, 1t consists of
o metal ball which accurately fits a circular hole, this 1s
hifted when the pressure below exceeds that above

Theoretically a valve should hft when theie 1s any
excess of pressute on one side, practically in any valves
there must be a small excess of pressure before 1t will hft

128. The Common or Suction Pump This
pump consists of two cyhnders, 4B and BC, the upper
cylinder being of laiger sectional area than the lower, and
the lower cylinder being long and terminating beneath the
surface of the water which 1s to be raised

Inside the upper cylinder works a verti.al rod termi-
nating 1n a piston DJf, fitted with a valve I7 which only
opens upwards

This piston can move vertacally fiom B to L where
the spout of the pump 18 At B, the juuction of the
two cylindeis, theie 18 a valve N which also only opens
upwar ds
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The rod 18 worked by a lever @H K, straight or bent,
H bemng the fulcrum and A the end at which the force 15
apphed.

Action of the Pump  Suppose the piston to be at the
lower extremity of the upper cylinder and that the wate
has not 11sen 1nside the lower cylinder

By a vertical force apphed at A the piston DE v, raised,
the valve F therefore remaning closed The air between
the piston and the valve WV becomes rarefied and 1ts
pressure therefore less than that of the awr in BC

The valve N theiefore 115es and air goes from BC 1nto
the upper cylinder The air in BC in turn becomes rare-
fied, 1ts pressure becomes less than atmospheiic pressure,
and water fiom the reservoir rises into the cylinder C'B

‘When the piston reaches L 1ts motion 1s reversed The
air between 1t and & becomes compiessed and shuts down
the valve ¥  When this air has been compressed, so that
its pressure 18 greater than that of the atmosphere, 1t
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till the piston 1s at B when the first complete stioke 1s
timshed

Other complete strokes follow, the water rising Ingher
and higher 1n the cyhinder CZ until 1ts level comes above
B, provided that the height CB be less than the height of
the water barometer This 18 the one absolutely essential
condition for the working of the pump

[Iu practice, on account of unavoidable leakage at the valves, the
height CB must be a few feet less than the height of the wuater
barometer ]

At the next stroke of the piston some water 1s iaised
above 1t and flows out thiough the spout LA At the
same time the water below the piston will follow 1t up to
L, provided the height CL be less than that of the water
barometer

[If this latter condition be not satished the water will r1se only to
some point P between B and L and in the succeeding stiokes only
the amount of water occupying the distance BP will be raised ]

129. The two cylhinders spoken of in the previous
article may be teplaced by one cylinder provided that a
valve, opening upwards, be placed somewhat below the
lowest pomnt of the range of the piston

The lower cylinder need not be straight but may be of
any shape whatever, provided that the height of 1ts upper
end B above the level of the water be less than the height
of the water barometer

The height of the water barometer being usually about
33 feet, the lowest point of the range of the piston must be
at & somewhat less height than this above the reservoir so
that the pump may work

130. 7Zenswon of the Pistor rod

Let A be the area of the piston, & the height of the water
barometer, and w the weight of a unit volume of water.
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‘Che tension of the piston rod must overcome the differ-
ence of the pressures on the upper and lower suifaces of
the piston.

Furst, let the water not have risen to the point B but
let 1ts level be .

The pressute of the air above

= pressure of the water at @
=pessure at O ~w CQ=w(h-CQ)

The pressuie on the lower surface of the piston there-
fore equals 4 x w (h — CQ) and that on the upper 13 equal
to 4 x wh  Hence, 1f 7" be the required tension, we have

T+4 w (h—-CQ)=4 w A
T=4Axw CQ

Secondly, let the water have risen to a point P which
18 above the valve N

The pressutc at a pownt on the upper suiface of the

piston
=w DP+wh=w(h+ DP)

The pressure at a pomnt on the lower surface
=wh~w CD=w(h—CD)
Hence we have
I+4 . wkh-CD)=4.w(h+ DP)
. T'=4 w.CP.

Hence, 1n both cases, the tension of the rod i3 equal to
the weaght of a column of water, whose sectional area 1s equal
to that of the piston, and whose height 18 equal to the dastance
between the levels of the water wuthin and without the

pump.,
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131, 7o find the distance through which the water s
rassed dwr ing the nth stroke of the puston.

J

Wit! the figure and notation of Art 128, let X, _, be
the pont the water has reached at the beginning of the
nth stroke, and X, the pomnt at the end of tlus stroke.
Let CX, =2, and CX, =2,

Let B/ =1, and let the length CB of the pipe=c¢

Let 4 be the area of the section of the brrrel BL, and
a that of the pipe OB

When the surface of the water 1s at X,,_, and the piston
at B, let I’ be the pressure of the ar above X,_,, and 11
that of the external air

S =1 rwe,y (Are 31) . (1)
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When the suiface of the water 18 at X, and the piston
at L, let 11" be the pressure of the awr above X, , theu
Nn=0"+wx, . (2)

Now at the beginning of the stioke the an mside the
pump occupied the length X, ;5 of the pipe and 1ts volume
was therefore a x X, B, 1¢ a(c—x,_,)

At the end of the stioke this same air occupied the
length X, B of the pipe and the length BL of the baiiel, so
that 1ts volume was then

ax X, I+ 4 x BL,
Le. alc—1,)+d %1
Hence, by Boyle’s Law, we have
I x {a(c— 1)} =1"{a(c —1,) + Al} (3)
Hence, by (1) and (2),
(U ~ww,y) xa(e  w,_)=(l—wz,){a(c—,) + 4}
But, if A bo the height of the water barometer, II - wh,
and hence
a(h—a,) (¢ —nyy) = (h—2,){a(c—x,) + A/} (4)
This 18 a quadratic equation to give a, when 1, 1s

known

Giving n 1 succession the values 1, 2, 3, we have
the heights to which the surface of the water has risen at
the end of the 1st, 2nd, 31d  strokes (since z, = height of
the water above (' at the beginming of the first stioke = 0),
given by the equations

ahe = (h —x) {a (¢ = ;) + Al},
a(h—a,) (c— ) = (b — 1g) o (c— ) + AT},

a (b= ay) (¢ — @) = (b — ;) {a (¢ = a3) + AL},
ete.
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132, If the nth stroke be the last complete stroke
that 1s made before the water enters the barrel, the pre-
ceding article must be shightly modified

At the end of the (» + 1)th stroke, let the height of the
surface of the water above B be y. Then the equations
(1) and (2) of the last article become

o =1+ we, (1)
O=T"+w(c+y) (2)
Also the volume a(c —x,) of air has eapanded to the
volume 4 (BL-y),
ve 4{l-y)

Hence, by Boyle’s Law,
I"xA(l-y)=T'xa(c—ay);
Sod-w(e+y)] x4 (-y)=(0—wz,) x alc—1r,),
ve  A(h—c—y)(I-y)=a(b-g,)(c-a),
an equation to give ¥

At the next stroke the water passes out at L

133 Ex 1 If the barmel of a common pump be 18 inches long
and uts lower end 21 feet abore the surface of the water, and i1f the

section of the pipe be —{‘zths of that of the barrel, find the height of the
water wn the pipe at the end of the first stroke, assuming the height of
the water barometer to be 32 feet.

Let 4 and TSXA be the areas of the sections of the barrel and pipe
respectively, and let z feet be the required height The ornginal

volume of the air in the pump= (% Ax21 ) cub ft. =?g— cub. ft. At

the end of the first up stroke the volume
3 3 3t
=IIA x(21-:c)+A X Z-—A [6-—171

Its pressutre then, by Boyle’s Law,

94
) 21

=1l e = T o

32
a(o-1)
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where II 18 the external atmospherio pressure Hence a column z ot
water 18 supported, the pressute at the bottom being II and that at
the top being IT 282"

21
H--wz+ll 2.{5_:—5

But IT=w 32
(32-2)(28-2)=21x32
& 24-60z+224=0.

& z=4 feet

Ex 2 If the barrel of a common pump be 2 feet long, and us
lower end be 26 feet above the surface, and if the aiea of the section vf
the barrel be 6 tumes that of the pump, find in how many strohes the
water will reach the barrel, the heiwght of the water barometer bemnq
32 feet

Here =2, c=26, A=6a, h=32
Hence the equation (4) of Art 131 becomes
(82-7,,) (26 —~ ;) = (82~ x,,) [26 — 2, + 6 x 2]
=(32~x,)(38-2,,)
Hence Ty =Tpy+6

[The other root would be tound to be 64— z,—;, which 1s cleaily
madmissible ]

Now x,=ht at commencement of the working=0.
Ty =2y+06=6, Ty=2,+6=12

Bo 23=18, x,=24, xy=2380, which 18 greater than the length of
the pipe

Hence the water at the end of the fifth stroke has rcaclhied the
barrel

Thus at the end of the sixth stroke 1t will flow out of the spout

134. Lifting Pump. This 138 a modification of the
common pump The top of the pump-barrel 1s 1n this case
closed and the piston rod works through a tight collar
which will allow neither air nor water to pass.



170 HYDROSTATICS

The spout 13 made of smaller section than in the
common pump, instead of turning down-
wards 1t turus up and conducts the water
through o veitical pipe to the height ¥
required

The spout 18 furmshed at £ with a
valve which opens outwaids

As the piston rises this valve opens
and the water enters the spout When
the piston descends this valve closes and
opens again at the next upward stroke

By this process the water can be hfted
to a great height provided the pump be
stiong enough

1356 Forcing Pump. In this pump the piston DE
15 solid and has no valve The lower barrel BC has a valve
at B opening upward as in the common pump,

Theve 13 a second valve F at the bottom of the upper
barrel opening outward and leading to a vertical pipe GH

Tn 1ts descending stroke the piston drives the an
through #, and in 1ts ascending stroke the valve # 1
closed, & 15 opened, and the water rises in CB as 1n the
common pump

When the level of the water 1s above B the piston in
its descending stroke drives the water through # up into
the tube G4/ Tn the ascending stroke of the piston the
valve I closes and prevents the water 1 G/ from return-

mg

Tn this manner after a succession of strokes the water
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18 1ased to a height which depends only on the piressure
on the piston and the strength of the pump

The flow 1n the foreing pump as just deserihed will be
intermittent, the wter only flowing during the downwaird
stroke of the piston

To obtain a continuous sticam the pipe from F leads
into another chamber partially filled with air  From this
chamber a tube LM, whose end 1s well below the air 1n the
chamber, leads up to the height required

When the piston DE 1s on 1ts downward stroke the air
1in this chamber 1s being compiessed at the same time that
watet 1s being forced up the tube L3/

When the piston 18 on 1ts upwaird stroke and the valve
F theiefore closed, this wmir being no longer subjected to the
pressure caused by the piston endeavours to recover its
origmmal volume In so domg 1t keeps up a continuous
pressure on the water 1n ;the air chamber and torces this
water up the tube, thus keeping up a continuous flow

136. Fire-engine The “manual” fire-engine 1s es-
sontially a foreing pump with an air chamber,
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Theie are however two barrels 48 and A'B' each con-
necting with the air vessel, and two pistons, /) and L, one
of which goes down whilst the other goes up.

The ends 7' and 7" of the piston rods are attached to
the ends of a bar 7'M7", which can turn about a fixed
fulerum at M

A practically constant stream 18 thus obtained, for the
air chamber maintains the flow at the instauus when the
pistons reverse their motion

EXAMPLES. XXVI

1. The height of the barometer column varies from 28 to 31
inches. What 18 the corresponding variation 1 the height to which
water can be raised by the common pump, assuming the sp gr of
mercury to be 13 6?2

2. If the water barometer stand at 33 ft. 8 ns. and if a common
pump 18 to bo used to raise petroleum from an uil-well, find the
greatest height at which the lower valve of the pump can be placed
above the surface of the o1l in the well The sp gr of petroleum
18 8 ‘

3. A tank on the sea-shore is filled by the tide whose sp gr 1s
1025 It 18 desired to empty 1t at low tide by means of a common
pump whose lower valve 18 on the same level as the top of the tank
T'ind the greatest depth which the tank can bave so that this may be
possible when the water baiometer stands at 34 ft 2 ins.
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4. One foot of the bairel of a pump contains 1 gallon (10 lbs )
At each siroke the piston works through 4 inches The spout 18
24 feet above the suriace of the water in the well, how many foot-
pounds of work are done per stroke?

5 If the fixed valve of a pump be 29 feet above the surtace of
the water, and the piston, the entine length of whose strohe1s 6 inches,
be when at the lowest point of 1ts stroke 4 inches from the fixed
valve, find whether the water will reach the pump bainel, the height
of the water baromcter being 32 feet

8. If the length of the lower pipe of a common pump ahove the
surface of the water be 16 feet and the area of the barrcl of the pump
16 times that of the pipe, find the length of the stioke so that the
water may just rise mto the barrel at the end of the first stroke, the
water barometer standing at 32 feet If the length of the stioke ot
the piston be one foot, find the height to which the water will nse at
the end of the first st:oke

7. A ift pump 1s employed to ra1ce water through a vertical
height of 200 feet If the area of the piston be 100 squaie inches,
what 18 the greatest force, in addition to 1ts own weight, that will be
required tu lift the piston?

8 The area of the piston m a force pump 18 10 square inches
and the water 18 raised to a height of 60 feet above the piston
Find the force required to work the piston

9. A foroing pump, the diameter of whose piston 18 6 mches, 18
employed to raise water fiom a well to a tank If the bottom of the
piston be 20 feet above the surface of the water i the well and
100 fect below that of the water in the tank, find the least force to
(1) raise, (2) depress the piston, the friction and weights of the valves
being neglected, and the height of the water barometer beinyg 32 feet

10. Find the work donoe mn each stroke of & common pump after
the water has risen to the spout

11. A force pump 15 used to suck water from a depth of 4 metres
and drive 1t to a height of 60 metres, 1f the diameter of the plunger
be 20 cms , find the force on the piston rod both in the backwaid and
forward strokes

12, The cyhnder and barrel of a common pump have the same
sectional area If the level of the water in the eylinder 1s raised
through the same distance i each of the first two stiokes of the
piston, prove that the height of the water barometer 18 the arithmetic
mean between the greatest and least distances of the piston from the
surface of the water i the well

13. The lower valve of a common pump 18 10 feet above the
water, and the area of the barrel 18 five times that of the pipe leading
to the well, 1if the height of the water barometer be 84 feet and the
water Just rise up to the level of the lower valve at the end of the fir-t
stroke, find the distance through which the piston moves,
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14. The lower valve of a pump 18 at a height of 28 feet above the
water i the well, and the whole length of the stroke of the piston 1s
9 inches, and when the piston 18 at 1ts lowest point 1t 18 3 1nches from
the lower valve, will the water ever rise into the pump-barrel, the
height of the water-barometer being 84 fecet? What 18 the greatest
height to which the water will rise ?

[When the piston does not go quite home to the valve at the
bottom ot the bariel, 1t 18 thus seen that the depth from which water
can be raised 1s lessencd ]

15. 1In the common pump, shew that the water will rise into the
upper ¢ylinder at the end ot the second stroke, 1f

3l 1. & S 3 e 4 nl) =
h[l "l:“:2 "l] 1{4”"1 nl]+c(~c—+nl)_.0,

wheie ¢, I are the lengths of the lower and upper eylinder, n 18 the
1at10 of the area of the cross-gection of the latter to that of the former,
and h 18 the height of the water baromcter

137. An-pumps formm another class of machines
Their use 18 to pump the air out of a vessel in which a
vacuum 18 desned

Smeaton’s Air-Pump  This Pump consists of a
cylimder CB having valves openming upwards at C and B,
within which there works a piston D having a valve which
also opens upwards

The valves must be very carefully constructed to be as
air-tight as possible

The lower end B is connected by a pipe with the vessel,
or recewver, 4, which 18 to be emptied of air
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Suppose the working to commence with the piston at
The piston 1s raised and a partial vacuum thus tormed
between 1t and B, the pressure of the ant below 5 opens
the valve at B and an from the recerver follows the piston

At the same time the air above D becomes condensed,
opens the valve at €, and passes out into the atinosphere

When the piston 1s at € 1ts motion 13 reversed, the
arr between 1t and B becomes compressed, shuts the valve
B, and opens the valve at /. The air that was between
the piston and 7 therefore passes throngh the piston valve
and occupies the space above the piston

Thus 1 one complete stioke a quantity of air has been
removed from below 7

In each succeeding stioke the same volume of awr (but
at a dimmishing pressure) 18 removed, and the process can
be continued unti1l the pressure of the awr lett m the
recetver 18 1msuflicient to raise the valives

The advantage of the valve at € 1s that dwmg the
downward stroke of the piston the pressure of the an
above 1t becomes much less than atmospherie pressure, and
hence the piston-valve 18 moie easily raised than would
otherwise be the case

Also the work which the piston has to do duiing 1ts
upward stioke 18 considerably lessened

138  Rate of Exhaustion of the Aw liet } be the
volume of the receiver (including the passage leading fiom
the receiver to the lower valve of the cylinder), and V' be
the volume of the cylinder between 1its hgher and lower
valves.

Let p be the oniginal density of the an in the recciver,
and p, the density after the tnst half stroke The an
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which origmally occupied a volume ¥V of density p now
occupies & volume (¥ + V') and 18 of density p,
oo Vop=(V+V')p, by Boyle’s Law,

V
=y P . (1)

1e.

When the piston has descended to B again a volume V
has escaped, so that we now have a volume ¥V 1n the
receiver of density p,

The process 1s now repeated Hence, if p, be the density
n the receiver atter the second complete stroke, then

vV Voy\?
P2 :T/";‘V/ P = (‘Vj_j;/) P
So the deusity after the third complete sti1oke

V \®
= (757)»
V n
and the density after the nth stroke = (7—; V’) p.

This density 1s never zero, so that, even theoretically, a
comp'ete vacuum can never be obtained

A farly good air-pump will give, in the limit, a pressure
equal to about /;th inch of mercury in the receiver, about
one quarter of this 18 the lowest himt that has probably
been attained by an air-pump

Ex If the recewer be sit times as large as the banel, find how
many stiokes must be made before the density of the air 18 less than
half of the original density

8 6

ViV Ter1T T
. 8 6\? 36 6\8 216
s TEP, = 7 P=qgP 3= '7') P3P
(=128, e () e
= (7) P=2351 " P=\7) P=Tes07"

pe>%p, and po—fp
Therefore 6 strokes must be made.

Here
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139 The double-barrelled or Hawksbee's Air-
pump. This machie consists of two cylinders, each

B—

similar to the single cylinder 1n Smeaton’s Pump and each
furnished with a piston These two pistons are both turned
by a toothed wheel Z, the teeth of wlich catch i suitable
teeth provided 1n the pistons

This wheel 1s turned by a handle #4.

