UNIVERSAL
LIBRARY

OU_154792

Advddll
TVSHIAINN






SPHERICAL TRIGONOMETRY

THEORETICAL AND PRACTICAL

EXEMPLIFIED BY
THE SOLUTION OF A LARGE NUMBER OF
SPHERICAL TRIANGLES

- ADAPTED FOR THE -USE OF STUDENTS PREPARING FOR THE
FOLEOWING EXAMINATIONS
B.A,"EONDON ; LIEUTENANT, R.N.;
ROYAL :MILITARY ACADEMY, INTERMEDIATE;
DEPARTMENT OF SCIENCE AND ART.
MATHEMATICS, FOURTH STAGE

BY

W. W. LANE, BA.

NAVAL INSTRUCTOR R.N., H.M.8. “BRITANNIA"

Lonvon
MACMILLAN AND CO. Lnarep

NEW YORK: THE MACMILLAN COMPANY
1902

All rights reserved



First Edition, 1898
Second Edition, 1902



PREFACE

THE following treatise contains demonstrations and practical
illustrations of the most important rules used in the solution of
Spherical Triangles.

The principles of Solid Geometry, on which the proposﬂsxons
of Spherical Geometry and Trigonometry depend, are so few in
number and so simple that a student who is unacquainted with the
eleventh book of Euclid may easily convince himself of their truth
by the aid of models. These need not be specially made, they are
present everywhere about us: the sides and bottom of a box, an
open book, the corner of a box, for example, will respectively
illustrate planes perpendicular to a plane, angles between two
planes, solid angles contained by three plane angles, and so on.
Illustrative models may also be readlly made by folding a sheet
of paper.

These principles being understood the propositions of Spherical
Geometry are then proved as far as possible directly from them.

Each proposition is demonstrated separately and illustrated
where necessary by its own figure.

In Chapter vi. four geometrical proofs will be found, three of
which it is believed appear for the first time. These are, however,
only verifications for particular cases, but they could be easily
extended by using the figure of § 29.

The rule of sines has been dealt with exhaustively with a view
to making the explanations quite clear. ‘

For the practical solution of spherical triangles no simpler or
more concise rules can probably be given than those demonstrated
in Chapter vii. and practically illustrated in Chapter xi. They
involve, however, the nuse of the L. haversine and tabular versed
sine tables. These are unfortunately not included in the tables
allowed to be used at examinations conducted by the Civil Service
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Commissioners, and accordingly other rules have been established,
and the student will find that he has ample choice.

Entirely new and very numerous figures have been psovxded
with the view of getting the eye to help the reasoning. Those
- which illustrate properties of circles of the sphere and of spherical

triangles have been drawn in perspective. For the more practical
work, however, stereographic projection has been made use of, as
by this means a simplification results from the fact that great
circles passing through the observer’s eye are projected into
straight linés passing through the centre of projection, and all
other great circles appear as circles intersecting at the same angles
as they actually do on the sphere.

Students are recommended to solve the spherical triangles
approximately at first, taking the tabular log ratios given in the
tables they are accustomed to. This they should continue to do
until they are perfectly familiar with the method of the rules.
Proportioning to seconds is tedious and quite unnecessary for
ordinary work.

To Mr. J. Humphrey Spanton, Drawing Instructor to the

- Cadets of H.M.S. Britannia, the author would express his hearty
thanks for kind assistance with the figures, and to the Rev. J. C. P.
Aldous, M.A., Chief Instructor of H.M.S. Britannia, he is greatly
obliged for much helpful advice.

He would also express his general indebtedness for ideas to the
works of Robertson, Cape, Snowball, Todhunter, M‘Clelland and
Preston, Serret, Lacroix, Lefébure de Fourcy, and de Comberousse.
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SPHERICAL TRIGONOMETRY

CHAPTER I
GEOMETRICAL RELATIONS BETWEEN CIRCLES OF THE SPHERE

1. Definition.—A. sphere is a solid bounded by one surface, every
point of which is equally distant from a certain fixed point within
the solid called the centre of the sphere.

§ Def.—A radius of a sphere is a straight line drawn from the
centre to any point in the surface.

Def—A diameter of a sphere is a straight line drawn through
the centre, terminated both ways by the surface.

Def.—A straight line is perpendicular to a plane when it
makes right angles with all straight lines drawn to meet it in that
plzme (Euclid xi. def. 3).

2. Any section of a sphere by a plane is a cirdle.

Let ABC be a section of a sphere made by a plane. From O,
the centre of the sphere, draw OD per-
pendicular to theplane.

In the boundary of the section take
any points A, B.

Join OA, OB, DA, DB.

Since OD is perpendicular to the
plane, therefore ODA, ODB are right
angles.

Hence the squares on OD, DA are
equal to the square on OA, also the squares
on OD, DB are equal to the square on OB,

.But the square on OA is equal to the square on OB

Therefore the squares on OD, DA equal the squares on OD, DB.

Take away the common square on OD,
and the remainder, the square on D4, is equal to the remainder,
the square on DB.

And therefore the straight line DA is equal to the straight line
DB. ’
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But A and B are any points in the boundary ABC.
Therefore all points in the boundary ABC are equally distant
* from the point D.

Therefore ABC is a circle, and D is its centre.

3. Def.—A great circle is a section of a sphere made by a
plane passing through the centre of the sphere.

Def.—A small circle is a section of a sphere made by a plane
which does not pass through the centre of the sphere.

Def—The axis of any circle of a sphere is that diameter of
the sphere which is perpendicular to the plane of the circle.

Def.—The poles of a circle of a sphere are the extremities of
its axis.

o 4. A pole of a circle is equidistunt from every point in the circum-
Serence of the circle. :
Let ABC be a circle of the sphere.
From O the centre of the sphere draw O perpendicular to the
- plane of the circle, meeting it at D its
centre (§ 2).

Produce OD to meet the surface of
the sphere at P, P".

Then POP’ is axis of the circle ABC;
P and P’ are its poles. '

In the circumference of the circle
ABC take any points A, B.

Join PA, PB, DA, DB.

Then because AD equals DB (§ 2),
and DP is common,
also the angle PDA equals the angle PDB, each being a right
angle.

g’l‘het'efore PA equals PB (Euclid i. 4).

And all great circles of the same sphere are equal, since they
have the radius of the sphere for their radii. :

Therefore the arc PA equals the arc PB (Euclid iii. 28).

Also since OA equals OB and OP is common,
and AP and BP are equal,
therefore the angle POA equals the angle POB (Euclid i. 8).

But A and B are any points on the circumference of the circle
ABC.

Therefore what we have proved for these fwo points must be
true for all such points.

Hence a pole of a circle is equally distant from every point in
the circumference of the circle whether we measure the distance by
the length of a straight line joining the pole with the point, or by
the arc of a great circle joining them, or by the angle which such
an arc subtends at the centre of the sphere.
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5. Def.—The inclination of a plane to a plane is the angle
contained by two straight lines drawn from amny
the same point of their common section at right
angles to it, one in one plane and the other in the
other plane.

From points E, H, in AB the common section
of the planes AC, AD, straight lines EG, HL are
drawn in the plane AC perpendicular to AB, and
also EF, HK perpendicular to AB in the plane
AD. Then GEF, LHK are each of them the inclination of the
planes AC, AD.

6. Secondaries.—Great circles which pass through the poles of
a circle of the sphere are called secondaries to that circle.

Thus PEBP’ is a secondary to the small circle ABC, and to the
great circle DEF.

7. Through three points not in the same straight line only one
plane can be drawn, but through three points which are in the
same straight line an infinite number of planes can be drawn
(Euclid xi. 2).

8. Through two points on the surface of a sphere only ome great circle
can be drawn except when those points are the extremities of the
same diameter of the sphere, and then the number of great circles
which can be drawn through them is infinite.

Let A, B be two points on the surface of a sphere, not at
extremities of the same diameter. ,

Take O, the centre of the sphere.

Join OA, OB, AB.

These three straight lines which meet one another lie in one
plane (Euclid xi. 2), which passes through O the centre of the



4 . SPHERICAL TRIGONOMETRY CHAP.

sphere and cuts the surface of the sphere in the circumference of
one great circle passing through A and B.

But when the points A, B are extremities of the same diameter,
then A, B, and O, the centre of the sphere, are in the same

straight line, and therefore the number of planes through AOB is
infinite.

And these planes will cut the sphere in an infinite number of
great circles ACB, ADB . . . through A and B.

9. Note.—This proposition is of importance in Navigation, for it
shows us that there can be only one great circle track between two
places on the surface of the earth.

It is further of importance to note that this great circle arc is
the shortest distance on the earth’s
surface between the two points. This
may be made clear from a considera-
tion of the figure.

A and B are two points joined by
the straight line AB.

Bisect AB at right angles by DE.
®  Then the centres of all circles
passing through A, B will lie on DE.

As the centre moves along DE
to C, C, C", . .. the radius CB,
C'B, "B . . . continually increases,
and the curvature of the arcs AFB,

AF'B, AF'B . . . continually decreases, till when the centre is at
an infinite distance from D along DE the curve becomes the straight
line AB or absolutely the shortest distance.

Hence since no greater radius can be taken for a ¢ircle of
the sphere than the radius of the sphere, it follows that the great
circle arc is the arc of least curvature, and hence the distance is
least if measured along the arc of the great -circle joining the
points.
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10. Two great circles bisect one another at their points of inter-

section..

Let ACB, ADB be two great circles intersecting at A and B.
Then since ACB, ADB are great circles, their planes pass through
O the centre of the sphere.

But their planes also pass through
the points A and B.

Consequently the three points A,
O, B are in the straight line which is {
the common section of their planes, and
this straight line is a diameter of the
sphere, and a common diameter of the
great circles ACB, ADB.

Hence ACB, ADB are semicircles.

Note.—This proposition may be otherwise stated as follows :

Two circles of the sphere cannot bisect one another unless their
planes pass through the centre of the sphere (i.c. unless they are
great circles). It is then the analogue of Euclid iii. 4 and may be
proved by the aid of § 2, which is the analogue of Euclid iii. 3.

11. Def.—A solid angle is that which is made by more than
two plane angles which are not in the same plane, meeting at one
point.

The following case of w solid angle contained by three plane angles
A0B, A0C, BOC deserves great attention,
as it often occurs in. propositions of sphericul
geometiy.

If tavo of the angles AOB, AOC are
right angles we have at once the following
results :

(1) AO is perpendicular to the plane
BOC (Euclid xi. 4).

' (2) All planes through AO, e.g. the
planes AOB, AQC, are perpendicular to the plane BOC (Euclid xi. 18).

(3) Since OA is the common section of the planes AOB, AOC,
therefore BOC is the inclination of these planes (Euclid xi.
def. 5).

SPHERICAL ANGLE
12. Def.—A spherical angle is the inclination of two arcs of
great circles at their point of intersection on the surface of a sphere,
Rectilineal Equivalents of a Spherical Angle

A spherical angle is equal to, the following rectilineal angles:
(1) The, inclination of the tangents to the arcs at their point of
intersection. :
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In the figure, if AD, AE are respectively tangents to the arcs
AB, AC, the rectilineal angle DAE is equal to the spherical angle
BAC.

(2) The angle between the planes of the great circles which form the
spherical angle. ,

In the figure, DAE is the angle between the planes AOB, AOC
and at the same time it is equal to the spherical angle BAC.

13. Let BAC be a spherical angle.

Take O the centre of the sphere and
join OA, OB, OC.

Draw tangents AD, AE to the arcs
AB, AC respectively.

Then DAE equals the spherical angle
BAC.

And because AD, AE are tangents to
AB, AC respectively,
and OA is drawn from their common
centre to the point of contact A,
therefore OAD, OAE are right angles.

But OA is the common section of the planes AOB, AOC.

Therefore DAE is the angle between these planes (§ 5).

That is the spherical angle BAC is equal to the angle between
the two planes of the great circles AB and AC.

Measures of a Spherical Angle

14. (1) A4 spherical angle is measwred by the arc of a greut circle,
" which the containing arcs intercept on the great civcle to which
they are secondaries.
Let BAC be a spherical a.ngle, - On AB, AC, produced if necessary,
" take AD, AE quadrants. &7~
Take O the centre of the “sphere,
join OA, OD, OE.
"~ Because AD, AE are quadrants and
O is their common centre, therefore
AOD, AOE are right angles.
“But AO is the common section of o 0
the planes AOD, AOE,
therefore the angle DOE is the angle
between these planes (§ 5). )
But the spherical angle DAE is also
the angle between these planes (§ 13).
Therefore DOE is equal to the spherical angle DAE,
but O is the centre of DE.
Therefore the arc DE measures the angle DOE,
hence also the arc DE measures the spherical angle BAC.
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15. (2) A4 sphericul angle is also measured by the are of a great circle
Joining the poles of the great circles which contain the spherical angle.

Let BAC be a spherical angle.

Let P be pole of AB and P’ pole of
AC.

Join P, P’ by an arc of a great circle
and produce it to meet AB and AC pro-
duced if necessaryat D and K respectively.

Take O the centre of the sphere.

Join OA, OD, OE, OP, OP".

Then because P is pole of AB, OP is
axis of AB,
and therefore POA, POD, are right angles.

And because P’ is pole of AC, O1” is axis of AC,
and therefore P"OA, P’OE are right angles.

Hencd OA is perpendicular to OP, O at their point of inter-
section O,
and therefore makes right angles with OI), OE which mecet it in the
plane POP’ (Euclid xi. 4).

But OA is the common section of the planes AOD, AOE,
therefore DOE is the angle hetween these planes, and conse-
quently equals the spherical angle BAC (§ 13).

Now POD equals P’OE, each being a right angle.

Take away the common angle POE from each of these equals,
and we have POP’ equals DOE.

But the arc PP’ measures POP’, since O is centre of PP,
therefore also the arc PP’ measures the spherical angle BAC.

16. Note—Measure. The relations between magnitudes of the
same kind are numerical only. Hence the relation between a magni-
tude to be measured and a unit, which must be an invariable magni-
tude of the same kind, must be numerical only. In this sense the
measure of a quantity is the number of times a unit is contained in
it, and this measure will obviously be a puré number.

But when we say that an arc measures an angle the meaning is
quite different.

One variable quantity is said to measure another of a different kind
if it increases or diminishes indefinitely in the same proportion with it.

Thus if a line OB revolve about one extremity O from. the
initial position OA, the line generates an angle AOB whilst the
point B. generates the arc AB: and as the angle increases con-
tinuously so also does the arc in the same proportion. The are
~ AB is then said to be a measure of the angle AOB.

It is in this sense that the spherical angle BAC is measured by
arc BC intercepted by AB. AC on the great circle to which AB,
are secondaries.



8 SPHERICAL TRIGONOMETRY CHAP.

PROPERTIES OF THE POLE OF A CIRCLE

17. The arc of a great circle 7ommg the pole of a great circle to any
point in its circumference is @& quadrant and is at right angles to
that circle.

Let P be a pole of the great circle ABC.

Then PA, PB are quadrants and are at right angles to ABC.
Take O the centre of the sphere.
Join OA, OB, OP.

Then because P is pole of ABC, OP
is axis of ABC.

Therefore POA, POB are right
angles.

But O is the common centre of the
ares PA, PB.

Therefore PA, PB are quadrants.

Again, because OP is perpendicular
to the plane AOB, all planes through

OP, e.g. the planes POA, POB, will be perpendicular to the third

plane AOB (§ 11).

Hence the arcs PA, PB will be perpendicular to the arc ABC.

[¢]

18. If the ares of great cirveles joining a point on the surface of a
sphere with two other points on the surface of the spheve, which
are not ab opposite extremities of the same diameter, be each of
them quadrants, then the first point is a pole of the great circle
through the other two points.

Let A and B be two points on the surface of a sphere, not at

extremities of the same diameter.

Let P be a third point such that PA, PB are quadrants.

Then P shall be pole of the great circle AB.
From O the centre of the sphere draw OA, OB, OP.
- Then because PA,PB are gnadrants,and O is their common centre
therefore POA, POB are right angles.
Hence OP is axis of AB, and P is a pole of AB (§ 3).
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19. If two great circles cut at right .angles, each passes through the
pole of the other.

Let the great circles AB, AC make BAC a right angle.

On AB, AC produced if necegssary take AP, AD quadrants.

Take O the centre of the spfiere, and join OA, OD, OP.

Then because AP, AD are quadrants, and O is their common
centre,
therefore POA, DOA are right angles,
but OA is the common section of the
two planes POA, AOD,
therefore POD is the inclination of
these planes (§ 5), and consequently
equals the spherical angle PAD (§ 13),
which by hypothesis is a right angle.

Now because POA, POD are right
angles, PO is axis of AD, and P is a
pole of AD (§ 3).

Similarly, because DOA, DOP are right angles, DO is axis of
AB, and D is a pole of AB (§ 3).

P

20. If two planes which cut one another be each of them
perpendicular to a third plane, their common section will be also
perpendicular to the third plane (Euclid xi. 19).

21. If from a point on the surface of a sphere there can be drawn two
ares of great circles not parts of the same great circle, the planes
of which are at vight angles to the plane of a given circle, that
point is « pole of the circle.

For since the planes of the great circles PA, PB are at right

angles to the plane of AB, their line of intersection PCO is at
right angles to the plane ACB.

And at the same time CP passes through O the centre of the

sphere,
therefore PCO is axis of AB and P is a pole of AB.
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22. To compare the arc of a small circle with the are of a great
circle intercepted between two great circles which pass through the
common pole of both the circles.

Let P be a pole of the small circle AB and of the great circle DE.

Draw the secondaries PAD, PBE.

Take O the centre of the sphere and join OP, cutting the plane
of the small circle in C its centre (§ 2).

Join CA, CB, OD, OE, OB.

Then PCO is axis of AB and of DE,
therefore PCA, PCB, POD, POE are .
right angles.

But PCO is the common section of
~ the planes POD, POE,

therefore ACB and DOE are each of
them the inclination of these planes (§ 5),
that is ACB equals DOE.

Hence the circular measure of ACB
equals the circular measure of DOE,

ie, rcAB_aroDE
BC OE ’
arc AB_BC _BC
arc DE~ OE~ OB
Note.—In Navigation the formule of Parallel sailing and of Mid.
lat. sailing are derived from this proposition.

= sin BOC = cos BOE = cos BE.



CHAPTER II
SPHERICAL TRIANGLES

23. Spherical Triangle.—If the angular point of a solid angle
contained by three plane angles be made the centre of a sphere, the
plane faces will cut the surface of the sphere in threc arcs of great
circles. These arcs by their intersection form a figure which is
called a Spherical Triangle.

24. Suppose a solid angle contained by three planc angles,
AOB, AOC, BOC to have its angular point O at
the centre of a sphere.

Then the planes AOB, AOC, BOC will cut
out on the surface of the sphere three arcs of
great circles, AB, AC, BC forming a spherical
triangle ABC.

The arcs AB, AC, BC are called sides of the
spherical triangle.

The angles formed hy these arcs at the points where they meet,
namely BAC, ABC, ACB, arc called the angles of the spherical
triangle.

The ‘angles are denoted by A, B, C, and the sides respectively
opposite these angles by a, b, c.

25. Since the sides AB, AC, BC are arcs of great circles, there-
fore O, the centre of the sphere, is their common centre, and con-
sequently the ares AB, AC, BC respectively measure the angles
AOB, AOC, BOC, that is the angles of the plane faces.

26. The angles of the spherical triangle are the same as the
angles af which the plane faces are inclined (§ 13). Thus the
spherical angle BAC is the angle between the two planes AOB,
AOC, the angle ABC is the angle between the two planes AOB,
BOC, and the angle ACB is the angle between the two planes
AOC, BOC (§ 13).



12 SPHERICAL TRIGONOMETRY CHAP. II

Limits for Angles and Sides of a Spherical Triangle

27. Since Euclid takes two right angles as the limit of a plane
angle, this must also be the limit for any angle of a plane face of a
solid angle.

Hence in a spherical triangle no side can be as great as a semicircle
(that is, in sexagesimal measure, 180°).

28. An angle of a spherical triangle must be less than two right
angles.
For, if possible, let ADECB be a spherical triangle having the
angle ABC greater than two right angles.

A

Produce one of the containing sides CB to meet the third side
at D. :

Then CED is a semicircle, and therefore CEDA is greater than
a semicircle, which is impossible.



CHAPTER III

GEOMETRICAL RELATIONS BETWEEN THE SIDES AND ANGLES
OF SPHERICAL TRIANGLES

29. Polar Triangles.—Since all great circles bisect each otner,
it will follow that three great circles by their intersection will
divide the surface of the sphere into four pairs of equal triangles.

Thus in the figure since ACA’, CA’C’ are semicircles they are

equal.

Take from each the common arc A’C, and we have

AC=AC.
Similarly AB=AB
and BC=DBTC.
Hence the triangle ABC is equal to the triangle A’B'C".
Similarly ,, A’BC » » ABC,
" ” A/B’C ” ” ABC,,
ABC ” ” A’BC.

” ”

30. Every great circle has two poles, and the three great circles.
which join the six poles of three great circles intersect and form
four pairs of equal triangles. Kach one of these triangles is
connected with some one of the former group of triangles by the
relation that the sides and angles of the one are respectively
supplements of the angles and sides of the other.

Such pairs of triangles are hence often called Supplemental

Triangles.
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31. Def.—Polar Triangle. Let ABC be a spherlcal triangle,
and let A, B', C" be-those poles of the arcs BC, AC, AB respec-
tively which lie on the same sides of those arcs as the opposite

angles A, B, C; then the triangle A’B'C’ is said to be the Polar
Triangle of the triangle ABC. And the triangle ABC is called the
Primitive Triangle with respect to the triangle A’B'C.

32. If two points, one of which is pole of a great circle, be on
the same side of that circle, the arc of a great circle which joins
them is less than a quadrant, and conversely if the arc of a great
circle joining two points, one of which is pole of a great clrcle, be
less than a quadrant, the two points.
are on the same side of that circle.

Let A, A’ be two points on the
same side of the great circle BDC, and
let A’ be pole of BDC.

Then AA’ shall be less than a quad-
® rant.

- For draw the secondary A’AD
through A, then A’D is a quadrant,
and therefore A’A is less than a quad-
rant.

Also if A’A be less than a quadrant and A’ pole of BDC,
then A'D is a quadrant; hence A and A’ are on the same side of
BDC.

33. Some propositions with rather complicated figures become
clearer by projecting them on the plane of one of the great circles
involved. For the pole of the circle on whose plane the figure is
described becomes the centre of that circle, and all secondaries to it
appear as straight lines through this centre.

Ezample. The polar triangle of a given spherical triangle may
be conveniently described on the plane of one of the sides of the
prlmmve triangle.

Let the figure be described on the plane of BC, one of the
sides of the triangle ABC.
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Let A’, B/, C’ be those poles of the arcs BC, AC, AB respectively
which lie on the same sides of those arcs as the opposite angles A, B, C.

Cc (]

Then A’B'C’ is a projection of the. polar triangle to ABC on
the plane of BC.

A’ will appear as the centre of BC, and the projections of the
ares A'B’, A’C’ will be straight lines.

34. If one triangle be the polar triangle of another, the latter will be
the polar triangle of the former.

Let ABC be a spherical triangle, and A’B'C’ its polar triangle.

Then ABC will be also polar triangle to A'B'C.

First to show that A is one of the poles of B'C'.

Join AB’;, AC’ by ares of great circles.

Then because B’ is a pole of AC, therefore B'A is a quadrant,
and because C’ is a pole of AB, there- .

fore C'A is a quadrant (§ 17).
Also B, C’' are not at extremities
of the same diameter of the sphere \

since B'C' is a side of a spherical
triangle.

Therefore A is one of the poles
of B'C’ (§ 18).

Secondly, to show that A is that ‘
pole of B'C’ which lies on the same side B
of it as the opposite angle A".

