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PREFACE.

In 1810 a work was published in Cambridge under the follow-
ing title—A Treatise on Isoperimetrical Problems and the Calculus
of Variations. DBy Robert Woodhouse, A.M., F.R.S., Fellow of
Caius College, Camlridge. ‘This work details the history of the
Calculus of Variations from its origin until the clese of the cighteenth
century, and has obtained a high reputation for accuracy and
clearness, During the present century some of the most eminent
mathematicians have endeavoured to enlarge the boundaries of the
subject, and it secmed probable that a survey of what had been
accomplished would not be destitute of interest and value. Accord-
ingly the present work has been undertaken, and a short account
will now be given of its plan.

As the carly history of the Calculus of Variations had been
already so ably written, it was unnecessary to go over it again;
but it seemed convenient to commence with a short account of
two works of Lagrange and a work of Lacroix, because they
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exhibit the state of the subject at the close of the cighteenth
century ; the first chapter is thereforc devoted to these works of
Lagrange and Lacroix. The notice of the two works of Lagrange
is very brief, for in fact both of them were accessible to Wood-
house, and he has given a good account of all that Lagrange
accomplished. The notice of the work of Lacroix is fuller because
the second edition of that work had not appeared when Wood-
house wrote; it was also necessary to indicate two important mis-
takes which occur in Lacroix on account of their influence on the
history of the subject; see Arts. 27 and 39.

The second chapter contains an account of the treatises of
Dirksen and Ohm.

The third chapter contains an account of a remarkable memoir
by Gauss, which affords the carliest example of the discussion of
a problem involving the variation of a double integral with variable
limits of integration.

The fourth chapter contains an account of a memoir by Poisson
on the Calculus of Variations. The great object of this memoir is
to exhibit the variation of a double integral when the limits of
integration are variable. The memoir is important in itself, and
also from the fact that it may be considered to have led the way
for those which were written by Ostrogradsky, Delaunay, Cauchy
and Sarrus.

The fifth chapter contains an account of a memoir by Ostro-
gradsky ; this memoir was suggested by Poisson’s, and its object is
to exhibit the variation of a multiple integral when the limits of
the integration are variable.

The Academy of Sciences at Paris proposed for their mathe-
matical prize subject for 1842, the Variation of Multiple Integrals.
The prize was awarded to a memoir by Sarrus, and honourable
mention was made of a memoir by Delaunay. The memoir of
Delaunay is analysed in the sixth Chapter, and the memoir of
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Sarrus in the eighth Chapter; the seventh chapter analyses a
memoir by Cauchy, in which the results obtained by Sarrus are
presented under a slightly different form.

Here that part of the present work terminates which treats
of the variation of multiple integrals.

‘The next three chapters treat of another branch of the subject,
namely, the criteria which distinguish a maximum from a minimum;
these criteria were exhibited in a remarkable memoir published by
Jacobi in 1837, which has given rise to a series of commentaries
and developments. The method of Jacobi is founded upon one
originally given by Legendre; accordingly the ninth chapter first
explains what Legendre accomplished, and also what was added
to his results by another mathematician, Brunacci, and then finishes
with a translation of Jacobi's memoir. The tenth chapter con-
tains an account of the commentaries and developments to which
Jacobi’s memoir gave rise. The eleventh chapter contains some
miscellancous articles which also bear upon Jacobi’s memoir.

The twelfth chapter contains an account of various memoirs
which illustrate special points in the Calculus of Variations.
The thirteenth chapter contains an account of three comprehen-
sive treatises which discuss the whole subject. The fourteenth
chapter gives a brief notice of all the other treatises on the sub-
ject which have come to the writer's knowledge.

The fifteenth chapter notices various memoirs which have
some slight conncction with the subject. The sixteenth chapter
notices various memoirs which relate principally to geometry, or
differential equations, or mechanics, but the titles of which are
suggestive of some relation to the Calculus of Variations.

The seventeenth chapter gives the history of the theory of
the conditions of integrability.

The writer has endeavoured to be simple and clear, and he
hopes that any student who has mastered the elements of the



viii PREFACE.

subject will be able without difficulty to understand the whole
of the work.

It may appear at first sight that great disproportion exists
between the spaces devoted to the various treatises and memoirs
which are analysed. The writer has not considered solely or
chiefly the relative importance of these treatises and memoirs,
but also the ease or difficulty of obtaining aceess to them; and
thus a work of inferior absolute value may sometimes have ob-
tained as long a notice as another of higher character when the
latter could be procured far more readily than the former.

In citing an independent work the title has usually been
given in the original language of the work, but in citing a me-
moir which forms part of a seientific journal it has generally been
considered sufficient to give an English translation of the title.
Sometimes a mathematician has been named in the history before
an account of his contributions to the subject has been given;
in such a case by the aid of the index of names at the end
of the volume it will be easy to find the place which contains
the account. Occasionally in the course of the translation of a
passage from a foreign memoir the present writer has inserted a
remark of his own; this remark will be known by being enclosed
within square brackets.

The writer may perhaps be excused for stating that he has
found the labour attendant on the production of this work far longer
and heavier than he had anticipated. It would have been easy to
have examined merely the introductions to the various treatises and
memoirs, and thus to have compiled an account of what their re-
spective authors proposed to effect; but the object of the present
writer was more extensive. He wished to ascertain distinetly what
had been effected, and to form some estimate of the manner in
which it had been effected. Accordingly, unless the contrary is
distinctly stated, it may be assumed that any treatise or memoir
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relating to the Calculus of Variations which is described in the
present work has undergone thorough examination and study.
This remark does not, however, apply to all the productions which
are noticed in the last two chapters of this work.

It will be found that in the course of the history numerous
remarks, criticisms, and corrections are suggested relative to the
various treatises and memoirs which are analysed. The writer
trusts that it will not be supposed that he undervalues the labours
of the eminent mathematicians in whose works he ventures occa-
sionally to indicate inaccuracies or imperfections, but that his aim
has been to remove difficulties which might perplex a student.
In the course of his studies the writer frequently found that remarks
which he intended to offer on various points had been already made
by some author not usually consulted ; for example, the considera-
tions introduced in Art. 366 occurred to him at the commencement
of his studies, and it was not until long afterwards that he found
he had been anticipated by Legendre; see Art. 202.

The writer will not conceal his own opinion of the value of a
history of any department of science when that history is presented
with accuracy and completeness. It is of importance that those
who wish to improve or extend any subject should be able to ascer-
tain what results have already been obtained, and thus reserve their
strength for difficulties which have not yet been overcome; and
those who merely desire to ascertain the present state of a subject
without any purpose of original investigation will often find that
the study of the past history of that subject assists them materially
in obtaining a sound and extensive knowledge of the position to
which it has attained. How far the present work deserves attention
must be left to competent judges to decide; should they consider
that the objects proposed have been in some degree secured,
the writer will be encouraged hereafter to undertake a similar
survey of some other department of science.
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The writer will receive most thankfully any suggestion or cor-
rection relating to the present work with which he may be favoured,
and especially any information respecting those memoirs and trea-
tises which may have escaped his observation, and those of which
he has only been able to record the titles; sce Arts. 394 and 420.

The writer takes this opportunity of rcturning his thanks to the
Syndics of the University Press for their liberal contribution to the
expenses of printing the work.

St JoRN's COLLEGE,
April 15, 1861.
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CALCULUS OF VARIATIONS.

CHAPTER 1.

LAGRANGE. LACROIX.

1. It is the object of the present work to trace the progress of
the Calculus of Variations during the nineteenth century. It will
be convenient to begin with an account of three works which ex-
hibit the state of the subject at the close of the eighteenth cen-
tury. We shall accordingly in this chapter give an analysis of
the treatises on the Calculus of Variations contained in Lagrange’s
Théorie des Fonctions Analytiques, in the Legons sur le Calcul des
Fonctions of the same author, and in the Traité du Calcul Diffé-
rentiel et du Calcul Intégral of Lacroix.

2. The first edition of Lagrange's Théorie des Fonctions Ana-
lytiques appeared in 1797, and the second in 1813; the work was
also reprinted in 1847. The portion which treats of the Calculus
of Variations remains as it was in the original edition, where it
extends over pages 198—220; we proceed to give an account of
this portion.

3. Having treated of ordinary maxima and minima problems
in the preceding pages of his work, Lagrange states that the same
principles may be applied to determine curves which possess at
every point some assigned maximum or minimum property. For
example, required the curve at every point of which

{y+m—-a)y}{y+@n—2)y}

. . .- d
is a maximum or minimum, where y' denotes 35 .



2 LAGRANGE.

Here it is supposed that at any point of the curve y'is suscep-
tible of variation while = and y are not susceptible of variation;
then according to the ordinary principles of maxima and minima
problems we differentiate the proposed expression with respect to
y' as variable, and equate the differential coefficient to zero. This
gives

(m—2) {y+(—2) g’} + (1= 2) §g+ (m—) y'} = 0...(1);
therefore
- (e—m—n)y
y= 2(m—a) (n—=a)’

divide by y and integrate, thus we obtain

PV=h(m—o) (—2) ccrereunnnnen e (2),
where % is an arbitrary constant.

Differentiate the left-hand member of (1) with respect to y'; this
gives 2 (m —x) (n— ) ; hence we conclude that at every point of
the curve determined by (2) the proposed expression

{y+m-2)y't{y+@n-2)y}
is a maximum or minimum according as (m — ) (n — ) is negative
or positive. From (2) it appears that the curve is an ellipse if % be
negative, and then (m - &) (n — ) must be negative and there is a
maximum ; also the curve is an hyperbola if 2 be positive, and then
(m — ) (n —x) must be positive and there is a minimum.

This is the first appearance of a problem of this kind. La-
grange intimates that such problems may be proposed involving
other differential coefficients besides the first.

4. Lagrange next considers the more common problem of the
Calculus of Variations, namely that in which we require the maxi-
mum or minimum value of the integral of a function £ (z, v, %', %",...).
He uses w to denote what is called the variation of y, and which is
usually denoted by 8y. He arrives at the well-known relation which
must be satisfied in order that the proposed integral may be a maxi-
mum or minimum; this relation he expresses in the following
manner ;

F @)=+ =L )" +...=0.
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He also obtains the ordinary result for the terms which are free
from the integral sign, which must likewise vanish in order that the
proposed integral may be a maximum or minimum.

5. Lagrange now proceeds to the discrimination of a maximum
from a minimum value; he takes the case in which the function
under the integral sign contains no differential coefficient of y higher
than the first. We will here indicate his mecthod, but we shall
use the ordinary notation instead of Lagrange’s. Let p denote

% , and suppose f(z, y, p) to represent any function the integral of

which taken between certain fixed limits is to have a maximum or
minimum value. Change y into y+8y and p into p+8p; thus
f (=, y, p) will become

Sy, p) + f89+ fsl’
;fgg @)+ f,,;sysph:%@p) + &,

where the &c. stands for terms of the third and higher orders in 8y
and &p.

Now by means of the relation between x and y given by

- (%)'=0 ........................... ),

and the fact that the integration is taken between fixed limits, the
integral denoted by
f{gf b+ % sp} do

vanishes. We must then examine the integral

1d¥f af 1dif } .
f{2 ap Qo)+ o 8 8 + 5 v )y de;
if this taken between the fixed limits is negative for all indefinitely
small values of 8y and 3p, the proposed integral is a maximum when
 has the value which satisfies (1) ; if it be positive for such values
of 8y and 8p the proposed integral is a minimum.
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The integral which we have to examine may be put under the
form

Ao+ {3 7Aoo+ (7%~ o) dydp+5 o)

where A is any function of z; for we can shew immediately by dif-
ferentiation that the latter expression coincides with the integral
which we have to examine. Now assume A such that

& V(B D O
( % —2x> ( % dw) . @),
then the last expression under the integral sign becomes a perfect
square, and the integral may be written

/ ;  (8p + A8y)* da,
2,
4% f 4
AT
Thus we have to examine the sxgn of

M @)= G+ 3 [ 5 @+ a8y,

where x, and @, denote the limits of the integration, and A, and A,
are the values of A and 8y, and 8y, the values of 8y at the respective
limits. Let us suppose that 8y, and &y, are zero, then we have
remaining

where

3], T o+ a8y

Hence we may conclude that 1f f be always positive between
the limiting values of « the proposed mtegral has a minimum value ;
and if % be always negative between the limiting values of « the
proposed integral has a maximum value.

Lagrange remarks that this result had been published in the
Memotrs of the Academy of Sciences, in 1786 [by Legendre]; but he
adds, that in order to ensure the correctness of the result it ought to
be shewn that the value of A determined by (2) does not become
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infinite between the limits of integration, and it is generally im-
possible to do this, because the value of X cannot actually be found.

6. Lagrange takes for example the case in which
. S (@ y, p) =p'+ 2mpy +ny’;

here 2}—, is necessarily positive, but Lagrange shews that when « is
negative we are not certain of the existence of a minimum.

7. Lagrange then indicates the method to be pursued in dis-
criminating a maximum from a minimum when the expression
which is to be integrated involves differential coefficients of a higher
order than the first.

8. Then leaving the question of the discrimination of maxima
and minima values, Lagrange returns to the consideration of the con-
ditions which are common to both maxima and minima values. He
makes some remarks on the case in which the limiting values of the
quantities , 7', %", ... are not given, but only one or more equations
connecting them. He then proceeds to suppose that the function
under the integral sign contains, besides y and its differential co-
cfficients with respect to @, another variable z and its differential
coefficients with respect to #z. When y and 2z arc independent he
arrives at the two well-known relations which must be satisfied in
order that the proposed integral may be a maximum or minimum,
namely the relation already given in Art. 4, and another which may
be obtained from that by changing y into 2. Lagrange also gives
the results for the case in which y and z and their differential coeffi-
cients with respect to « are connected either by a given equation or
by the circumstance that an assigned integral expression involving
them is to have a constant value,

9. As an example of the theory Lagrange considers the pro-
blem of the brachistochrone when a particle moves from one given
point to another., Take the axis of # vertically downwards, and let
N2g (h+x) be the velocity which the falling particle has when at
the depth x below the origin; then the expression which is to be
rendered a minimum is

‘[4/(1 +y”+z") daz
(h+ ) ’
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where y' = %, and 2'= £iﬁ; here we have not assumed that the re-

quired curve is a plane curve. Hence in order that the integral may
be a maximum or minimum we must have, by the relations referred
toin Art. 8,

(rravierTe =0 = sy -

Integrate these equations; thus

’ ’

—-————-'—y———-—ﬁ- and 2
Vh+a) V(1 +y*+27) V(h+2) V(1 +3" +27)
are both constants; hence by dividing the first of these expressions

by the other we ha,ve"zi a constant, and this shews that the curve

must be a plane curve. Then by completing the investigation in
the usual manner we obtain a cycloid for the required curve. We
now proceed to examine whether the proposed integral is thus ren-
dered a maximum or minimum. The terms of the second order are
(see Art. 5)

f (1+ ") ()" —2pqdpdq + (1 +p°) (9)* ;.
2y (h+2) (1+p"+ )}

where p stands for and for z. The above expression may be
P q P Y

written

[ @l O+ (o= pla) g
2y/(h+a) (1+p + )¢
and as this is essentially positive the proposed integral is rendered

a mintmum; and thus the cyeloid fulfils the conditions of the
problem.

10. Lagrange then gives some investigations relating to the
conditions of integrability of functions; this is a subject to which a
separate chapter will be devoted in the present work.

11. The treatise on the Calculus of Variations contained in the
Théorie des Fonctions Analytiques is very clear, and although the
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notation is not so expressive as that which Lagrange originally in-
troduced, it is far preferable to that employed in the Legons sur le
Calcul des Fonctions. 'We now proceed to give an account of that
part of the latter work which is connected with our subject.

12. In the list of Lagrange’s works which is appended to the
Mécanique Analytique it is stated that the first edition of the
Legons sur le Calcul des Fonctions appeared in 1801 as a portion
of the second cdition of the Séances de I’ Ecole Normale; the Legons
were also included in the 12th part of the Journal de ' Ecole Poly-
technique in 1804. 1In 1806 a separate edition of the Legons ap-
peared containing two additional legons, and these were also in-
serted in the 14th part of the Jowrnal de U’ Ecole Polytechnigue in
1808. The two additional legons are devoted to the Calculus of
Variations.