As one piston goes up the other goes down Tn the
figure the left-hand piston 1s descending and the nght-hand
piston is ascending

One advantage of this form of machine 1s that the
resistance of the air which retards one piston has the effect
of assisting the descent of the other

The rate ¢ exhaustion in Hawksbee’s Pumnp can be
calculated 1n a similar manner to that for Smeaton’s
Pump 1In this case ¥’ 1s the volume of cach cyhnde:
and n 18 the number of half strokes made by each piston,
e, the number of times either piston traverses 1ts cylinder,
motions both 1n an upward and downward direction being
counted

T " 19
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Hawksbee’s Air-Pump was also made with only one
barrel, so that 1t was then like Smeaton’s, except that 1t
was open at the top of the cylinder

140 Mercury Gauge, or Manometer

The pressure of the air in the 1eceiver 18 shown at any
nstant by an wstrument called the mercury gauge

This has two common forms

In one form 1t 1s a small siphon barometer, consisting
of a small bent tube with almost equal
arms One arm has a vacuum at 4 above A
the mercury, and the other aim 1s open at ‘
C and connected with the au m the re-
cetver As the piessuie in the receiver
diminishes the height of the meicury in
the vacuum tube diminishes also, and the F £
pressute of the awr in the receiver 1s
measured by the difference of the levels in
the two aims of the gauge.

c
S

1n another form 1t consists of a strarght
batometer tube, the upper end of which
communicates with the receiver, and the
lower end of which 1s mmmersed 1 a vessel of mercury
open to the atmospheie As the pressuire of the air in the
recerver duninishes the wercury 18 forced up this tube, and
the height of the mercury in the tube measures the excess
of the atmosphere piessure over the pressuse of the air
the 1eceiver

141. If & be the range of the piston in a Smeaton’s Avr-Pump, a
the diwstance fiom the top of the barrel wn its highest position, b the
distance jrom the bottom wn 1ts lowest position, and p the density of the
atimospher e, shew that the luniting density of the awr wn the recewer s

ab

Tra (s i)
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When the piston D 18 1n 1t8 lowest position at the commencement
of any stioke, let o; be the density of the air between 1t and B, and
theretore also that of the air between 1t and C (Fig, Art 137)

Also let ¢ be the density 1nside the receiver

Then 1n order that the density ¢ may be further lessened, the
valve at C must be raised during the next stroke, and so also must
the valve at B

During the stroke the length of air i+ a at pressure o, 18 reduced
to a length a at pressure I }?‘o-l, and thus the upper valve 1s

raised 1f
h+a

T N>p. . 1)
Also the length of air b at pressuie o, 18 during the same stroke

allowed to expand to length h-+0b at pressure boy and thus the

h+d'
lower valve 18 raised if
o> (2)
From (1) and (2) we have
b ap ab

TTRF0 " nva” (hta)(htv)’
Thus the density of the air mnside the 1eceiver can never be reduced

below ab_
(i+va) (h+0)P"
has this value
Hence 1t 18 clear that 1t 18 necessary to push the piston w.1l home
at the end of cach strohe Tlis 18 especially the case when the
density of the air 1n the receiver 1s approaching 1ts hmit

The length, a or b, of the bairel which 18 untraveised by the
pieton 18 called the * clearance "

[The weights of the valves have been neglected ]
It follows, silarly, that in a Hawksbee’s air pump the hmiting

the pump will cease working when the density

density 18 P where b 18 the distance of the piston in its lowest

position from the bottom of the barrel, and & 18 the length of its
stroke

142 The Ailr-condenser, or Condensing Air-
pump. The object of this instrument s exactly opposite
to that of the Air-pump, viz to increase the pressure of
the air 1n a vessel 1nstead of diminishing 1t.

12—2
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The condenser consists of a vessel 4, to which 1s
attached a cylinder CB, in which
works a piston D. In the piston
D and at B (between D and the
vessel 4) are valves, both of which
open downwards

When the piston 1s pressed
down, the air between D and B
becomes condensed, opens the
valve B, and 1s forced mto the
vessel 4.

When the piston gets to B 1its
action 18 reversed, the atmosphere
outside presses the valve D open,
and the pressure inside 4, being
now greater than that of the air between 5 and the piston,
shuts the valve B

When the piston gets to the ighest pont of 1ts range,
the motion 18 again reversed, and more air 18 forced 1nto .{

Thea vessel 4 18 provided with a stop-cock #, which can
bLe used to close 4 when 1t 18 desired.

A shghtly different form of condenser 1s one form of
pump used for inflating the tyres of bicycles The piston rod
D( 18 hollow and 1s attached at € to the entrance to the tyre

C

Tt contains a valve at D When the piston 18 at the end
of the cylinder at B, air enters through the hole B behind
the piston The cylhinder 18 then pushed forward and the
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piston D moves past B and cuts off communication with
the atmosphere, as the cylinder 1s still further pushed
forward the air 1n 40 1s compressed and forced through D
into the piston-rod DC and so through the tyre-valve imto
the tyre

The hole at B 18 often omitted. The end of the piston
at D 1s furmished with a circular piece of leather, some-
what sumlar to that on Page 187, which fits closely to
the cylinder This leather allows air to pass when the
cylinder 18 pulled back, but not when 1t 18 pushed forward
The connection with the outer air 1s then made by a small
hole at the end of the cylinder at B

143. Density of the Auwr wn the Condenser  Let V be
the volume of the vessel 4, mcluding that portion of the
cylinder below the valve B, and V' that of the cylinder
between the valve B and the highest point of the range of
the piston

In each stroke of the piston a volume V' of ar at
atiospheric pressure is forced into the condenser

Hence at the end of n strokes there 14 in the concenser
a quantity of air which would occupy a volume V' +nV’ at
atmospheric pressure

If p be the original density of the an and p, the density
after »n strokes, we have

p (V+nV)=p, V
. V+aV
oo Py = '-—_7-

Bx A condenser and a Smeaton’s Avr pump have cqual barrels and
the xame recewer, the volume of either barrel being one-tenth of that of
the regewer, 1f the condenser be worked for 8 strokes and then the
pump for 6 st1okes, prove that the density of the air an the recewer will
be approxwmately unaltered

If p be the original density, the density at the end of 8 strokes ot

V+8 ‘IIUV 18
the condenser = —— AT 12




182 HYDROSTATICS

Also the density at the end of 6 strokes of the pump
18 V_\* 18 10°
=0 (V+T‘6V> S0P X1
1800000
= {7561 1016,
Hence the final density 18 very nearly equal to the original
density

144. Tate’s Air-Pump. This 18 a foom of pump mn
common use It consists of a pan of pistons, 4 and B,
connected by a rod with a handle # The distance between
the extieme faces of 4 and B 1s very shightly less than half
the length of the cylinder CD At 4, the mddle pont of
the cylinder, a passage leads to the 1eceiver from which the
amr 18 to be expelled  When B 15 at D, the piston 4 13 just

to th> night of /% (since the distance between the extreme
faces1siess than 1 C"D’) At V and V' are two valves, both
opemng outwards

In the figure the piston B 1s moving towards /) and
driving the air out at 7/ When B gets to D', £ 1s placed
in communication with the space to the left of 4, on the
motion being reversed the valve V' closes, and the air to the
left of A4 1s compressed till 1ts pressure 1s greater than
atmospheric pressure, the valve V then opens, and lets this
air out

‘When 4 gets to C, the passage Z 13 1n communication
with the space to the right of B and some of the air in the
receiver expands into this space, and at the next stroke
forward of the piston is forced out through V.
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The handle being worked alternately forward and back-
watd, the air in the recerver 1s thus exhausted

This form of pump has advantage over Smeaton’s form
m that two valves, one in the piston and one leading to
the receiver, are not wanted A greater degree of ex-
haustion can thus be produced

1456 When a very ligh degree of exhaustion 15
required, as 1 the case of the globes of electric lamps,
the preceding air-pumps are not sufficient, as the necessity
of Ihfting the valves sets a limit to thewr woirking
Other pumps must be used, one such 18
Sprengel’'s Air-Pump. Tins machine
consists of a vertical glass tube A5C, the
lower end of which dips into a vessel &
containing mercury, and the upper end
of which connects with a vessel & contan-
mg metcury At B a glass tube connects
with the recerver which 1s to be exhausted
The length BG must be greater than the
height of the meicury barometer The
mercury mn £ 18 allowed to run down
through AB¢C', as the meicuiy passes B 1t
breaks into diops, and encloses portions
of air which come fiom the 1ecciver
through the tube DB, this air 18 carried
down 1mto the meicury @, and so passes é:?
mto the atr-osphere

As this process continues the pressure of the air in BD
diminishes, until the metallic sound caused by the falling
drops of mercury shews that practically no air 18 carried
down with 1t The height above ¢ at which the mercury
then stands inside the tube B¢ 18 very nearly equal to the
height of the mercury barometer
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The vessel % must not he allowed to become empty, the
meroury overflows from ¢ into another vessel, and this
latter 18 continually being used to replenish the amount in
the vessel #

EXAMPLES XXVIIL

1. Find the 1atio of the receiver of Smeaton’s Arr-pump to that
of the bariel, if at the end of the fourth stroke the density of the arwr
1n the 1eccetver 18 to 1ts original density as 81 256

2. The cylinder of a single-barrelled an-pump has a sectional
area of 1 square inch, and the length of the <troke 13 4 inchea  The
pump 18 attached to a recciver whose capacity 18 36 cubic mches
After eight complete strokes compare the piessure of the air in the
cylinder wath 1ts original pressure

3. In one air-purup the volume of the barrel 18 Tlath of that of

the 1ecerver and in another it 1s Jth of the 1cceiver  Shew that after
three ascents of the piston the densities of the air in the tw receivers
are as 1728 1331

4, If each of the barels of & double-batrelled air-pump has a
volume equal to one-tenth of that of the recenver, what diminution ot
pressure will be produced 1n the receiver after four complete strokes
of the handle of the pump?

5. If the receiver of an an-pump be s1x times as large as the
baxre], find how many stiokes must be made before the density of the
air 18 l.ss than (1) 1}, (2) § of the original density

8. In one pump the barrel has -flfth of the volume of the recciver

and 1 another 1t has Jth. How many strokes of the latter are
required to produce the same degree of exhaustion as six of the
former ?

7. In the process of exhausting n certain receiver after ten strokes
of the pump the murcury 1n a siphon gauge connected with the receiver
stands at 20 inches, the barometer standing at 80 inches At what
height will the mercury 1n the gauge stand after 20 more strokes ?

8, If the piston of an air-pump have a 1ange of 6 inchos and at
1ts highest and lowest positions be one-fourth of an inch from the
top and bottom of the barrel respectively, prove that the pressure of
the air m the receiver cannot be reduced below z44th of atmospheric
p1essure,

9. If the capacity of the barrel of a condensing air pump be
80 cubic cms. and the capacity of the receiver 1000 cubic ecms , how
many strokes will be required to raise the pressure of the air 1n the
1ecetver fiom ono to four atmospheres?
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10. The barrel of a condensing air-pump 18 one nch 1 diameter
and 8 inches long, The tube of a pneumatic tyre when inflated 1s one
mch 1n diameter and 80 inches long  If to begin with the tyre is quite
empty, how many strokes of the pump will be needed to inflate 1t with
air at twice the atmospheric pressure ?

11. In a condenser the area of the piston 1s 5 square inches and
the volume of the receiver 1s ten times as great as the volume of the
range of the piston. If the greatest intensity of the force that can be
used to make the piston move be 165 Ibs wt , find the greatest number
of complete strokes that can be made, the pressure of the atmosphere
being taken to be 15 1bs wt per sq 1n

12, If of the volume B of the cylinder of a condenser only C
18 traversed by the piston, prove that the pressure in the receiver

cannot be made to exceed

B
50 atmospheres
18. The capacity of the recerver of a Smeaton’s Air-pump 18 eight
times that of the barrel, what fraction of the fifth upward stroke has
the piston described when the upper valve opens?

14, If the upper valve 1n a Smeaton’s Air-pump opens when the
piston 18 three-quarters of the way up, what was the density of the
air 1n the receiver at the commencement of the stroke?

15. A speaking tube, whose seotion 18 one square inch 1n ares, 18
found to be blocked A condensing pump 18 attached to the tube,
and after 30 strokes the pressure of the air 1n the tube 18 found to be
4 times that of the atmosphere If the capacity of the barrel of the
pump be 50 cubie mches, shew that the obstruction 18 distant 41% feet
from the mouth of the tube

16. A condenser and a Smeaton’s An-pump have equal barrels
and the same recetver, the volume of the latter being twenty times
that of either barrel, 1f the condenser be worked for 20 strokes, and
then the pump for 14, shew that the density of the air 1n the receiver
will be approximately what 1t was to start with

17. If air be taken from a vessel of volume 4 and condensed 1n a
vessel of volum. 4' by a baiel ot volume B of which the clearances
0, ¢’ at the ends a1e not traversed by tho piston, prove that, neglecting
the weights of the valves, the himiting ratio of the pressure m 4 to
that 1n 4’ 18

ce’

B-¢)B-0)
18. The volume of the bariel of a condenser 18 + and a volume v’

of 1t 1s below the piston when the latter is pushed down as far as 1t
will go  If the valves open when the difference of pressurc between the
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two sides 19 p, and TI be the atmospheiic pressure, prove that the
maximum pressure that can be produced 1n the an 1n the recerver 15
v
(T-p) 5-p

19. In a Hawksbhee's Air-pump, 1f 4 be the volume of the receiver
and B that of the barrel, and 1f the miston fail to traverse a volume C
at the bottom of the barzel, prove that the density after n stiokes 1s

C C 4 \"
7Rl (“z}) (;ﬁ B)
times that of the atmosphere
146. Bramah’s Press This machine, used for ex-
citing great piessuies, has been referred to already in
Art 12 Tts essential form 1s there shewn

The annexcd figure shews a section of the machine
as actually used A <mall solid plunger 15 worked by the
y ) y

m™ R 41N n
1
|

Lg;-—--——-—“—~—'r.——'~?l E !
S

lever BD When this plunger moves upward, the valve
at F nises, and liquid comes from the lower reservou
below F

When the plunger 18 moved downwards, this valve at
F shuts, and the hqud 1s forced through a valve into C¥
and so mto 4
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When the machine was first invented, great dithculty
was found in making 1t watertaght The water forced 1ts
way out through the apertuies through which the pistou
1ods pass

This was overcome by the use of a leather collar of the
shape annexed

This collar, saturated with o1l to make 1t water-tight,
fits with 1ts concavity downwards mn a groove m the side
of the aperture When water attempts
to pass between the piston and the side of g
the aperture, 1t forces this leather collar & ﬂ
tightly agamst the sides of the piston,
and the gireater the pressme of the water the more taghtly
does the collar fit  The water 19 thus, by 1ts own pressure,
prevented from squuting out

147 Siphon The siphon 1s an mstiument used for
emptying vessels contaiming hiquid 1t consists of a bent
tube 4BC, one arm AB being longer than the other ¢

B BN

‘

1

i

i

.

t

i

1

H

V
4
2

The siphon 13 filled with the liquid and, the ends 4 and C
being stopped, 1s mverted, the end C of the shorter arm
bemg placed under the level of the hiquid in the vessel
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The instrument must be held so that the end 4 1s below
the level of the liquid 1n the vessel

If the ends 4 and C' be now opened the hquid will
hegin to flow at 4, and will continue to do so as long as
the end A4 1s below the surface of the hiqud

To eaplarn the actron of the wnstrument Let B be the
Inghest point of the siphon Draw a line BMN vertically
downwards to meet the level of the suiface of the hquid 1n
M and a horizontal line thiough 4 m ¥

Let @ be the point in which the horizontal plane
through P meets the mb BA

Consider the forces acting on the hiquid 1 the siphon
Just before any motion takes place

The pressure at () = pressure at P

= pressure of the atmosphere.
Also pressure of the liquid at 4
=pressure at @ + wt of column NM,

Hence the pressute of the hquid at 4 18 greater than
atmospheric pressure, and therefore the hquid at 4 will
flow out and the liquid 1n the limb B4 will follow.

A partial vacuum would tend to be formed at B and,
provded the hewght MB be less than h, the hewght of the
barometer formed by the liquid, hquid would be forced from
the vessel up the tube CB and a continuous flow would
take place

The siphon 18 self-acting ; the work 1s done by grawity
as the hiquid flows from the higher to the lower level

148. The two conditions which must hold so that the
siphon can act are

(1) The end 4 (or the level of the liqmd 1nto which 4
dips) must be below the level of the hiquid 1n the vessel
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which is to be emptied. Otherwise the pressure of the
liquid at 4 would be less, instead of greater, than atmo
spheric pressure, and the iqud would not flow out at 4

(2) The height of the top of the siphon above the
liquid at 7 must be less than the height of the correspond-
ing hquid barometer. For otherwise the pressure of the
atmosphere could not support a column so high as M B

In the case of water the greatest height of B above 7
18 about 34 ft, for mercury 1t 18 about 30 s

149, EBx Water 18 flowing out of a vessel through a siphon
What would take place 1f the piessure of the atmosphere were removed
and afterwards restored (1) when the lower end s tmmersed 1n water,
(2) when 1t 18 not?

In the first case the water in the two arms of the siphon would fall
back into the two vessels and a vacuum would be left 1n the siphon
On the rc¢ toration of atmospherie pressure the siphon would resume
1ts action

In the second case the two arms would emnpty themselves as
before, on the restoration of the an the latter would now enter the
open end of the siphon and ill 1t, consequently no action would now
take place.

EXAMPLES XXVIIL

1. Over what height can water be carried by a siphon -hen the
metcurial barometer stands at 30 1nches (sp gr mercury =13 6)?

2. What 18 the greatest height over which a hquid (ot sp. gr 1 5)
can be carried by a siphon when the mercury stands at 30 inches, the
sp. gr of mercury being 13 6?

8. An experimenter wishes to use a siphon to 1emove mercury
fiom a vessel 3 feet deep. Why will he not be able to remove all
of 1t by this means?

4, A cylindrical vessel, whose height 18 that of the water baro-
meter, 18 three-quat ters full of water and 1s fitted with an air tight hid
If a siphon, whose highest point 18 1n the surface of the Iid and the
end of whose longer arm 18 on a level with the bottom of the vessel,
be 1nserted through an air-tight hole in the lid, prove that one-thud
of the water may be removed by the action of the siphon

§. What would happen 1if a small hole were made i (1) the
shorter limb, (2) the longer hmb of a siphon mn action?
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CHAPTER IX.