Join AA’ by an arc of a great circle ¢

and produce both ways to meet BC at E and B'C” at D.
Since A’ is a pole of BC, therefore A'E is a quadrant,
but A and A’ lie on the same side of BC,
therefore AA’ is less than a quadrant (§ 32);
but we have just proved that A is a pole of B'C),
hence- AD is a quadrant, and AA’ being less than a quadrant it
follows that A and A’ are on the same side of BC' (§ 32).
Similarly B is a pole of A’C’ and on the same side of it as B,
also C is a pole of A’B’ and on the same side of it as C’;
hence ABC is polar triangle to A'B'C’. |
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35. The sides and angles of the polar triangle are respectively supple-
ments of the angles and sides of the primitive triangle.
Let a, 3, ¢, A, B, C represent the sides and angles
respectively of the primitive triangle
L ABC, all expressed in sexagesimal
measure.

Also let «', ¥ ¢, A’, B, C’ represent
the sides and angles respectively of the
polar triangle A'B'C’, all expressed in sexa-
gesimal measure. )

Now let the sides AB, AC of the
primitive triangle cut the side B'C’ of
the polar triangle produced if necessary
at D, E.

Then because B’ is a pole of AC, B’E is a quadrant.
And because C’ is a pole of AB, C'D is a quadrant.
Therefore B'E + C'D=two quadrants=180° (in sexagesimal

measure),
but also BE +CD=BC +ED,
therefore BC + ED=180".

But B'C’ is denoted by «’,
and ED measures A, since A is a pole of DE (§ 14).

Therefore a« + A=180"

Now this has been proved by considering A’B'C’ to be the polar
triangle of ABC.

Hence since ABC is polar triangle of A’'B'C’ a similar pro-
position must be true in this case.

Namely «+A'=180°
Similarly V¥ +B=180"=0+B),
and ¢+C=180"=c+C.

36. Note.—From these properties the polar triangle and its
primitive triangle are sometimes called supplemental triangles.
Also it is clear that when any formula has been proved involving sides
and angles of a spherical triangle, another formula, which will also
be true, may be deduced by writing the supplement of the corresponding
angle where a side ocours, and the supplement of the corrvesponding side
where an angle occurs.

37. Any two sides of « spherical triangle are together greater than
the third side.

. For any two of the three plane angles which form a solid angle
are together greater than the third (Euclid xi. 20), for example,
AOB + BOC>AOC.

Expressing this in circular measure, R being radius of the sphere,
we get '
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AB . BC_AC
R"R7R’
ie AB+BC>AC.
Similarly AB+ AC>BC,
BC+AC>AB. |
Note.—From this proposition it is evident that any
side of « spherical triangle is greater than the difference
of the other two.

For AB+ AC>BC) . AB>BC-AC) ., . )
AB+BC>AC (" AB>AC-BC )’ "* AB>BC~ AC.

(-]

38. The sumn of the three sides of u spherical triangle is less than the
circumference of a great circle of the sphere.
For the sum of the three plane angles which form a solid angle
is less than four right angles (Euclid xi. 21).
Therefore AOB + BOC + AOC < four right angles.
Expressing this in circular measure, R heing radius
of the sphere, we get
AB . BC . AC
R R"R
i.e. AB+BC +AC<2r x R,
i.e. the sum of the three sides is less than the circum-
ference of a great circle of the sphere.
Note.—If the sides are expressed in sexagesimal wmeasure, we have
the sum of the three sides of « sphervical triangle must be less than
360°.

<2,

39. The three angles of u sphevical triangle are together greater than
two right angles, but less than siz right angles.
Let A, B, C be the angles of a spherical triangle,
«, U, ¢ be the sides of the polar triangle, all expressed in
circular measure.
Let R he the radins of the sphere,

then BC + A'C’+ A’'B'<2xR (§ 38),
B/C/._ A/C/ /B/ .
therefore R ARt -‘R—<.41r,
i.e W+ U+ <2r (1),

but we have proved that
@ +A+V+B+d+C=3r(§ 35) (2),

therefore A+B+C>m,
but since A, B, C are each <,
therefore A+B+C<3m.

Note.— Eapressing these resulls in_sexagesimal measure the sum of
the three angles of « spherical triangle is greater than 180° but less
than 540°.
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40 The angles at the base of an isosceles spherical triangle are equal
to one another.

Let ABC be a spherical triangle having the side AB equal to
the side AC.

Then shall the angle ABC be equal to the angle ACB,
- First,"when AB, AC are less than quadrants.
Take O, the centre of the sphere,and join OA, OB, OC.

Draw BP a tangent to AB, then OBP is a right
angle,
but BOA is less than a right angle, since BA is less
than a quadrant.

Therefore BP produced will meet OA produced
at P.

. Join PC.

Then because the arc AB equals the arc AC and
O is their common centre, -
“therefore the - ‘angle AOB equals the angle AOC

(Euchd iii. 27).
Also OB equals OC for they are radii of the sphere,
and OP is common.
Therefore PC equals PB and PCO=PBO (Euclid i. 4).
. But PBO is a right angle (Fuclid iii. 18).
Therefore PCO is a rmht angle and PC is a tangent to the arc
AC (Euclid iii. 16). .
> Join BC and draw the tangents BT, CT to the arc BC.
These will méet at the point T, and BT =CT.
For OBT equals OCT, each bemg a right angle (Euclid iii. 18),
and OBC equals OCB, since OB equals OC (Euclid i. 5).
Therefore BCT and CBT are equal and less tha.n right angles.
Hence BT, CT meet and are equal. :
-Join PT. ‘
Then because PB equals PC and BT equals CTand PT is common,
therefore the angle PCT equals the angle P]%T (Euclid i. 8),
i.e. the spherical angles ABC and ACB are equal.
Secondly. When AB, AC are quadrants this construction fails,
but then A is pole of BC.
A

-~

X
8
And therefore ABC, ACB are right angles and consequently
equal (§ 17).
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Thirdly. When AB, AC are greater than quadrants, the con-
struction also fails.
A

O

A’
In this case produce AB, AC to mcet again at A’
. Then ABA’, ACA’ are semicircles (§ 10),
and therefore A’B, A’C are equal and less than quadrants.
Hence by the first case A'BC, A’CB are equal. '
And consequently their supplements ABC, ACB are equal.

41. If a spherical triangle has two equal angles, the sides opposite
those angles will be equal.
Let ABC be a spherical triangle, A'B'C’ its polar triangle, using
the ordinary notation to denote sides and angles. ,
Let B=C.
Then we have, by § 35,
B+ =180°=C+¢.

Therefore b=y,
Consequently, by § 40, '

’ B'=C,

but B +0=180"=C"+¢ (by § 35).
Therefore b=c.

42. If one angle of a spherical triangle be greater than another, the
side opposile the greater angle is greater than the side opposite the
less angle.

Let ABC be a spherical triangle having the angle BAC greater

than the angle ABD,
then the side BC shall: be greater than the side AC.

At the point A in the arc AB, make the A
spherical angle BAD equal to ABD.
Then BD equals AD (§ 41),

therefore BD + DC = AD + DC.

But AD + DC is greater than AC (§ 37).

Therefore also BD + DC (i.e. BC) is greater ©

than AC.
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43. If one side of a spherical triangle be greater than another, the
angle opposite the greater side is greater than the angle opposite
the less side.

Let ABC be a spherical triangle having the side BC greater than

the side AC.

Then the angle BAC shall be greater
than the angle ABC.

For if BAC be not greater than ABC,
BAC must be either equal to or less than
ABC.

If BAC were equal to ABC, BC would

A be equal to AC, which is not the case.
Neither is BAC less than ABC, for then

BC would be less than AC (§ 42), which is not so.

Therefore BAC is greater than ABC.

Note.—This proposition may also be established by the aid of
the polar triangle.

Using the ordinary notation to denote sides and angles, suppose
a>b to show that A is greater than B.

(o]

We have a>b,

also e+ A'=180"=0+ B (§ 35),

therefore A'<B.
Consequently o<l (§ 42),

but o +A=180"=0+B (§ 35).
Consequently A>B.

44. If one side AB of « spherical triangle ABC be produced, the
exterior angle CBD is equal fo, less or greater tham the
interior opposite angle BAC adjacent to that side according as
the sum of the other two sides is equal to, greater or less
than a semicircumference.

Produce AC, AB to meet again at D.

Then ACD = ABD = semicircumference (§ 10).

A

B8 D

Now if AC + CB = semicircumference AC + CD,
then CB=CD,
and .*. CBD = CDB =BAC (§ 40).
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If AC + CB > semicircumference AC + CD,
then CB>CD,
and .. CBD < CDB, i.e. <BAC (§ 43).

If AC + CB < semicircumference AC + CD,
then CB<=CD,
and .-. CBD > CDB, i.e. > BAC (§ 43).

45. The following proposition is especially useful in considering
the ambiguous case of the rule of sines. It is also interesting as
being the analogue of Euclid iii. 7.

Prop.—If « point be taken in a secondary to a great circle which is
not its pole, _

(1) Of all the arcs of great circles which can be drawn from this
point to the circumference of the civcle the greafest is that which passes
through the pole,

(2) and the remaining part of the semicircwmference is the least arc.

(3) Of others that which is newrer to the arc passing through the pole
is always greater than one more remote.

(4) And from this point to the circumference of the circle there can
always be drawn two arcs which are equal to one another, and only two,
one on each side of the secondary.

(5) From this point there can be in general drawn to the circumference
on the same side of the secondary, two arcs which will cut the circumference
at equal angles, and these arcs will together equal « semicircumference.

(6) Should the arc thus drawn be @ quadrant the other arc becomes
cotncident with it, and the quadrant thus drawn makes the least angle any
arc can make with the circumference.

Let P be pole of the great circle BCE and A a point in the
secondary EPB, and let AC be an arc s
nearer the pole than AD (Fig. 1).

Join PC, PD the latter cutting AC
at F.

(1) Then PC=PB, each being a
quadrant,
PA is common,
.. PA+PC=PA +PB, ie.=AB,
but PA +PC two sides of APC are
greater than AC,
.. AB is greater than AC any other arc,
and hence AB is greatest of all.
(2) PA + AD twosidesof PAD>PD (Fig. 1),
but PE=PD, each being a quadrant.
: PA + AD>PE, ie.>PA + AE.
Take away the common part PA,
then AD > AE. :
Hence AE <than any other arc AD and is therefore least of all.
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(3)
AF + FC

AF +FD>AD (Fig. 1).
FC+FP>PC, .

+FP +FD=> AD + PC,
AC+PD=>AD +PC.

But PD =PC, each being a quadrant,

(4) Take EG

Fig. 2.

(5) Draw any arc AG (Fig. 3)..

Take ED =EG,

Produce DA to meet the clrcumfer

ence at H.
‘Then as in (4),
AD=
AGE=

and since DAH is a semicir cumference,

.GA+AH=DA
fexence,

and AHG =ADE=

(6) Draw AD a quadrant (Fig. 4).

AC=AD.
ED, join AG (Fig. 2),
: then ED =EG, EA is common,
and DEA= DFG each being a right
angle,
. AG=AD.
And besides AG no arc can be drawn
to the circutference equal to AD.
For if possible let
i AH=AD
then AH also=AG,
i.e. an arc nearer to the one through
the pole equal to one more remote,
which is impossible.

join AD.

AG,
ADE,

+ AH = semicircum-

AGE (§ 44).

Flg 4,

Dra.w also AH nearer the arc through the pole and, AG more
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then AG + AD <semicircumference,
therefore AGE > ADE (§ 44).

Also AD + AH> semlcn'cumference
therefore ADE < AHE (§ 44).

Hence ADE is the least angle which any arc drawn from A can
make with the circumference.

46. Consideration of the construction of a spherical -triangle, when
of two sides and the angles opposite them any three are given.

Case L. Given o, b, A.

First, suppose A to be acute and b less than a quadrant.

Project the figure on the plane of the side c.

Through P the pole draw the secondary DCPD’ meeting the side
¢at D.

Produce AC, AD to meet at A’.

On AD produced take DE = DA.

Join EC, and produce EC to meet EA
produced at E

Then CE = OA b,
ACA’ = semicircle = 180°,
CA’'=180° .

" If a be greater than CA’, there can
be no triangle (§ 27).

If o lie between CE and CA’, there
can be only one triangle (§ 45), and B
will be of like affection with b.

If o lie between CE and CD, there
will be:a corresponding value of a between AC and CD and there will
therefore be two triangles, and the two values of B will be supplemental.

If a be less than CD, there can be no triangle.

Hence it is clear that if a triangle be possible there will be
only one triangle if o lie between b and 180° - ),
but two triangles if « does not lie between b and 180° - b.

Note—When A is obtuse and b less than a quadrant use the
part of the figure CAD'A’.

When A is acute and b greater tha,n a quadmnt 1nterchange the
letters A and A’, then CA=5, CA’=180" - b, CE=180" - b.

When A is obtuse and b greater than a quadrant use the upper
part of the figure after interchange of the letters A and A’

These cases may be left for the consideration of the student.

Case II. Given A, B, b.

First, suppose A to be acute and b to be less than a quad-
rant.

Project the figure on the plane of the side ¢. ‘

Through P the pole draw the secondary DCPD meetlng the
side ¢ at D.
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Produce AC, AD to meet at A’
On AD produced take DE = DA.

o Join EC, and produce it to meet
EA produced at E'.
L Then CA'D=CED =CAD = A,
and CAD’ =180" - A.

- Draw the quadrant CG meeting
AD produced at D.
If B be greater than CAD’, there
can be no triangle.
e If B lie between CED and CAD’,
there can be only one triangle, and a
will be of like affection with A.

If B lie between CA’D and CGD,
there will be a corresponding value of B between CGD and CED,
and there will therefore be fwo triangles, and the fwo values of ¢ will
be supplemental (§ 45 (5)).

If B be less than CGD, there can be no triangle.

Hence it is clear that if a triangle be possible there will be
only one triangle, if B lic between A and 180° — A,
but two triangles, if B does not lie hetween A and 180" — A.

Note—When A is obtuse and b less than a quadrant, use the
part of the figure CAD'A".

When A is acute and b greater than a quadrant, interchange the
letters A and A’; then

CAD'=180° - A,CED’ = 180" - A, CAD = A.

When A is obtuse and & greater than a quadrant, use the
upper part of the figure after interchange of the letters A and A’

These cases may be left for the consideration of the student.

47. In a right-angled sphervical triangle the angles adjacent fo the
hypotenuse are of like affection with the opposite sides.

Let ABC be a right-angled triangle right angled at B.

On BC produced if necessary take BP a quadrant and join
PA. P

Then P is pole of AB (§ 19), c c
and therefore PAB is a right angle.

Also it is clear that CAB is greater or
less than a right angle according as CB is
greater or less than a quadrant. 8

Similarly for the angle ACB and the
side AB :
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48. In « quadrantal triangle the angles adjacent to the quadrant are

_ of like affection with the opposite sides.

Let ABC be a quadrantal triangle, AB being the 8
quadrant.

At the point A in the arc BA make BAD a right
angle.

Then B is pole of AD (§ 19), and therefore BD c
is a quadrant.

And it is clear that BC is greater or less than
the quadrant BD), according as BAC is greater or less A o
than the right angle BAD.

Similarly for the angle ABC and the side AC. ¢

49. The accompanying figure will enable the student to prac-
tically read off many of the properties of spherical triangles which
have been formally proved.

P is pole of the primary circle AB.

Hence DPD’ will be a secondary, cutting the primary circle at
right angles.

ACA’, BCB are great circles cut-
ting the primary circle obliquely.

If DQ be taken, a quadrant Q will
be pole of DCD’ and QC a quadrant.

Hence if QC be produced, Q is
pole of DCD’ and CQ’ will be a quad-
rant.

(1) The greater side is opposite the
greater angle and conversely.

In the triangle A’CB, A’C is greater
than CB, and the angle A’BC is greater
than the angle BA'C.

(2) A spherical triangle may have three acute angles, e.g. the
triangle ABC.

A spherical triangle may have three right angles, c.g. the
triangle PQD.

A spherical triangle may have three obtuse angles, c.g. the
triangle A’CQ’".

(3) When two angles of a spherical triangle are of like affection,
the perpendicular from the third angle to the opposite side falls
inside the triangle and is of like affection with those angles, e.g.
In the triangle ABC, A and B are acufe, and the perpendicular CD,
which is less than a quadrant, falls inside the triangle—In the
triangle A’'B'C, A’ and B’ are obfuse, and the perpendicular CI),
which is greater than a quadrant, falls inside the triangle.

(4) When two angles of a spherical triangle are of wnlike
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affection, the perpendicular from the third angle to the opposite
side falls outside the triangle opposite the acute angle, and is of like
affection with that angle. Thus in the tnanglé ‘A’CB the per-
pendicular CD is of like affection with A’, and falls outside the
triangle opposite the acute angle A,

(5) When two sides of a spherical trlangle are of like aﬂ"ectlon

the quadrant from the third angle to the opposite side falls outside
the triangle, and the angle which it makes with the third side
(produced) is of like affection with the two sides of the triangle.
Thus in the triangle ABC, CQ falls outside the triangle, and CQA
is of like affection with AC and CB. In-the triangle A'B'C, CQ
falls outside the triangle, and CQB’ is of like affection with tho two
sides A’C, B'C. .
: (6) When two sides of a spherical
triangle are of unlike affection, the
quadrant drawn from the third angle
to the opposite side falls inside the
triangle, and the angles which it makes
with that side are of like affection with
the sides of the triangle opposite to
them. Thus in the triangle A’CB,
the quadrant falls inside the triangle,
the sides A’C, CB, being of unlike
affection ; also the angle A'QC is
greater than a right angle, whilst
the side A’C is greater than a quadrant. Similarly BQC is less
than a right angle, and BC is less than a quadrant.

(7) If we have to construct a spherical triangle having given
two sides and an angle opposite one of these sides, for example,
given a, b, A, we must remember that if a lie between ) and 180° - 0,
there can be only one triangle and B will be of like affection with

; but if @ does not lie between b and 180° — b, there will be two
tman‘rles having the given parts, and the two values of B will be
supplemental :

(8) If the parts given be two angles and a side. opposite one of
them, for example, A, B, b, then if B lie between A and 180° - A,
there will be only one triangle and a will be of like affection with
A ; but if B does not lie between A and 180°.— A, there will be two
tridangles having the given parts, and the two values of a will be
supplemental.

9) If in a right-angled triangle a side and the opposite angle
are the only other parts given, the triangle is ambiguous, i.e. there
are two triangles having the given parts. Suppose CAD and CD
be given to solve the rlght-ano'led triangle ACD. " Reference to the
figure will show that the triangle A’CD has these same parts, and
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its -other parts will be supplements of corresponding parts of ACD.
Thus A’D=180°—AD, A'C=180"- AC, A'CD=180"= ACD.

(10) If in a quadrantal triangle a side and the opposite angle
are the only other parts given, the triangle is ambignous. In the
quadrantal triangle ACQ, CQ being the quadrant, suppose the other
parts given to be CQA and CA. The triangle ACQ’ has the same
parts, and its other parts will be supplements of the correspond-
ing parts of ACQ. Thus AQ =180° - AQ, CAQ =180" - CAQ,
ACQ'=180" - ACQ.

(11) In a right-angled and also in a quadrantal triangle, a side
and the angle opposite it are of /ike affection. In the right-angled
triangle A’CD, CA’D is acute and CI) is less than a quadrant,
A’CD is obtuse and A'D is greater than a quadrant, and so on. In
the quadrantal triangle ACQ, CQA is acute and AC is less than a
quadrant, ACQ is obtuse and AQ greater than a quadrant.

(12) In an isosceles triangle the perpendicular bisects the
vertical angle and the opposite side. Thus CD bisects the angle ACB
and the base AB; CI) bisects the angle A’CB’ and the base A'B’.

(13) When two sides of a spherical triangle are supplemental
the angles opposite these aides are supplemental, and the quadrant
drawn from the third angle to the opposite side biscets the third
angle and third side. Thus in the triangle A'CB,

CB (=CA) + CA’=180" and CBA’ (= 180° — A) + CA'B=180"

The quadrant CQ bisects A'CB, for A’'CQ=ACQ =BCQ,
also CQ bisects A'B, for the ar¢ Q' A’Q=180"=the arc A’Q'A.

T.ml\e away from each the arc \A’Q" and we have

AQ =AY,
but , AQ =BQ,
therefore AQ= BQ

(f 4) In a M,(//lt-(mgled' triangle if A be acufe a is less than A, but zf
A be obtuse a is greater than A.

From P the pole of AB draw PQ perpendlculal to AC cmd
produce it to meet AB at R,
then A is pole of PR (§ 19), and there-
fore QR=A (§ 14).
Also PQis the least arc from P to AC
and is therefore less than PC (§ 45 (2)).
Hence CB is always less than QR,
i.e. « is always less  than A, if A be
acute.

Similarly in the triangle A’CB’, where
A’ is obtuse,
CB’ or o' may he shown to be greater
than A’
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"15) In a quadrantal triangle if A be acute a is greater than A,
but if A be obtuse a is less than A.
Let AC be the quadrant.
From P the pole of AB, draw PCQ.
Then because AP, AC are quadrants, A is pole of PCQ (§ 18),
and therefore CQ=A (§ 14).

But CQ is the least arc from C to BA (§ 45 (2));
and therefore CQ is always less than CB, i.e. ¢ is always greater
than A, if A be acute.
Similarly
CQ’ is always greater than CB’
or & is always less than A’ if A’ be obtuse.

50. It is sometimes necessary to find the length of the chord of
an are, having given the number of degrees in the arc and the
radius of the circle.

From C the centre of the circle of which AB

is an are,
draw CD perpendicular to the chord AB,
chord AB_ _AD__ . ACB
c o | then ARG AT,

So that if R be the radius we have

. arc
p—— .
A chord = 2R sin 5

Example. Find the chord of 20° in a circle of radius 6 inches.
Here chord =12 sin 10°.
log. 12 1-079181
log. sin 10° 1-239670

log. chord 0318851

chord = 2 ~0_8& inches.
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51. If the length of an arc of a circle be given in linear units,
the number of degrees in the arc can be found, provided the length
of the radius of the circle is known. Conversely, we can find the
length of an arc of a circle, if we know the value of the arc in
degrees and the length of the radius of the circle.

Ex. 1. Suppose the arc AB is 3 inches long and the radius of
the circle is 5 inches.

. , arc AB 3 '
Then cirecular measure AOB=-" OA =5 (1) )
. AOB .
also circular measure AOB= 57729577 (2) ’
therefore AOB= ; of 57729577 = 1l é:87£1 =34""37746.

Hence arc AB=34"-37746.

Ezx. 2. Suppose the arc AB=20" 15" and the radius of the
circle is 8 inches.

arc AB arc AB

Then circular measure AOB=- OA = 8 (1) .
also circular measure AOB= 201 (2)5
HT-29577
: 901
therefore are SAB = 7"3%‘5 7
162 .
or arc AB= = 2827 inches.

57-29577

52, Models are of great use in helping the student to under-
stand the principles of spherical geometry. Out of a sheet of
paper or thin cardboard, the more simple models may be readily
made. The following hints may he useful :

(1) Two great circles bisect each other.
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(2) Only one great circle can join two points on a sphere, unless
the points are at extremities of the same diameter.

Describe two circles.

Cut round their circumferences.

Also cut along the radii AO, BO.

Slip the cut BO along AO, till B, B, A, A’ coincide, and we
have a model of the figures required.

(3) A pole of a circle is equally distant from every point in the
circumference of the circle. p

Describe with O as centre any arc
of a circle APB.

Join AB, and bisect AB in C.

Join CO and produce to meet the
circumference at P; join PA, PB.
With C as centre and radius CA de-
scribe an arc AB'B. A

Make ACB’ any angle.

Cut round the arcs APB, AB'B.

Cut along BC and along the dotted
line.

