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PREFACE

The title of this work is not, perhaps, a very happy one, but I
cannot think of a better. The intention is to gather together a
number of results on interpolation, finite differences and succes-
sive derivatives which seem to have something in common,
avoiding as far as possible all matter which has appeared in
other books and all matter concerned with formulae in themselves
rather than with their applications. The field is large, and the
length of a tract is strictly limited. Much interesting work of
Pélya, Valiron, Carmichael, Bochner, Norlund, Ferrar, de la
Vallée Poussin, R. Lagrange and many others has been omitted
entirely as there was no room to do justice to it. Nor has any-
thing been said about the important branch of function theory
described in Walsh’s recent tract Approximation by polynomials
wn the complex domain (Paris, 1935). This, though intimately con-
nected with interpolation, belongs to a different order of ideas.

Some of the material has not been published before, in
particular the definition of the order and type of a set of
polynomials (which supersedes the definition of order given
in the writer’s paper 11), substantial parts of Theorems 9, 15,
17, 19 and 20, and the proofs of Theorems 8 and 13.

Since the tract was written an important paper by
A. J. Maclntyre has appeared*, in which the main results of
Chapter V are proved and extended to meromorphic functions
by Picard-Schottky methods.

My thanks are due to Professor E. T. Copson for reading the
proofs and to the staff of the University Press for their excellent
work. Finally I wish to record my gratitude to my father, Pro-
fessor E. T. Whittaker, more especially as his memoir on the
cardinal function was the starting point of my interest in these

matters. J. M. W.
Liverpool
19 July 1935

* “A theorem concerning meromorphic functions of finite order”, Proc.

London Math. Soc. 39 (1935), 282-294.






INTRODUCTION

§ 1. Preliminary results.

Most of the theorems proved in this work concern integral and
meromorphic functions and a rudimentary knowledge of their
properties will be assumed. For integral functions we need only
the results leading up to the expression of a function of finite
order as a canonical product and the simpler relations connecting
the maximum modulus with the coefticients and maximum term
of the Taylor series, in particular the equations
—loglog M (r) .- nlogn

11 =1i =hm e v
O =l e = M og [, |

(1-2) o—Tim °8M M _1 (1im e a, |u~)” (0< p<co)
re>o rP ep
for the order p and the type o. All this will be found in the first
sixty pages of Valiron’s book (1).
For meromorphic functions it is sufficient to know the first
thirty pages of Nevanlinna (1)—the definition and fundamental
properties of 7'(r)—and one other result (14),* which in some

n—>0

ways takes the place of (1-1). This is as follows.

Let « denote the exponent of convergence of the poles p,, of a
meromorphic function f(z), i.e. the lower bound of numbers &
such that X |p, |~ converges. We may suppose that « is finite.
Take a number 2 > x and surround each pole p, with a circle of
radius |p,|*. These circles will now group themselves into
“nebulae’’, each circle of a nebula having at least one point in
common with some other circle of the nebula, but no point in
common with other nebulae. Corresponding to each nebula there
will be a “pole-cluster”’ and it can be shown that each pole-
cluster contains only a finite number of poles. The grouping
into pole-clusters may depend on the particular value of A
chosen.

* Numbers without names attached refer to the writer’s papers.
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2 INTRODUCTION

Now group together the terms in the Mittag-Leffler expansion
of f (z), which correspond to the different pole-clusters. We obtain
a series

Pz) |
: - DO (U o S o

(13) F@=g @)+ 2] Ly S Q)
where g ¢) is an integral function, the summation is over the
pole-clusters, and P (z), ¢ (z) are polynomials. Write

(14) P()=Po+ Prz+ .+ Pyt (u=dy+ A+ +A),

(I'5) P=max|P;|, §(r)=max|P ()|  (|by]=").
O<li<p lz|=r
+ D R + +
(16)  r—iim 08"l08T L logtlogtd ().
row  logr rowm  logr

¢/ (z) is the sum of the first n terms of the Taylor series of
— P (2) (z—bg)™ ... (= by) ™, n being chosen so that
(1-7) logt P+ Ap (r)<n<logt P+ Bp(r),

where p (r) denotes the number of poles in |[z| <7, and A4, B3 are
constants.

1If these conditions are satisfied (1-3) is called an expression of
f(2) in normal form and the result in question is as follows:

Theorem A. If f(z), a meromorphic function of order p, is
expressed in normal form (1-3), then

(1-8) p=max (0,7, k) =max (o,7,, k),

where o s the order of g (2) and «, T, T, are defined above.

The order of a part of the series (1-3) cannot exceed p.

The theorem affords a means of dealing with difficulties which
arise when some of the poles of a meromorphic function are very
close together. Similar difficulties are encountered in interpola-
tion. If 4,, 4,, ... is any set of complex numbers and e, e,, ...
any set such that |e,|—o0, it is possible to find an integral
function f(z) such that

(1-9) fle,)=4, (m=12,..).
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For there exists an integral function ¢ (z) with simple zeros at the
e’s, and we may take

: b)) & A
(1 10) f(z) (]S(Z)?lfl ¢’ (ell)ef;.(z—elt)’

the integers s,, s,, ... being chosen so that the series converges
uniformly in any finite region of the plane. The difficulties arise
when we try to determine the order of f(z). If some of the ¢’s are
very close together the order may be high, even if the 4’s are
comparatively small and the e’s tend to infinity rapidly. The
question has been investigated by Borel (1), Pélya (1), Mursi and
Winn (1, 2), and MacIntyre and Wilson (1).



CHAPTER 1
SERIES OF POLYNOMIALS

§ 2. Basic sets of polynomials.
Let po (2), p1(2), ... be a set of polynomials. An expression of
the form 4,y (@) + Ay (2) o+ Aire 2)

is called a finite linear combination of the polynomials, and the
latter are said to be linearly independent if no such combination
is identically zero unless all the constants 4, ..., 4, are zero.
If, in addition, every polynomial can be expressed as a finite
linear combination of the given set, we shall say that the poly-
nomials form a basic set. Thus the definition is as follows:

Definition. Polynomials py(z), p1(2), ... form a basic set if
every polynomial can be expressed in one and only one way as a
finate linear combination of them.

A few of the simpler properties of basic sets follow from the
definition without difficulty. For example, if p, (2), p, (2), ... is a
basic set, and ¢, ¢,, ... are any constants, then

1, f po(t)dr, fzpl(odz,...

is a basic set; moreover py’ (2), p;’ (2), ... form a basic set together
with one additional polynomial (which is identically zero if one
of the given set is a constant).

In order to proceed further it is necessary to recall some pro-
peities of infinite matrices. Let A be a matrix of the form

(2-1)

Qoo Qo1 Qge

A0 A1 Qo
[ (gg Ay Qyg

A is said to be row-finite if each row contains only a finite number
of non-zero elements. A matrix B which satisfies the equations

AB=I, BA=I,
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where I is the unit matrix,* is called a reciprocal of A. If it only
satisfies the first (second) equation it is called a right-hand (left-
hand) reciprocal. Multiplication of matrices of the form (2-1) is
notin general associative. Forexample,if A, B, C are respectively

1 -11. |, 100. 1, I o0o0. |,
0O 00. 110. -1 10.
0O 00. 011. 1 —-11.

|
it will be found that

A(BC)=A, (AB)C=0.

It is known,t however, that the multiplication of row-finite
matrices is associative and that in any associative algebra an
element a has a unique reciprocal if it has both a right-hand
reciprocal and a left-hand reciprocal; and, moreover, that a has
a unique two-sided reciprocal in that algebra if it has a unique
reciprocal on one side.

Write
(2-2) Pi(R)=Dio+ Pz +Pp2i+...,
(2-3) P=01" P P P2 - |

P Pu P2
P20 P21 P22

so that P is row-finite. The condition for a basic set is then as
follows (11):

Theorem 1. In order that py(z), p,(2), ... should form a basic
set it 18 necessary and sufficient that P should have a row-finite
reciprocal.

In view of the preceding remarks the condition is equivalent
to the statement that there is a unique row-finite matrix II
satisfying the equation

(2-4) ImP-=1.
* I.e. that in which a;=1, a,;=0 (¢ ). 1 Dienes (1), 416.



6 SERIES OF POLYNOMIALS

To show that this condition is necessary, write down the
equations expressing 1, z, 22, ... as linear combinations of p, (2),

P1(z),...; say

(2-5) L=m4o Py (2) + 70,91 (2) + -,
(2-6) z=mP0(?) + 101 (R) + ..oy

Each of these series is finite, so the matrix II = {r,;} is row-finite.
In full (2-5) is

V=m0 (Poo+ P12+ ) + 701 (Pro+ P1y2+-0) + ey
so that, on equating coefficients,

V=700 Poo+ o1 Pro+ o2 P20+ - s
O0=1799Po1 + o1 P11+ To2 Vo + -+,
These, together with other equations derived in the same wa
1 AL
are equivalent to P =1

Again there cannot be a row-finite matrix R, other than II,
such that RP=I

For, if so, let II- R ={«,,}. As not all elements of this matrix
are zero, let there be a non-zero element in, say, the first row of
II-R. Let oy, be the last non-zero element in this row. Now

(I-R)P=0
and so %0 P00+ %o1 P10t -+ + %opPro =0,
%90 Por + Xga Pt -+ + %o P =V,
the final equation being the last in which the p’s are not all zero.
Such an equation exists since P is row-finite. On multiplying
these equations by 1, z, ..., 2! and adding, we get

oo P (2) + gy P1 (7) + oo + otor Pr (2) =0,
and this is impossible, since oy, + 0, whereas p,(z), p, (2), ... are

linearly independent. This completes the proof of the necessity
of the condition.
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To prove its sufficiency, assume the truth of (2-4) and write

H _ d 772" ({2
= Tor T g o) g

/18 easy to verify that, if f(z) is any polynomial,

(@) =po (2) o f(0) +py (2) 11, f(0) +

1e series being finite since II is row-finite. In geneml each I1; is
1 infinite operator, but the question of convergence does not
yme in as yet, since, if f(z) is a polynomial, the series

finite. ”if(o):: (H,f(z "*0 77'01](0 +7Tlcj

Thus every polynomial can be expressed in at least one way as
finite linear combination of p,(z), p; (?), .... Now if there is a
slynomial g (z) which can be so expressed in more than one way,
s must be true of at least one of the polynomials 1, z, 22, ...
or,if g (z) is of degree N and 1, 2, ..., z¥~1are all only expressible

Fo. ((=0,1,2,..).

t one way, then z¥ must be expressible in more than one way.
hus there would be more than one set of equations like (2-5),
6). Each such set would lead to a row-finite matrix IT satis-
ing (2-4), and this is contrary to hypothesis.

Basic sets can be classified by means of a function U (n)
>fined as

(2:7) the number of polynomials py(z), p,(2), ... of degree less
an n.

The condition that the representation of an arbitrary poly-
omial is to be unique shows that the members of a basic set must
2 linearly independent in the finite sense, and this clearly
aplies that

(2-8) Unr)<n (n=1).
The most common case is
(2:9) Um)=n  (n>1),

2. p, (2) is of degree n. A set of polynomials satisfying (2-9) will
e called a stmple set. Such a set is necessarily a basic set. All the
rdinary kinds of polynomials, e.g. those of Legendre, Laguerre,
lermite, Bernoulli, form simple sets.
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Failing (2-9), it may be that
(2-10) U (n,)=mn,, for an infinite sequence n,. n,. .

A basic set with this property will be called a reqular set. It is easy
to see that any set of linearly independent polynomials satisfying
(2-10) is regular.

In the case of a general basic set nothing can be said about
U (n) except that it satisfies (2:8) and is an increasing function
tending to infinity. For it can he shown that U (n) can increase
arbitrarily slowly.

Basic sets of operators. Again, let

d m, d? . ,
(2‘]]) lli:W01~+7T”d2;+2~! d:a'}—... (Z:()71,2,-..)
be any set of operators and let
(212) II= Too o1 o2

Tio T11 712
T T2 T

M &}
(82

be called their matrix. (Note that the coefficients =;; associated
with a particular 11, are in the same column of the matrix, whereas
the coefficients p,; associated with a particular polynomial p; (z)
are in the same row of P.) It is often convenient to speak of
Iy £(0), 1, £(0), ... as operators; e.g. the matrix of the operators

SO (. (2,

is " 1 0 0 0 . 1>
01 0 0
0 2 2 0

0 312 6

M > ’ 2 1! 3

since f(=f (0)+§7f (0)+§',
Iy, II,, ... will be said to form a basic set of operators if they are
associated in the manner described above with a basic set of

{7 (0)+..., ete.



SERIES OF POLYNOMIALS 9

polynomials. If the latter set is simple. or regular. the set of
operators will be said to be simple, or regular.

The condition that a set of operators be basic follows from
Theorem 1.

Loy Inorderthat 11, 11 . ... should form a basic set of operators,
1t 18 necessary and sufficient that their matrix I should be row-finite
and have a row-finite reciprocal.

The series

(2-13) Po (2) Hg f(O)+ py (2) 1, f(O)+ ...
will be called the associated basic series. It has been seen that it
represents all polynomials.

Regular sets of polynomials and operators. A basic set of poly-
nomials has been defined to be regular if

U (n,)=n,. for an infinite sequence n . n,, ....

It is easy to see that, if %, is one of these integers, the matrix of
the polynomials is of the form
P=[ P, 0 ,
X Y

where P, is a squarc matrix of order »,, and that the matrix of
the operators is of the form

n=r Pt 0 :
2ot ]
Thus, in the case of a regular set of polynomials, it is possible
to calculate the first n? elements of II by forming the re-
ciprocal of P,, the matrix consisting of the first »2 elements
of P. The same is of course true for a regular set of operators.
As an example, let

(214) ll?nf(o) =jl(2,l)(l); I]2n+1f(“) :f(‘bl)(()) (72,20),
s0 that II= 1 1 0 0
1 0 0 0
1 0 2 2
1 0 6 0
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The reciprocal can be calculated by successively truncating IL
into matrices of 2, 4, 6, ... rows and columns. We find that

P=r 0 1 0 0

1 -1 9 0

0o =%t 0 p
0 -1 1 -

so that the basic polynomials are
z, 11—z, }(—2+72%), F(—22+322-27%), ...

The resulting series was introduced by Lidstone (1), who showed
that all polynomials could be represented by it.

§ 3. The convergence of basic series.

The convergence properties of a basic series depend to a large
extent on the particular polynomials concerned. In some cases
a comparatively simple expression can be found for the re-
mainder term. The Gregory-Newton series, discussed in Chapter
1v.is an example. Itisalways possible to find sufticient conditions
for convergence by rearranging the Taylor series of f(z). Write

(3:1) M (R) =11}11a;§,[ pi(2)].

Now, formally, o

[eal
f(z)="2a,z"
0

o)

= \"‘(;a’n {ﬂ'nOpo (Z) + 7,1 (2) +.. }

o0 0
=P (z) :T"a'nﬂno +P1 (=) }(':‘anﬂnl + ...

=po (2) Iy f(0) +py (z) T f(O) +....
If | 2| < R these operations will be legitimate if
§U I Q, l {Z | i I JIL(R)}

n

is convergent. Write

(3-2) w, (R)=XZ|m,;| M;(R).
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Then the following result has been established:

L,gs- If f(z)=Za,z" is such that

(3-3) S |a, | w, (R)

n=0
converges, the basic series
(3-4) Po (=) o f(0)+ py (=) 1, f(0) +
converges absolutely and uniformly to f (z) in |z | < R.
It follows that a basic series represents all integral functions of
sufficiently slow growth. More precisely:

~

L,ys. Associated with a basic series there is a function ¢ (n) with
the following properties:

@) $)>0  (n>0);

(i) of f(z)=Za,, =" satisfies the condition

(3-5) la, | <d(n) (n=mny),
the basic series converges to f(z) absolutely and uniformly in any
finite region of the plane.

It is sufficient to take

(3-6) $n)= ,

W, ()"
To obtain the best quantitative results a more subtle choice of

¢ (n) is called for. Let us first define the order and type of a basic
set.

Definition. The order of a basic set of polynomiuls or operators is

(3-7) w=limw (R),
R—>
where
(3-8) w(R)= lim 08¢ (B),

nsw nlogn
If 0 < w < o0, the type s

(3-9) 7=R1im7(R),
where

(3-10) {wY(R)}w=]—jﬁ{wn(R)}lmn“".

e n—>0
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It is evident that w (R), y (R) are increasing functions, so that
the limits (3-7), (3-9) exist. A set of order w’, type " will be said
to be of smaller increase than one of order w, type y, if ’ < w or if
o' =w but y' <y.