CENTRES OF PRLESSURE

150 1In the present chapter we 1eturn to the subject
of the centres of pressure of certain areas immersed m
liquid  Some results have been already stated in Art 43

151  Graphical construction for the centre of pressure
of any plane area vmmersed wn hquad

Let ABC be any plane area, through all the points
4, B, ¢ on 1its boundary diaw vertical lines 44', BB,
CC"  to meet the surface of the hquid n points 4’, B,
o

Consider the equilibiium of the cyhinder thus cut off
The forces acting on 1ts curved surface are all horizontal,
and thus have no component 1n a vertical direction
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The forces on the plane base ABC are all perpendicular
to the base, and thus by the laws of composition of parallel
forces (Statics, Art 53) may be replaced by one single
force, which 18 perpendicular to 4BC and acts through 1ts
centre of piressure P

The vertical component of this single thrust, (since it is
the tesultant vertical thrust of Ait 45), must balance the
weight of the cylinder which acts through its centre of
gravity G, and thus GP must be a straight line

Hence the centie of piressure of any plane area s the
point wn which the arca 13 met by the veitical line drawn
through the centie of gravity of the cylinder formed by
drawning strarght Lines through the boundary of the area to
meet the suiface of the lhquad

The above construction seems to faill when the plane of
ABC 15 vertacal

In any position of 42BC, which 1s not vertical, let S7
be the ntersection of 1ts plane with the suiface of the
hiquid, and let the plane ST'ACB be tuined round S7" into
any other position (ancluding the vertical position) - Then
the piessures at the different points are all alterea’ propot-
tionately, and they are all turned through the same angle

Hence by the principles of the Composition of Payallel
Foices their centie 15 unaltered

*152. Centre of presswie of w 1ectangulas lamina wm-
mer sed v hont gencous lquad with one sude e the swa fuce

Let ABCD be a 1ectangle inchined at a fimte angle to
the vertical plane thiough 4 B, which 1s 1n the surface of
the hquid

Draw vertical hines thiough all the points on BC, CD,
D4 to meet the smface 1n BR, RQ, QA

* For proofs, by the use ot the Integial Caleulus, of this and the
two following Aiticles see Pages 249251
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Then, by A1t 151, the centre of pressure of the
rectangle 1s the pomnt P wheie the vertical hine through

the centre of gravity @ of the wedge 4 BRQDC mcets the
rectangle

But if Z, M, N be the middle points of 4B, CD, RQ it
19 clear that the c @ of the wedge coincides with tue ¢ 6 of
the ALJMN.

Hence, isecting LM 1n B, and taking EG = LN, we
have G the centre of gravity

If we diaw @GP vertically, we have, by similar t1s

angles,
EP EM EG EN 1 3.

S LP=3EM-=}LM,
and LP=LE+EP=3LM+}LM=3LM
Hence the centre of pressure lies on the middle line of
the rectangle at a distance down equal to two-thards of 1t

Cor. Asin Art 151,1f the rectangle be turned 10und
AB ull 1ts plane 1s vertical, the position of 1ts centre of
pressure 18 unaltered

163. Centre of pressure of a trangle vmmorsed wn
homogeneous hquad with one sude wn the surface

Let ABC be a triangle with 1ts base BC in the surface
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of the liquid, and its plane inclined at a finite angle to the
vertical.

Diaw AR vertically to meet the smiface in B

Then (as m Art. 151) the required centre of pressure 15
the point in which the vertical through the centre of gravity
of ABCR meets the triangle 4 BC.

If D be the middle pont of BC, DE = 3DA, EG = }ER,
and (P be drawn vertically to meet 4 n P, then @ 1s
the centre of gravity of ABCR (Stetes, Art 107) and
P 18 the requuied centre of pressuie.

By smilar triangles, EF> K4 - K¢ ER- 1 ¢

S EP=}EAd=%x3DA=}DA. :
S DP=DE+EP= DA +3DA=}DA.
Hence the centie of pressuie bisects the median D4

Cor. If « be the vertical depth of 4 below BC, A be
the area of the triangle, and w the specific weight of the
hiquid, the whole thrust acts at /°, and

=w. A x deptl. of the centre of gravity of the triangle

=wA§

The thrust on the triangle 1s thus equivalent to two equal
forces, each }w A.a acting at the mddle pownts of 45,
AC.

L H. 13,
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Aliter Conceive the tniangle to be divided mnto a very
large number of narrow strips of equal breadth by stiaight
lines parallel to the base BC.

Let PQUV, P'QU'V’' be two such stups equdistant
respectively from BC and 4, so that DR =AR', and
DR =AR

If the distances RS and R'S’ are equal, the areas are
proportional to PQ and I¢)/

Also the pressure at each point of PQUV 1s proportional
to RD ultimately.

Jo the pressure at each pomnt of 77¢'U’ V' 1s proportional
to &0 ultimately

whole pressme on PU ~ PQ DR  Qk AR
whole pressure on PU’ ~ P'Q" DR ~ QR AR
_AE AR |

TAR AR
Hence the pressures on PU, P'U’ are ~qual, and they
act at equal distances from O the middle pont of 40,

hence theiwr resultant 18 at O
Siularly for any other such pair of strips

Thus the centre of pressure of the whole triangle is at
O, the middle point of the median D4,
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164. Centre of presswie of a triangls vmmersed in a
ligwmd with a vertex wn the swifuce and the opposite side
horzontal

Let ABC be a triangle with the vertex 4 in the surface
and the siae BC horizontal

Through B, C draw veirtical lines to meet the suiface in
R, Q.
Then, as 1n Art. 151, the required centre of pressure 1s

the point i which the veitical through the centre of gravity
of ABCQR meets the triangle ABC

Since BC 1s horizontal, 1t 18 equal to BQ .

Hence 1f £ be the centie of the rectangle BCQR,
the centre of gravity of ABCQE 13 the point @ where
AG = }AE.

Draw ED perpendicular to BC, then ED bisects BC

Draw G P vartically to meet 4D n P,

Then P 18 the required centre of pressure,

By sumilar triangles, AP : AD » AG . AL . 3: 4

o AP=340

Thus the required centie of piessure divides the median
in the ratio 3, 1.

13—-2
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165. We shall now give another method of obtaning
the 1esults of the previous articles, 1t consists of a division
of the area into very thin strips, the thrust on each of
which 18 known and also 1ts centic of pressure, and then
of an application of the formulae of Stasics, Art 111.

166. Rectangle.

A L D
ﬁl L D
A Dy
Ao . L. o
Al T -0,
An-l "? Du 1
™M (e}

Tet AD=aand AB =b.

Divide the side 4B nto a large number, 2, of equal
parts so that each of the distances

AA]) AlA.z’ ArAM-h An-—l”
18 equal to the small quantity %

Through the points 4,, 4,,  draw lines parallel to 4D,
thus dividing the rectangle into a series of equal very thin
strips

Each such strip may thus be considerad to have the
pressure at each point of 1t the same, and thus the whole
pressute on 1t acts at its middle pomnt which 1s on the
straight hne L Jf, which joins the middle points of 4.0 and
BC

Now the strips 4,D,,, bemng very thin, 1ts centre of
pressure and centre of gravity will coincide very approxi-
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mately with the middle pomnt ot d, D,, und thus they both

will be at a dlsta.nce;? from /L.

Hence, since the thrust on each strip 13 equal to
its area x depth of its c ¢,

the thiusts on the strips 4, D,, 4,0y, 4,_,C are clearly
ab b ab 26 ab 3b ab (n—1)b
— X =y =X —, = X — - x - ="

n n n n’an n’ n n

and they act at distances from Z equal to
b % 3

pour]

n’ n’ n’

Hence, if % be the distance fiom Z of the centre of
pressure, we have [Statics, Art. 111]

ab (b)" ab < 2())2 ab (n -1 b)’
— X | - . + + — X
n n n n n n

&= ab b ab 2b ab n-—1
— X=F ~X— 4+ e X— b
n n n n n n
(1=1) n_(2n-1)
b1+ 24+ 3+  +(n-1?® b 6 ’
" 19248+, +(n-1) 2T (-1 n
e

_bom-1_2br, 1]
“3‘7”“3[ T

Now let » be made indefinitely great in wliuch case 712 18

ultimately zero

Z = :232’ as before [Art. 152 ]

Cor. The proofs both of this Article and of Art 152
hold 1f the rectangle be replaced by a parallelogram with
one side in the surface
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157. Triangle with ts vertex wn the surface and the
opposite side horwzontal

Let AD =d, D being the middle pomt of the base BC.

Let the triangle 4BC be divided into a very large
number, n, of very thin stiips by stiaight hnes B,C,

5e, BLC., B, ,C,.,, all parallel to BC, and which
divide the distance 4.D into distances ;Z at the points
D, D, D,,.

AD

By stmilar tuiangles 5,0, = X7)—r X

Hence the area of the very thin strip B,0,C,,, B,
wdD,, 1e «d
n
The depth of 1ts cG o« 4D, re < ::z d [For the c.c. 13

the middle point of D, D,; and hence comnciles very neaily

with D, ] Hence the total pressure on B.0,,, < :I” &2

Also the centie of pressure of this stiip cowncides very
neatly with D,, and thus its distance fiom 4 18 very nearly

" d
n
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Hence, by the 1ule for the centre of any system of
parallel forces, we have
3 (pressure on each element x dist of its cp)
3 (pressure on each element)

2
2(-’;—d’x-7:d>

z=

, for all values of » fiom 1 to n —1,

f

dl
R N

,,%z 12+ 22+ +(n-1)]

P

6 n—1 J
Twm-D n(n-1) &2n-1°
i G
Q 1”’1”
v ﬂd
471
2n

&
1
Now let » become mnfintely great, so that n Liécomes

Zero0
3d_ ‘-iAl)

Thus ==

EXAMPLES. XXIX.

1. A triangle 18 wholly immersed in a hquid with 1ts base in the
surfacc Shew that a hoiuzontal straight line drawn through the
centre of pressure of the tnangle divides 1t into two parts the
thrusts on which are equal

2. A cubical box filled with water 18 closed by a lid without
weight which can turn freely about one edge of the box, and a string
18 tied symmetrically about the box in a plane wlich bigects this
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edge; 1f the id be n a veitical plane with this edge uppermost,
prove that the tension of the stiing 18 egual to one-third of the
weight of the water

8. A rectangular box of thin sheet metal in the shape of half a
oube has one edge Tunged horizontally on a vertical wall, the square
face of the box next the wall being removed  Find the weight of the
metal per square foot so that, if the box be filled with water, none
shall leak out, the length of the edge ot the box being a feet,

4, Shew that the depth below the surface of a hquid of the

centie of pressure of a rectangle, two of whose sides are horizontal
a"‘+ab+b‘

and at depths @ and b, 18 3 T

[Produce the vertical sides of the rectangle to meet the surface of
the liquid, then the thrust on the given rectangle 1s equal to the
difference of the thrusts on two rectangles, cach of which has a side
1n the surface, also these thrusts and their points of application are
known by Arts. 89 and 166, then proceed as In Statics, Art 116 ]

5. The lengths of the two parailel s1des of a trapezin 1 r1e ¢ and
b and the distance between them 18 &, 1if the trapezium be 1mmersed
1n water with 1te plane vertical and the side e in the suiface, prove

that the centre of pressure will be at a depth af‘% h below the

+ 20
surface

6. A lamina in the shape of a quadnlateral ABCD has its side
CD 1n the surface of a hiquid and the sides 4D, BC verticil and equal
to a, p respectively. Shew that the depth of its centre of pressure 18

3 (2*+5%) (a +8)
awitapf+pt *

7. A cubieal box 18 filled with watcr and has a closely fitting
heavy hid fixed by smooth hinges to one edge, compaie the tangents
of the angles through which the box must be tilted about the several
edges of 1ts base so that the water may just begin to escape.

8. Find the centre of pre-surc of the cage of Art 154 by consder-
g 1t as the difference betweon the cases of Arts 152 and 153

168. A4 plans area s vmmersed tn a homogeneous
ligurd, and the depths of ils centres of gramty and pressure
are respectwely a and b, +f the whole arew be now lowered
(without any 10tatron), to find the new posiron of the centre

of presswie.



CENTRES OF PRESSURE 201

Let @ be the centre of gravity, and P the centre of
pressure, of the area in the first position when BC is the
surface of the hqud

Let the area be depressed through a distance 4; or,
what 18 equivalent, let a depth % of liquid be superunposed
on AC.

In the original position the thrust on the area was
equal to dow acting at P (Art 39), where 4 18 the given
area and w the specific weight of the hquid

The effect of putting on the additional hqu-d 1s to
increase the pressure on each element of A4 by the
amount due to the depth A, that 1s, by wh per umt of
area

‘The resultant of all these additional pressures 1s there-
fore Awh acting at @

The point P’ at which acts the resultant of daw at 2,
and dwh at @, 18 clearly the new centie of pressure.

By the rule for compounding parallel forces, 1t follows
that P’ hies on P@, and divides 1t so that
PP PG . dwh Awa,
2 h o oa
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169 Ihom the pieceding article, by taking moments
about B’C’, we have

depth of 2” below B¢’ - daw x (b +h)+ dhw x (a + k)

daw + Ahw

A+ ‘Jali-t—. {Lé
h+a

Hence the depth below the new surface of the new
centre of pressure
- depth below the original surface of the original centie
of pressure
A+ 2ah + ab 2a—-b+h
= —— —bh = hx =
h+a a+h
o that the depth of the centre of pressure below the surfuce
of the water 1s greater by this amount.

Also depth of £’ below 5'C’

’

—depth of P, ’
h* + 2ah + ab b—a
= e = o —
h+a (& +4) kh+a’

and this quantity 1s always negative
Hence wn the area wtself the centre of pressuie 18 rawsed

through the distance % boa
h+a

Also the vertical distance between the centie of gravity
and the centre of pressure i the second position

W+ 2ah + ab (a+h>_ab——a’
Y T h+a’

and hence « inveisely as 4 + a,

2 e o 1nversely as the depth of the ¢ @ below the suiface.
It follows that, the greater the depth, the mnoire nearly

does the centre of pressute approach to the centre of

gravity, and hence that at an infimte depth the two

centres coincide
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160. Tf the position of the centre of pressme of an
area, when the atmospheric pressure 1s neglected, be known,
1ts position may now be found when this pressure 1s taken
into account

For 1f 2 be the height of a barometer filled with the
same liquid as that m which the area is inseited, the

atmospheric pressure 18 equivalent to superimposing a
depth % of the liquid, as in Tig Art 158

s

161 Ex Find what effect an atmospheric pressure, equal to a
watgr-barometiic hexght h, has on the posttion of the centre of pressure
wn the case of Art 152,

When there is no ain-pressure, the thrust on the rectangle 1s

abx%xw and acts at P, where Ll’:;.

The atmospheric pressure is equivalent to ad x I x w, and acts at
E, where LE:% .

Taking moments about L, we see that the distance from L of the
new centre of pressure

b 2b b
—abx—2xwx 3 l~ab><hwx—2-
abx{);g+abxhw
202
TR bssn

=o+2h 3 B2k "

EXAMPLES. XXX.

1. A square lamna 18 just 1mmersed veitically 1n water, and 1s
then lowered through a depth b, 1f a be the length of the edge of the
square, prove that the distance of the centre of piessure from the

a
centre of the square 18 6aT 1%

2. A triangle, of base a and altitude 7, 18 placed 1in water with
its plane vertical and the side a horizontal and at a depth k below
the suiface of the water, find the depth of the centre of pressure, the
vortex being the highest point of the triangle.
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3. If the triangle in the previous question be placed with the
vertex at a depth % and the opposite side a horizontal, the plane of
the tnangle being vertical, find the depth of the centre of pressure,
the vertex being the lowest point of the triangle.

4. An equilateral triangle, ench of whose sides 18 6,/8 feet long,
1s immersed vertically 1in water with 1ts side in the surface vhich 1s
open to the air If the water barometer stand at 34 feet, find the
depth of the centre of pressure of the triangle.

5 A tnangle has its base in the surface of a hquid and 1ts vertex
downwairds, 1if the atmospheric pressure be equivalent to a height h
of water, prove that the centre of piessure will be higher by a distance

3 7}3_5—6 than 1t 18 when the atmospheric pressure is neglected, where §

18 the distance of the centre of gravity of the triangle below the
surface of the water

6. If the triangle mn the pt:cvxous question has 1its vertex in the
surface and base horizontal, find the corresponding distance

7. If the position of the centie of pressure of a plano area be
known when the atmosphcrio pressure 18 neglected, prove that its
position when the atmospheric pressure 18 ineluded may be found by
the following rule, the depths of the centres of pressure and gravity
below the free surface in the second case are 1n the same ratio as the
depths of the corresponding points 1n the first case, each increased by
the height of the water barometer, also the two centres of pressure
lie on & .traight line passing through the centre of gravity

8. A plane area 18 completely immersed 1n water 1ts plane being
vertical, 1. 18 made to descend in & vertical plane without any
rotation and with nniform velocity, prove that the centre of pressure
approaches the horizontal through 1ts centre of mass with a velocity
which 18 1nversely proportional to the square of the depth of the
centre of mass

182, The centre of pressure of any triang’e vmmersed
in homogeneous hgurd cowncides with the centre of parallel
Sorces actang at the muddle pownts of the srdes and of magni-
tudes proportronal to the depths of thevr middle points

Let ABC be a triangle with 1ts vertex 4 in the surface
of the hiquid, and 1ts base LC 1n any position, and let BC
be produced to meet the surface in K. Let D, E, F be the
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middle points of the sides of the triangle, and E’, /7 the
middle points of CX, BK.

Let AR =%, and let B, y be the depths of the pomnts B
and C below 4K The area ot the triangle ABK =} 3k

Then, by Art 153 Cor., the whole thrust on 48K 1s
equiva’>nt to forces {;wkS® at F and £, ve to forces A

at 4 and K and 2\@ at B, where A= Z’;’

So the thiust on the triangle ACK 1s equivalent to
forces Ay* at 4 and K and 2\y* at C
Now the whole thrust on 43¢ 18 equal to the difference
between the thrusts on ABX, ACK, and 1s thus equivalent
to forces
A(B*~v") at 4, 208 at B, — 2)y* at C
and A(B—vy)at K (1)
Now since BK CK- B vy,
a force (8 - y) at K 18 equivalent to —y at B and 8 at C,
[Statacs, Art 53], and hence A (82— %) at K
=—-Ay(B+1y) at B and AB(B+y) at C
Hence the forces (1) are equivalent to,
at 4, A B~ 9,
at B, 2B'—xy(B+y) re A(B-7v)(2B+7),
at O, —20*+AB(B+y), ie. M(B-7)(B+2y) (2)
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Now the area A of the triangle 4 BC = %3 - @21 , 50 that

AB-y)= 12 gy =22

Hence the forces (2) are equivalent to

(B +9) at A, i3 (2,8-4-7) at B, and (/3+2-y) at C,

wA Ya,tEa.ndw'} ?_‘i‘_)’ at D,

wA B
re to——~.—a.bF,»3.2 . 3

3 2
ve to forces at D, B, F proportional to their depths

Next let the triangle be depressed through a distunce
o/, and let B, y' be the new depths of B and (.