Fold the paper along PC, AC, B'C.

Bring the free edge CB to CB and gum down the ﬂap CD.

D

4) Proposxtlons respecting the pole of a great circle.

Describe a circle.

At the centre O make BOA, AOC
right angles,
and COB’ any angle.

Cut round the circumference, also

c Q s along BO a.nd along the dotted
b line.

/ Fold the paper along ‘A0, CO,
/ BO.

/ ' Bring the free edge BO to BO,

o and gum down the flap OD. -



111 SPHERICAL GEOMETRY MODELS 31

(5) A spherical triangle and the solid angle with which it is
connected.

The same construction as (4), except that the three angles may
be of any magnitude.

(6) To compare the arc of a small circle with the arc of a great
circle subtending the same angle at their respective centres.

This is-the same as (4) with the addition.

Draw a chord FG at right angles to OA. Join OG.

With radius EF describe an arc FG.

Make the angle FEG = COB'.

Cut along the dotted line and along the arc FG.

Fold the paper along EF, FG, and slip the angle FEG into the
model (4), so that EF, EG of ‘the a.ngle coincide with EF, EG of the
model. Gum down the flaps.



CHAPTER 1V

RELATIONS BETWEEN THE TRIGONOMETRICAL RATIOS OF THE
SIDES AND ANGLES OF SPHERICAL TRIANGLES

53. Every spherical triangle has six parts, viz. three angles and
three sides.

An equation between any four of these parts must connect the
sides and angles.

The number of such equations we can form will be the same as
the number of combinations of six things taken four at a time, and

Z 10 s
~_|5|2‘ =y = 11.).

54. But in selecting four out of the six parts of a triangle the
two parts omitted may be

(1) two angles,

(2) two sides,

(3) a side and the angle opposite it,

(4) a side and one of the angles adjacent to it.

therefore

(1) If two angles be omitted the equations will evidently be
similar whichever angle be retained, so that the three particular
equations in this case reduce to one general form.

(2) If two sides be omitted the equations will evidently be
similar whichever side be retained, so that the three particular
equations in this case will reduce to one general form.

(3) If a side and the angle opposite it be omitted the equations
will evidently be similar whichever side and angle opposite it be
omitted, and the three particular equations will in this case also
reduce to one general form.

(4) If a side and an angle adjacent to it be omitted, since each
of the three sides has two angles adjacent to it, this omission may
be made in six ways, and the resulting six equations will all be
similar and thus reduce to one general form.

55. Hence the fifteen particular equations we get for the solution
of spherical triangles reduce to four general equations, viz.
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(1) An equation between an angle and the three sides.

(2) An equation between a side and the three angles.

(3) An equation between two sides and the opposite angles.

(4) An equation between two sides and two angles all lying together.

56. (1) To find the equation between an angle and the three sides
i.e. between (A, a, b, ¢); (B, a, b, ¢); (C, a, b, ¢).
Let ABC be a spherical triangle.

P o

(1) When AB, AC are less than quadrants.
From O the centre of the sphere draw OA, OB, OC.
Draw AD, AE tangents to the arcs AB, AC respectively—then
DAE=A.
Now OAD, OAE are right angles,
but AOB, AOC are less than right angles, since AB,” AC are less
than quadrants,
therefore AD, OB, if produced, will meet at D.
Similarly AE, OC, if produced, will meet at E.
Join DE.
DE2=0E2? + OD? - 20E . OD cos « (1),
DE2=AE? + AD2- 2AE. AD cos A (2).
Subtracting (2) from (1)
0=(OE? - AE?) + (OD? - AD?) - 20E. OD cos « + 2AE. AD cos A

or 0=20A2-20E.OD cos a + 2AE. AD cos A.
Dividing by 20E. OD we get
020804 L AE-AD A
=0E.0D ~°* %" 0E.0D **
or 0=cos b cos ¢ —cos a+sin b sin ¢ cos A
i.e. cos a=cos b cos ¢+ sin b sin ¢ cos A (1)
or cos A=%22 "¢ Q‘iﬁf it 2)
sin b sin ¢

Similarly '

¢os b=cos @ cos ¢+ sin & sin ¢ cos B (1)

cos b —cos a cos ¢
or cos B=——7r——— (2) /(
sin « sin ¢
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and
€08 ¢=¢08 @ cos b+ sin a sin b cos C (1)
CO8 ¢ — €08 @ €08 b
or cos C= """ (2)
sinasin b

(2) When one of the containing sides, e.g. AB, is greater than a

LA quadrant.
w87 o) Produce BA, BC to meet again
s at B

then BAB’, BCB’ are semicircles,
and .. AB, AC are less than quad-
rants.
In the triangle B'AC,
i B'AC=180°-A, AB'=180°—c¢,
8 BC=180°-a«.
, cos B'C - cos B’A cos AC
cos BAC==""0 BA sin AC
cos (180° — a) — cos (180° —¢) cos b

X

B 7 e DI
~

or cos (180°- A - Pl
( )= sin (180° —¢) sin b ’
, ~ cos @+ cos b cos ¢
i.e. ~cos A= . .
sin b sin ¢
cos & —cos b cos ¢
or 08 A== — ",

sin b sin ¢

(3) When both of the containing sides AB, AC are greater than
quadrants. A

Produce AB, AC to meet again at A,

Then ABA’, ACA’ are semicircles,
.. A'B, A’C are less than quadrants.

In the triangle A’BC,

A'C=180°-b, A’B=180°-¢, BA'C=A. °

cos BC —cos A’C cos A’B

cos BAQ= sin A’C sin A’'B
cos @ — cos (180° - b) cos (180° —¢) c
or cos A= sin (180° - b) sin (180° —¢) 2 8
&'q .
__cos @—cos b cos ¢ P o
sinbsine

(4) When one of the containing sides e.g. AC, is a quadrant,
suppose AB to be greater than a quadrant (Fig. 1),
suppose AB to be less than a quadrant (Fig. 2).
On AB, produced if necessary, take AD a quadrant. Join CD.
Then A 1s pole of CD, and therefore CD = A.
Also CDB is a right angle.
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If CD be a qua;drant.

C is pole of AB, and we have a=90° A=90° b=90°

A

Fig. 1. Fig. 2

Now if we substitute these values in the formula
cos @ — cos b €os ¢

cos A=~
sin b sin ¢
we geb
, cos 90° — cos 90° €08 ¢
cos 90° =
sin 90° sin ¢
or 0=0.

35

Hence the fundamental formula is true for the triangle ABC in

such a case.
But if CD be not a quadrant.
In the triangle BDC we have
cos BC=cos CD cos DB +sin CD sin DB cos CDB,
ie. cos a=cos A cos (90° ~¢) + sin A sin (90” ~c) cos 90°
=cos A sin c. ,
Now if in the formula
cos ¢ =cos b cos ¢ + sin b sin ¢ cos A
we write b=90", we get
cos a=cos 90° cos ¢+ sin 90° sin ¢ cos A
=sin ¢ cos A,
which shows that the formula is true for the trl.m;:,le ABC.

(5) When both the containing sides AB, AC are quadrants.

Then A is pole of BC. A
Therefore BC (=a)=A.
Now if in the formula

cos A = 05 @ 7 08 b co.s”c
sin b sin ¢ b
we write b=90°, ¢=90°, we get

cos a — cos 90° cos 90”
€08 A= im0 sin 90° o

Hence in all cases, whatever be the values
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S _cosa—cosbeosc .
of the containing sides, the formula cos A="~——" -
sin b sin ¢

true.

This is called the fundamental formulaof spherical trigonometry,
because from it all the rules for the solution of spherical triangles
may be deduced. It is also often referred to as the formula for the
cosine of an angle of a spherical triangle in terms of functions of
the sides.

57. To find the equation between a side and the three angles,
%.e. between (a, A, B, C); (b, A, B, C); (¢, A, B, C).

Let a, b, ¢, A, B, C be the sides and angles respectively of the
spherical trlangle ABC

And let o/, ¥, ¢, A’, B, C’ be the sides and angles respectively
of its polar trlangle A'B'C’ all supposed to be expressed in
sexagesimal measure.

Then, by § 56,
cos o —cos b’ cos ¢

co8 Al= " e
sin &' sin¢’

_cos (180° — A) — cos (180° - B) cos (180° ~ C) (s 35)
sin (180° - B) sin (180° ~ C) ’
cos A+cos B cos C (-? 3

or cos (180° -

e fC08 4= :
sin B'sin C

Similar],
7 cos B+cos A cos C

N
cos b= T -
sin A sin C

’

and

cos ¢ 08 ¢ C+coq A €08 B
’ sin A'sin BT

A 58. To find the equation between two sides and the angles

opposite them, -
i.e. between (A, a, B, 0); (A a, , ¢); (B, b, C, ¢).
/. [cos a-cos b cos ¢\
By N 1-(——F5

sin A »\/1 coa A __ sinbsine /

sin @ sin a sin @
/sm‘bsm ¢-cos?q—cos?b cos c+2 €08 & cos b cos ¢
sinZ?asin®bsin?e

/(1 cos®h)(1~cos¥c)- cos a—cos®b cos ®c+2cosacosbeosc
sin Za sin 20 sin 2¢

=§1—coq @ - cos?b - cos c+"cosacosbcoso
‘ sin @ sin b sin'¢

Similarly
sin B___sin C .
B d She may each be shown to be equal to the same expression.
" Therefore

sm A sm B_ sm C
sine sinb sinc’
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Note.—In solving a spherical triangle this formula is often
referred to as the Rule of Sines.

+ 59. To find the equation between two sides and two angles, all
lying together,
i.e. between
(A, 5, G, a), (b,C,a,B), (C,a, B, ¢), (e, B, ¢, A), (B, ¢, A, ), (¢, A, b, C).
By § 56

cos @ =cos b cos ¢ + sin b sin ¢ cos A.
Now eliminate ¢ by writing
cos ¢=cos a cos b + sin a sin b cos C (§ 56),

sm @ sin C
5
and sin ¢= sin A (§ 58),

and we get
sin @ sin b sin C cos A
sin A
=cos a cos? b + sin @ sin b cos b cos C + sin a sin b cot A sin C,
oeosa(l - coszb)-sm wsin bcos b cos C + sin a sin b cot A sin C
cos @ sinZ b

cos a=cos b (cos @ cos b + sin a sin b cos C) +

or ————=c08 b cos C + cot A sin C,
sin a sin b

i.e. cot a sin b=cos b cos C + cot A gin C

or cos b cos C=cot asind — cot A sin C.

60. This formula may be remembered by noting that the parts

A, b, C, a all lie together ; of these
@ is the outer side, A the outer angle,
b is the inner side, C the inner angle.

Then the product of the cosines of the inner side and inner
angle equals the product of cot outer side, into sine inner side
less the product of cot outer angle, into sine inner angle.

The two 0’s in cot oufer followed by the two #'s in sine inner will
aid the memory. *

) This rule will enable the student to write down the other five
equations, connecting four parts of a triangle all lying together.

Another way of noting how the parts lie is that they are:two
sides and the included angle (b, C, a), and. an angle opposite one
of those sides (A or B).



CHAPTER V

SOLUTION OF RIGHT-ANGLED SPHERICAL TRIANGLES AND
QUADRANTAL TRIANGLES

61. The four general equations established in §§ 56-59 are
sufficient for the complete solution of right-angled spherical triangles
and quadrantal trigngles. 1f in the general formule we substitute the
values of the x&?:)s of 90° which occur, the resulting equations
in every ease will be found to be adapted for use with logarithms.

I. Solution of Right-Angled Spherical Triangles

62. Let ABC be a right-angled spherical triangle, right-angled
at A.

c (1) The equation between A, a, b, ¢ is
5 cosA = 8030 ~cosbeose
A sin bsin ¢
A when A =90°cos A=0,
and this equation becomes
B cos a = cos b cos ¢ (1).

" (2) The equation between a, A, B, C is
cos A +cos Beos C

%4 = T sinBsinC  ’
when A =90° cos A =0,
and this equation becomes
cos ¢ = cot B cot C - (2)

(3) The equation between b, A, B, C is
cos B + cos A cos C

cos b= sin A sinC ’
when A=90%cosA=0,sinA=1,
and this equation becomes
cos B=cosbd sin C (3).

(4) The equation between ¢, A, B, C is
cos C + cos A cos B

cos ¢ = : .
sinAsinB
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when A=90%cos A= 0 sinA=1,
and this equation becomes
cos C=coscsinB 4).

(5) The equation between A, a, B, b is
sin A sinB

sina ~ sinb’

when A=90°sin A=1,
and this equation becomes
sin b=sin a sin B (5).

(6) The equation between A, ¢, C, ¢ is -
sinA_sinC

sina sine¢’

when A=90% sinA=1,
and this equation becomes
sin¢=sina sin C (6).

(7) The equation between A, b, C, @ is
cos b cos C = cot a sin b — cot A sin C,

when A =90 cot A=0,
and this equation becomes
cos C = cot « tan b (M.

(8) The equation between ¢, A, b, C is
cos b cos A =cot ¢csin b — cot Csin A,
when A=90°cos A=0,sin A=1,
and this equation becomes
cot C=cot ¢sin b
or sin h=cot C tan ¢ (8).
(9) The equation between B, ¢, A, b is
€08 ¢ cos A =cot bsin ¢ - cot Bsin A,
when A=90° cos A=0,sin A=1,
and this equation becomes
cot B=cot bsine
or sin ¢i=cot B tan b (9).
(10) The equation between a, B, ¢, A is '
cos ¢ cos B=cot @ sin ¢ — cot A sin B,
when . A =90" cot A=0,
and this equation becomes
cos ¢ cos B=cot a sin ¢
or ‘ cos B=cot ¢ tan ¢ (10).

II. Solution of Quadrantal Triangles

63. Let ABC be a quadrantal mangle BC (or «) being the

quadrant.
(1) The equation between a, A, B, C is
cos. A +cos Beos C

sin B'sin C

cos a=- ,
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when a=90, cos a =0,
and this equation becomes
cos A= —cos Bcos C
(2) The equation between A, «, b, ¢ is
cos ¢ — cos b cos-¢

cos A: e ey
:~ sinbsin ¢
when a=90" cos a =0,
and this equation becomes
cos A= -cot beot ¢

(8) The equation between B, a, b, ¢ is
cos b —cos a cos ¢
cos B=— . =
sin @ sin ¢
when a=90° cosa=0, sina=1,
and this equation becomes
cos b=sin ¢ cos B
(4) The equation between C, a, b, ¢ is
€08 ¢ — CO8 @ €08
cos C=—~; —=—
sin @ sin b )
when a=90° cosa=0,sina=1,
and this equation becomes
cos c=sin b cos C
~ (5) The equation hetween A, a, B, b is

H

sin A sinB
sina  sind’
when . a=90°sina=1,

and this equation becomes
sin B=sin b sin A
(6) The equation between A, a, C, ¢ is

sin A sinC
sina sine¢’
when ° a=90%sina=1,

and this equation becomes
sin C =sin ¢sin A
(7) The equation between A, ¢, B, a is
cos ¢ cos B=cot a sin ¢ — cot A sin B,

when .a=90° cot a=0,
and this equation becomes

cosccos B= —cot Asin B
or cos c= —cot A tan B

(8) The equation between ¢, B, a, C is
. cos a cos B=cot ¢ sin a — cot C sin B,
when a=90° cosa=0,sina=1,
and this equation becomes
cot ¢c=cot C sin B
or sin B=cot ¢ tan C

CHAP.

(1).

(2)-

(3)-

(4)-

(6).

().

@).
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(9) The equation between B, «, C, b is
cos-a cos C=cot b sin a — cot Bsin C,
when a=90° cosa=0,sina=1,
and this equation becomes
: cot b=cot Bsin C
or sinC=cotbtanB - 9).
(10) The equation between ¢, C, b, A is
cos bcos C=cot asind — cot AsinC,
when a=90" cota=0,
and this equation becomes
cosbcos C= —cot A sinC
or cosh = —cot A tanC (10).

Statement of Napier's Rules for the Solution of Right-
angled Spherical and Quadrantal Triangles

64. Napier has embodied the ten equations for the solution of
right-angled triangles, and the ten equations for the solution of
quadrantal triangles, in the following rules :

I. RIGHT-ANGLED TRIAN GLES

Leaving the right angle out of consideration, there remain five
parts of the triangle, viz. the three sides and the two remaining
angles.

Circular parts.—The two sides which contain the right angle,
the complement of the side opposite the right angle and the
complements of the two remaining angles are called the circular
parts.

If we imagine these five circular parts to be arranged round a
circle in the same order as they come in the triangle, we shall find
that if any three circular parts be taken one of them may be so
chosen that the other two are either both adjacent to it or else both
opposite to it. ‘

The part so selected is called the middle part, and the other
two are called either adjacent parts or opposite parts.

These data being understood Napier’s rules are

(1) sine middle part equals product of the fangents of adjacent
parts,

(2) sine middle part equals product of the cosines of opposite
parts.

II. QUADRANTAL TRIANGLES

Circular parts.—The quadrant being left out of consideration,
the complement of the angle opposite the quadrant, the two
reinaining angles, and the complements of the two remaining sides
are the circular parts in this case.
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The same rules apply as in right-angled triangles with the addi-
tion of the following rule :

(38) When the adjacens parts or the opposzte parts are both
sides or both angles, the product of their ratios must be considered
negative. \/

Application of Napier's Rules to the Solution
of Right-angled Spherical Triangles

65. Let ABC be a right-angled triangle right-
angled at A.
The circular parts are
90°—a, 90°-B, 90°-C, b, .
Taking each of these, circular parts in succes-
sion as middle_part, we have

ne ovdev,

"When (90° — a) is middle part, (90° - B), (90° — C) ato adjacent parts,

. b, ¢ arc opposite parts,
then
sin (90° — a) =tan (90° - B) tan (90° - C) or cos @ =cot B cot C 1) }
sin (90° —a)=cos b cos ¢ cos a=cos b cos ¢. (2)

‘When (90° - B) is middle part, (90°— ), ¢ are adjacent parts,
b, (90° — C) are opposite parts,

then .
sin (90" B)=tan (90°—a) tan ¢ or cos B:cot atanc . (3)}
sin (90° — B)=cos b cos (90° - C) cos B=cos b sin C. (4)
- When ¢ is middle pa.rt (90°-B), b are adjacent parts,
- (90° - ), (90° - C) are opposite parts,
then
gin ¢=tan (90° - B) tan & or sin ¢=cot B tan (6)
sin ¢=cos (90° —a) cos (90° - C) sin ¢=sin @ sin C. (6)
s When b is middlc part, (90°-C), ¢ are adjacent parts,
(90° - @), (90 — B; are opposite parts,
then
sin b=tan (90°-C) tan ¢ or sin b=cot C tan ¢ ()
sin b=cos (90° —~a) cos (90°-B)  sin b=sin & sin B. (8)

When (90° - C) is middle part, (90° - u), are adjacent parts,
~ ¢ (90°-1B). are opposite parts,
then
sin (90° - C)=tan (90° - «) tan b or cos C=cot @ tan b (9)
sin (90°~C)=cos ¢ cos (90°-B)  cos C=cos ¢ sin B. (10)

Verification of the Ten Equations obtained by the Application
of Napier's Rules to Right-angled Spherical Triangles

66. These ten equations have been proved to be true in § 62.
They may be Verified as follows :

Write down the equation connecting the three parts in any
formula with the right angle, and substitute the values of the ratios
of 90° which occur,

e.g. when A is a right angle, prove sin ¢=cot B tan &.

The equation between B, ¢, A, b is

cos ¢ cos A=cot b sin ¢ — cot B sin A,
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when A=90%cos A=0,sin A=1,
and the equation reduces to
cot bsinc=cot B.
or sin ¢ = cot B tan b.
Similarly any of the other equations of § 65 may be verified.

#ﬁplica.tion of Napier's Rules to the Solution of Quadrantal
Triangles

67. Let ABC be a quadrantal triangle, BC
(or @) being the quadrant.
The circular parts are
90° - A, 90° -5, 90° - ¢, B, C.
Taking each of these circular parts in succes-
sion as middle part, we have

When (90° — A) is middle part, (90° —b), (90° - ¢) are adjacent parts,
are opposite parts,
then )
sin (90° - A)= - tan (90° - ) tan (90° —¢) or cos A= —cot § cot ¢ (1)
gin (90° - A)= --cos B cos C cos A= ~cos Beos C. (2)
‘When (90° - b) is wniddle part, C, (90° - A) are adjacent parts,
(90° - ¢), B are opposite parts,

then
sin (90" —b)= —tan C tan (90°- A) or cos b= —tan Ccot A (3)}
sin (90° - b)=cos (90° ~¢) cos B cos b=sin ¢ cos B. (4)
“When C is middle part, (90° -b), B are adjacent parts,
—~ A), (90° - ¢) are opposite parts,
then
sin C=tan (90°-b) tan B . orsin C=cot ) tan B (5)
sin C=cos (90° - A) cos (90°—¢) sin O=sin A sin e l(6)
z When B is middle part, (90°-¢), C are adjacent parts,
(90° — A), (90° —b) are opposite parts,
then
sin B=tan (90°—c¢) tan C or sin B=cot ¢ tan C (M
sin B=cos (90° — A) cos (90° - b) sin B=sin A sin b. (8)J
When (90° - ¢) is middle part, B, (90° — A) are adjacent parts,
C (90° - b) are opposite parts,
then
sin (90° —c)= — tan B tan (90° - A) or cos ¢= —tan Beot A (9)
sin (90° - ¢)=cos C cos (90° - b) cos ¢c=cos C sin b. (10)

Verification of the Ten Equations obtained by the Appli-
cation of Napier's Rules to Quadrantal Triangles

68. These ten equations have been proved to be true in § 63.
They may be verified as follows :

Write down the equation connecting the three parts in any
formula with the quadrant, and substitute the values of the ratios
of 90° which occur,

e.g. when a is a quadrant, prove cos A = — cot b cot c.
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The equation between A, a, b, ¢ is
cos a —cos b cos ¢
cos A =

. sin b sin ¢
when a=90° cos =0,
and the equation reduces to

cos A = —cot b cot c.

Similarly any of the other equations of § 67 may be verified.

69. Any of the equations obtained by the application of Napier’s
Rules to a right-angled spherical triangle, may be verified geometric-
ally by using the method of § 73.

‘For example, wherr C is a right angle, prove sin @ = cot B tan &.

Constructing the figure as in § 73, we have

RM _RM.MP
sina = OM = MP OM—cotBtanb

If we have to verify any equation for a quadrantal triangle, we
may proceed as follows.

Obtain the corresponding equation in the polar triangle which
will be a right-angled triangle, and verify this. Obviously the
equation for the quadranta.l triangle from which it was derived
must also be true.

For example, when ¢ is a quadrant, prove cos @ = — tan B cot C.

The corresponding equation in the polar triangle, which will be
right-angled at C’, is

cos (180° - A’)= —tan (180° - 4’) cot (180° —¢’) or cos A’=tan ¥’ cot ¢’.

Construct the figure as in § 73,

,_SM SM.OS , ,
then cos A’ = SQ oS . bQ-—ta.n v cot ¢,
Hence the formula cos ¢ = — tan B cot C must also be true.

70. In equations (5), (6), (8), (9), (§§ 62 and 63) for the solution
of both right-angled and quadrantal triangles, an angle has to be
determined from its sine ; and the question arises whether the acufe
angle found in the tables is the required angle, or whether we must
take the supplement of this angle. No difficulty will arise, however,
in making the proper selection if we remember that in a right-
angled as also in a quadrantal triangle a side and the angle
opposite it are of like affection, i.e. both less or both greater than
90°. This is proved in §§ 47, 48.



CHAPTER VI

GEOMETRICAL PROOFS OF FORMULZE CONNECTING SIDES AND
ANGLES OF A SPHERICAL TRIANGLE

71. Geometrical deduction of

1. The equation connecting two angles and the sides opposite
them (A, B, a, b),

2. the equation connecting two angles and two sides all lying
together (b, A, ¢, Bor A, ¢, B, a).

