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THE FOURTH DIMENSION

INTRODUCTION

To the general reader, the name of the fourth dimension brings
reminiscences of Flatland and The Time Machine. On hearing
that to the mathematician the extension from threc dimensions to
four or five is trivial, he thinks he is being told that a study of
mathematics, if reasonably intense, creates physical faculties or
powers of visualisation with which the uninitiated are not endowed.
Learning that Minkowski and Einstein combine space and time
into a single continuum, he tries to believe in the existence of a
state of mind in which the sensations of space and time arc con-
fused, and naturally he fails.

The position of students of mathematical physics, and of all but
a fortunate few of the students of pure mathematics, is little better.
Accustomed to regard a Cartesian frame of axes as a scaffolding
erected in the real space around them, they can attach no meaning
to a fourth coordinate, but having used complex electromotive
forces with success in the theory of alternating currents, and having
treated a symbol of differentiation as a detachable algebraic variable
even to the extent of resolving operators into partial fractions for
the solution of differential equations, these students are prepared to
give pragmatical sanction to the most fantastic language.

The pure mathematician makes no attempt to imagine a space
of four dimensions; he lays no claim to visualising a world that is
inconceivable to other men. Only he finds that certain notions in
algebra are discussed most readily in terms adopted from geometry
and given a meaning entirely algebraic, and since it is to the
mathematician alone that algebraic problems are of concern in
themselves, fear lest the man in the street should mistake the very
subject of a mathematical conversation he might overhear has not
prevented the mathematician from using the vocabulary he finds
best suited to his own needs. Now it has happened that the talk
of a few mathematicians has suddenly become of universal and
absorbing interest, and a dictionary explaining the meanings they
are in the habit of giving to some familiar words is required.

N 1
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It is this dictionary that I have tried to write, and I have written
it in the simplest terms I could find, in the hope that it will prove
intelligible to anyone familiar with elementary trigonometry and
with the solution of simultaneous linear equations in algebra; for
this reason, I have not treated the point as indefinable, I have
supposed the numbers used always to be real, and I have avoided
Frege-Russell definitions. The reader’s first feeling will be one of
disillusion. Are Einstein and Eddington talking not about a new
heaven and a new earth but about linear algebraic equations? To
discuss the question is beyond the province of a lexicographer.

Perhaps even the mathematical student, if he can overcome a
reasonable irritation at the restrictions, from his point of view
arbitrary, to four dimensions and to real numbers, and at the ab-
sence of certain obvious forms of abbreviation, may derive some
help from the pamphlet. The possibility of constructing an abstract
‘space’ is always assumed, but the details of the construction, even
for two or three dimensions only, arc either taken for granted or
disguised as theorems on matrices or on linear equations. The idea
of direction and the measurement of angles in a constructed plane
demand careful consideration. The nature of pure rotation in four
dimensions is by no means obvious; on the contrary, rotation is
the most difficult of the clementary notions used in the theory of
relativity, and with an account of rotation our formal work comes
to a natural end.

1. POINTS

11, The fundamental idea in the work before us is that of an
ordered group of four numbers; (2, —1, 3, 0), (3, 3, —%, — 1)
(—#2,1,1,%5) are particular groups of the kind contemplated, and
(& 9, & 7) is a form that can be used to represent any such group,
the group becoming definite when actual numerical values are
assigned to & 9, §, 7.

By calling the groups ordered we mean that the group (a,b, ¢, d)
is regarded as different from a group such as (a, d, ¢, b) obtained
by interchanging two of its constituent numbers, unless the numbers
interchanged happen to be equal.

Each group is to be treated as one composite individual, to be
combined or compared with other groups according to rules that
are laid down. There is nothing peculiarly mathematical in dealing
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in this way with a structure that can if necessary be analysed, or
in having a name for a group as a whole; on the contrary, not only
collective nouns such as ‘team’ and ‘nation’ but common nouns
such as ‘book’ and ‘tree’ stand for objects that it is convenient to
regard as wholes although it is easy to distinguish parts of which
they are formed.

An ordered group of four numbers may be called a tetrad. This
name evokes no preconceptions and suggests no analogies, and the
use of an unfamiliar word emphasises that theorems asserted must
be founded on definitions given. But the definitions that are
natural lead to theorems that can be made verbally similar to
theorems in geometry by the introduction of terms derived from
geometry. The vocabulary of geometry begins with the word
‘point’, and the mathematician finds it worth while to give to the
ordered group of four numbers the name of ‘point in four-dimen-
sional space’. To him four-dimensional space ¢s simply the totality of
tetrads under another name. The conception of such a totality is no
more abstruse than that of ‘all the pairs of numbers whose squares
differ by 5’; the name given to it must not be allowed to mislead.

In this pamphlet we shall use the word point’ simply as an
abbreviation for ‘point in four-dimensional space’, for we are con-
cerned with no other application of the word.

1'2. The four constituent numbers that determine a point are
called the absolute coordinates of the point. In the examples of
points given in the first paragraph, the first absolute coordinate of
the first point is 2, the fourth absolute coordinate of the second
point is —$, and the third point has both its second absolute
coordinate and its third equal to 1. Often it is convenient to use
single letters to denote points and to denote the absolute co-
ordinates of a point P by £p, np, {p, Tp; for example, to write

121 Es=-% ma=% E4=0, 74=-1%
is one way of expressing that A4 is to be used for a time as a symbol
for the particular tetrad (— 3§, 4, 0, —$).

There is one point whose absolute coordinates are all zero; this
point is called the absolute origin and is denoted by O.

1:3. The symbol of equality is used of points only to express
actual identity. The points

(@, b,c,d), (e,f g, h)
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are identical if and only if the four conditions

131 a=e b=f, ¢c=g9, d=h
are all satisfied, and it is thereforc natural to use
132 (e, b,¢c,d)=(e, 1, 9, h)

as a compact substitute for the set of cquations 1-31. If the points
are denoted by P, @, their identity is cxpressed simply by P = ().

2. STEPS AND VECTORS

2'1. The ordered pair of points (P, §) is described as the step
PQ, and is said to have P for its beginning and @ for its end. The
absolute coordinates of () can be derived from the absolute co-
ordinates of P by the addition of the numbers &y~ &p, ng—np,
¢o—&p, Tq— Tp; these numbers form a tetrad, that is, a point, but
our language would acquire an unfamiliar tone if we were to speak
of being directed from one point to another point by means of a
third point, and therefore we avail ourselves for the tetrad in this
connection of the alternative name of wector, which is introduced
for use whenever the name of point is undesirable. There is no
difference in definition between the point («, b, ¢, d) and the vector
(a, b, ¢, d), but the point is said rather to represent the vector than
to be the vector.

Single letters used to denote tetrads that arc being regarded as
vectors will be in Clarendon type. The veetor r is the tetrad
(&, 7r, &r, Tr); the constituent numbers of the tetrad are called
the absolute components of the vector. If P, @ are points, the
vector (Eg— Ep, my — np, Lo — &p, T@— Tp), Which is called the vector
of the step PQ), is sometimes denoted by @ — P. Given a point P
and a vector r, there is one and only one step from P which has
the vector r; this is the step from P to (€p+Er, np+ 92, &p + Go,s
7p+ 7r), and the point which is the end of the step is said to
represent r with respect to . The point whose absolute coordinates
arc the absolute components of r represents the vector r with
respect to the absolute origin O.

2:2. Two steps are said to be congruent if they have the same
vector. The congruence of the steps P@, RS is expressed symboli-
cally in the form

221 Q-P=8-R



Since the set of equations

222 Eo—Er=Es—Er, mo—nr=ms—1g,
CQ—§P=§'S—§R, TQq—=Tp=Tg— TR
1s equivalent to

223 Er—Ep=Es—E) mr—np=7ns—q,
Se—Cp=Cs=8o TR-TP=T5— Ty,
congruence of P¢ with RS is equivalent to congruence of PR with
Q8. Moreover, the symbolical expression of the congruence in the
latter form is

224 R-P=8-0,

and comparison of this with 2 21 shews that the straightforward use
of the notation will not mislead.

Ex. i*. The pair of points {(2, =1, 4, 1), (4, 3, -2, 1)} is a step whose
vector is the tetrad (2, 4, —6, 0); the step from the point (-4, 1, 3, 3) with
the same vector ends at the point (-2, 5, -3, 3).

2:3. By the product of the vector r by the number £, positive,
zero, or negative, is meant the vector (kér, knr, k&, ktr); this
veetor is denoted by Ar.

The sum of any finite number of vectors is definable as the vector
each of whose absolute components is the sum of the absolutc com-
ponents of the individual vectors. That is to say, the expression

231 (El: M, Cl) Tl)+(£‘2: 772’ é".') T2)+ (AR +(En: Mn, Cm T’n)
is defined to denote the vector

232
E+Ear. o HEL MRt A GG T T ).
Since a change in the order of the vectors in 2:31 only deranges
the terms in the numerical sums which give the constituents in
232, any such change is without effect on the constituents, and
therefore is without effect on the vector itself: the sum of a number
of vectors does not depend on the order in which the vectors are
taken.

If starting from any point ¢, we form a chain of points

* To be brief and clear, the examples are constructed for the most part with whole
numbers; it must be remembered that no restriction of this kind is imposed by the
definitions,
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Qo @ Q; ... @n such that the successive steps @, @1, @, Qs ..., Qu_s @n
have given vectors Iy, Iy, ..., T, then

233 le - EQo = El‘;’ EQ: - EQ; = Erg’ seey EQn - EQ,;-; = El‘n:
and by addition

234 EQn_fQo=Er1+Erz+"‘+Ern;

similar results follow for the other coordinates, and therefore
I, 41,4 ... + 1, is the vector of the step @, @,,. It is this proposition
which gives importance to the vector r; +r,+ ... +r,, but to define
the sum by means of the chain of steps would render it necessary
to prove the sum independent not only of the order in which the
vectors were taken but also of the point @, from which the chain
was begun. It is to be noticed that the velations between the
points and the vectors can be written in the form

235 Q—=Qo=11, Q= Q=04 ..., Qu—Qu_ =1y,
and that the conclusion that would be reached by adding the
equations as if the symbols were algebraic 1s the correct conclusion

236 ‘Q,,,—Q0=rl+r2+...+r,,.

Ex. ii. ,The step from (4, 3, — 2, 1) with the vector (0, I, 4, —2) cuds at
(4, 4, 2, —1). If we add this vector to the vector of the step {(2, -1, 4, 1),
(4, 3, - 2, §)}, we have the vector (2, 5, —2, —2), which is the vector of the
step straight from (2, -1, 4, 1) to (4, 4, 2, —1). The same addition can be
performed by regarding (2, 4, -6, 0), (0, 1, 4, —2) as the vectors of

{(‘4; 1, 3, 3)1 ("‘2: 5, —3, 3)}) {(_2’ 5, ~ 3, 3)’ ("2) 6, 1 1)}
and (2, 5, —2, —2) as the vector of {(-4, 1, 3, 3), (-2, 6,1, 1)}

2'4. Subtraction may be defined in terms of addition or by means
of the absolute components. The equation

241 r-s=t
18 equivalent to
242 r=s+t

and also to the set of equations

243 Er—Es=Et e —ns=nt, Gr—Ca={t, e —Ta =Tt
If —r is defined to mean the product of r by — 1, which is the

vector (— &r, —mr, — G, — Tr), subtraction of r is equivalent to
addition of —r.
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If any vector is subtracted from itself, the result is the vector
(0, 0, 0, 0), which is called the zero vector. This is the vector of
any step in which the end coincides with the beginning. Just as
it is often advantageous to express a linear relation

Dttt Pnm =G+ QoY+ oo+ GnYn
between algebraic variables in the form
D&+ Pyt oo+ P = QY — GeYi— oo — @ Yu =0,
so the linear relation

244 priApt o Pula =08+ 8+ ...+ .8,
between vectors is usefully taken in the form

245

PO+t o Pl — 18— (28, — ... — ¢, 8,=(0, 0, 0, 0).
For brevity, the zero vector (0, 0, 0, 0) is denoted simply by 0.
We have, for any veetor r,

246 r+0=r, O0xr=0,
and for any number £,
247 Ex0=0

The vector 0 is the vector that is represented by the origin.

A vector that is not the zero vector is said to be a proper vector.
The equation

248 hr=0
implies that cither £ is zero or r is the zcro vector.

Ex. ii. There is nothing elusive about a zero step. The step

{(3’ 22) 0, "%)) (3, ’-}.‘ 0, - ‘\)}
is no more subtle than any other group of eight numbers regarded as a pair
of tetrads.
3. VECLINES, VECPLANES, AND VECSPACES

31 Ifr,r,..., r, arc given vectors and ,, @,, ..., z, are un-
known numbers, the equation

311 BT+ o+ ...+ 2, r,=0
is equivalent to the set of four simultaneous algcbraic equations
b +mbt.. + ZnEn=0,
T+ LN+ oo+ T =0,
nbh+al+ ... 2 ln=0,
T+ TyTy+ oo+ 2Ty =0,

312
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where £,., %, {m. Tm are the absolute components of r,. The
equations in this set are of course all satisfied if x,, ,, ..., , arc
all zero; since only the ratios of a, a5, ..., 2, to one another are
involved in the equations, we infer from 3'12 that a solution of
311 with #,, a3, ..., 2, not all zero is certainly possible if = is
greater than 4 but is not possible if n is not greater than 4 unless
the vectors r,, r,, ...,r, arc related to each other in some special
way. We say that the vectors r,, 1y, ..., ¥, are linearly related if
therc are numbers «,, 2., ..., 2, not all zero which render 811 an
identity; if all the vectors are proper, two or more of the numbers
must be different from zero. The relation 3:11 is not distinguished
from the relation obtained by multiplying throughout by a constant
other than zero, and the deduction we make from 3:12 can be ex-
pressed in the form that between any five or more vectors there is
at least one effective lincar relation, the word “effective’ conveying
the condition that the coefficients are not all zero.