13. In the edition of the Legons sur le Calcul des Fonctions
which was published in 1806, the part bearing on our subject
extends over pages 401—501 and forms the last two legons. The
first of these two legons cxtends over pages 401—440; it treats of
the integrability of functions, and also contains a sketch of the
carly history of the Calculus of Variations; as we do not consider
the early history of the Calculus of Variations in the present work,
and as we reserve the subject of the integrability of functions for
a future chapter, we shall not here give any account of this part
of Lagrange’s work. Lagrange states that the work of Euler,
entitled Methodus inveniends lineas curvas... would have left nothing
to be desired respecting curves which are required to have a maxi-
mum or minimum property, if it had been based on an analysis
more conformable to the spirit of the Differential Calculus; La-
grange then adds that the object had been attained by his own
method given in the Memoirs of the Turin Academy. This method
is the well-known use of the symbol & to express a variation.
Lagrange states that this method has been explained in most works
on the Differential Calculus which have appeared since it was
published, and therefore it will be sufficient for him to give merely
an account of the principles of it; and accordingly a brief sketch
is supplicd.
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14. Lagrange begins the next legon thus;—* The method of
variations based on the use and combination of the symbols & and
8, which denote different differentiations, left nothing to be desired ;
but this method having, like the Differential Calculus, the method
of indefinitely small quantities for its base, it was necessary to
present it under another point of view in order to connect it with
the Calculus of Functions; I have already done this in the Théorie
des Fonctions, but I propose to return to the subject now in order
to treat it in a manner more direct and more complete.”

15. Lagrange proceeds accordingly to expound the subject
with the aid of a new notation. Suppose y=¢(x), and let ¢ (x)
be changed into ¢ (x, ¢), where ¢ is an arbltrary mdeﬁmtely small
quantity ; then suppose ¢ (x, ¥) expanded in powers of ¢ by Mae-
laurin’s Theorem. The result is expressed thus,

2 '8

y+zy+ 2y+1 2. 3y+ ......

so that dots over the symbol y indicate differential coefficients of y
with respect to ¢, it being supposed that ¢ is made zero after the
differentiations. The terms of the series after the first constitute
in fact the variation of y; in this work however Lagrange confines
himself to an investigation of the conditions which are common to
maximum and minimum values, so that in fact the terms which
involve powers of ¢ beyond the first are not used by him. Since
the way in which ¢ enters into ¢ (z, ¢) is quite arbitrary it follows
that y may have any value we please.

16. Lagrange then arrives at the ordinary conditions for the
maximum or minimum value of [Vdx, where V is supposed to con-
tain 2 and y, and the differential coeflicients of y with respect to .
In his investigation he first supposes that @ itself does not receive
any variation, and afterwards finds the change in his formule
occasioned by varying .

He then proceeds to the case in which V7 contains besides
y another dependent variable 2, and its differential coefficients with
respect to x; and he gives the relations which must hold in order
that [Vde may be a maximum or minimum both when y and 2 are
unconnected and when they are connected by an equation.
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17. Lagrange gives some investigations relative to the maxi-
mum or minimum value of a function of two independent variables
which involves a double integral. We will indicate how far he
proceeds with this problem; but we shall use the ordinary notation
instead of Lagrange’s. Suppose V a function of @, y, 2, p, ¢, 7, s,

where dz dz _d’z s——i’—z— t—d—’ﬁ ; and
[ AN p= dw,g d ) —'d?, —dﬂ?dy’ —dy,,...,an
let U= [[Vdydz; then

SU= [[$Viyda,
and 8V——8z+d 8p+d s+ % br 4 ...
say = L&z + M8p + N8q + Pbr + Qds + Rdt + ...
Now by the Differential Calculus
Mip =L (ar5e) - 52X,
d dN

N8q=d—y(N8z) Szd ,

and so on; thus we obtain

_(p_dM_dN &P dQ &R
8V— (L—-gm— dy d(l" dwdy dy ....... ) 8z
d déz dP ddz
+dw<M8 + P - QG )
ddz dR dQ
(st+R----—8 8 )

In order that U may vanish it is necessary that the coefficient
of 8z in the first line of the expression for 8V should vanish; that
is, we must have

dM dN d°P d’Q ,d’R
L—%—'E;'F dwg +dwdy+‘Wuuu
Then 8U consists of terms which involve only one sign of integra-
tion, namely, that with respect to = or that with respect to y.

=0,
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Thus Lagrange is correct as far as he has carried the investiga-
tion ; but as we shall see hereafter the great difficulty of the ques-
tion consists in reducing the terms which involve only one sign of
integration to their simplest form, so as to deduce the equations
which must hold for the limiting values of the integrals. The
difficulty was first overcome by Poisson. Lagrange adds a remark
which is not correct ; he says—* The simplest case is that in which
the boundary of the surface represented by the equation in @, y, 2
is supposed completely given and invariable. Then the variations
of z and its differential coefficients are zero with respect to the
bounding curve and therefore also through the whole extent of the
single integrals contained in 8U, and the condition U= 0 is satis-
fied of itself.” If the bounding curve be given 8z vanishes at every
point of the bounding curve, but it is not true as Lagrange asserts
that &p, &g, ... also vanish.

18. Lagrange illustrates the subject by the discussion of some
of the standard problems. He selects the following ;—the shortest
line in free space or on a given surface, the brachistochrone in a
resisting medium, the curve down which a particle must fall in a
resisting medium in order to acquire a maximum velocity, and the
surface of minimum area. The first three of these problems had
been originally discussed by Euler, the last had been originally
discussed by Lagrange himself in the Turin Memoirs.

19. The treatise on the Calculus of Variations contained in the
Legons sur le Caleul des Fonctions is rather difficult, and the nota-
tion is extremely uninviting and perplexing. It may be observed
that there is a Grerman translation of the two works of Lagrange
which we have considered, by Dr A. L. Crelle; the translation is
accompanied by a running commentary which is incorporated with
the text. In the translation of the Legons the notation of Lagrange
is replaced by the ordinary notation of the Differential Calculus.
It seems to have been the design of Dr Crelle to translate all the
works of Lagrange, but the only work which appeared besides the
two we have considered was the T'reatise on the Solution of Numeri-
cal Equations.

20. 'We now proceed to give an account of the chapter on the
subject contained in the work of Lacroix. The first edition of the
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Traité du Caleul Différentiel et du Calcul Intégral appears to have
been published in 1797. The second edition of the second volume is
dated 1814 ; it contains a chapter on the Calculus of Variations ex-
tending over pages 721—816. There are some additions and cor-
rections extending over pages 716—721 of the third volume, which
is dated 1819.

21. In his preface Lacroix states that the Calculus of Vari-
ations is treated at much greater length than it had been in the
first edition of the work; he considers that he had to effect two
things, namely on the one hand to exhibit the Calculus of Variations
in all the extent it had reached and with the symmetry which it
had gained by means of its peculiar notation, and on the other
hand to explain the connexion of the subject with the ordinary
principles of the Differential Calculus. He adds that those readers
who wish to confine themselves to the Caleulus of Variations strictly
80 called may begin at page 755.

22, The guide whom Lacroix has principally followed is
Euler; the third volume of Euler’s treatise on the Integral Cal-
culus contains an appendix on the Caleulus of Variations, and in
the fourth volume of the treatise a memoir on this subject is given
which is reprinted from the Transactions of the Academy of
St Petersburg (Novi Comment. Acad. Petrop. xv1). Lacroix
devotes the first part of his chapter, extending over pages 721—1754,
to an exposition of the method given by Euler in the memoir just
cited ; the method is the same as that which was afterwards used
by Lagrange in the Legons sur le Calcul des Fonctions. Suppose
y any function of @, say y =¢(x); let there be a new variable ¢,
and let ¢ (z, ¢) be any function of = and ¢ which reduces to ¢ ()
when ¢=0. Then by Maclaurin’s Theorem

¢(wst)=¢( x) + d¢t+ dt? §+"

where ¢ is supposed to be put equal to zero in the diffevential
coefficients with respect to ¢ after differentiation. Then ¢ (x, ) — ()
is equivalent to what is usually denoted by 8y and called the vari-
ation of y. If we suppose ¢ small enough we may restrict ourselves

d$ ,

to the first term in the series for ¢ (x, t) — ¢ (z), that is, to It
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Lacroix adopts this restriction and then proceeds to investigate the
conditions which must hold in order that an integral [Vdx may
have a maximum or minimum value, where ¥ is a function of =
and y and the differential coefficients of y with respect to . The
results are of course the same as those which are obtained with the
aid of the common notation. We shall make some remarks on
various points which occur in this part of the work of Lacroix.

23. On pages 729—731 Lacroix examines some cases of the
problem of the brachistochrone. At first the starting-point is sup-
posed fixed; the velocity at a point which has y for its vertical
ordinate is supposed to be ¥2¢ (y — &), where % is a constant. Now
let the horizontal abscissa of the final point be supposed given, but
not its vertical ordinate; then the usual result is obtained by
Lacroix, namely, that the tangent at the final point must be
horizontal. Lacroix next supposes that the horizontal abscissce
of both the starting-point and the final point are known, but
not their vertical ordinates, and he arrives at the result that
the tangents at both points must be horizontal; and he gives a
figure which supposes the moving particle to start from the lowest
point of a cycloid, and to ascend to the cusp and then to descend
down the next arc until it reaches the point which is in the same
horizontal line as the starting-point. It must however be observed
that Lacroix does not examine the terms of the second order so as
to ascertain whether there really is a minimum; and it is obvious
that there can be no minimum in the present case, for by taking
the starting-point low enough the initial velocity may be made as
great as we please, and thus the time of passing from a point with
the first given abscissa to a point with the second given abscissa
may be made as small as we please without restricting the moving
particle to describe a cycloid.

24. On page 782 Lacroix observes that if the expression
dP d&'Q d°R
NGt @ @t
vanishes identically Vdz is an exact differential; thus [Vdx taken

between limits can be expressed as a function of initial and final
values of co-ordinates and differential coefficients, and so the problem
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of finding the maximum or minimum value of this integral does
not differ from an ordinary problem of maximum or minimum.
This remark leads him naturally to consider the example given
by Lagrange of finding the maximum or minimum value of an
expression which involves a differential coefficient but no integral
sign. (See Art. 3.)

25. Up to page 734 Lacroix has supposed that the indepen-
dent variable @ is not susceptible of variation; he now introduces
the supposition that x itself receives a variation. This part of the
subject is treated perhaps as well as it could be on the basis
adopted by Lacroix, but it would probably be obscure to a beginner.
It is perhaps impossible to avoid this obscurity altogether if we
ascribe a variation to the independent variable; and thus it seems
better to adopt the method of some recent writers who vary only
the dependent variable and obtain the requisite generality in their
formulee by giving small changes to the limits of the integral
instead of varying the dependent variable. (See the works of
Strauch and Jellett.)

26. On pages 742—744 Lacroix expounds a method which he
says in its full extent is due to Poisson. In this method the limit-
ing values of the variables and differential coefficients which occur
in the expression under the integral sign are at first supposed fixed ;
then by the ordinary process of the Calculus of Variations a differ-
ential equation is obtained, which must be solved, and which will
involve a certain number of arbitrary constants; these constants
Poisson proposes to determine by the principles of the Differential
Calculus. For example, if the problem proposed be that of the
brachistochrone, it would be first inferred from the differential
equation furnished by the ordinary process of the Calculus of
Variations that the curve must be a cycloid; then with the relation
between 2 and y thus determined, the integral [Vdxz may be ob-
tained, and may be expressed in terms of the limiting values of =
and of the arbitrary constants which arise from the solution of the
differential equation ; it will now be a problem of the Differential
Calculus to assign such values to the limits of 2 and to the arbitrary
constants as will ensure a minimum value for the integral. In fact
instead of solving a problem at once and completely by the Calculus



14 LACROIX.

of Variations, Poisson proposes to divide it into two parts and solve
one part by the Calculus of Variations and the other part by the
Differential Calculus. This method appears to possess no supe-
riority over the common method, and Lacroix seems to intimate the
same opinion on page 744.

27. An important mistake in the treatment of the variation of a
double integral occurs on page 752, and is repeated on pages 783,
784 ; this we will now explain, using the ordinary notation. Let V'
be a function of the independent variables = and gy, and of the
dependent variable 2, and of the differential coefficients of 2z with
respect to z and y ; let

U= f f Vdzdy;
then it is required to find the variation U which arises from a
variation 8z ascribed to z. Let the differential coefficients of z be,
as usual, denoted by p, g, r, s, ¢; and suppose for simplicity that no
differential coefficient of z occurs of a higher order than the second.
Then

dV av av av av
U= f( 8+dp8+d8+ —&r 4 —

s 83+7t—8t)dwdy

Lacroix now proceeds to transform these terms by integration by
parts, and in doing so he makes a mistake. His process is sub-

stantially the following. Let S denote %Z, then

[s303y= f g.2% 8‘ g% f BB et
thus ffsssdxdy fs e ffdsiszdwdy,
again [s % 8% = 30 f Ll Y @),
and ‘;%i‘dm flj&- 3‘;% 82 da;
thus finally /i58s dz dy =

52— [ D50 o - f"”ss dy +ff

8z de dy.
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The step taken in (2) is generally false. For in a double inte-
gral the limiting values of the variable with respect to which we
first integrate are in general functions of the other variable; thus in
(1) after integrating with respect to y, we should have to substitute

some function of « for y in the term S% . Therefore in the ex-

pression f 8 % dz, the symbol 8z does not represent a function of
the independent variables & and y, but a function of  alone. But

‘—28—: indicates the partial differential coefficient of 3z taken with

respect to z, and is therefore only a part of what we obtain when
we differentiate 8z with respect to x, supposing y itself a function of
a. So that if we denote the complete differential coefficient of 8z

with respect to « by %—25, we have

Db _dbs  dbs dy

de  dx ' dy dx’
where % is to be found from the value of y in terms of  which
holds at the limit. The process of Lacroix then is wrong because

it uses 5& as if it were Piz
uses —— T

28. There is no error in the transformation which Lacroix
effects of the terms f f ‘%’Brdw dy and f f %fstdwdy ; but the error

indicated in the preceding article occurs again in the transformation
of terms arising from the differential coefficients of z which are of
an order higher than the seccond. It must be observed that the
error disappears when the limits of both the integrals are con-
stants.

29. The error indicated in Art. 27 was alluded to by
Poisson and corrected in his memoir on the Calculus of Variations
(Mémoires de UInstitut, Tome X11. page 296). It seems to have
been introduced by Euler; it occurs in Art. 169 of the Treatise on
the Calculus of Variations contained in the third volume of Euler’s
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Integral Calculus. In the memoir however to which we have
already referred (see Art. 22), which is reprinted in the fourth
volume of the Integral Calculus, the error does not occur; there
Euler has a result which is equivalent to

ffSSsdwdy=f8%dw—f%82dy+ffgi%8zdmdy;

that is, he omits the incorrect equation (2) of Art. 27. He has
therefore here not attempted to carry his transformations farther
than they are carried in Art. 17, and has left his results in a correct
form. It should however be observed that Strauch asserts that
Euler’s results are not correct, since he has omitted several terms
which involve only a single integral (Strauch, Calculus of Varia-
tions, Vol. 11. p. 633). There seems no reason for the assertion
made by Strauch beyond the following :—In such a step as

ddz [dSddx
we must remember that the integration with respect to y will have
to be taken between certain limits, so that the equation just written
would more correctly be written thus,
de) _ ( Sd&z) % dS ddz

N
= (g%2 02y _[TaZ 2z g,
%SSSd][ (de 1 dx 0 Yo d.’/ dx 4

where the first two terms on the right-hand side are respectively the
values of § % when y, and y, are substituted for y. This is the

only point in which Euler’s formula is liable to objection, and this
can scarcely be called an error, as it is really only an abbreviation
which is perpetually used in the Integral Calewlus. This is pro-
bably all that Strauch means by his assertion; in the problem
which he has discussed in the pages immediately preceding his
assertion he has confined himself to the case in which the limits of
the integrations are all constants, and his results agree with those of
the third volume of Euler’s Integral Calculus, when we allow for
the abbreviated form which Euler adopts, as we have just ex-
plained. It may be added that the mistake corrected by Poisson
has been preserved in some elementary works which have been
published since Poisson’s Memoir.
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30. In addition to the error already pointed out, it must be
observed that on page 752, Lacroix exhibits the result very incor-
rectly ; for he omits all such terms as % and % , and 3z is the
only form in which he introduces the variation of 2. In conse-
quence of this, he falls into the same error on page 753, as has
been already indicated in Lagrange (see Art. 17). He states that
when the lines which bound the area over which the double inte-
gration extends are absolutely given, then all the terms in the
variation of the double integral vanish except those which remain
under the double integral sign; and this of course is not true.