Let ABC be a spherical triangle.
Take O, the centre of the
sphere, and join OA, OB, OC.
In OC take any point P.
From P draw PM perpen-
dicular to the plane AOB,
From M draw MQ perpen-
dicular to OA,
From M draw MR perpen-
dicular to OB;
join PQ, PR, OM.
OP2=0M? + MP2=0Q2 + QM? + PQ? — QM*=0Q? + PQ? (Eu.i.47)
Therefore PQO is a right angle (Euc. i. 48),
but MQO is a right-angle by construction.
Hence PQM is the angle between the planes AOB, AOC, and
therefore equals the spherical angle A (§ 13).
Similarly PRM is the spherical angle B.

Then
MP - PR
sin A_PQ _PR_OP_sin o
sin B-MP™PQ ™ PQ sind
PR op
sin A sin B . .
or n e sen b This proves equation (1).
Similarly SnA_sin O

sin @ sin ¢’
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and therefore .
sin A sin B sin C
sina sinbd sin ¢

S 72. To prove thesecond equa-
. tion.
With the same construction,
v asin § 71, and also produce QM
8 to meet OB at S, and RM to
meet OA at T.
then RMS =QMT =¢,

A QM=Q8 - M5,
or PQ cos A=0Q tan ¢ — MR sec ¢,
€OS ¢ COs A=O~9 ssin,c—lli—13
PQ PQ
—cot b si MP cot B
=COLOSIN 6= 2P cosee A
=cog b sin ¢ - cot B sin A.
Again
MR =RT - MT,
or RP cos B=OR tan ¢ - MQ sec ¢,
oS ¢ cOS B=-QR sin ¢ — MQ
RP RP
MP cot A

=cot @ sin ¢ —
=cot a sin ¢ — cot A sin B.
Geometrical Deduction of Napier's Rules for the Solution of
Right-Angled Spherical Triangles

73. Let ABC be a spherical triangle right-angled at C.
Take O the centre of the sphere.

A
P

L

- o M

Join OA, OB, OC.
In OC take any point M.
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From M draw MP perpendicular to OC in the plane AOC.
” H) - ” ” A ” ”» »
» " MQ ” ” oc , ., BOC
b2 " 1\11\,‘ EAl » OB » b2 b2

Join PR, SQ,
because MP is perpendicular to OC and MS to OA,
therefore PMS=A0C=0.

Similarly RMQ=BOC=a.

And because the plane AOC is perpendicular to the plane BOC,
and MP is drawn in the plane AOC perpendicular to OC the common
section of these planes,
therefore MP is perpendicular to the plane BOC (Euec. xi. def. 3).

Hence PMR is a right angle (=0C).

Similarly it may be shown that QMS is a right angle (=0C).

Again, becanse

OP2=0M? + MP?=(OR? + RM?) + (PR? - RM?)=OR? + PR?,
therefore ORP is a right angle (Euclid i. 48),
but ORM is a right angle by construction ;
also OB is the common section of the planes AOB, BOC,
therefore PRM is the angle between these planes,
and consequently equals the spherical angle B (§ 13 (2)).
Similarly MSQ  equals the spherical angle A (§ 13 (2)).

Hence
a=QOM =ROM=RMQ,
b=S0M =POM =SMP,
¢=POR =850Q,
A =QSM,
B=PRM,
C=PMR=SMQ.
Then
cos ¢ =cos & cos b=cot A cot B,
for cos c= 8? = 81}:1 811\,{ =cos @ cos b 1)
RM.SM SM.RM
cos B=tana cot c=sin A cos b,
RM RM.OR
for cos B= RP = OR.RP — tan @ cot ¢ (3)
M.OS QM.OS .
= gM QS™ QS . OM =sin A cosh (4),
sina=cot B tan b =sin A sinc,
for sina= 1\)3 = ﬁ—%—glﬂl} =cot B tanb (5),
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e QM_QM.GS
also sing = 0G " QS.0Q —;#n Asine | (6),
sin b = cot A tan a=sin B sin ,
MS _MS.MQ .
for sin b= OM = MQ. OM =cot A itan a M,
. MP MP.PR . .
also gin b= oP = PR_Op — 0 Bsine (8),
cos A=tanbd cot¢=sin B cosa,
SM SM.OS
for cos A = SQ 08,80 = tan b cot ¢ (9),
%){I\i gg i\{{lf (())ﬁ =3in B cos @ (10).

74. Note—1If an equation involving sides only or else two sides
and one angle has to be verified, we require to construct only one
of the triangles PMR, SMQ. This is the case for equations (1), (3),
(5), (6), (7), (8), (9). But if an equation involving {wo angles has
to be verified, we require the whole figure. This is the case for the
three equations (2), (4), (10).

Geometrical Deduction of Napier's Rules for the Solution
of Quadrantal Triangles

75. Let ABC be a quadrantal tri-
angle, AB being the quadrant.

Take O the centre of the sphere, and

> join OA, OB, OC.
i Take BCE a quadrant, then BA
being also a quadrant,
AE=B, and .". AOE=B.

Also take ACD a quadrant, then AB
being also a quadrant,
BD=A, and ... BOD = A,

Through Q any point in OC draw
in the plane BOE, PQS perpendicular
to OC, meetmg OB in P and OK in 8.

Also through Q draw TQM in the plane AOD perpendicular to
OC, meeting OA in T and OD in M.

Join TS, PM.

Then since OQP, OQM are right angles, OQ is perpendicular to
the plane PQM.

Hence the plane COD passmg through 0Q is perpendicular to
the plane PQM,
but the plane COD is perpendlculal to the plane BOD (since BDA
is a right angle).
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Hence the planes PQM, BOD being both perpendicular to the
plane COD, their common section PM is perpendicular to the
plane COD. '

Hence PMO, PMQ are right angles.

Similarly TSO, TSQ may be shown to be right angles.

Then SQT (being the angle between the planes EOC, AOC) =
ACE=180°-C.

Also CE=90° - a, .. SOQ=90° -~ g and OSQ=a,

CD=90"-1b,.. QOM=90° - b and QMO =b,
and SOP=90"=TOM.

Then
cos C= —cot a cot b= — cos A cos B,
. _ o . QS Q8.0Q_
for cos C= - cos (180°-C)= QF= ~0Q.Qr= " cotacotd (1)
0S.0M 0S.0M :
=~ 0opP.0oT~ ~oT.op~ "¢ BeosA ),
cos b= —tan A cot C=sin a cos B,
for cos b=g§%=%¥%§§[—=cot(180" - C)tanA = - cotC tan A (3)
. _0Q_0Q.08 o
and cos b= OT =08 OT =sinacos B (4),
sin A =sin C sin e =cot b tan B,
.2 _PM_PM.PQ_ . .. . . .
for sin A= oP = pQ. 0P =" (180° - C)sina=sinCsina ()
_TS.0Q TS.0Q _ .
=QT. 08~ 0S.QT =tan Beot b (6),
sin B=sin C sin b=cot « tan A,
o TS_TS.TQ_ . o S .
for sin B_OT—TQ. o7 =%in (180" ~ C) sin b=sin Csin b )
_PM.0OQ_PM.O0Q _
=P, OM ™~ OM. PQ =tan Acota (8),
cos a= — tan B cot C=sin b cos A,
QS _QS.ST _ o T
for cos =38~ 8T og=°°t (180° - C) tan B= —cot C tan B (9)
_0Q_0Q.0M i oo
and cos *=G5p=0OM .OP =sinbcos A (10).



CHAPTER VII
SOLUTION OF OBLIQUE-ANGLED SPHERICAL TRIANGLES

76. The four general equations referred to in § 55, and
established in §§ 56, 57, 58, 59, since they give the relations
between any four parts of a spherical triangle, one of which must
therefore be a side or else an angle, are sufficient for the complete
solution of oblique-angled spherical triangles, just as they have been
found sufficient for the solution of right-angled spherical triangles
and qua,dmnta.l tria.ngles Only one of these equations, however,
sin A_sin B_sin C
sina sind sine
logarithms.

It becomes necessary to reduce the remaining three equations
to forms adapted for logarithmic computation, or, in other words,
to prove rules for the solution of oblique-angled spherical triangles.
‘We now proceed to do this.

77. The cases which arise are

Casr 1. Given threo sides, to find the three angles.

Cask II. Given two sides and the included angle, to find the
remaining side and the remaining angles.

Cask II1.- Given three angles, to find the three sides.

Case IV. Given two angles and the interjacent side, to find
the remaining angle and the two remaining sides.

Cask V. Given two sides and an angle opposite one of these
sides, to find the angle opposite the other side. Also to find the
third side and third angle.

Cask VI. Given two angles and a side opposite one of these
angles, to find the side opposite the other angle. Also to find
the third side and third angle.

78. Cask I. Given three sides (a, b, ¢), to find the three angles
{A, B, C).

viz. , is in a form suitable for use with

cos @ —cos b cos ¢

hay A=YorsA_l-cosA © = sinbsinc _sinbsinc-cosatcosheosc
2 2 2 2 sin b sin ¢
cos (b~c)—cos a 2sm§(a,+b~c) sin § (- ~c)
T 9sinbsing 2 sin b sin ¢

=cosec b cosec ¢/ 1oy .((;.-i-b = c) hav (¢ (a _ I;:‘cv)
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Applying logs
L hav A=L cosec b+L cosec c+3 L hav (@ +b~¢)+4 L hav (@ -~ ¢) - 20.
Similarly
L hav B=L cosec a-+L cosec ¢c+3 L hav (0+a~c)+4 L hav (b—-a ~c) - 20,
and
L hav C=L cosec a+ L cosec b+} L hav (c+a~#)+4% L hav (¢ - a ~ b) - 20.

79. Cask II. Given two sides and the included angle (5, ¢, A),
to find the third side (a), and thence the two remaining angles
(B, C).

vers a=1—cos a=1 - (cos b cos ¢ + sin b sin ¢ cos A)
=1-cos b cos ¢ —sin b sin ¢ (1 - vers A)
=1-cos (b~c)+sin b sin ¢ vers A

=vers (b~c¢) + vers 0 (1),
where vers #=sin b sin ¢ vers A
and . hav 6=sin b sin ¢ hav A (2).
Applylng logs to eqlutlon (2) we get
Lhav ¢=Lsin b+ L sinc+L hav A - (3).

Hence from (3) 6 is known, and consequently
from (1) @ is known.
Now knowing the three sides a, b, ¢, we can find the angles B
and C by Case 1.

80. CAsIII. Given the three angles (A, B, C) to find the three
sides (a, b, c).

This case may be solved by reducing the equation between a
side and the three angles (see § 57) to a form adapted for
logarithmic computation. This will be done later (sce § 91).
In practice, however, this case may be most conveniently solved
by the aid of the polar triangle as follows

The three sides «, ¥, ¢’ of the polar triangle are respectively
supplements of the three angles A, B, C of the primitive triangle,
and are therefore known.

With these three sides, by Case L, find the three angles A,” B, C’
of the polar triangle. The supplements of these angles will be
respectively the three sides a, b, ¢ of the primitive triangle.

81. Case IV. Given two angles (B, C) and the interjacent side
(a) to find the third angle (A) and the remaining sides (b and ¢).

The two sides ¥, ¢’ and the included angle A’ of the polar
triangle are respectively supplements of the two angles B, C and the
interjacent side @ of the primitive triangle.

By Case II. find the third side «” of the polar triangle. The
supplement of this side @’ will be the angle A of the primitive
triangle.

Also knowing the three sides &', ¥/, ¢’ of the polar triangle, the
angles B, C’ may be determined by Case 1. ; their supplements will
be respectively the sides b, ¢ of the primitive triangle.
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82. CasE V. Given two sides and an angle opposite one of them,
to find the angle opposite the other, e.g. given a, b, A to find B.

This is a case of the Rule of Sines and we have .

: sin B sin b

sin A" sina
or sin B=sin b cosec a sin A.

And applying logs :

L sin B=L sin b + L cosec @ + L sin A ~ 20.

We have now to:determine whether the acute angle found in
the tables is the required angle, or whether the obtuse angle which
is the supplement of this anglé is the angle sought, or whether we
ought to take both values for the angle B.

By §§ 45, 46 we find that if @ lie between b and 180° — b there
will be only one triangle having the given parts, and B will be of
like affection with b; but if @ does nof lie between b and 180° — b
then there are fwo triangles having the given parts, and the fwo
values of B will be supplemental.

From C the unknown angle draw CD perpendicular to the
unknown side ¢.

When there is only one triangle this perpendicular falls inside
the triangle if A and B are of like affection, but it will fall outside
the triangle, beyond the obtuse angle and opposite the acute angle,
if A and B are of unlike affection.

Then, by Napier’s rules for the solution of right-angled triangles,
find BCD and BD.

Find also ACD and AD or A’'CD and A’D.

Then, when there is only one triangle,

C=ACD + BCD or A’CD - BCD,

¢=AD+BD or A'D-BD, }
according as the perpendicular falls inside the triangle ABC or out-
side the triangle A'BC.

But when there are two triangles,

C=ACD = BCD or A'CD + BCD,
¢=AD + BD or A'D + BD.
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Note.—B will be greater or less than A according as b is greater
or less than a, so that in practice if we find that the acute angle we
first look out in the tables and its supplement, which will be obfuse,
both fulfil this condition, we know that the triangle is ambiguous.
But if enly one of these angles fulfils this condition then there is
only one triangle having the given parts.

83. CasE VI. Given two angles and a side opposite one of
them, to find t;he side opposite the other, e.g. given A, B, b ta
ﬁnd a.

- We have, by Rule of Smes,

. sing_sin A
sind_ sin B
or sin @ = sin b sin A cosec B.
Or applying logs
Lsina=Lsinbd + Lsin A + L cosec B - 20.

We have now to determine, as in Case V., whether the acute
angle found in the tables is the required angle, or whether we must
take the obtuse angle, which is the supplement of this, or whether
we must take both values for the side a. .

By §§ 45, 46 we find that if B lie between A and 180° - A there
will be only one triangle having the given parts, and ¢ will be of like
affection with A ; but if B does not lie between A and 180° — A
there will be two triangles having the given parts, and the two
values of ¢ will be supplemental.

From C the unknown angle draw CD perpendicular to the
unknown side c.

How this perpendicular will fall is pointed out in Case V. § 82.

Then when there is only one triangle, by Napier’s rules for
the solution of right-angled triangles,
find ACD, BCD, also AD and BD,
then C=ACD + BCD or A'CD - BCD,

¢=AD+BD or A'D--BD,

according as the perpendicular falls inside the triangle ABC or
outside the triangle A’BC.
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But when there are two triangles,
since CB’ is the supplement of CB,
therefore B'CD is the supplement of BCD (§ 49 (9)),
and B'D is the supplement of BD.

Hence C=ACD + BCDor ACD + B'CD = ACD + (180° — BCD),

¢=AD+BD orAD +BD=AD +(180°-BD).

Note.—The same remark may be made as in Case V., the
ambiguity or otherwise will declare itself when we determine the
side a.

Note as to the use of the Rule of Sines.—It would appear that when
in a spherical triangle three sides and one angle are known, or else
three angles and one side, the rule of sines might be advantageously
used to complete the solution of the triangle, since only four
logarithms will be required in place of six in order to determine
the other two parts.

It should be noted, however, that the parts involved in the rule
of sines may give rise to ambiguity, and that this cannot be
removed. Hence it is best to avoid the rule of sines for this pur-
pose, as the time spent in ascertaining whether we may expect
ambiguity or not, will be lost should it turn out that such ambiguity
will arise.

The following are examples of this difficulty:—1I. 1,2, 3,4,5,9;
II. 5, 6, 10; IIL. 4, 6, 7, 9, 10; IV. 1, 3, 4, 6, 7, 9, .10; IX.
2, 5,12, 13, 17. 4

Further, it may be observed that should the angle we are
seeking be clgse to 90°, it cannot be determined accurately from
its L sine; @Z examples II. 10, find A ; IIL 7, find c.



CHAPTER VIII

SOLUTION OF OBLIQUE-ANGLED SPHERICAL TRIANGLES—
ALTERNATIVE METHODS

84. The methods already given are sufficient for the solution of
all cases of a spherical triangle. Some of them, however, necessi-
tate the use of the L Haversine or Tabular Versed sine Tables
which are not always available. In Case II. the third side, and in
Cases V. and VI. the third side and third angle, may be found by
the aid of a subsidiary angle without the use of Haversines or
Versed sines or of Napier’s rules for the solution of right-angled
triangles. We proceed to give these methods.

The following notation is used in some of the proofs.

If s=%(@+b+c),

{s~a=%(b+c—a),

then s~b=%(a-b+e),

s—c=%(@+b-c).

85. Case I. Given the three sides (a, b, ¢), to find the three
angles (A, B, C).

1': COS a 7__(:23 _b__«_,oq c
(1) sm /1 003 A B sin b sin ¢
2

==111 b sm ¢~ CO8 @+ cc cos b cos c N/ cos (b~ c) - cos a
2sin bsin ¢ 2sinbsine -

/231n4;(a+b c)31n§(a b~r) \/*lll(ﬂ -b) sin (s - ¢) c),

28in bsin ¢ sin b sin ¢
Applying logs
. A . . .
Lsin 3= 3{Lisin (s -~ b) + Lisin (s - ¢) — Lisin b — Lisinc} + 10
or ‘

LﬁsinA

§=:}{Lsin(s—b)+Lsin(s—c)+Lcosecb+Lcosecc’r—]ﬁ
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- . cosw—cosbeosc
2) cos%:N/l“"c‘“A:\/]-" sinbsin ¢
2 2

= \/ sinbsinc+cosa-cosheosc_ [rosa—cos(b+c)
2 sin b sine 2sinbsinc

2sinbsinc NV Tsinbsine
Applying logs

Lcos%:%{Lsins+Lsin(s—a)-—Lsinb—Lsinc}+10

or
A . .
Lcos§ =}{Lsin s + L sin (s - @) + L cosec b + L cosec c} - 10.
sind _ [ _cosa—cosbeosc
@ tanAos 2o f1cosh [T sindsine
2 cosd l1+cosA 14°980= cosbeose
2 sin bsine
_ \/ sinbsinc—cosa+cosbeosc_  [cos(b~c)-cosa
sin bsin¢+cosa—~cosbcose cosa—cos(b+c)
_ /2sing(atb~o)sing(a-b~e)_  [ein(s=b)sin(s—c)
TV 2siny(b+cta)sing(b+e—-a) sinssin (s~ a)
Applying logs

Ltané:é{Lsin(s—b) + Lisin (s - ¢) — Lisin s — Lisin (s - a)} + 10.

A_ fsii-tsnG-g_ 1 [dne-a)sin@-bsinG-o
(4) ta;n-ﬁ:l\/s__ _ /\/s

sinssin(s-a)  sin(s—a) sing
—_— X —
“sin(s-a)
whero X= N/;ﬂizs':’a)‘s;;.rc;: bsin (s=¢).
sin s

Applying logs
L ta.n%=10+§{Lsin (8- @)+ Lisin (s - ) + L sin (s — ¢) - Lisin 8} — Lisin (s ~ @) '
=10+1log X - L sin (s - a).
Note.—If all three angles have to be calculated, equation (4) is
the best of these methods to use. Four openings in the tables give

all the necessary logs, and also after 10 + log X has been found the
successive subtraction of L sin (s - &), L sin (s - b), L sin (s - ¢).will

(—; respectively.

give us the L tangents of %, 3
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The following methods are good illustrations of the use of sub-
sidiary angles in calculations.

86. Casg II. Given two sides and the included angle (g, b, C),
to find the third side (¢) and the remaining angles (A, B).
The equation connecting a, b, ¢, C is
€08 ¢=cos @ cos b+ sin @ sin b cos C
=cos b{cos a + sin a tan b cos C}.
Assume tan §=tan b cos C (1),
then
' cos b cos (a ~ )
cos 6
or cos ¢:cos b ::cos (a~6):cos 0 (2).
Applying logs to equations (1) and (2), we get
Ltan ¢ =Ltan &+ Lcos C-10 )

cos ¢=cos bfcos a + tan @ sin a} =

and (3).
Lcos ¢=Lecosb + Leos (a~0) + Lisec 6 - 20;

Then, by one of the methods of § 85, knowing the three sides,

find the two angles A, B.

87. Cask III. Given three angles (A, B, C), to find the three
sides (a, b, ¢).

This case may be solved by the aid of the polar triangle as
described in § 80, using one of the methods given in § 85.

88. Cask IV. Given two angles and the interjacent side (B, C, a),
to find the third angle and the remaining sides (A, b, ¢).

This case may also be solved by the aid of the polar triangle
as described in § 81, using the method of § 86 and then one of the
methods given in § 85.

89. CasE V. Given two sides and an angle opposite one of the
sides (A, b, @), to find the third side (¢) and angle opposite it (C).

To find c.

The equation connecting a, b, ¢, A is
cosa=cosb cosc+sind sinc cos A

=co8 b{cos ¢ + sin ¢ tan ) cos A}.

Assume tan p=tan b cos A (1),

then

. cos b cos (¢ ~
cos @ = cos bicos ¢ + sin¢ tan ¢} = - - (o~

cOos b
or cos (c~¢):co8d::cosa:cosh (2).
Applying logs to equations (1) and (2), we get
Ltan¢=Ltand+ Lcos A ~10
and } (3)
Lecos (c~9p)=Lcos ¢+ Lcosa + Lisech - 20
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To find C.
The equation connecting A, b, C, a is
cos b cos C=cot a sinb - cot A sin C,
cot @ sin b=cos b cos C + cot A sin C
=co8 b{cos C + cot A sec b sin C}.

Assume tan @=cot A secb 1),
then
cot @ tan b=cos C + tan  sin C=*° (C~6)
cos 6
or cos (C~0):cosf::cota:coth (2).

Applying logs to equations (1) and (2), we get
Ltan 6=Lcot A + Lisecb - 10
and Lecos (C~6)= Lcos@+Lcota+Ltanb—20}
Note.—The angle B may be found by Rule of Sines, as in § 82.

90. CasE VI. Given two angles and a side opposite one of
them (A, B, b), to find the third angle (C) and the side opposite it (c).
To find C.
The equation connecting A, B, C, b is
cos B + cos A cos C

o= A s
or - cos B=cos A cos C — cos b sin A sin C,
—cos B
=08 C — cos b tan A sin C.
, cos A
Assume tan = —cos btan A 1),
~cos B_ cosCcos § +sinCsinf_ cos (C~6)
then s D g = ke
TeosA cos 6 cos 0
or " cos(C~0):cos0:: —cosB:cos A (2).
Applying logs to equations (1) and (2), we get
Ltanf=Lcosb+Ltan A -10 (3)
and Lecos(C~6)=Lcos 6+ Lcos B+ LsecA - 20 ;
To find c.
The equation connecting b, A, ¢, B is
cos A cos c=cot bsin ¢ — cot Bsin A,
cot Bsin A =cotbsin¢— cos A cosc,
cot B tan A = cot b sec A sin ¢ — cos c.
Assume —tan ¢ = cot bsec A (1),
tanA __ {sincsing +cosccos$} __cos (c~¢)
th [ttt iy i o} piutic S ¢
tanB cos ¢ cos ¢ ‘
or cos (c~¢):cosgp:: —tan A:tan B 2).

Applying logs to equations (1) and (2), we get
: Ltan ¢=Lcot b+ Lsec A~ 10 (3)
and Lecos(c~¢)=Lcos ¢+ Ltan A + L cot B — 20 '
Note.—The side @ may be found by Rule of Sines, as in § 83.