For the theory of systems of linear algebraic equations, the reader is referred
to books on algebra. Perhaps the best account for the English student is in
Bocher’s Introduction to Higher Algebra (The Macmillan Co., 1907), a master-
piece of exposition.

3'2. Two vectors a, b are said to be collinear if there are numbers
a, b not both zero such that

321 aa +bb=0.

If a is the zero vector, we can satisfy 3-21 by taking b to be zero,
whatever the vector b: the zero vector is collincar with every vector.
If a is not 0, then b is not zero, and 3 21 is equivalent to

322 b=(-qa/b)a:
the vectors collinear with a proper vector are the multiples of that
vecetor.

The vectors collinear with a proper vector a compose a class of
vectors that will be called the vecltne* built on a. If r is any
member of this class, there is by hypothesis one number 2y which
is such that

323 r=ara,
and this number is unique, for the two equations

r=aya, r=arx"a

* To the best of my belief, this wcrd and others on the same model that will be
used later are new.
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imply (2’ —ar")a=0
and thercfore oy =",
since a is proper.

If £ is a proper vector in the vecline built on a, then since every
multiple of £is a multiple of a, every vector that belongs to the vec-
line built on f belongs to the vecline built on a; but if fis proper
and equal to z¢a, the coefficient 23 is not zero and a is expressible as
(1/z4) £; hence a is a proper vector in the vecline built on f,and every
veetor that belongs to the vecline built on a belongs to the vecline
built on £ It follows that the vecline built on f coincides with the
vecline built on a, that is, that no two veclines have a proper vector
in common; in other words, the vecline built on a proper vector a is
the only vecline of which a is a member,and thisveclinecan therefore
be described simply as the vecline that contains a. But cvery
vecline contains the zero vector.

Ex. iv. The vecline containing (2, 1, -2, —1) is the class of all tetrads of
the form (2%, 2, —2v, — ). The vector (-3, —i, 3, ), which is the product
of the original vector by — 3, belongs to the vecline. The vector (5, §, 15, —§)
does not, for the only multiple of (2, 1, — 2, — 1) whose first constituent is 5 is
the product by 3, and this differs from (5, 3, 15, —3) in the third constituent.

The vector # (2, 1, — 2, — 1) in expressible as — g ( —53, —#, 3, #), and conversely
the vector X (-3, =%, 3, ) is identical with —3.X'(2, 1, —2, —1); thatis, every
vector in the vecline built on cither of the vectors (2,1, -2, —-1), (-3, - 3, 3, %
belongs to the vecline built on the other of these two vectors.

33. Three vectors a, b, ¢ are said to be coplanar if there are
numbers «, b, ¢ not all zero such that

331 aa+bb+cc=0.

If a and b are collinear, there are values of @ and b not both zero
such that ea +bb is the zero vector, and we can satisfy 331 by
taking @ and b to have such values and ¢ to be zero, whatever the
vector ¢: if two vectors are collinear, every vector is coplanar with
them. Ifa and b are not collinear, 331 can not be satisfied if ¢ is
zero, and is therefore equivalent to

3-32 c=(—a/c)a+(-b/c)b.

The vectors coplanar with two vectors a, b that are not them-
selves collinear compose a class that will be called temporarily the
vecplane built on a and b. If r belongs to this vecplane, there is
a pair of numbers (2r, yr) such that

333 r=ara+yrb,
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and this pair of numbers is unique, for the two equations
r= a:r’a +yr'd, r=ar"a+y"d
imply (o' —ax") a8+ (yr' —yr") D=0,
and to suppose this last equation, which is of the form of 3-21,
satisfied except by

wy = ap, ¥ = ,?/r"
would be to suppose a and b collinear.

Let £ be a veetor in the vecplane built on @ and b but not col-
linear with b. Then there is a relation

334 f=uxsa + ysh,
and therefore any vector r which is expressible as pf+¢b is ex-
pressible as (prg) a + (pyp + ¢) b; that is, every vector that belongs
to the vecplane built on £ and b belongs to the vecplane built on
a and b. But since f is not a multiple of b, the coefficient 23 in
3'34 is not zero, and 3-34 is equivalent to

336 a=(l/.r,)f+(— :’/f/a'i)b,
hence a is a vector in the vecplane built on £ and b, and therefore
every vector that belongs to the vecplane built on a and b belongs
to the vecplane built on £ and b. Combining the two results, we
conclude that the vecplane built on f and b coincides with the
vecplane built on a and b. If further g is any vector in the vec-
plane built on fand b but not collinear with f; a repetition of the
argument shews that the vecplane built on £ and g coincides with
the vecplane built on f and b and coincides therefore with the
original vecplane. The proof fails if £ is collinear with b, but in
that case £ is not collincar with a, and the vecplanes built on a and
b and on f and g can both be compared with the vecplane built on
aand f Thus if £ and g are any two vectors that belong to the
vecplane built on a and b and are not themselves collinear, the
vecplane built on f and g is identical with the vecplane built on a
and b. In other words, the vecplane built on two vectors that are
not collinear is the only vecplane that contains them both. The
vecplane containing two vectors a, b is sometimes called simply
the vecplane ab.

Obviously a vecplane that contains a proper vector a includes
the whole of the vecline that contains a. The conclusion of the
last paragraph can therefore be expressed in the form that if two
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veclines are distinct there is one and only one vecplane that in-
cludes them both. We must not be deceived by our vocabulary
into supposing that two vecplanes necessarily have a common vec-
line, for this is not true. If the vecplane containing a’ and b’ and
the vecplane containing a” and b” both contain a particular vector
r, there are alternative expressions z'a’+ y'b’, £”a” + y'b” for this
one vector, and equating them we have
wlal + :y/bl —_ wllall — yl/bll = 0,

a linear relation between the vectorsa’,b',a”, b”, and since there are
fewer than five of these vectors this relation implies either that the
coefficients are all zero, that is, that r is the zero vector, or that
the four vectors are not independent.

Ex. v. The vectors (3, 0, 2, - 1), (=1, 2, 5, 3) are not collinear, and the
vecplane built on them is the class of all tetrads of the form

Bz —g, 2y, 2045y, —2r+3y).
To discover whether the particular vector (-5, 4, 8, 7) is in this veeplane we
must examine the set of equations
Bw—y= =5, 2y=4, 2x+hy=8, -xr+3y=1T.

The first two equations in the set require += -1, y=2, and with this pair of
values of w and y the other two equations are satistied. Hence the proposed
vector does belong to the veeplane. In this exawmple, any two of the four
constituents determine the values of x and y; this example is typical, but the
next example shews a peculiavity that sometimes presents itself.

Ex. vi. The typical member of the vecplane built on (2, 1, -2, —1) and
(1, =1, =1, 3) is x4y, v—y, —22-y, —2x+3y) and the set of equations
which determines whether or not (7, 2, — 7, 4) has the requisite form is

Qr4y=T, ¥-y=2, —2w-y=-7, —2+3y=4.
Here the first and third equations are virtually identical, but we have still
three equations of which two determine values of x and y to be substituted
in the third. To satisfy the first two equations in the set, we must have
r=3, y=1, and with this pair of values the last equation is not satisfied ;
hence the vector suggested is not in the vecplane,

The number of distinet equations may reduce even to two, but to say that
the four constituents gave only a single equation would be one way of ex-
pressing that the two vectors on which it had been proposed to build the
vecplane were collinear and therefore unsuitable. For example, the only vector
that combines with (2, 1, ~2, — 1) to give 20+ y as a factor of cvery constituent
is the collinear vector (1, 1, — 1, —4); the tetrads of the form

2z+y, x+ty, —20~y, —wv-1y)
do not constitute a vecplane but compose only the vecline to which (2,1, - 2, —1)
and (1, 4, —1, —4) both belong.
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Ex. vii. The vectors (=1, —2,1, 4) and (3,0, — 3, 2) belong to the vecplane
built on (2, 1, ~2, ~1) and (1, ~ 1, — 1, 3), the first of them corresponding to
x= =1, y=1, the second to z=1, y=1; also they are not collinear, for the
only multiple of the first for which any constituent is zero is the zero vector.
To verify that the vecplane built on (=1, —2, 1, 4) and (3, 0, — 3, 2) is identical
with that built on (2, 1, =2, —1) and (1, — 1, — 1, 3), we have to remark that
any vector expressible as #(2, 1, -2, -1)+y(1, —1, -1, 3) is expressible also
as (=3a+3y) (-1, =2, 1, 4)+ (32 +4y) (3. 0, —3, 2) and that on the other
hand any vector expressible as X (—1, -2, 1, 4)+ ¥ (3, 0, —3, 2) is expressible
alsoas (- X+ 1)(2 1, -2, -D)+(X+ (1, -1, -1, 3).

34. The relation between four vectors a, b, ¢, d when therc are
numbers a, b, ¢, d not all zero such that

341 aa+bb+cc+dd=0
is expressed by describing the vectors as cospatial. If a, b, ¢ arc
coplanar, we can take d as zero and reduce the equation 341 to the
form of 3-31 which can then by hypothesis be satisfied: if three
vectors are coplanar, every vector is cospatial with them. Ifa, b, ¢
are not coplanar, it is impossible for d to be zero if 3:41 is satisfied,
and therefore 341 can be replaced by

342 d=(—a/d)a+(=b/d)b+ (—c/d)c.

The class of vectors cospatial with three vectors a, b, ¢ that are
not coplanar is the vecspace built on a, b, ¢, or briefly the vecspace
abc. Corresponding to every vector r in this vecspace there is a
set of coefficients (ar, yr, zr) such that

343 r=2ra+yrb+2rc,
and there is only one set associated with each vector in the veespace,
for the existence of two sets (zx’, yr’, 2r’) and (sx”, yr”, 25”) for the
same vector r implies the equation

(#r' —ar")a + (Y’ — yr' )b + (2r — 2x") e =0,
and since this equation is of the form of 3:31 and a, b, ¢ are by
hypothesis not coplanar, the coefficients o’ — 2", yr' — yr”, 2x’ — 21"
must vanish individually.

If £1s a vector in the vecspace built on a, b, ¢ but not coplanar
with b and ¢, the relation

344 f= xsa + :l/tb + zgC
18 equivalent to
3456 a = (1/xg) £+ (— yg/as) b + (— 2¢/x1) c,

and it follows by reasoning parallel to that in section 83 that the
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vecspace built on a, b, ¢ coincides with that built on f, b, c. If
then g is in this vecspace and is not coplanar with f and ¢, a second
application of the argument proves the same vecspace to be that
built on f; g, ¢; and finally if h is in the vecspace and is not co-
planar with fand g, this vecspace is identified with that built on
f, g, h. If g is a proper vector coplanar with fand ¢, it can not be
coplanar also with f and b, if f, b, ¢ are not coplanar; hence in
this case we may pass from the vecspace built on f, b, ¢ to that
built on £, g, b and thence to that built on f, g, h. If £is coplanar
with b and ¢ but not with a and ¢, we may pass first from the
vecspace built on a, b, ¢ to that built on a, f, ¢. And lastly if £is
coplanar both with b and ¢ and with a and ¢, then f belongs to
the vecline containing ¢ and is not coplanar with a and b. Thus
we can draw a universal conclusion: if f, g, h are any three vectors
that are in the vecspace built on a, b, ¢ but are not themselves
coplanar, then the vecspace built on £, g, h is the same as the
veespace built on a, b, ¢. That is, the veespace built on three
vectors that are not coplanar is the only vecspace that contains
them all.

A vecspace that contains a proper vector a includes the whole
of the vecline to which a belongs, and a vecspace that includes two
distinct veclines includes the vecplane of which these veelines form
part. If three veclines are not coplanar there is one and only one
vecspace that includes them all. If a given vecline is not included
in a given veeplane, any two distinet veclines in the vecplane form
with this vecline a set of three veclines that are not coplanar, and
the vecspace that includes these three veclines includes both the
given vecline and the given veeplane and is the only veespace that
does include them both: if a vecline is not part of a vecplane there
is one and only one vecspace that includes both the vecline and the
vecplane,

Ex. viii. The vectors (2, 1, -2, -1), (1, =1, -1, 3), (7, 2, =7, 4), as has
been seen in Example vi (p. 11), are not coplanar ; the vecspace built on them
is the class of tetrads of the form

Qz+y+72 x~y+22 —2w—y—"Tz —r+3y+4)
Among the members of this vecspace are (10, 2, —10, 6), (=9, -6, 9, 0) and
(-2, - 4, 2, 4) which are not coplanar, and by solving the set of equations
2r+y+72=10X-9Y -2Z, 2— y+2:=2X-6Y—-42Z,
-20—-y—"Te=-10X+9Y +2Z, - 24+3y+4s=6X+47
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both in the form
X=32-4y, Y=22-y~-2 Z=-%a+3y+:
and in the form
w=X+Y+2, y=X43Y+3Z, z=X-21-2
we shew in the clearest light the identity of the original vecspace with that
built on the three vectors last mentioned.

To say that a vecspace and a vecline have in general no common
members except the zero vector is merely to affirm that one
vecspace does not contain all the vectors there are, for the equation

wrla’/ =wrllall +yrllbll + zr”c’/
which expresses that the vector r belongs both to the vecline built
on a’ and to the vecspace built on a”, b”, ¢” expresses also, unless
xy’ 18 zero, that a’ belongs to the vecspace.