31. Lacroix closes this division of his subject with a remark on
the problem of the variation of a double integral when the limits
themselves are supposed variable; pages 754, 755. He says that
the question is too difficult for him to stop to consider it, but that he
will return to it afterwards in order to introduce the reader to some
considerations of which no trace could be found in preceding works.
It is not apparent to which of his subsequent articles Lacroix thus
refers; the only place in which he appears to return to the point is
page 778, and there he gives scarcely any thing more than had pre-
viously been given by Euler.

32. On page 755 Lacroix begins his exposition of the Calculus
of Variations properly so called. Here he introduces Lagrange’s
symbol & to express a variation. Lacroix devotes his first article to
proofs of the formule 8dy= ddy, 8dx = ddz, 8d"y=d"dy,.... This
article seems to require some observations. After he has considered
the case in which y alone receives a variation and not , he proceeds
thus:

¢ Hitherto we have only varied the ordinate PM or y; but this
point of view is too restricted ; some questions may require that we
should pass from the point M of the curve CE to a point » of the
curve e corresponding to an abscissa AII which differs from 4P.
(See fig. 1.) It is obvious that the variation of PM consists then of
two parts, namely of the variation Mu which is due solely to the
change of curve, and of the increment which Pu receives in the
curve ye when the abscissa AP is changed into AIT; and we shall
have in this case 8dy = d8y. For let
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PM=¢(a), Pa=+ (@), A=z +w (2) =X,
AP =g+ de=2a, All'=0'+w () =X";
it will follow that
My=y (X), P'M'=y =¢ (), IV=4y(X),

My—PU=8y=+(X)—¢ (), IV -PM =8'=y (X') - (),
amd By -y =dy = (X) - $ (&)~ ¥ (X) +$ @)

On the other hand, since

dy = (&) — $ @),
8dy = 5 () — 8 (@) =¥ (X) — § @) — ¥ (X) + b (@)

hence 3dy = ddy.

It is moreover obvious that by supposing 8z= = (x) we have
separately

Sdx = ddz.

It follows that 8d” = d8dy = d*8y; and procceding thus we

shall obtain the thcorem
"y = d"dy,
in virtue of which we may transpose the characteristics & and d;
this may be extended to any function whatever, so that
8d"U=d"8U

whatever U may be. As the basis of the Calculus of Variations
this was enunciated at the origin of the Calculus ; but it has always
appeared to me that the truth of it had not been proved with suf-
ficient care, and that it was necessary to develop the demonstration

by bringing into view the nature of the variations attributed to the
abscissa and the ordinate.”

33. The proof given in the preceding Article may be exhibited
more clearly ; it consists essentially of the following process. Let
y stand for ¢ («), let & denote the operation of changing « into o'
and subtracting the original function from the new function, let &
denote the operation of changing « into X and ¢ into 4 and sub-
tracting the original function from the new function; then

ddy =d {¢(X) - ¢ (@)} =¥ (X') - () - {¥(X) - s (@)},
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and 3y =38 {$ (@) — $(2)} =¥ (X") - ¥(X) ~ {$(=) — $(=)};
therefore ddy = 8dy.

The proof is certainly sound ; it must be noticed however that
it is assumed that 8 always means a change of « into X and ¢ into 4
and a corresponding subtraction. This however is too restricted a
meaning of the operation denoted by 8, for it is necessary to have
the power of supposing that the curve e in the figure is not through-
out determined by the equation y =+ (x). The curve may be deter-
mined by y =+ (x) for part of its extent, by y = x () for another
part, by y=f(x) for another part, and so on. All the restriction
on Y, x, f,... is that there be no discontinuity in the value of y
or of any of its differential coefficients up to that of the highest
order which occurs in the expression we are considering; discon-
tinuity in form is admissible, and in fact necessary. Thus the
demonstration given by Lacroix in Art. 32 is not perfectly satis-
factory, since it involves a limitation of the meaning of the sym-

bol 8.

34. Many elementary writers who have reproduced this de-
monstration have however omitted that part of it in which the
symbols are defined, and thus have rendered it inconclusive. Thus
it has been considered sufficient to proceed as follows:—let AP=z,
PII =dx, PP' =08z, IIIl'=8 (x + dx); then P’ and II' are the
abscisse of points on the new curve which are infinitesimally near,
and AP'=x + 3z, thercfore

PIl'=d (x +8x);
hence PIl' = dz + & (x + dx),
and PII'=PP' + PII' =8z + d (v + &z) ;
therefore 8dx = ddx.

But in this process the statement P'II'=d (« + 8x) is quite arbi-
trary, as there is no definition on which it depends.

35. But in fact there is nothing to be proved, and the subject
would be rendered more intelligible by the omission of these and
similar propositions which appear in so many elementary works.
Suppose for example that y receives an increment 8y, then the

. . d,
first differential coefficient of y with respect to « instead of %
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becomes é-(-%qy—)-, that is, receives an increment %/ . Hence if

we please to denote this increment by 8p we have & = ‘%y; there
is here nothing to prove, it is merely a definition of the meaning
of 8p. Again, let » denote the integral [vdz; if v receives an
increment v then w receives an increment [Svdx, which we may
denote by &u if we please. Instead then of a formal proposition in
which 8 fvdz is proved equal to [&vdw, there is really only a defi-
nition of the meaning of éu when u = [vdz.

36. That these supposed propositions are not required in a
treatise on the Calculus of Variations may be seen by consulting
Airy’s Tract on the Calculus of Variations. The subject will be
found there treated with great simplicity and clearness, without
any introduction of such matter as we have taken from Lacroix in
Article 32. It may be added that Euler, who gives the geometrical
process of Article 32 in his treatise on this subject contained in
his Integral Calculus, gives it rather as an illustration than a proof
(tnterim tamen juvabit id per Geometriam tllustrasse).

37. Lacroix now proceeds to give the usual formule of the
subject expressed in the usual notation. He exhibits the variation
of an integral which involves both  and y and their differentials,
so that in fact z and y may be considered both functions of a third
variable. He notices the conditions which must hold in order that
a function involving two variables and their differential coefficients
may be susceptible of integration, once or more than once, without
assigning any relation between the variables. He also investigates
the variation of [Vdx, where V contains another integral [V'dw
besides @ and y and the differential coefficients of y; as this is a
point of some difficulty we shall consider it here more fully.

38. An investigation of the variation of an integral formula
which itself involves another integral was given by Euler; it occurs
in the 4th chapter of the treatise on the Calculus of Variations,
which is contained in the third volume of his Jntegral Calculus.
Lacroix gives it in his Articles 854 and 871. Lacroix omits a few
lines of explanation which are found in Euler, and thus the process
which in its original form was not frec from obscurity is rendered
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still more obscure; in fact, as we shall see, Lacroix does not
distinguish between problems which are really different. From
Lacroix the process has passed into many elementary works. We
will now give the process of Lacroix.

Required the variation of f Vdz, where V is a function of z, y,

P ¢ 7 ... and v where v = f V'dx, and V' is also a function of =, y,
P> ¢, 7y ...; here p, g, r, ... denote the successive differential coeffi-
cients of y with respect to #. Suppose

dV = Mdx + Ndy + Pdp + Qdq + Rdr + ... + Ldv,

dV'=M'de + N'dy+ P'dp+ Qdg + R'dr +...
Then by the usual formulse of the Caleulus of Variations

8dew= Vix+ [(dedV—dVex);
now for shortness let dV =dvyr + Ldv, then 8V =&y + Ldv;
thus & [Vdw=Vdz+ J(dxdyr — dypda) + [(Ldaby — Ldvsa).
Also Sv=V'dx + f (dx8V' — dV'8z) ; and dv="V'dx;
therefore f (Ldxdv — Ldvdx) = f Ldx f (dxd V' — dV'8x).
Put [Ldx=1I; then by integration by parts
J(Ldx8v — Ldvdz) = I [(dxdV'—dV'sx)— fI(de V'—dV'sx).
Hence we obtain
8 [Vidw=Vox + [(dudyy — dyrba)
+1 [(dxdV' - dV'8x) - JI(ddV' — dV'8a).
The three terms which follow V3z on the right-hand side of

the last equation may be transformed by the ordinary processes of
the subject. Thus if @ = 8y — pdz, we shall obtain

fidaby—dysa) = (-2 1 TE_ o
TRV U— )2
F(B= vieininnenieen )%’3

+oeiiiiiienns vecesencinnns

dP d'Q d'R
+f(N—%+%——%f+...)wdx ....... (1).
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If@v -aviea) =1(p -39 EE_ ),

ar=3

+I(Q %1:—'+ ............ )Z_;’

T 17 ) To

F oecennane teeetesecenterantens

T J13 %@—d;fs#...) wodz ... (2).

J1@asV'—av'sny = (o -EL LT,

v -Gy . )

F (IR = evrevereeeseensesssnns )%’

, dIP' d*IQ' d°IR'
+ [N - T T ga ) ede .. (3).
Thus far there is no difficulty, but Lacroix adds in Article 871;
let A4 denote the total value of I, that is, of de:v taken between
limits determined by the nature of the question; since this value

is a constant it may be introduced under the signs of differentiation
and integration, and thus the formula will become

8 [Viw= V3:v+{(P+AP’-—IP' - +AQ'-IQ')+...} ©

+{(Q+AQ'—IQ’)——(R+AR' IR) +.. }j;’
+  cereinienne Gesencesesanssesassansacestacansessoasannts

+f {(N+ AN'—IN") - dim (P+ AP' - IP)

+ @+ 40-10)- ...}wdw.
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This last step is not obvious; it will be seen that no change
is made in the terms which are denoted by (1) and (3), but that
I is changed into 4 in (2). Now the original integral [Vdx must
be supposed taken between some limits, say a and 8; thus the first
line for example in (2) will really when written at full become

{I (P—%%+-‘§§— ) m}kp

- {I(P’—dg+%— ) m}m,

and as the value of I when =8 will not generally be the same
as its value when z =a, we cannot as Lacroix does put 4 for I in
the terms included in (2).

Some varicty of meaning may occur with respect to I; for by
I we may understand simply the indefinite integral [Ldx without

any constant added; or by I we may understand f Ldz, so that

I vanishes when « has the arbitrary value a, or again, @ may be
supposcd equal to « or to 8. None of these suppositions however
lead to the result given by Lacroix, although the supposition that
I vanishes when =« or when @=g8 will simplify the correct
formulee. There is another point to be noticed. We have hitherto
supposed v to mean the indefinite integral [ V'dax without any con-
stant added ; but » may stand for something different, as for ex-

ample for / V'dz. In this case in order to find what arises from

If(dx8V' —dV'8z), we must take the integral from ¢ to «, then
multiply by I and put successively = and 2 =4 in the result,
and subtract the first value of the result from the second. Similar
processes must be performed with the terms in (3). TFor simplicity

we will suppose that I= f Ldz, so that I vanishes when z=a.

Thus, for example, the first term of the first line of (2) is
[I {(P 'w)m" (-P "")x:c}]z:p

— [T {(P'®)emr = (P®)r=} ] oma-
The second line vanishes since I, is zero, and the first line may
be written

Ix:ﬂ {(P"")x# - (P“’)ar:c}'
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From considering this result, we see that ¢f c=a, we may adopt
the final form given by Lacroix. Thus the formula of Lacroix

must be understood to imply that v = j V'dx, where a is also the

lower limit of the integral [ Vdz. \
It is however possible to suppose that v stands for f V'de,

where a and b are constants. In this case the terms in (2) will

give )
Loa— L) f (dzd V' —dV'8).

The terms in (3) will give
1]
f I(dz8V'—dV'),

in which we are supposed to make @ successively equal to « and 8,
and subtract one result from the other ; so that the remainder is zero.
Hence in this case

5 f:Vda: = (V82)ams — (V80 s + f:(dx&[r— dyrda)
+ (Toes = Lod) f w8V —dV8a);
and nothing remains except to transform f:(dm&]/-—-dapﬁm) and
f : (dz8V' — dV'8z) by the ordinary processes of the Calculus of

Variations.

Moreover Lg—Ipp= f *Lax.

39. We now arrive with Lacroix at the problem of the Variation
of a function of two independent variables. An important mistake
occurs on pages 779 and 780, which must be noticed here. We
shall use the ordinary notation for partial differential coefficients

. d: d; a
of a function 2, namely p for ‘—12 , q for I; , r for é, and so on.

Lacroix gives the following process.
To find 8p and 8g. We have
dz

p=8+;
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by differentiating the fraction in the ordinary way and changing
d into §, we shall have

deddz — deddw _ duddz —dzdde _ ddz — pddx

K~ @ £Z
Similarly 3¢ = yquy

The formule thus obtained for 8 and 8¢ by Lacroix are incorrect ;
they appear to have been taken by Lacroix from Euler’s treatise
comprised in his Integral Calculus. The true formule were given
by Poisson ; the erroneous steps in the process of Euler and Lacroix
were afterwards indicated by Ostrogradsky, and Poisson’s results
were confirmed. These points we shall have occasion to explain in
analysing the memoirs of the two writers last named.

40. After the error in finding 8p and 8¢ Lacroix follows Euler
in giving erroneous formule for &, &s, and 8. These writers both
shew that in following out their process they obtain two formulse
for 8s, by performing the operations in different orders, and these
two formul® can only be reconciled by supposing that &= is a
function of = only, and 3y a function of y only. They proceed
thus
dp dB_p—sty

dy
ddp _ d%%z dSw d*8x
Ay “dyds e P dyda’
d'dz  déx d*dx d8y

therefore &=W—8%_ W—s 7y

Again, adopting a different order, we have

_5% _ d5q — sdbx
T dx dx ?

8s= 8

and

ddg_ &%z _ dby d%y .
and d ~dody "l dmdy’

therefore &=W_s-@_qdwdy—8%'
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These two formuls for 8s contain respectively the essentially dif-
2

)
ferent terms p % and ¢ é—%‘%{ , which can only be made to dis-

appear by supposing that 8z does not contain y and that 8y does
not contain x.

41. The difficulty at which Euler and Lacroix thus arrive is
owing to the circumstance that they determine 8p and 8¢ errone-
ously, and repeat their error in determining 8s; the correct values
will be given hereafter. Strictly speaking it is not absolutely
necessary that 8z shculd be a function of z only, and 8y of y only

in order to make :li i;c and fil/ vanish; for if 8z were a function

of z only or of y only fb;i.z: would vanish, and a similar remark is

true with respect to 8y. But the supposition that &z is a function of
z only and 8y of y only is more natural at this point, and is much
more convenient for the subsequent processes required in the deve-
lopment of the variation of a double integral. Lacroix scems to
intimate on page 778 that there is some loss of gencrality in im-
posing the restrictions on 8x and 8y ; this however does not appear
to be the case. For let @, y, z be the co-ordinates of any point;
and let  +8z, y+8y, 2+ 8z be the co-ordinates of an adjacent
point; then if 8= be an arbitrary function of z only, 8y an arbitrary
function of y only, and 8z an arbitrary function of both z and y, we
have the power of passing from the point (z, y, 2) to an adjacent
point in every possible way ; that is, our suppositions involve all
the generality we require.

42, Lacroix now gives the ordinary development of the varia-
tion of a double integral ; in so doing he reproduces the error which
has been already indicated in Art. 27. He illustrates the whole
subject by discussing some of the usual problems; he selects the
brachistochrone, the solid of least resistance, the curve which in-
cludes a maximum area between itself and its evolute, the integral
[Vdz where V' =y [y/(1 + p*) dz, and the brachistochrone in a resist-
ing medium.
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43. Lacroix then gives Euler's method of treating questions of
relative maxima and minima; that is, for example, he shews that if
we want the maximum or minimum value of fudx subject to the
condition that fudz shall be constant we must proceed to solve the
problem of finding the maximum or minimum of [(u + av) dz, where
a i8 a constant. This part of the subject he illustrates by the pro-
blem in which a curve is to be found of given length and area,
which by rotation round an axis will generate a maximum or mini-
mum volume. Lastly he gives some investigations with respect to
the problem of discriminating a maximum from a minimum; these
are similar to those which we have already noticed in Art. 5.

44. In the third volume of his work, which was published in
1819, Lacroix has a note on the point which we have noticed in
Art. 39. He gives there the correct forms for 8p, 8¢, ... which had
been obtained by Poisson after the publication of the second volume
of the Traité du Caleul Différentiel et du Caleul Intégral.