Then B =o' +f3, and y' - a’'+7y

The effect of this depression 18 to cause an additional
thiust w.A o at the ca of ALC,

that 1s, “‘;”3 o’ at each of D, &, and F. [Statrcs, Art 104
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The thrust on the triangle 1s then equivalent to
wa (E_'t?'+a'>’ re wa [3__%7 at D,

3 2 3
wA wA vy +a
3 (Z + a> ve Y 2 at Z,
uA ' A o + .
and 3 (’—l—; + a) , ve Z%— LE at F

Hence with the triangle 1 any position the centre of
pressure coincides with the centre of forces acting at the
middle ponts of 1ts sides of inagmtudes proportional to the
depths of these sides

Cor By the formula for the centre of parallel forces
[Staties Art 111] the depth of the centic of pressure

wA <B + y')” wA Y+ n.) . wA ol + /3’)’
3 2 )t 3 <‘2 T&’( 7
B wA By wh Y ta wA o+

R R S T R
(/3+7)‘+(7+a)‘+(a+ﬂ)"

W Fy)
a”+ﬂ”+y”+By+ya+a,3’

2@+ 8 +Y)

163 By the use of the preceding theorem the centies
of pressure of many figures may be obtained by dividing
them up 1irto triangles

Ex A regular hevagon, ABCDEF, 18 tmmersed 1n water with one

awde AB wn the surface, shew that the depth of its centre of pressure 15
to that of 1ts centre of gravety as 23 to 18

Let O be 1its centie and 4,, By, ¢, F, be the middle points of
04, OB, OF and P, Q, R, 8, T', U the middle points of 4B, BC,
CD, DE, EF, FA

Let PO=a,
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I'hen the depths of Q, B,, 4,, U are each ;f'
those of C,, F) are each a,
those of R, D,, E,, T are each %5.

and that of § is 2a

The areas of the six triangles into which the hexagon is divided
are all equal, and we thus have to place at tte middle points of each
side of each triangle a force proportional to the depth of the point

We thus have one force %é O at depth O,
s1x forces %é 3 s » 3:

four forces %A @y @

wA 3a 3a
six forces FER P

and one force L n oo 2e

3
Hence (Statics, Art 111) the depth of the centre of pressure

='£59 {6 (g>”+4a=+s (?.2?)’+(2a)=}

wA |, a da
—8— {b §+4 a+6 7 “ZG}
6 54

atdtgtd o

=X gritos?r 18°

EXAMPLES XXXI

1. Bhew that the depth of the centre of pressure of a triangular
lamina, the depths of whose angular Bomts are a, 8, and v, exceeds
)
the depth of the centre of giavity by % £+ 7' =By -ya-ap
’ M e F
Shew also that 1t is the centre of parallel forces at the angular
points proportional respectively to 2a + 8+, a+ 28+, and a + §+2y
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2. A tnangle ABC hag the vertex 4 in the surface of water and
1ts angular points B, C at depths x and y respectively, the height of
the water barometer being hk, find the depth ot the centre of pressure
of the triangle

3. A rhombus 18 1mmersed 1n a liquid with a veitex in the
surtace and the diagonal through that vertex vertical, prove that the
centre of p 3ssure divides the diagonal in the ratio 7 &

4, A square 18 1mmersed, with 1ts diagonal vertical, and 1its
lowest point as deep again as 1ts highest point., Iind the depth ot
1ts centre of pressure.

5. The depth of the centre of preseure of a rhombus totally
mmmersed, with one diagonal vertical and 1ts centre at a depth &, 1s

3
h+ é,lﬁ , wheie a is the length of the vertical diagonal

6. A parallelogram has 1ts corners at depths h,, hy, h3, Ny below
the surface of a liqud, and 1ts centre at a depth A, shew that the
34 p34 bl B3 a
depth of 1t8 centre of pressure 18 z’.‘_ﬂ‘n_’*_;’_;’f 3+ 8k

7. A regular hexagon 18 immersed 1n water with one side n the
surface, find the depth of the centre of pressure of the upper half

8. Shew that the centre of pressure of a 1hombus inmeised in
two hiquids, which do not mix, with a vertex in the upper surfaice and
a diagonal 1n the common suiface, divides the other diagonal in the
1at10 5 3, if the density of the lower hquid be three times that of the
upper

*%Q, A rectanqgle 18 immersed in n hiquids of densities p, 2p, 3p, np,

which do not muz, the top of the rectanyle 1s in the surface of the first
liqurd, and the area ymmei sed in each 18 the same, prove that the depth

3n+1
of the centre of pressure of the rectangle 18 2%:7:_——«1 < ;—L, where h s th
depth of the lower side
(o]
A
| _ PG |7
r
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Let G, be the centie of gravity of the aiea m the rth hquid, and
P, the pomt that would be 1ts centre of pressure 1t there were no
lxqmd above 1t

Then, 1f O be the muddle point of the highest edge of the rect
angle,

h h 2 h
OA,-‘-:(T—].);;, ArGr= 277, and A,.P,.:-' < "
As in Art 42, Fx 3, we may replace the liquid above 4, by a

thickness z of densxty rp, wheie

-1
.'cxrp_..——p[l+2+ +(r-1)]= h(’z)',
h
'52(7'1)2}]

Hence, by the rule of Ait 158, the thiust on the poition 1n the
liquid 7p 18 equivalent to

4 rpxz ot Gy, and to 4 1pz<2]-:; at P,
where 4 1s the area of this portion
Hence, by the rule foi the centie of parallel fuices, we havo

. ]
El(A 7 Zx 0G4 1 rox‘fxOP,)

z= -
Z(A 1o atdp z;)

e h o h h h 2h
P2 -1) .- - .
i )211 {(T ])n + } +r2n {<I 1) n ! 3 n}]

’}"‘ 1 n-
r.(r-1);-
r )‘.?.n. b ‘Au_l

re-l
R y l[; r—]) ‘)r—-1)+1(2)-— 4]
T o b 0 )
ok 6%~ 3r% 4 1]
e
6 [n(n+1) 2 3 n(n+])(2n +1) 1,(n+1)
x - -
_h ‘ 2 0 2
“on n(n+1)(2n+1)
0
_ hx xn’(n+1)($n+1)
om nn+1)(2n+1)
_h3n+1

T3 PIES
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10. A plane quadiilateral 4BCD 18 entirely 1mmersed 1n water
with the side 4B 1n the surtace If the depths of C and D below the
urface are -y and & respectively, and that of the ¢ @ 18 &, prove that
the depth of the centre of pressure 18 7—2‘— i % :yha

Shew that a quadrilateral go 1mmersed cannot have the depths ot
1ts centrec of gravity and pressure in the ratio of 2 3
*%11. Ifa,B,7,3 be the depths of the four corner» of a quadrilate al
a1 ea vmmel sed 1 water, prove that the depth of the centre of piessure 1>
at+f+y+d By+yat+af+ad+fi- l~'y¢5
2 Oh
where h 18 the depth of the centre of gravity

Let ABCD be the quadiilateral, the depths of A, B, C, D bewng
@, B, v, d respectively

Let x, y be the areas of the triangles ABD, BCLO Then since the
depth of the centies of gravity of ABD, BCD are

ad ;34 8 ng BHY+D

3 1
we have h= L &{@i—fﬁ_&_)j-z/x(ﬁ%—erﬁ) 1)
z+y
v Y (2
Brv+t6-38h~ " atB+d-3h
Now the thiusts on the triangles 4ABD, BCD a1e
a+ﬂ 6xw and yxﬂ+g — X w0,

and the depths of then contleq of pressure are, by Art 162, Cor
a8+ 4 aB+ad+ B0 and B+ + 0+ By +v3+ 38

2(a+p+9) Z{E+y+9)
Hence, if 7 be the depth of the required centre of pressure,

Ex[ a+fB+3 ﬂf—;/+6]

w—y - tyw

=" 6 O (% (024 B+ 8+ afi+ad + B8) +y (B +y2+ 5%+ By + v8 + 0B)]

t e, by equation (1),
1, z(a®+B%+ 0%+ af+ad+B0)+y (B°++°+ 3%+ By +v0+ s

F=g % T (e+y)h
(B+v+3~3h)(a®+ B2+ 3+ af + ad + B3)

1 — (a4 8+8—3h) (B"+v*+ 8%+ By+vd +88)

) I(y-a)

11—2
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1 « (a—v) [af+ay+ad+pBy+B0+y8]+3h(y - a)(a+B+y+38)
6 h(y-a) ’
ou reduction,
_a+B+y+d aB+ay+ad+By+po+yd
- 2 Oh :
12 A square, whose side 13 2a, 18 nomersed 1n water, 1ts plane

but none of 1ts sides being vertical Shew that the ccutie ot pressure
hes vertically below the centre of the square at a distance from 1t equal
2

to ;—Lﬁ, where h 1s the depth of the centre of the square below the

effcetive surface

13. A squaie 18 partly immersed in a liquad 90 that its plane is
veitical and 1its centre 1 the smface Show that the coutio of
pressure of the immeised part 15 always vertically bencath the centio
of the squale,



CHAPTER X.
ROTATING LIQUIDS

164 A surrAcE of equal pressure 15 a surface such
that at all ponts of 1t the pressure 1y the same

The 1esultant thiust at any pownt of a flurd at rest, or
of a perfect flurd an motwon, 13 perpendicular to the surface
of equal pressure passing throuyh the point

Consider any point £ 1n the fluid and take an elementary
length 2’Q lywmng i the surface of the surtace of equal
pressure passing through 2

Consider an mdefimtely thin cyhinder, whose axis 1s @

s
—

—~R
e
P

The pressure on the ends P and @ are equal, since the
areas of the ends are the sawme, and £ and ¢ lLe in a
surface of equal pressure

PN

Hence the resultant thrust on this cylinder 1s perpen-
dicular to £°Q.
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Similarly it 1s perpendicular to any other straight line
drawn through P 1n the surface of equal pressure.

Hence 1t 1s perpendicular to this surface.

165 If a wvessel, and the liquid contarned in it, rotate
unyformly about a vertical axs, the free surface of the Liquad
18 @ parabolod, ve the surface formed by the revolution of
a parabola about its axis

K’

Let the suiface of hquid take the shape of the surface
generated by the revolution of the curve 4PK about 04
the axis of rotation

Let w be the umiform angular velocity

Consider any small element of the liquid at any pomnt
P’ of the surface of the hiquid, and draw a normal PG to
the curve Then the thrust, £, of the hiquid on tins element
1s 1 the direction PG.

[For the surface generated by APK 18 in conta.s with the air
whose pressure 18 constant Hence APK generates the surface of

equal pressure through P and therefore, by the last article, the
direction of the resultant thiust 18 perpendicular to this surface ]

The only other force acting on this element 18 a force
my vertically downwards, where m 18 the mass of the
clement

Draw PN perpendicular to the axis AG.
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Then P desciibes a cuele of radius ¥ with angula
elocity w.

Henee, by Dynamntes, Art 135, therte must be a force
acting on 1t along PV equal to me® PN,

This toice must be the 1esultant of the two forces I
and mg.

Resolving vertically and honizontally, we thus have

Lcosb-mg=0 . (1),
and Rsmmf=mo®*, PN... ... (2),
where 0 18 the angle NG P
oo T
te I = PN cot 0=NG.
e

Heneo the cutve AP 15 such that the sub normal N¢
15 constant  Now this 15 a property of the parabola, 1n
which the sub normal 15 equal to the sem-latus-rectum

[Also 1t could be shewn, but the proof would require
the Integial Calculus, that no other curve possesses this

propetty ]

Hence the curve 4P 15 a parabola, of latus-rectum

2

.» whose axis 1s the axis of 1otation.
)

o

The suiface of the water, which by symmetiy is the
suiface formed by the rotation of the cuive 4/ about the
veilical, 18 thus a paraboloid

Cor. Iiom the fundamental propeity of the parabola,
we have

PN?=latus-r1ect. x AN = g‘z AN,
w

and this relation 18 truo for all ponts £ lymng on the
suiface
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186. 70 find the pressure at any point of the rotating

hquad.
\ 1 /

~ ME—<"EQ
A,

M"i -LHQe

i

Let @ be any point i the hquid  Diaw a stiaight hne
QL vertically upward to meet the surface in 2. About
PQ as axis deseribe a very thin circular cylinder 1n the
hquid of small sectional area a Draw PN, Q.L perpen-
dicular to the axis AMN of rotation

If p be the pressmie of the liqud at @, the vertical
forces acting on the small cylinder /’Q are p a vertically
upwards at @, and 1ts weight gpa Q2 vertically downwards,
where p 18 the density of the hquid

Since the motion 1s one of steady revolution, the cylinder
QP has no veitical acceleration Hence the vertical forces
on 1t vanish, and thus

pa—~gpe QP =0,
Sop=gp.QL=gp MN
=gp (AN —~AM).

But, hy A1t 165, l’N”:? AN.

2

o= <“3 I’N’-—AM')
. ]7 “gP 20

=p(het. QM2 -y AM)
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If @ be below 4, as at @', then
M'N=MA4+ AN,
and the pressure=p(}o* QM3+g AN')

Cor. 1. In the previous article we have neglected the
pressure of the axr  If this be taken mto consideration,
and be denoted by II, we have an additional vertical
pressure I1 a at 2, and the value of p in the preceding
article must be mcreased by 11

Cor. 2. If through each pomnt on the curve 4P we
draw lines vertically downwards and equal to /¢, thewr
ends will all lie on a curve which 18 of the <ame size and
shape as A7  Also the piessures at the pomnts thus
obtaimed will be the samme Ience

The surfaces of equal pressure are equal parabolovls

167 Ex 1 A cocular cylinder closcd at the top 18 very nearly
Silled with Liguad, and 1t and the Liquid rotate with wniform angular
veloctty w about the azis ulich s vertical  find the total thiu b of the
liquid on the bottom and top of the cylindcr

Let BCDE be the section of the oylinder by a plane through 1its
axis 40

Let the height 40=F, and the radius OD of the base = 7.

When we say that the cylinder 1s ¢ very nearly filled with iqud '
we 1mplv that before rotation commenced the pressure was just zero
at the tcp BAE of the cyhinder  When the hquid 18 rotating 1t 15 clear
that the pressure 18 least at A, and so the piessure will be still zero
theire
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Draw a parabola PAP’ with its axis 1 the direction 04 and
2y
]
The pressure at any point of the iquid 18 thus that due to 1ts

vertical depth below the surface generated by the revolution ot this
parabola.

(1) The thrust on the base OD therefore

=weight of the liquid that would occupy the space between CI
and this paiaboloid

=wt of eylinder PC - wt of paraboloid .17
=wt of cylinder PC - -.}wt of cylinder PB [Page x
=gp #r’xDP-%gp m3ix EP

latus-rectum

2
Now PN1=20 4N, ve. AN=% 3
w 2y

thrust on CD
=gp wri[DP - %EP]:‘WP 23[R +% EPr]
2,2
=mgpr? (h+} AN]=mpr® I:gh +oL
2) Again the thrust on BE 18 upwards, and 1s equal in magmtude

to the weight of liquuid that would occupy the volume between BE and
the paraboloid, and thus

=wt of cylinder PB —- wt of paraboloid PAP’

=%wt of PB=gp {m? AN

=%1.,)14w'~’

Ex 2 A circular cylinder, whose height 18 h and the radwus of
whose base 18 r, 18 wmtwally filled with lquad, the cylnder and the

liqguad rotate about the azis with angular velocity w, find how muck of
the iquad s sprlt

Case II,
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Let P’BCP be the section of the ocylinder by the plane of the
paper, the axis being NAO

The free surface 18 a parabola, whose latus-rectum 1s %z, and 1t
must go through P, P’

It 18 thus a parabola with vertex 4, where PN ’:%} AN, and
hence

_@? a9 g
AN—‘QQAIN —.2y7'

2

. -
(1) Let %r’< h, so that w<-—;‘q~’~‘, and therefore 4 13 above O as
m Case I

The Lqumd that has been spilt 18 that which would hll the
paraboloid P 4P’, and hence 1ts volume

=half the cylinder whose base 18 PP’ and height N4
(4)2
=}mrx Nd=4nrx 5;1"‘
Sl
9

2
@ It 9.25 =h, then NA=N0, and the vertex 4 of tho parabola
coincides with the lowest point O of the avis

2,2
(8) If 22}:— >h, then N4> NO, and the pomnt 4 falls below O as

m Case II In this case the parabola meets BC 1n two poins Q, @’
and we have

24 2
Qo%:w,’ A():(;% (AN - k]
2 292
=;’1 w27:_ - h] =2 29k
In this case the volume that has been spilt
=volume of PQQ'P’
=paraboloid APP’ ~ paraboloid 4QQ’
= 7PN*x AN -3 7Q07x 40

w?r3 290\ [wir?
=1mm - 2 _ 290\ (@17 _
$mrix 5 %w(r = ) ( 5 h)

_pmwlrt arw? )2 20\* _ ww! 4{111;”_1_!;11("]
=1 g 49 wt ) T 49 L o w!

q

= gg [w?r?~gh].
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Ex 8 A straight tube AB, of than uniform cross section, rotates
with uniform angulmr velocity w about a vertrcal avis through the
lower end 4, find how much of the liquid flows out at the end B which
18 open.

oz

2

When the liqu:d 18 rotating 1n relative equilibrium, let P be 1t<
highest point  The 1 the pressme of the hiquid thore 15 clewrly zero

Consider the equilibrium of a very thin section of the fluid at P,
whose mass i1s m It 18 acted on by its weight mg acting vertically
downwards, and the reaction R ot the tube acting normally to 1t as
marked These two forces give 1t 1ts normal acceleration m . w3 ’N,
where PN 15 perpendicular to the axis of rotation

Resolving horizontally and veitically, we have

Rcosa=mw’ PN (1),
and Resma=mq 2),
whete a 18 the 1nclination of the tube to the vertical

Hence, by division,

2 D
w—'»lN=cota, 1e PN:g‘;cnta (3)

AP= PN g cosa
“sma  w?smla’

This gives the position of the highest point of the fluid

It will be easily seen that the hiquid above P will flow out For,
if there can be any liquad above P, let Q be the highest particle ot 1t,
and let QJ, the perpendicular on AN, equal NI’+4 To keep 1t m
equilibrium let us assume that a force S must act on 1t towards 4 1n
addition to the normal force R’. We then have

R cosa+ S sma=mw?. MQ=mw?. NP { muwk (4)
and R’ sina~Scosa=wmyg (5)
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Kliminating &', we have
S=(mw* NP +muw?k)sina—mgcosa
=mg 008 a+ mw*k sin a —mg cos a, by (3),
=mw? s1n a.

Hence S 1s positive, and hence our supposition 18 correct, thus to
heep the cl- ment at Q 1t must be pulled towards 4  But 1t cannot be
pulled, hence 1t will move upwards along the tube and pass out at B

Similarly for every other particle of hiquid above P

Ex & A sencircular tube 15 filled with water, and rotates about
the diameter joining ts two ends, which 1s vertical, where must a hole
be made n the tube 8o that all the hiquid may escape ?

B

Wherever the hole 15 made gome of the Tiqmd will eseape; but all
the liquid cannot escape thiough the same hole, unless the hole 18
made at the point ot the tube where the last drop of the hquid would
be found, that 19, at the point P of the tube where a single particle
would be 1 relative equilibrinm

If then O be the centie, BOA4 be the vertical diameter, and PN
be perpendicular to 04, a paiticle at 2 of mass m would be 1 1clative
equuibrium under the action of its weight mg and a force R along

The resultant of these two must thus be mw? PN along PN
Hence, 1f 40P =0, we have, by resolving horizontally and

vertically,
Rsmd—mw® PN,

and R cos 8 =mg
wl
s tanf=-- PN,
9
" ON=PNcot0= "7,
w

and this gives the depth below O of the required point P,
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EXAMPLES. XXXII.