Suppose that a’, b’ are two vectors that are not collinear and
that a”, b”, ¢” are three vectors that are not coplanar. There is an
effective linear relation between the five vectors, and this can be
exhibited in the form

aa’ +yb' =a"a’ +y" b’ +2'¢c",
in which form it shews that the vecplane a’b’ and the vecspace
a”’b”c” Have in common the vector r for which 2/a’+ #'d' and
z"a” +y'b" +2"¢” are altcrnative expressions. This vector r can
not be merely the zero vector, for by hypothesis neither of the
conditions
za' +yb =0, z"a”"+y"d"+2s"¢"=0

can be satisficd. Thus a vecplane and a vecspace necessarily have
one vecline in common. Ingeneral, a veeplane and a vecspace have
only oue common vecline, for if the veespace includes two distinet
veclines belonging to the vecplane, it includes the whole vecplane.

Ex. ix. The vecspace of Example viii and the vecplane built on (3, —2, 1, 0)
and (1, 1, —5, 9) have in common the vector (4, —1, —4, 9), for this vector is
expressible both as ~2(2,1, -2, =1)+ (1, -1, -1, 3) +(7, 2, -7, 4) and as
(3, -2, 1,0)+(1, 1, -5, 9); they have in common therefore every multiple
of (4, — 1, —4, 9), but they have no other common members, for the vecplane
is not wholly included in the vecspace.

Given a vecspace fgh and a vecspace built on three vectors
a, b, c, there is certainly one vecline L common to fgh and the
vecplane be, there is certainly one vecline # common to fgh and
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the vecplane ca, and there is certainly one vecline & common to
fgh and the vecplane ab. Since the only vecline common to the
vecplane ca and the vecplane ab is the vecline containing a, and
since a is not in the vecplane be, the vecplanes be, ca, ab have
no common veeline, and therefore of the three veclines z, a1, ¥ two
are certainly distinct. Hence the two veespaces fgh, abe have in
common two distinct veclines, and therefore have in common the
whole of the vecplane that includes these veclines; if the two vec-
spaces had in common any vecline outside this vecplane they would
coincide. Thus if two vecspaces are distinet, the vectors common
to them compose a definite vecplane.

Ex. x. The vecspaco of Example viii above and the veespace built on
(-5,-9,9-1), 3 -2,1,0), (1, 1, -5, 9) have in common the coplanar
vectors (4, =1, —4, 9), (=1, -2, 1, 2), (8, 7, =8, 1), no two of which are col-
linear. Since the two vecspaces are not identical, the only vectors common
to them are those composing the vecplane that contains the three vectors
mentioned.

The vecplane common to two given vecspaces may be included
in a third given vecspace, but in general has in common with this
third vecspace only the vectors composing a single vecline. Hence
in general the vectors common to three given vecspaces compose a
definite vecline, but it is possible for three veespaces to include a
common vecplane without any two of the vecspaces coinciding.

If two vecplanes are defined independently, there is not as a rule
any one vecspace that includes them both. In fact, the vecplane
containing a and b and the vecplane containing ¢ and d are in one
vecspace if and only if the four vectors a, b, ¢, d arc cospatial, and
this condition is a restriction on the vectors. The proposition at
the end of section 8'3 may be expressed in the form that two
vecplancs have a vecline in common if and only if there is a vecspace
in which they are both included.

Ex. xi. Between the four vectors

21,-2-1),1,-1,-1,3), (7,2 ~7,4), (3,2, -3,0),
which we will dencte by K, 1, m, n, there is the linear relation
k+3l-2m+3n=0,
from which we deduce not only that the four vectors are cospatial, but also
that the vecplanes Kl and mn have in common a vector expressible both as

k+ 3l and as 2m — 3n, which is (5, — 2, -5, 8), that the vecplanes km and In
have in common a vector expressible both as — 1}k +$m and as 1+ n, which
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is (4, 1, — 4, 3), and that the vecplanes kn and Im have in common a vector
expressible both as k +3n and as —314+2m, which is (11, 7, =11, ~1).

36. We have said that between any five vectors a, b, c, d, e
there is at least one cffective relation of the form

351 aa+bb+cc+dd+ee=0.

If in this relation e is zero, the equation reduces to the form of 3'41
and asserts that the four vectors a, b, ¢, d are cospatial. If these
vectors are not cospatial, ¢ is not zero and the relation is equivalent
to

352 e=(—afe)a+ (—ble)b+(—cle)e+(—dfe)d.
Thus if &, b, ¢, d are any four vectors that are not cospatial, to any
vector r therc corresponds a set of coefficients (2r, yr, 2zr, tr) such
that

363 r=uara+ yrb+2rc+itrd.
The set is proved to be unique by an argument precisely similar
to one used 1n 33 and 3-4. The cocfficients in 353 are called the
coefficients or components of r in the vecfrume abed. The absolute
components of r are given in terms of the cocfficients in the vecframe
by such formulae as

364 Er=uwrfa+ Yyrkb + 2réc + trfa;
to find the coefficients in terms of the absolute components it is
necessary to treat the four formulae of the type of 3:54 as simul-
tancous equations with the four coefficicnts as variables,

Ex. xii, In the vecframe formed of the vectors 1, m, n of Example xi above
together with the vector (1, 2, 3, 4), which is not cospatial with them, the
coefficients of (3, 3, 1, 3) are —3, 2, — 3, 1, for identically

(3,3,1,3)=-3(1,—1,-1,3)+2(7,2,-7,4)-3(3,2,-3,0+(1, 2,3, 4).

4. THE DETERMINATION OF VECSPACES BY EQUATIONS
4'1. Two vectors a, b are said to be perpendicular to each other if

411 £akb+nanb + falb + TaTh =0.
The zero vector is perpendicular to every vector, itsclf included.
If two proper vectors a, b are perpendicular, every multiple of a is
perpendicular to every multiple of b, and thercfore the vecline
containing & and the vecline containing b may be described as
perpendicular veclines. We can assert that two vectors are perpen-
dicular if and only if they belong to perpendicular veclines, for if b
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is proper, the zero vector belongs to veclines perpendicular to the
vecline containing b as well as to veclines that are not perpendicular
to this vecline.

No vector other than the zero vector is self-perpendicular*, and
no vecline is self-perpendicular.

A vecline that is perpendicular to cach of two distinet veclines is
perpendicular to every vecline in the vecplanc containing these two
veclines,and may be described as perpendicular to the vecplane itself.

Ex. xiii. Any two of the four vectors
(10, - 3, — 4, 10), (-5, 6,8,10), (0, 4,-3,0), (10, 6, 8 —b)
are perpendicular to each other; so also are any two of the four vectors
2,-1,0,2), (-1,2,4,2), (—4,8,-9,38), (2,2,0,-1).

4:2. The proposition that there is at least one effective linear
relation between any five vectors, which we have used in 3'4 and
in 3'5, is a particular case of the general proposition that there is
at least one effective lineur relation between any n+1 sets of n
numbers, that is, that whatever the values of the constituent
numbers in the sets
(Xl(l)’ X, ‘Y"(l)), (Xl(.z)’ Xa(z), . JY,;(")), s

(Xl(n+1)’ Xﬂ(n+1), s ‘Yn(nﬂ)),

there is at least one set of numbers (Ay), Ng), ++., M) DOt all zero

such that 2o XD+ A Xi® o Ay Xy = 0,
A Xa® + A Xu® 4o Ay X0 =0,

....................... e
A Xn(]) + A'(?.) Xnm +...+ h(n +1) Xn(n+l) =0.
Suppose that r is a vector in the vecspace abe. Then there are
numbers @y, yr, 2r such that -
r=uzxra +yrb + 2rc,

421

that is, such that
Er=arba+ yrbb+ 2r ke,

492 Ny = ZrMa + YrNb + 2r7c,
Le=arla+ Z/rgb +2r e,
Tr=2rTa+Yr7b + 2r7c.

* 1f space is constructed of sets of complexz numbers this statement is not true, and
self-perpendicular proper vectors are of the greatest importance. I have not scrupled
to use the principle that no proper vector is self-perpendicular to abbreviate proofs
even of some propositions that are true of complex space, but alternative proofs of
these propositions are to be found in the appendix.

N, 2
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Looking on (fa, fbx &), (na, 7b, 7c), (%a, to, &), (ta, b, To) as
four triads, we infer from the algebraic theorem just enunciated

that there is a set of numbers (A, , », @) not all zero such that
Aa+ pna+vla+@Ta=0,
423 Aép + pgp + v+ wmTH =0,
A+ pune + vée + wTe=0;

taking a definite set of numbers satisfying this set of equations,
we have immediately from 4:22 and 4-23

4'24 7\‘;’,- + M + Vgr + TTp = 0,
whatever the values of 2x, yr, 2r. Since there is no reference to r
in the set of equations 423, the values of A, u, v, = are constants
dependent on the vecspace but not on r. If the relation 424 was
satisfied by the absolute components of a vector d not cospatial
with a, b, ¢ it would be satisfied by those of any vector r expressible
in the form ara + yrb + 2rc + trd, that is, by those of any vector
whatever; in other words, A, i, v, w would be four numbers such
that Aa + ub + v¢c + wd was zero for every possible set of values of
a, b, ¢, d, and it is obvious that no four numbers that are not all
zero can have this property—in fact, we can avoid the conclusion

M+ pb+ve+wd =0

simply* by taking «, b, ¢, d equal respectively to A, u, v, w. Hence
424 is a relation satisfied by the absolute components of r if and
only +f T belongs to the veespace abe.

4:3. The cocfficients N, u, v, = appearing in 424 can be regarded
as the absolute components of some definite proper vector, and we
see that associated with every vecspace there is at least one vecline
such that every vector in the vecspace is perpendicular to every
vector in the vecline. If there were two distinet veclines with this
relation to the vecspace, then every vecline in the vecplane con-
taining them would be perpendicular to every vecline in the
vecspace, and therefore the vecline common to the vecspace and
this vecplane would be self-perpendicular. It followst that there
is one and only one vecline that is perpendicular to a given vec-
space, and it follows further that there is no equation of the form
of 424 which is satisfied by the absolute components of every vector

* See Appendix, p. 53. + See Appendix, p. 53.
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in the vecspace abc that is not merely a multiple of the actual
equation in 424. If m is any proper vector in the vecline perpen-
dicular to a given vecspace, we may call the equation

431 Enbr+mar+ Gale +TaTr =0

the equation of the vecspace, since the vector r belongs to the vec-
space if and only if this equation is satisfied.

If two vecspaces are distinct, the veclines perpendicular to them
are distinct also. A vecspace and the vecline perpendicular to it
have no common member other than the zero vector.

Ex. xiv. The vecspace of Example viii (p. 13) obviously has the equation
§+(¢=0.
If £, n, 7, have any values whatever, the set of equations
24+y+T2=§, w-y+2=n -—-2r+3y+dz=r
is satisfied by
z=¢6—In—3r, y=%&-in—in =-}é+iun+in
and no condition except £+¢=0 is necessary to secure that with these values

of x, 9, 2
—2x-y-Te={.

That is to say, the vector (£, 3, ¢{, r) is oxpressible as
z(2,1,-2 -1)+y(1,-1,~1,3)+2(7,2,-7,4)
if and only if the equation

£E+¢(=0
is satisfied.

Ex. xv. To find the equation of the veespace introduced in Example x (p. 15)
is to eliminate z, y, 2z between the four equations in the set
-bx+43y+z=§ ~9v-2+z=1, Yr+y-5i=( -—x+9%=n,
that is, to calculate the values of z, y, z that satisfy three of the equations and
to discover the result of substituting these values in the fourth equation. From
the last three equations we have

8rmn+2(+7, 18y=—199—-20(-9r, 72:=n+2{(+9r,
and the required equation is easily found to be
9+ 34y +41{+187=0.

Any vecplane p can be regarded as the common part of two vec-
spaces that are not identical. If m is a proper vector perpendicular
to one of these vecspaces and n a proper vector perpendicular to
the other, every vector in the vecplane is perpendicular to both m
and n and is therefore perpendicular to every vector in the vecplane
mn. Moreover, no vector that does not belong to mm can be

2—2
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perpendicular to every vector in p, for if' 1 is any vector not in mn,
the vectors perpendicular to the three vectors 1, m, n occupy a
single vecline. Thus the vectors perpendicular to one vecplanc
compose a second vecplane.

For the vector r to belong to the veeplane common to the vee-
spaces to which m and n are perpendicular, the absolute components
of r must satisfy the pair of equations

mbr + e+ fmle + T =0,
Enbr+mnnr+ Gale + TR =0,

and this is therefore a pair of equations of the vecplane, but there
is nothing to distinguish this pair of equations from the pair
associated with any other pair of vectors in the vecplane mn, and
there is no one pair of equations that can be regarded as the pair
of cquations of a particular vecplane,

It is always possible to find for a given vecplane equations in
which the constituents £, », ¢,  do not all occur, and these may be
regarded as standard equations. In gencral there are four distinct
standard cquations, of which any two may be deduced from the
others, but in special cases one or two of the equations may fail
altogether or as many as three of them may coincide; for this
reason we can not specify in advance a particular pair of standard
equations to be used.

432 {

Ex. xvi, The vecplane common to the vecspaces of the last two examples
has the pair of equations
E+¢=0, 9£4+34n+41¢+18r=0.
A set of standard equations is therefore
179 +16(+9r=0, £+¢=0, —16E4+1Tq+9r=0, E+{=0,
of which the second and fourth are identical.

If the equation of a vecspace does not involve £, the vector (&, 0, 0, 0) belongs
to the vecspace whatever the value of £, Thus the first standard equation of
a vecplane is the equation of a vecspace that includes both the given vee-
plane and the vecline built on (1, 0, 0, 0), and the equation disappears only
if the vecline iy part of the vecplane. The second and the fourth of the
standard equations in the present example coincide because the vecplane
built on (1, 0, 0, U) and (0, 0, 1, 0) is cospatial with the vecplane under con-
sideration.