Loy If{p, ()} is @ basic set of order w,typey,and A (£ 0), Baie
any constants, {p, (Az+ B)} is a basic set of order w, type | A |~V y.

Write D, (Az+ B)=p* (2),

and let pfj, M} (R), w (R), etc., refer to {p* ()}, so that
7 Pt %p,,,(Az + B),

and pr.= S 7)“,A""B’""'(l),
K k

i.e. P*=PA,

where A=| 1 0 0o . 'I
B A 0

B* 2BA A2 . J

Hence II* = (P*)1= A-1P-1

= 1 0 0o . 7
B L 0
A A
B2 2B 1
Ar Tar o oa
and k.= X (")(_B)n 14",
=0 \/
| U
Thus ml< g ()18 )
A P10 l

Moreover MXR)SM (2| 4|R) (R>=R,),

o that, if R> R,,
(311) w (R)<’I* Sz| 4| R ((?)|B|-1|w,k|

B‘nn \)
=] Bl 7w, (2| 4| R).
;A\,o( | Bl ey (2] 4]
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Now, if a > w,
w (2| 4| R)<Kn®  (230)
where K is independent of n, so that

(R)<A Bn n ( )IBI LTI\ Ag (I+I‘BI)” non,

A f =0 |4 |
whence w*(R) < a,
and so w* < w.
On the other hand,
z B
09 *
(3 l“) pn, (A _1) })n
so that w < w*.
Again, if B>{wy(R)e 1j@,
then w, (24| R)< Knrepn (n=0),
so that, in (3-11),
(R)<A B ! \n )llwﬁll Bl l
A o 0
<K iA ’ ( ) Llwﬂll Bl~.l=KlA |-»n nnw([ Bln--w_*,ﬁ)n,
1~ 0
whence {wy*(R)e o< B A,
and so y* (R) <w leflew| 4 |V,
and yr<y A |Ve.

In the same way (3:12) gives

y<y*Afve.

Lios- 1f {p, (2)} is a basic set of order w, type y, and f(2) is an
wntegral function of increase less than order 1/w, type 1]y, the basic
serves converges absolutely and uniformly to f (z) in any finite region
of the plane.

The limitation on f(z) means that its order p and its type o
satisfy either

. 1 L1 1
(1) P<, ©°F (i1) P=_> a<;.
In case (ii) its Taylor coefficients satisfy the inequality

la, | < (o ew™n"1)me (n=mny),
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where o, >0. Again, if y, >,

w, (B) < (y,we™tn)"e (n=>mny),

and so la, |w, (R)<(oyy)"® (n = mng).

o1, y; can be chosen so that o,y, <1, since oy < 1, and the result
now follows from L,,,. Case (i) is easily dealt with.

The order of a set of polynomials is naturally connected with
the size of their coefficients. The result which follows illustrates
the method by which the relationship can be investigated.

Simple sets of polynomials with bounded coefficrents. In the case
of a simple set of polynomials, i.e. when p,, (z) is of degree n, there
is no loss of generality in taking the coefficient of 2% in p, () to be
unity. It will be assumed that this is the case. This implies that
II,, is of the form

n n+1
1 d 7T7L+1_,_7l _d_,_ +

(3-13) nldzn" (n+ 1)1 dentl

and vice versa.

If the remaining coefficients of the polynomials satisfy an
inequality

(3-14) | Py | < M,
the basic series has simple properties.

We need a lemma on determinants. Let an n-rowed deter-
minant in which the diagonal above the leading one is composed

of unit elements and all diagonals above it of zeros be said to be
of class Z,, .

Ligs. If A=||ay|| is of class Z, and

Ia’ij|<K (j=1’2;--',7:; 7:=1,2,...,71'),
then

(3-15) | 4| <K (1+K)».

For, on expanding in terms of the elements of the first row, it is
seen that 4 is equal to

ay; X a determinant of class Z, ; —a determinant of class Z, _,,
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and (3-15) follows from this by induction. The constant on the
right of (3-15) is exact, since

K 1 0 .!=K(l+AK)1

—-K K 1 |
K —-K K .
- (n rows)

b

l
|

Now, if p, (2), p; (), ... is a simple set of polynomials, the co-
efficient of the highest power being always unity, it will be found

that
7;;=a determinant of class Z;_; (J=0,1,2,...,e—1).

Thus (3-14) implies that
|7 | <M (1+M)=i-t< (14 M),
Take R>1+ M, so that
M;(R)SM(1+ R+ R2+...+ R-Y)+ Ri<(i+1) R,
n -1

and w,(R)< Z (t+1)REQA+M)"+(n+1)R"
i=0

n—1
<X (@+1)R"+(n+1)Ri=L(n+1)(n+2)R".
i-0
Thus, by L, if f(2) = Za,, 2" is such that
Xla,|(n+1)(n+2)R"
converges, the basic series converges absolutely and uniformly to
f(2) in the circle | z| < R. The following result has therefore been
established (11):
Theorem 2. Let
(3:16)  p;(2) =P+ Ppn2z+... +; 427 +20 (1=0,1,2,...)
be a simple set of polynomials whose coefficients satisfy the inequality
(3-17) | pij | <M,
and let f(z) be regular in |z|< R, where R>1+M. Then the
basic series

(3-18) Do (2) Lo f(0) +py (2) 1L, £ (0) + ...
converges absolutely to f (z) in | z| < R.
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The convergence is uniform in any smaller circle. The theorem
is “best possible” in that the condition B> 1+ M is essential.
For, if

Po(z)=1, p;(R)=2"+M (2" 1—zi"242"3— ) (i=21),
it will be found that
miy= (=) M1+ M)-i-t (Jj=0,1,2,...,0—1),
and, if f (z) is taken to be (z+ 1 + M )~1, the series defining 11, f(0),
namely 1 N M LM
1+M  (1+M)?2 (1+M)2 7

does not converge. That is to say, there exists a set of polynomials
satisfying (3:17) and a function f(z), regular in |z| <1+ 3, for
which (3-18) does not converge.

Uniqueness theorems. In conclusion it is important to point

out that in general there is no ““‘uniqueness theorem” associated
with a basic series, i.e. the fact that

Agpo(z)+ A1, (2)+ ...
converges uniformly to zero in some region does not always
imply that all the A’s are zero, e.g.
2 3 2
1—(z+ 1)+(z! +z)—(?3!+21)+"' =0 (all 2).

This is connected with the fact that multiplication of infinite
matrices is not always associative, so that, though a row-finite
matrix can have only one row-finite reciprocal, it can also have
one-sided reciprocals which are not row-finite. Necessary and
sufficient conditions for the ‘“uniqueness theorem” to hold good
can be found by applying the argument of Vitali’s theorem (13).



CHAPTER 1I
THE SUM OF A FUNCTION

§ 4. Bernoulli polynomials.
If two functions are connected by the relation

(41) Ag(2)=g(z+1)—g()=f(2),
f(?) is called the difference of g (z), and g (z) the sum of f(z). The
sum is analogous to the integral, but whereas the integral is
indeterminate only to the extent of an arbitrary constant, any
function of period unity can be added to the sum.

Let us first try to find a polynomial ¢, (z) such that

(4'2) ¢’1L (Z"I‘ 1 ¢71 z” 1
The indetermination can be removed by assuming that ¢, (2)

vanishes at the origin. These conditions are evidently equivalent
to

( $.(0)=0,

(+-3) $,9(1)—¢,(0)=0 (s=0,1,...,n—2,n,n+1,...),
l =n! (s=n-1),

so that 1, ¢,(2), $5(2), ... are the basic polynomials associated

with the simple set of operators

@) O, F)-fO) ;,l (1)~ (0}

S OO
and any polynomial f(z) can be expanded in the series
(45) f(2)=f(0)+{f(1)=f(0)}$:(2)
F o =F O )+

¢,, (2) is generally called the nth Bernoulli polynomial, but the
name is sometimes applied to the slightly different polynomial
B, (2) defined below.

WIF 2
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Take f(2) in (4-5) to be ¢, () and use (4-3);

(4-6) ¢ (2)=0,"(0)+nd, 1() (n=2,3,...)
Now write

(+7) Boa= $./0), By@)=1, B,(&)=$,(:)+B, (n>1)

so that (4-2), (4-3), (4-6) give

(4-8) B, (z+1)— B, (z) =n2""1,

(4-9) B,(0)=18,,

(4-10) B, (z)=nB,_,(z).
It follows from the last relation that

(4-11) gl_' B,®(0)= (:) B, _, (0<s<n),
so that .

(4-12) B, (2)= ﬁo(:) B, 2"

Again, setting z=01in (4-8), and z=1in (4-12),
B,(1)=B,(0)+1=B,+1,

(4:13) B,, (1)=B,,(0) (n>1),
.= % (%) 5.,
s=0\$
Thus
B, =1,
414 n
(4-14) B,= X (’S‘)Bs (n>1).
' 8=0

These are the recurrence relations for the Bernoulli numbers.*

The series X B, (?) :7'

* They are sometimes defined differently, by the equation

t B* B,t*
t 1)y l=] o T2 .
t(et—1)"1=1 2+ YRR +.... Cf. (4-15).
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is called the generating function of the Bernoulli polynomials.
Now, formally,

e tn [ee] n t'lr
£ B, =2{L(S)an—}ﬁ,
-

n=0 n! n=0
0 B n—s fn—s 0 Bts
_2 'sta z '_:IZ,_S’,'
s=08! =g (n—a) «-0 8!
In this set z=1
; 2 B, t" o Byt
T Al TS
whence
© Butr ot
4-15 L
( ) moo 0! e—1’
and
on i tezl
4-1 . B Tt — .
(4-16) "EO n(@) =

The fact that the expression on the right can be expanded as a
power series in ¢, if | £| < 2w, justifies these operations. Moreover
i tel—=t te—!

© et . (—gn
nidOBn(l z)’;b!—el—l—]._‘e 11% B"(.c.) 1“ ,

so that
(4'17) Bn(l"z)=(~)n B)L(z)‘
Again,
a_o‘ m—1 k l I B t mGI (g+ll;;)t tez’
nEO { kEO B" (Z + ;n)) n! - éf_?]_ k:() ¢ - é[/';t‘:i
0’: n
=m n);ﬂ B, (mz) (m) ,
whence
m—1 k
(4-18) 2 B, (z + —) =mlt "B, (mz).
k=0 m

Various special values of the Bernoulli polynomials, which will
be useful later, follow from these relations; e.g.

(4-19) Bypi1(1)=Bypy1=0 (n>0),
(4‘20) Bn (%)=(21-—n_ 1) Bn'
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The integrals
1 1
f B, () cos 2smxdux, f B, (x)sin 2snxdx
0 0

can be evaluated by integrating by parts, using (4-10), (4:13),
(4-19), and yield the Fourier series, valid for 0<x <1,

2(2n)! X cos 2smx

B, (x)=(—= )"t ,
(4-21) ' o ) =2V e 2,
i1 2(2n+ 1) = sin 287
lenH ()= (—)""1 (277)2)141'"6_:__1 g2ntl
Set =0 in the first of these;
2n)! © 1
(4-22) By =(—pn2EES 1 s o),

( )271 =1 82“
The function obtained by subtracting from B, (z) the first s terms
of its Fourier series was investigated by Hurwitz (1), and is of
considerable importance in the sequel. Consider the integral
. n! [ e
(+:23) B,()= j fffff Zar,
i

where C, is the circle |{|=(2s5+ 1)77 and s is a positive integer.
Evidently

(424) Bn,o(z):Bn (Z),
and, by the residue theorem,

. s eZIcmy+( ) e—2km’:
(4 25) B“_S(z)—-B ( ) n! E (2]1.7771)” —_

Thus, for all values of » and s,
(4-26) B, ,(z+1)— B, ((2)=nz""1,

Tt is easy to see* that (¢! — 1)1 is uniformly bounded on the circles
C,, so that

n' 6(2-5"5'1)7“2](28_*_ ]_)77-
(427) Ian 1\217] ]e‘—l[{(?s-*—l)w}”de

<Anle®HDmzl{(25 4 1) mji-n,
when A4 is an absolute constant.

These results enable us to determine the order and type of the
Bernoulli polynomials.

* Cf. Dienes (1), 252.
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Logi- 1, ,(2), ¢2(2), ... and By(z), B, (z). ... are both sets of
order 1, type 1 /217.

For
..mz n —2mriz ' 3z
(4-28) Bﬂn(z)——rbvy._.f_(.___, e (n gimie )

n—1

so that the maximum modulus of ¢, (z) satisfies the inequality
D, (R)<K(R)n!(2m)~

Thus
w, (R)=% " (I)(R)<Kn'2 b | (2m)=S
“n = lz'(n——H—l) i1 —i+1)! i
n—1
:Kn/!(:?w)“"fo(g(iﬂl)) <Kn!(2m)™,
and so w=w(R)<1,
1
y=v(R)< I

On the other hand the series (45) vanishes idenbically when
f(z) =sin 27z, so, by L5, the increase of 1, ¢, (), b, (2 cannot
be less than order 1, type 1/27. The set B, (z), Bl(z), ... can be
treated in the same way.

§ 5. The sum of a function.
Integral functions. In virtue of (4:8) a polynomial
f@e)y=ay+az+...+a,z"
has the sum
(51) 9@ =0 By &)+ 5 By(2) 4t B (2).
In the case of an integral function f(z)=ZXZa,,z" the series corre-
sponding to (5-1) does not always converge. In place of it we
consider this series
4] a,
(52) 9= X "Byt
and endeavour to choose s,, s, ... in such a way that this series
converges uniformly in any finite region of the plane. This is
always possible. For example, take s, =, so that, by (4-27),
| B, g, (2)]| <An!le@ntbmz {(2n 4 1) g1
<Ae(2n+1)7rlz|’

n,8n
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and g (z), defined by (5-2), is an integral function. The result thus
established, that it is always possible to find an integral function
which is the sum of a given integral function, is due to Guichard
(1), the proof given above to Appell (1) and Hurwitz (1).

It is possible to prove a more precise result (7, 12).

Theorem 3. If f(z) is an integral function, there is an integral
Sfunction g (z), of the same order as f (z), such that

9(z+1)—g(2)=f(2).

In the case of a function of infinite order this reduces to
Guichard’s theorem, so we may suppose that p, the order of f(z),
is finite. If p <1 it is sufficient to take

g(2)= HZO ﬁ“_’}_ 1 B, 1 (2).
For, by (4-27),
| B, ()| < An!lemizlgl-n < premlz] (n=my),
and, if p71>2>1, la, | <n—" (n =my).

It follows that the series defining g (z) converges and that it can
be differentiated any number of times. Thus

b a

g0 O)= T BBY,(0)
=n=%_1a,nn(n—- 1)...(n—k+2)B, ;-
Now it is clear from (4-19), (4-22) that
(53) | B, | <4n!(2m)—™ (n>0),
so that g0 <4 amnl@aprt (k2.
Moreover "

n—n)\ n! (277)1(:—1&—1
(m+ 1)=®+DA (4 1)1 (277)k—n—2

nA
=277(1+%) (R+121>-1 (mxk—1),
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so that
1 4 (k—1) =D (1)) ©
|95 | = il 96 (0) ] < ﬂ—y———];( (k=1 §0 ks =D < (k—1)-A-D
(A)l‘/\)
-1
ThUS ]'nl !QgigéJ,, >A

1 T = .
firapes k log k

This is true for every A < 1/p, so that the order of ¢ (2) cannot be
greater than p. On the other hand it is obvious that no sum of
f(z) can be of order less than p.

If p 2 1, consider the function A (n) defined by

. (logla, |
A (n) is an increasing function, and
. logla,|™t 1
(52) M)~ lim =
Again, writing a(rn)=1-2(n),
(5-6) nem (28 + 1w} <e™ (n>1),
provided that (28, + 1) 7> en>),

and this is so if
(5:7) 8, =[n*"],

It will be shown that with this choice of s, s,, ..., (5-2) defines
an integral function of order p.

Corresponding to a given value of r=| z | define the integer
(5-8) N (r)=[(8r)*A®].
Then (4-27), (5-4), (5-6), (5:7) show that

B
v, (2)= ?—’i——y-:—ﬁ’i@ <n~mMAmWpn{(2s, + 1) 7} "exp{(2s,+ 1) nr}
(5-9) <exp{—n+Tn*Mr}<e ™8 (n>N),
since

n— Ty — g > In — jnem+H O = In (1 —pr@-Am} > 0,
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Now take a fixed integer p and write o (p) =a«. Then

N N
(5-10) ¥ v,(2)< T exp{—n+Tn*®r}
n=mp n=mp
N
<X exp{—n+Tn*r}<N(r)u(r),

n=p
where w (r) is the greatest term of the last series. p(r) is deter-
mined by finding the maximum value of the function

—x+ Tx%r,
namely (é — 1) (Tour) VA=),
so that
(5:11) p(r) <exp{(l~— 1) (70(7‘)1/(1*0‘)}.
%

Now, making use of (5-9), (5:10),
D -1 o0
My(r)=max |g(z) | < £ v, @)+ N@p@)+ = e,
zl|=r n=0 n=N1it1

whence, by (5-8), (5-11),

1 A= = A " — ) 1= Mn)1—1
Tim log r <(I—a) ' ={A(p)}".

Finally, make p tend to infinity, and use (5-5).