45. On the whole the Calculus of Variations does not seem to
have been very successfully expounded by Lacroix, and this is
perhaps one of the least satisfactory parts of his great work. Mr
Abbatt, in the preface to his treatise on the subject, speaks thus of
it: “In Lacroix's Traité du Calcul Différentiel et du Calcul
Intégral, Tom. 11., we find materials sufficient to form a complete
work on Variations; but the subject is treated in a manner so
prolix and inelegant, that the reader’s taste will scarcely be im-
proved, how much soever his knowledge may be increased by
the perusal.”
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CHAPTER 1L

DIRKSEN. OHM.

46. In this Chapter we shall give an account of the works
of Dirksen and Ohm. The treatise of Dirksen is entitled Analy-
tical Exhibition of the Calculus of Variations with the application
of it to the determination of Maxima and Minima, by E. H. Dirksen,
Berlin, 1823, (Analytische Darstellung der Variations-rechnung mit
Anwendung derselben auf die Bestimmung des Grossten und

Kleinsten).

47. Dirksen’s book is a small quarto of 243 pages, with a
preface of 8 pages; it is very badly and incorrectly printed.
In the preface the author says that the Calculus of Variations ap-
pears to have been neglected, for in elementary works no improve-
ment had been introduced since the time of Euler and Lagrange;
he states that he has himself developed the subject from a purely
analytical origin; and in conformity with this remark it may be
observed that there is no figure in the book.

48. The work is divided into four chapters. The first chap-
ter extends over 32 pages; it is called an Ewhibition of the prin-
ciples of the Calculus of Variations. Dirksen takes any function
such as ¢(x, y,2) and changes « into z + &8z, y into y + %8y, and
2z into 2+ kdz; he then expands the new value of the function in
a series proceeding according to ascending powers of %; the coeffi-
cient of the first power of % is called the variation of the first order
of the function, the coefficient of %" is called the variation of the
second order of the function, and so on. In the first chapter the
author finds the variations of explicit differential and integral
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functions, and of a function which is implicitly determined by
means of an unsolved differential equation.

49. The second chapter extends from page 33 to page 73; it
is called Development and Tramsformation of the variation of the
first order of undetermined Integral Formule taken between given
limits. Here Dirksen confines himself to the term containing
the first power of # in his general expansion, and he gives the
ordinary process of integration by parts which separates the
variation of an integral into an integrated part and a part still
remaining under the sign of integration. He also gives the trans-
formation of a douable integral [[Vdxdy, supposing the limits of the
integrations for both  and y to be constants.

50. The third chapter extends from page 74 to page 200; it is
called Application of the Calculus of Variations to the determination
of Maxima and Minima. The author first considers the maximum
or minimum of an explicit function, which is an ordinary problem
of the Differential Calculus. He then proceeds to the case where
the function involves differential coefficients, and he discusses the
example given by Lagrange (see Art. 8). Next, he considers un-
determined integral formule; and with respect to these he investi-
gates the second term of his general expansion in powers of & with
the view of discriminating a maximum from a minimum; he uses
the method given by Lagrange in the Théorie des Fonctions Analy-
tiques.

51. The fourth chapter extends from page 201 to the end; it
is called Examples relating to the determination of the Maximum or
Minimum of undetermined Integral Formule. Dirksen states in
the preface that these examples are for the most part taken from
Euler's Methodus Inveniends ...... , but he intimates that the solu-
tions of the examples are in some respects superior to those given
by Euler. The examples given by Dirksen are in fact all in
Euler; but Dirksen has generally investigated the terms of the
second order so as to discriminate a maximum from a minimum,
and this gives his solutions an advantage over Euler's. Some of
these examples are also discussed in the work of Strauch; it will
be useful to point out those which are in Dirksen and which are
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not in Strauch; they are the following. The maximum or mini-
mum of the following expressions is required,

[y (az — ) d, (Euler, page 39),
J (l5a'x"y — 15a°zy + 5a°y* — 3y°) d, (Euler, page 40),
[(8ax — 32" — ") (aa: o —4xy+y’) de, (Euler, page 41),

/ (Euler, page 61).

Also the maximum or minimum of [y’dx subject to the condition
that [yxdx is constant is found (Euler, page 191). And Dirksen
investigates the shortest line on a spheroid ; Euler gave the general
problem of the shortest line on a surface (page 138).

52. On the whole Dirksen’s treatise cannot be estimated very
highly, and the inaccuracy of the printing renders it repulsive to a
student. In Ohm’s treatise, which we shall next examine, refer-
ences are made to some unsatisfactory points in Dirksen’s work ; see
Ohm’s Theory of Maxima and Minima, pages 8, 11, 18, 50, 53, 55,
62, 74, 84, 115, 119, 233, 250, 292, 313.

53. Ohm’s treatise on this subject is entitled The Theory of
Maxima and Minima, by Dr Martin Ohm, Berlin. 1825. (Die
Lehre vom Grossten und Kleinsten). This is an octavo volume of
330 pages, with a preface of 18 pages. It may be regarded as
the successor to the work of Dirksen, for Ohm gives frequent refer-
ences to Dirksen, and corrects some of his errors. Ohm’s book is
very correctly printed, but from the highly condensed notation
which he adopts, and from the want of illustrative problems, it is
rather a difficult work for a student.

54. The first 84 pages contain an Introduction, in which the
author collects the propositions in Algebra and the Differential and
Integral Calculus, which are especially used in the ordinary theory of
maxima and minima, and in the Calculus of Variations. Thus we
have theorems on the expansion of functions, on differentiating inte-
gral expressions with respect to any symbol which they contain,
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and on the reductions of certain integral forms by means of inte-
gration by parts. This mode of arrangement seems liable to objec-
tion, as the various propositions are given apart from their useful
applications, and thus they are rendered more difficult and less
interesting than they would be if introduced when they were
required for immediate service.

55. The portion of the book extending over pages 87—127 is
called Calculus of Variations. Ohm’s view of a variation is similar
to that of Euler and Lagrange. (See Art. 22 and Art. 15.) Let ¥
denote any function, and ¥, a function which reduces to ¥ when
«£=0; then V, is what ¥ becomes by variation, and V, is supposed
developed in a series, so that

Ve ViVt 8V 5 s V.
x=V+oV.e+0 Vs ‘1.2.3

+ ..

The terms 8V, &V, &7V, ... are called variation-coefficients, and
by Maclaurin’s Theorem they are the values of the successive dif-
ferential coefficients of ¥ when « is supposed zero after the differ-
entiations. The only terms of importance are the first and second
variation-cocfficients, namely 8V and &7V. In this part of the
treatise Ohm gives the first and second variation-coefficients of dif-
ferent expressions, some of which involve integrals and some of
which do not.

56. The portion of the work extending over pages 131—314 is
called the Theory of Maxima and Minima. The pages 181—208
contain the theory of maxima and minima, which is given in ordi-
nary treatises on the Differential Calculus. Ohm endeavours to
present this part of the subject under a novel aspect, but it does not
appear that there is any real extension or improvement of the com-
mon methods. The pages 209—244 contain investigations of the
maxima and minima of expressions in which differential coefficients
enter, that is, expressions of the kind exemplified by Lagrange (see
Art. 8). This part of Ohm’s treatise contains more than had been
previously given on this point; the extension however was ex-
tremely natural and obvious after the example discussed by La-
grange.
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57. We now arrive at the part of Ohm’'s treatise which is
devoted to the maxima and minima of integral expressions. On
pages 244—304 Ohm considers expressions which involve single
integrals. He takes an integral [Vdx, and at first he supposes
that Vinvolves only = and y; next he supposes that ¥ involves

x, y, and Z—Z; next he supposes that ¥ involves z, y, % and
Zy
da’
% y »+. up to %,,1 . He then takes the case in which ¥ con-
tains besides y another function of z, as z, together with the dif-
ferential coefficients of y and 2.

; lastly, on page 272 he supposes that V involves z, , %,

58. For discriminating between maxima and minima Ohm
gives the method which was originally proposed by Legendre,
which we have already exemplified in Art. 5. He seems however
to consider the results as more certain than they really are, for he
omits all reference to the qualifications indicated by Lagrange (sce
the latter part of Art. 5). Ohm extends this method to the case
in which the function under the integral sign involves more than
one dependent variable; on page 279 he takes for example [Vdx

. . dy d* d;
where V is a function of z, g, 2, J—Z’ Wy and 3—::

59. In pages 804—310 we find some investigations with
respect to the maxima and minima of multiple integrals. Here
for the first time the case is considered in which the limits of the
first integration are functions of the other variable. The following
is Ohm’s process with some change of notation,

dz dz
Let V‘_‘f(w’ Y, 2 a—i, @) ’
U= z f ylVﬁ s
Zo Y Yo
the integration in U is supposed to be effected with respect to y

first, and the limits g, and y, may be functions of z. Tt is required
to express 8U. With the notation used in Art. 17 we have

dM d. d d
87=( _.Jw_-d_lyv)sz+d;(M8z)+@(N8z);



OHM. 33

therefore 8U = f ( - ;J_@ - diV) Sz dxdy

+[o & (use) dndy + v, - @vo) s,

where (N3z), denotes the value of N3z when for y we put y,, and
(N8z), the value of N&z when for y we put y,. Now

f "4 aseydy= d-:;f " Medy — (MSz)‘ 4 (M8e), Do %,
thus the term f f (M3z) dedy gives

(”‘Mszdg) - MSzd)

T=2y Yo 2=y

- f (M50, % i 4 [z, 2 B i
We have thus the value of §U reduced as much as possible.

60. Pages 311—314 shew how to obtain the variations of func-
tions which are implicitly given by differential equations. The
book finishes with an appendix of fourteen pages, in which are
given some algebraical expansions which are in fact cases of

Taylor's Theorem.

61. There are three other works in which Ohm has touched
upon the subject of the Calculus of Variations; these are

System der Mathematik, Band v. Berlin, 1831.

System der Mathematik, Band vi1. Berlin, 1833.

Lehrbuch der hihern Mathematik, Band 11. Berlin, 1839.

‘We shall make some observations on these three works.
62. In the fifth volume of Ohm’s System of Mathematics the

portion of the work devoted to our subject is the eleventh chapter,
extending over pages 51—87. The chapter is divided into two
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parts; the first is called the Expansion of polynomial functions in
series and extends over pages 50—81, the second is called Calculus
of Variations and extends over pages 82—87. The main point of
the chapter may be said to be the expansion of a function of
Z, Y, 2, ... @, b, ¢, ... in powers of ¥ when

x=2,+ 2K+ 2L+ ...

a=a,+ax+ax +...

and similar expressions hold for , 2,... b, ¢,... There is only a
very brief account of the Calculus of Variations, strictly so called,
and this account contains nothing of importance.

63. In the seventh Volume of Ohm’s System of Mathematics
there is a chapter on Maxima and Minima, and an Appendix of
Examples. The chapter on Maxima and Minima gives a brief
sketch of the ordinary portions of the Calculus of Variations; for
fuller details Ohm refers to his separate work on the subject, of
which we have already given an account in Arts. 53—60. The ap-
pendix of problems contains 41 problems and occupics 113 pages;
these problems are intended by Ohm to illustrate the separate work
to which reference has just been made. The first six of the pro-
blems require maxima or minima values of expressions involving
a function and its differential coefficients, but not involving inte-
grals. These problems are all reproduced by Strauch in the second
volume of his treatise on the subject. The first is given by Strauch
on pages 14—16; he ascribes it to Ohm. The second, third, and
fourth are given by Strauch on pages 23—27; they consist of the
example originally given by Lagrange, and two modifications of
it which Strauch ascribes to Ohm. The fifth and sixth problems
are ascribed by Strauch to Ohm; Strauch gives them with some
extensions on pages 82—89. Ohm’s problems from 7 to 17 in-
clusive consist of different cases of the shortest line that can be
drawn in one plane or in free space, with various limiting con-
ditions. The problems from 18 to 20 arc respecting the shortest
lines that can be drawn on assigned surfaces; Ohm gives the ordi-
nary investigations. The general problem is not treated by Strauch,
but he examines in detail the same particular case as Ohm, namely,
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that of the shortest line on a sphere. Ohm’s remaining problems
are all common examples, and are all included in Strauch’s second
volume, except one which shall be given presently. The problems
21, 22, 31, 82, 83, 34 relate to the brachistochrone and to the curve
of greatest final velocity ; these are in Strauch, pages 400—454.
The problems from 23 to 27 inclusive relate to the curve which is
of minimum length and includes a constant arca, and the curve
of constant length which includes a maximum area; all these
problems are in Strauch, pages 476—504. Problems 29 and 30
relate to the surface of minimum area and to the surface of
maximum volume with a given area; thesc problems are in
Strauch, pages 616—623. Problem 35 is given by Strauch on
pages 454—458. Problem 36 relates to the curve which has the
arca between itself and its evolute a maximum; it is given by
Strauch on pages 289—291. Problem 37 is given by Strauch on
pages 534—538. Problem 38 relates to the solid of revolution
which has a minimum surface; it is given by Strauch on pages
506, 507. Problem 39 relates to the solid of least resistance; it is
given by Strauch on page 399. DProblem 40 is given by Strauch
on pages 524—527, and problem 41 on pages 527, 528.

64. The solutions of Ohm have not been examined for the
present work, as the examples he gives are all discussed in other
books. It may be observed that in his first seven problems Ohm
investigates the terms of the second order so as to discriminate a
maximum from a minimum. From the list given in Art. 63, it will
be scen that no problem is contained in Ohm which is not easily
accessible in other works except problem 28.

65. Ohm’s 28th pro'blem is this; Requued the maximum or
minimum value of / dz, where p stands for = and z-—f ydz.
His solution is substantmlly the following.

dz dz .
— . — e = U t

Here T =95 80 that y == Hence we may consider tha

we have to find the maximum or minimum value of V, where

V= f{ 2 (y- d)}dz,
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A being & multiplier at present undetermined. Thus
sv=[ (& -Z5p 2 Tl
2 P da
’(1 . dn b(d (2
=fa{;+d—£} Szdx + .L{% (?) +7\} Sy dux

- (;-f-:_/)ﬁ + (;j—‘?)m — (A82)sep + (A52),ce

Now assume A such that the coefficient of 8z vanishes; that is,

assume
1, dr

— + —
p dx
Then in order that 87 may vanish, we must have the coefficient
of 8y zero; that is

| SO (1).

d (2
d_z(?)+x._o ........................ @).

By eliminating A between (1) and (2) and substituting for 2z, we
obtain ultimately a differential equation of the fourth order for
determining y; so that four arbitrary constants occur. These four
constants will enable us to make the four terms relating to the
limits at present remaining in 8V vanish. It does not appear that
the differential equation for determining y can be integrated in a
finite form.

This example is given in Euler's Methodus inveniends ......
page 102, without however any express indication of the limits of
integration. It is also solved by Dirksen, pages 139—143.

66. The work of Ohm published in 1839, is noticed by Strauch
in the preface to his treatise (page xv). He says that it is only an
abridgment of that published in 1825; it has not been consulted
for the present work.

67. On the whole, with respect to Ohm’s works on the subject
it may be said that the only one of importance is that published in
1825; and at the time of publication this surpassed all preceding
treatises on the subject. It is however at present only of historical
interest, as it is completely superseded by the extensive treatise of
Strauch. Strauch in fact may be considered as the successor of

Ohm; a good sketch of Ohm’s works will be found in Stranch’s
preface, pages xiv—xvi.



CHAPTER III

GATUSS.

68. ON September 28th, 1829, a memoir was communicated by
C. F. Gauss to the Royal Society of Gottingen, entitled Principia
Generalia Theorie Figure Fluidorum in Statu Aquilibrii, The
memoir relates to the theory of Capillary Attraction and demon-
strates in a new way some results which had been already obtained
by Laplace. The memoir is published in the Seventh Volume of
the Commentationes Societatis Regie Scientiarum Gottingensis, 1833 ;
it occupies pages 39—88 of the mathematical portion of the volume.
Part of this memoir is devoted to the solution of a problem in the
Calculus of Variations involving the variation of a certain double
integral, the limits of the integration being also variable; it is the
earliest example of the solution of such a problem. Gauss himself
says on page 67, “ Sed quum calculus variationum integralium
duplicium pro casu ubi etiam limites tanquam variabiles spectari
debent, hactenus parum excultus sit, hanc disquisitionem subtilem
paullo profundius petere oportet.” We shall give the investigation
of Gauss.