1. A closed nght circular cylinder 18 very nearly filled with
water, and 1s made to rotate about its axis which 1s vertical, find
the angular velocity when the whole thrust on the basc 18 half as
much again as when the hqud 1s at rest.

2 A closed circular cylinder 1s just filled with water, and rotates
about 1ts axis which 18 vertical, 1f the total thiust on the bottom 1s
/gh
five times that on the top, prove that the angular velocity 18 ﬁ;gl ,
where k18 the height and = 18 the radius of the cylinder

3 If in the previous question one thrust 18 n times the other,

2 gh
then the angular velocity 18 ; \/ ol

4 A right circular cylinder, open at the top, 18 filled with water,
and the whole of 1t 1evolves with amtorm angular velocity w about
its axis  If not more than half the water 1s spilt, find the pressure
at any point of the base

5 A hollow cone, very nearly filled with water, rotates uniformly
about its axs which 18 vertical, the vertex being uppermost If the
pressure on the basc be equal to si1x times the weight of the enclosed
49
a
radius of the base and 2a the vertical angle of the cone

water prove that the angular velocity 18 cota, where a 18 the

6 A cylindrical vessel, half full of water, 13 made to rotate about
its ax18 which 1s vertical  I'ind the greatest angular velocity that may
be given to 1t without the water being spilt, and shew that the certie
of the base will be then just exposed

7. A cylinder, of radius a, 18 just full of water, being closed by a
heavy id which can turn about a point on 1ts rim, prove that the hd
will be lifted up when the cylinder and water are rotating with angular
velocily w about the axis of the cylinder, 1f 1ts weight be less than

;-rw’-'a‘p, where p 18 the density of water,
8. When a cylinder, open at the top and half full of hquid,

revolves with angular velocity @ about its axis, which 1s vertical, the
hquid just reaches the upper rim, prove that the angular velocity in

order that %th of the liquid may remain 1n the cylinder 1s @ \/n,
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9. A cicular tube 18 half full of liquid and 13 made to revolve
10und a vertical tangent line with angular velocity w, 1t @ be the
.adhus of the tube, prove that the diameter passing through the free

3
surfaces of the liquid 18 inchined at an £ tan—? wga to the horizon.

10. A quantity of water occupies a quadrant of a fine circular
tube of g1 en radius @ When the tube rotates with uniform angular
velocity w about a vertical diameter, the highest point of the water 18
at an angular distance of 60° from the highest pomnt of the tube

Prove that w’:%(\/8+l).

11 Ligmd 1s contamed within a cucular tube 1n a vertical plane
which can rotate about a vertical diameter If the liqmud subtend an
angle @ at the centie, the least angular velocity to make 1t divide

9 geo?
mto two parts 18 J a5y

12 A heavy liquud 19 contammed 1n a cncular tube, of radius «
and of fine bore, the liqmd filling one-fourth of the tube. It 18
get rotating about a vertical diamcter with angular velocity w. If

0
wi= gg’;/z', shew that the level of the liquid will just rise to the
honizontal diameter whilst the depth of the fiee suiface below the
centie 18 a\/2

13. A circular tube, of radius a and small oross section, contans
a quantity of water which would subtend an angle of 30° at the
centre It turns about the vertical diameter with angular velocity

2 ,\/ % , shew that the highest point of the water 1s at the en of the

horizontal diameter, the whole of the water being on one side of the
vertical diameter.

14. A tube, of small section, 18 in the form of thice sides of a
square of which the middle one 1s horizontal, 1t 1s filled with water
and revolves about a vertical axis through the middle pownt of the
horizontal side, prove that no liquid escapes unless w> \/ %g, and

that, 1f this be so0, tli amount that escapes would fill a length of the
tube equal to a \/ 1- o%‘% , where a 18 the side of the square.

15. In the previous question, if the tube revolve about a vertical
side, prove that the amount which will flow out would fill a length

204 "'
w‘a Z9a
— or a+ a? - —_
29 ’ \/ w ’

2y
according as ws _&‘1
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16. A cylinder, of radius a and height A, contains a hqud of
depth & If the cylinder and hiqumid revolve about the axis, which 1s
vertical, shew that the gieatest angular velocity m order that n,
lhiquid may flow out 18

2 0 h
: lg(h=1) or N 5
aceording a8 b 18 > or < h

17 A cubicul box, open at the top, whose base 18 horizontal 18
filled with water and made to rotate about a veitical axis thiough 1its
centre If the centie of tlie base be just uncovered, shew that the

angular velocity 18 \/%’l , where a 16 the side of the cube

18. A conical vessel, of height k and vertical angle 2a, contains
water whose volume 18 one half that of the cone, 1f the vessel and the
contained water revolve with uniform angular velocity w, and no water

2
overflows, shew that w must be not greater than \/q—% cob .
19 A vesscl, in the form of a hemisphcie of radiuy a, 18 full of

hiquid, and 18 made to rotate with unmitorm angular velocity w about
the vertical radius of the bowl, how much of the liquid runs over?

20. A vessel in the form of a right cone with 1ts vertex down
wards 18 filled with liquid and revolves with uniform angular veloeity
w about the axis, 1f k be the height and 2a the vertical angle of the
cone, shew that the amount of the hiquid that 18 spilt 18

214
1 rwgh tanda,

provided that wt \/ ‘Z cot a

21 A vessel, 1n the form of & portion of a paraboloid of revolu
tion formed by the revolution of a parabola ot latus-rectum 4a ahout
its axs, 18 filled to half 1ts height with hiquid, what 3 the greatest
angular velocity with which 1t can revolve abput its axis so that no
liguid 18 spilt?

'S

22. Water 18 contaned 1 a cup formed by the revolution of a
parabola about its axis, the water and cup revolve with uniform
angular velocity w about the axis, 1f the latus-rectum of the

parabola be <%Z , shew that all the water would escape through n
hole at the lowest pownt of the cup,
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23. A hemuspherical bowl, just full of water, is inverted and
placed with 1ts mouth downwards on a smooth horizontal table, so
that no water escapes under the edge of the bowl The vessel and
contained liquid 18 then made to rotate with angular velooity w, and
the vesscl 18 on the point of rsing, prove that its weight 18 to the
weight of the contained water as

49+ 3w?a 8g.

24. A oup in the formn of a paraboloid of revolution cut off by a
plane perpendicular to the axis 13 just filled with hqud, and placed
with 1ts vertex upwards on a horizontal plane The whole 18 made to
revolve about the axis of the cup; prove that the Liqmd will escape
2% W"—)-qf , where 7, w are the
weights of the cup and liquid, and 4a 18 the latus-rectum of the
parabola

when the angular velocity exceeds

25 A cucular cylinder, of radwus r, 18 floating freely in water
with 18 axis vertical, At first the water s at rest and 1t i3 then made
to rotute about an azxis coinciding weth the azws of the «ylinder with

2
angular ve ocity w  Shew that in the second case an exna length %

of the surfave of the cylinder 18 wetted.

Ef o
P PP
A

b/
Bk_ %" Jo

Lat h be the height of the oylinder, p its density and o that of the
water. Then 1n the first case a height 5" 18 wetted

In the second case let the water meet the oylinder 1n a cnole of
radius NP,
If we draw through P, P’ a parabola PAP whose latus-rectum 1s

2% and whose axs 18 that of the oylinder, this 18 the seotion of the
[5)]
free surface.

L H 15
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J 2
Then pNz—?i AN, ve AN—wQ—g—

If z be the length CP of the poition of the surface which 18 now in
contact with the watex, then

1%k p=weight of the cylinder
=weight of the displaced watex BP'APQ
=o [m3z - volume of PAP’]

=g [mx—mr? §dAN]

wr?
o hp=o[r-44N]=c [:x - 4!7]
wIrd
g
268, A cone, of semi-vertical angle 30° and of height h, floats with

its axis vertical and vertex downwards in a hqud whose density 1»
one-third greater than 1ts own; shew that the rum of 1ts base will be

o a:*ph+

just 1mmersed 1f the hquid 10tate with angular velocity ,\/ % about a
vertical line coinciding with the axis of the cone

27. A small cork, of mass m and sp qr o, 18 tied by a fine string
of length 1 to a point in the side of a vessel contarming water  When
the system 18 revolving m relatwve equilibrium with constant angular
velocity about a vertical ams, shew that the tension of the string 15

mlg l—1)-—-71 where h 18 the hewght of the cork above the pownt of

attac’ ment

Lev y be the honzontal distance of the cork from the axis of
rotation The pressure produced by the surrounding hiqud on the
cork will be the same as would act on the hiquid which would

occupy the same space as the cork The mass of this hiquid 18 Zg,
and the pressure would balance its weight gg and provide the

necessary force ’;w"y toward the axis These two forces, totether

with the tension I of the string and the weight mg o1 the cork, must
provide the necessary normal acceleration mw®y toward the axis
Hence, if ¢ be the inclination of the string to the vertical,

Tooso+mq=%q (1),
and mw’yz?w"y—- Tono . (@).

Fkiom (1) we have the 1equired result,
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928 A small sphere (sp gr >1) 1s attached by a string of length I

to a point 1n a vertical axis, about which a mass of water 18 rotating
1th uniform angular velocity w  ‘I'he sphere 18 immersed 1n the water
and 1. 1n relative equilibiium ; shew that there 18 a position of equi-

hibnium m which the string 1s not vertical, provided that w> \/ {ll s
i1 which ¢se the position 1s one of stability.

15—-2
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CHAPTER XI.

MISCELLANEOUS PROPOSITIONS

168. Surface of Buoyancy If a body, which 1s
floating 1n a hquid, move about so that 1t takes up in
succession every position in which the volume of lLquid
displaced by 1t remains unchanged, the locus of the Centie
of Buoyancy of the body 1s called the Surface of Buoyancy

If the body be a lamina, or 1f 1t be so displaced
that she Centre of Buoyancy always remains in the same
plane, 1ts locus 1s called the Curve of Buoyaney.

The section 1n which the suiface of any hiquid cuts a

body which 1s floating i 1t 18 called the Plane of
Floatation.

169. 7The tangent plane at any point of the surfa-e of
buoyancy 18 parallel to the corresponding plane of floatation

Consider the case of a cylindrical body whose cross
section is the curve ABA'.

Let ACA’ be the original plane of floatation and X the

corresponding centre of buoyancy, ¢.6 the corresponding
centre of giavity of the displaced fluid 4BA'.
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° Let the body be turned through a small angle, so that
eCa’ 18 the new plane of floatation, and so that the volume
immersed remains the same,

ve so that volume ACa = volume 4'Ca’ = V' (say)

Let V be the volume of aBA'C, and @,, G, the centres
of gravity of the volumes 4Ca, A'Ca’ respectively.
Join G4 and produce 1t to K, so that
GH . .HE V.V,

and S VixGH=VxHK .. (1)
Hence, as 1n Statics, Art 116, K 18 the centre of gravity
of the volume aB4'C .

Jomn K(@,, and on 1t take H' such that
KH' G V'V e o (2)

Hence VxKH =V'x H'6,,
and hence A’ 18 the centre of gravity of V at X and V'
at 7,

i.e H' is the centre of gravity of a84'a’ and hence 18 the

new centre of buoyancy

By (1) and (2), we have

GV _ Gl
HK "V HK’

and thus, by Euc. VI. 2, ¢,G;1s parallel to HII',
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If now the angle ACa be made indefinitely small, the
points / and H' become consecutive ponts on the surface
of buoyancy, and the line @, G, ultimately comcides with
44

Hence ultimately the tangent plane to the smiface of
buoyancy at H 1s parallel to the coriesponding plane of
floatation 44’

170. A proof simlar to that of the previous article
will apply to the case of any floating body whether
cylindrical or not In the general case we shew similarly
that the line joining H to any consccutive point #’ on the
surface of buoyancy 1s parallel to the plane of floatation.

171, The positions of equilibrium of a floating body
are found by drawwng normals from the centre of gravity of
the body to the susjfuce of buoyancy

For, in the first figure of Art 169, GH 1s vertical
(Art 57) and 1s therefore perpendicular to 4A4’, hence, by
the result of Art 169, @H 1s perpendicular to the tangent
plane at M to the surface of buoyancy

Hence GH is a novmal to the suiface of buoyancy at H.

The possible positions of equihbrium for any floating
body are thus found by drawing normals from the centie
of giavity of the body to the suiface of buoyancy

172. The Metacentre 18 the centre of cwrvature at the
pownt H of the curve of buoyuncy

For, in Art 68, we defined the metacentre M as the
ntersections of the verticals through A and a cousecutive
centre of Buoyancy H'.

But, by the last article, these two verticals aie the
normals to the curve of buoyancy at H and H'.
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Hence the metacentre M is the intersection of the
normal at H to the curve of buoyancy with the consecutive
normal at #’,

1e M 18 the centre of curvature at H of the curve of
buoyancy

173. Particular cases of the Curve of Buoyancy

If the body 1n Art 169 be a triangle PQZR patially
immersed 1n hquid with 1ts vertex P in the hiquid and the
base Q& entirely outside the liquid, the plane of floatation
cuts off a triangle P44’ whose area 18 constant

The corresponding centre of buoyancy # 13 on the
straight ine D, where D 1s the middle point of 44" and
PH =%PD,

If LL be drawn horizontally through H to meet P,
PR 1n L and L', then

area PLL = ?,—%: x area [’AA’ = 3- x area PAA’ = const

Thus LL' cuts off a constant triangle PLL’, and hence
we know, from the properties of Conic Sections, tl:at LL
always touches at 1ts middle pont #/ a hyperbola whose
asymptotes aie P’L and PL

The locus of H, e the curve of buoyancy, 13 thus m
this case a hyperbola of which the immersed sides of the
triangle are asymptotes

In the -~ase where the portion of the body immersed
i the hiquid 18 a rectangle, 1t can be shewn that the
curve of buoyancy 1s a parabola

174. Position of the Metacentre The determination
of the position of the Metacentre 15 beyond the lLumts of
this book,
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In the case where the body is a symmetrical one, and
the displacement 1s such that the point € 1n the figure c¥
Art 169 1s the centie of gravity of the plane of floatation
AC 4,1t can be shewn that the distance /M [Fig Art. 67]

4K

- Pr b
where 4 =area of the section AC4’ of the body made by
the plane of floatation, and ¥V =volume of the mmmersed
portion of the body

‘When the section of the body by the plane of floatation
18 a rectangle [including the case of a straight line when

2

the body 18 a lamina), &° =%‘i
2
When the section 18 a cucle, &° - %4- .

In general the determination of %18 a problem requiring
the use of the Integral Calculus

[The quantity 4 %* 18 what, 1n the Dynamics of a
Rigid Body, 1s known as the Moment of Inertia of the
Plane of Floatation about a lme through ¢ perpendicular
to the plane of the paper ]

1756. Assuming the result of the previous article, we
can find the condition of stability 1n some simple cases

Ex 1 Cule, of srde 2a and density p, floating in a Liqguid of
dennity o

2
Here 4=4d? k’:% , V=4a%, where r=the depth immersed
- 202,
7

Ak?  a®
o Hl‘[—-—vz:g&.
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Hence the equilibrium 1s stable for a small angular displacement

1f HM>HG,

i a?
ve, if 34‘>a 2'

. ad 2a% 2a%)?
ve. if 3T 7 T o
ve af a3>6p (0 - p)

Ex 2 Cucular cylinder, of radwus r and hewght h, whose denstty
18 p, floating with 8 uzxis vertical wn a liquid of density o

Ifz| = eh be the length immersed,
I

2,
wre X
Ak 4 12
A==z~ %

Hence the equihibrium 18 stable for a small angular displacement

if HM>HGQ,

P h oz

e 1if Z‘.’;>§—§'
te 1if 13> 2h? ——£~:].

'z

Ex 3 Cone, of density p, whose herght 18 h and the radius of whose
base 13 a, floating weth 1ts axs vertical and vertex downwards wn a
hquid of density o

If z be the length of the axis immersed, and b be the 1adius of
the section by the plane of floatation, then

a
frbias=Lmahp, and® 2=

s0 that 2% =h3p,
2
Also A=7b2, k’=b—, and V={rb?s.
A2 8% 3a?
Btinl Ay Tl V1L

Hence the .quibibrium 18 stable if HM > HG@,
8 a? 3h  3x

e 1f iRt To T
hﬂ
t.e. if z>hx et e.> hcosla,
3
ne of L’ -2 >gos%a,

i)
where a is the semi-vertical angle of the cone.
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EXAMPLES. XXXIIIL

1 A rectangle, ot sides 2a and 20 and of density p, is floating
“with the side 2b vertical 1n a liquid of density o, shew that the
equilibrium 18 stable tor a small angular displacemeunt 1f
w e
603" ¢ o?
2. A umform rectangular block, of sp gr &, floats 1 watex

with one edge vertical If b be the length of the shortest horizontal
edge and ¢ that of the vertical edge, prove that for stability

b>(§ ,\/b

3. A cncular cylinder floats with its axis horizontal 1in a hquid
of twice 1ts own density, 1t 13 displaced 1n & vertical plane through
the ax1s, shew that its equilibrium 18 stable 1f 1ts height 18 greater
than the diameter of 1ts base

4 Tle cone mn Ex 3, Art 175, 18 floating with 1ts vertex up-
wards, prove that the equilibrium 1s stable 1f

p<o(l-costa)

5 In a ship, of total displacement M tons and metacentric height
h feet, a gun of mass m tons 18 moved a distance of ! feet across the
deck, prove that this will cause the ship to heel over through a small

ml
angle vhose circular measure 18 approximately ik

[The metacentric height 18 the height of the metacentre above the
centre of gravity of the body, 1 ¢ GM 1n the figures of Page 82 ]

6. InIIMS Achilles, a ship of 9000 tons displacement, 1t was
found that, when 20 tons was moved through a distance of 42 feet
fiom one side of the deck to the other, the bob of & pendulum 20 feet
long was caused to move through 10 inches Shew that the meta-
centric height was 2 24 feet

[This example and the previous one shew how the metacentric
heght of a ship may be experimentally determined j
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TENSTIONS OF VESSELS CONTAINING FLUIDS

176. Suppose a cylindrical vessel to be formed of some
thin flex.ble substance, such as silk, and to be filled with
gas at a certain pressure which will be the same throughout

Consider any length 4B of the surface which 15 1n the
duection of the axis of the cylinder. It s clear that the
pressure of the gas will cause a tension in the silk and, by
symmetry, the action across 4B must be peipendicula
to 48,

If 7'18 the total force that must be exerted per pendaeular
to 4B to keep together the two parts on each side of 45,

”m

1
then the quantity ap e the force requued per umt of

length, 18 called the tension across 4B and 1s generally
denoted by ¢.

If the silk be not strong enough to bear this tension 7,
1t wall bo tc n asunder.