It follows that g (z) is of order less than or equal to p, and, as
before, its order cannot be less than p.

Meromorphic functions. In the paper referred to, Hurwitz ex-
tended Guichard’s theorem to meromorphic functions, that is to
say, he proved the following result:

Lyge. If f(2) is any meromorphic function, there is a meromorphic
Sfunction g (2) such that

g(z+1)—g(=)=f(2).

This theorem can also be made more precise (8, 14), but the
matter is not so simple as in the case of integral functions. For
the order of ¢ (2) is in general not p but p + 1. This is inevitable.
It is due to the fact that, whereas the sum of a polynomial is a
polynomial, the sum of a rational function is in general a
meromorphic function of order greater than or equal to one.
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Theorem 4. If f(z) is @ meromorphic function of order p, there
28 @ meromorphic function g (2 of order less than or equal to p + 1,
such that g(z+1) ) =1(2).

Suppose, to start with, that p is finite and that the poles b, b,,
.. of f(z) are all in Rz < 0. Define p (k) for integral values of k by
the equation

(5-12) max log*t|f(z)|=ke®,
lz2—k|=k-1
and write
(5-13) A(k)=maxp (l) =p(k),

1k
so that A (k) is a decreasing function. It will be shown that
(5-14) A= lim A(k)<p

k—>o
In the z-plane draw the circle |z | = 2k and the line Rz=1, and
denote by C the closed contour consisting of the part of the line
intercepted by the circle and the arc of the circle to the right of it.
Then, if p<a,

(5-15) M, =max|f(z)| <expk®> (k=ky).
(‘Y
For,* if z=re and R >,
1 (2 ~R*—?
+ i0 T + 1¢
log [ (re%) | <oy [ gt F (R o et
CR:-bz
+ E l' —
[bs |- R(’“‘b)
If zis on C, | R2—b,z| <2R2, ]z—-bsi/,

so that, in the usual Nevanlinna notation,
logt | f(re?)| < g—i—::m (R,00)+n(R,0)log 2R.

Ifp<B<a, m (R, ), n(R,0)< RB (R> Rp),
so that, taking R =3k,

log*™ M, < 5m (3k,00) +n (3k,0) log 6k < k> (k>k,),
which is (5-15).

* Nevanlinna (1), 25
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Now the circle | z— k| =k — 1 is enclosed by C, so that, forall £,

kr® <logt My,
and hence pk)<a (k=F,).
Thus A= lim p (k) <,
k—>w

and, since « may be any number greater than p, this gives (5-14).
Next consider the polynomials

ve (.
Pee= 87" s,

n-

where p,. is to be chosen so that

. . 1
(5:16) | Pr()=flath) < (2] <EER=1).
Cauchy’s inequality gives, for n > 0,
) (ke
! n(' Jk-1y'< max  [f()| <exph®,

|z—k|=k—1
so that, if |z | <} (k—1),
0 () (I o n
| P(z)—f(z+k)|< X LS (k) | Ll)
-1 k! 3

n
<13 Prexpkr® <2,
provided that*

(5:17) D= [FA®]+ 1.
(5-16) shows that the series

F()= 5 (Pe@)=f@+0)  (Po(s)=0)

converges uniformly in any finite region of the plane, neglecting
afinite number of terms at the beginning. F (2) is therefore a mero-
morphic function. It will be shown that its order does not exceed
p+1. :

* There are trivial modifications if A=0. Take

pr=max {{k*(®]4+1, 100 log k}.
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Take a fixed integer ! and, corresponding to a given value of
r=|z|, define ¢,=[3r] + 1. The inequality*

q
m(r,fi+fo+ ... +f)<Zm(r,f)+logq
1

gives
l qr
(5-18) m(r,F)sm{r, pX {Pk(z)—f(z+k)}}+ :‘J m (r, Pi(?))
k=0 k=1+1
+ ZZ: m(r,f(z+k))+m{r, hX {Pk(z)—f(z+lc)}}
k=1+1 k=ar+1
+log (2¢,+ 2).
Now, if I+1<k<q,, r =100,
(n) n Kk r
m(r, Pr(z))<log* = b5 LF2 (k) <logt s ( ) exp kA®
n-—-0 n' n =0 l"'—

<log py+pylogr+ kA < 2¢)Dlog r,
and so
qr

3 m(r, P(2)) < 2¢)? logr < 2 (4r))O+llog .
k=1+1
Next, f (z)is of the form f; (z)/f, (z), where f; (2), f. (2) are integral
functions of order less than or equal to p. For the same range of &,
the inequality (r.fg) <m (r,f) +m (r,g)

and Nevanlinna’s form of Jensen’s theorem* give

m(r,f(z+k))<m(r,fi(z+k)) +m( f 1 )

1
= fy ot B+ 0 fy (4 ) = g(;;k—))—logml

<m(r,fi(z+E) +m (r.f; (2 + k) —log | ¢y |
<log M, (47+ 1) +log M, (4r+1)—log |, |
<rpte (r=r),
where c¢) is a constant, M, (r) and M, (r) are the maxima of
|f1(2)| and | f; (2) | for | 2| =7, and € is a given positive number.
Again, by (5-16),
m{r, 5 {Py (2)— z+lc)}}<log2

k=gy+1

k2
* Nevanlinna (1), 14. 1 Nevanlinna (1), 14, 6.
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Thus, as r o0, the five terms on the right of (5-18) are respec-
tively O (rrte), O (r@+llogr), O (rrtetl), O (1), O (logr).

Again, the poles of F'(z) are the points b, —m (n>1,m >0), so
that (remembering that all the b’s are to the left of the imaginary

axis) n{r,00, F (2)} <rn{r,o0,f (2)} <retetl (r=r.).
Hence T, Fy=m(r,F)+ N (r, F)
consists of the five terms enumerated above together with a term
O (ret<t1), and so
___log T (r, )
lim — log -

T—>®0
Since A(l)>A<p and ¢ is arbitrary it follows that the order of
F (z) cannot exceed p + 1.
Now, if N is any integer,

<max{A(l)+1,p+e+1}.

AF ()= @)= T (Pulet )= Pol@~f 4N +1)

¥ I (Pl D—fErbr D)= S (P ~f @+ b,

kN 11 ko N+
and, if z is confined to any given finite region of the plane, the
functions on the right are regular for sufhuently large values of N.

Hence A ﬁw f ( 2

an integral function. EVldently the orde1 of h (z) cannot exceed
p+ 1. Thus, by Theorem 3, there is an integral function H (z) of
order less than or equal to p + 1 such that :

AH (2)=h(2),
and so g(z)=F(z)—H (2)
is a meromorphic function of order less than or equal to p+1
satisfying (4-1).

If p is infinite, or if we only want to prove that a meromorphic
function has a sum without enquiring about its order, the argu-
ment is much simpler. Choose p,, p,, .. in any way such that
(5-16) is satisfied. Then, as before, AF (z)—f(z) is an integral
function and so is the difference of an integral function H (z), and
g (2)= I (2) — H (z) is the required solution of (4-1).
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If the poles of f(z) are in Rz<d, the theorem is proved by
applying the result of the preceding section to f(z+d). If they
are in Rz >d, the poles of f(—z) are in Rz < —d, and so there is a
function g, (z) of order less than or equal to p + 1, satisfying

g1 +1) =g, (&) =f(=2),
and so g(@)=—g,(—2z+1)
satisfies (4-1).

In the general case, when the poles of f(z) may be in any part
of the plane, we make use of Theorem A (p. 2). The projections
of the nebulae on the real axis will form a set of finite measure.
Let d be a real number which does not belong to it. Then the
line Rz=d does not intersect any nebula and so it divides the
pole clusters into two groups, one on each side. The expansion of
f(2) in normal form will divide into two parts corresponding to
these (the integral function being assigned to either) so that

J (@)=L, (2)+ By (2),
where L, (z), R,;(z) are both of order less than or equal to p, the
poles of L;(z) being in Rz <d and those of R, (z) in Rz>d. By
what has been proved, both functions can be expressed as
differences of meromorphic functions of order not exceeding p + 1,
and hence their sum can be so expressed.

The number p+1 in Theorem 4 ts “best possible”. For let
a,, @y, ... be an increasing sequence of positive numbers with
exponent of convergence p, satisfying the condition that no two
a’s differ by an integer, and let f (z) be a meromorphic function of
order p with poles at these points. It is easy to see that g (z) must
have poles either at all points @, —m+1 (m>1), or else at all
points a, +m (m > 1), according as a, is taken to be a pole of
g (2) or of g (z+ 1). Thus the order of ¢ (z) cannot be less than the
exponent of convergence of the double sequence a,, +m (n, m > 1).
Now, if A>0,

= o] o) o
S (@, +m) > ¥ | (a,+2)Mde>K X al?,

n, m=1 n=14J 2 n=1

[ce}

so that for convergence we must have A>p+ 1.
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§ 6. Linear difference equations.
The equation

(6-1) 9(z+1)=f(2)9(2),
where f(z) is a given integral or meromorphic function, can be
solved by means of the preceding theorem.

f(2) is of the form f, (z) f, (2), the poles and zeros of f, () being
in Rz <0, and those of f, (z) in Rz > 0.

fi’ (2)/f1(z) is a meromorphic function, of order less than or
equal to p, with simple poles in Rz <0, the residues at the poles
being positive or negative integers. By Theorem 4 there is a
function 4 (2), of order less than or equal to p + 1, such that

2=/ @)
h(z+1) h(M)_fl(z) .
The method of constructing / (z) ensures that its poles are also
simple and the residues at them positive or negative integers.
Hence, by integration,

__H’ ()
ME= ey
— pF(Z O (2)
where H (z)=e*! )C:(z—)’

F (z) being an integral function and C, (z), Cy(z) canonical pro-
ducts. C, (z), C,(z) are of order less than or equal to p+ 1. For if
one of them was of order greater than p+ 1, the exponent of
convergence of its zeros, and hence the exponent of convergence
of the poles of & (z), would be greater than p + 1. This is impossible.
Now

fl(z')—*-exp{f{h(w l)—h(z)}dz}

_HEHY | pey e C1(2+1) Go(2)
H(z) C,(2) Cp(2+1)°

and so F(z+1)— F (z) is a polynomial of degree less than or
equal to p. Thus

F(z+1)—F(z)=P(z+1)— P(2),
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where P (z) is a polynomial of degree less than or equal to p +1,
and
5 () =er0 1)

C, (3)

is a function of order less than or equal to p + 1, such that

91(z+1)=f1(2) 91 (2).
¥, (2) can be treated in the same way, and ¢ (z) is then the product
of 9, (2), g(2).
The following result has therefore been established (8):
Theorem 5. If f(z) ¢s an integral or meromorphic function of
order p, there is a meromorphic function g (z), of order less than or
equal to p + 1, such that
g(+1)=f(2)g(2).
As before, the number p + 1 is ““best possible’”’. For example,
the equation g(z+1)=2g(2)

has no solution of lower order than I' (z).

Various other difference equations can be reduced to the
fundamental types (4-1), (6-1), e.g. the general linear difference
equation of the first order

(6-2) P(2)g(z+ 1)+ @ (2)9(2) =R (2),
where P (z), @(z), R(z) are given integral or meromorphic
functions, which can be solved in the following way.

Let » (2) be a solution of the equation

(6-3) n(z+1)= —g%n(z),
and let g(z)=n(2)h(2).

Then (6:2) is
PR)n(z+1Dh(z+1)+Q (z)n(2)h(2)=R(2),
R (2)

Q@) n(z)
Thus (6-2) is'equivalent to (6-3), (6-4).

or

(6-4) h(z+1)—h (z)= —



CHAPTER III
PROPERTIES OF SUCCESSIVE DERIVATIVES

§ 7. A theorem of Pélya.

The operators f(ay), f’' (ay), f"' (a5), ..., Where a,, a,, ... is any
sequence of numbers, evidently form a simple set. Recently
Gontcharoff, Takenaka and Kakeya have discussed the associ-
ated basic series

2(2)

(7-1) Gy (2)f (@) + 'f (a4 —“z“!‘f”(az)-F---,

and have deduced a number of interesting properties of successive
derivatives. As a preliminary we prove a beautiful theorem of
Pélya (4).

Let f (z) be a meromorphic function, a one of its poles. Let the
domain consisting of those points z which are nearer to a than to
any other pole be called *““the county of a” or “a-shire”. It is
evident that, if «-shire and b-shire have boundary points in
common, the common boundary is the line bisecting at right
angles the line joining «, b. Thus a county consists of the interior
of a convex polygon, which may be finite and have a finite number
of sides, or be infinite and have either a finite or an infinite number
of sides. Thus in the case of @ (z) the counties are all congruent,
and each is in general a hexagon with three pairs of parallel sides.
Now consider the set £ consisting of all the zeros of f(z), f' (z),
J” (z), ... taken together. Then Pdélya’s theorem asserts that the
derived set K’ is identical with the ‘““map”, i.e. the aggregate of
county boundaries defined above. Thus:

(71

Theorem 6. Let f(z) be a meromorphic function and let E
denote the set of zeros of f(z), f' (2), .... Then a point z belongs to
E’ +f and only if it is equidistant from the two poles which are
nearest to it.

It follows that E’ depends only on the position of the poles,
not, for example, on their multiplicity.
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Jonsider the sequence

‘ THOINF O
(7'2) "’TT‘ ‘: s | —“é! - i )

f(2) being a meromorphic function, and denote by [R, 8] the
closed region consisting of the circle |z|< R, less those points
whose distance from a pole of f(z) is less than 3.
Lyy,. (i) The sequence (7-2) is uniformly bounded in every
region [R, 3].
(i) If z belongs to a-shire,
| fO0 (2) [1/n 1
L

Moreover the convergence ts uniform tn any closed part of a-shire.
To prove (i), consider the region [R+ 15, 13]. In this f(2) is
regular and so has a maximum modulus M. Again, if a point z of
[R, 8] is surrounded by a circle of radius }8, this circle will lie
entirely in [ R+ 15, 156]. Hence, by a classical inequality,
e M
n! |~ (‘8)"’
SO ) 2
T ST
To prove (ii), consider a pole a of multiplicity ¢ + 1, and write

fe= oy L4q

i—at@mapt T oy TOE)
where ® (z) is regular at @ and 4,+0. Then
14 (n+q)'4,
(n) —(_ _h:4de SR 3 it '3 (n) (2
f ()=(—) '{(z_a),,+1+"'+(z )n+q+1}+(b (®),

or

and

f‘”)(z (n+1)(n+2)...(n+q)A

=(=)" (z—a )n-i:q+1 q

1 (z a, Q+1 _Z)n (I)(Il)( ) fl:l - (z_a)’l—'k Ak ~}
{ + m+1)...(n+q)n! 4,1 k-0 (M+k+1)...(n+q)4d,
(—

X

p DA, 04,60
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Denote by p (z) the radius of convergence of the Taylor series
of ®(2) at a point 2. p(2) is a continuous function. For, if
|2’ —2z| <p (2), the circle of centre z’ and radius p (z) — | 2" —2| lies
in the circle of centre z and radius p (z), and hence

p()zp(2)—|2' ~z].
Similarly p(F)<p)+ |2 —2]|.

Now consider the function |z—a|/p(2). It is continuous at

every point z at which p (z) > 0, and hence at every point of a-shire.
Moreover
Lz ,_ll_[ <1
p(2)
at every point of a-shire, since the nearest singularity of ®@ (z) is
the nearest pole of f(z) other than @, and this is more distant
than a. Denote by 4 a closed region lying wholly in the finite
part of a-shire, by p, the minimum of p(z) in 4, and by « the
maximum of |z—a |/p (z). Then
lz—a| .

7-3 2)=py>0, '——~'<a<l in A4.

Choose B so that a < 8 < 1, and surround each point z of 4 by
a circle of radius Bp(z). These circles will cover a region A*,
every point of which is distant at least (1 — 8) p, from the nearest

singularity of @ (z). Hence @ (z) is regular inside and on the
boundary of 4*, and so

|®(z)| <M in 4*.