69. It is not consistent with the scope of the present work to
touch upon the parts of Gauss’s memoir which are unconnected with
the Calculus of Variations. We must refer the student to the
original memoir, and recommend it as important and interesting.
In Liouville’s Journal des Mathématiques, Vol. XI1IL., 1848, is a
memoir by M. Bertrand, which is in fact nearly a republication of
that part of the memoir of Gauss which does not concern the Cal-
culus of Variations, with some extensions and applications. That
is to say, M. Bertrand reproduces the physical part of Gauss's
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memoir, but substitutes geometrical reasoning instead of the parts
which involve the Calculus of Variations. Moreover as we shall
see hereafter simpler investigations of the problem in the Calculus
of Variations discussed by Grauss have been since given by Pagani
and Mainardi, but the interest which belongs to Gauss’s method,
from the eminence of the author and from the fact of its being the
first solution of such a problem, will justify us in reproducing it
here.

70. On the first page of his Memoir Gauss has a short note
which refers to a problem in the Calculus of Variations. He says,
“ the greatest attraction which a given homogencous mass attracting
according to the ordinary law can exert on a given particle is to the
attraction which a sphere of the same mass would exert on the
same particle if placed on its surface as 3 to ¥25.” This result may
be casily verified; we have to find the form of a solid of given mass
so that the attraction upon a particle may be the greatest possible.
It is obvious that the solid must be one of revolution, and it may be
shewn to be the solid formed by revolving the curve »* = ¢’ cos 0
about the prime radius. This result is also obtained by Schellbach
in Crelle’s Journal fur... Mathematik, Vol, 41, page 345.

71. In order tofacilitate the comprehension of the researches of
Gauss we begin with a short account of his notation. Conceive a
vessel open at the top containing homogencous fluid ; let ds denote
an element of wolume of this fluid, z the height of this clement
above a fixed horizontal plane, 7" the area of the surface of the fluid
which is contiguous to the vessel, U the area of the free surface of
the fluid, « and B two constant quantities. Then Gauss arrives at
the following expression

Jzds + (a*—28°) T+ o’ U;
this expression he denotes by W, and he has proved that for the

fluid to be in equilibrium W must be a minimum. Gauss then
proceeds to the investigations which occupy the present chapter.

) 72. It remains to determine the nature of the figure of equili-
b.num, for which purpose we must find the variation that W expe-
riences when the figure of the space occupied by the fluid undergoes
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any infinitely small variation. But since the Calculus of the
Variations of double integrals in the case where the limits are also
variable has hitherto been little studied, the subject will require
careful investigation.

Consider that part of the surface of the fluid which we have
denoted by U, and let @, y, 2 be the co-ordinates of any point of it.
'We may consider z as a function of the variables z and g, and de-
note the partial differentials of 2 in the usual manner, omitting
brackets, by

dz dz
‘—l-'-m d.’l), ‘Z'y d_’l/.

At the point (z, y, z) suppose a normal to the surface of the fluid
drawn outwards, and let £, #, ¢ be the cosines of the angles between
this normal and lines respectively parallel to the axes of «, g,
and 2. Thus

Et+n+8=1;
d: £ dz_ 9
and a—‘—f, “E——E.

The boundary of the surface U will be a closed curve which we
will denote by P, and which may be supposed described by a point
moving always in the same direction, so that the element dP will
always be considered positive; also the element dU will always be
considered positive. We will denote the cosines of the angles
which the direction of dP makes with the co-ordinate axes of z, y, 2
by X, Y, Z respectively, and in order to remove all ambiguity con-
cerning this direction we shall take it so that a system similar to
that of the co-ordinate axes of @, y, # may be formed by the follow-
ing three lines, namely, the direction of dP, the direction of the
normal to dP which touches the surface U and falls within the
boundary of it, and the normal to the surface U drawn outwards.
Thus it will follow that the cosines of the angles between the
second direction and the axes of x, y, 2 respectively are

Nl = g’yv’ EOX'—EoZ’ EoY—"’oX’
where &, 7,, &, are the values of £, 7, { which belong to the posi-
tion of the element dP.

73. Let us now suppose the swrface U to undergo an indefi-
nitely small mutation. If it were sufficient to consider only those
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mutations for which the boundary P remained unchanged, or
always remained in the same vertical surface, it is obvious that
it would only be necessary to ascribe a variation to the vertical
co-ordinate 2, and thus the problem would become much simpler.
But we wish to examine the problem in all its generality and
the separate consideration of the change of the limits will be in-
convenient, so that it will be better to ascribe variations to all
three co-ordinates z, y, 2. We will suppose thercfore that for a
point in the surface whose co-ordinates are , y, 2, another is sub-
stituted whose co-ordinates are z + 8z, y + 8y, #+ 8z ; and Sz, &y,
8z may be considered as undetermined functions of z and y and
indefinitely small. We will now examine the variations of the
different parts of W, beginning with the variation of U.

Let us conceive a triangular element dU of the surface U, and
suppose the co-ordinates of the angular points to be

Z, Y, %5

z+de, y+dy, Z+Z—§dw+%dy;

' " dz ' (Zz ,
z+dz, y+dy, z+%dm+@d_y.

The double of the area of this triangle is known to be
2 24
(dad'y —dyd'a) {1 + (j—fv) ¥ (?)} :

[This follows from the known expression for the area of a tri-
angle in terms of the co-ordinates of its angular points, in conjunc-
tion with the theorem which connects the area of any plane figure
with the area of its projection.]

In the surface obtained by the variation of the first surface we
shall have for the co-ordinates of the points corresponding to the
angular points of dU,

for the first point
x+ 8, y+3d, 2+0z;
for the second point

ddz ddx
2+ dx + o + 2;dw+737dy,
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y+dy+8y+'i@dz+d—83d
z+%dw+‘§z dy + &z +d785dw+(g:dy
for the third point
w+d’m+8x+‘§:d' +‘fi&°dy
y+dy+8y+d81/d’ dsyd’y
dz dbz dbdz

z+dwdw+d d'y+8z+da‘d'w+d d'y.

The double of the area of this new triangle is found to be
(dxd'y — dy d'z) VN,
where N stands for

ddx ddy\ ddx dSy}’
{(“’ Z)(1+ dy)‘@%
ddx ddz\ ddx (dz dbz\|*
Ho+ D) G+ %) -F @+ 2
ddy\ (dz , dd2\ ddy (dz  d&\|
+{(1+ dy) (dw+ dw) = (@+d—y)}.

[74. There are two methods of arriving at this result; we may
take the ordinary expression for the area of a triangle in terms of
the co-ordinates of its angular points, and substitute the values of
the co-ordinates just given. Or we may proceed thus—find the
area of the projection of the new triangle on the plane of (z, ) and
multiply the result by the secant of the angle of inclination of the
triangle to the plane of (x, y): this method is instructive and we
will give it in detail.

The area of the projection is best found by imagining for a
moment that the origin of co-ordinates has been transferred to the

point & + &, y+ 8y, 2+ 82. Thus we obtain for the double of the
area of the projection,
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(0 + 2 dx+‘§; ) (2 +‘gd'w+d‘;3’d')
- (4 +‘?ydw+d8yd)(d' +%§f w+‘-?—;d'y).
The first line gives
dzdy (1+‘ff”)(1+‘?;’)+dwd' (1+‘?’”)‘§5
+aydy(1+ ‘?y)ds” dy d ds;‘ﬁ-;’

The second line may be obtained from the first by interchanging
dx with d'z and dy with d'y. Thus we have for the double area
the expression

(dad'y — dyd'=) {(1 + ‘%) 1 ‘ils—y) - ‘fii; %’} .

dy
We have then to multiply this by the secant of the inclination of
the triangle to the plane of (z, y). Now we know that if =, y,, 2,
be the co-ordinates of a point on a surface the corresponding sccant

is equal to
dz, dz\"}
{] + (dm) + (Zly)} ’
dz dz m
where ( 7 ) and ( ) denote partial differential cocflicients. The
, dy,

chief point of the present investigation consists in forming these

partial differential coefficients correctly. To this we proceed; in
. dz .

forming d—w'- we must regard dy, as zero. Hence since z, ¥, 2,

1

stand for = + 8x, y+ 8y, z+ 8z respectively, and dy, is to be zero,
we have

do, = dz+-—dx+‘?”dy
0= dy+—~’ldx+‘?yd

dz d&z dSz
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therefore

oy BB )BT

= W.

o (1'*%)@*7;)‘757;

An analogous expression will be found for (%;—‘) Thus the
1

required secant is known, and we finally obtain for the double of
the required area the result already given

(dxd'y — d'zdy) VN.]

75. If we develop the value of N and reject terms of the
second order, we have

vI={i+ (%) +<§;)} {1+ +(d—z§ (dzy}’

dx dy

where L stands for

déx dz\"] | ddy dz
z{ +(d_y)}+ o ! +(%)}
ddx + ddy J) dz dz  dbzdz  ddzdz
(d_/ dx d:cdy+da:dw dy dy°

Thus the ratio of the first triangle to the second is that of
unity to
L

dz dz\"’
1+ (dw) + (3,7/)
and is therefore independent of the form of the triangle dU.
Therefore

1+

LdU

1+ (d.z) + (g.;)
Sz  doy

aU=av{Z e+ e+ - (TR
_ddz déz {}

U=

this may be written

=
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76. We shall obtain the variation of the whole surface U by
integrating the expression for the variation of the element dU.
For this purpose we shall consider separately the two parts of the

integral
Jav{or vy RE - Y - e ) = 4,

2 @ _ d8z}
Jar{e+a B - -n %

Conceive a plane perpendlcular to the axis of y such that the
value of y belonging to it is comprised within the limit of the
extreme values which y has throughout the surface U This plane
will cut the periphery Pin two, or four, or six, ... points of which
the co-ordinates parallel to the axis of  may be denoted by 2, «/,
z”,... Similarly the other co-ordinates of these points may be
denoted. Also let the surface be cut by a second plane parallel
to the former and indefinitely near it, so that its co-ordinate may
be denoted by y+ dy; between these two planes will be found
elements of the periphery dP°, dP', dP", ... and it will be casily
seen that

dy=—-YdP'=+Y'dP'=-Y"dP"=+Y"dP"......

If, further, we conceive an infinite number of planes perpen-
dicular to the axis of @, then to every element dz situated between
2’ and 2’ or between z” and z, and so on, will correspond an
element dU such that dU= d——mg Y. Hence it follows that the part
of the integral 4 which corresponds to the part of the superficies
situated between the planes determined by y and y+dy will be
found from the integral

dyf{" +8ddx £ ddy Ed&z}

and

the integral being taken from =2’ to x=a, then from z=a"to
z=a", and so on. The above integral, by integration by parts,

gives \
{”—iﬁsz-f—;-’sy-gsz}dy

—dyf{ d +r—8y%§g—8z%}dx.
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Thus we have in the present case
{("70 '+ (8)° & — _E_ogzsyo — Eoszo} Y°dP°
+ {————————("")’; (€Y &' — —E—li Sy — E'Sz'} Y'dP'

(@")’+(E)’ s f"")" PRI R
{ L e BTy - f’Sz}YdP

-fgdv{sw%’l’igﬁ sy%% sg—g}.

This we may denote by

3 {”"; & sw— @-sy - gsz} YdP

d d d
fgw{smd—”—z—?- y%? 5 di}
where the summation extends to all the elements dP which are
situated between the planes y and y+dy, and the integration to
all the elements U which are situated between the same planes.

Hence the complete integral 4 is equal to

f{”'“ffsw-%sy-gsz}m

_ adn+8 d & _ d_E}
fgdv{sw -y - u gl

where the first integral is to extend over the whole periphery P,
and the second integral over the whole surface U.

77. In a similar way we may shew that B is equal to

f{%%+n8z—§:£—r‘8y}XJP

a8 dn d E+¢
+[avfe g Tl -y 2t ££8.
Let us assume that for any point of the periphery P
{(Xén+ Y (n"+ )} 8 — (X (£ + ") + Yn) &y
+ (Xnf~ YEL) 82 =L@,
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and also that for any point of the surface U

(£5-£ 75 (544

and we obtain
8U=[QdP+ [YdU,

where the first integral is to extend over the whole periphery
P and the second integral over the whole surface U.

78. The expressions given for @ and V admit of remarkable
simplification. By using the equation

XE+ Yn+ 28=0,
the expression for @ may be put in a symmetrical form; thus
Q= (Yt— Zn) 8z + (ZE— X¥) 8y + (Xn — YE) 8.

In order to simplify V, we observe that since

it follows that

Hence

And since

thus
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Substitute these values in the coefficient of 8z in ¥, and that
coefficient becomes

dE dn
d ( dy)
Similarly the coefficient of 8y in ¥ may be transformed into
"(Z+5)
dx dy
Thus we obtain
df | dn

= (£dx + 78y + %) (d“w d./)

79. DBefore we proceed further, it may be convenient to illus-
trate the cxpressions obtained geometrically. We shall refer
the various lines of direction which occur to the corresponding
points on the surface of a sphere with radius unity described
round an arbitrary centre. The directions of the axes of z, 3, 2
will be denoted by the points (1), (2), (3) respectively; the
direction of the line which is a normal to the surface and drawn
outwards, will be denoted by the point (4); the direction of a
line drawn from any point of the surface to the corresponding
new point obtained by variation, will be denoted by the point (5).
The variation itself which is equal to ¥ (8x)* + (8y)* + (82)%, we
shall denote by 8¢ and always take it positive. The arc joining
two points of the spherical surface, as for example, the points
(1) and (5) we shall write thus, (1, 5); this arc of course measures
a corresponding angle.

Thus we have
dx=8ccos (1,5), &y=238ecos(2,5), & =decos (3, 5).

All the above notation applies to any point on the surface.
On its boundary, that is on the periphery P, we have two other
directions that require symbols ; first, the direction of the element
dP which we will denote by the point (6); next, the direction of
a line which is normal to dP, and which touches the surface
and is drawn so as to fall within P, and this we will denote
by the point (7). By hypothesis, the points (6), (7), (4) lie in
the same order as the points (1), (2), (3); also (4, 6), (4, 7), (6, 7)
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subtend right angles, that is, are quadrants. Thus the relations
given above in Art. 72 may be written

nZ~8Y=cos(l,7), (X—§EZ=cos (2, 7), EY —9X=cos (3, 7).
And the equations which determine @ and ¥ may be written
Q= —38ecos (5, 7)

dE dy
V= 8ecos(4,5) (4753 +Z-y) .

Thus @ expresses the transference of any point in the periphery
P, from the plane which touches this periphery and is normal to
the surface U, and the transference is positive when in a direction
outwards from P. The factor &¢ cos (4, 5) of V expresses the
transference of any point of the surface U from the plane touching
this surface, and the transference is positive when in a direction
outwards from the volume of which U'is a boundary.

The other factor of V is also capable of geometrical illustration.
For we have

E=—§g—:, n=—§g—;,
ZEF”(%),““ (%)’.

dz dz
&= G +nfd

dE d% dedt

&= T B

Thus

= { TP Bt

=-§(n’+§')%,+fn§di—’—§y;

dn A% d% &%
Ty=—§@1+ﬂ§@.+?ﬂ§m

-t O T+ B
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dg¢  dn_
dx dy

. dz d’ dz dz  dz dz\*
-¢l@t @ agas g @)
This expression is known to be equal to

1 1

BT R
where B and B’ arc the principal radii of curvature at the point
of the surface under consideration. These quantities arc considered

positive when the couvexity of the surface is turned outwards.

Thus

80. A carcful examination of the above investigation will
shew that throughout it has been assumed that only one value
of z corresponds to given values of = and y, and that ¢ is positive
for the whole surface U. Nevertheless the final theorem, namely

8U= — fS¢ cos (5,7) dP+ [de cos (4, 5) (R zz) v,
is true gencrally, and not limited by the above assumption. If
we had wished from the first to have attained this generality it
would have been necessary to adopt a different method or to enter
into some prolixity. But the result may now be established as
follows.

The investigation does not assume that the axis of z is vertical ;
the situation of the axes is arbitrary, and the truth of the theorem
is established for all surfaces such that the points (4) all lie in one
hemispherical surface; we may adopt the pole of that hemi-
sphere for (3).