To find a standard equation for a vecplane directly from a pair of vectors
on which the vecplane is built, is to find an equation of a vecspace built on
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three given vectors, namely, the two that determine the vecplane together
with one of the four fundamental vectors

(1,0,0,0), (9,1,0,0), (9,0,1,0), 0,0,0,1).
Thus the first standard equation of the vecplane bwlt on (4, — 1, — 4, 9) and
(-1,-2,1, 2) is to be found by climinating «, 7, z from the set of equations
r—y+i=£ -x=2=n, -dety=¢{ +2Y=r.
If # and y satisfy the last three of these cquations, s can be adjusted from the
first of them, whatever the value of £; thus £ is not involved in the result,

which is easily seen to be 177 +16¢+9r=0. The second standard equation of
the same vecplane is the eliminant of

dr-y=¢§ —x-%+z=9, —lrty={( 9+2y=r,

and is £ + ¢ =0. Thus the present example is in agreement with Examplex (p. 15).

By considering a vecline as the common part of three veespaces
that do not include a common vecplane we obtain the correlatives
of the results already found in this section. We see that vectors
that arc perpendicular to a given vecline compose a definite vec-
space. From this it follows that not only has every vecspace an
cquation of the form of 4:81 bl every equation of this form cor-
responds to some definite vecspace, and that not only does every
vecplane give rise to pairs of equasions such as 4-32 but every such
pair of cquations is associated with a definite vecplane if the two
cquations are really distinet, that is, if the vectors m, n are not
collinear. The absolute components of a vector r in a vecline
satisfy a set of three equations such as

b +mnr+ &+ nmr =0,
433 Embr+mmr + bl + TmTr =0,
Enbr+mur+ &+ ot =0,
but this set can be modified without any change in the vecline
represented by it. A standard equation of a vecline is an equation
in which not more than two of the absolute components are in-
volved. There can not be fewer than three distinct standard
equations, and as a rule there are six of which any three determine
the vecline.
Ex. xvii. The standard equations of the vecline built on (3, 1, — 5, —2) are
£-39=0, BE+3(=0, 2£+3r=0, by+({=0, 2y+r=0, 2(—5r=0.
Each of these defines a vecspace containing the given vector and two of the

four fundamental vectors. The equation 2£+n+¢+7=0 can be combined
with other equations to specify the vecline, but it is not a stundard equation.
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5, MEASUREMENT; DIRECTIONS AND ANGLES

51. A number r which is such that

511 ri=Epl+ mt+ &P+ Te?
is called a measure of the vector r. The zero vector has zero for
its only measure. A proper vector has two* measures, one positive
and the other negative. A vector with one of its measures associ-
ated with it is a measured vector.

A direction is+ an ordered set of four numbers the sum of
whose squares is unity. That is, (a, b, ¢, d) is a dircction if

512 @+ +e+d =1

If (a, b, ¢, d) is a direction, so also is (- @, — b, — ¢, — d), which is
called the direction opposite to (a, b, ¢, d).

Ex. xviii, Themeasures of (=7, 2, 4, — 10) are 13 and — 13, and the measures
of (f*, f9, 9" fg) are f2+g* and —(f*+¢?).

If » 1s a measure of a proper vector r, then r/r is a dircetion,
and this direction is naturally called the direction of the measured
vector. If the same vector r is dneasured by —r, the direction is
reversed, becoming —r/r. A prover vector has two directions, and
is said to be measured ¢n one 01 other of these directions.

Ex. xit. Thevectors (- 7,2,4,-10), (1,2, -4, 2) have the measures - 13, - b
in the directions (7, — %, —4%, 1§h (=4 =%, 4, —%).

Since a vector is the product of cither of its directions by its
measure in that direction, two proper vectors can have the same
pair of directions only if they are collinear. On the other hand, if
r and 8 are proper collinear vectors, there is a number & such that

513 s =ir,
and since the four equations
514 Es=kEr, na=kyr, Ga=k&, Te=krr,
involved in 513 imply
515 Ee* + ne’ + G 4+ et = A2?
if » satisfies 511, the measures of 8 are kr and — kr, and one of

* See Appendix, p. 52.

+ In an alternative process, the meaningof the assertion that two measured vectors
are codirectional is first defined, in an obvious manner, and a direction is then
defined as a class of codirectional measured vectors, Logically this course is far
superior to that in the text, but it involves a fresh difficulty for anyone unaccustomed
to Frege-Russell definitions, and with reluctance I have avoided it. If coordinates
are complex numbers, the method in the text can not be adopted.
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the directions of 8 is 8/kr which is the direction r/r. Thus col-
linear proper vectors possess the same pair of directions, and these
directions may be regarded as belonging to the vecline that con-
tains the vectors. It is consistent to regard the zero vector 0 as
having all directions, since it belongs to every veeline; the measure
of 0 in any direction is zero.

A vector whose measure is unity is sometimes called a unit
vector or a radial. A radial is to be considered as having only one
direction, and in fact we have drawn no distinction in definition
between a radial and its direction. But a unit vector, like any
other vector, is often expressed as the sum of a number of parts,
and we avoid an unfamiliar turn of spcech if we refrain from
speaking of a direction as decomposed into a sum of vectors.

52. Whatever the values of the eight numbers involved, we
have identically

521 (Eu®+ 7+ &u*+ ma') (6 + v® + G+ Tv)

—(&abv +nunv + ulv + TaTv)?
=(funv—mbv)+ (fulv — Gubv) + (Eatv—Tu Ev)
+(Mulv — Gamv) + (MuTv = Tuny)* + (Gatv — Tu V)t

The expression on the right, being the sum of a number of

squares, can not be negative. Hence if u and v are directions, so that
(B’ +na’+ Gu® + mu?) (B + nv* + & 4+ 1vP)
is unity,

Eubv +nunv + Lulv + TuTy
is not less than —1 and not greater than + 1, and there arc angles
which have Eaky + unv + Caly + TaTy

for their cosine. These angles are called angles between w and v,
or between any measured vectors with the directions u and v. It
8 is any onc angle between u and v, every angle between u and
v has onc of the two forms 2nar + 8, 2nar — 8, where n is integral;
angles of the one form have the sine sin 8, and angles of the other
the sine — sin 8.

It will be noticed that two directions are perpendicular, in the
sense of the word introduced in 41, if there is a right angle between
the directions.

Ex. xx. The angles a direction makes with itself are the even multiples of =,
and the angles between a dircction and its reverse are the odd multiples of .
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63. In general we can only accept all the angles with the
appropriate cosine as angles between two directions, but if four
directions are coplanar we can establish a definite relation between
one of the possible sines for angles between two of the directions
and one of the possible sines for angles between the other two. Let
a, b be unit vectors that are not collinear, and let u, v be unit
vectors coplanar with a and b, given by

531 u=aua+yub, Vv=ava+yvb.

The equalities

fu=2uba+ yubb, 7u=rana+ yumb,

Ev=avba+ yvfb, Nv = Ly Na + Yvb,
which are implicit in 531, give

Eunv—ubv= (ruyv— Zlu'z'v) (Eamb —naép),
and similarly each of the other five expressions whose squares
appear on the right of 521 has its value for u and v given by
multiplying its value for a and b by 2uyv — yurv, a constant that
depends only on the four vectors a, b, u, v. But if duy is any angle
between u and v, the expression on the left of 521 has by defini-
tion the value 1 — cos? 8uv, and therefore each side of 521 has the
value sin?8uy. Thus 521 and 531 imply that identically
sin? Suy = (2u¥yv — Yu®v)?sin® 8ab,

and if we have chosen a value of 8an, we can distinguish rationally
those angles between u and v whose sine is (v — Yuv) sin Sab
from those whose sine is the negative of this. We use eap for a
chosen value of €ap, and euv for an angle between u and v such
that

532 $in euy = (ZuYv — Yuv) 8iN €ab.

To interchange u and v is to reverse the sign of the factor
ZuYv — Yuzv; hence

533 sin eyu = — sin euv.

To interchange a and b is to reverse the parts played by # and
¥, and in this way to change the sign of ruyv — yuav, and there-
fore if sin eyy is to be unaltered, sin epa must denote — sin eap, as
is otherwise evident since from their definitions

5'34 wa=1) ya=0, wb=0) '!/b=1-
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Thus the order in which the directions are taken is essential if
eab and euv arc to have significance, and we say that euv is an
angle from u to v conformable with the angle ean from a to b,

Ex. xxi. The vectors
(1,2, 4,2), (22 0,—1), (31,58, 36, —2),

(3142 3, 58— 6.4/3, 36+48 /3, —2+39y/3)
are coplanar vectors of which 5, — 3, —75, 150 are measures. The first two
are perpendicular; the cosine of angles hetween the directions in which the
last two have the measures given is —§. If we denote the four directions by
k, 1, m, n, the vectors are 5k, — 31, — 75m, 150n, and identically

—75m=9.5k-20.31, 150n=(9+12.3).5k - (20— 15,/3).3L

Hence with conformable measurement sin emn is

—[B (33~ 4)+4(3+44/3)}/50]sin exaa,

and the angles conformable with an angle of ¥ from K to 1 are the angles

with cosine — 4 and sine —4 /3, that is, are the angles (2n—§) .

The importance of measuring angles conformably when the
directions concerned are coplanar is due to two propositions which
we proceed to prove.

Supposc the unit vectors u, v, coplanar with a and b and given
by 531, not to be collinear, and let p, @ be any two unit vectors in
the vecplane that contains the four vectors a, b, u, v. Then p, q
can be expressed either in terms of a and b, by the formulae

535 p=mpa+ypb, Q=aqa+yqb,
or in terms of u and v by formulae in which we will use a temporary
notation, writing

536 P=/pu+gpV, a=fqu+gqV.

If in 5'36 we substitute for u, v from 531, we have
P=(fprutgpav)a+(fpyu+tgpyv)b,
q=(fqru+gqav)a+(fayu+gayv)b,

whence by comparison with 535
ap=/fpautgpav, Yp=SpYu+Ipyv,
aq=Jfqrut+gqov, Yq=SaYu+JaYv

and therefore identically

ap Yq — Yp» 2a=(fp 9q — Ip fa) (Gu yv — Yu 2v);
hence from 5'32
(7p yq — Yp ©q) 8in eab = ( fp gq — Ip fq) SID euv.
On the left we have the value of sin epg determined conformably
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with eab, and on the right the value of sin epq determined con-
formably with euv,and these values have been proved equal on the
assumption that ean and euv are conformable with each other: two
coplanar angles which are both conformable with a third angle
coplanar with them are conformable with each other.

Again, let u be any unit vector coplanar with two unit vectors
a, b that are not collinear, and expressible therefore as zua + yub.
Identically.

(zufa + yubb)+ (@una + yunbl+ (#u fa + yu (b)*+ (2u Ta + Yu o)’
=au?(£a® +7a’ + Lo’ + Ta’) + 20u Yu (fa b + na b + fa fb + Ta 0)
+yu? (Eb* + b + Lo + TbY),
and therefore since the vectors are unit vectors
537 wa? + 22a Yu COS €ab + Yyu = 1.
Also
cos eau = £a (Zu a + yubb) + 7a (Yuna + Yunb) + fa (tufa + yulb)
+ Ta(2uTa + yuTb),

that is, COS €au = Zu + Yu COS €ab,
and similarly COS €ub = L COS €ab + Yu,
while from 534
538 Sin eau = yu SiN €ab, SiN €ub = Zu SiN €ab.

Hence identically
COS €au COS €ub — SIN €au SiN eub = (Zu® + Yu?) COS €ab
+ @uyu (1 + cos’eab — sineab)
= (xu? + 22w Yu COS €ab + Yu®) COS 6ab,
Sin eau COS eub + €OS €au SiN eub = (Zu® + 22u Yu COS €ab + Yu®) Sin €ab,
and therefore from 537,

539 cos(eau + éub) = COS €ab, SiN (€au + €ub) = SiN €ab-

These formulae express the second fundamental property of angles
measured conformably : if three directions are coplanar, the sum
of conformable angles from the first to the second and from the
second to the third is an angle from the first to the third con-
formable with the other two angles.

54. To find the measures of a vector, or the angles between
two vectors, in terms of coefficients in a vecframe abed, we have
only to substitute for the absolute components from the formulae
typified by 8:54. We see at once that if r, s are measures of two
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vectors r, 8, and 8rg is an angle between the directions in which
they are measured, then

541 73cos drs = A*@ras + b’Yrys + P2rzs + dPtrls
+ ab (zrys + yrxs) cos Sab + ac (2r 2s -+ 2r ¥s) coS dac
+ ad (2rts + tras) cos 8aa + be (Yr2s + 2rYs) o8 Sbe
+ bd (yrts + trys) cos 8pa + cd (zrts + tr2zs) cos Sed,

where a, b, ¢, d are measures of a, b, ¢, d; the square of » is found
by making 8 coincide with r. The expression for s cos &rs can be
simplified radically in two ways, which are independent, by a re-
striction on the vectors of reference.

If the vectors are unit vectors, their measures no longer appear
explicitly in the formula, and the only constants that occur are
the six cosines. The veeframe is then said to be Cartesian. A
Cartesian vecframe is determined wholly by four directions, and
any * four directions that arc not cospatial, taken in a definite order,
provide one definite Cartesian vecframe.

The use of a Cartesian vecframe does not necessarily diminish
the number of terms involved in 541, but if two of the vectors of
reference arc perpendicular there is an immediate reduction. If
P, q are any two vecplanes that are perpendicular to each other,
and if a, b are perpendicular proper vectors in p and ¢, d perpen-
dicular proper vectors in g, then any two of the four vectors are
perpendicular, and 541 becomes

542 78 €08 Opg = W xras + b*Yr Ys + C2r2s + Atrts:
the vecframe is said to be rectangular.