Now each point z of 4 is surrounded by & circle of radius Bp ()
lying wholly in A*. Hence

‘D“’)( )3 _Mf _
S{Bo ey
and so, by (7-3),
(z_a)'n(l)(n)( ); OL ,

It follows that ¢, (2) >0 uniformly in 4, and this establishes (ii).
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The second part of Theorem 6 is an immediate deduction. For

f(n) ‘I/n 1 .

‘ "l ‘)[z al (n>v)in 4,
so that none of f+1 (2), f*+2 (z), ... can have zerosin 4. Moreover
J@), f (@), ... f¥(z) have only a hmte number of zeros in 4. No

interior pomt of A can therefore belong to £’ and hence no point
of a-shire can.

To prove the first part of the theorem two further lemmas are
needed.

Lygs. Let fi(2), [ (2). ... be regular in an open domain B, and let
the sequence Rf1 @), Rfy(2)
converge uniformly in every closed part B* of B. Moreover, let there
be a point zy of B such that

J1(z0),  fa(zo),
converges. Then the given sequence converges uniformly in every
closed part of B.

Take B to be the unit circle and z,=0. The general result can
then be deduced by the familiar process of covering with circles.
For B* take the circle |z| <randletr< BR<1.

Then the hypotheses are that, for given € > 0,
|f7ll(0)_f7b(0)l<€’ lRfﬂt(z)~RfIL(z)l<€ (Iz]<R77n’7l>n0)'
Borel’s inequality* applied to f,, (z) —f,, (2) —f,. (V) + £, (0) gives

8 Re

[fm ®) =10 (2) | < €+ p_, (|z]| Sr,m,n>ng),

which is the result stated.

Lgos. Letpuy, po, ... be a sequence of positive numbers tending to oo
and let f, (2), fs (%), ... be regular in an open domain B and such that
(7-4) |f1(2) [V, | fa(2) [V,
converges uniformly in every closed part B* of B to a limit function
never equal to zero. Let z, be a given point of B. Then it 18 possible
to choose the determinations of

(7°5) fl (2)1/“1’ f2 (z)l/#%
* Valiron (1), 20.
3-2
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in such a way that this sequence converges in B (and uniformly in
every closed part B*) and the argument of the limit function at z,
has any given value.

Let o be the assigned value of the argument of the limit function
at z,. Choose the determination of log f, (z) to be that for which

-—7T+,LL“O'.< Ilng,,L ZO <7T+P‘n,°('

This is possible, at any rate for sufficiently large n, since then
[ (20) 0. 1t follows that

(7-6) I 19&'—"—4(20) —>a

Hop

The real part of this sequence likewise tends to a limit, by
hypothesis, so

(7-7) log f1(2) log /s (2)

M1 e

is convergent at z,.

Let B* be a c¢losed part of B. As the convergence of (7-4) is
uniform in B*, the limit function must be continuous. As it does
not vanish in B* it must have a minimum & > 0.

Again, since the convergence is uniform,

| (2) [Ven> 35 (z in B*, n.>n,),

and so log f, () is regular in B*, for n >n,. Ly now shows that
the sequence (7-7) converges in B, and uniformly in any B*. The
same is therefore true of the sequence with general term

log f,, (2)

n

It has already been shown, in (7-6), that the argument of the
limit function at z, has the assigned value a.

Let C be a circle whose centre lies on the boundary of a-shire
and which does not contain any poles of f(z). It will be shown
that at most a finite number of f (z), f’ (z), ... have no zeros in C.

If not, there must be an infinite sequence of functions

(7-8) {f“") ’ }1/"1 (m=py, pg; --.)

Ju (2)VBn=exp

m!

which have no branch-points in ' and so are regular in it.
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A part C; of C lies in a-shire. Let z, be a point in this part.
Then, by Ly, (ii) and Lyyy, the determinations of (7-8) can be
chosen in such a way that

(79) {f(m) }l/m_)—%v '

m! Zp—a
Now the limit function of (7-8) is regular in C;, owing to the
uniformity of the convergence, and its modulus is |z—a|~t. It
follows from these facts and from (7-9) that the limit function is
(r—a)™tin C,.

Again, C lies inside a region [R, 3], and so, by Ly, (i), the
sequence (7-8) is uniformly bounded in C. It follows from the
Stieltjes-Vitali theorem,* in Stieltjes’ original form, that (7-8)
converges to (z—a)~! in the whole of C. But C contains part of

the county of at least one other pole besides a, say that of a pole b,
and, by L, (ii),

f (n) |1/n, 1
T

We have now reached a contradiction, since |z—a|>|z—0b|
in b-shire. This completes the proof of the theorem.

Pélya next defines the boundary (Grenzlage) of a sequence of
plane sets M, M,, ... in the following manner. A neighbourhood
of a point z being defined to be a circle of centre z, the points of
the plane can be separated into three categories.

A point belongs to the first category if some neighbourhood of
it contains only a finite number of points of M, M,, ..

A point belongs to thesecond category if every neighbourhood of
it contains an infinite numberof points of M,, M,,...,but in some
neighbourhood an infinite number of M, M,, ... have no points.

A point belongs to the third category if every neighbourhood
of it contains points drawn from all the sets M,, M,, ... except
possibly a finite number.

The points of the third category form the smallest boundary
of the sequence of sets M, M,, ..., those of the second and third
categories together the largest boundary. 1f these coincide, i.e. if

in b-shire.

* Dienes (1), 156.
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there are no points of the second category, the set is said to have
a boundary.

Take M, to be the set of zeros of f((z). It has been seen that
a point in a county belongs to the first category, and that all other
points belong to the third category. Thus the aggregate of zeros
has a definite boundary, namely the lines separating the counties.

We have considered the zeros of the functions f(z), f’ (2), ....
It is by no means obvious that the a-points, i.e. the values of z
for which f(z), f' (), ... take a given value «, have similar pro-
perties. This is however the case, the boundary of the aggregate
being the same as that of the zeros. This follows from the fact
that the sequence

(7-10) I &) —al, 1[" () ==

has the two properties of L,,,; the sequence (7-10) is uniformly
bounded in any [R, 8], and inside the counties we have

'f(n) 1/n —lim Jﬁnl(rz) [1/n
n

lim -
n! |

Theorem 6 shows that if f(z) has only one pole £’ is null, but
it does not throw any light on the case when f(z) has no poles,
i.e. when f(z) is an integral function. Pdlya goes on to discuss the
case of an integral function of the form

P (Z) e@ (z)
where P (z), () (z) are polynomials, ) (z) of degree ¢ > 2, and shows
that the limiting position of the aggregate of zeros consists of ¢
concurrent semi-infinite lines; but even this case, simple as it
looks, is very difficult to deal with, and it seems highly improb-
able that the set £’ has a simple geometrical form in any wide
class of cases.

§ 8. Theorems of Gontcharoff, Takenaka and Kakeya.
Gontcharoff’s inequality. @, (z),in the series (7-1), is determined
by the relations
G\ (a,,)=0 (m=0,1,2,...,n—1),
G () =n
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whence it is easy to see that

z g sn—=1)
(8-1) a, (2)=n!f dz’f dz”...f dz
, y Up—1

. =n!G(2;a0,ay, .0, ¢,_4) (say).
Evidently

(8:2) ™ (z5aq,...,4, 1)=G(2;0,,,a,,41,..,,_1) (0<m<n).

Again @) =f(w)+ [ @)

fay)+ f dz’ { (11)+f 1 ”')dz"}

—f(ag)+ G, () f fd“f P e

and so on, so that
(83)  f(R)=f(ag)+ G (2)f (1) +.
N 1 f(” l) u —1 + Rn (Z)

(n— 1
where

:(n—l)
(8-4) J‘d’J‘ dz" .. f £ (20) dz,
(p—1

iontcharoff’s (1) results are mostly founded on an inequality
which he proved for integrals of this type. Write

z 2n=1)
I= f dz ... f F (2) dz,
1, ‘

and denote by l,, [;, ..., l,_; the lines joining z to a,, a4, to a,, ...,

a,_, to a,_;. Some of these lines may reduce to points. Let L
denote the broken line formed by [, ;, ..., 1,_;, and let F (z) be
regular in a domain containing L, so that

| F(2)| <M on L.
Write
ti=|a,_ 1—a, 5| +...+|a;,,—a;| (t=0,1,...,n—2),
by 1=0, t=to+|z—a,].

The paths of integration are all portions of L, in the direction of
decreasing indices of the points a;. Thus 2’ is a typical point of L
between a, and z, 2"’ a point between a, and z’, and so on. Denote
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by t® (k=1, 2, ..., n) the length of the path a,,_,2® (along L), and
let t®=¢, |, when 2®=aq,_,, and ¢’ =t when 2z’ =z, so that
EARS

= zn—1)
dz" " f F (z™) dzt™
¢

ap—1

to

i a:z
t t 2" zn=1) ,
<f dt’ f dt'’ ‘J‘ dz""... f F (z('n)) dzm ,
to t 1 az tn—r |

---------------------------------

¢ t tin=v
<M dt'f dt’ f aim.,
tu 1 tn—1

Now it is evident that
tOSt'St, tlst”<t’, ey Ay ]<£(7')<t(” -,
tia<t; (0<i<n-2),
so that
f(n 1) Mtn
(8-5) |I|<Mfdtf at’ .. f A ==".
Write w,=|a,—a,..| (n=0),
n-1
$o=0, 8,=2u, (n=1).
m:=0
Then, taking F (2)=1, (8-5) gives
1
(86) l G(Z;a‘o;aly "'aan—l) l < nf(l =0y [ +8n—1)n (77> l)'
Again, taking F (z) =1 (z)
M
(87) l Rn (z) I < ;jll' (I 2—0 I +8n—1)n (n = l)’

where M, denotes the maximum of | f™ (z)| on L.
Gontcharoff’s first theorem is as follows:

Theéorem 7. If
(i) 20 | @, — a1 | converges, so that a, > Z;
n=

(ii) f(z) is regular tn the circle of centre Z, radius R: then the
series

(88)  Go(2)f(a0) + Gy () (@) + &

converges uniformly to f(z) in every circle interior to the circle of
regularity.

124
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There is no loss of generality in taking Z =0.
It will first be shown that the series converges uniformly in
|z]<R" (0<R <R).
Let R’ < R < R, and write

Pn= )Y [ Sl U] [
m=n

Then there is an integer N such that
(8:9) py<3(R'—R).
Denote by M (¢, r) the maximum modulus in |z | <7 of a func-

tion ¢ (2), supposed regular in some larger circle. Then, as follows

readily from Cauchy’s integral,
(n)
(810) M) MG B g,

n! (R—r)"

Now, using (8-2), if n> N,
—~f(”) )G (2)=f®(a (B3, Ay gy eens By q),

so that, using (8-6) and (8-10),
1 l .
;ﬁf(n) ((L”) (;(III,V) (2) ! < jl{ (j(n)’ i an l) l G (z; AN -ees (Ln—l)'
<(n—N)!]l¥_(f<N), R")(|z—ay|+...+|a, s—a, 4])" “
(R"—|a, )"~ (n—N)!
n being supposed so large that | a, | < R’. Moreover,
|z—ay|<|z[+]|ay|< R +py,
and lay =@y g |+ ot |0y 2—a, 4| <py.
Hence

1/n
TSP 60 )| <L (oo, Rpon |

R’ + 2PN } 1-N/n
R’ —|a,| ’
and, as n— o0, the limit of the expression on the right is
(B'+2py)/R",
which is less than unity. Thus the series obtained by differentia-
ting (8-8) N times is uniformly convergent in |z| < R’, and the
same is therefore true of (8-8) itself. The sum of this series is thus
regular in |z | < R.
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Again, consider the remainder after n terms of the series ob-
tained by differentiating (8-8) N times, N being now chosen so

that py<iR (0< R < R).
If 2| <} R, (8:7) gives
1 R ,
[BP@] <y M (f " ) (lz—ay|+py)""
M(fO, R

_—R-'T—\- (Izl + 2py )Y
(R’ 4)

-0 as n—>ow,
since (3R’ + 2py)/3 R’ is less than unity.

Hence |R,(z)|—>0 as n-—> (|z] <1R),
and so (8-8) has sum f(2) in the circle |z | =1 R’. As the sum of the
series is a regular function it must be f(z) in the whole circle
|z] < R.

An obvious cor ollaly of Theorem 7 is as follows:

Lyyy. Let f(2) (£0) be regular in a domain D, and let a,, a, ...
be zeros of f(2), [’ (z), ... respectively. Then X |a,—a, | cannot
converge if the sequence ay, a,, ... has a limit Z inside D.

In particular, if f(z) is an integral function and «,, is any zero
of f(2),Z|a,—a,,,| diverges.

As an example of a case where Z is on the boundary of D and
2|a,—a,,,| converges, consider the function e~2, for which

' f®(x)—>0 as z—>0
by real positive values. Moreover f’’ (3)=0, so that, by Rolle’s
theorem, there is a sequence a,>a;>...>0 of zeros of " (z)
f""" (2), ..., the limit of the sequence being Z =0.

In Theorem 7 the condition that X (a,—a,,,) converges ab-
solutely is all important. For consider the function (1+2%)-1.
The ‘“ county boundary” is in this case the real axis, so, by what
has been shown, if Z is any real number, a sequence {a,} of zeros
can be found so that X (a,—a,,,) converges to Z. By L,,,, the
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convergence can never be absolute, but it may be shown that the
divergence of X | a, —a, ., | can be as slow as we please.

It has been seen that a sequence of zeros cannot converge
absolutely to a point at which the function is regular. Gontcharoft
proves further that

(8-11) 1i}£n[a,,,—a,l+1|>§,

n—»>w e
a, being a zero of f0)(z) in |z| < R, and Kakeya (1), extending a
result of Takenaka (2, 3), has shown that

(8-12) limn|a, | > Rlog?2.

n—»r 0

Consider once more the set E consisting of the zeros of a
function and all its derivatives. Gontcharoff defines a point Z
of £’ to be regular if it is possible to assign a sequence of points
{a,}such that f® (a,) =0 and a, > Z. Pélya’s investigation shows
that a meromorphic function possesses only regular points. An
integral function may, however, possess irregular points, e.g.

() =sinz, Z=k_ k=0, +1, +2,...).
2

Let Z be a regular point of a function f(z), supposed analytic
at Z. Let a, be a zero of {0 (z) such that the circle

Iz_Z|<|a'n—Z|

does not contain any zeros (a, = Z if f9(Z)=0). Now define the
order of Z to be «, where

‘ R —
(8'13) ;—'R}Ll-?';nlan_Zl,
R being the radius of convergence of the Taylor series of f (z) at Z.

Then (8-12) shows that « cannot exceed 1/log 2.

It would be interesting to know the ‘““best possible’ result in
this direction. Gontcharoff conjectures that the order can never
exceed 2/, the value attained in the case of the function

f@=4,

22+ a*
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Takenaka’s theorem. Gontcharoff and Takenaka prove many
theorems concerning integral functions, those of the former

usually involving el

S, = X
m=10)

and those of the latter | a, |. From these we select the following,
a particular case of one of Takenaka’s theorems.* The proof

given below is suggested by Kakeya’s proof of (8-12).

Ay — Ay l ’

Theorem 8. If every derivative of an integral function f(z) has
a zero inside or on the unit circle and if

2

(8-14) lim 1_0_th@ <log 2
r—>0 r
then f(z) is a constant.
Let G (2), G4 (), ... be the basic set associated with a sequence
@y, a,, ... satisfying

(8:15) |a, | <k<log?2 (n>=0),
so that
(316) 2 =a3 G (2) +nap 26y (2)+ " D a2y ) 4
Given R, suppose that + G (2)-
| G (2) | < Mm! (|z] <R, m=0,1,...,n—1).
Then (8-16) gives, for |z | < R,
|G (2) | < R"—f-k‘”M-%nk""lMl!-}-?2—@2——'_—1)/'0”‘211[2!—}-...

i JE n
=R +Mn!(k+;2-—!+§!+...+n~—!)
n
<{§T+IPI(6’"‘——1)}7L!
n!
<Mn!,
provided that ;; <(2—e) M.

* Takenaka (4).
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Choose M > 1 so that this is satisfied for all ». Then, by induction,
|G, (2)| <Mn! (|z] <R, n>0).

Again, by (8-16),
w, (R)<SM k" +nk" 11+ ... +n!} < Mn!ek,

It follows from (3:7), ..., (3-10) that the increase of the set of
polynomials does not exceed order 1, type 1.