“CHAPTER IX

SOLUTION OF OBLIQUE-ANGLED SPHERICAL TRIANGLES—
SECOND GROUP OF ALTERNATIVE METHODS

91. Cask IIL leen the three angles A, B, C, to find the three
sides @, b, c.

b Lot A+B+0=180"+E, then ¥ PF g0+ ¥ and
B+C-A ., E\ A+C-B__. 1-‘ A+B-C K
o As0- (A—§ AFS T Pager - (B_é), S Caee (c )
cos A +cos Beos C
! _versa_l-cosa_ _ sinBsinC  _sinBsinC-cos A-cos BeosC
avae= 4= 9 = 2 TTF 2sin Bsin C
e A+BHO B+C-A
_—cosA-cos(B+C)_ T 2 2
2sin BsinC 2sin Bsin C
- cos (90" )cos{90" (A—-E‘)} sml;sm ‘1\2"»«»]“
= “sin Bsin C ’ =7 sinBsinC
=cosec B cosec C l\/ha.vhhav(ZA—E) . (1).
o l :cos A+cos Beos C
sin = //}‘—co_ia_ 7 simBsinC
27N P 2
=,\/smBsm(} t.osA_cos.B!cosb / cosA oos(B-l_C)
2'sin B'sin C T 2sinBsinC
=g/ EeshArBC) o B O-A)
25in Bsin C

N rEe e

“sin B'sin C sinBsinC

‘cos A+ cos B os C

cos2 /\/l+wsa J +_MsmBsmC‘ ___

2
_\/smBsmC+cosA+cosBcosC cos A +cos (B ~ -cos (B ~C)
- 2 sin Bsin C 2 sin Bsin C

2co8 4 (A-B+C)cos 4(A+B-0)
T T 2sinBsinC
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/008{90° B_.._ }m{goe c___ } N/sm B-— C—E)_

sin B sin C sin B sinC
a sing' sinl—;sin (A—I‘g) .
tan = =N/ ——5 i ).
0085 sin (B—;z-) sin (0—5)
Equation (4) can also be written

E
sin n g
tan ——sm oo, e
B ) sin (c-E
sm sm 5 ) sin 2)

=sin (A-%)xx ).

(3).

where X is written for the expression

Ve by

92. Since any two sides of a spherical triangle are greater than
the third,

in the polar triangle V+e>d,
R 180° B+180°-C>180"-A
or B+C-A<180°
B+C+A-180° <2A
or E<2A

d B A
an D) <A,

Hence %, (A - I;), <B - :g), (C - g) are all positive and

less than 180° so that their sines are all positive,
E 2A-E\ ., E
also hav E—sm - hav (2A - E)=sin® ( "y )-sm (A——2—),

so that these ratios are positive.
Hence formule (1) to (5) are all real.

Applying logs to equations (1), (2), (3), (), (5), we get
L hava=L cosec B +L cosec C+§ L hav E+3 L hav (2A - E)- 20 ,

L sin -——{L sin 5 +L sin (A-L)+L cosec B+ L cosec C} 10 (2),

L cos -= {Lsm ( 2)+Lsm (L—%)+Lcoseo B+Lcosech—10 (3),
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a

1 . B . E . . i
3 E{LmnE—rLsm (A—E)—Lsm(B—%)-—Lsm(C—%)}+10 (4),

Ltangzé{L sin %—Lsin (A—%‘)—.L sin (B—%) - Lsin (C—%)‘-

L tan

J
+Lsin (A—%)+10
=10 +log X+ L sin(A-%) (5).

Note.—1f all three sides have to be found the last equation is
the best of these methods to use. Four openings in the tables
give all the necessary logs, and also after 10 + log X has been cal-

culated the successive addition of T, sin (A - ]f) L sin (B - If)

a b
’2"7 'é:

L sin <C - %) will give us the L tangents of -; respectively.

. . A A .o
93. In § 85 formule for sin”and cos | were obtained in terms

of functions of the sides,

viz. sin A= sin (s - b) sin (s - 4:)’
2 _ sinbsinc
A sin s sin (s - a)
cos = [——I20N ,
2 sin b sin ¢
C e B C
with similar formule for 7

By the aid of these formulie Gauss’s Theorems and Napier’s
Analogies may be demonstrated. It will then be found that these
Theorems, but more especially Napier’s Analogies, can be applied
to the solution of several cases of spherical triangles.

94. Demonstration of Gauss's Theorems and Napier's Analogies

C
. - : : . cos 1
sin b sin ¢ sin @ sin ¢ sin ¢ 2 OF

B in (s—b) sin (s~ ¢) sin ssin (s - b) sin(s—-b
sy = /o Usinl—0) (s-8)_sin (s-0)

. B _ T v /- _ T '... v = . .
cos® gin 2 = / sin s sm'(s a.) sin :(s a? sin (s - ¢) _sin (s a) s C @,
2N sin & sin ¢ sin @ sin ¢ sin ¢ 2

by addition and subtraction

A+B_sin(s-a)+sin(s-b) C_cos}(a-) C
2 - Y S - -f_— B e

sin sin e ¢ ey (3),
cos:
2
sin A- B=8m (8- b)_- sin (s - a) 08 9=sx_n_§v(q—_@ cosg (@).
2 sin ¢ gin & 2

2
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Formule (3) and (4) are called Gauss’s Theorems, but they are
really due to Delambre.

Again
sin s 8in (s a) smrs S_lIl (s b) sin 8 ¢ C

in — (5),

sin b sin ¢ sin @ sin ¢ Tsine 2

A B
cos 5 €05 = ,\/

sin % sin o= /sm (s=1b) sin (s—¢) sin (s— a) sin (8- o) _ sin (8-¢) sm C (6)
- sin b sin ¢ sin @ sin ¢ sin ¢
by subtraction and addition
cos i—_{-ﬁ sin s - §sm (s=¢) sin 92903 3(a+d) sin [y @),
2 sin ¢ 2 c 2
cos 5
_A-B_sins+sin (s () C _sin § (@ +b) c
cos oy = “ein o n o= sin -~ 5 (8).
sin 5
2
Dividing (3) by (7) and (4) by (8),
A+B_cosd(a-0) C
tun 2 m) COt (9),
A-B_sin}(a-0)
tan S Zsing 3 (@i b) cot (10).
Dividing (4) by (3) and (8) by (7),
sin A-B
___E_“__tan 3 (e-0) au,
sin A+B tan j¢
2
€08 'é‘_ B
2 __tan}(at)d) (12).
cos A+l tan ¢
2 2

Formule (9), (10), (11), (12) are called Napier’s Analogies.

Note.—3% (A + B) and § (¢ + b) are of like affection, that is both
greater or both less than a right angle.

A+B cos} (a- b)
2 cosl(a+b) 2

For, in Napier’s Analogy, tan
c
cos } (a-b) and cot - 5 are necessarily positive quantltles

. A+B
Hence the equation shows that tan = and cos Lo+ b) must

2
be of the same sign; thus A;—B and ¢ :l) are either both less or

both greater than a right angle.
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95. Case II.  Given two sides and the included angle (q, b, C),
to find (A, B, ¢).

To find A, B.
By Napier’s Analogies,
cost (a0 C
tan (A + B) = % iga - b; cot '
sin} (¢ C
tand (A -B)= sin &Ea+ b;
then A=1(A+B)+}(A-B),
B=}(A+B)-](A-B)
To find c.

By Napier’s Analogies,
¢ _cos}(A+B)

g = sk L(A-B)

tan § (a +b).

96. Casr IV. Given two angles and the interjacent side (A, ¢, B),
to find (a, b, C)

To find a, b.
By Napier’s Analogies,
: cos}(A-B) ¢
tan § (@ + b) = on i(A+B)tan‘.’
L sini(A-B), ¢
tan 4 (a—0) = sml(A+B)td'n‘
then ‘w=%(@+0)+4 (a-0),
b=%(@+b)-1(«-0).
To find C.
By Napier’s Analogies,
cos}(uwb)13 an} (A+B).

7:? cos § (a - b)

97. Case V. Given two sides and an angle opposite one of
them (g, b, A), to find (B, C €).
To find B.
By Rule of Sines,
sinB="1" b sin A.
sin a

To find C, c.
By Napier’s Analogies,

. C_cost(a—b)

tan 3 cos} (a7 0) cot 4 (A + B),
cos § (A +B)

¢
tan 2 cosd (A - B)

tan 4 (a + ).
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98. Cask VI. Given two angles and a side opposite one of
them (A, B, a), to find (b, C, ¢).

To find b

B:, It'ule Of Slnes!
. 6 sin I‘ .
sin A.

To find C, c. .
By Napier’s Analogies,
C_cosi(e-1)
tan é = cdS‘T(a +b) cot % (A + B),
o i(AHB) @),

a5 = os 1 (A-B)



CHAPTER X

PRACTICAL SOLUTION OF RIGHT-ANGLED SPHERICAL TRIANGLES AND
QUADRANTAL TRIANGLES

I. Solution of right-angled Spherical Triangles by Napier's
o Rules o

99. (1) Given a=37" 48, b=>59" 44’ 15”7, C=90° find the
other parts. ,

The circular parts are (90° ~¢), (90° — A), (90° - B), a, b.

To find c.

(90° —¢) is the middle part, a and b are the opposite parts.
By Rule 2,

cos ¢c=cos b cos @ A
L cos5=9'702398
Lecosa=9'897712 b
L cos ¢=[9'600110 c

¢= 66° 3?_, B

To find A.

b is middle part, (90° - A) and « are adjacent parts.
By Rule 1, : :

sin b=cot A tan ¢
or cot A =sin & cot a
Lsinb= 9936376
Lcota=10'110318"

Lcot A=10046694

A= 4'1"55' 30”
To find B. B
@ is middle part, (90° — B) and b are adjacent parts.
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By Rule 1, sina = cotBtand
or cot B = sinacotd
Lsina= 9787395
Leotb= 9766022

LecotB= 9553417

B=170"19"15"

100. (2) Given A=55° 32’ 45", C=90° ¢=98° 14" 30", find
the other parts. '

Here ¢ being greater than 90° its sine and cosecant will alone
be positive, all its other ratios will be negative. In such cases it is
necessary to give to the ratios of the known parts, as they occur in
the formule, their proper signs, and thus we are able to determine
the sign of the ratio of the angle we are seeking. If this is positive
the angle sought is the acute angle found in the tables, but if
negative, the supplement of this angle is the required part.
Further, it must be remembered that if a part has to be determined
from its sine, a side and the opposite angle in a right-angled triangle
will be of like affection. This does away at once with any ambiguity.

The circular parts are «, b, (90° —¢), (90° - A), (90° -~ B).

To find a.

a is middle part, (90° - A) and (90° - c) are opposite parts.

By Rule 2, sin a=sin A sin ¢

8 Lsin A= 9916232

L sin c= 9995491

Lsina= 9911723

° 45441 30

° for ¢ must be of ﬁkeﬂaﬁ-‘;ction with A.

A
To find B.
(90° — ¢) is middle part, (90° — A) and (90° ~ B) are adjacent parts.
By Rule 1, - + -

cos ¢= cot A cot B
or cot B= cosctan A
Lcosec= 9156394

L tan A= 10°163610

Lot B= 9320004

78° 12 0"
180

B= 101 48’ 0" since cot B is negative.
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To find b.
(90° - A) is middle part, (90° - ¢) and b are adjacent parts.
By Rule 1,

+ - -
cos A=cot ¢ tan b
or tan b=cos A tan ¢
Lcos A= 9752622
Ltan¢=10-839098

Ltand=10'591720

75° 38" 30”7
180

b=104" 21" 30", since tan b is negative.

[ 4

101. (3) Given A=110" 20, «=120" 15, B=90", find the
other parts. *

This case is ambiguous (see § 49 (9)), and with the exception
of A and @, which are common to both triangles, the other parts
will be supplemental. Thus ¢ and 180" —¢, b and 180" -b are
corresponding sides, whilst C and 180" — C are corresponding angles.
This is also evident from the figure.

The circular parts are a, ¢, (180 - b), (180" - A), (180" - C).

To find c.
¢ is middle part, @ and (180° ~ A) are adjacent parts.
By Rule 1,

sin c=tan ¢ cot A A
L tan ¢« =10"234195 c
L cot A= 9'568873

Lsinc= 9803068

6= 39" 270"
180

or =140° 33" 07 A ™~

To find C.
(90° — A) is middle part, (90" — C) and a are opposite parts.
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By Rule 2,
cos A=sin C cos a
or sin C=cos A sec a
L cos A= 9540931
L sec a= 10297764

Lsin C= 9-838695

C= 43°36'45"
180

- or=136"2515"
To find b. Rt

4 is middle part, (90° — b) and (90° — A) are opposite parts.
By Rule 2,

sina= sinbsin A
or sin b=sin @ cosec A
L sin a= 9936431

L cosec A= 10:027942
L sin b= 9:964373
I)= 67") 6’ 30//

180

or= 1_1__2°d 53 30"

Note—There is evidently no necessity in this case to take any
notice of the signs of the ratios of A and a.

“II. Solution of Quadrantal Triangles by Napier's Rules
102. (1) Given A=35° 40 157, B=36° 10/, c=90".
The circular parts are
A, B, (90° - C), (90° a), (90° = D).
To find a.
B is middle part, (90° — a) and A are adjacent parts.
By Rule 1,
sin B= cot ¢ tan A
or cot a= sin B cot A c .
Lsin B= 9:770952 L
Lcot A= 10143996 A 8

— r

Lcot a= 9'914948

= 50° 34’ 30"
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To find C.
(90° - C) is middle part, A and B are opposite pa,rts
By Rules 2 and 3,
cos C= —cos A cos B
Leos A= 9909759
L cos B= 9907037

LcosC= 9816796

49" 10"
180
C= 130" 59 0, since cos C is negative.

To find b. )

A is middle part, (90° — %) and B are adjacent parts.

By Rule 1,

sin A=cot b tan B
or cot h=sin A cot B
Lsin A= 9765764
L cot B= 10136085

Lcot b= 9901849

b= 51° 25" 15"

103. (2) Given A=120° 30, b=115" 35, c=90".
Here we must take account of the signs of tlfe ratios of A and b.
The circular parts are A, B, (90° - C), (90° —a), (90° - 4).
To find C.
(90° - b) is middle part, A and (90° — C) are adjacent parts.
By Rules 1 and 3,

cos b= ~tan A cot C

or _ cot C= cos b cot A o
L cos b= 9635306
Lcot A= 9:770148 b .
Lcot C= 9:405454
75° 43 45”7 A 8
180

C= 104 16 15”, since cot C is negative,

To find a. '
(90° - @) is middle part, A and (90° - b) are opposite parts.
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By Rule 2,

c;s o= c(;s Asinbd
Lcos A= 9705469
Lsinb= 9955186

Lecosa= 9660655

62° 45" 15”
180

a=117° 14’ 45", since cos a is negative.
To find B. '
A is middle part, (90° ~ b) and B are adjacent parts.
By Rule 1, + - -
sin A= cot b tan B
or tan B= sin A tan b
Lsin A= 9:935320
L tan b=  10'319880

L tan B=  10-2556200

60° 56" 30”
180

B= 119° 3’ 30", since tan B is negative.

104. (3) Given A=140° 20", a=115° 30’, c=90".

The triangle is ambiguous (see § 49 (10)), this is evident also
from the figure.

With the exception of A and @ the corresponding parts of the
two triangles are supplemental.

The circular parts are A, B, (90° - C), (90° - a), (90° - D).

To find B.
B is middle part, (90° — @) and A are adjacent parts.

By Rule 1, -

A sin B= cot a tan A
Lecota= 9678496
Ltan A= 9918677
c -
Lsin B= 9597173
. -
B= 23°18 0"
180
A ()

5 or= 156° 42’ 0”
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To find C.
A is middle part, (90° — C) and (90° - a) are opposite parts.
By Rule 2,

N sin A=  sinCsin a,.
or sin C = sin A cosec @
Lsin A= 9-805038
L cosec a = 10°044512
LsinC= 9:849550

C= 45° 0 307

or= 134" 59’:33”

To find b.
(90° - @) is middle part, A and (90° - ) are opposite parts.
By Rule 2, ’
cos @ =cos A sind
or sin b= cos a sec A
Leosa= 9633984
LsecA= 10113638

Lisind= 9747622
b= 34> 0 157
180

or=145° 59" 45"



CHAPTER XI
PRACTICAL SOLUTION OF OBLIQUE-ANGLED SPHERICAL TRIANGLES

105. Cask 1. Given the three sides, to find the three angles.
Method, using the Tabular Log Haversine Table.

Ezample.~Given a = 70° 14’ 20”7, b = 49° 24" 10”,¢ = 38° 46" 10"
find A, B, C.

First method, using the L Haversine Table.

To find A.

hav A = cosec b cosec ¢ ~/hav (a+ b ~¢) hav (& — b~c)

L hav A =L cosec b+ L cosec c-+ 3L hav (¢ +b~¢)+3L hav (&~ b~¢) - 20.

b

b=49" 24" 10" T cosec 10°119585

c=38 46 10 L cosec 10°203295
b~c=10 38 0
a="70 14 20

a+b~c=80 52 20 © 4L hav 4811977

a-b~c=59 36 20 3L hav 4696370

L hav A 9'831_2_27

A=T10° 51" 15"

To find B. S
hav B = cosec a cosec ¢ &/ hav (d+a~c)hav(b-—a~c)

L hav B=L cosec a+ L cosec ¢+ 3L hav (b+a~c¢) + 3L hav (b~ a ~c) - 20.

a="70° 14’ 20" L cosec 10:026359
c=38 46 10 L cosec 10203295
a~c=31 28 10
b=49 24 10
bra~c=80 52 20 JLhav 4811977
b—a~c=17 56 0 JLhav 4:192734

L hav B 9234365
B=48° 56" 4"
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o find C.

L hav C=L cosec a+L cosec b+ 3L hav (c+a ~b) + 3L hav (¢~ @~ b) - 20.

a="T0° 14’ 20" L cosec 10026359
b=49 24 10 L cosec 10°119585
a~b=20 50 10
c=38 46 10
c+a~b=59 36 20 3L hav 4'696370
c-a~0=17 56 0 1L hav 4-192734

L hav C 9-035048

C=38" 26" 47"

106. CasE II. Given two sides and the included angle, to find
the third side, and then, by Case I, to find the other two angles.

Example.—Given a =68°20'25", b=52"18'15", C=117"12'20",
find ¢, A, B.

Method, using the Tabular Log Haversine and Tabular versed
sine Tables,

vers ¢=vers (¢ ~ ) + vers 6 (1),
where

vers @=sin a sin b vers C
and .. hav ¢ =sin ¢.sin b hav C
whence

L hav 6=Lsin ¢+ L sin b+ L hav C - 20 2).
C=117" 12" 20” L hav 9-862484 Tab vers 6 =1071608
a= 68 20 25 L sin 9'968199 Tab vers (¢ ~")=0038912

b= 52 18 15 L sin 9'898324 Tab vers ¢ =1110520

— e Tab vers 96°20"= 313
a~b= 16 2 10 Lhav 6 9729007 e
- ———— part for 43” 207

0=94" 6’ 23" ¢=96" 20" 43"

Then by Case I.
To find A.

hav A =cosec b cosec ¢ n/hav (¢ +b~c) hav (@ —b~c)
L hav A=L cosec b+ L cosec ¢+ 31, hav (¢ +b ~¢)+ 3L hav (@ - b ~¢) - 20.
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b= 52° 18" 15" L cosec 10°101676
c= 96 20 43 L cosec 10:002669
c~b= 44 2 28
+ a= 68 20 25
a+c~b=113 22 53 1L hav 4:919545
a—c~b= 24 17 57T $Lhav 4'323179
Lhav A 9:347069
A=56" 16" 15"
Also by Case 1. '
To find B.

L hav B=L cosec @+ L cosec ¢+ 3L hav (b+a ~¢)+ 3L hav (b—a ~ ¢) - 20.

a=068" 20" 25" L cosec 10031801

c=96 20 43 L cosec 10°002669
c~a=28 0 18
b=52 18 15

b+c~u=80 18 33 3L hav 4-809460

b—c~a=24 17 57 $Lhav 4:323179

LhavB 9°167109

B=45 4 41"

107. Cask III. Given the three angles to find the three sides.
(3) Given A=109° 45" 40", B=130° 35" 50", C=141° 13’ 50",
find a, b, c.
The supplements of the three angles will be the corresponding
sides of the polar triangle A'B'C’.
A=109° 45" 40" B=130° 35’ 50” C=141° 13 50”
180 180 180

a= 70° 14 20” V= 49°24"10" - = 38° 46’ 10”
With the three sides o', ¥/, ¢/, find the three angles A’, B, C’ by
the method of Case I. The supplements of these angles will be
the corresponding sides of the primitive triangle ABC.
Thus we find
A’=110° 51" 15" B'= 48° 56" 4" C'= 38° 26" 47"
180 180 ' 180

a=_69° ¥45°  b=181° 356" o=141°33 13
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108. Cask IV. Given two angles and the interjacent side, to
find the third angle.

(4) Given A=111° 39" 35", B=127° 41’ 45", ¢=62" 47’ 40,”
find a, b, C.

The supplements of these two angles and interjacent side will
be the two corresponding sides and included angle of the polar
triangle A'B'C".

A=111° 39" 35" B=127° 41’ 45" c= 62° 47" 40”

180 180 180

o'= 68° 20" 25” V= 52°18 15" C'=117"12" 20"

By the method of Case IL, find ¢,
and, by the method of Case I., find A", B'.

The supplements of these parts will be the two sides and
remaining angle of the primitive triangle ABC,

thus ¢’ =96° 20" 43" A’'= 56°16" 15" B'= 45° 4 41"
180 180 180
C= 83° 39" 17" a=123" 43’ 45" h=134" 55" 19”

109. Casg V. (1) Given A=42° 35" 30", b=61" 25" 45",
a=170° 30" 15".

Here a lies between b and 180° -b. Hence the triangle is
unique, and B will be of like affection with b (see § 46).

. sin b . . )
sin B=".-— sin A =sin b cosec a sin A.
sin @

Lsin b 9:943607
L coseca 10025642
L sin A 9'830440 P
Lsin B 9799689 ol

B=390 57_15/’ A

. ’ : D .

From C draw CD perpendicular to AB; it will be of like

affection with A, and will fall inside the triangle ACB (§ 49 (3)).
In the triangle ACD.

cos A=cot b tan AD cos b=cot A cot ACD
tan AD=cos A tan b cot ACD=cos b tan A
L cos A 9:866993 Lecosd 9679650
L tan b 10263956 L tan A 9963447
Ltan AD 10°130949 L cot ACD 9643097

AD=53°30' 30" ACD=66°16"0"
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In the triangle BCD. o
cos B=cot a tan BD cos a= cot B cot BCD
tan BD =cos B tan a cot BCD= cos a tan B
L cos B 9:889965 Lcosa 9523406
Ltanae 10°450952 LtanB  9'909725

L cot BCD 9:433131

L tan BD 10°340917

BD= 65° 28" 45" BCD= 74°50"0”
AD= 53 30 30 ACD= 66 16 0

¢=AD +BD= 118°59 15” C= ACD+BCD—141 6’ i

110. Case V. (2) Given A=137° 24" 30", b=61° 25" 45",
a=125° 34’ 15",
Here o does not lie between b and 180° — b, hence the triangle
is ambiguous, and the two values of B will be supplemental (see
§ 46)
sin b, . .
sin B="_ -sin A=sinb cosec @ sin A.
sin a

L sin b= 9'943607
L cosec a=10"089697
L sin A= 9-830440

L sin B=9'863744

B= 46°56"45"
B'=133 3 15

From C draw CD perpendicular to AB. It will be of like
affection with A and will bisect the angle BCB’ between the two
positions of the side a (§ 49 (12)).

In the triangle ACD.

+ - -
cos b=cot A cot ACD
cot ACD =cos b tan A

- + -
cos A=cot b tan AD
tan AD=cos A tan b

Lcos A 9°866993
L tan d 10263956

L tan AD=10130949

53° 30" 30”
180

AD=126° 29" 30”

since tan AD is negative.