If the veeframe is both Cartesian and rectangular, the formula
takes the simplestt form that is possible, namely

543 1S COS 31-5 = IpZg + YrlYs 4 zp2zg+tris;
the corresponding formula giving measures is
544 ri= {l'r’ + :l/r2 + Zr2 + tr“!.

Ex. xxii. The sets of vectors in Example xiii (p. 17) form rectangular vec-
frames. The measures in the first set are +£15, +15, +5, +15, and those in

* In complex space this statement needs modification: if a self-perpendicular
direction is used, the frame can not be Cartesian. Thisis, I think, why the logic of
frames with isotropic axes has remained obscure.

1 The simplest in real space; in complex space, we can obtain

rs cos fyg=Trys+ Yrxs+2xrin+iris,
which is not merely as simple as 5:43 but leads te a formula for r? that is simpler
than 5:44, namely, 12=2xryr+22rtr.
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the second set are +3, +5, +15, +£3, and by dividing each vector by one of
its measures we obtain two vecframes that are Cartesian as well as rectangular.

The amount of freedom in the choice of a rectangular vecframe
is readily estimated. The vector a may be arbitrary, subject only
to being proper; thus the four absolute components of a arc
arbitrary. Then b may be any proper vector in the vecspace per-
pendicular to a; if this vecspace is built on three vectors f, g, h,
there are three arbitrary coefficients in the expression of b. The
vecplane perpendicular to ab is determinate, and ¢, an arbitrary
member of this vecplane, involves two coefficients. Finally d,
belonging to the vecline perpendicular to abe, depends on one
parameter. Thus there are in all ten constants, arbitrary but for
the condition that the vectors determined are to be proper. We
can reach the same conclusion more rapidly but with less confidence
by mere enumecration ; there are at our disposal sixteen constants,
the absolute components of four vectors, and these constants must
satisfy six equations, the equations expressing that six cosines
vanish; it is natural to find that the difference between the number
of conditions and the number of constants measures the frecdom
of our choice.

If the vecframe is to be Cartesian as well as rectangular, the
vectors must be divided by four constants that are determinate in
value but ambiguous in sign. Thus a general set of formulae for
the determination of rectangular Cartesian vecframes contains six
independent constants and four disposable signs. A general theory
of sets of formulae of this kind, not restricted to four-dimensional
space, was discovered by Cayley. The results for four-dimensional
space, first given by Euler, arc easily verified; in terms of twelve con-
stants denoted by «,,, where 7, s take different values from 1 to 4 and

545 Ay = — Upg,
they may be written in the form

546 +Da={p-(rf+ms+ay?), an=—(auan+dids)+ask,

13— (@434 + Orzaz) H gk, a1y~ (arpag+azag) +ankl,
x Db={oy — (vpars+agay) +agk, p—(an+dyn’+as?),
g3 = (G ty + o tyy) Ak, Aoy~ (As04+ Ay ag) +as bl
+ D ={ug — (@gaip+ @y 1)) +ank, @y —(dsdsg+ay an)+ayk,
p—(amPtasP+ag®), oy~ (anau+anag)+ank,
* Dd={ay - (23013 + aprz) + Aok, gz —(dg1 a1+ Agz¥a) + sk,
3= (2an+anan) +ank, p—(ag+ap’+agd)},
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where
547 k= 01505 + 13005 + 1y,
548 p=1(1+ @)+ &3+ ag + o+ ad + ax? — k),
549 D=p+

and the ambiguitics of sign are independent of each other.

We can of course dispense with six of the constants by means of 545, and
use for example only the six in terms of which £ is expressed, but only at the
cost of rendering the scheme of vectors quite unintelligible. As it is, the secret
lies in associating with a,, a conjugate a,,, where p, g, r, s are the four numnbers
1, 2, 3, 4 taken in an order that can be reached by an even wumber of trans-
positions from the primitive urrangement. If «p, and «,, are conjugate, so are
yp a0l @, and the products @, a., «q,d, have the same value; thus #,
although expressed in terms of a particular selection of the constants, does
not really depend on the selection made.

6. LINES, PLANES, AND SPACES

61. We can now resume definitions connected with four-
dimensional space, not with vectors. By a direction of a step is
meant a direction of the vector of the step, and the length of a step
in one of its directions is the measure of its veetor in that dircetion ;
a length of a step is called also a distance from the beginning to
the end of the step. A zero step has every direction, but zero is its
only length. A proper step has two directions, one opposite to the
other, and its length in one dircction is the negative of its length
in the other.

A measured proper step has a definite direction, and there are
angles between measured proper steps. If a number of proper steps
have coplanar vectors, the measurement of angles between themn
can be made conformable.

It is important to observe that all the formulac of plane
trigonometry are preserved by the definitions of lengths and angles.
If ABC is a triangle, that is, a set of three points, and if a, b, ¢ are
the vectors of the steps BC, CA, AB and have measures a, b, c,
then since —a is b +c¢, ;

Ea® + ma + Lo’ + Ta’ = (Ep + £c)* + (1b + nc)* + (§b + Ee)* + (Tb + Te),
that is,

611 a? = b? + 2bc cos epe + ¢*;
the angle epc is an angle between a direction of CA and a direction
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of AB,and is therefore an external angle of the triangle and is de-
noted in the usual notation by 7 — 4. Thus 6'11 takes the familiar
form

612 a=b*—2bccos A + ¢
Again, the unit vectors in the directions in which a, b, ¢ have

measures @, b, ¢ are a/«, b/b, ¢/c, and in terms of these vectors the

relation
—a=b+c

(a/a) = (= b/a) (b/b) + (- c/a) (c/o),

and the formulae

becomes

SiD €au = Yu SIN €ab, SiN eub = 2y SiN €ab
of 53, with the substitution of a/a, b/b, c/c for u, a, b, are
equivalent to

613 sin ena = — (c/a) sin ebc, Sin €ac = — (b/a) sin enc,
that is, to
614 sin A4 /a = sin Bfb = sin C/c.

6:2. By the line, plane, or space, through a given point @ with a
given vecline, vecplane, or vecspace, is meant the class to which a
point R must belong if the vector of the step QR is to belong to
the given vecline, vecplane, or vecspace.

Although it is necessary to define a line, plane, or space as a line,
plane, or space through some one point, it is a simple matter to
prove that this point does not occupy a special position in the line,
plane, or space, and that in fact the class of points does not bear
any relation to the point used in the definition that it does not
bear to every one of its members; it will be sufficient if we give
the proof for one case only, and we deal with the case of a plane.
Let P, R be any two points in the plane through a given point @
with the vecplane p. By definition, the vector P — @ belongs to p,
and therefore so also does @ — P; also by definition R — @ belongs
to p, and therefore (R — Q) + (@ — P), which is R — P, also belongs
to p; thus every point in the plane through @ with vecplane p
belongs to the plane through P with the same vecplane. Con-
versely, if S is in the plane through P with vecplane p, the vectors
S—P, P—() belong to p and therefore so does S—@Q; that is,
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every point in the plane through P with vecplane p is in the plane
through @ with this vecplane. Combining the two results, we find
that if P is any point of the plane through @ with a given vecplane,
the plane through P with this vecplane coincides with the plane
through Q.

Ex. xxiii. The line through the point (3, — 1, 5, 1) with the vecline built on
the vector (2, 1, =2, —1) is the class of all tetrads of the form
(3+2z, =1+, 5-27, 1-2).
One point of this line is (5, 0, 3, 0), and the typical point may be presented
also in the form (5+2X, X, 3—-2.4Y, - X).

Ex. xxiv. The plane through (3, —1, 5, 1) with the vecplane discussed in

Example vii (p. 12) is the class of points of the form
B+2x+y, —1+x-y, b-22~y, 1-24+3y).

The point (8, 0, 0, 2) belongs to the plane, and if the plane is referred to this
point while the vecplane is regarded as built on (-1, - 2, 1, 4) and (3, 0, — 3, 2),
the typical point takes the form (8 -.XY+3T, —2.X, X -37, 24+4X+2F).
To verify that the plane itself 1s not affected by the manner in which the
typical point is expressed, we have only to remark that the whole set of

equations
34+22+y=8-X+3Y, —l4+r—y=-2X

5—2r-y=X-3Y, 1-2+3y=2+4X+2)
is equivalent both to
X=i-to+ly, Y=-i+io+ly
and to
2=2-X+Y, y=1+X+T.

If P, Q are any two distinet points, there is one and only one
line which contains both P and @), for the vecline is determined by
the vector of the step PQ.

If P, @, R are three points that are not collinear, the vectors of
the steps PQ, PR are not collinear, and there is one and only one
vecplane which contains these vectors; the plane through P with
this vecplane contains ¢ and R and is the only plane through P
that does contain both of these points. That is, if three points are
not collinear, there is one and only one plane that contains them all.

A similar proof shews that if four points are not coplanar there
is one and only one space to which they all belong.

From these results it follows that there is one and only one plane
that includes a given line and contains a given point outside the
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line, and one and only one space that includes a given planc and
contains a given point outside the plane, and also that if there is
no plane that includes two given lines, then there is one and only
one space that includes them both.

6'3. Two lines, two planes, or two spaces are said to be parallel if
they have the same vecline, vecplane, or vecspace. A line is described
as parallel to a plane or to a space if the vecline of the one is in-
cluded in the vecplane or vecspace of the other, and a plane is said
to be parallel to a space if its vecplane is part of the corresponding
vecspace.

It follows at once from the definitions that parallel lines, parallel
planes, or parallel spaces that have a single point in common co-
incide entirely, that a line parallel to a plane or a space either
forms part of the plane or the space or has no point in common
with it, and that if a plane and a space arc parallel either the plane
is in the space or the two have no point of intersection.

Let P be any point in a space whose veespace s built on three
vectors a, b, ¢, and let @ be any point on a line whose vecline con-
tains a proper vector d; let p be the vector of the step P@. Then
between the five vectors a, b, ¢, d, p there is an cffective linear
relation

631 aa+bb +cc +dd +pp=0.

If in this equation p is zero, the equation expresses that a, b, ¢, d
are cospatial, that is, that the line through @ is parallel to the
space through I’; in this case the line either forms part of the
space or has no point in common with the space. If p is not zero,
631 can be written as

632 p+(@p)d=(-a/p)a+(=bp)b+(-c/p)e,
and shews that if R is the point such that QR has the vector
(d/p) 4, which is necessarily a point in the given line through @,
then the vector of PR belongs to the vecspace abe and therefore
R is in the given space through P; that is, there is at lcast one
point common to the line and the space. If two points of a line
belong to a space, the whole line is included in the space and is
“therefore parallel to the space. Hence if a line and a space are not
parallel, they have one and only one common point.
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Ex. xxv. If P, ¢, R denote the points
(3, -1, =1, —6), (6,2,0, —3), (=6, =7, 8, —6)
and a, b, ¢ the vectors (1, -1, -1, 3), (7, 2, =7, 4), (1, 2, 3, 4), the line
through 2 whose vecline contains (3, 2, —3, 0) cuts the space through @ with
vecspace abe in the point R, for the vector £~ P is (-9, — 6, 9, 0), a multiple
of (3, 2, —3, 0), and the vector R~ @ is (=12, -9, 8, —3) and is expressible
as 3a—2b—c; also the line through P whose vecline contains (3, 3, 1, 5) cuts
the same space in (=3, =7, — 3, —18), for if this point is denoted by 8, the
vector S—Pis —2(3, 3, 1, 5) and the vector S—Q isa-b-3c.

If a planc and a space are not parallel, therc are lines in the
planc that are not parallel to the space, and it is easy to deduce
from the last result that the points common to the planc and the
space compose a definite line. An extension of the same argument
shews that the common points of two spaces that are not parallel
are the points of some one plane. To exhibit a given planc as the
intersection of two spaces, all that is necessary is to take a point
outside the plane, to construct the space that includes the plane
and contains this point, and then to take a point outside this space
and to repeat the construction with the plane and the second
point.

Ex. xxvi. With the notation of the last example, the plane through 2 with
vecplane built on (3, 2, — 3, 0) and (3, 3, 1, 5) cuts the space through @ with
veespace abe in the line £S.

Since in gencral there is no veespace that includes two given
veeplanes, it is exceptional for two given planes to be in one space.
If two planes p, q are in one space, and if ¢ is represented as the
intersection of this space with a second spacce, cither p cuts this
second space in a line or p is parallel to the sccond space; in the
first case the line, since it is common to the two spaces, is part of ¢;
in the second case p is parallel to ¢, since the vecplane of p must be
common to the vecspaces of the two spaces. Hence if two planes
arc in onc space, either they arc parallel or they intersect in a line.
Converscly, if two planes p, g are parallel and distinct, and if P is
a point of one and @ a point of the other, the space through P whose
vecspace includes the vecplane of p and g and contains the vector
of the step I’Q is a space that includes both p and ¢; and if two
planes p, ¢ have a common line of which P,  are distinct points,
then if R is a point of p not in P@ and S a point of ¢ not in PQ,
the space PQRS includes the two planes. Thus if two planes are

N. 3
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parallel or intersect in a line, there is a space that includes them
both. -

Ex. xxvil. If F, G denote the points (-2, 1, -2, 4), (6, 4, — 10, 5), and if
k, 1, m, n are the vectors so denoted in Example xi (p. 15), and shewn there
to be cospatial, the vector G'— F is cospatial with these four. The plane through
F with vecplane Kl and the plane through G with vecplane mn are in one
space, and they have in common the two points (- 2,4, -2, —3), (8,0,-12, 13),
for if these points are U, V) the vectors U— F, U~ & are k - 21, —2m +2n,
and the véctors V—F, V=« arec 3k +41, 2m —~4n. The whole of the line UV
is common to the two planes, and the vector I"— U is (10, - 4, — 10, 16), which
is expressible both as 2k + 61 and as 4m —6n.