(8-14) implies that f(2) is of increase not greater than order 1,
type I <log 2. Let [ < k <log 2. Then the increase of

z
Fe)=(;)
does not exceed order 1, type I/k < 1, and so, by Ly,
F(z)= G ( )F(“)(a s
n== 0
or
(8:17) 7(3)=% 8 Lo ().
k 0 n! Ln
If each of f'(2), f'' (2), ... vanishes in |z | <1, we may take the
zeros to be the points a,/k, a,/k, ..., in virtue of (8:15), and with

a,=0, (8:17) gives
7 .
dﬁ=%@vm=ﬂw
The condition (8-14) is probably not ‘““best possible”. Con-
sideration of the function

in”z—cos " z
S —COS -,
4 4°

shows that log 2 cannot be replaced by any number larger than
/4, and this may well be the true value.

§ 9. The two-point boundary problem.
Mention has been made of Lidstone’s series, the basic series

associated with the operators f(1), f (0), f”" (1), "' (0), .... It can
be shown that it represents all integral functions such that
(91) T log M (r) _

r—>w
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Thus any integral function which satisfies (9-1) is determined
when

(9:2) f(U), f7 (1), fV(),...; f(0), f7(0), fIV(0)
are given, just as any function regular at the origin is determined
when f(0), f'(0), f''(0), ... are given. This remark suggests a
general problem. Suppose that we are given two increasing
sequences of integers, p,, p,, ... and ¢, ¢,, .... What conditions
must they satisfy in order that a knowledge of

(9:3)  f@O(1), f2(1), ...s f@2(0), f@(0),

may determine all integral functions of sufficiently slow growth?
At the moment we are not concerned with the class of functions
to be determined, i.e. with the analogue of (9-1). All we want to
secure is that there shall be, so to speak, just enough derivatives
assigned. In other words, that the operators (9-3) shall form a
basic set.

Now it is clear that the matrix of these operators is row-finite
and it will have a unique row-finite reciprocal if and only if
there is a unique set of polynomials 7, (2), {, (2) such that

(77(:,1)(1)= 1, t=p,;

(9-4) 1 =0, t=p. (r#n);
(#2(0)=0, t=¢q, (r=1).
(9-5) =0, t=g, (r*n);
1)=0, t=p, (=1

A set of polynomials satlsfying these equations will be called
a standard set in relation to the pair of sequences (p,, Ps, ...;
41> 92, ---), which will be written briefly (p; q). If (9-3) is basic so
that there is a unique standard set, the pair (p; ¢) will be said to
be complete. If more than one standard set exists, (p; q) will be
called indeterminate and, if no standard set exists, redundant.

The three cases can be distinguished by means of the function
D (m) defined as follows:

(9-6) D (m)=number of p’s and ¢’s which are less than m.
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Theorem 9. In order that a pair (p; q) may be complete it i3
necessary and sufficient that
(9°7) D(m)=m (m=1),
and
(9-8) D (m,)=m,, for an infinite sequence m,, m,, ...

Lf one or more p’s and q’s are removed from a complete pair it
becomes indeterminate; and, conversely, an indeterminate pair can
be made complete by adding p’s and ¢’s.

We need an algebraic theorem due to Aitken and Zia-uddin.*

Lys. Ifa, b, ..., a', b, ... are positive integers satisfying the

inequalities a<b<..<k, a'<b<..<k,

a' <a, b'<b, ..., k'<k,

then Ha, e’y {ba’} . (ka2
{{a,b'} b,b} ...k b}l
@k} Bk} . (o

where fa.a’}=a(a—1)(a—2)...(a—a’ +l),...,

and the determinant may be of any order.

To prove Theorem 9 (5), assume in the first place that (9-7),
(9-8) are satisfied. Let v, v,, ... be the sequence complementary
to ¢, ¢s, ... with respect to 0, 1, 2, ..., and let

V (m)=number of v’s which are less than m.
Similarly define P (m), ¢ (m). Then
V(m)=m—Q (m)
and (9-7) can be written

P(m)=V(m)  (m>1),
or

(9-9) pr<v.  (r=1).

To determine =, (2) for some fixed value of n, choose N to be
any one of the integers m,, m,, ... which is such that V (N)>n

* Zia-uddin (1).
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and assume that =, (z) is of degree less than N. If we write
V (N)="V it is clear that =, () must be of the form

A2+ dy22+ ..+ d 2.

For the last condition of (9-4) requires that only v’s can occur as
indices and v, is the largest v less than N. The remaining con-
ditions of (9-4) furnish V equations to determine the coefficients
d,,d,, ..., namely

di{vys Py +de (g, i} + ..o +dy{vy, Pi}=0,
(9-10) dy{vy, poy+ - +dV{vV’ Po} = 0,
dl{vl’ pn}'{"" +dV LUV! pn} l
dy{vy, pyy+ - +dV{UV’pVJ_O

The inequalities of Ly, being satisfied in virtue of (9-9), these
equations have a non-zero determinant and so a unique solution.
Since N may be arbitrarily large, it follows that there is one and
only one polynomial =, (z) satisfying (9-4). The existence of a
unique set of polynomials [, (z) is established in the same way,
and the pair (p; ¢) is therefore complete.

Next suppose that (9-7) is satisfied but that (9-8) is not, so that

(9-11) D (m)>m (m=M).
M may be taken to be the smallest integer for which this is true.
Thus D(M=1)=M—1,
D(M)>M.

M —1 is therefore both a p and a ¢. Omit M —1, considered as
a ¢, from the pair of sequences. Then we are left with a new pair
for which (9-7) is satisfied. If this pair does not satisfy (9-8), (9-11)
must be true with M’ > M in place of M. We can now omit
another ¢, and so on. In this way a pair (p; w) is obtained,
w,, W,, ... being a subsequence of ¢,, ¢,, ... for which (9-7), (9-8)
are satisfied. This pair is therefore complete.

Let g, be one of the omitted ¢’s. If a standard set of poly-
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nomials in relation to the pair (p; q) exists, the polynomial {,, ()

is such that 70 (0)= t=w,,w,y, ...,

Z(,?(l)—o’ t=Ppy; Pas -

Constant multiples of {, (z) can therefore be added to the poly-
nomials of the standard set attached to the pair (p; w) without
destroying their properties; and, since {,(z) is not identically
zero, the pair (p; w) cannot be complete. The contradiction
implies that (p; q) is redundant.

If (9-7) is not satisfied, so that

D(M)y<M
for some M, it is clear that a non-zero polynomial p (z) of degree
M — 1 can be determined so that

p9(1)=0, L=P1,Pos e

p?®(0)=0, E=q1s oy -e--
For these are P (M) + Q (M)=D (M) < M equations to determine
M coefficients. If a standard set of polynomials exists, constant
multiples of p (2) can be added to them without destroying their
properties. Thus the pair cannot be complete.

Next suppose that some p’s and ¢’s are removed from a com-
plete pair (p; ¢). Let # (2) be the polynomial corresponding to
an omitted integer. Then AF (z), where A is any constant, can be
added to the surviving polynomials without destroying their
property of being standard with respect to the surviving p’s and
¢’s. Hence the new pair of sequences is indeterminate.

Finally suppose that (p; ¢) is an indeterminate pair. It has
been seen that in this case (9-7) cannot be satisfied. Then let M
be the first integer such that

X D(M)<M.
Augment (p; ¢) by adding to it, in order, firstly to the p-sequence
and secondly to the g-sequence, such of 0, 1, 2, ... as are not
already in them, until a pair is constructed for which
D, (M)=M.
If (9-7) is still not satisfied repeat the process, and so on. The
resulting pair (p’; ¢’) satisfies (9-7).

WIF 4
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If (p’; ¢') is not complete there is an integer L such that
{D’ (m)>m (m>= L),
D'(L-1)=L-1.

This being so it is clear that all p’s and ¢’s which are greater

than L — 2 belong to the original sequence (p; q), e.g. if
(p;9)=(2,3,...;2), then (p’;9')=(0,2,3,...;0,2),
and these are identical for p, ¢ > 1.

Let {m,(2), {,(2)} be a standard set associated with (p; q).
Then {7{¥-V(2), {{*-D (2)} is a standard set associated with the pair
formed by removing from (p; q) those members which are less
than L — 1, and subtracting L —1 from the survivors; and this is
the same as the pair (p'’; ¢'") formed by applying the same process
to (p’; q’). Now (p'’; q'") satisfies the condition

(9-13) D" (m)>m (m=>1),
since, using (9-12),

D" (m—L+1)=D"(m)—D"(L-1) (m= L)
>m—L+1.
It has been seen that (9-13) implies that (p”’; ¢'') is redundant,
and this is impossible since the pair has a standard set associated
with it. The contradiction implies that (p’; ¢') is complete.

Theorem 9 has an interesting corollary.

L,os. 4 set of operators f0 (1), f®@2 (1), ...; f42(0), ... cannot be
basic unless it is reqular.

If (p; q) is a complete pair it follows from Ly, that the series

m (@) PV (D) + .o+ () f 9 (0) + ...
represents all integral functions of sufficiently slow growth, i.e.
all which satisfy a condition

(9-14) |a, | <& (n).

Moreover, if 4,, B, are sufficiently small there is a unique
function of this class such that

(9-15) [ (1)=4,, fw©)=B, @>1),
namely the function

(9-16) Am @) +...+ B (R)+....

(9-12)
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For evidently there exists a positive function ¢ (») which is such
that, if

(9-17) A+ Ba| <g(n),
then the function (9-16) satisfies (9-14).

If (p; ¢) is an indeterminate pair we have seen that it can be
augmented into a complete pair (p’; ¢’), so that, if

| A, [+ B, | <d' (n),

more than one solution of (9-15) exists. Lastly, if (p; q) is re-
dundant, there exists a set of values of 4,, B, , tending to zero
as rapidly as we please, such that no function satisfying (9-14)
and (9-15) exists. Thus it may be said that a complete pair con-
tains justenough conditions to determine a function of sufficiently
slow growth, an indeterminate pair too few, and a redundant
pair too many.

We may ask a further question. Suppose that f(z), g(z) are any
integral functions and (p; g) any complete pair. Is it always
possible to find an integral function 4 (z) such that

(9-18) R (1)=f@0 (1), ) (0)=gad(0)  (n>1),

and, if so, what can be said about the order of 4 (z)? In the case
when (p; q) is the Lidstone pair (0, 2, 4, ...; 0, 2, 4, ...) the ques-
tion can be answered without much difficulty by making use of
Theorem 3. 4 (z) exists and can be chosen of order not exceeding
the greater of the orders of f(z), g (). Indeed this result is equi-
valent to Theorem 3—either can be deduced from the other by
elementary reasoning. The case of an arbitrary complete pair
seems to be very difficult, and no progress has been made.



CHAPTER 1V
INTERPOLATION AT THE INTEGERS

§ 10. The Gregory-Newton series.

The earliest basic series was discovered by James Gregory in
1670. This is the series™

( Azf(0)+z(z DE=2) A3 (0) +

(10-1) f(0)+2Af(0) +"~ 31

where
(10-2) Af(0)=f(1)—f(0),
A2 f(0)=Af(1)=Af(0)=/(2)—2f (1) +f(0)
which solves the fundamental problem of interpolation, that of
finding a polynomial of degree n (or less) which takes given values

f(0),f(1),....,f(n)atz=0, 1, ..., n. The series has been extensively
studiedt and has important applications.

Theorem 10. (i) Let f(z) be an integral function which satisfies
the condition

(10-3) im lf—g-z:‘f—(-’f)f <log 2.

r—>w

Then the series (10-1) converges to f(z) uniformly in any finite
region of the plane.

(ii) Letd,, d,, ... be a sequence such that

(10-4) lim|d, [V =k<1.
Then the series "
z(z—1)
(10-5) do+2d,+ B TR dy+ ...

* See Whittaker and Robinson (1), Chapter 1.
1 The account given below is mainly based on Landau (1) and Okada (1).
Norlund (1, 2) gives a much longer and more detailed discussion.
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converges uniformly in any finite region of the plane to an integral
Sfunction g (z) which satisfies the condition

) ——log M (r) 1
(109) Jim =2 <log g
It is readily proved by induction that
11,z 2(2—1) 2(z=1)...(z—n+1)
t—2 1t (t—1)+ t(t—1)(t— 2y tt—1)...(t—n)
eolcom)
tt—1)...(t—n)(t—2)
f@)
so that f(z) = 27T o,.t—7
(l()'7) =f(0)+ZAf(U)+...+z(z—];).:w( ’IZ+1 Anf(o

n!

L[ sembetemnfo,
208 ) t(l—1) . (t—n) t—2 "
where C, may be taken to be the circle | ¢ | =2n, supposed large
enough to enclose the given region of the z-plane.

Now, writing z(z—1) ... (z—n)=(—)"n!w, (z), we have

@) g _F
un—li(iz) B /”"
so that u, (2) ~In—* (l#0),
and |u, (2)| < Kn—~ (z=x+1y).
Thus the remainder term in (10-7), R, say, satisfies the inequality
. f()dt
711 - _ S i
| B < Kon nfuta—l) (=) (t=2)]|
Kn—=
(10-8) <%‘:Tz”—Ipn,
™| t) .
where Pn=n!f ' AU {dﬁ t = 2ne'
—x|(t=1) ... (t—n) ( )
T 1 [
7 | p2nA i
<Knle f_” (t—l)...(t—7a)§d9 (A<log2)
. ™ do
(10-9) < Kn!e2n e < KetnO-log?),

I {2n —scos 0}
s=1
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since
|t—s|=+/(4n*—4nscos 0+ %) > 2n—scosf (1<s<n),
and n!22nf —;L—-f-da — < A.
~7 1 {2n — s cos 6}
§=1

The last inequality is proved as follows. We have

—1\! n! —
n!22n»_____1_~ n!22n (?” 1)‘_2 22n,i,lT—n_<A n,

ﬁ(on——s) 2n—-1)! 777 (2n)!

s=1

so it is enough to show that

Dy —
¢0nd0<i4-where¢.0n_n{ i }

vV 2n — s cos f
02 /4 02 6+ _ 62 1002 62
—CoSO= — B o B — =
Now 1-cosf=, = > 5425 " 24 "1z
for —7 <0<, and
1
L e L oY = oY 0<y<l),
[y (0<y<1)
so that, for 0<n<d, —7w<l<m,
11—y 1 1
o = <—
1—ncosf 147 (1 —cosb)

1+~l~-(1-—0086)
1—7

Hence  ¢(0,n)=1I |

n
o ""“».92
=e—v‘c(n+l)0"<e 96 (—ﬂsesﬂ, n=1,2,...),

and ¢(9,n)d9<r 0 ap< A
— ) \/n
The first part of Theorem 10 follows from (10-8), (10-9). To prove

the second part, take I > k so that
ld, | <i? (n>N).
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St

Then
1)
|9re®) | < [dy | +r ]y +" U0 Dy 4

+7‘(r+l) S(r+N-1) r(r+1)...(r+N)

VAN G M S AT T T v
N dy |+ (N +1)! B
1)+ N1, (L )
(N+2)‘ 2 +...<P(7)+(i—‘l s
where P (r) is a polynomial of degree N. Hence

and (10-6) follows.

A corollary of Theorem 10 is the beautiful theorem of Pélya
and Hardy,* ““27is the smallest transcendental integral function
which takes integral values at z=0, 1, 2, ...”". More precisely,

Theorem 11. If f(z)1s an integral function which satisfies (10-3)
and if f(0), f(1), ... are integers, then f(z) is a polynomial.
For, by Theorem 10,

S(=1)=7(0)—Af(0)+A2f(0)—
and, as this series is convergent,
|Anf(0)] <1 (n>N).
But, by (10-2),Af(0),A2f(0),... are all integers (or zero). Hence
Arf(0)= (n>N),

and so (10-1), which represents f (), reduces to a polynomial of
degree N — 1.

Singularities of Taylor serves. Some important theorems rela-
ting the singularities of a Taylor series on its circle of convergence
to the size and density of the coefficients depend on interpolatory
principles. We prove the simplest of these, commending to the
reader a long memoir of Pélya (5) and Bernstein’s tract (1) for a
fuller discussion and for further references.

* Pélya (1) proved the theorem with an additional factor v/ 7 in (10-3). Thi
was removed by Hardy (1). Pélya (3) has since proved a more precise re

(10-3) being replaced by lim 2-7 M (r)<1.
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Theorem 12. Letf(z)=Za,z" bereqularin [z| <landletz=1
be the only singularity on |z|=1 and let it be an isolated non-
critical singularity.* Then

(10-10) a,=g(n)+b,,

where g (z) is an integral function satisfying the condition
(10-11) !9_grﬂ<?f) 0,

and
(10-12) lim | b, |¥»<1.