Lcosbdb 9679650
Ltan A 9:963447

L cot ACD=9643097

66° 16" 0”
180

ACD=113" 44" 0"

since cot ACD is negative.
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In the triangle B'CD. _
- + - - - +
cos @ = cot B'CD cot CB'D cos CB'D = cot a tan B'D

cot B'CD = cos a tan CB'D tan B'D = cos CB'D tan a
Lecosa 9764706 LcosCBD  9:834223
Ltan CBD 10029521 Ltana 10145597
Leot BCD  9-794227 LtanBD 9979820
BCD=BCD 58 5 30" BD=BD 43° 40’ 15"
ACD=11344 0 AD=126 29 30

C=ACD+BCD=1714930 ¢=AD+BD=170 9 45
or=ACD - BCD = 55 38 30 or=AD-BD = 82 4_915

111. CasE VI (1) Given A =42° 35’ 30", b=118" 34’ 15",.
B=130° 16" 45",

Here B lies between A and 180° — A. Hence the triangle is
unique, and a will be of like affection with A (sce § 46).

. sin A . . .
sina = —- sin b =sin A cosec B sin b,
sin B

Lsin A 9:830440
-LcosecB 10117530
Lsinbd 9-943607
Lsina S 9:891577

w=51°10" 30"

From C draw CD perpendicular to AB; it will be of like
affection with A and will fall outside the triangle ACB (§ 49 (4)).

In the triangle ACD.

+ - - . - + -
cos A =cot b tan AD cos b = cot A cot ACD
tan AD =cos A tan b cot ACD =cos b tan A
Lecos A 9'866993 Lcosd 9679650
Ltand 10263956 Ltan A 9963447
Ltan AD 10°130949 Lcot ACD 9°643097
53° 30’ 30" 66°16° 0”
180 180
AD =126° 29’ 30” ACD=113° 44’ 0"

since tan AD is negative. since cot ACD is negative.
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In the triangle BCD.

+ + o+ + + +
cos CBD = cot a tan BD cos @ = cot, CBD cot BCD
tan BD = cos CBD tan a cot BCD = cos a tan CBD
LcosCBD 9:810577 Lecosa= 9797229
Ltana 10094345 L tan CBD = 10071893
Ltan BD  9:904922 "Leot BCD = 9:869122
BD = 38°46’ 45" BCD = 53°30" 15"
AD=_126 29 30 ACD=113 44 O

¢=AD-BD= 87°42"45" C=ACD-BCD= 60°13 45"

112. CasE VI. Another method.

(1) Given A =42° 35" 30", b=118" 34’ 15", B=130" 16 45",
as before ¢ = 51° 10" 30” (see §§ 46, 49 (5)).

From C draw to AB the quadrant CQ. It will fall inside the
triangle ACB’since a and b are of unlike affection (§ 49 (6)).

In the triangle ACQ.

+ -+ - + +
cos A = —cot b cot AQ cos b= —cot A tan ACQ
cot AQ=cos A tan b tan ACQ=cos btan A
Leos A= 9866993 Lecosd 9679650
Ltan b =10263956 Ltan A 9963447
L cot AQ = 10°130949 L tan ACQ = 9°643097

- AQ=36° 29" 30” ACQ=23° 440"
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In the triangle BCQ.

- + o+ + - +
cos B= - cot a cot BQ cos @ = — cot B tan BCQ
cot BQ=cos Btana tan BCQ = cos ¢ tan B
Lecos B= 9810572 Leosa= 9797229
L tan a = 10094345 L tan B=10-071893
Lecot BQ= 9-904917 Ltan BCQ= 9-869122
BQ=51°13 15" BCQ = 36° 29" 45"
AQ=36 29 30 ACQ=23 44 0

c=AQ+BQ=87"42 45" C=ACQ+BCQ=60°13 45”

113. CaseE VI (2) Given A =137° 24" 30", b= 118° 34’ 15",
B =140° 10'.

Here B does not lie between A and 180° - A. Hence the
triangle is ambiguous, and the two values of ¢ will be supplemental
(see § 46).

sina = SI.lé sin b = sin A cosec B sin ).

sin B
Lsin A= 9830440
L cosec B=10193443
Lsinb= 9943607

Lsina= 9967490

a= 68° 615
180

or=111° 53’ 45”

From C draw CD perpendicular to AB, it will be of like affec-
tion with A ; also the angles DCB, DCB’ and the sides DB, DB’
will be supplemental (§ 45 (5)).

In the triangle ACD.

- -+ - - +
cos A =cot b tan AD cos b = cot A cot ACD
tan AD = cos A tan b cot ACD =cos b tan A
~ Leos A 9'866993 Lecosd 9679650 -
Ltand 10263956 Ltan A 9963447
Ltan AD 10130949 Lcot ACD  9:643097

AD =53° 30’ 30” ACD =66° 16" 07
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In the triangle BCD.

- + -
cos CBD = cot ¢ tan BD
tan BD = cos CBD tan a

L cos CBD 9:885311
Ltanae 10395868
LtanBD 10281179
BD= 62° 22" 15"
180

BD = 117° 37’ 45"
since tan BD is neg.
AD= 53 30 30

¢c=AD+ BD =171° 8 15” (/= ACD + BCD = 173° 32’ 45"
or=AD+BD=115 52 45 or=ACD+BCD=138 59 15

-‘- - -
cos & = cot BCD cot CBD
cot, BCD = cos @ tan CBD

Leosa 9571616
L tan CBD 19921247
L cot BCD 24}9?@3 )
BCD 72° 43 15"
180

BOD 107° 16 457
since cot BCD is neg.
ACD= 66 16 0

114. Cask VI. Another method.r
(2) Given A =137° 24’ 30", b=118° 34’ 15", B=140° 10"
-As before a = 68° 6" 15", or=111° 53’ 45",

A

From C draw to AB the quadrant CQ, it will bisect the angle
BCB’ and side BB’ (see §§ 46, 49 (13)).

In the triangle ACQ.

cos A= —cotbcot AQ
cot AQ =cos A tanb
LcosA 9866993
Ltand 10°263956

Lot AQ 10:130949

36° 29’ 307
180 '

AQ = 143° 30’ 30"
since cot AQ is negative.

cos b= —cot A tan ACQ
tan ACQ = cos b tan A
Licosb 9679650
Ltan A - 9963447

Ltan ACQ 9643097

23° 44° 0”
180

ACQ = 156° 16’ 0”
since tan ACQ is negative.
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-In the triangle BCQ.

- + + ' + + o= e
cos B= -cot BQecot @ cos ae — tan BCQ cot B
cot BQ=cos B tan « tan BCQ=cos a tan B
L cos B= 9-885311 L cos a=9'571616
L tan A=10395868 - L tan B=9-921247
L cot BQ=10-281179 L tan BCQ=9492863

BQ=BQ= 27°3745” BCQ=BCQ= 17°16'45"
AQ=143 30 30 ACQ=156 16 0

 t=AQ+BQ=171" 8 15" C=ACQ+BOQ=173" 32’ 45"
or=AQ-BQ=115 52 45 or=ACQ-BCQ=138 59 15

115. The following examples may be useful as illustrating the
method of dealing with the inclinations of planes.

Ezample 1. Through three points taken on the edges of a cube
equidistant from one angle of the cube a section is made. Find the
angle between the cutting plane and a side of the cube.

In the figure AG, AH, AF are all equal and at right angles,
therefore FAH, FAG, GAH are isosceles right-angled triangles,
also FG, GH, HF being all equal ¢
FHG is equilateral.

Imagine' F to be centre of a
sphere, and suppose the planes
AFH, AFG, GFH to cut the surface
of this sphere in the arcs of great
circles PR, PQ, RQ forming the
spherical triangle PRQ, in which

PR = AFH = 45°,
PQ = AFG = 45",
RQ = GFH = 60°.

To find the angle between the
plane GFH and the side of the cube AFH we have this angle = PRQ.

N2_1 N2
_cos45°-cos 60°cos 45°_ 227 2 2 1
cos PRQ="""r 60°sin 45° W8 N2 WO N5
2 "2
L cos PRQ=10-4 log 3
=10 -- ‘238560
= 9761440

- PRQ= 54" 44’
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Example 2. The elevation of a spire is 20° and of a tower is
12°, and the angular distance between their summits is 50°; find
the horizontal angle between their positions.

In the figure O is the position of the observer.

z AB is the vertical

' height of the spire

! above the horizontal

! plane,

! CD is the vertical

! height of the tower

above the horizontal

plane,

AOB = elevation of
weeeremmeecceeeee...A the spire = 20° :
COD = elevation of
the tower =12°,

AOC = angular dis-
tance of their sum-
mits = 50°,

OZ is the vertical lme through the observer’s position, meeting
the celestial concave in the zenith Z.

Hence ZOD, ZOB are right angles and therefore BOD is the
horizontal angle between the vertical planes AOB, COD.

Imagine a sphere with O as centre and of any radius. The
planes ZOB, ZOD, COA will cut the surface of this sphere in three
arcs of great circles forming a spherical triangle PQR, of which

PQ=90"- QT = 90° — COD = 90° - 12° = 78°,
PR =90° — RS = 90° - AOB = 90° — 20° = 70°,
"RQ=COA  =50".

The horizontal angle BOD being the angle between the two
planes ZOB, ZOD = the spherical angle RPQ, and we have

78° L cosec 10°009596

70° L cosec 10°027014
8

50 ,

58 4 Lhav 4685571

42 i+ Lhav 4554329

L hav RPQ 9276510

RPQ = 51 32’ 30" = horizontal angle BOD.
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116. In order to further illustrate Cases V. and VI. of the solu-
tion of oblique-angled spherical triangles, the following sketch solu-
tions are added.

In all cases the figure is described on the plane of that side of the
spherical triangle which does not enter into the Rule of Sines, Thus

Given A, C, g, the figure is described on the plane of AC (or b).

Given «a, ), B, ’ " AB (or c)

The perpendlculm from the third angle to the opposite side is
always found by joining the pole of that side—on the pla.ne of
which the figure is described—with the extremity of the given side
adjacent to the given angle, and producing this arc to meet the
opposite side (see § 46).

(1) A=30° b=165° a=80".

Here a lies between » and 180° — 1,
hence there is only one triangle having
the given parts, and B will be of like
affection with b.

Also the perpendicular CD will fall
inside the triangle ABC, since A and B
are of like affection,

C=ACD + BCD,
¢=AD + BD.

(2) B=30° ¢=65° b=40".
He:e b does not lie between ¢ and
180° —-¢,
hence there are two triangles having the
given parts, and the two values of C will
be supplemental.
Alsotheperpendicular AD willfall mid-
way between the two positionsof the sided,
A =BAD = CAD,
a=BD = CD.

(8) C=40° a=120°, c=170".

Here ¢ lies between ¢ and 180° - ¢,
hence there is only one triangle having
the given parts, and A will be of like
affection with a.

Also the perpendicular BD will fall 4
outside the triangle ABC, since C and A
are of unlike affection,

B=CBD - ABD,
h=CD - AD.
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(4) B=40° ¢=120° b=50°.

Here b does not. lie between ¢ and
180° - ¢,
hence there are two triangles having the
given parts, and the two values of C will
be supplemental.

Also the perpendicular will fall mid-
way between the two positions of thesideb,
KR A =BAD = CAD,

a=BD = CD.

(5) C=120° ¢=170° b=60°.

Here ¢ lies between b and 180° - b,
hence there is only one triangle having
the given parts, and B will be of like
affection with .

Also the perpendicular AD" will fall
outside the triangle ABC opposite the
acute angle B,

o A= BAD' -
d a=BD -

a8
R T

CAD’,
CD".

(6) B=120° a=60° b=125"

Here & does not lie hetween ¢ and
180" - q,
hence there are two triangles having the
given parts, and the two values of A will
be supplemental.

Also the perpendicular CD will fall mid-
way between the two positions of the side b,
C = BCD + ACD,

¢=BD + AD.

08
;

-

(7) A=130° b=110° a = 80°

Here e lies between b and 180° - b,
hence there is only one triangle having
o the given parts, and B will be of like
® affection with .

Also the perpendicular CD will fall
inside the triangle ABC, since A and B
are of like affection,

C=ACD + BCD,
¢=AD + BD.
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(8) B=150° ¢=115", b=120".

Here b does not lie between ¢ and
180° —¢,
hence there are two triangles having the
given parts, and the two values of C will
be supplemental.

Alsotheperpendicular AD will fall mid-
waybetween the two positions of the sidel,
A =BAD + CAD,

«=BD +CD.

(9) A=170° B=50° a=60".

A lies between B and 180° - B,
hence there is only one triangle having
the given parts, and b will be of like
affection with B.

Also the perpendicular CD falls in-
side the triangle ABC, since A and B are
of like affection,

C=ACD + BCD,
¢=AD + BD.

(10) A =50° B=45", b=60"

B does not lie between A and 180" — A,
hence there are two triangles having the
given parts, and the two Values of « are
supplemental.

Also the perpendicular CD falls inside
the triangles ACB, ACB’, because Aand B
(or B’) are of like aﬁ“ectlon

C= ACD + DCB
or = ACD + DCB’ = ACD + (180° - DCB)
¢=AD +DB
or =AD+DB =AD +(180° - DB).

(11) C=45°, b=110", B="50".

B lies between C and 180° - C,
hence there is only one triangle having
she given parts, and ¢ will be of like
ffection with C.

Also the perpendicular AD falls in-
side the triangle ABC, since B and C are
of like affection,

A =CAD + BAD,
a=CD + BD.
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(12) A=60° C=124" ¢=110°

Cdoes not lie between A and 180° -- A,
hence there are two triangles having the
given parts, and the two values of ¢ will
be supplemental.

Also the perpendicular BD falls out-
side the triangles ABC, ABC’ opposite
the acute angle A,

B—ABD - CBD
or=ABD - O'BD = ABD - (180° - CBD)
b=AD-CD

or =AD-CD=AD -(180°-CD).

(13) A=75°% C=120° a=50°.

A lies between C and 180° - C,
hence there is only one triangle having
the given parts, and ¢ will be of like
affection with C.

Also the perpendicular BD’ will fall
outside the triangle ABC opposite the

acute angle A,
*.B=ABD’-CBD’, b= AD'-CD'".

(14) B=45°, A =120° b=>50°
Bdoesnot lie between Aand 180° — A,
hence there are two triangles having
the given parts, and the two values of a
will be supplemental.
Also the perpendicular CD’ will fall
outside the triangles ABC, AB'C, opposite

the acute angle B (or B’),
" C=BCD’'-ACD’
or =B'CD’- ACD'=180° - BCD' - ACD’,
¢=BD'- AD’
or =B'D’'- AD'=180°-BD’ - AD".

(15) C=135° b=120°, B= 60"

‘B lies between C and 180° - C,
hence there is only one triangle having
the given parts, and ¢ will be of like affec-
tion with C.

Also the perpendicular AD’ falls out-
side the triangle ABC opposite the acute
angle B,

.. A=BAD’' - CAD’, a = BD' - CD".
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(16) A= 135° b=125° B=140"

B does not lie between Aand 180° — A,
hence there are two triangles having
the given parts, and the two values of @
will be supplemental.

Also the perpendicular CD falls inside
the triangles ABC, AB'C, since A and B
(o‘ B) are of like affectlon,

C=ACD + BCD
or = ACD + B'CD = ACD + (180° - BCD),
¢=AD + BD
or =AD+BD=AD+(180°-BD).




CHAPTER XII

SOLUTION OF OB.LIQUE-ANGLED SPHERICAL TRIANGLES BY METHODS

NOT REQUIRING THE L HAVERSINE OR TABULAR VERSED
SINE TABLES OR NAPIER'S RULES ' .

117. Case I. First method.
Given a =70° 14’ 207, b= 49° 24’ 10", ¢ = 38° 46”107, find A, B, C.

To ﬁngl%A..

AT Jem (s—DbYsin (s—¢) : ;
sin &= ) sl = A/ sin (s - ) sin (s - ¢) cosee b cosec ¢
2 '\’/ sin bsine \/ ( ) ¢ )

Lsin%:&{L sin (8- 0) + Lsin (s - ¢) + L cosec b + L, cosec ¢} -10.

a=170"14"20" s-a= 8 58 0"
b=49 24 10 s-b=29 48 10
¢=38 46 10 s—c¢ =40 26 10

2)158 24 40

§=179° 12" 20”

Lsin(s-3) 9696370

" Lsin(s—¢) 9:811977
Lcosecd 10°119585
Lcosecc 10°203295
2)39-831227

L sin 9915613

55° 25’ 37”5

A 110° 51’ 15”

e

O] P> 1ol B>
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To find B.

sin D=, fHnG-a)sinG-o)
2 N sin @ sin ¢

= ,\/ sin (8- a) sin (8- ¢) cosec @ cosec c,

L sin -——Jg{L sin (s—a)+ L sin (s -¢)+ L cosec a+L cosec ¢} —10.

Lsin(s-a) 9* 192734
L sin (s-¢) 9-811977
L coseca  10°026359
Lcosecc 10°203295

2)89:234365

L sin | B oy
2 9-617183
B ——
G 24°28 274 N

B 48° 56’ 5"
To find C.

. C sin (s — @) sin (s - b)
sin 5= ikl WL it duid
2 '\/ sin @ sin b

,\/ sin (s —«) sin (s - D) cosec « cosee b,

L sin %:&{L sin (s - @)+ L sin (s~ )+ L cosec @+ L cosee b} 10,

L sin (s-a) 9192734
L sin (s-0) 9696370
iL cosece 10026359
L cosec b 10°119585

2)39035048

C_ 19° 13’ 93"4

C 38" 26" 47"

118. Case I. Second method—the same example.
To find A.

A sin (s— b) sin (s~ c)
tan 5 = il S
2 /\/ sin ssin (s—a) ’

L tan %:10+§{Lsin(s—b)+1}sin (3—¢)—Lsins - Lsin (s - a)}.
L sin (8- 5) 9696370 L sin ¢ 9992247
Lsin (s-¢) 9 81197: Lsin(s-a) 9°192734

To-134081
19°508347
19 184982
2) 323366

Lt,anA
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To find B.
tan §=\/si11 .(s —a) sin (s - c),

2 sin s sin (s - b)

Ltangzlo + ${Lsin(s — a) + Lisin (s - ¢) 7 Lisin s — Lsin (s - b)}.

Lsin (s—a) 9-192734 Lsins 9992247

Lsin (s—¢) 9811977 Lsin (s - 5)9:696370
19:004711 19-688617
19- 688617
2)1-316094
B ——
L tan 3= 9658047
B

—=24°28 2"

B=18"5¢ 4

o

To find C.
tan g=JsiII (s a)sin (s - b)’

sin s sin (s —¢)

Ltan g=10+%{Lsin(s—a’)+Lsin(s—b)—Lsins-Lsin(s—c)}.

Lsin(s-a) 9192734 Lsins 19°992247
Lsin (s —0) 9:696370 Lsin (s—¢) 9811977

18889104 19-804224
19-804224

2) 1°084880

= 9-542440

=19°13"23"4
C= 38° 26’ 47”

L tan -

wlO w,O

119. Case I. Another form of the second method is as follows
—the same example.
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To find A.
A_ sin(s-b)sin(s—¢) 1 sin (s —«) sin (s- b) sin (3-¢)
tang= \/ sinssin (s~a)  sin(s—a) ° / o " sins R
, = sin (s—a)
_ sin (s —a) sin (s—0) sin (s— c)
where X= ,\/ it
Ltan2 =10 +4{L sin (s~ o) + L sin (¢~ 5)+ L sin (s- ¢) - L sin s} - L sin (s a)
=10 +log X - L sin (s~ a).
Lsin(s—a) 9192734
Lsin (s-0) 9696370
Lsin (s—¢) 9-811977
28+701081
Lsin g 9992247
2)18°708834
10+log X 19°354417
L sin (s - @) 9°192734
A —————
Ltan? 10-161683

2

A_ sron sy

2 S

A=110"51"16"

Simila.rly to ﬁml B.
tanB \/ sin (s - a.) sin (s— c) 1

/ siu (s - ) sin (s ) sin (s - ¢)
sinssin (s—0)  sin (s- h) "

sin 8

A

=i (s by
L tan g=10+logx ~ L sin (s ).

10 +log X =19°354417
Lsin (s- )= 9696370

L tan -

B_
5= 9658047

!‘f =24° 28" 2"

B=48° 56" 4"

also to find C.
C_ sin (8- @) sin (s—b) b_ 1 sin (s a) sin (s~ d) sin (s<¢)
tan 5= / Tsinssin(s-¢) sin(s—c)” / sin 8

o (s - ¢y
L tan%=10+logX-Lsin (s—c¢).

10+ log X=19-354417
Lsin(s-c)= 9°811977
c ———
Ltan 3= 9 542440
Q-l9° 13' 234
C=38"26' 47"
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Note.— After log X has been calculated the finding of the three
angles is a very short process.

120. Cask I. Third method—the same example.
To find A.

oos 2 / sin o sin (s —a) / sin s sin ( ) b
108 = b L L (s—a
2= AN sin b sin ¢ A/ cosec 0 cosec ¢,

L cos %:-{x {L sin s+ L sin (s — )+ L cosec b + L cosec ¢} - 10.
Lsins 9992247
Lsin(s-a) 9192734
L cosec b 10°119585
L cosec ¢ 10°203295

2)39°507861
Ticos A 9753930

3
9= P20 8T8
=110° 51’ 15"
To find B. ' o
cns ]—;z \/ ﬁl:l—is;n—sf&:c 0 = /\/ sin s sin (s — b) cosec @ cosec ¢,
L cos %:&{L sin s+ L sin (s - b) + L cosec @ + L cosec ¢} — 10.
Lsins 9°092247
Lsin (s~ ) 9696370
L cosec o 10026359
L cosec ¢ 10203295
2)39-918271
L cos % 9-959136
B
3=
B=48° 56’ 4"
To find C. 7 o

sin s 'sin (s—c) / . . o
cos = ———— =\ / sin ssin (s - ¢) cosec a cosec b,
27 N Tsinasind A (s-9) ’

Lcos%:&{L sin ¢+ L sin (s — ¢) + L cosee o + L cosec b} - 10.

Lsins 9+992247
Lsin (s-¢) 9'811977
L cosec o 10°026359
L cosec b 10°119585

2)39°950168

L cos % 9-975084

C o .-l "
P

C=38° 26’ 46"
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Methods illustrating the use of subsidiary angles, and not
requiring L haversines or tabular versed sines
121. Case ILI. Given a =68 20" 25", b=52" 18 15"
C=117°"12"20" to ﬁnd ¢ by the aid of a subs1d1ary anble (sce § 86).

tan @ = tan b cos C cos ¢: cos b: cos (@ ~6):cos 0
Ltand 10111949 L cos b 9:786375
LicosC 9660091 L cos (a~6) 9°191907

— L sec 6 10°065168
Ltan 6 9772040 —
—_— Lcose 9-043450
180° — 6= 30° 36’ 33" —
180 83° 39’ 16”5
—_— 180

0 =149 23" 27”7 —_—
a= 68 20 25 ¢= 96" 20" 43”5
6~a= 81° 3 2" since cos ¢ is negative.

122. Cask III.  Give the three angles to find the three sides.
The supplements of the three angles will be the three corresponding
sides of the polar triangle. By one of the methods of Case I. find
the three angles of the polar triangle; the supplements of these three
angles will be the corresponding sides of the primitive triangle.

123. Case IV. Given two angles and the interjacent side.
The supplements of these parts will be the corresponding two sides
and included angle of the polar triangle. By Case 1I. find the
third side of the polar triangle. Then with the three sides of the
polar triangle find, by one of the methods of Case I., the remaining
angles. The supplements of the side and two angles of the polar
triangle thus found will be the required angle and two sides of the
primitive triangle.