To discover the nature of the intersection of two planes p, ¢
when there is no space that includes them both, we may again re-
gard q as the intersection of two spaces; since neither of these
spaces can include p or be parallel to p, the plane p cuts the first
space in a definite line and this line cuts the second space in a de-
finite point, which, being in both spaces, is a point of q. That is.
if there is no space in which two given planes are both included,
the planes have one and only one common point.

Ex. xxviii. If P, @, a, b, ¢ have the samne mcanings as in Exmn‘ple XXV
(p- 33),'and if d denotes the vector (3, 2, — 3, 0), the identity used in Example xii
(p- 16) may be written

(@—-P)+3a—-2b-¢+3d=0,
and shews that the plane through /> with vecplane ab and the plane through
@ with vecplane cd intersect in a point 7' which is such that 77— Pis —3a +2b
and 77— Q is —c+3d ; this point is (14, 6, =12, —7).

If a line and a plane have two points in common, the line is part
of the plane. If a line and a plane have one point in common or
are parallel, there is a space that includes them both. On the other
haud, if a line and a plane are included in one space, a second
space can be constructed to include the plane; if the linc is parallel
to this second space, it is parallel to both spaces and therefore
parallel to the plane, while if the line is not parallel to the second
space it cuts this space in a definite point which belongs to both
spaces and therefore belongs to the plane: thus if a line and a plane
are included in one space, either they are parallel or they have a
common point.

If two lines either intersect or are parallel, there is a plane that
includes them both, and a modification of arguments used above
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shews that the converse is true: if two lines are included in one
plane, either they are parallel or they intersect.

By means of intersections we can define certain types of distance.
Given a point P, a space, and a direction u, there is one and only
one line through P with the given direction u, and if this line is
not parallel to the space it cuts the space in one definite point Q.
By the distance from P to the space in the direction u is meant the
distance from P to @ in that direction. The distance is zero, what-
ever the direction, if and only if P is in the space. If u is one of
the two directions perpendicular to the space, the distance is a
perpendicular distance, or a length of the perpendicular from P to
the space; since parallelism is incompatible with perpendicularity,
perpendicular distances always* exist.

Similarly, distances between a point P and a given plane ¢ can
be defined by means of the interscetion of ¢ with the plane through
P having a given vecplane, and distances between a point P and a
line ¢ by means of the interscction of @ with the space through P
having a given vecspace, and in each case there is one pair of
perpendicular distances. Only in these cases the directions in which
the distances are to be measured are not assignable in advance.

6'4. If n is a proper vector perpendicular to a given vecspace,
and if @ is a given point, a point R belongs to the space through @
with the given veespace if and only if the vector of QR is perpen-
dicular to n, that is, if and only if the absolute coordinates of R
satisfy the equation

641 fn(£r—Eo)+mm (e —n0) + &a(En— L) + Ta (T —Te) =0,
an equation that is linear but not necessarily homogeneous. Con-
versely, if we can find any one point @ whose absolute coordinates
satisfy a given effective linear equation

6.42 XER+#7)R+V§R+WTI‘»+IC=O,
then we shall have
643 Mg+ png + vl + T +x=0,

and therefore the equation will be equivalent to
644 N (Ex—EQ) +u(mr—ne)+v(Er— L)+ = (TR —Tg) =0,
which expresses that R belongs to the plane through @ whosc vec-

* Always, that is, in real space.
3—2
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space is perpendicular to the vector (A, u, », w), a proper vector
since by hypothesis the equation 6'42 is effcctive; obviously
(=AM 4+ p P+ %), — kp/(N + w0+ w0,
— k)M + 1P+ @), —em/(A + P+ P+ @)
1s one set* of absolute coordinates satisfying 642, and therefore
every effective linear equation between the absolute coordinates of
a variable point represents one definite space. Two equations can
not represent the same space unless one is a mere multiple of the
other. The spaces with the cquations
Nép+w'neg+v g+ 7p+4 =0,

NEptp g+ i+ a T+ =0
are parallel if and only if the vectors (N, u', v, ='), A", u”, V', ")
are collinear.

A plane has a pair of equations, the equations of a pair of spaces
that include it, but there is no one pair of equations that can be
regarded as canonical. Any two linear equations taken together re-
present a plane unless the spaces which they represent individually
are parallel.

For'a line three equations are required, and three linear cquations
together represent a line unless two of them represent parallel
spaces or represent spaces whose plane of intersectiou is parallel to
the space represented by the third equation.

Ex. xxix. The space through (3, — 1, 5, 1) with the vecspace discussed in
Example xv (p. 19) has the equation

9 (£~ 3)+34 (n+1)+41 ((-5)+ 18 (r=1)=0,

Of+ 34y +41¢ +18r —216 =0,

Ex. xxx, The intersection of a line with a space is calculated most readily
if the line is given parametrically and the space by an equation. Thus to find
the intersection of the space in the last example with the line through
(-6, =13, 6, 3) whose vecline contains (4, 1, 2, 3), we substitute for & », ¢, v
the values ~ 6+ 4%, — 13+, 6+ 22, 3+ 32 typical of the line, and the equation
of the space becomes an equation giving the value of #; substituting this value
of &, which is 2, we find that the point required is (2, — 11, 10, 9).

that is,

66. Given any point @ and any vecframe abed, any point R
may be described by the specification of the vector of QR in the
given vecframe. A point ¢ and a vecframe abed associated for the

* See Appendix, p. 54.
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specification of points are said to form a frame of reference. The
point @ is called the origin of the frame. A line through @ with
vecline containing onc of the four vectors of reference is called an
axis of the frame, or an axis of reference. A plane of reference is a
plane that includes two of the axes, and a space of reference is a
space that includes three of them. The words Cartesian and rect-
angular can be used of the trame if they are applicable to the
vecframe.

The coefficients of the vector of QR in the veeframe abed are
called the coordinates of R in the frame which has @ for origin and
abed for vecframe. If these are xg,yg,zy,tg, the absolute co-
ordinates of R arc given by formulae such as

651 Ev=Eq+apbatyrbo+2rke +1irka.

A substitution of this kind in an equation lincar in &g, ng, &r, Tr
leads to an equation linear in g, yg, 2g,tg. Hence in terms of
coordinates relative to any frame a space has an equation of exactly
the same type as its equation in absolute coordinates.

If the frame is rectangular and Cartesian, a distance Iy from
R to S satisfics the equation

652 Ily=(x5—ap)+ (ys—yr) + (25— 2p) + (ts —te),

while in terms of absolute coordinates the same distance satisfies
the equation

653 Iln®=(Es—Er) + (s — )+ (§s— Cu)* + (15— TR)%
It follows that no attempt to discover the absolute coordinates of
points from a knowledge of relative distances can succeed. The
conditions which absolute coordinates must satisfy do not suffice
to determine these absolute coordinates, since they are fulfilled
equally by coordinates relative to any rectangular Cartesian frame of
reference, and measurement within a system of points is necessarily
ineffective to determine either the absolute origin or the direetions
of the axes.

Let P be the point whose coordinates in the frame with origin
Q and vecframe abed are xp,yp,zp,tp and let e, f, g, h be any
four vectors that are not cospatial; then since e, f, g, h arc ex-
pressible in terms of a, b, ¢, d by formulae such as

654 e =2ea+Yeb + zeC + ted,
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avector which is given as X e + Yrf+ Zpg + T'zh can be expressed

in terms of a,b,c,d by simple substitution, and if this is the

vector of a step PR, the vector of the step QR is
zra+yrb+zgc+tpd

where

655 xzp=2ap+ Xpte+ Yrars+ Zyaxg + Tpan,
and so on. That is to say, 6:55 is the first member of a set of
formulae expressing the coordinates of any point R in the frame
(Jabed in terms of the coordinates of the same point in the frame
Pefgh.

The problem of passing from one rectangular Cartesian frame to
another is exactly the same as the problem of discovering a single
frame of the kind, components relative to the first frame taking
the place of absolute components. The origin is arbitrary, and the
directions of the axes arc given by the formulae of 5:46, interpreted
as giving sets of relative components.

7. TRANSLATION, REFLECTION, AND ROTATION

7-1. Two collections of points are said to be cardinally similar
if it is possible to cstablish a correlation in which cach point in
each collection corresponds to one and only one point in the other
collection.

It each collection consists of a finite number of points, the
collections are cardinally similar it and only if they have the same
number of points, but the idea of cardinal similarity is applicable
in many cases in which the number of points is not finite. For
example, any two planes are cardinally similar, for the typical point
in the plane through £ with vecplane a’d’ is the point R such
that the vector of P’ R is z'a’ + y,/'b’, and the typical point of the
plane through P” with vecplane a”’b” is the point S such that the
vector of P”S is zg”a” +y "b”; the correlation in which R cor-
responds to S if and only if ;" is equal to " and yp' to y¢” is one
that establishes the cardinal similarity of the two planes. It will
be observed that the correlation in this example is by no means
unique: the choice of P”, a”,b” for the onc plane is independent
of the choice of P, a’, b’ for the other plane.

A correlation that establishes the cardinal similarity of two sets
is called a transformation of one set into the other. If one set is



39

correlated with another and the seccond with a third, then the first
can be correlated directly with the third, and the correlation of the
first with the third is said to be compounded of the correlation of
the first with the second and the correlation of the second with the
third.

A correlation between two collections of points can be regarded
simply as a collection of steps. From this point of view, if two
correlations can be compounded, and if P P, is a step belonging
to the first correlation and P,P; a step belonging to the second,
then P, P, is a step belonging to the compound correlation. It is
to be noticed that if a collection of steps is to be a correlation, no
two of the steps may have the same beginning and no two of them
may have the same end.

The simplest kind of correlation is one in which all the steps are
congruent. Such a correlation is called a translation, and is specified
by the vector common to its steps.

To say that any collection of points can be subjected to any
translation is to repeat the assertion of 21, that given any point
P and any vector r there is one and only one step which has r for
veetor and begins at P, with the addition’ that if this step is PQ,
there 1is no other step with vector r which ends at Q.

A correlation may contain any number of zero steps. If a cor-
relation contains the zero step PP, the point P is said to be fived
with respect to the transformation defined by the correlation. A
simple translation, unless its vector is the zero vector, allows no
points to remain fixed. The translation with the zero vector is
mere identity, without effect on any point or on any set of points.

If as the result of a transformation the point P comes to @, the
transformation can be compounded of the translation with the
veetor of PQ and a second correlation. That is to say, any correla-
tion can be compounded of a translation and a correlation with at
least one fixed point.

7-2. If the lengths of a step P'Q" are altered by a correlation,
that is, if the lengths of P'Q are different from the lengths of
P"Q", where P” corresponds to P’ and Q" to ¢, the step, or any
set of points to which P’ and @ belong, is said to be distorted by
the transformation. A collection of points may be such that no
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step from one of its members to another is distorted by a particular
transformation. A set of points that is not distorted by any one
of a number of transformations remains undistorted when these
transformations are compounded in any order. It follows from 6°1
that in an undistorted set, angles as well as lengths are unaltered.
No set of points is distorted by any translation, for if P'P” and
Q'Q" are congruent, having the vector of the translation, so also
are Q' and P”Q)”. In this case steps arc unaltered in direction
as well as in length, but in general the directions of a step are
liable to change even if the step is from one point to another of
an undistorted sct.

It is obvious from the general formula deducible from 541
to give the measures of a vector in any veeframe, that if two
vecframes a’b’c’d’, a”"b”c”d” have the same shape, that is, arc such
that

721 a?=a", a'l’ cos Sap =a"b" cos Sarb,

and so on, then if frames with any origins @', @” have these vee-
frames, the correlation in which the point R’ whosc coordinates in
the firsy frame arc @, y, 2, ¢ is transformed into the point R”
which has the same coordinates =, ¥, 2, ¢t in the second frame is a
correlation in which no step is distorted.

We must prove a proposition which is to some extent a converse
of this. Let two groups of points Q A'B'C'D’, Q"A"B"C"D" be
such that corresponding steps in the two groups have the same
pairs of lengths and that ncither set is in a single space. Then
writing a’ for the vector of (4’, and so on, we have the relations
7-21 satisfied, the first dircetly on account of the hypothesis, the
second in virtue of the trigonowmetrical identity 6:11. We wish to
prove that if two points R’, R” are such that the five steps Q'R
AR, BR', ('R, D'R’ have the same pairs of lengths as the cor-
responding five steps Q"R”, A”R", B’R", C"R", D"R’, then the
coordinates of R’in the frame with origin @ and vecframe a'b’c’d’
are the same as the coordinates of R” in the frame with origin @”
and vecframe a”b”c”d”. Writing r/, r” for the vectors of ' R’, Q" R”,
we have from the conditions to be satisfied, combined with 7-21,
four equalities of which the first is

722 a’r’ cos Sarp = a’'r” cos Sarp,
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and expressed in terms of measures and cosines in the frames these
take the form

723

(2’ = 2")+ab (¥’ —y") cos San + ac(d —2") cos Sac+ad (¢ - t") cos Saa=0,

b2y —y")+ba (2’ — 2") cos Spa+be (2 —2") cos dpe+ bd (¢ —¢”) cos dba =0,

(2 —2") +ca(x —a")cos Bea +cb(y ~ ") c08 dep + cd (£ — 1) cos 8ca=0,

A2 (¢ = t")+da (2"~ ") cos dam +db (¥~ y") cos 8ap + de (' — t’) cos dac=0,
where a is the common value of ¢’ and «”, 8ap & common value
of 8a1 and 8a-b+, and so on; multiplying these equations by
o —a’,y —y’, 2 =2, —t' and adding, we have an equation that
expresses that the vector whoqe codﬁcients in one of the vecframes
are o’ —a’, y —y”, 2 — 2", t' —t" is of zero measure, and since this
implies* that the vector is the zero vector, the coefficients vanish
separately, which was to be proved.