This result is due to Wigert* (1). To prove it, consider the
Laurent expansion

f=3 A L%

+ X B, z=1)"=F(2)+G(2) (say).
n= l(z_l) n -0 )

This converges at all points near z=1, so X4, w" is an integral
function of w and F (z)=Xc, 2" has no singularities except z= 1.

(z)=f(2) — F (z) has therefore no singularities except those of
f(2) other than z=1, i.e. it is regular in |z| < R, where B> 1.
Hence G (z)=Zb,z", where b, satisfies (10-12).

Again, it has been seen that F (z) is an integral function of
(1—2)land so of 2(1 —2)"1=(1—2)"1—1. Hence

(l -—Z) -F( )—_ ‘2 dn (_f" )n (l 2 l < l’ l dn |1I'L—>O)’

n=0 1-2

or Z c,2"= Z d 20 (L—2) "1,

n=0
and, on expanding the terms on the right and equating coeffi-
cients,
(1013) ¢, =dy+nd, + "5 Dato4d,  (=0,12,...).
By the second part of Theorem 10,
2(z—1) 4

d0+zdl+'—é! h 2+...

* T.e. there is a circle, centre z=1, in which f (2) is uniform and at each point
of which (except z=1) f (z) is regular.
1 For related results due to Faber, Carlson, Leau, etc., see Dienes (1), 337 ff.
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converges to an integral function ¢ (z) which satisfies (10-11), and
(10-13) is ¢, =g (n).

The singularities are related to the density of the coefficients
by means of a theorem stated and used for this purpose by
Faber (1), to the effect that if f (2) is an integral function satisfying
(10-11) and if &> 0, then

(10-14) [f(n)]|=e-on
for almost all positive integers n, i.e. N (r), the number of integers
not greater than r for which (10-14) is false, is such that

(10-15) N;r_)_}o as 7r—>o0.

It follows from this result that the density of the coefficients

a,, in Theorem 12 is unity, i.e. that almost all of them are ditferent
from zero. For by (10-10), (10-12), ifa, =0,

lgn)|=]b,|<e (n>ng),
and this is false for almost all integers ».

The theorem of Faber-Pélya. Faber’s proof that (10-14) is true
for almost all n was not complete. The defect was remedied, many
years later, by Polya (1, Part I1, Satz V). The proof given below
is founded on Pdlya’s but seems better adapted for dealing with
similar theorems, e.g. the corresponding result for functions ot
order two. It depends on an inequality for functions regular in
the unit circle.

Lyy,. Let

(i) f(2) be regular in |2|<1;
(i) [fe) <M (z[<1);
(iii) [f(ar) | <L (k=0,1,...,N),

g, Ay, ..., Ay being any distinct points in |z| <7< 1. Then

. 27 \¥+1 6 N :
(101) 1f@I<M () 4 Dpaer (jz]<o),
where
N l
(10-17) A=ST oo

k=0 i |@;—ay
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IT" means that ¢=k is to be omitted. The proof depends on
3
approximating to f(z) by interpolation at the points a;. Write

N 1—a
(G (2)= ﬁ__a.’»;z,
k-0 2—
g0 that
N flag) aa
H()= G > VR — I,H,*f**k
@=f@ 6= T (=g 1

is regular in | 2| < 1. Note for future reference that
|G =1 (z[=1)

| u—v || +|v|
1 i - L Eal 1, | 1).
and d—av| 14 |u]|v| (juf <1 fol<1)
Evidently
, -
b, 1—aay 1472 :
v Tk < [ — 1 2\N . .
R 11 lag—a | 1+72)VII, (say)
Hence, on |z | =1,
N 1—a, N
f(ak)(l— a;) 1" - ~ 4% <~~£"(1+TZ)N Z 1.
fo= ()z Ay i Qp—a; | 1—7 Je=0

using the fact that |1—@aa,|=1—]a;|2<1
The maximum modulus principle now gives
L
IH(Z)|<‘71[+Tﬁ(1+TZ)NA (lz]<1),
—7T

and so, for |z| <7,

lf(z)lsml( A eal

+ 3 ﬂif'(‘@ _(zk(Lk)E['fggj_z Ell_;i%cf
() e B eal
NEAE S
=M ( iTTz)Nﬂ + LA @2y +12:J~:4372) ,

which gives (10-16).
The Faber-Pélya theorem will be proved in the following more
general form.
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Theorem 13. Let f(2) be an integral function such that
log M (r)

18
(10-18) -

-0,

and let «, A be given positive numbers. Then
(1019)  |f()]|>e™  (n<|z|<A@+1),
Jor almost every integer n.

Denoting by I (r) the number of integers not greater than r for

which (10-19) is false, the result is equivalent to
I(

(10-20) 7@» 0.

Let by, by, ... be points in (0< | 2| <A), (A< |2]|<2A), ... respect-
ively at which |f(z)| attains its minimum value. Evidently
[bg, | = | bor | ZA(m—k) (k=0,1,...,n—1),
[bos | = | bgy | Z A (k—n) (k=n+1,n+2,...).
Let R be a “large” positive number, y a ‘“‘small” one, and
Cg5 €15 --v, Cyipy the b’s of even suffix in

yR<|z|<iR
for which

(10-21) 1/ (B,) | <emm.

Write g (2)=f(Rz), a=‘R (R=0,1,...,v),

and apply (10-16) to the first N +1 (N will be chosen later) of
these a’s. Evidently

|y ar] > @] @] = p(leu| = o))

2%(%—]6) (k=0,1,...,m—1),

]ak-an[>%(lc—n) (k=n+1,n+2,...),
so that

o

A<( Y 1

= '”) w0 k(E—1)...2.1.1.2...(N=k)
NoN [ R2e\N
wi<lov)

M=

>

U
> by
S —
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and (10-16) gives (with r=14)

[

4 N+1 R2‘ N
(10-22) [g(z)[SM(R)(g) +83-ay3(/\N‘f) (lz]<3).

Let B satisfy the inequalities

1 2 1
BIOgB+B log}'\i<‘2—dfy, 0<ﬁ<;.

Evidently such a number exists and
1
(10-23) tlog;—l—t

log—%\E < Yoy (0<t<pB).

Now I (r)=1,(r)+ I,(r), where I, (r) is the number of b’s of even
suffix in |z | <r for which (10-21) is satisfied, I, (r) the number of
those of odd suffix. Hence, if (10-20) is false, either

1,(r) 1,()

lHm=2">0 or lim-2">0.
r r
Take the first hypothesis, so that

{!ﬁfhh (R=R,,R,,...),

and, if y < 1h,
v(R)2 I, (}R)—yR>1hR (R=2R,,2R, ...).
Now take =min (B, }k), N=[Rt]=Rt,
R being one of the sequence 2R, 2R,, .... Then ¢’ > 1t and, by

(10-23),

, 1, 2e 1
'—d.')/‘i‘t 10gt;+t 10g'4< —§ay.

A
Hence (10-22) gives
|9(2)| < M (R)($)*F+1 4 8exp{—toyR} >0 as R=2R,->00.
The contradiction implies that I,(r)=o(r), and similarly
Ly(r)=o(r).
Exceptional values. Pfluger and Poélya (1) have recently made

an elegant application of Theorem 10 to prove the following
result.
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Theorem 14. If an integral function of finite order p has a Borel
exceptional value, its power series has a density equal to one of the
Jractions 1/p, 2/p, ..., plp.

The density is defined as the limit of ¢, /n as n— o0, ¢,, being the
number of coefficients which do not vanish. The limit may not, of
course, exist. Only functions of integral order p can possess a
Borel exceptional value, and a will be such a value for @ (z) if and

only if G ()=a+e=F (2),
where b is a constant other than zero, and F (z) is an integral
function of order less than p. All the fractions mentioned in
Theorem 14 may arise, as is shown by the functions
e, (1+z)e, ..., (I+z+22+...+2271)e,

all of which have the exceptional value 0.

Theorem 14 is deduced from the following more general result.

L,s. Let p be a positive integer and let

G(z)=e"F (z)=co+ci2+Cy22+ ...,

where F (2) is an integral function either of order less than p, or of
manimum type of order p. Then the sequence

C> Ck+pa clc+21: ’
has the density 1, unless all its terms are zero.
Theorem 14 is deduced by putting k=0, 1, ..., p—1.
If Ly, can be proved in the simplest case p=1, £=0, it can be
proved generally. For, if 0<k<p and P =",

Ckt Cryp? T Cryap 2Pt =€ [ (2),
where

=" it

and this f(z) satisfies (10-11). Thus, if L, is true for p =1, either
S (2) vanishes or its power series has density 1.
The case p=11is dealt with by writing

o0 n [os)
F)= T 2% g@)= Sq, 07 BT
n=0 N: k=0
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The hypothesis is that F (z) satisfies (10-11), and Theorem 10
shows that ¢ () also satisfies it. Now

L2k 2 22t R o(n x 2" (n)
eF(z)=3 X &7 E-—Z() =X —-,
) k=01=0 k! "Il n=0n!k:0 k U n=0 1!

and the number of ¢ (0), ¢ (1), ..., ¢(n) which vanish does not
exceed the number of zeros of ¢ (z) in |z| <n. As ¢ (z) satisfies
(10-11), this number is o (n).

§ 11. The Newton-Gauss series and the cardinal series.

There are two formulae for interpolation at the points 0, +=,
the Newton-Gauss series*

(111) f(0) {zAf +(~~Af—l}
5 o)

and the cardinal series

(11-2) .SEP;%[.N_) %1(_)N{fﬁl+&,")}].

? n Z2—N  zZ+n

Steffensen (1) and K. T. Whittaker (1) showed that under
certain conditions these series converge to the same sum and the
precise relationship was discovered by Ferrar (1).

If (11-2) w8 convergent, (11-1) converges to the same sum. If (11-1)
18 convergent, (11-2) is summable by the method of de la Vallée
Poussin to the same sum.

The class of functions represented by (11-1) has been discussed
by Nérlund (1, 2). It includes all integral functions satisfying
(10-11). The cardinal series represents a much more restricted
class of integral functions—all of order one.

* Whittaker and Robinson (1), Chapter 11. From the theory of functions
point of view the Gauss, Stirling and Bessel formulae are essentially the same.
It will be noticed that the terms of the Gauss series have been bracketed in
pairs.
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Ferrar’s result, in a more general form, can be deduced from
the fundamental identity,

(11:3) f(eo) +(z—ep)f(eg,€) + .o+ (z—¢) ...

(2—e, ) f (€ps€1s--re,) = (2) & f(eL)

i= ()¢' e)
where b (z)= ﬁ (1_:.),
(11-4) F(eg, ) = f(e;(l))}{)l(fq)’
21— €
f(eo, €1, 6’2) =f(€1 s @:)) :{5’30 , (_/,1)’

The left-hand side of (11-3) is Newton’s divided difterence
interpolation formula* and the right-hand side is Lagrange’s
formula. Their identity follows from the fact that both are poly-
nomials of degree n which take any given values f(e,), f(e,)
J(e,) at the points ey, ¢y, ..., ¢, .

Let ¢;, ¢y, ... be a strictly increasing sequence of positive
numbers such that Xc,~* converges and let

3 eeey

2] 2 n A2
(11-5) H(z)=z11 (1_5-) H,(z)==z11 (1— ~.).
=1 i 1
(11-3) gives
(11:6)  f(0)+2f(0,¢)+ ... +2 (22 —¢,?) x

(72-—Czn_1)(7—6 )f(():cl: (.1>--->C'

j 0 % f@m) o m :l
[ o m="0 {H’u ( m)( m) * [i/ m m J’
—'Hn (Z) [& + % 95(7% 7"‘)

m=0
Sl fl=cn)
"{H'w Ve—cn) TH (¢ m)(z+o,,.>}]

(11-7) ¢(n,m)=H—--(M= 5 (1_9"_2).

Hn, (Cm) t=n+1 c;?

2
* Whittaker and Robinson (1), Chapter 11.
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Let A(n) be a decreasing positive function such that XA (n)
converges and let

fl—&(’—} =0,1
P (n,m) R L v (m=0,1,...,n).
If U,= s Y(n,m)u,—~>U asn—>o0,

m=0
the series Xu, may be said to be summable {V.P. X(n)} to sum U.
This method of summation sums every convergent series to the
correct value.* If A (n)=1/n?
i m? nln!
) — ]. — T V=
powm = 1 (=5 )=

so that summability (V.P. 1/n2)is identical with the method used
by de la Vallée Poussin (1) to sum Fourier series. The application
to interpolation follows from (11-6).

Theorem 15. [ j' the series

,, f { f(( Il)'Vb f(~—(}”)# }
(11 H”[ i z—c)+H'<c,L)<z+cn>J]

18 convergent, the series

(11-9) f(0)+{2f(0,¢1)+2(x =) f(0,¢1, — )} +{z (2> —c,?)

X f(0,00, —€1,6) +2(22—01%) (2 =€) f (0,01, —€1, 65, —Ca)f+ ...
converges to the same sum. If (11-9) us convergent, (11-8) s sum-
mable (V.P. 1/c,?) to the same sum.

Ferrar’s result is the case ¢,, =n. It follows from it that, if the
sequence {f(n)} is bounded for all positive and negative values
of n, the series (11-1), (11-2) are equivalent, being either both
divergent or both convergent to the same sum. For, if (11-1) is
convergent, (11-2) is summable by the method of de la Vallée
Poussin and hence by the Abel limit;f but the general term of

. 1 . , ,
(11-2)is O (ﬁ) and so, by Littlewood’s converse of Abel’s theorem,
(11-2) is convergent (1).
* Necessary and sufficient conditions that this should be the case will be

found in Dienes (1), 396. 1t is easy to verify that they are satisfied here.
1 Cf. Gronwall (1).
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The Fourier theory.* The cardinal series is closely connected
with certain aspects of the theory of Fourier series and integrals.
The first result in this direction, due to E. T. Whittaker (1),
asserts that, under sufficiently strong conditions, the cardinal
function can be resolved by Fourier’s integral and that all com-
ponents of period less than 2 will be absent. The conditions can
be relaxed considerably by introducing Stieltjes integrals, as
originally defined by Stieltjes; that is to say,

b
1110 [ f@)ag@=lim £ 1) @)= )

where A=max (x,—z,_;), and £, is any point of (z,_,, x,). We need
two properties of the integral.

L403’ If
) V)l fp@+1f,0) <K  (all p);
(i) fp (@)>f(x)  (a<sz<Db);

(iii) g (x) 28 continuous in (a, b);
then

b b
(11-11) j 5 <x)dg<x)—>f £ (@) dy ()

Ly, If J’ ) exists and f(x) 18 bounded in (a, b),
(1112 [f @={ f@o@aip
where b= a0

whenever esther integral tn (11-12) exusts.

The first of these is due to Hahn (1, 84), the second to Hyslop (1),
extending a result of Carleman.

Let us say that the series

(11-13) ta,+ X (a,cosnx+b, sinnx)
n=1

* Tn this subsection all the numbers concerned are real.
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is a “Fourier-Stieltjes” series if there is a continuous function
F () such that

J_ T ™
(11-14) ay=-— ar (z), a =lf cosnxdF (x),

n
7)_n T) o

b, = ! JW sinnzdF (x).
T

-1

L,os- The necessary and sufficient condition that (11-13) should
be a Fourier-Stieltjes series is that

=
| M8

S|~

. (@, sinnx —b,, cos nx)

should be the Fourier series of a continuous function G (x), the
Junctions F (x), ( (x) being connected by the equation

F(x)=0(x)+ la,z.