If there be a surface which does not fulfil this condition it may
Dbe separated into two or more parts each of which singly does falfil
the condition. Now it will be casily seen that if any surface be
separated into two parts, the truth of the theorem for the whole
surface follows immediately from its truth for cach part. For let
the surface U consist of the two parts U’ and U", and let P’ be the
periphery of U’ and P" the periphery of U"; and further suppose
P’ and P" to have the common part P", so that P’ consists of
P" and P"" and P" consists of P"' and P"""; it is thercfore obvious
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that the periphery of U consists of P"” and P"". Thus, we shall
have

8¢ cos (5,7) dP' = [8e cos (5, 7) dP" + [8e cos (5, 7) dP",
f8e co8 (5, 7) dP" = f8e cos (5, 7) dP'“+f8€ cos (5, 7) dP"".

It must however be observed that the value of the integral
f8e cos (5,7) dP", when it is considered as a part of the former ex-
pression, is exactly the opposite of its value when considered as a
part of the latter expression; for to every point of the line P,
which is to be described in different directions in the two cases,
will correspond opposite situations of the point (7) and thus opposite
values of the factor cos (5, 7). In addition one of these two parts
destroys the other; thus we have

J8e cos (5,7) dP' + [8e cos (5, 7) dP" = [8e cos (5,7) dP.

Thus since 8U=38U’+ 8U" we obtain for U a value cxactly cor-
responding to that already given at the beginning of this article,
since that formula is supposed to hold for the value of 8U' and
of 8U".

Lastly, we may observe that the truth of the expression for §U
given at the beginning of this article may be shewn by geometrical
considerations, and indeed more easily than by the analytical
method. But we have adopted the method given above in order
to take an opportunity of throwing light upon a subject which
has hitherto been little studied, namely, the application of the Cal-
culus of Variations to a double integral with variable limits. The
geometrical method we leave to the reader.

[This gecometrical method may be seen in a memoir by M. Ber-
trand in Liouville’s Journal des Mathématiques, Vol. 1X. page 119.]

81. It remains to exhibit the variations which the other terms
in W undergo in consequence of a variation of the form of the
space s; and first we will consider the variation of the space s.

Resume the two triangles considered in Art. 73, and join corre-
sponding points of the sides so as to form a solid. The base of
this solid may be considered to be dU, and its height

£z + 8y + Bz =8¢ cos (4,5);
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this expression will give the altitude positive or negative according
as the transposed triangle lies outside or inside the space s, that is,
according as the whole solid lies outside or inside the space s,
Thus we have

8s = [dU e cos (4, 5).

Hence it follows that the variation of [2ds will be
J2dUde cos (4, 5).

With respect to the variation of the quantity 7’ we observe that
gince P denotes the common boundary of the surfaces 7'and U, the
transpositions of the points in the periphery P must satisfy the
condition that the new points should be on the surface of the vessel.
It is therefore obvious that by the transposition of the element
dP the surface 7' experiences a variation + dPde sin (5, 6), and
speaking generally the sign of this quantity will depend on the
sign of the quantity cos (4,5). But this variation may be more
neatly expressed by introducing a new direction, namely, that of
the line which lies in the plane touching the surface of the vessel,
which is normal to P, and drawn outwards from the space s. We
will denote the point corresponding to this direction by (8), and the
variatiou of the surface I' which arises from the transposition
of the element dP will be

dPde cos (5, 8).

Thus 8T = [dPde cos (5, 8),
where the sign of the factor cos (5, 8) will at once decide whether
the variation is an increment or a decrement.

As the point (6) is the pole of the great circle which passes
through the points (7) and (8), and the point (5) lies in the great
circle which passes through the points (6) and (8), the points (5),
(7), (8) form a triangle right-angled at (8) ; thus

cos (5, 7) = cos (5, 8) cos (7, 8).

Moreover the arc (7, 8) is the measure of the angle between two
planes which touch the surface of the space s and the surface of the
vessel at their intersection P, the angle being formed by those
portions of the planes which include a vacant space. This angle
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we will denote by 7, and thus 180°—¢ will be the angle between
those portions of the planes which include the surface s; thus the
above equation becomes

cos (5, 7) = cos (5, 8) cos 7.

88. From all the above results we have the following equation
for the variation of W,

SW= fdvsecos (4, 5) {z+a (R R)}
— [dP3ecos (5, 8) (a*cos ¢ — o* +28%) ;

the first integral is to extend over all the elements dU of the free
part of the surface of the space s, or of the free parts if there are
more than one; the latter integral is to extend over all the elements
dP of the line or lines which separate that free part or those free
parts from the other part or parts contiguous to the surface of the
vessel.

Now in the position of equilibrium the valuc of W ought to be
a minimum, and so ought to be incapable of diminution for any
indefinitely small change in the figure of the fluid which leaves the
volume s unchanged, that is, which makes &8s zero. Hence it
follows that in the position of equilibrium the figure of the super-
ficies U ought to be such that the variation

dU8ecos (4, 5) {z +a’ <%+Rl—,>}

should be proportional to the variation 8s, that is, to

dU 8e cos (4, 5).
Thus we must have
z+a (ll% R) = constant.

For it is manifest that if this proportion did not hold, the value
of W would be capable of diminution by a suitable mutation of the
figure of the superficies U, the limit P remaining unchanged.

Gauss then proceeds with the examination of the question of
fluid equilibrium.
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CHAPTER 1V.

POISSON.

83. THE 12th volume of the Mémoires de I' Académie Royale...
contains a memoir on the Calculus of Variations by M. Poisson.
The date of publication of the volume is 1833, but the memoir was
presented to the Academy in November 1831, The memoir ex-
tends over pages 223—331 of the volume.

Poisson begins with a sketch of the history of the subject; at
the end of this sketch he indicates the object of his own memoir as
follows: “Tt will appear singular if we reflect on the attention
which has been bestowed on the Calculus of Variations that an
essential part of this Calculus is still in a state of imperfection,
which renders the solutions of many important problems incomplete.
In fact, if the question be to determine the maximum or minimum
of a simple integral, the methods which Lagrange has given in the
4th volume of the old series of Zwrin Memoirs, and also in the
Lectures on the Calculus of Functions, leave nothing to be desired
either as to the indefinite equation which is to determine the un-
known function or as to the particular equations which must subsist
at the limits of the integral. The general method of the Calculus
of Variations may be applied also without difficulty to the case of a
double or multiple integral in which the limits are fixed and given,
8o that we have only to obtain the partial differential equation from
which the unknown function must be determined. But the case is
different when the limits of the double integral are variable and
unknown. In the present state of the science we know neither the
nature nor even the number of the equations relative to each of the
limits, by which these limits are to be determined, so that they
may render the integral a maximum or a minimum. Lagrange has
considered the question of the variation of a double integral in three
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places; namely, in the Miscellanea Taurinensia, Vol. 1L p. 188, in
the Legons sur le Calcul des Fonctions, p. 471, of the edition of 1806,
and in the Mécanique Analytique, second edition, Vol. 1. pp. 97
and 148. He has however never investigated in a complete man-
ner the terms of the variation which correspond to the two limits,
and he has not formed any of the equations which relate to the
limits. This defect in the science deserves the attention of mathe-
maticians. It has been already pointed out by M. Lacroix, in the
articles on the Calculus of Variations contained in his treatise on the
Differential and Integral Calculus. My object has been to remove
this defect, and I believe that I have succeeded in doing so in the
memoir which I now submit to the Academy. This memoir con-
tains also some new remarks on the conditions of integrability of
differential expressions of any order, and also an expression for the
integral under a finite form, by the method of quadratures when
thesc conditions are satisfied.”

84. Three remarks may be made on Poisson’s statement.

(1) He says that in a double or multiple integral when the limits
are fixed and given, there is no difficulty in applying the Calculus
of Variations. If by the limits being fixed is meant that the limiting
values of the differential coefficients which occur are given as well as
the limiting values of the variables the remark is obviously true; if
however it is meant that only the limiting values of the variables
are given the remark seems scarcely correct, for very little appears
to have been effected when Poisson wrote. We have seen in Art.
60, that Ohm gives an expression for the variation of a double inte-
gral in a particular case, but even there the equations are not given
which must hold at the limits.

(2) It is not obvious in the above statement to what part of
the treatise of Lacroix Poisson alludes. But from an article by
Poisson in the Bulletin de la Société Philomatique for 1816, it
appears that the allusion is to the part of which we have given an
account in Articles 39 and 40.

(8) It is curious that Poisson makes no reference to the me-
moir of Gauss, which was the subject of the preceding chapter of
the present work ; it is the more curious because Poisson published
a work on Capillary Attraction in 1831, and in the preface he refers
to the memoir of Gauss.
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85. The memoir of Poisson is divided into two parts; the
first is entitled. Variations of integrals relative to a single inde-
pendent variable, and determination of their maxima and minima.
The second part is entitled Variations of integrals relative to two
independent variables, and determination of their maxima and
minima. The first part extends from page 230 to page 286, and
the second part from page 286 to the end of the memoir.

In the first part Poisson begins by establishing the ordinary
formula for the variation of a single integral ; nothing new is ob-
tained but the method is different from the ordinary method. As
it may enable the reader more easily to understand Poisson’s mode
of finding the variation of a double integral, to which we shall
hereafter proceed, we will give at full his treatment of the single

integral.

86. If K is a function of the variable & and other quantities
dependent upon x, we shall represent by K', K", K", ... the
differcntial coefficients of X taken with respect to # and to every-
thing which depends upon it; so that we shall have

dK ' dK'_ 711 d. ”__ "
%=K, W—IX ’ —Zm—*—K 9 eee
Let the two limits of an integral with respect to « be denoted
by «, and z,, then the values of any quantity H with respect to
these limits will be denoted by H, for the limit «,, and by Z, for
the limit ,.
Let y be a function of the variable , and according to the
notation above adopted we shall have
d‘l , d ! " d " "
FALO S A
Suppose V to denote a given function of z, y, ¥, ", ... up to
the differential coefficient of some determinate order; and let @,
and «, be two constant quantities. Consider the definite integral
U=|"via,

Zo

If we regard = and therefore also y as implicit functions of
another variable » we can suppose that y', 3", ", ... have been
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expressed in terms of the differential coefficients of x and y with
respect to u, by means of the ordinary rules for changing the inde-
pendent variable. Thus ¥ will become a function of  and y and
of their differential coefficients with respect to ». Denote by u,
and », the values of » which correspond to & =, and =z, ; thus
we shall have

U= f" V%’ du.

Next suppose that &z and 8y are indefinitely small and arbi-
trary functions of w; without changing u, and »,, put z+ 8z and
¥ +8y in the place of  and y under the symbol f. Thus we
deduce

SU= f:'s VZ% du +f:' V‘% VR (V).

The new value of y as a function of z will result from the eli-
mination of » between the values of -+ &x and y+8y. [That is,
we may put + 8z =X and y+ 8y =Y; then X and Y are func-
tions of «, and by climinating » we obtain ¥ as a function of X.]
At the same time the new limits with respect to @ of the integral
U will be «,+8x, and =, 4 8z,; and thus although we have not
changed the limits w, and w, the preceding formula will give the
complete variation of U both with respect to the form of the fune-
tion y and also with respect to the limits of the integration.

Now for shortness put

av av dv av
‘E—M 3};:1\7) ‘W:R W=Q’ very

we shall have
3V = Mdx + Ny + Poy' + Q8y" + ...
And suppose
Sy=ydx+w;
then it will be shewn presently that we shall obtain
% =y"dx + o,
&y =y"8x + o",

oooooooooooooooooo
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and generally
Sy = y"™8x + 0™.riiiiiiiiiiiniianns (2).
Hence
SV=(M+Ny' + Py'+Qy"+...) 8z
+ No + Po' + Qo" + ...

The coefficient of 8z is the differential coefficient of ¥ with
respect to & considering ¥, ¥', ", ... as functions of z; we denote
this by V'. And we have

av_..dx.
=" 7
dx av ’ ” da
thus SV%=’JJ&B+(NG)+P(D +Qw +...)‘7'2.
Thus equation (1) becomes

udV ddx

Uy

+ [ (Vo + Po'+ Qo+ ..) 2 g,

- 2Vl dV
du du du
and f : d dI;Sm du = Vdz, — Viz,.

If then we transform to the variable  the second integral con-
tained in 8U, we shall have

SU=V 5z, — V5z, + f ™ (No + Po' + Qo' +...) dz.
%o

By the process of integration by parts we can remove the dif-
ferential coefficicnts o', ®”, ... from under the integral sign. For
we have

£ , &y ,
Pu'de = lel—Powo—J‘%P wdz,

t 1" ' ' ' ' LI
f: Qo dx-—-Qlwl - Qowo -Qx("|+Qo“’o+f‘r Q" wdz,

and so on.
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Thus we conclude finally that
SU=T+ [ "Hod covververrnerenn. 3),
Zo

where
H= N_ Pl + QI' — Rl’l +

T = 7,50, V3a,
+(B-Q B~ o= (B=Q + R = ..) o,

+(Q—R/+..)o'—(Q,— B, +...) 0
+ (B, —...) 0" — (B,—...) o,

87. It only remains to demonstrate equation (2).
‘We have

Q~
]
SR
I
SRS

Put 2+ 8z and y+ 8y in place of z and y in this fraction,
subtract the original value 4’ and neglect indefinitely small quan-

tities of the second order; thus

ddy dydéx
5y = Ju _dudu
Y =Tz Tdny
z (@
But, by hypothesis,
Sy=ydr+w;

differentiate with respect to u, thus

ddy dy do
du 8 %+ Za du +'1/

die

Hence we have
Yoo o (g
=St E —('z;)—

du du du
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dy'
du _dy' _ .
and % = TJ% =y"
du
do
du ,
%=
du
yde_dy
Y du™ du’
thus the value of 8y’ reduces to
syl=y118w + m'.
Starting from this result and from the equation
4
"n__ du
&
du

we shall obtain in like manner
syll =yll'8w + w";
continuing thus we shall establish equation (2) for any index n.

In equation (3) we may replace w which is under the integral
sign by its value
o =8y — y'dx,
and in the terms outside the integral sign we may replace
w0, 0, ®,, ©, ... by their values
0, =8y, — y,0%,, o, =8y, ~y,"d,, ...
o,=08y,—yr, o/=8,-y"s,..

Thus the variation of the integral U will be expressed ex-
plicitly in terms of the variations of & and y, and of the variations
of the extreme values of =, y, ¥, ¥, ... up to the differential coeffi-
cient of the order next below the highest which is contained in V.

88. 'We have thus given Poisson’s method of establishing the
fundamental formula of the Calculus of Variations in the case of
a simple integral.
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Poisson next shews how this fundamental formula may also be
obtained by decomposing the integral Uinto its indefinitely small
elements. This is in fact the old method which was used be-
fore the invention of the Calculus of Variations, and it is ex-
pounded in Euler's Methodus inveniends.... Poisson however extends
the old investigation so as to include the terms relative to the
limits of the integral; this according fo Poiscon had not been
done before.

89. We thus arrive at the end of the fourth section of the
memoir. In his fifth section Poisson shews how his results are
applied to find the maximum or minimum value of the integral U.
He says he will not consider in this memoir the question of the
distinction of a maximum from a minimum value. He then makes
some remarks on the number of constants which will appear in the
solution of the differential equation furnished by the condition of
maximum or minimum, and the manner of determining these
constants. He draws attention to the obvious fact that the differ-
ential equation may be immediately integrated, once if N =0, twice
if N=0 and P=0, and so on. He states that a first integral of the
equation can also be obtained when the independent variable docs
not occur explicitly in V; because then if we consider z as a
function of y, this case is analogous to that in which N=0. He
shews however that this integral may be found without changing
the independent variable in the following manner.

‘We have
dV=Mdx + Ndy + Pdy' + Qdy" + Rdy" +...;
here the first term Mdz by hypothesis vanishes; climinate Ndy by
means of the equation
N-P'+Q"-R"+...=0,
thus
dV=Pdy' + P'dy + Qdy" — Q"dy + Rdy" + R"'dy + ...
But the following are identically true:
Pdy' + P'dy=d.Py,
Q Il lldy d (Qy[l
RdJ”"“R’”dy:d(Ry",- I "'l'li" I)

R N N N Y RN NN NN NY
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Thus
dV=d.Py+d(Qy" - Qy)+d(By" —R'y"+R"y) +...
and therefore
V=C+Py+Qy—Qy+Ry"—R'y"+R"y+...
where C is an arbitrary constant.