The only transformations which we propose to discuss are those
in which collections of points are undistorted. It follows from
what has just been proved that if a set of five points that are not
cospatial is undistorted, the transformation is determined by its
effect on this set of points. If any other point is attached to the
set, the point to be attached to the transforined set is known. We
can therefore extend the set by supposing any points we wish to
belong to it, attaching the corresponding points to the transformed
set. In particular, if we have any point whose pairs of distances
from five points that are not cospatial are the same as its pairs of
distances from the five corresponding points, we can attach this
point to both sets and regard it as fixed with respect to the
transformation.

7-8. It is possible for all the points in a space to be fixed with
respect to a transformation in which a collection of points remains
undistorted. To examine the nature of the transformation when
this occurs, let rectangular Cartesian axes be taken with the
origin in the space and with the first axis perpendicular to the
space. If then the point R', with coordinates (z, ¥, 2, t), is
transformed to R”, with coordinates (z”, y”, 2", t"),

T3l & +(y —yof + (&' = 2)' + (' — Lo
=2+ (Y Y + (7' — 20 +(t" — Lo

* Not in complex space; see Appendix, p. 55.
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for every position of @ in the space for which z is zero; taking
Yo, 2q, to all zero, we have
732 2yt =0y 2
and on account of this equality 7-31 becomes
733 @ -y ye+(F =2") 2+t 1) tg=0,
implying

7.34 :’/’ — y'l’ Z’ - z//’ tl = t”,
and reducing 7-32 to
736 't =x"

Since a step between points that correspond is to be undistorted
even if necither point is in the fixed plane, we are to have -

736 (@ -2 )P+@ —y.)+@ -2)p+0 -ty

= (wl/l — w211>2 + (ylll — y2l1)2 + (zlll — 2211)2 + (tlll - tzll)g

whenever R, corresponds to R, and R, to R,”. Making use of
the relations already found, namecly

737 y = w, #'=2" t/=t",
y-! = 3/2”» z' =2z, /=t

7 " 7 ”
=t gt =y

P

we have from 7°36,

7-38 @/ x) =2 x,,
and this is the only additional relation necessary. Thus if #/
coincides with «,” then z, coincides with a,”, and therefore on
account of 7-87, R, coincides with R,”: the transformation is a
mere identity, correlating a set with itself. But if », is equal to
—a,", then #,’ is equal to — «,”, and the transformation is expressed
by

7-39 Z+a’"=0, y=y', =2, t'=t"

The transformation in the latter case is characterised by the
property that the line joining any two points that correspond is
perpendicular to a fixed space and is bisected by that space; the
transformation is called a reflection in the fixed space. What we
have proved is that any transformation which leaves a collection
of points undistorted and leaves all the points in a particular space
fixed, either leaves the collection wholly unaltered or reflects the
collection in the fixed space.
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7-4. The absolute coordinates of a point B that is equidistant
from two given points P, @ satisfy the equation

(En—EoP +(np— )+ (La— Lo + (Tr—70)’
=(Ex— Epf+ (= 2y + (L — EpY + (o= TN,
which is equivalent to

T4l (£o- &) (En— 3 (Ep+ EQ} +(mg—np) (nx ~ 4 (1p +10)}

+ (o=t {Ee—3 (& + L} + (o — o) it =3 (1p+ T} =0,
and therefore expresses that R lies in a definite space, which is
perpendicular to the step PQ and contains the midpoint of PQ.

It follows that if §’, 8" are distinct corresponding points in a
correlation that leaves a set of points undistorted and leaves a
particular point P fixed, the space that is the perpendicular bi-
sector of 8’S” is a space that contains P and contains also all the
other points that are fixed. If all the points of this space are fixed,
then since 8’ does not coincide with S” the transformation is a re-
flection in the space. If this is not the case, and if 7" is a point of
the space that does not coincide with the corresponding point 1",
the perpendicular bisectors of §’S” and I"T” do not cvincide, since
the former contains R’ and the latter does not*, nor arc these
spaces parallel but distinct, since the point P is common to them.
Hence the points common to the two perpendicular bisectors
compose a definite plane p, which contains the point P but does
not contain any of the points 8’, 8", 1", T”. If @, R are any two
points of p not collinear with P, then because @, B belong to p,
not only have the steps PQ, PR, PS’, PT", QR, 8°1" the same
lengths as the steps PQ, PR, PS”, PT", QR, 8"T", but the steps
Q8’, QT', RS’, RT' have the same lengths as the steps QS”, QT",
RS” RT” and because @, R are not collinear with P, the five
points P, @, R, 8’, T’ are not cospatial. It follows that the trans-
formation is definable as the transformation in which PQRS’T"
becomes PQRS”T” and no distortion takes place. The effect of
the transformation on any point U’ is to be found by attaching U’
to the set PQRS'T”; the correlative of U” is attached to PQRS”T”
in the same way, that is, by steps of the same length as those from
P,Q R, S, T to U'. In other words, if a, b, ¢, d’, ¢”, d” are the

* The argument is not valid for complex space, and the whole notion of rotation
is complicated if self-perpendicular elements are admitted.
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vectors of °Q, PR, PS’, PT", PS”, PT", the point reached from P
by a step with any vector #a + yb + z¢’+ ¢td’ corresponds to the point
reached from P by the step whose vector is za + yb + 2¢” + td”.
In particular, if z and ¢ arc zero, the step from P is unchanged:
every point in the plane p is a fixed point. Also a point in the space
PQRS’ is a point for which ¢ is zero and therefore corresponds to
a point in the space PQRS”: if any number of points are in one
space which includes the plane p, their correlatives also are in one
space which includes this plane. If the step joining two points U”,
V” has vector (zy —xy)a+ (yr —yu)b+ (2 —zy) ¢ +(ty—ty) d,
the step joining the corresponding points U”, V" has the vector
(@y—wzy)a+(yy—yu) b+ (2r—2y) " + (¢ — ty)d”; the step UV’
is parallel to the plane p only if 2, — 2y and ¢, — ¢, are both zero,
and if these conditions are satisfied U” V" is congruent with U"V".

It is now easy to describe the transformation in detail. The
space that bisects perpendicularly any proper step in the correlation
necessarily contains every fixed point and therefore includes the
plane p. Hence every step is perpendicular to p, and if U’ is any
point of the set to be transformed, the correlative U” is in the
plane, u through U’ perpendicular to p. If the plane through U’
parallel to p cuts a plane w parallel to « in W', the corrclative of
W’ is determinable as the point in which the plane through U”
parallel to p cuts w. The step U'W' is congruent with U”W”, and
therefore the step W' W is congruent with U’U”. Thus the trans-
formation in one plane perpendicular to p copies the transformation
in any other plane perpendicular to p.

To discover the features of the transformation in one plane ¢
perpendicular to p, we may use at last not only the language but
also the propositions of elementary geometry. Let ¢, d be perpen-
dicular unit vectors in the vecplane of ¢, and let @ be the point in
which p cuts q. In any ordinary plane ¢y take a pair of axes Oy Xy,
Ox Yy at right angles, and associate with the point R of ¢ which is
such that the vector of QR is zz¢ +1tzd, the point of ¢y whose co-
ordinates with respect to OyXy and Oy Yy are zy and ¢y; denote
this ordinary point by Ry. Comparison of formulae shews that the
lengths of two steps ST, UV in g are equal if and only if the lengths
of the corresponding steps STy, UsVy in gy are equal. The
transformation in ¢ which leaves all steps undistorted and leaves @
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fixed therefore corresponds to a transformation in gy which leaves
all steps undistorted and leaves Oy fixed, and such a transformation
is either a reflection in some line through Oy in the plane or a
rotation about Oy through some constant angle. A reflection in a
line through Oy has all the points of that line for fixed points and
can not correspond to a transformation in ¢ in which there is no
point fixed except Q. Hence the transformation in ¢y is necessarily
a rotation about Oy, and in q measured steps retain their lengths
while their directions change through angles that are equal if
measured conformably. It follows that the whole transformation
can be described thus:

There is a plane p which consists entirely of fixed points; if
U’, V' are any two points not in this plane, if @, R are the points
in which p cuts the planes through U, V’ perpendicular to p, and
if U”, V" are the correlatives of U’, V', then QU”, RV" have the
same pairs of lengths as QU’, RV, the directions in which QU/’ and
QU"” have one coramon length and the directions in which RV’ and
RV have one common length are all coplanar, being perpendicular
to p, and the angles from the first of these directions to the second
are the sawme as the angles from the third to the fourth provided
that these angles are measured conformably.

Naturally the transformation is described as a rotation about the
fixed plane p through a definite angle. There is difficulty in de-
scribing the rotation by means of the planc and the angle alone,
since it is necessary to distinguish between rotation through an
angle 6 and rotation through the angle — 6. We have evaded the
difficulty above by comparing the effects of the transformation on
two points instead of describing its effect on a single point. The
alternative plan is to specify two directions s, t perpendicular to p
and an angle est from the first of them to the second. We can then
say that there is an angle 6 such that if U’ is any point not in p
and if @ is the point in which the plane through U’ perpendicular
to p is cut by p, the steps QU’, QU” have the same pair of lengths,
and the directions in which they have one of their commnon lengths
are coplanar with s and t and are such that 8 is an angle from the
first of them to the second conformable with egt.

It is a simple matter to find a set of formulae representing a
given rotation. Let a, b be perpendicular unit vectors in the vec-
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plane of the fixed plane, and let ¢, d be perpendicular unit vectors
in the vecplane perpendicular to that of the fixed plane; the
assumption that 4= is to be an angle from c fo d supplies a
standard for the conformable measurement of angles, and we can
speak of the angle of rotation 6. Let the origin be a point @ in
the fixed plane, and denote by C, D the points such that the vectors
of QC, QD are the unit vectors ¢, d. If by the rotation C, D are
made to correspond to K, F, the vectors of QF, QF, which we will
denote by e, f, are unit vectors, and 6 is an angle from ¢ to e and
from d to f conformable with the angle 3= from ¢ to d and from
e to f. By the definitions of sines and cosines, we have

COS €ce = ZcZe + Yclo, Sill €ce = Tclfe — Ycle,

COS €qg = Za 7y + Ya ¥, SIN €as = TaYs — Yass,
where zrc + yrd denotes temporarily the typical expression of a
vector r coplanar with ¢ and d. Utilising the obvious values of #¢,
Ye, ¥d, Yd, we have

742 ze=cosf, ye=sinfh, ag=-sinf, yg=cosb,
and therefore

743 e=ccosf+dsind, f=-—csinf+dcosd.

But we have already seen that the point R” corresponds to the
point R’ if the vector of PR'is 2’a+y'b+2'c+t'd and that of
PR”is 'a + y'b + 7/e + t'f; substituting for e and £ from 743, we
have for the vector of PR” the expression

Za+y'b+ (2 cos @ —t'sinb)c + (2 sin § + ¢ cos ) d.
That is to say, the transformation is given by

T44 o' =2o, y'=y, 2'=2cos0—1t'sinb, t" =2"sinfd +t cos b,
provided that the first two axes are perpendicular lines in the fixed
plane and the last two are perpendicular lines perpendicular to that
plane. If we replace cos 6, sin 8 by their values in terms of tan 6
and write k for this tangent, the formulae of the transformation
become

746 '=d, y'=y, 1+ =(1-k) -2kt

A+t =2k + (1 =k

7'6. Areflection is distinguished from a rotation by the existence

of a fixed space, but this is not the fundamental distinction between
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the two types of transformation, for on the compounding of the
transformation with a translation the fixed points, whether they
compose a plane or a space, may disappear altogether. A difference
of another kind can be explained by means of the set of formulae
7-39.

It follows from the possibility of adding coplanar angles, that if
a rotation through an angle ¢ about a plane p is compounded with
a rotation through an angle yr about the same plane, the result is
a rotation through the angle ¢+ about that plane. Hence in
considering a rotation through an angle a about a plane p, we may
regard a as the final value of a variable 8 which takes a succession
of values from 0 to a, and we may regard the rotation as the result
of compounding a succession of rotations through angles whose sum
is a. If we place no restriction on the number of the component
rotations, we may make the angles of these components as small as
we please, and therefore we may keep the lengths of the step which
any gtven point takes in any single component rotation below any
assigned limit. The rotation through the angle a may therefore be
developed as a continuous transformation throughout which there is
no distortion ; the fixed plane is fixed not merely with respect to
the resultant transformation but throughout the continuous trans-
formation.

The case of a reflection is altogether different. There are of
course many ways in which we can regard the transformation

7,51 m/l = — wl’ yll = yl, zl/ = z/’ tll — t,

as derived from a succession of transformations. For example, we
may replace 7-51 by

7.52 $’l= kw" yl/ — yl’ zll - Z’, t:/ — tl

and regard k as varying between 1 and — 1. But with this choice,
k can not vary from 1 to —1 since the value 0 is impossible for k;
also not more than one of the intermediate transformations can be
a reflection, and therefore, since every one of these transformations
has a fixed space, there is distortion in the intermediate stages.
Nothing could be more rash than to assume either from the failure
of the most obvious succession of transformations or from the nature
of reflection in ordinary space that no presentation of a reflection
as the result of a continuous transformation admitting undistorted
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sets is possible, but in fact the conclusion can be reached on sure
ground* and we must base further definitions upon it.