124. Case V. Given A =42" 35 307, b =61" 25" 45",
@ ="70°30"15", to find Cand ¢ by theaid of a subsidiary angle (see § 89).

To find C.

tan @ = cot A sec b cos (C~6):cos @::cota:coth
Lecot A 10'036553 Lecos 8 9604745
Lisecd 10:320350 Lecota 9549048

Ltand 10263956

Ltan6 10:356903

Lecos (C~6) 9417749
6=66° 16" 0"

C~60= 74° 50" 0"
8= 66 16 0

C=141" & 0"




94 SPHERICAL TRIGONOMETRY CHAP.

To find c.
tan « = tan b cos A cos (¢~ ) :cos & ::cos a:cos b
Ltand  10°263956 Lecosz 9774302
Leos A 9866993 Lecosa 9523406

— LsecB 10320350
Ltanz 10130949

Lecos(c~x) 9618058

2 =53 30" 30" _
: c~x= 65°328 45"
z= b3 30 30

c= 118° 59’ 15"

Note.—The values found for C~ 6§ and 6, ¢ ~« and & will only
admit of one value for C and one for ¢.

This is what we should expect also, for since a lies hetween b
and 180° — b there can be only one triangle having the given parts.

125. Case V. Given A =137 24" 307, b=61" 25" 45",
a =125°34"15",tofindCandcby theaid of asubsidiary angle (see § 89).

To find C.

- -+ + - - +

tan 6 = cot A sec ) cos (C~6):cosf::cota:coth-
Lecot A 10036553 L cos 6 9:604745
Lsech 10°320350 Lcota 9'854403

— Ltand 10263956
Ltand 10°356903

— Lcos (C~9) 9723104
66° 16" 0”
180 C~6= 58" 5 30"
=113 44 0

. 0=1138" 440" -
since tan 6 is negative C=171° 49" 307
or= 55_38 30

Toﬁnd c
+ - - +
tan z = tan b cos A cos (c~m):cosx::cosa:cosd
Ltand 10263956 Lecosz 9774302
LeosA 9866993 Lceosa 9764706

— Lsecd 10320350
Ltanz 10°130949

— L cos (¢c~1) 9:859358
53° 30" 30” —_—
180 c~x=,43° 40° 0"
z=126 29 30

z=126° 29" 30” ,
since tan x is negative =170° 9" 307
or= 82 49 0
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Note.—The values found for C~6 and 6 and for ¢~z and & admit
.of two values for C and of two for ¢. This is what we should
expect, for since ¢ does not lie between & and 180° ~ b there are
two triangles which have the given parts.

126. Case VI (1) Given A =42° 35" 307, B=130" 16’ 45",
b=118° 34" 15% to find C and ¢ by the aid of a subsidiary angle
“(see § 90).

To find C.
+ -+ + + - +
tan 6= —cos b tan A c0s (C~0) :cos6::~cos B:cos A
Lcosd 9-679650 I cos 0 9961628
Ltan A  9-963447 Ticos B 9:810577
—_— Lisec A 10:133007
Ltand 9643097 —_—
— Lcos (C~8) 9905212
0=23° 44’ 0" —_—
C~0=36" 29" 45"
0=23 44 0
C=60" 13" 45"
o find c.
+ -+ + 4 + -
cot®= —tanbcos A os(c~x):icoswi:—tan A:tan B
Ltand 10263956 1.cos 2 9905225
LeosA 9866993 Ltan A 9963447

L cot B 9-928107

Lecotz 10130949
Lcos(c~2z) . 9796779

c~x=51" 13" 15"
z=36 29 30

z=36° 29" 30”

c= 87?42' 45"

Note—The values found for C~6 and ¢ and for c~« and »

. will only admit of one value for C and one for ¢. This we should
' know also from the fact that B lies between A and 180" - A, and
consequently there can be only one triangle having the given
parts. For three other methods of finding the angle C and the
side ¢ the student may consult §§ 111, 112, 133, where he will

find the same example worked.
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127. Cask VI (2) Given A =137° 24’ 307, b=118° 34’ 15",
B=140° 10/, to find C and ¢ by the aid of a subsidiary angle
(see § 90).

To find C.
A - - v - - -
tan 6= —cosbtan A cos (C~6):cos6::—cos B:cos A
Lecosd 9679650 Lcos 6 9:961624
Ltan A 9°963447 L cos B 9:885311
Lsec A 10°133007

Ltan 6 9643097 —_—

Lecos (C~0) 9979942

23° 4407 B+ —

180 ' C~0= 17° 16" 45"
— . 6=156 16 0

6=156"16"0" - 4

since tan ¢ is negative  ° C=173° 32" 45"
or=138 59 15

To find c.
- + - - .-
cotx—-—mnbcosA cos (c~x) :cosx::—tan A : tan B.
Ltand 10263956 Lcosz 9905225
Licos A 9866993 Ltan A 9°963447

—————— Lcot B 10078753
Leotz 10130949
Lcos (c~z) 9'947425
C 29 30”
180 c~x= 27° 37 45"
r=143 30 30

x=143" 30" 30”
since cot x is negative c=171° 8 15"
. or= 115 52 45

Note.—That there are two values for C and two for ¢, is clear
from the values obtained for C~6 and 6, ¢~z and z respectively,
but we should also know that this would be the case since B does
not lie between A and 180° — A. There are in fact two triangles
having the given parts, and the two values of @ are supplemental.
and the two values of C and of ¢ are as found (see also §§ 113, 114).



CHAPTER XIII
SOLUTION OF OBLIQUE-ANGLED SPHERICAL TRIANGLES

A direct method for Case III., also methods illustrative
of the use of Napier's Analogies

128. Cask IIL. Given the three angles (A, B, C), to find the
three sides (a, b, ¢).

Ezample. Given A =109° 45 407, B=130° 35" 50
C =141° 13’ 50”, find (a, b, ¢) (see § 91).

A=100°45' 40" A=109° 4540 D=130°35°50" O 14113 50"

=130 35 50 E E :

OZIN 3380 S=100 47 40 T=100 47 40 5=100 4740
BN, E w0 B-f= w10 c-F= 4002610

E=201 35 20
2A=219 31 20

2A-E= 17°56" 0"

To find a.

) hava= cosec B cosec C \/hav E hav (2A - E),
L hav a=L cosec B+ Lcosec C+34Lhav E-+ 4L hav (2A - E) - 20.

3L hav E 4992246
3L hav (2A-E) 4192734
L cosec B 10°119585

L cosec C 10-203295

L hav o 9'507860

a= 69° 8’ 45”

@ '\/sin%sin <A—%)
@ sing= sin B sin C

Lsm-— i{Lsm +Lsm<A %)+LcosecB+LcosecC} -10.
H
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To find

- E\ .
Sy Jsln (A_Tz) sin (C—‘2
COS ==
2
b . .
L cos i:}{L sin (A—%)+L sin (C—-%)+L cosec A + L cosec C} - 10.
' L sin (A——)

SPHERICAL TRIGONOMETRY

Lsin%

Lsin (A - ]213)

L cosec B
L cosec C

Lsin

It

QNI

b.

K

'sin A'sin C

=

2

L sin (c-%)

L cosec A
L cosec C

L cos

S Nlovnet ey

To find .

[
tan §—

/\/ sin 7 sin (C"Tz)
sin (A_E) sin (B_TA)

9°992249

9192734

10-119585
10°203295

2)39:507863

9°753931

34° 34 92"
69° 8 45"

9°192784

9811977
10026359
10°203295

2)39°234365

9617183

65° 31’ 58”

CHAP,

L tan §=4{ Lsing+Lsin (-3 ) - Lein (a-3)-psin (8-3) }+10.

LsinEI

5 9992249

L sin (c - 1‘—;) 9-811077
19-804226

18-889105

2)0°915121

Ltan % 10-457560
§= 70° 46’ 36"°5

141°38' 18"

o
]

L sin A--%) 9192734

Lsin B—%) 9696371

18889105
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These examples illustrate how any one side may be found when
the three angles are given.

129. If all three sides are to be found the  following method is
shorter.

To find a.

- sing
tan%:sin (A-—%) R 2 B B
sin (A—-— sin (B"ﬁ) sin (C——;)

2

=sin (A—%) x X (see § 91),

a_ . E oo E . E . E\1
Lt;anz.-g{Lsm—2 Lsin (A——é)—Lsm (B—Tz)—Lsm(C—-i)I

+Lsin (A—%)—HO

=10+log X +Lsin ( {2)

Similarly
: b . E
L tan§=10+log X+ Lsin (B-~§>
and

M‘B"

Ltan _10+logX+Lsm (C ‘).

Using the same example as in § 128

10+log X 0645583 10+1o

E Lsin (B—E) 9+696371 Lsin
L sin (B -E) 9-606371 _

(X 0645583
; %) 9-811077

Lsin (A -1—2” 9192734

Nia /\0“

Ltan? 10341954 Ltan: 10457560

Lsin (c-—) 0811977 7 i hisdions

28701082 g= 65° 31’ 58" o= 10°48 36"

Lsin 5 9-992240 - 131° 3 56" o= 141° 35 18"
2)19-291167
10+logX 0645583
Lsin { -%) 9192734
a )

Ltan 2 9-838317

2

a

a_ o ’/ 99"-3
g= WOITET
a= 89° 8 450
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CHAP.

Methods 111usbrat1ve of the use of Naplers Analogies (see

§ 94).

130. Case IL

(see § 95).

Example.

To find 4, B.

Given two sides and the included angle
(a, b, C), to find the other two angles. and the third side (A, B, ¢)

By Napier’s Analogies,

tan 4(A+B)=

a= 68°20' 25"
b= 52 18 15
e-b= 16 210
a+b=120 38 40

3 a-b)= 8 1 5
3(a+b)= 60 19 20
C_ e 58 107

2

58° 36’ 10”

To find c.

cos }(a - b)

By Napier’s Analogy,

Given a = 68° 20’ 25", b=52° 18" 15",

C= 117° 12 20"

sin %(e - b)

cﬁs}(T-—fb’ ot tan 3(A-B)= =gin a8 cot 7
Leos¥a-b) 9995784 Lsin 4(a-0) 9144528
Lsecd(a+b) 10°305288 L cosec 4(a+b) 10°061068
Lecot % 9-785569 L cot % 9785569
Ltanj(A+B) 10086591 Ltan3(A-B) 8991165

3 (A+B)=50° 40' 28" J(A-B) 5° 35 47"
L (A-B)= 5 385 47
A=56°16"15"
B=45 4 41
¢ _cos cos 3(A + B)

tan g = - 20s 5(A—B) tan §(a + &).

Lecos 3(A+B)  9:801901

Lsec 3(A -B) 10°002075

Ltan 4(a+d) 10-244220

L tan 10048196

‘ 48° 10 22
2 -l

c 96° 20 44°
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131. GASE IV. leen two angles and the interjacent, ‘side
(A, B, ¢), to find the remaining two sides and the remaining angle

(a, b, C) (see § 96).
Ezample. Given A=111° 39’ 35”, B=127" 41’ 45",
if ¢=62° 47 40",

To find a, b.
By Napier’s Analogies,
_cos}(B- A) ¢ _ sin{(B-A)
tan }(b+a)= cos JBFA) tan tan (b - a)= sin a}(B+A)t u
A =111°39 35" L cos }(B- A) 9:095734 L sin 4(B-A) 9144528
B =127 41 45 Lsec(B+A) 10305288 L cosec §(B+A) 10°061068
—_— c . ¢ .

B-A=16 2 10 L tan 5 9-785569 L tan 5 9 785560;‘
B+A=239 21 20 _— —_—
Boa " Ltanj(b+a) 10086591 Ltan }(b-a) 8991165
Te T 8 15 qg0e_y0+a)= 50° 40’ 28" o-a)= 536" 47"
B+A “ Hb+ay=129 19 32

R 4=123° 43’ 45"
= 81°23' 50" b=134 55 19

Ml(‘

To find C.

By Napier’s Analogy,

C _cos §(b +a)
0ot 5 = 10-0) tan (B + A).
Lcos (b +a) 9:801896
Lsec}(b-a) 10002075
Ltan 3(B+A) 10244220

L cot O 10:048191
= 41° 493974
C= 833919

132. Case V. Given two sides and an angle opposite one of
them (a, b, A), to find (B, C, c) (see § 97).

Ezample. Given A =42° 35’ 30", a="T0° 30/ 18", b=61° 25 45"

Here a lies between b and 180° —b, hen¢é there is only one
triangle having the given parts and B will be of like affection
with &.
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“To find B.
By Rule of Sines,

. sin b .
sin B = s"ii—‘; sin A..
Lsin b 9:943607
L cosec ¢ 10025642

Lsin A 9830440

Lsin B 9:799689

B=35° 5 15"

To find C and c.
By Napier’s Analogies, e
C_cos }(a-0b) ¢ _cos ;(A+B‘): :
tan 3= cos 3ab) cot $(A+B) tan 2 cos 3(A=B) tan}(a+0).

a= 70° 30" 15" L cos }(@—b) 9998637 L cos 3(A+B) 9-878833
b= 61 25 45 Lsec 4(a+b) 10'390120 L sec }(A—-B) 10000203
; ——;———— " Lecot $(A+B) 10063294 L tan §(a-+b) 10350737
a—-o0= 4 30 ————e [

e+b=181 56 0 tan% 10452051 Litan § 10-229773
‘i%?: 432 15 o — . -
2 o= T0°82 48, S= 692y 4
o0 65 58 0 _
_ C=  141° 5 36" c= 118 59’ 28"
A: 42 35 30 ST R
B= 39 5 15
A-B= 330 15
A+B= 81 40 45
-B
A@ b 1w s
A—;'—Bz 40 50 225

133. CasE VI. Given two angles and a side opposite one of
thesa angles (A, B, b), to find the other two sides and the remaining
angle (see § 98).

Example. Given A=42°35'30", B=130° 16" 45",
- b=118° 34’ 15",
Here B lies between A and 180° — A, hence there is only one

triangle having the given parts, and o will be of like affection
with A,
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7o find -a.
‘By Rule of Sines,

sin g = ii& inb
“smBoMY
Lsin A = 9830440
L cosec B=10'117530
Lsind = 9-943607
Lsina = 9891577
. ‘ .

51° 10" 32”7

To find -C and c.
By Napier’s Analogies,

C_cos (b -a) ¢ _cosi(B+A)
tan 5= cow4b ) cot 3(B+A) tan 2= cos h(B - A) tan (0 +a).

b=118°34"15" Lecos3(b—-a) 9920111  Lcos i(B+ A) 8-793606

a= 51 10 32 Lsec #(b+a) 11048855 L sec$(B-A) 10141926

——————  Lecot}B+4A) 8794447 Ltan(b+a) 11-047115

b-a= 67 23 43 e ——

bra=169 4447  ftan 0763413 Ltang 9982647
3(b-a)= 33 41 515 —— ey
3(b+a)= 84 52 235 (_2_’ = 30°6 4676 %’ = 43° 51; 20"

B=130 16 45 e —_—
A= 42 35 30 C = 60° 1333 ¢ = 87742 40"

B-A= 87 41 15
B+A=172 52 15

(B~ A)= 48°50'87""5
3(B+A)= 86 26 7°5
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EXAMPLES

I

. a=96" 24’ 30", b=68" 27’ 26", c=87°" 31’ 37".
. 0=102° 21" 42", =78 17’ 2", c=126" 46’ 0",
. a=148° 25 34", b=149° 31’ 48", ¢=49° 56 10".
a=_83" 13’ 30", b=95° 20’ 40", c="54° 31’ 47",
. a=b=119° 6’ 58", c=113° 10’ 48".
a=85° 16", b=63" 24', ¢=75° 83’ 8"
. a=85° 56’ 10", b=105° 36’ 16", c=116° 26’ 16",
a=100" 29’ 15", b=133" 44’ 45, c=109° 4’ 25".
. @=133° 29’ 20", b=143° 39’ 40", c=69° 56’ 45".
a=95° 29’ 40", b=103" 39’ 20", ¢=49° 8’ 26".

II

a=82°7' 0", b=112° 0’ 21", C=92° 28’ 23",

. a=133° 46’ 80", b=113" 9’ 40", C=98° 48’ 0",
a=111° 20" 0", b=123" 40’ 0", C=95" 30’ 0",

. @=158° 58’ 58", b=171° 21’ 14", C=103" 38’ 0",
a=93° 29 20", b=125° 18’ 46", C=126° 34’ 0".
b=105° 40’ 0", ¢=96° 50’ 0", A=114° 38’ 37",
a=56° 6' 13", c=133° 8’ 9", B=104° 31’ 0",
=148 25’ 34", )=149° 81’ 48", C=109° 57’ 57"
. ¢=63° 29’ 32", b=128" 13’ 48", A=108° 35 30",
a=114° 46’ 56", c=51°" 44’ 0", B=123" 12’ 0".

III

. A=05° 45" 31", B=135" 46’ 15", C=128° 53’ 48",
. A=93° 41’ 20", B=184° 23’ 40", C=71° 20’ 48",

. A=136" 42’ 0", B=160°" 36’ 0", C=138° 24’ 11",
A =133 36’ 0", B=112° 46’ 0", C=98°" 48' 0".
A=133° 14’ 30", B=138° 7’ 26", C=1838" 24’ 56",
A=145° 30’ 0", B=164" 29’ 30", C=140° 26’ 8",
A=120° 31’ 83", B=131° 20’ 44", C=109° 36' 18",
A=111° 15" 0", B=126" 45’ 0", C=133" 30’ 0".

. A=83° 35’ 80", B=111° 32’ 34", C=92° 28’ 23".
A=110° 48’ 12", B=123° 21’ 30", C=95° 30’ 0".
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IV

A =121° 26’ 22", C=104° 6’ 0", b=138° 32",
B=116° 36’ 0", C=104° 26’ 52", a=88° 4’ 8".

A =98° 13 53", B=122° 16’ 16", ¢=97° 8’ 56".
A=103° 24’ 24", C=139° 59’ 50”, b=137° 44’ 47".
A =44° 10" 40", B=33" 22’ 45", ¢="74° 51’ 50".

A =121° 36’ 20", C=34" 15" 3", 1 =150 10" 30",

A =109° 45’ 40", B=130° 35’ 50", c=141° 33" 12"
B=140° 82’ 0", C=119° 89" 49", a=97° 35" 27",
A=95° 30" 0", B=123° 14’ 0", ¢=106" 8" 0".

A =122° 52’ 53", B=110° 37’ 40", ¢=120" 14’ 0".

v

A =126° 41’ 40", @ =100° 29’ 15", b=138" 44’ 45",
A =133° 14’ 30", a=106" 48" 42", b=118" 41’ 48",
A=95° 56’ 18", a:==84" 30" 0", ¢c=75" 56" 27",
A =58 16" 0", a=58" 33" 87", b=41" 47" 40",

. C=82°56" 4", ¢=79° 40" 0", b=57" 43" 44",

B=36° 17" 21", b=386° 22’ 0", ¢=56° 21’ 30".
B=74° 28’ 45", b="74" 85’ 0", ¢=63° 40’ 0".
C=1837° 44’ 40", ¢=133° 29’ 20", b==143".39’ 40",
A=137° 44’ 40", a=143° 39’ 40", b=133" 29’ 20".

. C=120° 31’ 38", ¢=127° 9’ 40", b=113" 52’ 40",

A=70° 22" 16", a="56° 48’ 0", b=42° 26’ 0",

. A=75°18 0", a=60" 20" 10", b=39" 28" 0",

VI

B=59° 51’ 117, C=79" 41’ 48", ¢= 86° 40’ 0".
A=863° 48’ 35", C=51° 46’ 12", a="76" 24’ 40"
C=50° 50’ 52", B =58 56’ 10", b=>53° 15’ 0",

A =64° 48’ 54", C=120° 46’ 30", a=86" 18 40",
C=130° 5’ 22", A=36° 45 26", ¢=84° 14’ 29"
B=108° 30’ 0", A=96° 45’ 0", @==88 27’ 49",
A=137° 15’ 0”, B=132° 45’ 0", ¢ =123" 30’ 0".
A=117° 44’ 36", B=76" 41°13", a=126" 17’ 22".
A=127° 14’ 40", B=108° 47" 20", a=133° 37’ 50".
A=B=38" 23 57", a=60° 53’ 2.

A=131° 14’ 20", B=112° 47’ 40", a=137° 39’ 30",
C=133" 39’ 15", B=114° 41’ 457, c=139° 49’ 30".

VII

C=90°, b=34° 36’ 11", a=238° 50".
C=90°, A=41° 56/, B="70° 19".
C=90°, a=48° 30, b=59° 28’ 0",
C=90°, a=45° 30’, c=66° 30’ 31"
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A=90°, C=51° 5 47", b=64° 30’ 0".
A=90° ¢=29° 26" 30", b=84° 37" 15".
C=90° a=141° 10’ 07, ¢=129° 52’ 47".
B= 90° c=187° 8’ 48", A=147° 2’ 54",

A =90°, b=50° 30’ 29", c=40° 31’ 20”.
.0. C=90°, A=127° 17’ 51", ¢=109° 40’ 20”.
L1. C=90° B=118° 49" 31”7, ¢=70° 19’ 40".
12. A=90°, C=51° 50’, c=40° 45",

18. A=90°, C=66°7" 20", ¢c=59° 28" 27",
14. B=90°, A=62° 12/, a=51° 20’ 0".

© PN

VIII

1. A=141° 10, b=132° 16’, c=90".
2. A=134° 30", h=116° 15’, ¢=90".
3. C=115° 30’, B=131° 48’, a=90".
4. a=150" 27’, ¢=92° 39, b=90°.
5. C=139" 15", ¢=128° 10’, a=90".
6. a=124° 27" 15", C=81° 45’ 36", c=90".
7. C=118" 55" 4", A=139° 28’ 40", c=90".
8. C=128" 40/, ¢c=117° 48, a=90°.
9. A=132°15", B=110° 30°, 56=90"
10. B=131° 15’, a =158° 33", 6=90"
11. @=133° 15’, C=104° 20’, ¢=900".
12. 1,=132° 15’, a=116° 30, ¢=90".
13. A=93" 15, B=71° 40’, ¢=90".
14. C=137° 41’ 15", ¢=183° 44’ 35", a=90".

IX

. A=109° 45’ 40", b=181° 3’ 56", c=141° 33’ 12".
a=123" 43’ 45", b=134" 55’ 19", c=62° 47’ 40".
A=129° 14’ 40", B=110° 47’ 20", a=135" 37’ 50".
. A=142° 11’ 48", b=109° 40" 45", ¢=90°,

. A=108" 24’ 44", B=139° 26’ 48", C=95° 14’ 0".
. =123 2’ 0", b=140° 34’ 0", C=111° 12’ 0",
A =41° 55’ 45", B=70° 19’ 15", C=90°,

. @=86" 45’ 0", B=108° 18" 21”7, C=90°

. a=47° 45" 0", B=65" 41’ 37", C=90°

10. A=91° 24’ 19", B=67° 39’ 46", C=54" 59" 22",
11. A=123°12 0", B=137° 34’ 0", c=96° 48’ 0",
12. b=104° 40" 0", ¢=117° 16’ 0", A=143° 50" 47".
13. «=110" 4’ 0", b=1338° 24’ 0", ¢=85° 38’ 20",

14. A=92° 33 0", B=116" 41’ 0", a =85° 8’ 238",
15. A=104° 48’ 0", B=116° 33’ 0", C=127° 37’ 0".
16. A=95° 30’ 07, b=133° 52’ 44", c=104" 14’ 0".
17. A=107° 16’ 0", B=143° 38’ 0", ¢c=123° 48" 0".
18. A=47°45" 0", a=41° 17 48", C=90°.