177. In many cases the total action on such an
element as 4B 18 not perpendicular to 4 8. In this case,
mn addition to the force just spoken of, there 1s a tangential
action, or shearing stress, along 4B We shall not however
consider any cases in which this tangential action exists
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178. A vessel in the form of a curcular cylinder, with
its aatis vertical, 18 filled with hyuid; find the tension at any
pownt of it

Let ABCD be the cyhnder, and let PRQ, P'R'Q be
two horizontal very near sections of the cylinder.

Since PP, Q@' are very small, the pressure at any
point between the two sections may be treated as constant
(= p say)

Let ¢ be the tension across ', or Q@', 1t 18 clear that
¢ will be the same at all ponts on the same horizontal

DF>A

Q. _ R __p

Q' v

section

c.. -8

Co.sider the equilibrium of the semi-circular pottion
bounded by PP, Q@' aud the two semi-circles PRQ, PR Q'.

It 13 acted upon in a horizontal plane by tho tensions
t PP and ¢t. Q@ across PP and Q@' mn directions por-
pendicular to the plane of the paper, and by the resultant
horizontal pressure on PP R'Q'QRP

This latter 18, by Art 52, equal to th~ horizontal
pressure on the rectangle PQQ'F, and thus

=PQx PP xp
Hence 2t PP'=PQx PP xp,

where 7 18 the radius of the cyhnder
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Cor. If the cylinder be filled with a gas, the pressme 3
g practically constant throughout, and the relation ¢=p»
18 then true even 1if the axis of the cylinder 1s not vertical

179. A spherical surface of radwus r confurns gas at o
given pressure p; if ¢ be the tenswon of the surfuce at any
point, then 2t=p.r

The tension ¢ 18 constant by symmetry

Take any plane through the centre of the sphere and
let 1t meet the sphere 1n the encle AC4’D  Consider the
equibbrium of the hemispheie ACA'L cut oft by 1t

At every point of ACA’ there 14 a tension ¢ acting
pecpendicular to the plane AC4'.
*. tx 2mr = force perpendicular to the plane 404’
This must be balanced by the resultant pressuie mn the
same direct.on
Now the pressure on a small element a of area at /
perpendicular to the plane AC4’
=axpsin POd =p x acos P74,
where P1' 15 the tangent at P,
=p x projection of a on the plane 404",
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Siunilarly for every other such small element

* resultant pressure on ABA’ perpendicular to thLa
plane AC4’

=p x whole projection of 484’ on the plane 404’
=pxarea ACA" =p x nr3,
Hence tx 2rr =p x wrl,
1e 2t=p n

By a comparison of the results of Arts 178 and 179, it
follows that 1f we have a cylindrical vessel and a spherical
vessel of the same radius, and containing gas at the same
pressure, then the tension of the former 1s twice that of
the latter Hence the former must be made twice as
strong as the latter to withstand the same pie ,ure

180 1In both Aits 178 and 179, when the surface 1s
subjected to an mternal pressure p and an external pressure
{1, we must mnstead of p read p--II

181. When we have a cylinder made of a substance
of small fimte thickness we must, 1n considering 1ts strength,
take 1nto account 1ts thickness also  Thus, if we are given
that a substance will bear a tension of = pexr unit of area,
then 1n the case of a thickness ¢ of the substance we have

t =c¢r

Ex The tensile strength of a metal 18 16000 lbs per sq wnch,
find the fuad pressure per sy uch that will just buist a spherical
vessel of that material, 1ts 1adins being one joot and its thickness

Jo tnch
Here t= J5% 16000 lbs wt
Hence the formula 2¢t=pr givos
p % 12=2 x 1600 =23200

© p=2%§0=2604% lbs wt. per square inch,
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EXAMPLES. XXXIV,

1. Two boileis Lhave hemispheiical ends, the radius of the fue
1s three times that of the second and 1t 13 twice as thick, find th
ratio of the greatest pressuros that they can withstand

2. A certain metal can bear o tension ot 12000 lbs per squar
imnch, find what fluid pressure would just buirst a cylindrical pip
made of 1t, the radius of the pipe being 6 mches and 1ts thicknes
a quatter of an inch

8. A pipe 8 1nches in internal diameter 18 used for transmittin
water to a height of 200 {eet If the metal of whick the pipe 18 mad
will only bear a stran of 10000 lbs per sq inch, find the smalles
thickness that the pipe can have, the weight ot a eubic foot of watc

being assumed to be 624 lbs

4., An india rubber ball containung an has & 1udiug @ when th
temperature 18 0°C  If the tenaion of the wubber 16 always u time
the square of the radius of the ball, find the radius when th
temperature 1s ¢ C.
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MISCELLANEOUS EXAMPLES.

1, Thesp gr of 1ce1s *92 and that of sea water 18 1 026 What
d:ﬁtih of water will be required to float a cubical 1ce-berg of side 100
yards?

2. A piece of wood, weighing a kilogramme, floats 1n water with
$ths of 1te volume 1mmersed; find the density and the volume of the
wood,

3. A piece of wood, of sp gr §, is floating 1n o1l, of sp gr. 84,
what fraction of it8 volume 18 immersed ?

4., A wide-mouthed bottle, full of air, 18 closed by a well-ground
glass stopper, 5 oms 1n diameter, the barometer standing at 772 mm ,
what weight must the stopper have 1 order that 1t may be just hifted
if the barometer goes down to 730 mm , the temperature remaining
unaltered? [1oo of mercury weighs 13 6 grammes ]

5. In the experiment of Archimedes, Hiero’s crown, together with
masses of gold and silver equal 1n weight to the crown, were weighed
1 water in guccession The crown lost {/zth of 1ts weight, the gold ,4,,
and the silver ?ZT In what proportion by weight were gold and
silver mixed 1 the crown?

8. A closed cubical vessel, with sides one inch in thickness, 1s
made of maternial whose sp gr 18 234 If the vessel can float
water, vhew that 1ts wnternal volume must be at least 1000 cubic
mnches

7. A body 18 composed of a hemisphere, of radius /, with a cone,
of height 2r, on the same plane base In a hiquud of density py 1t
floats with the whole body just nnmersed, and 1n a hiquid of density
pg With the hemisplere just 1mmersed, prove that py=2 p,

8. A cylinder, loaded so as to float vertically and weighing
2 grammes altogether, just sinks 1n water when half a gramme vxtra
18 put on 1ts top, otherwise 1t protrudes 7 cms above the surface.
What length will appear above the surface of & liquid whose density 18
five times that of water, if the oylinder be set floating 1 1t without the
extra load?

9. An empty balloon with its car and appendages weighs in s
1200 1bs. If a cubic foot of air weighs 1{» ozs., how many cubic feet
of gas of sp. gr. 52 tunes that of air must be miroduced before 1t
begins to ascend?
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10. A glass tumbler weighs 8 0zs ; 1ts external radinsis 11} inches
and 1ts height 13 4-% mches ; if it be allowed to float in water with 1ita

axx; vertical, find what additional weight must be placed n 1t to
sink 1t

11. A 10d of cork 81ns long and a rod of ignum vite 4 1ns long
ara joined *ogether to form & straight rod, one foot long, of wmform
section. When the rod floats 1n water 1t 18 found that 1t can rest with
part of the cork above the water and 1ts axis inchined at any angle to
the vertical. If the sp gr. of cork be 24, find that of hgnum vitm.

12. A piece of wood weighs 6 lbs 10 air, a prece ot lead which
weighs 121bs 1n water 18 fastened to 1t and tho two together weigh
101bs, 1n water; what 18 the sp gr of the wood?

13. A body, of sp gr p, floats half immersed in & hqud, but 15
three quarters immersed i a rmxture of equal volumes of the hquid
and water. Neglecting the atmospheric pressure, find p

14. A retort, of 3 lhities capacity, and with its open end sub-
merged 8 4 cms below the surface of water 1 & trough, 13 seen to be
completely full of air on a certamn day Next day the mercury
barometer 18 observed to have fallen 2 cms to 74 ems  There bemng
no change of temperatuie, how much of the air onginally in the 1etort
has by this time bubbled out? [Sp m of mercury=13 6]

15. The length of a barometer tube 1s 80 1nches and 1its diameter
balf an inch, except for one inch of 1its length where & cylindrical tube
18 1nserted so a8 to increase the diameter ot the tube to 3 imches, The
bottom of the bulb 1s 27 inches above the mercury m vhe tank  The
lower half of the bulb, and the tube below, contain mercury, and
the upper half of the bulb and the tube above contans water o I the
mercury barometer rises 5 inch, thiough what distance will the upper
surfuce of the water move, the sp. gr of mercury being 18 67?

16. A balloon is filled with a gas whose sp gr 1s ';th that of an
at  pressure of 760 mm. of mercury. Compare the hiting power of
the balloon when the baiometiio height 18 7560 mm with the hfting
power when the height 1s 760 mm. The temperature of the air 18 0°C
in both cases, and the volume of the balloon 18 unaltered.

17. A sphere of radius 7 and weight w72 kw, where w 18 the weight
of unit volume of water, 18 placed 1 and fits a vertical eylinder, of
height A, which is open to the air at the top and closed at the
bottom. When the sphere 1s 1n & position of eqmlibrium, shew that
its centre 18 at a depth .« below the top of the cylinder given by the
equation

o (Hk)=k (h—%f>,
where H is the height of the water-barometer.
L. H. 16
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18. A vessel 4 contains a quantity of liqmd of sp gr p,anla
second cask an equal quantity of liquid of 8p gr ¢; one mth part of
each 1s taken out and put into the other and well mixed, the procc.s
18 repeated m tunes, shew that the final specific gravities are

7=pfi_(1-2\" p-o 2\"
i (e (2

19. A cyhinducal vessel, of radius » and height h, 15 thiee fourths
filled with water, find the largcst eylmder, of radius 7 (<7) and
sp gr o, which can be floated 1n the water without causing any to
run over.

20. A tnangle ABC 19 immiised in a flmid with one side BC 1n
the suiface, find a point O withn the triangle such that 1f 1t be joined
to the angular points the thrusts on the thiee tiiangles thus foimed
may be equal.

21. A right eircular eylinder containg hquid, a richt <ohd cone,
the base of which exactly fits the oylinder, floats 1 the liquid vertex
downwaids, 1if the density of the cone be such that 1ts centre of
gravity 18 1n the suiface of the liyuid, find the ratio between the
densities of the cone and hiquid, and the distance thiougl. which the
surface of the liquid will fall when the couoe 18 1emoved.

22. A solid hemisphere, whose radius 18 thice mnches, 18 held
under mercury with 1ts base veitical and its centre 6 mches below the
surface of the meicuwty  Assuming the weight of a culne mch of
mercury to be w, find the dnection and magnitude of the 1esultant
thrust on the curved surface

925 Fow cqual uniform rods are joined togcther to form the sides
of a square and the square 18 set floating vertically in a Iiquud  If the
density of the liquid lies hetween three and four tunes that of the rods,
shew that the square can float with one coiner only unmersed and
with ne.ther diagonal honzontal

24, From one arm of a balince hangs a laige buchet containing
water, and from the other a weight W of sp gr s, which 18 entirely
immersed 1n the water in the bucket and does not touch the bottom,
If there 18 equilibrium, and if W’ 18 the weight of the bucket and

water, prove that s = W«Q}‘%ﬁ, and that the volume Jf the water 18
2w’

T that of the weight W.

25. A cylinder 18 floating 1n a hquid, a hollow vessel 18 inverted
over 1t and depressed so that the pressure of the air inside 18 1ncrensed
from Il to II’, what effect 18 produced in the position of the cylinder
(1) with reference to the flurd m the vessel, and (2) with reference to
the surface of the flmid outside?

not >
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28. 4BC 1s an 1808celes triangle, right angled at 4, composed of
two heavy rods 4B, 4C hinged together at 4 and a string BC without
v eight floats with the angle 4 1mmersed 1n water Shew that the

tension of the string 18 gi;—‘-) W where 2a=1length of a rod, 2b=Ilength
immersed and W =weight of each rod.

27. A vessel contams layers of equal thickness h of different
flmds which do not mix and whose densities are m A p. A cone,
the length of whose axis 18 3k, floats 1n equilibrium (1) with 1te
vertex downwards and 1ts base in the upper surface, and (2) with 1ts
vertex upwards and 1ts base in the suiface between the second and
third iquds. Shew that the densities of the cone and the liquids are
m the ratio of 81 30 33 J6

28. A circular eylindor, whose height 18 & and whose sp gr. 18 o,
18 partially immersed 1n water with 1ts axis vertical, being held up by
an elastic stiing which has one end attached to the mddle point of
the upper base of the cylinder and the other end attached to a point
vertically over this middle point If the unstretched length, a feet,
of the string be just suficient to allow the lower end of the cylindex
to touch the water, and the coeflicient of elasticity be n times the
weight of the cylinder, shew that the depth to which the sylinder 1s

hao
immersed 18 -~ ———.
¢ MNhoda

29. A cylindrical diving bell of volume 450,000 cub cms 1
lowered 1nto water to a depth of 1700 cmns and 1t 18 then found that
an addition of 750,000 cub cms at atmospheric pressure 18 rgquired
to fill the bell Find the height of the water barometer and the
pressure on ‘he surface of the water inside the bell 1n dynes per sq.
cm., the value of g being 980,

80. A U-tube with 1ts legs vertical and at a distance ¢ apait
contains mercury and 18 whirled round one of the legs as axis with
uniform angular velocity w, the cross sections of the legs being o, and
0. Shew that the mercury in the r?volvmg leg o4 will rise above the
mean lovel by an amount —1- whe!

o toy 29

31. If a man of weight w stands at the middle of a uniform
plank, of weight 7 and of length a and thickness b, which 18 floating
n water, 1t 18 found that two-thirds of the volume of the plank 1s
immersed. Shew that he can walk the whole length of the plank
without any part of2 the quper surface becoming immersed, provided

9 0b

w -
that—W 18 not > f5ais 4659
16—2
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32. A hollow cone floats with 1its vertex downwards ir a
oyhindrical vessel containing water. In the position of oquilibrium
the area of the circle, in which the cone 18 intersected by the surfe e
of the fluid, bears to the base of the cylinder the ratio 6 19 It a
volume of water equal to -lsgths of the volume originally displaced by
the cone be poured into the cone, and an equal volume into the
oylinder, shew that the position 1n space of the cone will ba unaltered

83. At a place where the height of the water-barometer is 34 feet
and the tempeiature of the air 1s 0°C, a diving bell, of capacity
84 ocub feet, and which 18 ongmnally full of air at atmospheric
pressure and temperature, 18 lowered mto water at 7° C fill 1ts lower
edge 18 17 feet below the smface How many cubie feet of awr at
atmospherio pressure and temperature must be pumped 1nto the bell,
80 that when the contained air has acquired the temperature of the

water 1t may just fill the bell? [a=g}~ ]

84. A cylindrieal diving bell 18 lowered into water , neglecting the
thickness of {he bell, draw a curve showing how the tension of the chain
varies, starting from the position 1n which the bell 15 just mmersed

35. A diving bell 18 1n the form of a eylinder surmounted by a
hemisphere, c 18 the length and @ the radius of the oylinder Find
how far the bell must be sunk so that tho hemisphere 1s the only part
contaning air, shew that n this posttion the volume of air at
atmospheric pressure that must be forced in to clear the whole bell

from water must be G} +g %) times the volume of the bell, H being

the height of the water-barometer

36. A bent tube, of small uniform bore, consists of two straight
legs, of which one 18 horizontal and closed at the end, and the other
18 vertical and open If the horizontal leg be filled with mercury, and
the tube revolve about & vertical axis through the closed end with
angular velocity w, prove that the mercury will rise to a height d

2g (h+d)
7]

the vertical leg, such that w?=-="" e where 118 the length of the

honzontal leg and & 18 the height of the mercury baiometer. Shew
also that the mercury will not rise at all, unless w?12>2gh.

37. Some liquid occupies a portion of a eircular tube, of radius a
and small cross section, and subtends an angle 7+ 6 at the centre
The tube rotates with uniform angular velooity w about the vertical
tangent, and the hiquid then just reaches the highest point, prove

4
:| LA I-
that aw' mn2 sl s | =g

«
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88, A spherical vessel contains a quantity of water whose volume
18 to the volume of the vessel as n® 1, prove that no water can escape
tl.rough & small hole at the lowest powut if the water revolve with an

angular velooity whose square 18 not less than ml-T) , where r 18 the

radius of the vessel

39. Liquid 1s rotating in a cyhinder, of radius 7, whose bottom 18
closed by a conical surface of semm vertical angle a, the vertex being
downwards. Shew that the pressmie at the surface of the cone 1s

least at a pont distant flcota from the axis, where ! 15 the latus
rectum of the free surface, provided that !<2; tana

40. A hollow cone, vertex upwards, 18 three quarters full of water,
and 18 set rotating about 1ts axis, which 18 vertical, with an angular

veloeity g—%cot a, whete a 18 the scin1 vertical angle and & 18 the

height of the cone Shew that the thrust on the base 18 to the weight
of water 1 the vessel as 10 3

41. An elliptic tube half full of hquid revolves about a fixed
vertical axis 1n 1ts plane with angular velocity w, shew that the
angle which the straight line joining the fiee surfaces of the hiqud

makes with the vertical 1s tan? %.3 , where p 18 the distance of the
ax18 from the centre of the ellipse

42, A hemispherical bowl, of radius a, 18 full of water wiwmch 1s
stirred by the Land till the whole has acquued & umtorm &ngular

velocity about the axis of the hemigphere. Find thie angular velooity
supposing half the water has been spilled

43, A night cone of semi-vertical angle a 18 just immersed with
1ts slant side, of lenyth 7, 1n the surface of a liquud. Shew that the
resultant thrust on the curved suirface will cut thig slant side at a

distance
thrust

31
-3 from the vertex, and find the magnitude of this

44, A hemisphere, of weight w and sp. gr «, fixed at a pomt
on 1ts rim, 19 loaded at another point, at the distance of a quadrant
messured along the rim from the former, with a particle of weight nw,
and the whole 18 completely immersed 1n iquud ~ Find the inclination
of the plane of the base to the horizon.

1
If d'-—i;.—ﬁ,

prove that the inchination 18 cos™? 2

73
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45. A conical shell is divided by a plane through 1ts axis 1nto two
halves, which are hinged at the vertex, and stands on a smooth table
If water can be poured in through a small hole at the vertex till tlLe
cone 18 quite full, prove that the ratio of the weight of the water to
the weight of the shell must be less than each of the fractions § and
4 sin3a

0

468. A hemspherical shell 1s floating on the smiface of a liqud,
if the greatest weight that can be placed on 1ts 11m be n times the
weight of the hemisphere, shew that the ratio of the weight of the
hemisphere to the weight of the liquid 1t could contain 18

(1-sma)?(2+smna) * 2(n+1), where tana=2n

[N B The volume of the portion of a sphere of radius a which 1s
cut off by a plane at a distance = from the centre 18 ;—; (a-2)*(2a+2)]

47, Ghven the height h of the water-baiometer and the sp gr o
of mercury, find the height at which a mercury-barometer will stand
n a diving bell with 1ts top at a given depth a of water.