A transformation with respect to which all collections of points
are undistorted is described as a displacement or a perversion ac-
cording as it can or can not be represented as the result of a
continuous transformation throughout which there is no distortion.
It is obvious that if two displacements are compounded the result
is a displacement, and it follows that if a displacement and a per-
version are compounded the result is a perversion. Hence if any
finite number of displacements and perversions are compounded,
the result is a displacement or a perversion according as the number
of perversions is cven or odd.

We have shewn that every rotation is a displaccment, and we
shall assume that every reflection is a perversion. Every translation
is a displacement, since the translation whose vector is r may be
regarded as the resultant of n translations each with veetor r/a.
It follows that every displacement is expressible as the resultant
of a translation and a rotation, and every perversion as the resultant
of a translation and a reflection ; but the analysis of a given dis-
placement or perversion into a translation and a rotation or
reflectiori is not unique cxcept in the trivial case in which the
transformation is a pure translation.

7:6. To justify the usc of geometrical terms in algebra, we need
only compare the set of formulae 546 with the theorem that a
transformation in which they are employed is either a reflection or
a rotation. There is nothing in 546, or in fact in Cayley’s theory
of such transformations, to suggest the result.

But ultimately the results are algebraic. We can assert for
example the following theorem :

If two sets of variables (&, v, ¢, v) and (¢7, %", {", 7’) are con-
nected in such a way that whenever (¢, 7/, &', v/) and (&', 94, &', 72)
correspond to (&, n,", &', ) and (&, %", &', 7.") the relation

761 (& -E P+ (ne — "h/)2 + (C‘z, -&)r+ (7'2’ -7y

’ =& -8+ =" P+ (& =P+ -y

* The determinant formed of the coefficients of the vectors in 5:46 has one of the
values +1, -1 whatever the values of the six parameters; a continuous change in
the parameters can not effect a change from one of the values of the determinant to

the other, which can be caused only by the reversal of one or of three of the
arbitrary signs.
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is satisfied, then either it is possible to find a substitution of the
form
762
E’=X’+A]_$'+Agy’ + )\32'+7\4t', £II=XH+ 7\1.1:"+ Rz?/”"’ Aazu_l_x“tﬂ’
V=Yt ma +psy +ps? +paly 0'=Y"+ pa" + pay + pd’ gt
U=Z'4 0@+ +vs? +val, ("=Z" 405" vy +vod" +vil’,
=T +ﬁ71 $,+W2y’+W32’+W4t', = T"+W1 (C”+ Wg"y"+ WgZ”+W4t”,
in which the coefficients satisfy the conditions* that ensure the
identities
763 (&' =& 24 —m P2+ (& = &)+ (g —7')?
=(@) =2 i+ (@ = P+ (2 — 22+ () - 4)3
(& =&V 4 (" =m" 4G - G+ () - )
. (lel —_ xlll)2+(.,/2” _.7/1/’)2+ (22” _zlﬂ)2 + (tz” —_ tlll)z'
which reduces the relation between the sets of variables to
7-64 z+a'=0, y=y', 7=2", t'=t,
or it is possible to find a substitution of the same form with the
same relations between the coefficients which reduces the relation
to
765 '=a, y'=vy, 1+k)2"=1-k)7 -2kt
A+t =2k +(1-k)T,

where & is some definite constant, in the latter case it is possible
also to find a substitution

766

E=X(s) + M ()2’ (s) +Xa(8)y () + Xs(5) 2" (8) + Nu(5) ¥ (s),

E'=X"(s)+N(s)a” (8)+Na(8)y" (8) + Ay (8) 27 () + Ny (8) 7 (8),
and so on, in which the twenty-four coefficients are continuous
functions of a single variable s whose values satisfy the imposed
conditions for every value of s, and which is such that for one par-
ticular value of s the variables &' (s), 2 (s), ... are the variables

g, £, ... and for another value of s these variables reduce to
a/,2”, ...; in the former case no such continuous substitution exists.

* These are the four conditions of the form

. Nttt it wi=1,
and the six comprised in

Mg+ thpbiy + ¥y V5 + T, =0, r#s.
N. 4
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If given a constant K we alter certain of the variables by writing
K+, K, Kt', Kt” for v/, 7", ¢, t” and certain of the coefficients by
writing M,/ K, /K, v,/ K for A, py,v,, and KT", KT”, Ko\, Kw,, Kw,
for TV, 7", =,, &,, w,, the formulae of substitution are unaltered,
but 7'61 becomes
& =&Y+ =P+ -8 )P+ K ()~ )

= (lel _— Elll)‘_‘ + (1’2,, —_ 171,')2 + (C2'I —_ gl’/)z + K2 ('rzll — T]”)’,
the identities 7'63 take corresponding forms, and the conditions
satisfied by the coefficients are

Nt pl v+ Kie =1,
st+ﬂrﬂx+VrV3+ngrws=0’ r#s
Supposing the transformation to be a displacement, the substitution
of w/K for k replaces 7°65 by
2=, Y=y, 1+@/K}z'={1-wK?}z- 2wt
{1+ (WK}t =2(w/K?) 2 + {1 - (w/K*)} .

It is only in its square that K now cnters the formulae, and re-
placing K by L, we find that if the identity

T67 (& &P+ — )P+ (& =&+ L(m — )

. = (Ezl/ —_ l/')2 + ("72” —_ "Illl)g + (gzll — {ll/)cz + L (72/1 — Tll/)2
is maintained throughout a continuous transformation, the trans-
formation is reducible to the form

768 a;" = w’, y” = y', {1 + ('w2/L)} Z” = {1 - (w"’/L)} ,Z' - Zwt',

(L+ (D)} £’ =2 (/L) + {1 - (w/L)) £,
by linear substitutions of the form in 7-62. This is a theorem in
pure algebra, admitting theoretically of direct verification, and we

have little hesitation in affirming that its truth is not dependent on
the sign of L, and therefore that if the identity maintained is

(vfz, - t’fll)2 + ("72' - "711)2 + (Csl - Cl,)z -C? ('7'2/ - '7'1’)2
S =B =P (G = 8 O =,
then the transformation is reducible to
769 o"=a', y'=y, {1-wC?)}2"={1+*0?}z —2ut,
{1 = (w?/C)} " =2(w/C?) 2 + {1 + (w?*/C?)} .

The connection of this analysis with the theory of relativity is
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easily seen. It is an induction from the most careful experiments
that the velocity of light has a common value C for all observers,
and it is not difficult to deduce that it is impossible to compare
distances in space.at different times. The only comparison possible
is between events, and the only measure on which different ob-
servers necessarily agree is a imncasure known as the ¢nterval between
two events. The interval is a function dependent on the relative
positions of the events in space and time, and if an absolute
framework fixed in time and space could be established the square
of the interval between two events would be the difference between
the square of their separation in space and the product by C? of the
square of their separation in time, that is to say, would have the

form
E=E)+ =)+ (L= = C (ry— )

It follows firstly that no measuring of intervals can disclose an
absolute framework, since the conditions to be sdtisfied by absolute
coordinates do not differ from those to be satisfied by relative co-
ordinates. It follows also that if two observers do not agree in the
measurement of time, the relation between their measures of time
and space is necessarily reducible to the form given in 7-69.



APPENDIX

‘1. A mathematician can construct a space as readily with
complex numbers as with real numbers. A point in a four-dimen-
sional complex space depends ultimately on eight real numbers,
but the geometry of this space differs from that of eight-dimensional
real space not only in the relative importance of problems that the
two geometries have in common but in the very definitions of dis-
tance and perpendicularity.

The fundamental distinction between real space and complex
space is that in the latter there are proper self-perpendicular
elements. The difficulty of ascribing direction to a nul line can be
overcome by the Frege-Russell method, but other problems remain:
for example, since a nul line is parallel to any space to which it is
perpendicular, the definition given in 6:3 of the distances between
a point and a space may fail. To deal adequately with complex
space would have been to change the whole scale of the booklet
and to offer it to a far more limited circle of readers. Paragraphs
‘2, '3, 4, "6 of this Appendix deal only with details in the demon-
strations of certain propositions true of complex space but proved
in the text by methods available for real space alone.

It is commonly said, in work on three-dimensional space, that a
vector has one definite measure, and that this is essentially positive
unless it is zero. But there is no doubt that the duplex vector is
a practical necessity in real three-dimensional space and a theoretical
necessity in complex space of any order. In applied mathematics
we never hesitate to treat a force whose line of action is known as
a force of amount R in a particular direction along the line; if on
calculation R proves to be negative, we say that the direction must
‘really’ be reversed, and we never dream of questioning the de-
duction on the ground that a vector with negative measure has not
even been defined. With complex numbers, there is no classifica-
tion of square roots that resembles* the grouping of square roots

* In the case of a complex number x+ iy, we can of course distinguish unless Y is
zero and z is negative between the square root whose real part is positive and the
square root whose real part is negative, but since the product of two square roots
with real part positive does not necessarily have its own real part positive, an
arbitrary distinetion of this kind is of no practical value.
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of real numbers as positive or negative; it is impossible to progress

without recognising two measures to every proper vector, and un-

less the duplex vector has been familiar in real space, the whole

vocabulary of the subject changes and one of the principal advantages

of using geometrical terms in discussing sets of numbers disappears.
‘2. See p. 18.

The conclusion
21 A +ub+vc+wd=0

can always be avoided if A, u, v, @ are not all zero,.even if the
numbers are complex. If A is not zero, we may take b, ¢, d zero
and « not zero.

‘3. See p. 18.

To establish the uniqueness of the vecline perpendicular to a
given vecspace abc without the assumption that a vecline can not
be self-perpendicular, suppose that there are two sets of numbers
N, v, w)yand (\7, u”, V', =) each of which satisfies 424 and
that the set of ratios A': u’:v": w’ is different in some respect from
the set of ratios N\”:u”:v":w"”. Then there is no real loss of
generality in supposing that A'u” — u'A” is not zero, and the pair
of equations

Bl NE+un+vE+a'r=0, NE+u 4+ V' E+w"T=0

is equivalent to the pair

‘32 E=kt+lr, n=m{+nr,
whatever the values of f, n, & 7, where
. Y =vet gt
33 k X’l‘,,l #lx'l b xl ll X’/ H
V[x// Xl 4 wlxl/ — xlm_ll

)»/ ” :/"’ X” ) n= X’ “n F‘/xﬁ '

Thus

34 fa=lkla+lra, Epo=kbp 4+, Eo=k{o +lre,

‘36 pa=mla+nta, Nb=mlp+nth, 7Nc=méc+n7c.
But by the general algebraic theorem enunciated in 42, there is
at least one effective linear relation between the three dyads
(&a, Ta), (&, ™), (Lo, Tc), that is, at least one set of numbers
(a, b, ¢) not all zero such that simultaneously

.36 aga + bch + c{c = O) aTa + b'rh + CTe = 01
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and it follows from ‘34 and ‘85 that with these values of a, ), ¢

37 afa+bfp +ckc=0, ana+byp+cne=0.
Taken together, 37 and ‘36 are equivalent to the equation
38 ea+bb+cc=0,

and this equation contradicts the hypothesis that a, b, ¢ are not
coplanar.

‘4. See p. 36.

In complex space the denominator might be zero. But if A is
not zero, the point (— «/A, 0, 0, 0) is in the space, and by hypo-
thesis at least one of the four coefficients A, w, », = is different
from zero. The point used in the text is the point in which the
space is met by the line through the origin perpendicular to it,
and there is no longer such a point available if the line is parallel
as well as perpendicular to the space.

‘6. It is no more difficult to construct a space of any finite
number n of dimensions than to build one of four dimensions; the
point is a set of numbers (§0, £2, ..., M) There are two methods
of forming subregions of space.

The limiting of R by a parametric set of equations

ExN =EN 4 a0 EM 4O EN 4 pa,BEN, =12, ..., 0,

in which (£,0, £, ..., E,™), for all values of A from 1 to &, is a
definite set of numbers and zx®, x,@, ..., 2;® take all possible
values, corresponds to the method in the text, the simplest form
of region of this kind being the line, for which % is unity. Alter-
natively R may be restricted by a set of equations

MPELD LNDEE 4N, PEM 4P =0, p=1,2, ...,q,

in which (\,®, NP, ..., A,(#) are given sets of coefficients; the
simplest restriction of this kind is by a single equation, and it is
usual to use the familiar name of plane for this subregion, which
is of n — 1 dimensions, not for the subregion which follows the line
in the parametric order.

I have broken with convention in the text, firstly to avoid
repelling the general reader by coined or formal words, and secondly
because it is the essence of Einstein’s and Minkowski’s idea that
a plane section of the space-time continuum s space in the ordinary
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sense. Had iy object been different, tampering with the accepted
vocabulary would have been unpardonable, and had I been dealing
with more dimensions than four, useless, but with any other
purpose in view, T should have been addressing myself exclusively
to mathematicians and the restriction to four dimensions would
have been absurd.

‘6. See p. 41.

The condition for the set of equations 7'23 to be satisfied by a
set of numbers &’ —&”, 5 — ", ¢ — 2", ¢ —t" not all zero, is identical
with the condition for the expression for rscos 8rg to be a product
of lincar factors. In complex space, this is not an impossible con-
dition, but it is equivalent to the assumption that the space of
four dimensions is an isotropic section of space of five dimensions,
and entails properties of which the failure of the result in which
7-23 was used is among the least bizarre.

‘7. It should be added that only the special principle of relativity
has its mathematical foundation in the elementary work which we
have been doing. The general principle of relativity that is invoked
in the discussion of gravitation requires mathematics far more
elaboratc. But the four-dimensional continuum whose properties
are. used 1s again constructed by the mathematician, and the study
of it is as free from psychological difficulty as is that of the simple
spacc which we have considered.
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