90. In his sixth section Poisson says that the problem of
the maximum or minimum of an integral may be decomposed into
two parts which may be considercd separately. First we may con-
sider that «,, ,, %, ... and @,, ¥,, 7/, ... are given, and proceed to
find the value of  in terms of = and the given quantities which
makes U a maximum or minimum. The value of y is then to be
found from the differential equation

N—-P'+Q"—...=0,

and the arbitrary constants must be determined by means of the
given values of @, ¥y, ¥,5 +++ @,, ¥,5 4,5 ... Substitute this value of
y and the consequent values of 3, 4", ...in V; then integrate Vdz
from 2 = @, to x =z,; thus we shall obtain the maximum or mini-
mum value of U, with respect to the form of the function y, in
terms of z,, ¥, ¥y, -+ @, Y1, ¥, ... We may then seek for the
values of these latter quantities which make U a maximum or
minimum.

If we are able to integrate the differential equation and also to
obtain the value of [~ Vdz, then this second part of the problem

o
can be treated by the ordinary rules of the Differential Calculus.
Poisson then shews that by the application of these rules we obtain
the same conditions as are found by the Calculus of Variations
when the limits of integration are varied, and consequently those
terms are introduced which have been denoted by the symbol I' in
Article 86.

[91. Itis necessary to make some remarks on this suggestion
of Poisson’s about dividing a problem in the Calculus of Variations
into two parts. Suppose we have a problem in the Calculus of
Variations, and that for example the differential equation

N-P'+@Q"—...=0



62 POISSON.

is the differential equation to a circle. We then according to
Poisson’s method take the equation to a circle which involves three
arbitrary constants, and substituting the value of y in terms of =

in V we integrate " Vdz; then by ordinary Differential Calculus
Lo

we investigate the values which must be given to the three arbi-
trary constants in order to make the last integral a maximum or
minimum. If suitable values cannot be determined we conclude
that a curve having the proposed maximum or minimum property
cannot be found. But even if suitable values can be found we
have no right to conclude that a circle does possess the proposed
maximum or minimum property ; because we do not compare a
circle with any adjacent curve in the latter part of this method,
but only one circle with another circle. To determine whether a
circle does possess the proposed maximum or minimum property
we must proceed as in Article 5, or in some similar way. In fact
Poisson’s method will be unobjectionable if we know a prior? that
a curve having the required maximum or minimum property must
exist; but it will not be valid to prove that we have found such
a curve when we do not know a priors that the curve must exist.]

92. In his seventh section Poisson gives the usual extcnsion
of his preceding results to the case in which ¥ contains fwo de-
pendent variables y and z and their differential coeficients with
respect to the independent variable .

We will give Poisson’s result, because it explains the notation
which he continues to use in the next section. Let V denote a
function of , ¥, 2 and the differential coefficicnts of y and 2z with
respect to ; also let

&,
U=|"" Viw,
Zo

then 87=T+[" {H(sy —y'8a) + K (55— z'Sac)} da,
Lo
where T denotes that part of the variation of U which is free from
the integral sign.
93. We now proceed to Poisson’s eighth section.

In a certain case a relation exists between the quantities H and
K, which may be obtained in the following manner.
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The case is that in which the variable 2 does not occur ex-
plicitly in ¥, and when we have moreover
V=Wz;
W being a given function of y and z which contains likewise

dy
dy V3
%, dz g essene

that is, the quantities
y' z'y'l — ylzll
7 2L ZJZ

7y g veses
2

n

which we will denote by ¢', ¢”,.... We shall have then
) %
U=| Widx=| Wda.
& I'A

Now by means of the last expression for U, we may exhibit the
variation of U by the formula (3) of Art. 86, putting z and W in
placeof z and V, and ¢, ¢", ... in place of 3/, 3", ... The second term
of 8U will therefore be of the form

f :l G (8y —t'8z) dz,
or, which is the same thing,
f iy (#'0y — y'82) dex;
Lo

G being a factor which is independent of 8y and 8z. In order that
this may coincide with the second term of the value of 8U in the
preceding article we must have

H (8y — y'8x) + K (82 — 2'3x) = G (2'8y — y'82).
This equation resolves itself into
H=@, K=—Gy, Hy'+ K =0;
these results we obtain by equating the coefficients of &z, 8y, 8.
The third of these results may also be obtained by eliminating &

between the other two, and it expresses the relation between H
and K which was to be obtained.
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[94. The preceding article is clear ; in what follows there may
be some difficulty. Poisson proceeds thus. In the general case
where V is any function of , y, &/, y”, ... 2, 2’ 2", ... let us suppose
2 an implicit function of another independent variable u, and let
us replace therefore ', 3", ... 2, 2", ... by

yl wlyl’ — lm" Z, mlzll — zlmll
;, ] _w_,s— g ceeee . w' ’ —"?_— 9 oo

and Vdz by Va'du. Let us denote relatively to z, 2, 2", ... by X
the quantity analogous to I and K, then we shall find that these
quantitics are connected by the identity

Xa' + Hy + Kz'=0.

Reciprocally when a given function of , &, 2", ...y, ¥, ¥, ...
z, 2', 2", ... satisfies this equation it will be reducible to the form
Va'; so that without changing its value we can put «'=1, 2" =0,...,
and regard y and # in the given function as functions of a.

It may be remarked herc in the first place, that the last
sentence, reciprocally when &ec. is all that is new. Lagrange had
given the other part repeatedly ; he appears to have thought it very
important. See Miscel. Taur. Vol. 11. page 183, and Vol. 1v.
page 177; also Legons sur le Calcul des Fonctions, page 412, and
page 456. Lacroix also gave the theorem Cale. Diff. et Int. Vol. 11.
page 763. In the next place, there is a little difficulty as to
Poisson’s notation, so that it is necessary to examine the point
in detail. Let V denote a function of x, 7, 2z, and the differential
coefficients of y and 2z with respect to . Transform these differential
coefficients into differential coefficients with respect to a new inde-
pendent variable #, so that ¥ may be transformed into a function of
, y, z and the differential cocfficients of these variables with respect
to »; we will denote the transformed function by ». Then put

U=dew=fVZ—§du=fv g—jdu.

‘We have now two modes of expressing 8U; we shall confine our-
selves to the unintegrated part. This may be written thus

f{Y(sy- W 50) + 2 (50 - Z_;sz)} dx,
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or thus
f{A (b — 22 5u) + B (3y — B 8u) + € (8 __.su)} du.
Here Y and Z are obtained in the ordinary way from V; and
A, B, C are obtained in a similar way from v % .

By comparing the two results, remembering that the integration
in the first is with respect to @, and in the second with respect to w,
we obtain

dx
Yd——--B Z = C,
dy dz da:__
(Yz“*fza—)ar"*“’
dz
Ad +B -+ 05 =0.

The last result will also follow from the first three by eliminat-

ing Yand Z.
The last result must be what Poisson denotes by
Xo' + Hy + K2'=0;
his notation is objectionable however, because he had previously
used H and K for what we denote by Y and Z.

Next let us consider the reciprocal theorem which Poisson
enunciates. Let ¢ denote any function of x, &', =", ... v, ¥, %", ...
z, 2, 2", ... which satisfics the condition

Ax' + By + C2' =0.

Transform the independent variable from w to « and let \]r d—m be
what ¢ becomes; the assertion then is that Y» will be free from u,
du d'u
d‘v dxﬂ 9.

that if ¥ did contain such terms we should have, considering only
the unintegrated part of the variation, a result of this form

that is, ¥ will not contain — . To prove this we observe

d d d
Sf\pdm=f{J(8u—228x) + Yy - Do)+ 7 (3a- (Tw‘?sx)} dx
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But again taking the unintegrated part of the variation
sf¢du=f{4(sx-dﬁsu) +BOy-Bduy+ 0 e - —-su)} du.

Now by supposition fapdm = f v du-— feﬁdu, and therefore

the variations of the two expressions must coincide. But Su dis-
appears from 8¢ du, because by supposition

4% +de 0__0

Hence 8z must disappear from 8fyrdx; and thus the terms
du d’u
d—:i H % ’

This proves Poisson’s statement, but there appears an exception
du d’u
dz’ d2* "
in 4 provided they occurred in such a manner that J=0; for then
Su would disappear from &/+dz.]

... canmnot occur in Y.

to it which he has not noticed. The terms — .. might occur

95. In his ninth section Poisson alludes to the case where V'is
a function of z, y, z and the differential coefficients of y and z with
respect to z; these functions and differential coefficients being con-
nected by an equation L=0. He gives the ordinary method of
treatment by means of an arbitrary multiplier. He has here a slight
mistake, for he says, “having regard to the equation dV'=0, &c."”
Now there is no such relation as dV'=0; thus the expressions for

8V which follow are incorrect because the term Sa: is omitted,

where %—g means the complete differential coefficient of ¥ with re-

spect to «; (see Poisson’s second section). The final expression
for 8U is however correct.

96. Poisson’s next three sections are devoted to the subject of
the conditions of integrability of functions; it will be sufficient
here to state what Poisson proves. Let ¥V be a function of
,%Y,Y" ... which satisfies identically the relation

N_ P’+ Q'I_R"I+ ...=0,
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then V is integrable per se. This Poisson proves by exhibiting
the integral under the form

[Vae=[F(,0,0,0,.) da:+/:x(u) du;

here F(z, 0, 0, 0, ...) denotes what V becomes when in it we
put ¥, ¥, ¥", ... all zero, and x (v) is a complicated function of

1
v, 2,9 ¥,y ... The integration in f x (v) du is to be made
o

on the supposition that every thing is constant except u. Next
Poisson supposes V a function of z, y, ¥, ", ... 2, 2', 2", ... Let the
equation

N-P+@Q"-R"+...=0

be denoted by H=0, and let a similar equation with respect to z
be denoted by K=0; then Poisson proves that if H=0 be iden-
tically true, and K = 0 be true when y = 0 whatever z may be, then
JVdx can be expressed in a form analogous to that just given.
Two forms can be given to the result according to the order in which
we consider y¥ and 2. By comparing these two forms Poisson
obtains an equation which must hold; also he infers that if one
of the two equations H =0, K=0, be identically true and the other
true when one of the variables is zero for all values of the other
variable, then both equations are identically true. These two re-
sults are verified in an example.

97. Poisson’s next three sections contain some remarks on
the questions in which one expression is to have a maximum or
minimum value while another is to have a constant value, those
questions in fact from which the name of ¢soperimetrical problems
was obtained and applied to the problems of the Calculus of Vari-
ations ; Poisson compares the different considerations which have
been used in the solution of such problems.

98. In his sixteenth and seventeenth sections Poisson adverts
to the problem in which a closed curve is to be found which
possesses some maximum or minimum property. If we suppose
that the function ¥ does not contain the limiting values of =, y or
the differential coefficients of y, then the term I' of the fundamental
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formula (Art. 86) will be of the form § — &, where § and & are
the values which a certain function assumes at the two limits.
Now when the problem refers to a plane curve we can use the
polar co-ordinates » and 6, and if the curve is closed we can put
the origin within the figure; then the limiting values of 6 may be
denoted by 0 and 2. Thus if the angle 6 is only involved through
the trigonometrical functions, as these functions have the same value
for the values 0 and 27 of the angle we obtain § =¢. Therefore I'
vanishes. And the same result follows for a curve of double cur-
vature.

Thus in questions relating to closed curves the equations which
depend on the limits of the integral disappear and the arbitrary
constants introduced by the integration remain indeterminate.

99. For example; required to determine a plane closed curve
of given perimeter which shall include a maximum area.

Let 7 denote the given perimeter ; then with the usual notation

The integral which is to be a relative maximum, is

: fo'r*do.

Let a denote an undetermined constant; put

1, LAY _f"'
v 2r+a~/r+(do), v=["vas,

then U is the integral which is to be an absolute maximum.

The quantities 2, y, ' of the fundamental formule are now
replaced by 8, », 7' respectively; thus

av ar
V=T ="+ I
av ar
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The other quantities @, R, ... (Art. 86) are zero, and the funda-
mental equation becomes P

N——=0

Thus dV= Ndr + Pdr’'

=2 ar+ Par.

Integrate and denote the arbitrary constant by ¢; thus
V=Pr+ec.
Substitute in this equation the values of ¥ and P, and solve it
with respect to g—g; thus

cgg_ 7" = 2c
dr ~rNiadr— (P =20
This may be mtegrated as follows

/ l—-— dr f
40+ 8o — 2c A4 +80—z

2¢
where z=r+7.

Therefore 6+ A =sin™" ——z_—_— ’
Via® + 8¢
where 4 is a constant. Hence

r+2 = VI o sin (0 + 4).

‘We may write the equation
r*—2r Na*+ 2¢ sin (0 + 4) + 2¢ =0.

This is the equation to a circle of which the radius is @; thus
a is determined since the perimeter of the curve is given. The con-
stants 4 and ¢ are indeterminate; it is obvious that they depend
on the position of the circle and have no influence on its area or
perimeter.

If the curve instead of being closed were required to pass
through two fixed points and the arc between those points were
of a given length, then the three constants would all be determined.
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For we should have two equations arising from the fact of the circle
passing through the two given points and one arising from the
given length.

[The mode of integration in the above solution is more simple
than that used by Poisson.]

100. We now arrive at the second part of Poisson’s memoir
which is entitled Variations of integrals relative to two independent
variables, and determination of their maxima and minima. This
forms by far the most important portion of the memoir; it extends
from page 286 to the end.

101. In the eighteenth section Poisson explains the notation to
be used. The variables are denoted by = and y. Suppose K any
function of  and y and of other quantities which depend on them;
then K' denotes the differential coefficient of K with respect to x
and to every thing which depends on = ; and K, denotes the differ-
ential coefficient of K with respect to y and to every thing which
depends on y. And so generally accents above indicate differen-
tiation with respect to x, and accents below indicate differentiation
with respect to y. Thus

dK dK d’K d°’K d’K

%=K', 737=K.’ = =K dw—dg}=K’,’ 7?=K“’
and so on.
The limits known or unknown of a double integral,
f f Kdz dy,

will not be indicated. If this double integral extends over a zone
of a surface comprised between two closed curves which will gene-
rally be curves of double curvature, then z, y, 2 may denote the
co-ordinates of any point of the surface, and the limits of the inte-
gration will depend upon the projections on the plane of (z, y) of
these curves. In order to indicate what a quantity becomes at the
first limit we shall enclose it in parentheses, and to indicate what it
becomes at the second we shall enclose it in square brackets. Thus
of the following simple integrals,

UK@); ([xa), [de], [Kdy],
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the first two belong to the interior curve and are to be taken
throughout its entire length, and the last two belong to the exterior
curve and are to be taken throughout its entire length. The
equations to these curves we will denote for the present by 4 =0,
and B=0.

[Poisson however does not keep to the meaning of the symbols
which he gives here; hereafter he really uses the square brackets
for points on the upper portion of a curve and the parentheses for
points on the lower portion of that curve.)

If we replace « and y by functions of two other independent
variables » and o, then # will also become a function of u and .
Substitute these values of z and y in the equations to the limiting
curves 4 =0 and B=0; we thus obtain two equations C'=0 and
D =0, which determine the limits of the integration relative to u
and ». Conversely the equation to the surface will be obtained by
eliminating » and v between the values of x, 7, z; and the
equations 4 =0, B=0, of the limiting curves in terms of z and y
will be found by eliminating » and v betwcen the values of 2
and y, and the equations C=0 and D=0.

Now let us denote by &x, 8y, 8z arbitrary indefinitely small
functions of « and v; and suppose that x, y, z become respectively
x+ 0z, y + 8y, 2+ 8z. Then the equation to the new surface will
be found by eliminating » and v between the values of z + oz,
y+ 8y, z+ 8z; so that its form will differ in an infinitesimal but
perfectly arbitrary manner from the form of the original surface.
At the same time if the equations C'=0 and D = 0 have not been
changed, the equations to the new limiting curves will result from
the climination of  and v between the values of z + 8= and y + 3y,
and these equations C=0 and D=0. Hence these cwives will
differ in an infinitesimal but perfectly arbitrary manner from the
primitive limiting curves which were given by 4=0 and B=0.
Thus by varying x, y, # without varying the limits relative to u
and v, the zone of surface over which the double integral extends
undergoes an arbitrary variation both in its form and its boundaries.

102. In his nineteenth section Poisson gives some important
formule in variations. Suppose z a function of # and y, and let
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V be a given function of 2, y, 2, 7, 2,, 2", 2/, 2,, ... Denote the
complete differential of ¥ thus
dV = Ldx + Mdy + Ndz + Pdz + Qdz,
+ Rd2" + 8dz + Tdz, + ......

so that L, M, N, P, ... are the partial differential cocfficients of V'
with respect to @, ¥, 2, 2, ... The complete variation 87 of ¥ may
be obtained from dV by changing d into &; and if we regard
8z, 8y, 82 as functions of z and y which are arbitrary and indepen-
dent of each other, we shall have to form the corresponding ex-
pressions for &/, 8z,, 82", 8z/, ...