To prove the necessity of the condition, integrate by parts in
(11-14). Then

an=|:c~0w):, +2 F (x)sinnxdx
T e T —m
=(—)"a, +Z F (x)sinnxdx
n (" .
(11-15) =—f d (z) sin nxdx,
T -7
since ay= ! ar (z)= Fm) = F(=m) .
Lo — T
Similarly
(11-16) b, = " G (%) cos nxdx.
) —m

Thus —b,/n, a,[n are the Fourier coefficients of G (x), and the
latter is evidently continuous. Again, the condition is sufficient.
For, if it is satisfied, (11-15), (11-16) are true and, on integrating
by parts, we obtain (11-14).
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Returning to the cardinal function, assume that ..., a_,, a_,

@g, Ay, Ay, ... is a sequence such that
o 1
(11-17) % n l IL| +la’~—nl

n=

o0

1
Y —(a,+a_,)sinmnt, X (a,—a_,)cosmnt
n=17 n=1

then converge to continuous functions, so, by L,y;, there are
continuous functions @ (¢), ' (¢), such that

1
@, —f ao(t), %(a,+a_,) =f cos mntd® (¢),
0
1
Ha,—a_,) =f sinntd¥ (t),
0
whence, for all the values of n,

1
(11-18) an=f {cos mntd® (t) +sin mntd" (¢)}.
0

Consider now the Fourier series of cos mxt, sin7xt, considered
as functions of ¢, namely

fsinﬂ{}-}- > (——)"‘cosm@t(l—-i— ! )},

(11-19) 7 @ a1 r—n x+n
smm *® 1 1
Z (=)sinmt| —————
T p=1 -n x+n

As cosmat, sinmat are bounded and of bounded variation in
a <t<b, condition (i) of L, is satisfied, where f,, (x) denotes the
pth partial Cesaro sum of either of the Fourier series.* Again,
since the functions are continuous, f,(f) converges to cosmt,
sin 7rxt, and condition (ii) is satisfied. Hence, given any function
of the form

(11-20)  f(x) =f:{cos matd® (t) + sin mxtd'\¥ (t)},

where @ (¢), ¥ (£) are continuous functions, it is permissible to
substitute the series (11-19) in the integral and then to integrate

* Hobson (1), 560, 580.



68 INTERPOLATION AT THE INTEGERS

term by term, the resulting series being summable (C, 1), i.e. the
series
™ X a1 x—m  x+N
is summable (C, 1) and its sum is f(z).
If (11-17) is satisfied, the cardinal series is evidently absolutely
convergent and a comparison of (11-18), (11-20) shows that
f(n)=a,, . The following result has therefore been established (2).

Theorem 16. Given any function f(x) of the form

1
(11-22) J. {cos mxtd® (t) + sinmatd¥ (¢)} [ (¢),
0
W (t) continuous functions],

the series (11-21) ¢s summable (C, 1) and its sum is f ().
If (11-17) 18 satisfied, the cardinal series
smnx (@ & a, a_

e ST e (2 )]

18 absolutely convergent and its sum s of the form (11-22).

This result enables us to deal with a remarkable property of the
cardinal series discovered by Ferrar (1, 2), and called by him its
““consistency ”.* Its genesis is as follows. Suppose that we are
given n points and that we draw through them, by means of
Newton’s formula, a curve of degree » — 1. On this curve take any
other » points. Since only one curve of degree n— 1 can be drawn
through » points, the curve obtained by applying Newton’s
formula to the new points will be the same as the first curve. The
interpolation curve can therefore reproduce itself from any »
points on it, unless of course these lie on a curve of lower degree.
Ferrar showed that the cardinal series has a property of the same
nature. If C (x)is the cardinal series for the points (a + nw, a,),i.e.

. T
sin — (x —a —nw)

v w
Cx)=—Za ,
™ xr—a—nw

' * The corresponding property of the Gregory-Newton series had been
investigated by Norlund (1).



INTERPOLATION AT THE INTEGERS 69

and if w’<w, then the cardinal series C,(«) for the points
{b+nw', C(b+mnw')}isidentical with C (), provided that (11-17)
18 satisfied. The case w’=w is more difficult. Ferrar pointed out
that the series inversion formulae due to Titchmarsh (1, 2) were
equivalent to asserting that C, (») = (' (n), provided that X | a,, |?
is convergent for some p > 1; and he proved that, on this hypo-
thesis, C,(z)=C (x) for all . The result which follows asserts
consistency on a weaker hypothesis (2).

Theorem 17. If

® logn
(11-24) S (la,|+]a, )" <o,
n=2

so that the cardinal series (11-23) is absolutely convergent, and X is
any real number,

(11-25) O () sinw(x—2A) WO ()

,,,,, A T U

T e r—A—n’

It

the series on the right being absolutely convergent. Moreover

A126) [CQ)[+ E ([ CtN)|+]C(=n+A)}
n=1

* I
<A(A){|a0,+la’1,+Ia-—-1I+n§":‘)(lan[+la~nl) Ogn}’

n
where A (A) depends only on A.
Theorem 16 shows that C (z) is of the form

1
f {cos mat dD (1) +sin matd¥ (1)},
0
so that, making use of Lyg,,

1
Cx+A)= f [cos mxt {cos mAtdD (¢) + sin wAtd'Y (¢)}
0
+ sin 7t { — sin wAtd® (t) + cos mAtd'Y (£)}]
1
= fo [cos mxtd®, (¢) + sin watd¥, (t)],

where d, (x) =fx{cos 7t d® (t) +sin wAtd'¥ (¢)},
0

¥ (x)= j:{ —sin7ALdD () + cos mALd'Y (¢)}.
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C (z+2) is thus an integral of the form (11-22), and the first
part of Theorem 16 shows that

—

LSy {g~(>71+/\)+0(—n+_)\_)}]
n=1 x—n x+n
is summable (C, 1) to ' (z+A); or, changing « to x — A, that
sinm (@ —2) [C(A) z (— {Q'L".ff_{\.) + (ﬂ—_”ﬂl}
z— A y r—A—n ' x—A+n

is summable (C, 1) to C (x).
To prove (11-26), take for simplicity the case 0 <A< 1. Then

T

1 _a]
| C(n+A)| < |§1n7r)\|r~21wln+)\_”,
so that
1 2 e
= ]O’(n+/\ '< !S]Il?TAInZ “T‘%mm!
~Lginm z[ P -+z;a|z !
—;lsm'n' | Orl & A+ n) " 2 | n+d—r|)’
Now, if r>1,
y 1 A T (1__1»)
n= 17&(7L+A+7‘) n= (n+7) Tp=1\" N+r
1§ L _1tlogr
Tt M r
and
N rt N
> .____1_( 3 1 — —_— _,1 _

n= lnln+A_7l n= ln(/r_n_h) n= rn(h"*'im)

)T E )

< {z LI +z1}+Nz’_l—
n=1 "M 1-—- A k= 1’( n= 0(7?:+7')(7L+A)

<~1—{2+logr+1 )\}+A (A)logr

| C(—n+2A)| can be discussed similarly. Tt is not difficult to see
that 4 (A) is a continuous function of A.
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The consistency theorem is the analogue for series of the well-
known inversion theorem that, under certain conditions,

LN AU
F(x)—ﬂ _wt—xdt’
the integral being defined as a principal value when ¢ =, implies
that ©

7T) _olt—a

almost everywhere. Titchmarsh (1) has in fact deduced this
result, on the hypothesis

[Clr@parco @=,

from his inversion formulae for series referred to above.

Theorems 16, 17 do not apply to the general partial fraction
series (11-8). The cardinal series is particularly favoured because
the integral function H (z) associated with it happens to be sin 7z
and this has several very special properties. Thus it is orthogonal
relative to its own zeros,

(11-27) fl H(c,t)H (c,t)$(t)dt=0 (n+=m),
0

with ¢, =n, ¢ (t)=1, and this gives rise to Theorem 16. A similar
theorem holds if ¢, =3, , the nth positive zero of J(z). For then
H (2)=2J,(z), and (11:27) is true with ¢ (¢)=1/t. Again, the
proof of Theorem 17 depends on the fact that sin #z has an addi-
tion theorem, and this property is not possessed by any other
H (z), the so-called addition theorem for Bessel functions not
being an adequate substitute.

The cardinal series has been extensively studied. See Ferrar
(1, 2, 3), Copson (1, 2, 3), Ogura (1), Pélya (2), Miss Cartwright
(1, 2), Tschakaloff (1) for investigations concerning its connection
with Hardy’s ““m-functions’,its zeros, itsintegral representations,
etc. Other references will be found in these papers.



CHAPTER V
INTERPOLATION AT THE LATTICE POINTS

§ 12. The two-dimensional cardinal series.

Interpolation at the lattice points can be effected by means of
a series analogous to (11-2). To replace sin 7z we need an integral
function with simple zeros at the lattice points. Such a function
is the Weierstrass sigma function formed with periods 1, ¢,

(121) o (2) = €29, (mz | 3)/9,’ (0) .
By the properties of the 9-function,*
(12-2) o(z+m+n2)

— ( —_ )m+n+mn o (Z) exp {%77 (mz + nz) + 7 (,m _ ,,u) z}’
so that

(12-3) o' (m+mni)=(—)mtnimrexp {$m (m?+n?)}.
Ly, . Let f(z) be an integral function which satisfies the condition

(12-4) fim 0g M () =

7= r2 2
Then
®  f(m+n)

12-5 2Y=0 (2 > S (= 7n+n+mne—}rr(m%—n?)'
(128) JE)=o() T TR

Let K, denote the square whose corners are (+1+1)(p+4).
Then, if z is a point inside K, other than one of the points m + n,

K

o(2) x,0 (m+ni)(m+ni—z) 2m

9 (8)(£—2)
It follows from (12-2), (12-4) that the integralon the right tends
to zero as p—> o0, and from (12-3), (12-4) that the series

f(m+ni)

o’ (m+n3)

o0 [>o)

= X |f(m+ni)|etrmnd

m,n=—oo

m, n=—aw

converges. These results establish L,y (3, 6).

* Whittaker and Watson (1), 464.
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It will be noticed that (12-5) represents all integral functions of
sufficiently slow growth, so in this respect it is analogous to (11-1)
rather than to (11-2). It came to light during an attempt to settle
a conjecture of Littlewood, that an integral function of order less
than 2 cannot be bounded at the lattice points unless it is a con-
stant. This was established by the methods of the next section,
but Pélya (6) has recently found an elegant method of com-
pleting the original argument.

L;y,. Let f(z) be an integral function which satisfies the conditions
log M (r)

(12-6) - >0 as r-—>00;

72

(12:7)  |f(m+ni)| <K (m,n=0, +1, +2,...),

then f(z) is a constant.
For f(kz), where k is any integer, satisfies (12-4), and so

= > i — i \ai f .(k,m + l'ni) __ym+n+mn p—tmr(m2+n?)
7@ f(k k) ko (lv} 1:1,7z:—wz_k(7’b+7"i)( ) ¢ ‘

On making k£ — o0, using (12-7), the only term which survives is
that with m =0, n =0, and we obtain

f)=2' (0)) 2 =

§13. The ‘“‘flat’’ regions of integral and meromorphic
functions.

Results such as Lgy, can be proved by an entirely different
method. This consists in showing that an integral function of
finite order satisfies the inequality*

(13-1) log | f(z) | >hlog M (r) (lz|=7)
in regions as large, though not as numerous, as those in which it

* This result is not connected with, the important theorems of Wiman and
Valiron (1, Chapter 1v) on the regions, in the neighbourhood of points at which
[ (2) assumes its maximum modulus, in which the inequality | f (z) | >hM (r) is
satisfied. It is of the same nature as the theorem of Littlewood, Wiman and
Valiron that a function of order p <1 satisfies the inequality

log | f(2) | > (cos mp—¢) log M (r)

on arbitrarily large circles | z | =r. See Valiron (1, 128), Besicovitch (1).
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satisfies the inequality |f(z)|>0. The proof is based on the
following lemmas:

Lgos. Letry, o, ... be an increasing sequence of positive numbers.
Diwide the real positive axis into segments of given length A and mark
the points ry, r,, ... on tt. Now shade every segment contasning an 7,
and its two neighbours. Of the remaining segments shade every one
whose two neighbours on the right contain two or more r’s. Then
every segment whose three neighbours on the right contain three or
more 1’s, and so on. Perform the same process for neighbouring
segments on the left. Let n (r) denote the number of points 1y, 7y, ...

n (0, 7). Then, if

(13-2) ?wa?i)»() as r—> oo,

almost every segment s unshaded.
By the last statement we mean that

(13-3) :%éoa&Nﬁw

where N, is equal to the number of shaded segments among the
first N.
Suppose that this is false. Then there is a number A, (0 <k < 1),
such that
N
(13-4) Sssp,

4

for arbitrarily large values of N. Find 7, so that
n(r) h

(13'5) “?” < 6} (’7' = 7'0),

and let N; be a number greater than 2Ar, for which (13-4) is
satisfied. .

Let r,, 75, ..., 7,, be the ’s in the first N, segments. Suppose
now that the shading process is carried out in two stages. First
mark in 7, 7, ..., 7,, only and perform the process for these
points, and then mark in the other 7’s and complete the process.
It is easy to see, by considering simple cases, that at most 3m
segments will be shaded in the first stage. Let 4 additional seg-
ments among the first N; be shaded in the second stage. In the
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most unfavourable case (i.e. the case implying the least number
of #’s) these will be the last k. Suppose that this is so. Then, for
some p, the p+1 segments immediately succeeding the N,th
must contain at least & + p of the points ,. By (13-4),

3m+k>hN,.
/ I3
But n{(N1+p+1)A}>m+k+p>§N1+1)>§(N1+p),
so that n{(N1+p)2?\}>g(N1+p),
or n (¢)>6Xr,

for r= (N, +p) 2X; which contradicts (13-5), since r > r,.

Loy . Divide the z-plane into squares of side A by drawing lines
parallel to the axesand mark pointsc, ,cs, ...ont. Shadeeverysquare
containing a c and the exght netghbouring squares. Of the remaining
squares shade every one whose twenty-four neighbours contain eight
or more ¢’s, and, generally, every square whose 4¢ (q+ 1) neighbours
contain 4¢q (¢ — 1) or more ¢’s. Let ¢ (r) denote the number of ¢’s for
which | c,| <r. Then, if

—~—=>0 as r—o0,
r

¢(r)
2
almost every square is unshaded.
The conclusion of the lemma means that
N
20 as N->o0,

N

where N, is equal to the number of shaded squares among the N
squares nearest the origin. The proof is similar to that of Lg;.

L. Let f(2) be an integral function of order less than or equal
to 2 satisfying the condition

(13-6) n(r)=00),
and let A, & be given positive numbers. Then, for almost every square
of side A, drawn as above,

(13-7) |log f (z,) —log f (z,) | <43,
where z,, z, are any points of the square, and r 18 the distance of the
centre of the square from the origin.
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n (r) denotes the number of zeros a, of f (z) for whichr,= | a,| <.
Multiple zeros are counted multiply.

There is no loss of generality in taking f(0)=1 so that f(z) is
of the form

(13-8) f(z)=exp(kz+zz2)£{(1_§)e\1)(z 122)}

< 2a2

Mark the points a,, @,, ... on the z-plane and shade as in the
last lemma. Then almost every square is unshaded. Take points
2y, 2, in an unshaded square and denote by o, the smaller of
|a,—z, |, |a,—2,|. Then

|log f(2,) —log f(2,) |
<|k| |zl—z2l+lll | 2,2 —2,2]

2 2
AT T .
log e B R S

a/ _z:) 3

+2.

-2, (% _zz)2 22 272"
<Ar|z1—z,]+ 5 - .

|
w o
|
|
[\ © e
)
ml\?

~1| -—_zz 2(a, —-zz) a,
® 2,2 202 (21 +29)
<Kr|zg—zy|+|72;—2| = r——-~1~—2~r+~‘“4—1 5
[2=z |+ |2z Sl ag(a,—20)% " 202 (a,—2,)?
. R 1
< KXr+2Ar2 X 5+ 203 X - o—.
§=1Tg0" s=1Tg" %"

Take € so that 1 — 48 <e < 1, and consider the square P of side
(2p + 1) A, where p = [r¢], symmetrically disposed about the square
containing z,, z,. For points a, inside P, r,> %r, so that

1 2 1 |
2‘ TS - 2 if"’ 2 “")‘" 2 3 Z To e
1))"0(“ T[:OCS"' gt 7'[)0("‘
Now, since the square containing z,, 2, is unshaded, there are no
points a, in the first ring of squares round it, nor more than seven
in the second ring, nor more than twenty-three in the second and
third ring, etc. Thus

1 7 23-7 dp(p—1)—4(p—1)(p—2)
ZESet gttt (P=1)X?
8 P 11 8

<A2«E1 PR slogr
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Again, applying Hélder’s inequality to the sum of the remaining
terms of the first series, we have

1 1/(3—¢) . (2—€)/(3—e¢)
E 2< E 7-;—‘3 Z a§(£—3)/(2-'()
opTsg op cpP

o rom (2—e)/(3—¢€)
<K ( f f uRle=3)(2—6) udu(w)
r¢ Jo

S

<K7«—2€/(3—e)_
Moreover, if B>2(8+2e—2)71,
1 (B-DiB 18
S —5—< ( b rgﬂ/(l—ﬁ)) (E as—z,a)
cpTyoy cr cr

o 2 1B
<K ( f f u—28 udud(?) < Kre-2B)€B,
\Jr€J 0

Since 2—2¢/(3—e)<1+43, 3+(2—2B)¢/B<1+3,

these results establish the lemma.