How will this be affected 1f a block of wood be floated inside the
bell, (1) 1f the wood comes from outside, (2) if 1t falls from a shelf 1n
the interor?

48. A diving-bell stands on the floor of a dock with a height h of
1ts upper part occupled by air  The weight of the bell 18 equal to the
weight of water that would fill 1t to a height a  Shew that, as 1t 18 being
hauled up by the chain, 1t will become buoyant at & certain stage and
rush up to the surface, 1f the ratio of the depth of the dock to the height

of the water-barometer excecd 2 ;-’- Z— 1, wheie ¢ 18 the densmity of
water and p that of the iron of which the bell 18 made.

[The height of the bell, and hence also h, are to be considered as
small quantities compared with the depth of the dock and the height
of the water-baiometer.]

49, A body floats at the surface of water, the volu.ne of the part
not immersed being c4 ; a diving-bell, of height b and cross-section 4,
18 placed over 1t and lowered till the top of the bell 18 at a distance a
below the surface of the water. The volume of the part of the floating
body now not immersed 18 (¢ +v0) 4, shew that v 18 the positive root
of the equation

i tce(h-a-c)y~c3(at+d)=0,

where & is the height of the water-barometer and ¢ 18 the sp gr. of
the awr, supposed small.
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50 A straight tule, making an angle a with the vertieal, 19 filled
with liqud of density p, and rotates with angular velocity w about a
wertical axis through 1ts lower end which 18 closed  If the atmospherie
presgure 18 II, prove that the greatest length of the tube so that no
liquid lows out 18

gpoosa+wsm ay/2Mp

w?p sin®a

[The pressure must not be negative at the point where it is least ]

51, A sohd cylinder floats 1n water in a cylindrical vessel, and
the system rotates about the common axis of the cylinders with
angular velocity @ If R, r be the radu of the vessel and cylinder,
prove that the cylmder 13 depressed by the motion through the space

i‘f H0 2
40 (I» 1 ).

52, The embankment of a reservoir iy composed of thin hor
zontal ro “gh slabs of density p, whose coeficient of frietion 1y u  The
top ot the embankment 18 a feet wide, and the side 1n contact with
the water 13 vertical and na feet deep Shew that the slope of the
outer side to the hoiizon must be less than eather of the angles

1 2 \/"1_"3 8
~1] o em - —1 . e
cot [llp n:] and cot [ % +g ol

53. Express the pressure of the atmosphere in absolutp unts
when a yard, an ounce, and a minute are the fundament~l umts,
given that the height of the barometer 13 30 inches, that the sp. gr of
mercury 18 13, and that a cubic foot of water weighs 1000 ounces.

[NB The dimensions of the unit of pressure are 11n mags, — 1 1n
le ygth, and -2 1n tune ]

54, 1If the attraction of the Earth at a depth z below the smface

were a+ bz, prove that the pressure at that depth i water would be
plaz+ ‘Bbzﬂ) where p 18 the density of water.

55. A oylindrieal block of wood of length I and sectional area «
18 floating with its axis veitical in a lake If 1t be pusbed down very
slowly tall 1t 18 Just 1mmersed prove that the work done1s

-7)3
x}gal‘ -(ﬁ-T)— N

wherae p, ¢ denote the densities of water and wood respeetively.
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56. A cylindnical prece of wood of length 7 and sectional area « 18
floating with 1ts axis vertioal 1n & cylindnical vessel of sectional area 4
which contains water, prove that the work which 18 done mn veu
slowly pressing down the wood till 1t 13 Just completely 1minerscd 1a

-a)2
}oalt [1 - }] (”—;‘1) ,
where p, ¢ denote the densities of the water and wood respectively

57. Bhew that a thin uniform rod will float in a vertieal position
1 stable equilibrium 1n a hquid of # times 1ts own density if a heavy
particle be attached to 1ts lower end of weight greater than /n~1
times 1ts own weight

58. A cone, whose vertical angle 18 a right angle, of sp gr % and
weight W, tloats 1n water with 1ts vertex downwairds, If a weight w
(very small compared with W) be attached to a pomt of the 11m of the
base, prove that the cucular measure of the angle at which the axis 19
melined to the veitical 18 very neaily

4 w

3¥a-1 7

59 Ahollow circular ¢ylinder, ot radius a and height h, floats in
a hquid of density p and 1s filled to a height A’ with a hqud of
density ¢, 1if 1t8 weight be nwu’lip, tind ine condition of stability

60. Find the corresponding condition for a hollow cone of height
h and semi-vertical argle a, floating with 14s vertex downwards, if 1ts

weight be jmpuk tana



APPENDIX.

Toe Student who 13 acquainted with the Intecial
Calculus, and the methods of finding the centre of gravity
of bodies by 1ts use, or of finding the centre of action of
parallel forces, may determimne the position of centres of
pressure i the way shown in the following cases

Rectangle. In the figure of Art 156, let dd,=.,
and let 4,4,., be a small increment dzz of «  Then the area
A4,D,,, is a x dz, and since the pressure on each point of 1t
18 practically the same and equal to w x @, the thiust on
this element 18 awx x dwv

Hence, as m Statees, Art 111, and by the principles of
the Integral Calculus,

b
e[,
2 awad
J,

i
[z} =

Triangle with its vertex in the surface and base
horizontal. In the figure of Art. 1567 let A0, =, and
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¢

let D, D,,, be a small imncrement dz of « Then the arga
B,C,,, 18 proportional to B,C,. x D, D),,,
Also B.C.=1C x

AI) k
where 4D =% Hence in the lumit the arca of R.C,,, 18

proportional to (—1]; xdx  Also the picessure on each element

of B,C,,; 18 very nearly equal to that at .D,, and 18 thus
proportional to w = Hence the thrust on the element

3
B,C,,, 18 proportional to (1_1:2 x dz  Therefore, as in Statics,

A1t 111, and by the prncples of the Integtal Calculus,
k
s pdex f dx
k _Jo

L aw Y R
S Adx / Ve
& 0

5], 5
ey A Z.s 4D.
5 s
Triangle with 1ts base 1n the surface In the

figure of Page 194, let DR =a and let RS be a sm.ll
mcrement dz of x Then, 1if DA =4k, we hLave

R k-2
“ ==,

a-=

PQ = BC’A

8o that the area of /’U 1s proportional to a k-;—cf dx 1n the

it

As 1 the last case the pressure at each pomt of PU 1s
very ncarly that at £, and 1s thus proportional to w. .
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Hence, when dx 1s very small, the thrust on PU 1s
-wroportional to

k-2
a

k da x wa.

Heuce, as before,

Sa Ii:k-_wa dex®
= k—a
Sa Tp W dx
k
/vc’(kmm)da:
0
R E—
fx@~wﬁh
0
[kxﬂ x‘ k kl k{
374 37t k&
= 0 (:2«=él)11.

k:l:’ P N
[5”50 273

The r1esult of Art 119 may be moré casily obtained by
the use of the Integral Calculus

Let p be the pressure at a height «, p + Ap that at height
& + Az, where Az 1s small, and p the density at height a, so
that r=kp )

Then, ~onsidering the equililnium of the element Aw of
& thin column as 1n Art 119, we have

p=p+Ap +gpAw

[For this element 18 pressed upwards by p, and down-
wards by p + &p ]

Hence, cancelling and proceeding to the hmt, we have

dp
il /4
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(]
Hence, by (1), :-zg:- ? p
do_ v
. ‘;——Ed

S logp=- % a + a constant C (2)

But when =0, p =p,
logp==7 0+C . . (3
v
Subtracting (3) from (2), we have
P g

log £ == o

m h

This 15 the result of At 119, and gives the density at
any height «,
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ANSWERS.

I. (Page 12)
156 25 kilos 2 b561bs wt. 8 22%21hs wi
7.1 5 33plbs wt, 2430, 10017y tons wt

144 1bs wt per sq inch.

1—? =40, 1bs wt per sq nch.

801lbs wt per sq inch

II. (Pages 17, 18.)

5624 lbs wt 2. 4629 8 135981bs wt
13600 grammes wt 5 26 6. 1Z3%cub fi
Its volume 1s increased by 1 153  cub. cms,

572 ., taking o =22, 9 %ssq up
62 11 015625 cub. mctre, 12 8721
499... 14. 16

III. (Pages 21, 22))

1 3 2. 9658, 3. -815.
15 ozs 6. fcub ft
342cc and 110 cc 7. 1(p+ps+2p)

6 and 2. 9. 9375. 10 4% cub cms
2(8—8)(8,~8)=(53—5) (s —#), and
8(s~8)(8—8")=(8—9)(s"—8)
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12
14
16
18

1
3

HYDROSTATICS

IV. (Pages 34— 36.)

2291% lbs wt 2 19584ft 3 T§ft
36 864 ft 5 4 mmles 1561 6 yds

28333 lbs wt 7 98ft 8 b4ft
14198 10 1545 11. 3677 metres
7355 cms 13 102000

1934 1bs wt, 2306 6 lbs wt. 15 158,
2021 04 grans wt 17 138%

14 95566 cub. 1ns 23 fn(n+1)yph.

V (Pages 41 —45.)

750 1bs wt, 2 1623 ¢1bs wt
67500 grammes wt on the upper face, 94500

grtammes wt on the lower face, 81000 grammes wt on
each vertical face

4,

© 0 N ™

10.

11

13.
15.

18.

320 lbs wt 5 104} tons wt.

5062 5 grammes wt

2956177 grammes wt

1500627 tons wt

3123 1bs wt persq mn , 1287 =21821hs, wt

It divides the vertical sides in the ratio 2+1 - 1
12kilog;t wt. 12 19718 1lbs wt

515 lbs. wt. 14, 6%3ft., 121t

1250 and 13124 1bs wt respectively 17. 9ft
“/3 a’dw , —“? a ( a'“/ﬁ) V2 a’w.

VAT



ANSWERS m

19 25322 ft 21 abw(c + §b cosd).
22 wa’w[cF jhcosd]

27. The required line 18 4X, where X 1s on D(C and
DX =3DC.

28 If « he the depth of the pont in which the dividing
line cuts a veitical side a of the square, then
22 = 6a’x +a*=0

29 Divide the horizontal diameter into equal patts,
ordinates to 1t at the pomnts of division will divide the arc
of the semicircle at the requued points

30 If x be the depth of the pomnt at which the dividing
hine cuts OB, and a and 8 be the depths of 4 and B, then

20 + 2a2 — B (a +0)=0
35 The depth of the plane 1s ;7;575 in the first case,

h
and 1s 5 1 the second case, wheie /4 1s the height of the

cone.

V1. (Page 47.)
2 Tt wust be half filled 3 20f1bs

VII. (Pages 53 —-55)
1. 69 3 31 4 (’;1»2) o,

8 (1)rthaw (1 = 0)» (@) rthao (1 . %)

7. Sipwibs wt
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VIII. (Pages 58, 59.)
A
1 wa*hw, ww’w\/h’+4~g- at tan~! %% to the hon-
zontal

2 1hWw, where & 1s the height of the cone and 2 the
1adius of 1ts base

3 bikw
achw -~ T
4 “5 Jrt+ v thiough the centie at an £ tun“‘z

to the horizontal

5 At an . tan™? 35%“ to the horizon,

7 }ohw /e’ 4

IX (Pages 63, 64.)

~1109
3 tan~'1f2

4 W({1i3an*a), 3Wsmacosa, where 2a is the
vertical « of the cone and IV 1s the weight ot the contained
water

7. 3Wtanacos®(a+fB);

W1+ 3tanasm (a+ B)cos (a+B)]
Ji3

8 5

through the centre of the hemispherical end, « being the
radius of this end

na’w at an angle tan='% to the horizontal
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X. (Pages 67--70)

1 28073, cub ft 2 3%41bs 3 50cub cms
4 4, 00053 5 45y cub metres
6 31117!cub cms ; 8661 7 BTN 1t
8 /26 nch 12 25 13  441ns
14 There 1s a cavity of volume 1 cub cm
15 463}y cub s 16 23 17 1y
3 be+ca + ab
18—, S 19 301bs
20 900 cub 1ns., 10 s 27 h(1- "—;)*
h
28 3457 30 3 Y4

X1. (Pages 71, 72.)
1 50065 2 %cubm 3 136054

4 407 618 6 Towllswk 7 n=""!

<

9 The new depth of 1mmeision 1s to the originaledepth
as 3935 3948

XII (Pages 75 -77.)

1L (1) 121bs wt , (2) 61bs wt 8 37380 37249
4 978 1bs wt , 14517 lbs wt 5 186.

6 15 grammes wt 7. 2-34.

8 The piece of wood 9 5

10 The first 13 increased, and the second dimmshed,
by a weight equal to that of the water displaced by the
body

12 2 cub ins , &5% lbs wt,

18 73} 1bs wt , 56 1bs wt

Lo 17



Vi HYDROSTATICS,

XIII (Pages 78, 79)

1 90 grammes wt 3. 5lbs wt.
4. 1580000 grammes 5 114%oz wt.
6 59 7. &

XV. (Page 84.)

4 (1) $./2, (2) r, where » 18 the radwus of the
common base

XVI (Pages 87--90)

8 o1
10 Tt rises through a distance (o120) (73 =a3) .
(01= 03) (01— 03)

2 2 2
20,0, 030 U0

17 T e A 19, 7:18.
gy + 0y O3+ 0; o, FoUg
1

20 13

22 12bo sin‘6 (b cos 6 —asin )
= 4a’cos 0 (2 - cos® ) — 6ac + 3¢ cos 0.

XVII. (Page 95.)

75 2. 7864 nearly. 8. 7Y%
4 20458 .. 5 6}

=

XVIIL. (Pages 100, 101.)

1 1525 2 3. 3. 25. 4 €35
¥ 6 ; 7. 3 8 848
9 9413 nealy 10. 1 841. 11. 16
12 9 13. ‘87, 50 cub cms.
14 30 grms wt,, 2. 15, 5 16, 144,
17 T¢ 1bs., B3} lbs of gold and 1§ lbs of silver.



ANSWERS. Vil

XIX (Pages 108—110.)

1 3456, 31418 and 288 2. 103 3 634 ms
1 0947... 6 1% cub cms 6 gigth
7 906 8§ 10 13 9 18 19
10. 8% oz 11. 25 12 8 13 24 oz

XX. (Pages 111, 112,

1 272 2 6 mches
. At the bottom of the vertical tube containing the ol
4 1. 5 14 9556 cub 1nches 6 33 cms

XXI. (Page 126.)

1. 1169256cms 2. 929082 gims wi, taking w=22

3 1y%, the height would be lessened by a distance .,
such that the weight of the meicury in a length « of the
tube would eyual the weight of the bullet

4 2623 oms 6. 1z mch,

XXII. (Pages 136—138.)

1. 001292 2 An mcrease of 84 grams wt

3. 315 feet

4 Till the level of the water inside 18 24 feet below
the surface of the water, 74

5 3275 ft 6 63 cms

8 The pressures on the two faces are 56} and 224 Ibs
wt. per square mch , 8 inches

9 (1) 1t would float, (2) 1t would sink



vin HYDROSTATICS

10 34:4lbs wt nearly 18 75, 30ft

15 33 1nch. 18 %32 1nches 19 1501bs wt

20 3357933 ft , where 4 15 the height ot the water-
barometer 1n teet.

XXTII. (Pages 141, 142)

1 (1)9484 cub ems, 790 cub ft
2 8% cub nches 3 10 cub 1inches
4 429 224 7 2870000 nearly

XXIV. (Pages 149—151)

2 % cub inch 3 5 inches 4 29 98 inches
5 32} inches
7 That due to 634 inches of mercury, 104§ ins
8 30 inches 9 842952 grammes weight
10 29 9 inches. 11 135

XXV. (Pages 156—160.)

1 345 atmospheres, nearly 2 111t
3 141 ft 4 20ft, 132.% cub ft
5 500 cub ft 6 The quantities arte¢. 3 2

7 The depth of the top of the bell 13 3 inches, the
height of the water-baroreter 18 33 ft
8 334mns, 3£t 9 s 9 It remains constant
230

12 The an will flow out 13 4 epprox.
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14, 33 feet
15 %ﬁ + %’ , whore A 18 the height of the water barometer
and « that of the bell
.
o ., b o T 7%
16 (l)r?(]b'—’l/)——b,\/I;,’ (2) Iz(/&’—*k)*}?, where

o 18 the sp gr of mercmy

XXVI (Pages 172--174.)

1  The height varies from 3173 to 35 13 feet
2 42ft lmn 3 33ft 4ins 4 80
5 Ttwll 6 2teet, 32-16,/2=9 37 feet nearly
7 86805 lbs wt 8 260 % lbs wt.
[ 195
9 Q%Z lbs wt , ié-'h lbs wt

10 Aw CL BL, with the notation of Arts 128 and 130
11 407 kilagrammes weight, 600 kilograinmes weight
13 2§ feet 14 No, 25} fi

XXVII (Pages 183 -185.)

1 3:L 2 They ate as 98 108
4 The final pressure 13 to the original pressure as
108 115, 2¢ nealy as 10 21

5 (1)5, (2)8 6 4 7 8%ius
9 Between 37 and 38 10 20
11 22 13 343

14 One quarter of atmospheric density



N HYDROSTATICS.

XXVIII. (Page 189.)
1 34 feet 2 22ft 8ins

XXIX. (Pages 199, 200.)

v aw
7 3 6 4
XXX, (Pages 203, 204)
2 6&* + h?— 4hk 3 64 — Bk + 317
T 2(8h-h) ° 2(3k - 2h) -~
1 Ad
9 —
4 32 ft 6 8 A3
XXXI (Pages 208--212,)
9 Brry+y+ 20 (+y)

2 (x+y+ 3h)
4 Tt~ depth 15 §§ times that of the centre

r

(V]
7 L;{)N a, where @ 18 the length of a side.

XXXII. (Pages 222—227.)

1 J29h

4]

2
4 gplh- (—% («*—y?)] at a distance y from the centre

V2gh
P SR o*

m ot 2w web - 2¢°

6 -/~ , according

s an?$2g

‘1 by
21 i\/;i'
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XXXIV (Page 239)

1 238 2 5001bs, per sq 1n
3 &, mch 4 al+ at]*

MISCELLANEOUS EXAMPLES. (Pages 240--248)

1 8931lyds

2 6 grammes per cub cm , 16662 cub ems

3 &% 4 3577 grammes 5 119

8 .O4cms 9 32000 cub it
10 —%?6:5;—- 8 =about 10 4 oss 11 132
12 7% 18 15 14 4§, of the original amount
15 505 inches 16 337 312

19 [ts helght—;_;'i {L.
i r? o 1

1

20 If D be the wnddle pomnt of BC, then O lies on /).

and DO = 713 D4

21 27-64, g%, where % 18 the height of the cone

22 187w,/10 at tan™ } to the horizon

25 (1) Itses, (2) It fallsin general

29 1020 cms , 2665600, 33 3885
49

42 3.
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43 gw?"sm’acoqn,\/1+3ﬁ‘-;
4 oS VIZTN “"2)7‘2] where A =" .
an 3 —2A\n + m? | 1o

Art 123, (1)1t rises, (2) 1t falls
53 11232 x 10% taking g =32
59 2 (nhp+ o) >po (2K + a?) + p? (2082 - a?)
60 (nhp + WPa) >p (Ao + §nhtp cos® a]
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THE PITT PRESS SERIES

AND THE

CAMBRIDGE SERIES FOR SCHOOLS

AND TRAINING

COLLEGES

Volumes of the lalter series are maiked by a dagger +.