Consider « and y and consequently z as implicit functions of
two other independent variables » and v. Differentiate z with re-
spect to » and v; thus

dz dw dy
T~ +2, du’
dz _ ,dx dy

d_v =2 ('E + 2, EB .
From these we obtain

2 = l(dz _‘ZJI .(_iidy)
C\du dv  dv du)’
., 1(dz dz d_zdx)
C\dv du~ du dv)’
_dzdy dxdy
where é‘—%%-—% 7&.

Now if we represent by 8z, 8y, 8z three arbitrary and indefinitely
small functions of  and v, we may suppose without varying » and »
that x, y, + become simultaneously =+ 8z, y + 8y, 2 +082. If we
differentiate relatively to the characteristic 8 the preceding value
of z' and make use of the value of 2, we obtain

,_1(dy dés _dy dse
SZ"C(dv—d_J du ‘Ez?)
_i'<£’.ll‘il§’?-°ﬁ@_”)
E\dv du du dv
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But we may also consider w and v and consequently &z, 8y, &2
as functions of « and y; then we have

dbe_dbeds  divdy
du ~ dx du’ dy du’
dbe_dbo du  dba dy
dv ~ dx dv ' dy dv’
ddy _ ddy dx +d8y dy
du " dx du” dy du’
ddy _ ddy dm+d8y dy
@ T de dv” dy dv’

ddz dSzda: ddz dy
= dodut dy du’

@f _déz dx éb‘__z_ dy

do - dodo T dy dv’
From these we obtain

dy ddz dy ddx _  déx

dv du du dv g‘dx’

dv du du dv dxz’
dy e _ dy dbz _ gd_sf
o du dude :

By means of these values that of 82" becomes
ddz _ ,ddx _ d8y

&' = = =g,
For shortness put
0z —2'0x — 20y = o,
thus
82' =2"8x + 2,0y + o',
In the same manner it may be shewn that
82,=2/8x+2,0y +o,.
These simple expressions for 8z’ and 8z, are, as we see, inde-
pendent of any particular relation which may be established between
x and y and the auxiliary variables » and ».
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We can easily deduce expressions for 82", 82/, 8z,,,

. de . do ..
For since £ =o' and & =w,, we have by putting its value

for o
8z — zusw _ z,ls.’/ = d (82 - zdS: - zﬁy) ,

82‘ - zllsw _ 2“8 = d(Sz - z'&v - 2'83/) .
dy

These equations hold for any function z of z and y, so that we
may substitute successively 2/, z,, 2”,... in place of 2. Put 2’ in
place of z in the first of equations (1), thus

8 "_ "'8.’17 —2 nsy d (sz' s z;ix —_ z,'Sy) .

But by differentiating the same equation with respect to z, we
obtain
d (82 — 2"z —2/8y) _
dx da:' i
azl' — zl"sw —_— zlllsy = wll.
Similarly if we put 2, in place of 2z in the second of equations
(1), we shall obtain
82,—2z 02—

Again, put 2’ in place of 2 in the second of equations (1); thus

82 —2,"8x — 2,8y = (% — z;f/w —2%)

thus

z2,y=w,

lll

By differentiating the first of equations (1) with respect to z,
we obtain
d (8 —2"%v—2/8y) d'w |
dy = dxdy’

therefore
82/ —2/"0x—2/0y=w,

It is easy to see that by continuing this process we shall obtain
for all values of the indices m and »

8‘(») = z(,,"’Sa: + z:n-,i»') 3.?/ + “’::)'
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This result Poisson says he had arrived at on a former occasion
and had used in explaining a difficulty in the Mécanique Analytique.
See Bulletin de la Soctété Philomatique année 1816, page 82.

[These formulee supply the corrections of the errors indicated in
Arts. 39—41.]

By means of the general formula proved above the variation
of V takes the form

8V=(L+Nz'+P"+ Q2+ R+ 82+ T2, + ...) &
+(M+ Nz, + Pz +Qz,+ Rz + 8z, + Tz, +...) &y
+ Nw + Po' + Qw,+ Ro" + Sw, + Tw, + ...
or, which is the same thing,
SV=V'6x+Vdy+ Nw+ Po'+ Qo,
+ Bo" + 80, + Tw, + vveeverereaiinnnnn. (2).

103. The twentieth section contains some reductions of the
variation of a double integral. Consider the definite integral

U= [[Viudy.

By the known rules for the transformation of double integrals,
if we consider « and y as functions of two other variables w and v,
we must put

dody = (5 -5 L) duan;
so that we have - dy iz dy
U= ff V(o 22)duds

Now put z + 8z, y + 8y, 2+ 8z in place of , y, z under the in-
tegral sign. From what was said above it will be sufficient that
3z, 8y, 8z should be arbitrary functions of » and v, and it will not
be necessary to vary the limits relative to » and v in order that the
integral U may vary in the most general manner both with re-
spect to the limits relative to & and y, and with respect to the form
of the function 2. The complete variation of U will then be

su#f(‘%’j— B _% %) sVaude

ff(g% %—% %"'% ‘?:—Z_u dﬁ_:c) Vdu dv.
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But by the formule of the preceding article we have

dodby_do By _d dy_de dy) dy
du dv ~ dv E;—(du dv dv du) dy’

glzdSw_ggd&c (th:dy d_ga_lg)als_x
dv du  du dv du dv dv du/ dx °

Hence
_ d8y de dy dz dy
8T = ff(8V+VT )(@ dv dv d)d dv,
that is, by restoring the variables 2 and y

s7=[(s7+ v, Vdsy) do dy.

In this formula the limits are the same as those of U, Now
substitute the value of 8V given by equation (2), and observe that

X

dSy_d. Véy .
V,8y+ Vzgj———?y—’

thus 8U=[ VSwdy] ~([re=ay)
+ UVBydm] ~([voyaz)
+ﬁ(Nw+Pw'+ Qu,+ Ro" + Sw, + Tw,+...)dzdy ....... (3).

By the method of integration by parts we may remove the
differential coefficients of @ from under the double integral sign.

[[Put oy = Upw dy] ~([Pody) - [[Prudnay,
[[¢a,dndy= [widz] _(qudz)-ﬁq,wdxdy.
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By two successive integrations we have

[[Ror dndy = f Ra:'dy] ([ Roiay)
- :fR’wdy] + UR'mdy) +f fR”wdz dy,
[[ 70, dudy = f Tw, dm] ~ ([70.2)
- fdew] ([T0de) + [[T,0dz 4.

By integrating first with jrespect to y and then with respect to =
we obtain

IEXZ S [ | Sw'da:] - ([ swas)
- [fs,wdy] + US,wdy) +[[8rwdmdy;
by performing the integrations in the reverse order, we obtain

[[ 80, dway = [f So, dy] - (f S, dy)
- [fs'mdw] +([s0de) + [[srwdody.

For the sake of symmetry we may use the half sum of these
equivalent expressions, that is

[[s0/dwdy = [ Sw’dw] . U ;S’w,dy:l ~3(Jswa) -lg Sy
_.;. U.Slwdy] - -;-[ S’ ] (fS wdy fS'wdw)

+ f f 8'wds dy.

The subsequent terms in the last part of the formula (3) may
be transformed in & similar manner. Thus the expression for U
will become finally

SU=T + f medxdy ...................... (),
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where for shortness,

H=N-P'~ QI+R"+SI'+ 1'41_

- [ VSmaly] - ([reeay) +[ VSydx] ~([rayda)
+ UPwdy + f Quda— fR'mdy-—% f Swdy— f S'wdz— f dez+]

- ([Pwdy +widm—fR'wdy—%f&mdy-%fﬂ'wdx—fﬂmdw+...)

+ URm'dy

+5 [0'dn-+ [T da+ 5 [0,y - ]

-([Rw'dy+%fsw'dx+frw,dw+§fsw, ay-..)
F crretettitnessscssncensans eeencsnssncasessces

The two expressions which have been found for f Sw,'dx dy
must be identically equal; hence we have

Lf Sw,dy] (f50 dy) - [ So

f;S’wdw] (fsmdm [Swd] ([smay)
] US’wda:).

This may be written

: [(sar + 570) da:] ~([(s0 + 570) )

[(s0+ 80)as] = ([(80,+ 5) d) v o

L

This will be verified presently (see Art. 106). We may ob-
serve here that Sw’ + S'w is the partial differential coefficient of Sw
with respect to « before substituting the value of y obtained from

one of the

limiting equations. But the value of (Sw'+8'w)dx

after we substitute for y its value is no longer a complete differential
with respect to x and thus cannot be integrated immediately.
Similar remarks apply to the term (Sw, + S,w) dy.

[This remark guards against the error indicated in Art. 27.]
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104. The twenty-first section. For U to be a maximum or
minimum we must have §U=0. The double integral included in
equation (4) cannot be reduced to simple integrals because w is an
arbitrary function of 2 and y; it will therefore be necessary that
the two parts of this formula should separately vanish. Thus we
obtain

T'=0, H=0,

for the equations which must be satisfied in order that the double
integral which we are considering should have a maximum or
minimum value. The second equation will serve to find z in terms
of z and ; this equation will be in general a partial differential
equation of the order 2n if ¥ be of the order n. The first equation
will decompose into others the number and nature of which in the
different cases which may occur we will investigate in the sub-
sequent articles. This is the most delicate part of the question.

The preceding analysis may be extended without difficulty to
triple and quadruple integrals, &c. In the case of a triple integral,
for example, we shall obtain for the variation an expression
analogous to that in equation (4); this expression will consist of a
triple integral, and of another part containing only double integrals
which relate to the limits of the triple integral we are considering.
We might also suppose that the quantity under the triple integral
sign involves unknown functions of the independent variables, and
that these functions are independent, or that they are connected by
given partial differential equations. We shall not stop to consider
these questions, since they present no new difficulties and no useful
applications.

The determination of the relative maxima or minima of mul-
tiple integrals can be reduced to the determination of absolute
maxima or minima by the method of the thirteenth section, which
is obviously applicable whatever may be the number of the inde-
pendent variables. Thus, for example, if the first of the double

integrals
fdewdy, fdea:dy, /dexdy,...

is to be a maximum or minimum, and at the same time the others
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are to have given values, the problem amounts to investigating the
absolute maximum or minimum value of

[[7+aT+sw+&e)dvay;

where a, b, ... are unknown constants which must be determined
by means of the given values of the integrals. We suppose here
that these integrals and the first integral are all taken between
the same limits.

105. The twenty-second section. [The results from this
point to the end of the memoir were not known before the
publication of the memoir.] Let us now examine the equations
relative to the limits of U which are necessary for the maximum or
minimum of this double integral, and which must be deduced from
the condition I = 0.

In order to render the reasoning easier to follow, we will sup-
pose that z, y, z are the rectangular co-ordinates of any point of the
surface determined by H =0, and that the integral U corresponds
to a zone of this surface comprised between two closed curves
which will be given or which will have to be determined. Let
ABC be the projection of the exterior curve: upon the plane of
(®, ), and DEF that of the interior curve upon the same plane
(see fig. 2). The integral relative to # and y which 8 U rcpresents will
extend to all the elements dz dy of the plane area intercepted be-
tween these two curves. It may however also be considered to
represent the excess of a double integral extended to all the ele-
ments of area enclosed by the curve ABC over the same double
integral extended to all the elements of area enclosed by the curve
DEF. Now 8U reduces to I' since by supposition H=0; and
F'=T"-T® where T'™ denotes that part of §U which arises
from the area bounded by ABC and T'® that which arises from
the area bounded by DEF. Since these two limits 4BC and
DEF are in general independent of each other, the equation I'=0
will decompose into two others, namely,

=0, I'“=o.

It will be sufficient to consider one of these; the other will be
of the same form and susceptible of the same transformations,
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We had in the twentieth section the equation

ffd-@—@dmdp[ VSych:] - ([vayd).

[It has been already intimated in a remark on Art. 101, that
Poisson does not use his symbols in the sense which he assigned to
them ; the terms in square brackets refer to the upper portions of
a curve, and those in parentheses refer to the lower portions of the
same curve.]

If this double integral relates to the area ABC, the integration
relative to y which has been effected, is to be extended from one to
the other of the two ordinates PM and PM', which correspond to
the same abscissa z. We will suppose that it is extended from
the smaller ordinate PM' to the greater PM; that is, we consider
the variable y to increase and so dy to be positive. As the element
of area dwdy is essentially positive, it follows that dz must he
regarded as positive in the two simple integrals which are indicated.
The first will correspond to the part AMB of the curve ABC and
the second to the part AM' B supposing that 4 and B arc the two
points of the curve where the tangents are parallel to the axis of y.
Let s denote the length of an arc of the curve 4BC measured from
any fixed point of the curve up to the point M, and let 7 be the com-
plete perimeter of the curve. Then we shall consider s to increase
from s=0 to s=1, and thus the differential ds to be positive.
Let B be the angle comprised between the exterior normal MA and
the produced part of the ordinate PM. Since de is the projection
of ds on the axis of x, we shall have

dx=+ cos Bds;
the upper or lower sign must be taken according as cos 8 is positive
or negative. But the angle B is acute in all the part AMB of the
curve ABC and obtuse in all the part AM'B; hence we shall have

da = cos Bds throughout the extent of the integral [ Véy dac] , and
da = — cos Bds throughout the extent of the integral (f Véy dx) .

Hence we conclude that their difference will reduce to a single
integral relative to s which will extend throughout the whole
curve; that is, we shall have
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[fVSydx] - UVS;/ dw) =f: V cos B8y ds.

Similarly we shall have

[ [ stdy] - (f Vaady) = f' Vcos a dx ds,

where a denotes the angle which the exterior normal MN makes
with the produced part of the abscissa of the point M. By similar
reasoning we may reduce to a single integral each of the differences
of two homologous integrals of which the expression I is composed.
Thus the equation I' " =0 will be transformed into the following:

fl V(cos adz + cosﬂSy) ds

[

+J:[<P—-R'—-;—SI+ ) cos a + (Q—- T —-;- S+ ...)cosﬂ] wds
+f:(Rcosa+ %Scosﬁ— ) »'ds

]
+f (Tcos/3+%8cosa—- ...)w,ds
0

F e =00t s st e e (6).

The figure supposes that cach line parallel to the axis of y
meets the closed curve ABC in only two points; but this trans-
formation of the equation I'"=0 would still hold if the number
of intersections, which must bc even, were greater than two; we
should then take successively for the two ordinates PM and PM’
which correspond to the same abscissa, those of the first and second
intersection, those of the third and fourth, and so on.

106. In his twenty-third scction Poisson verifics equation (5)
of the twentieth section.

In fact, as we have just secn, the part of this equation which
belongs to the exterior curve is the same thing as

f:(ddfw) cos B ds =f: (‘-’l—&%) cos a ds,
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where the parentheses denote that each partial differential coefficient
is taken with respect to one of the variables  or y before we sub-
stitute in Sw the value of the other variable deduced from the
equation to the curve ABC. If we differentiate with respect to =
after substituting the value of y, we have

d.Sw_(d.Sw) (d.Sw) dy

dr \ d=z dx’
and since ‘—i—'—S—w=d o dz_d. Sw cos B
ds dr ds ’

it follows that
[[(E) o= [ Eg - [ (%) B omp

[=z

Now ds = Sw + constant ;

and since S has the same value at the two limits s=0 and s =1
which belong to the same point of the closed curve ABC, it follows
that

'd.Smds_

Ience the equation reduces to

[[(C) cmpan=- [ (%5%) Eomp s

By help of this result we see that the equation which we are
to verify may be written thus,

f (d df"’) {dy cos B + cos a} ds=0.

But if @ and b denote the angles which the tangent at any
point M of the curve ABC makes with the axes of z and 7, we can
take in this equation where the differentials de and dy may be
positive or negative,

dex=cosa ds, dy=cosb ds.
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Thus the equation is transformed into the following :

f:(%gf’-’) {cosa cos a + cos B cosb} c%=0;

this result is obviously true since the factor cos a cosa + cos B cos b
is the cosine of the angle comprised between the tangent and the
normal at the same point M of the curve ABC, and is therefore
equal to zero. It is evident this verification applies in the same

way to the part of equation (5) which belongs to the interior
curve.
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