19. A=21° 27’ 0", a=15° 57’ 30", C=90".

20. A=135° 6’ 5"” a=183° 15" 0", ¢=90°.

.
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X

1. The diameter of a sphere is 74 inches and the distance of the centre of a
small circle from the centre of the sphere is 12 inches, find the radius of the
small circle.

2. The radius of a small circle of a sphere is 4 inches and the radius of the
sphere is 5 inches, find the distance between the centre of the sphere and the
centre of the small circle,

3. The radius of a sphere is 17 inches and the radius of a small circls of the
sphere is 8 inches, find the distance of the pole of the small circle from any point
in its circumference. )

4. Find the length of an arc of 30° of a small circle on a sphere whose radius
is 18 inches ; the distance between the centre of the sphere and the centre of the

small circle being 5 inches. 1r=g7g.

5. The distance between the centre of a sphere and the centre of a small circlo
is 9 inches, the radius of the sphere being 15 inches. Compare the lengths of
an are of 50° on each circle.

6. The arc of a great circle joining A, B upon a certain spheroe is 73 inches in
length and contains 60°, find the length of the diameter of the sphere and of the
chord joining A and B. == 272

7. The distance of the centre of a small circle from the centre of the sphere
is 30 inches. The radius of the sphere being 34 inches, find the distance of the
pole of the small circle from any point in its circumference.

8. On a sphere of radius 29 inches two sccondaries intercept ares of a small
circlo and of a great circle. The distance between the centre of the small circle
and the centre of the sphere is 21 inches, find the number of degrees in the
arc of a secondary between the circles.

9. If the carth were a sphere 7980 iiles in diameter how many miles would
be passed over in travelling between two places which are in the same latitude,
60°, and whose longitudes differ by 12°?

10. On a sphere whose radius is 15 inches two secondaries intercept two arcs
of small circles and an arc of a great circle. The centre of one of the small circles
is 9 inches from the centre of the sphere and the arc of a secondary between the
pole and the other small circle is 30°. Compare the intercepted arcs of the small
and great circles,

11. A ship sails along the parallel of 45° N. a distance of 400 nautical miles,
find the difference of longitude she has made. ’

12. Two places in latitude 45° N. are 150 statute miles apart, the radius of
the earth being 3990 statute miles ; find their difference of longitude.

13. Compare the lengths of the parallels of 60° N., 45° N., 80° N. with the
length of the equator.

14. A ship sailing on a great circle crosses the equator in 20° W, longitude,
her course is then N. 40° E. By the aid of spherical geometry find the latitude
and longitude of the vertex of the great circle.

15. Prove that two circles of the sphere cannot bisect one another unless they
are great circles.

16. If the diameters of two small circles subtend at the centre of the sphere
angles of 60° and 90°, compare those arcs of the small circles which subtend
equal angles at their respective centres.
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XI

1. A solid angle is contained by three plane angles 60°, 80°, 40°, find the
angle between the planes of the angles 60° and 80°.

2. Two of the three angles which contain a solid angle are 30° and 60° and
their planes are inclined at an angle of 45°; find the angle of the third plane
face and the angles at which this third plane is inclined to the other two planes.

3. The two planes ABC, ABD intersect in AB. The lines BC and BD are at
right angles to one another, and the angles ABC, ABD are 75° and 65° respec-
tively ; find the inclination of the planes.

4. The three legs of a tripod make angles at the socket 70°, 65°, 90°. A cord
connecting the third leg with the two at right angles is then observed to be fully
stretched and to make right angles with the direction of the third leg; find
the angle contained by the cord at the third leg.

5. A pyramid has each of its slant sides and base an equilateral triangle ;
find the angle between any two faces.

6. A pyramid each of whose slant faces is an equilateral triangle has a square
base ; find the angle between any two slant faces, also the angle between any
slant face and the base.

7. An equilateral triangle is inscribed in a small circle of a sphere. The
radius of the small circle is 4 inches and of the sphere 8 inches. The centre of
the sphere is joined to the angular points of the triangle thus forming a pyramid.

Find (@) The angle of a plane face of the solid angle at the centre-of the

sphere,

(b) the angle of a plane face of the solid angle at one of the points of
the base,

(¢) the angle at which any two slant faces are inclined,

(@) the angle at which any slant face is inclined to the base.

8. The square ABCD is inscribed in a sphere whose centre is O. If each side
of the square be @ and the diameter of the sphere be d, prove that the cosine of
the acute angle between the planes OAB, OBC is d.la_?ag

9. From A one corner of a cube, AG, AH, each 1 inch, are measured along two
edges. From H, G to a point F on the other edge the length is 2 inches. - A plane
section is then made through the three points G, F, H. Show that the cosine of
the angle between the planes AFH, GFH is A/7.

10, A pyramid stands on an irregular polygonal base. If one face be an
equilateral triangle inclined at an angle of 45° to this base, what must be the
inclination of the next face, which is a right-angled isosceles triangle ! and what
will be the angle between the two faces ?

11. If in a spherical triangle b+ ¢=90°, prove that cos ¢ =sin 2¢ cos? %

12. In a spherical triangle A=1°7’, b=37° 48/, ¢c=38°15'. Find a. Also
find the length of the arc a if the radius be 4000 miles.

13. If A be one of the base angles of an isosceles spherical triangle whose
vertical angle is 90° and o the opposite side, prove that cos a=cot A ; and deter-
mine the limits between which it is necessary that A must lie.

14, Of a spherical triangle two sides are given, prove that the angle opposite
the smaller of them will be the greatest when that opposite the larger is a right
angle.
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XII

1. In a spherical triangle prove any two sides are greater than the third.
Hence, by the aid of the polar triangle, show that the three angles of a right-
angled spherical triangle must be less than 360°.

2. If @ be the side of an equilateral triangle and o’ that of its polar triangle,
prove cos @. cos @' =},

3. If the threc angular points of a spherical triangle are on a small circle, and
two of them on a diameter of it, two of its angles are together equal to the third,

cos @ —cos b cos ¢
" sinbsine
‘What does this formula become when
(1) A=90°,
(2) a=quadrant,
(3) when applied to the polar triangle ?
5. ABC is a spherical triangle of which each side is a quadrant and P is a
point within it ; prove that

cos® PB +cos? PC=sin2 PA,

Hence if BP=60° and AP=40°, find APB.

6. The three angles of a spherical triangle arc known. Can we from these
data determine the angular measure of.the arcs which form the sides of the
triangle ! Are they sufficient to enable ns to determine the actual lengths of
these ares ?

7. The side of an equilateral triangle is 60°. Completely solve the triangle,
using only one logarithm in doing so.

8. Show how to divide the portion of a sphere contained between two great
semicircles into two oblique isosccles triangles. Under what circumstances is
the problem impossible?

9. Two sides of a spherical triangle are quadrants and the radius of the small
circle inscribed in the triangle is 80° ; find the cosine of the angle included by
the quadrants.

10. In a spherical triangle ABC, having given cos =14, cos b= cos ¢=1,
find cos B.

11. In an equilateral spherical triangle, prove

4. Prove cos A=

A a_
2 sin 3 cos §—l.

Hence show that such a triangle can never have its angles less than 60°, nor
its side greater than 120°.

12, In an equilateral spherical triangle 2 cos: A=1—tan? %.
13, In a right-angled spherical triangle prove

cos ¢=cos a cos b,

1
If tan 5=1, tan =2, show that cos c=m.

14, Two angles of a spherical triangle are 130° and 50°. Show that the third
angle must be less than 100° -
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15. If a, b, ¢ be the sides of a spherical triang‘fe, and if the arc 2 be drawn
from the angle A to bisect the opposite side then
oos & cos w=c0s ° 7 cos 0 °.
: 2 2 2
16. ABC is an isosceles triangle in which each of the equal sides is double of
the third side a. Show that

A
cosec §=4 cOS @ co8

17. In a right-angled spherical triangle prove that cos A=cot ¢ tan b ; hence
show that

e
5

A _sin(c-b)
2=
tan® S = sin (c+ o)

18. Show that any side of a spherical triangle is greater than the difference of
the other two, and hence, by the aid of the polar triangle, show that any angle
of a spherical triangle is less than the supplement of the difference of the other
two. Two angles of a triangle are 80° and 70°, show that the third angle is less
than 170°,

19. What will be the first course and what distance will be passed over
in sailing on a great circle between two places, in latitude 45°, whose longitudes
differ by 90°? .

20. A spherical triangle is right-angled at C. If p be the perpendicular from
C on AB, prove that .

sin? p sin? ¢c=sin? @ sin?.h=sin? @ +sin? b~ sinZ c.

21. In a quadrantal triangle, ¢ being the quadrant, prove that

tan @ tan b4-sec C=0.

22. Solve

(1) the spherical triangle whose sides are 60°, 50°, 40°,

(2) the plane triangle obtained by connecting by straight lines the vertices of
this spherical triangle, the sphere on which it is drawn being 2 feet in diameter.

23. Two angles of a spherical triangle are 130° and 145° ; show that the third
angle must be greater than 95° but less than 165°.

24, In a spherical triangle prove that

cos @=co8 b cos ¢+sin b sin ¢ cos A,

and show that, if in two triangles b="¥, ¢=¢' but A>A’, then a>¢'.

25. Prove that the perpendicular from the vertex of a spherical triangle upon
the opposite side divides the angle and that side into parts whose tangents have
the same ratio.

26. ABCD is a spherical quadrilateral each of whose sides is an arc of a great
circle. If AB=40°, AD=60°, CD=50°, B=C=90°, find BC.

27. In the following cases ABC is a three-sided spherical figure each of whose
sides is an arc of a great circle. Select those which are spherical triangles and
give your reasons for so doing. Point out why those you reject cannot be
spherical triangles. :
(1) A= 80°, B=110°, C=160°,
(2) A= 98°, B= 84°, C=160°,
(3) A=100°, B= 50°, C=140°,
(4) A= 67°, B= 58, C= 80°,
(5) A=180°, B=165°, C=140°,
(6) A= 12°, B= 18°, C= 80°.
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28. In a right-angled spherical triangle prove
cos a=cos b cos ¢ (1), sin b=sin B sin @ (3),
cos B=cot @ tan ¢ (2), sin ¢c=cot B tan b (4),
and write down the three equations which may be inferred involving the angle A.
29. In a right-angled triangle prove
cos a=cot B cot C, cos B=sin C cos b, cos C=sin B cos ¢.
30. In a quadrantal triangle prove
cosa=—cotacotec (1), sin C=cot @ tan A (3),
cosa= -tan Ccot B (2), sin C=sin Bsin ¢ (4).
31. Show that in any spherical triangle
cos ¢ 208 CHcos Acos B
‘ sin AsinB
and that if the three angles of a spherical triangle are together cqual to four
right angles

cos*;gzcot A cot B.

32, Show that it is impossible for one side cnly of a right-ungled spherieal
triangle to be greater than a quadrant.

33. If z is the side of a spherical triangle DEF formed by joining the middle
points of the equilateral spherical triangle ABC, of side a, show that @ may be
determined by the equation

2 sin £=tan .
2 © 2

34. In a spherical triangle ABC, the angle C is equal to the sum of the other
two angles. Show that the arc joining C to the middle point of AB is equal to
one half of AB.

35. Two places are both in latitude 45° and the difference of their longitudes
is 60° ; find the distance between them

(i) along the parallel of latitude,
(ii) along a straight line.
The radius of earth is to be taken as 4000 miles.
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ANSWERS

I

A=97°53' 0", B=67° 59’ 39", C=84° 46’ 40".
A=96° 46’ 30", B=84° 80’ 20", C=125° 28’ 13",
A=139° 58 55", B=141° 28’ 57", C=109° 67’ 57"
A=77° 38 18", B=101° 42 68", C=53" 14’ 0",
A=B=147° 36’ 3", C=145" 40’ 49"

A=91° 55" 57", B=63° 48’ 41", C=76° 12",
A=93° 15, B=105° 25, C=116° 20'.

A=126° 41’ 40", B=143° 54’ 25", C=129° 35’ §".
A=137° 44’ 40", B=146° 41’ 12", C=119" 27’ 4",
A=86°20' 0", B=103° 19’ 12", C=49° 14’ (",

, I
A =83 36’ 30", B=111° 32’ 34", ¢=95° 13’ 20".

A=133° 36’ 0", B=112" 46’ 0", c=80" 10’ 50",
A=110° 48’ 12", B=123" 21’ 80", c=82" 40’ 56".

~A=122° 43’ 0", B=159° 21’ 0", ¢=24° 28’ 23",
. A=116° 6’ 0", B=132° 42’ (", c=116° 47" 4",

B=109° 50’ 50", C=104" 4’ 51", a=111° 30’ 0",
A=71° 46" 0", C=123" 28’ 0", b=122" 13’ 4",

. A=139° 58’ 55", B=141° 28’ 57", ¢=49° 56’ 10".
. C=75° 46’ 33", B=121° 41’ 24", a=116" 11’ 25".

A=91° 36’ 0", C=59° 49’ 8", b=130" 32" 9".

III

a=49° 54’ 38", b=147° 38’ 54", c=143" 14’ 34",
a=115° 11’ 6", b=139° 36’ 44", c=59°" 18’ 30",
a=95° 49’ 42", b=151° 11’ 42", ¢=105° 38’ (".
a=133° 46’ 30", b=113" 9’ 40", ¢=80° 10’ 50".

. a=106° 48’ 42", b=118" 41’ 48", ¢=119° 17" 13".

a=118° 80’ 30", b=155" 29’ 30", ¢=81°11' 2",
a=113° 62’ 40", b=127° 9’ 40, ¢=90°.
a=85° 7’ 20", b=121° &' 50", ¢=129° 9’ 7".
a=82° 7’ 0", b=112° 0’ 21", ¢=95° 18’ 20",
a=111° 20’ 0", 5=128° 40’ (", c=82" 40’ 56",
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B=138" 20" 35", @ =121° 47" 16%, ¢="75" 4’ 15".

. A=94" 44’ 0", b=116" 16’ 19", ¢c=103° 48" 0",

=93 16’ 07, b=121° 28’ 0", C=100" 20" 0",
B=129° 49’ 30", @ =58 23’ 40", ¢ =145" 44’ 57",
C=119" 55’ 6", a=50" 54’ 32", b=37° 47’ 18".
B=42° 15" 13", a=76" 35’ 36", ¢ =40 0’ 10”.
C=141" 138’ 50’, =69 8’ 44", 1=131" 3’ 56"."
A=117° 4’ 0", b=134 57’ 50", ¢=104" 42" 0".
C=106° 29’ 32", a =85 43’ 43", b=123" 4’ 21".
C=125° 56" 42", a=116" 20’ 0", b =92" 50,

v

1. B=143" 54’ 25", ¢=109" 4’ 25", C=129" 35’ 3".

2.

w

4.

&

6.

.

|

Ll

10.

11.

N op K

®

B=138" 7" 25", ¢=119" 17’ 13", C=138" 24’ 56".
C=175" 46’ 0", B=46" 7’ 15", b= 16" 10’ 0",
C=104° 48" 4", B=41° 38’ 15", ¢=75" 54’ 0".
B=58° 32’ 0", A=86" 44" 0", a=81° 46" 7".
C=56°12 0", A=107" 36" 9", =72 14" 0".
C=63° 83’ 42", A=94" 3’ 50", = 86" 45’ 0".
B=146° 41’ 12", A=119° 27’ 54", a=69" 56" 45".
B:=124° 84’ 57" or 55° 25’ 2",

¢=60" 37’ 32" or 15° 18" &".

C=98° 32’ 34” or 17° 25’ 38".

B=98° 44’ 45” or 81° 15" 15",

a=60" 16" 12” or 37° 85" 1".

A =69° 19’ 9” or 41° 14’ 34",

B=49° 25’ 127, C=83° 12’ 0%, ¢=61" 54’ ¢".
B=45° 2’ 16", C=82° 24’ 33", ¢=62" 56’ 0".

VI

b=61° 20’ 0", A=105° 2’ 14", «=101" 30" 0".
c=58° 18’ 36", B=116" 80" 28", /=104 13" 27".
c=46° 30’ 07, A=94" 52’ 40", @ =68" 45’ 0".
¢=108° 39’ 117, B=40° 23’ 16", b=45" 36’ 20"
a=>51° 6’ 12", B=32° 26’ 6", b=44" 13" 45".
»=107° 19’ 527, C=116° 15’ 0", ¢=115" 28" 13",
b=115° 33’ 56” or 64° 26’ 4".
¢=102° 38" 25" or 168° 48’ 19".
C=127° 24’ 42", or 170° 54’ 26",
5=117° 35’ 35" or 62° 24" 25",
¢=24° 16’ 49” or 120° 53’ 49".
C=26° 50’ 24” or 109° 34’ 34",
b=120° 35’ 44” or 59° 24’ 16".
c=64° 20’ 4” or 153° 0’ 5".
C=82° 26’ 41” or 150° 2’ 49",

I

113
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10. L =60 53" 2".
C=137° 49"
¢==109" 12"

11. »=124" 20" 3”7 or 55" 39’ 57".
c=63° 25" 42" or 1565° 27’ 45".
C=86" 51" 50” or 152° 22’ 40".

12. 0=125° 58" 41" or 54° 6’ 19”.
a=63" 4" 34" or 15656~ 47" 7",

A =89° 28’ 14” or 152° 36’ 6".

VII

1. B==47° 44" 157, A=054" 47’ 54", ¢=50" 7' 13".
2. =66 31" 58", a=37° 48’ 22", l;=09‘ 44" 3",
3. ¢=70°19" 40", A=52° 42' 9”, B=66° 10" 29",
4. ¢=55° 20" 23", A=51° 3" 4", B=63" 45’ 0".

5. a=73°19" 28", B=70" 25’ 33", c=48" 12, 0".
6. a=85"19" 2", B=87" 21’ 0", C=29" 33" 0".

7. A=125° 12’ 6", B=47° 44’ 0", b=34° 36’ 11".
8. 1=47° 57" 15", a=156° 10’ 34", C=113" 28’ 0".
9. a=61° 4’ 56", B=61" 50" 28", C=47" 54" 21",
10. @=131° 30’ 0”, 6=59° 28" 0", B=66° 9’ 26".
11. A=127°19" 18", b=120° 32’ 0", +=131" 30’ 0".

12. a=56" 7" 29” or 123° 52° 30",
h=42° 37" 43" or 137° 22’ 17".
B =54" 39" 26” or 125° 20’ 34".

13. «=70° 23’ 42" or 109° 36’ 18".
h=48" 39" 16” or 131° 20" 44".
B=52° 50" 20” or 127° 9" 40".

14. c=41° 12’ 54” or 138° 47’ 5".
b=61° 57" 568” or 118° 2’ 13".
C=:48° 17" 8” or 131 42’ 52",

VIII

1. a=125° 12’ 6", B=145° 23’ 49", C=129° 52" 47".
2. a=128° 56" 56", B=124" 39" 37", C=113° 29’ 29".
3. ¢=109° 34" 26", H=128" 54’ 13", A=106" 40" 31".
4. A=150° 33" 30", C=95" 22’ 45", B=94" 40’ 58".
5. A=123° 52’ 30” or 56° 7’ 30".

B=137° 22" 17" or 42° 37’ 43".

=125 20" 34" or 54° 39’ 26".
6. A=125° 18" 25", b=T78° 12’ 4", B=75" 38" 32".
7. B=129° 29" 31", 6=118° 9" 32", a= 132° 5 39",
8. B=138" 47" 5” or 41° 12’ 55".

A=118" 2’ 1”7 or 61° 57’ 59".
D=131° 42’ 52" or 48° 17’ &".
9. w=127" 47 28", c=114° 18’ 23", C =121° 23’ 22".
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10. A=164° 3" 30", C=133" 17’ 48", ¢=104° 81’ 25",
11. A=135" 6’ 51", B=110" 27’ 5, b=104" 44’ 38",
12. A=138° 42/ 127, a=127° ¢’ 12", C=116° 55’ 43".
18. a=93°5'7", b=71° 41" 89", C=78" 58’ 41"
4. A=111° 17" 1” or 68° 42’ 59",

B=119° 23’ 50" or 60° 36’ 10",

b=110°" 46’ 13" or 69° 18’ 47".

IX

L a=69"8' 44", B=130" 35’ 50", C=141° 18’ 50",
2. A=111° 39’ 35", B=127" 41’ 45", C=83" 39’ 16",
3. b=122" 25' 9" or 57> 34’ 51".
C=84" 41’ 44" or 151° 14’ 55",
¢=64° 2" 9" or 154° 15’ 28",

4 =138 4 15", B=120° 15’ 44", C=113" 27’ 54",
5. a=112° 23" 0", b=140" 41’ 0", ¢=76" 2’ 44",
A=126" 35’ 48", B=142° 82' 5, c==76° 47’ 33"
. a=37" 48 12", h=>59° 44’ 16", ¢=66" 32’ 6".
A =86 54’ 53", 1108 20’ 0", ¢=91" 1" 18".
. A=527 12" 37", h="58° 36’ 38", ¢=69" 30' 0".
10. a=75"12' 0", h=63 27’ 0", c==52° 28’ (".
11. =109 37’ 44", b=130" 34’ 48", C=118" §’ 54",
12. « =125° 20’ 0", B=135" 3¢’ 20", C=139" 59’ 56".
13. A=113" 40’ 16", B=134" 53’ 27", ¢ =103 32’ 0",
14. H=116" 59’ 35", C=105" 20’ 0", e= 105" 53’ 39",
15. a=88" 85" 41", 1=112" 20’ 14", ¢:==125" 0’ 38",
16. a=84°3' 42", B=133" 50’ 0", C=104" 8’ 33".
17. a=72° 23’ 57", b=143" 42’ 39", C=123" 38’ 30".
18, ¢=63"4" 17" or 116° 55’ 43".

b=52" 55" 47" or 127° 4’ 13",

B=63"30" 0" or 116 30’ 0".
19. ¢=48" 450" or 131° 15° 0",

h=46" 42" 12" or 133" 17" 48".

B=75 28" 35" or 104° 311’ 25",
20. Db=104" 44’ 38" or 75° 15’ 22",

C=104° 20" 0” or 75 40’ 0",

B=110° 27’ 5" or 69° 32' 55".

e

@

X

(1) 85 inches. (2) 3 inches. (3) 217 inches. (4) 12 inches, 63 inches.
(5) 8:5. (6) 14 inches, 7 inches. (7) 4n/17 inches. (8) 16° 28’ 45”. (9) 418
miles. (10) 5:8:10. (11) 800 miles. (12) 3° 2’ 42, (13) 1: y2:/3: 2
(14) 50° N., 70° E.  (16) 1: ~'2.

XI

(1) 37° 12 45", (2) 42° 20" 13"; 114° 35’ 45”; 31° 40'. (3) 113" 16’ 30",
(4) 99° 46’ 15", (5) 70° 31’ 45", (6) 109° 28’ 15; 54° 44" (7) (u) 51° 19,
(b) 64° 20' 30", (¢) 67° 22' 45", (d) 73° 53’ 45". (10) 60°; 102° 39" 45"
(12) a=49' 0" ; length=>57 miles. (13) A must lie between 45° and 135°,
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XII :
_ . _ . _cosAtcosBeosC
(4) cosa=cosbcosc; cos A=—cotbcotc; cosa= i BsmC . (H)

133°28'30". (7) each angle=70"31° 45", (8) sin ;: —22, where A is the angle
contained by the semicircles, a_nd a is the arc taken on one of them. It is im-
possible when sec ‘%—:2 or>2. (9) % (10) i—g‘; (19) cot course:-‘*f, distance

=23600 nautical miles.

(22) (1) A=47° 54’ 45", (2) A=42° 20 15",
B=89°"70", B=80° 56’ 0",
C=62° 11 0", C=56° 34’ 45",

(26) 89° 7. (27) (1) no, (2) yes, (3) no, (4) yes, (5) yes, (6) no.
(85) (i) 3381, (ii) 2968.

THE END

Printed by R. & R. CLARR, LiMITED, Edinburgh.
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