COMPLETE LIST

Author
Aeschylus
Aristophanes

”»

’”

”
Demosthenes

Burlpi:ies

»”
Lucian
”»”
Plato
”

"
Plutarch
»

”

”»
”

100000
sl7/xx

GREEK

Work
Prometheus Vinctus
Aves—Plutus— Ranae
Nubes, Vespae
Acharmans
Peace
Olynthiacs
Phihippics 1, 11, 111
Alcestis
Hecuba
Helena
Herachdae
Hercules Furens
Happolytus
Iphigeneinin Auls
Medea
Orestes
Phocnissae
Book 1

» V
»s 1V, VI, VIII, IX
»  1X 1—89
Odyssey IX, X
" XXI
" XI
Ihad vi, xXx11, XXIII, XXIV
Ihad 1X and x
Somnium, Charon, etc
Menippus and Timon
Apologia Socratis
Crito, Euthyphro
Piotagoras
Demosthenes
Graccha
Nimas
Sulla
Timoleon

Kdstor Pric
Rackham 2/t
Green 3/6 eac,
Graves 3/6 eac,

» 3/

”» 3,‘
Glover afi
G A Davies 2/l
Hadley 2/
Hadley 2/
Pearson 3/
Pcarson 3/
Gray & Hutchinson 2]
Hadley 2/
Headlam 2/

” « 2/
Wedd 4/
Pearson 4/
Sleeman 4l
Shuckburgh 3/

' 4]~ eac

[E) 'z[
Edwards 1/6 eac

" 3
Nairn 2]
Edwaids af- eac
Lawson 2/
Heitland 3/
Mackie 3/
Adam 3/

2/6 eac
J & A M Adam 4/
Holden 44

” I

” 5

” 61

6,



THE PITT PRESS SERIES, EZC.

GREEK continued

Author Work Editor Price
Sophocles Qedipus Iyrannus Jebb 4/-
Thucydides Book 111 Spratt

” Book vI ’e 6/
. Book vi1 Holden 5/-
Xenophon Agesilaus H-ulstone 2/6
. Anabasis I~11 Pretor 4
” ”» I, 111, 1v, v ” 2/ cach
” ” 11, VI, VlI 1[0 cach
+ . 1, 11, 111, IV, V, VI Edwards 1/6 cack
(PV:M complete vocabularies)
» Hellenics 1-11 " 3/6
” Cyropaedela 1 Shuckburgh 2/6
”» ’” 1 ”» 2/-
» . 1L, 1V, V Holden 5/-
”» VI, VII, VIII » 5/-
” Memorablha 1, 11 Edwards 2[6 cacl
LATIN
The volumes marked * contain wvocabularies
Bede Eccl History 111, 1V Mayor & Lumby 716
Caesar De Bello Gallico
Com 1, 11I, VI, VIII Peskett 1/6 cach
s 1I-111, and VII ’ 2{- cach
» -1 ” 5/
” ”» 1Iv-v ” I
*+ , L I11,111,1v,V,vL, Vil Shuckbuigh 1/6 eack
» De Bello Gallico Bh1 . /9
(With vocabuiar y only no notes)
» De Bcllo Gallico Bk vir -(8
(Zext only)
" De Bello Civih - Com 1 Peskett 3/-

, Com 111 ' 2/6
Cicero Actio Pruma n C Veirem  Cowie 1/6

» De Amicitia, De Senectute Reid 3/6 each

’ De Officus Bk 111 Holden 2f

» Pro Lege Manilia Nicol 1/6

” Div mm Q Caec et Actio

Prima in C Verrem Heitland & Cowte  3/-

»y Ep ad Atticum Lib 11 Pretor 3/

» Orations agaimnst Catiline Nicol 2/6
*+ In Catilinam 1 Flather 1/6

» Philippica Secunda Peskett 3/6

” Pro Archia Poeta Reid 2/-

” » Balbo 3y /6

» » Milone Red 2/6

0 » Murena Heitland 3/-

”» » Plancio Holden 4/6

»” 5» Roscio Nicol 2/6

” Sulla Reid 3/6

» Sommum Scipionis Pearman 2/[-
* Easy selections from cor-

respondence Duff 1/6

2



THE PITT" PRESS SERIES, ETC.
LATIN continued

Author Work Edstor Pruce
*Corneltus Nepos Four parts Shuckburgh 1/6 eack
*Erasmus C olloquia Latina G M Fdwards 1/6

» Colloquia Latina ' -l9

(Wath vocabulary only no notes)

T, Altera Colloquin Latina 1/6
Horace Epistles. Bk 1 Shuckburgh 2/6
’» Odes and Epades Go 5/-
”» Odes Books 1, 111 2/- eack
. s Books i1, 1V, Fpodes » x[6cack
’ Satires  Book 1 »” 2/-
1) 23 » i ’ 2/-
Juvenal Satires Duff 5/-
Livy Book 1 H J kdwards /nthe Press
” I Conway 2/6
v , IV, XXVII Stephenson 2[6 ecach
o w v Whibley 2/6
" w VI Marshail 2/6

" o IX Anderson 2
' X\, XXII Dimsdale a[6 ecach
*,» (adapted from) Story of the Kingsof Rome G M Edwards 1/6

’

’ (With -uocabulary an[y no nolt:) -[8
¥ ” Horatius and other Stories ,, 1/6
» » » -l9

(Weth ;;cabu/ary only o notes)
Exercises on Edwards’s The

»
Story of the Kings of Rome Caldecott -16 net

Lucan Pharsaha Bk 1 Hertland & Haskins 16
'y De Bello Civih - Bk v Postgate 2/-
Lucretius Books 111 and v Duft 2[- eack
ovid Fast1i  Book vI Sidgwick 16
' Metamorphoscs, Bk 1 Dowdall /6

”» Bk vt Summers /6

* Ph.x.elhon and othcr stortes G M Ldwards 1/6
*t,, Selections from the Tristia  Simpson 1/6
+Phaedrus Fables Bks 1 and 11 Flather /6
Plautus Epidicus Gray 3/-
’e Stichus Fennell 2[6

” Trinummus Gray 3/6
Fiuny Letters  Book vi Duff 2[6
Quintus Curtius Alexander in India Heitland & Raven  3/6
Sallust Cathne Summers 2/-
" Jugurtha » 2/6
Tacitus Agurnicola and Germania Stephenson 3/-
s Histories  Bh1 Davies 2/6

i Bk 111 Summers 2/6
Terence IHautontimorumenos Gray 3/-
Vergil Aenexd I to X11 Sidgwick 1/6 ecack
", 5y L, ILIILV,VLIX,X,XI,XI1 ,, 1/6 each
- Bi zohcs ” 1/6

’ Georgics 1, 11, and 111, 1V . 2/- eack

o Complete Works, Vol 1, Text ,, 3/6
»” " Vol 11, Notes ,, 4/6
” Opera Omnia B II Kennedy 3/6

k3



THE PITT PRESS SERJES, ETC.

FRENCH
The volumes marked * contain vocabularies
Ascthor Work Editor
About Le Roxr des Montagnes Ropes
Balzac Le Médecin de Campagne  Payen Payne
*Biart Quand j’etars petit, Pts 1, 11 Boielle
Boileau L’Art Poétique Nichol Smith
Cornetille Polyeucte Braunholtz
' e Cid Eve
De Bonnechose I zare Hoche Colbeck
” Bertrand du Gueschn Leathes
* " ., Part 1 »
D’Harleville Le Vieux Celibataire Masson
Delavigne Lous X1 Eve
”» Les Enfants d’Edouard .
De Lamartine Jeanne d’Arc Clapin & Ropes
De Vigny La Canne de Jonc Eve
*Dumas 1 a Fortune de ID’Artagnan  Ropes
*Enault Le Chien du Capitaine Verrall
” ’” ”
(With vocabulary only no notes)
Erckmann-Chatrian I a Guerre Clapin
» Wateiloo, Le Blocus Ropes
. Madame Théiése '
. Histoire d’un Conscnit »s
” Exercises on ¢ Waterloo’ Wilson-Grecn
Gautier Voyage en Italie (Selections) Payen Payne
Guizot Discours sur ’'Histoire de la
Révolution d’Angleteire Eve
Hugo Les Burgraves »

» Selected Poems »
Lemercier Frédegonde et Brunchaut Masson
*Malot, Remu et ses Amis Verrall
* Rem1 en Angleterre vy
Merimée Colomba (A4 1dyed) Ropes
Michelet Touis X1 & Charles the Bold ,,
Moliére Le Bourgeois Gentilhomme  Clapin

" L’Ecole des Femmes Saintsbury

” Les Précicuses ndicules Braunholtz

. w (Abiidged edition) »

” Le Misanthrope ”»

» L’Avare .
*Perrault Fury Tales Rippmann

» ) " "
(IVith vocabulary only no notes)
Piron La Métromame Masson
Ponsard Charlotte Corday Ropes
Racine Les Plaideurs Braunholtz

” s (Abridged edition) n

" Athalie Eve
Saintine Piccrola Ropes
Sandeau Mdlle de 1o Seighére ’

Scribe & Legouvé Bataille de Dames Bull
8cribe Le Verre d’kau Colbeck

4

.

Price
2[-

3/-

2/- each
2/6

2/-

2/-
2/-
2/-
/6
2/-
2/-
2/-
1/6
1/6
2/-
2/-

]



THE PITT PRESS SERIES, ETC.
FRENCH continued

Author Work Editor Price
8édaine Le Philosophe sans le savorr  Bull 2/-
Souvestre Un Philosophe sous les Toits Eve 2/-

, Le Serf & Le Chevrierde Lorraine  Ropes 2/-
*Souvestre Le Serf Ropes /6
”» bRl ” -
( With vocabulary only mno notes) fo
8pence Fiench Verse for upper forms 3/-
Stael, Mme de I.e Directoire Masson & Prothero 2/-
' Dix Années d’luxal (Book 11
chapters 1—38) ” 2/-
Thierry Lettres sur P’histoire de
France (x111—xx1v) » 2/6
»” Réats des 1emps Mérovin-
giens, I—I11 Masson & Ropes 3/
Voltaire Histoire du Siécle de Lows
XIV, 1n three parts  Masson & Prothero 2/6 eack
Xavier de La Jeune Sibérienne Le
Malstre Lé}prcux delaCitéd’A oste% Masson 16
GERMAN
The volumes marked * contarn vocabularies
*Andersen Eight Stories Rippmann 3/6
Benedix Dr Wespe Breul 3/-
Freytag Der Staat Friedrichs des
Grossen Wagner /-
” Die Journahsten Eve 2/6
Goethe Knabenjahre (1749—1761)  Wagner & Cappmell 'z/-
”» Hermann und Dorothea ' v 3/6
. Iphigeme auf Tauns Breul 3/6
*Grimm Twenty Stories Rippmann 3/-
Gutzkow Zopf und Schwert Wolstenholme 3/6
“acklander Der geheime Agent Milner Barty 3/-
Hauff Das Bild des kusers Breul 3/~
” Das Wirthshaus im Spessait  Schlottmann
& Cartmell 3/-
” Die Karavane Schlottmann 3/-
* Der Scheik von Alessandna  Rippmann 2/6
Immermann Der Oberhof Wagner 3/-
*Klee Die deutschen Ileldensagen Wolstenholme 3/
Kohlrausch Das Jahr 1813 Caitmell 2/-
Lessing Minna von Bainhelm Wolstenholme 3/-
Lessing & Gellert Selected Fables Breul 3/-
Raumer Dei erste Kreuzzug Wagner 2/-
Riehl Culturgeschichthiche
Novellen  Wolstenholme 3/-
* D> Ganerben & Die Ge-
rcchtighert Gottes " 3/-
Schiller Wilhelm Dell Bieul 2/6
» " (A b 1dged editron) » 1/6

5



THE PITT PRESS SERIES, ETC
GERMAN continued

Work Edstor Prite

Author
Schiller Geschichte des dreissigjah- R
ngen Kriegs  Book 111 Breul 3/-
» Maria Stuart ”» 3/64¢
,, Wallenstein I ”» 3/6
” ‘Wallenstemn II »» 3/6
Sybel Prinz Eugen von Savoyen  Quiggin 2/6
Uhland Ernst,Herzogvon Schwaben Wolstenholme 3/6
German Dactylic Poetry Wagner 3/-
Ballads on German History ” 2f=
SPANISH
Cervantes La Ilustre Fregona &c Kirkpatnck 3/6
Le Sage & Isla Los Ladrones de Astunas  Kirkpatnck 3/-
Galdés Trafalgar s 4/~
ENGLISH
Historical Ballads Sidgwick 1/6
Old Ballads ' 1/6
English Patniotic Poetry Salt 1/-
Bacon Hustory of the Reign of
King Henry VII Lumby 3/-
”» Essays West 3/6
. New Atlantis G C M Smith 1/6
Burke American Speeches Innes 3/~
Chaucer Prologue and Kmight’s Tale M Bentinck Smith 2/6
>y Clerhes Tale and Squires [le ‘Winstanley 2/6
Cowley Prose Works Lumby 4/-
Defoe Robinson Crusoe, Part I Masterman 2/-
Earle Microcosmography West 3/- & 4/-
Goldsmit. Thaveller and Deserted Village  Muson 1/6
Gray Poems Tovey 4/-
”» Ode on the Spring and The Bard ,, 84
» Ode on the Spring and [he Elegy ,, 84
Kingsley The Heroes E A Gardner 1/6
Lamb Tales from Shakespeare 2 Series Flather 1/6 eac’
Macaulay Lord Chve Innes 1/6
. ‘Warren Hastings ’ 1/6
' William Pitt and Earl of Chatham 2/6
T 4 ohn Bunyan " 1,-
1 4 }ohn Milton Flather 1/6
s Lays and other Poems 1/6
’s History of England Chaps 1—111 Reddwway 2/-
Mayor A Sketchof Ancient Philosophy
from ‘L hales to Cicero 3/6
vy Handbook of English Metre 2/-
Milton Arcades Verity 1/6
" QOde on the Nativaty, L’Alle-% /6
gro, Il Penseroso & Lycidas " 2
+ 4 Comus & Lycidas . 2/-
»” Comus . 1/-
” Samson Aqgonistes » 2/6
Sonnets ”» 1/6
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Awthor
gnton
ore
”
Pope
8cott
”

"
’

2

ENGLISH continued
Work

Paradise [ ost, six parts
History of King Richard ITI
Utopia

Ess1y on Cuticism
Marmon

Lady of the Lake

Lay of the last NMistrel
Lcgend of Montiose

Lord of the Isles

Old Moitality

Kenilworth

The Talisman

Quentin Durward

A Midsummer-Night’s Dream
Twelfth Night

Julws Caesar

The Tempest

King Lear

Mecichant of Venice

Kiug Richard 11

As You Like It

King Henry V

Mnacbeth

Hmlet

Shakespeare & Fletcher Two Noble Kinsmen

Sidney
Spenser
Tennyson
Wordsworth

West
»
2
Carlos
min
burtholomew

Robinson
Jackson

Ball
+Blythe

Euclia
”
”»

”
”

An Apologie for Poetrie
Fowre Hymnes
Fifty Poems, 1830—1864

Ed:itor Price
Veiity 2[- cack
I umby 3/6
11 'z/'
West 2/-
M-asterman 2/6
» 2/6
Flather 2/~
Simpson 2/6
Flather 2/-
Nicklin 2/6
Flather 2/6
A S Gaye 2/~
Murison 2/-
Verity 1/6
”» l/6

” 1/6

1] [/6

. 16
”» 1/6

» 1/6

” 1/6

" 1/6

» 1/6

s '/6
Skeat 3/6
Shuckbuigh 3/-
Miss Wainstanley 2/-
Lobban 2[6

Selected Pocms Miss Thomson 1/6
Elements ot l;nghsh Grammar 2/6
Enghsh Grammar for Beginners i/
Key to Enghsh Grammars 3/6 net
Short History of Bnitish India tf-
Elementary Commercial Geography 1/6
Atlas of Commercial Geography 3/-
Church Catechism Explamed 2/-
The Prayer Book Fxplamned Part I 2/6
MATHEMATICS

Elementary Algebra 46
Geomctrical Drawing

Pait 1 2/6

Part 11 2/-
Books 1—vI1, XI, XII H M Traylor 5/
Books 1-—v1 »» 4/-
Books 1—1v " 3l-

Also separately

Books 1, & 11, 111, & 1v, v, & VI, XI, & XII 1[6 each

Solutions to Exercisesin laylor’s

Euchd
7

W W Taylor

ro/6
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MATHEMATICS continued

Awnthor Work Editor Price
And separately
Euclid Solutions to Bks 1—1v W W Taylor 6/~
Solutions to Books vI XI ' 6/
Hobson&Jessop Elementary Plane 'mgonometry 4/6
Loney Elements of Statics and Dynamics 7/6
Part1  Elements of Statics 4/6
» 11 Elements of Dynamics 3/6
» Elements of Hydrostatics 4/6
' Solutions to Examples, Hydrostatics 5/
s Solutions of Examples, Statics and Dynamics 7/6
s Mechanics and Hydrostatics 4/6
Smith, C. Arithmetic for Schools, with or without answers  3/6
' Part 1 Chapters 1—vii1  Elementary, with
or without answers /-
» Part 11 Chapters 1Xx—XxX, with or without
answers /-
Hale, G Key to Smith’s Arithmetic 716

EDUCATIONAL SCIENCE

1Bidder & Baddeley 1Domesnc Economy 4/6

Lhe Education of the Youn
TBosanquet { from the Republic of Platg } 3/6
tBurnet Aristotle on Education /6
Comenius Life and Educational Works S S Laune 3/6
Farrar General Aimms of the Teacher 1 16
Poole Foim Management 1 vol. !
tHope & Browne A Manual of School Hygiene 3/6
Locke Thoughts on Education R H Quck 3/6
+MacCuna Ihe Malking of Character 2/6
Milton Iractate on Education O. Browning 2/-
Sidgwick On Stimulus 1f-
Thring Theory and Practice of Teaching 4/6
tWoodward A Shoit History of the Expansion of

the British Empire ét 500—1902) 4/-
A An Outline IHistory of the British

Empire (1500—1902) 1/6 net

CAMBRIDGE UNIVERSITY PRESS
#ondon FETTER LANE, EC.
C F CLAY, MANAGFR
@uinburgh 100, PRINCES STREKT
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