Upper and lower density. Let E be a plane measurable set of
points, and let m (¥, r) be the (plane) measure of the part of £
contained in the circle of centre the origin, radius r. We call

m(H,r) m(H,r)

(139)  DE=1lim =7, DE=lim ===

r—»w r—>cwo

the lower and upper densities of K. If they are equal, the common
value will be called the density of K.

Lyos. If E, is any set and E, a set of density unity, then
Q(E1E2)=2E1, D(E1E2)=EE1°

The proof is immediate.*

Meromorphic functions of order 2. Let L ({,d), U ({,d) denote
the bounds of an integral or meromorphic function in the circle
|z—{| <d, and let n (r,0), n (r,0) denote, as usual, the number
of zeros and the number of poles of the function in the circle
|z] <.

* The density of a linear set has been defined by Besicovitch (1).
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Ly, Let f(z) be an integral or meromorphic function of order
less than or equal to 2 satisfying the condition
(13-10) n (r,0)+n (r,00)=o0(r2),
and let d, 8 be given positive numbers. Then the values of { for which
(13-11) U dy<L(Cdye™™  ([L]=7)

Jorm a set of unit density.

f(2) can be expressed in the form* f, (z)/f, (2), where f; (2), f5 ()
are integral functions satisfying the conditions of Ljy,. Given e,
take A so that

A —(A—2d)?

(13-12) e

<e€

and divide the z-plane into squares of side A. If { is in the square
of side A — 2« concentri¢ with a square of side A, the inequalities

|log f, (2) ~log f, (£) | <}, |log f,(2) —log fy ({) | < ™42,

where |z—{|<d, are satisfied for almost every such square.
Thus, for almost every square,

log U ({,d)—log L (L, d)
fi(z)
Ja2 (%))
<|log | fi(z1) [ —log | fy (22) || +[1og | f2(21) | —log | f (22) ||
< |log f1 (2)) —log f1 (25) | + | log f5 (21) — log f (25) |

<8,

‘fl (22)

=log Ja (22)

—log

(21, 2o points in |z2—{| <d)

o

If r is sufficiently large, the squares (of side A) for which this
holds cover a fraction greater than 1 — e of the circle of radius 7,
and, by (13-12), the measure of the set of { for which the in-
equality holds is greater than (1—e)2mr2. This is the result
stated.

If f (z) is of order p < 2, more precise information, which will be
useful later, can be obtained.

* Nevanlinna (1), 40.
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Lysos. If f(2) s an integral or meromorphic function of order
p(1<p<2), and o> %p, the values of { for which
(13-13) UL d)< L d)e”

Jform a set of unit density. If f(z) is of genus zero and 8 is any given
positive number, (13-13) can be replaced by

(13-14) U, d)y< L, d)r.
This is proved by a similar method, L, taking the place of
L;y, in the case of a function of genus zero.
Lyyy. Let ¢ (), w (x) be real functions satisfying the conditions
(13-15) O<w(@)<w (@) (" >z >a),
(13-16) 0<¢(2) <w(hx) (x=>0),
for some fized k(1 <k<o0). Then there is a sequence x, x,, ...
tending to infinity, such that

a logw(x,)
(13-17) “loga "
and
) ow(@,)
(13-18) 7}%(/)(16");&, ,
where
(13-19) = Tim 089 @)
— logx

Suppose first that £ > 1, 0 < k <co. Itis sufficient to prove that,
corresponding to each € > 0, there is a sequence ¢, £,, ... tending
to infinity, such that

w(€,) > max{(k—) b (€,), €59
If this is false, then, for séme value of ¢ less than k¥, and «,
(13-20) w (x) Smax{(k~—¢€)d (), 2"} (x=c).
Take & so that 0 <3 <e and
l=(k"*—e) 1>k {p=e(xk—08)(e—8)1}.
By (13-19) there is a sequence of points tending to infinity for

which w (CE) > xx—s.
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Let X >max (a, b, ¢) be a point of such a sequence, and let

— X (k—0)(x—
so that Y = Xk=)(x—e)

(13:21) w(@)>w(X)> Xr0=Yrex gr—e (X<z<Y).
Then (13-20), (13-21) give

w (¥) < ¢ (x) (X<z<Y),

so that
lw () < w (kx) (X<x<Y),

and
(13-22) I"w(X) < w (k"X) (k" 1X<Y).
Let v be the smallest integer such that

Y
Vs _ — X(e—0)(k—¢)
k¥ > X X R
e—38
so that vlogk>K—:€—logX>(v—l)logk,

€—90 1
and vl()gk:-K—:;logX{l-f—O(;)}.

Now, by (13-22),
w (P X)2lPw(X)> 1 X3,

so that
logw (k7 X) > vlogl+ (k—38)log X

e—3 logl! 1
_{;: E)gk+0(;)+fc—8}logX,

while log (k* X)) = {K ° ( ) +1 } log X.
On dividing these and making X — oo, so that v— 00, we get

— — —_ -1
m logw(x)>{e 810gl+ 8}{€—§+ }

ssw logx 7 (k—elogk K—¢
_e€—3logl (e—9)e(k—9) _
Sk —ologh TN T T (k=8) (e<s) THTE="

a contradiction.
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If k=1 or k =00 the result is trivial, and the case =0 is dealt
with by consideration of the functions

w (@) =2 (), ¢y (2) =27 ()
where A> 0.
Let f(z) be an integral function of order p and let

2
T )=y | log®|f(re?)]db,

(13-23) S(a,r)= (7—2—3—(;2—)f T (u) udu.
It is known that*

?Nlr?

log M (r) < 1’ (kr) (k>1),

— \

and that 7' (r) is an increasing function of r, so that S (a,r) is an
increasing function of r for fixed @, and an increasing function of
a for fixed r. Hence

S (a, kr)= 8 (0, kr) (@>0,k> l)

2 kr
G )udu> (Vk1)fvlcrudu
E—1yk-1
>k ke 108 M)

Use Ly and take k= (1+ 1/p)2. Then follows:
Lyo- If f(2) is an integral function of finite order p, there is a

sequence 1, Ty, ... tending to infinity, such that
(13-24) log S(a,rn)
~ logr,
and
. 2
(13-25) lim S@&7) o P

s log M (r,) )7 (p+ 172"
We are now in a position to deal with certain functions of
order 2 (3, 6).
* Nevanlinna (1), 24.

WIF 6
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Theorem 18. If f(z) s an integral function of order p<2,
satisfying the condition
(13-26) n(r)=o0(r?),
and n(<p) and d are given positive numbers, the values of { for
which the inequality
(13-27) log|f(z)[>thslog M (| E))> L7  (|z2—{[<d)
18 satisfied form a set of upper density greater than or equal to 1}y .
Given e >0, let r,, 7,, ... be a sequence for which (in accordance
, 2t 16
(1328) S(,) =S 0.r,) > (H=e)log M (r,) (H=5=30).
and

(13-29) log M (r,) > 07"

100h—1’
where 5>h> ;. Now write tnr,>=measure of set of { in
| z| <r, for which
(13-30) log | f({)| >hlog M (r,),
so that
ar, 28 (r,) <tmr,tlog M (v,)+ (1 —¢t)7r,2hlog M (r,).
Comparing this with (13-28), we see that

t+(1—t)h>H—¢,
so that

t>£t_k:f
1-h

As e is arbitrary, it follows from (13-29), (13-30) that the set of {
for which

(13:31) log|f(0)|>hlog M(|L])> 000

100k — l el

has upper density greater than or equal to (H —A)/(1—h).
There are now three cases to be considered, according as

1<p<2, p=1, or p<l.

In the first case, » may be supposed greater than 1 and 8 so chosen
that 0<é6<n—1.
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By Lgyg, (13:11), (13-31) are simultaneously true for a set of
upper density greater than or equal to (H —A)/(1—h), and for
this set

log|f(2)|>hlog M (| L)) —| L+ (|z—(]<d)
>hlog M (| {]|)—(h—tis)log M (] L)

(13-32) =ttalog M (| ),
and also
(13-33) rislog M (| ])>| L™

(13-32), (13-33) do not involve A. Hence the upper density of the
set of { for which they are true is greater than or equal to
(H —553) /(1 = 1355) > 160 -

The other cases can be treated in a similar manner with the aid
of Liyg. '

Ligye is an obvious deduction, as the hypothesis of Theorem 18
is implied by (12-6) (the converse is false).

Theorem 18 can be extended to functions of any finite order
by a kind of change of variable process. If o is a given positive
number less than 1+ 4p, the inequality

log|f(z)|>Klog M (|L])  (Jz={]<[L])
is satisfied for arbitrarily large values of | {| (4).



CHAPTER VI
ASYMPTOTIC PERIODS

§ 14. Integral functions.

The results of the present chapter, in a sense converses of
those of Chapter 11, are concerned with the order of the difference,

(14-1) A,R)=fztw)—[(z) (0+0),

of an integral or meromorphic function.

A, (2) may be identically zero. w is then a period of f(z), and
it is well known that an integral function may either have no
periods or else a single sequence kA (k= + 1, +2,...). The values
of w for which A (2) is “smaller” than f(z) may however form
sets of a more complicated kind, e.g. the integral function

© e27rinlz
D R
nat1 (n!)!
is of infinite order, but, if p is any rational number,
R(z+p)— R(2)

is of order 1. Numbers with this property will be called asymptotic
periods. More precisely:

R((z)=

Definition: 4 number B(#0) is an asymptotic period of an
integral or meromorphic function f(z) if Ag(2) is of lower order than
f@.

This definition includes the case of a function f(z) of infinite
order. Ag(z) must then be of finite order. It is evident that, if
B, y are asymptotic periods, then —fB, B+y have the same
property. The main result for integral functions is as follows:

The asymptotic periods of an integral function form a linear set
of measure zero.

Before embarking on the proof of this result we will construct
an example showing that the set may be non-enumerable (9).
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Let ¢ (n) be a positive increasing function such that, for every
d>0, o
3 e—bnr £ grt
1

e.g. yi(n)=e"; and let integer sequences {c,}, {d,} be defined by
the recurrence relations

Cl=2’ dn_cn > cn+1=[2¢'(d )]

where [z] denotes the greatest integer not exceeding x.

5
* (r=7s),

The set of numbers = {b + by 2t }

d, ' d,
where b,, b,, ... are each either 0 or 1, will be denoted by £,.
E, is a set of cardinal c. If x is a member of it,
|sind, x| <e ¥ (n>1),
. . . L b, .
since |sind, x| = i sinwd,, {@1 + ARy } l
le-l d,u—‘z i

b, d ,
<nd, {d’lﬂ +.o.t <27 d "< Qeln—tntt < g =Y ()
n+1 n+1

Given p > 1, the coefficients 4, (0 < 4, < 1) can be chosen so that
F(z)= E A, ez
n=1

is an integral function of order p. If « is a member of £,

I F(Z+ 20( l — le/,ﬂa__ 1) A e’ln’w
o0
S ntala s mish
® ©
< 9Y e—Pdp+dyr < Q3 g—hn)+nr
1 1
<2 (r3ay),

so that A, (z) is of order 1.

A function of any order greater than 1 may therefore have a
non-enumerable set of asymptotic periods. It will appear that
a function of order less than 1 cannot have any, and a function
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of order 1 either none or else a sequence kA. The results may be
summed up as follows (7):

Theorem 19. If B denotes the set of asymptotic periods of an
integral function f(z), either
(i) B s null; or
(ii) B consists of a set of points kA, k= +1, +2,...; or
(iii) B lies on a straight line through the origin, is everywhere
dense, and has measure zero.

If

(14-2) 1%%[ ™o,
only case (i) is possible; and, if f(z) is of order 1, only cases (i)
and (ii).

Proof.

Lgo,- The ratio of two asymplotic periods of an integral function
18 real.

If possible, let B8, y be asymptotic periods whose ratio is not
real. It follows from the identity

(14:3) f(z+EkB+1ly)=f(2)+ l_:—‘.]: A, (z+sy)+ :.E_JJAB (z+1ly+1tB)

that, if |z |=r,
f@)=f(z) + Z A, (2)+ 2 A (z),

where z, is in a “period parallelogram’ with the origin as one
vertex, z;, z,, ... are points inside the circle |z | =r, each in a dif-
ferent ‘‘ period parallelogram ”’, and the same is true of z,’,z,/, ... .

Ineach case the number of points does not exceed K (B, y) r. Hence
M@E)<M(|B]+|y)+K(B,y)r{Mg(r)+ M, (r)},
where Mg(r), M, (r) denote the maximum moduli of Ag(z),
A, (z), and this is evidently incompatible with the hypothesis
that Ag(2), A, (2) are of lower order than f(z).
Lgos. Let f(2) be an integral function of period k and let
. logM(r) 2
4 ogMr) _am
e o Tk

Then f(z) 18 a constant.
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There is no loss of generality in taking = 2n. Consider the
function f(—<¢logw). This is regular and uniform in every
annulus 0< R<|w|< R, and so can be expanded in a Laurent
series

e} [ee]
Xa,w'+ X b,wn,
n=0 n=1
so that, writing z= —ilogw,
[se] oD

f(z)= X a,e"*+ X b, e i
0 1

= Fy(¢%) + Fy (e ),
where F (u), F,(u) are integral functions. Write
M, (ry=max| Fy(u)|, M,(r)=max|F,(u)|.
fw| =r lwj=r
Mark the points
*4(7T+7’y)’ B(“‘Tf“*'@!/), (/'(—77-@3/), D(ﬂ_zy)

in the z-plane and draw the circle circumscribing A BCD, i.e.
the circle of centre the origin, radius V/(n2+ »2). Now
max | Fy () | =M, (e¥), max| F,(e7#)|<XZ|b,|e < 9 |6, 1,

D CD 1 1

so that, denoting by M (r) the maximum modulus of f(z),

M ()< MWV +g8)+3 b, ],
1
and so, by (14-4),

Y
i 1B M (@)
oY
ie.
(14-5) lim 080y
o logr

This is only possible if F, (u) is a constant, the expression on the
left of (14-5) being infinite if F, () is transcendental, and N if
F, (u) isa polynomial of degree N. Similarly F,(u) is a constant.

We can now deal with functions of order 1 or less. Suppose
first that (14-2) is satisfied. If there is an asymptotic period 8,
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Ag(z) must be of order o<1, and so, by Theorem 3, there is a
function f, (z) of order o such that

=fi(z+B)—

fo(2)=f(2)—f,(2) is therefore an integral function of period
B and

Tim 08 My (r) ﬁlogM(r)+ﬁ—nllogﬂ{1({)

r—>o r r—>0 r r—>w

=0.

Lgos shows that f, () is a constant, and this is impossible since
J1(2) is of lower order than f(z). The contradiction implies that
f(z) has no asymptotic periods.

Next suppose that f (z) is of order 1, but not of minimum type.
If there are asymptotic periods one of them may be taken to be 2.

As before, 1) =1,2) +f2(2),
2

where f, (z) is of order 1 and has period 27, and f; () is of order
o<1;and, asin Lgg,,

f2 (z) =0+ Z (au, en® 4 bn e iz)'

f2(2) is not a constant, so not all the terms of the series are
identically zero. Let N be the rank of the first that is not. Now,
if B is any other asymptotic period,
> (a’n enis bn e—m‘z—m‘ﬁ) eniB 1) f2 24 B f2 (z)
1
=function of order less than 1.

This can only be so if every term in the series is identically zero,
and so eNiB_1=0.

Thus B=2nk/N =Mk, where £ is an integer.

Lgos. Let E be a non-null linear set of points with the property
that if x, y are any members of B, —x, x +y are also members. Then
either (a) E consists of a set of points kA, or (b) E is everywhere dense.

If F is not everywhere dense, let («x, 8) be an interval not con-
taining a member of E. Let o’ be the upper bound of members of
'E not greater than «, and B’ the lower bound of members of £
not less than B. Then there are no members of £ inside the
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interval (8, 2B’ —a'). For suppose that such a number, z, exists.
As B’ is a lower bound of members of K there is a member ¥
satisfying the inequality
B<y<i@+p).
By the addition property 2y — 2 is a member of £, and
o <2B —x<2y—x<f,

giving a contradiction. Similarly there are no members of £
inside any interval

(B +E(B —a), B +(k+1) (B —o)
and so X consists of the points '+ k(B —a'), k=0, +1, .... As
the origin is a member of £ it is evident that this set is of the
form kA, k=0, +1, +2, ..

The next lemma contains the kernel of the argument. Let
F (z,y) be a complex function of two real variables, defined in
(—oo<x<o0,y>a). Letits order be defined to be

I}i;logizgz 0 (y)=_ max ml F(x,y)]),
and let y be called exceptional if F (x+vy,y)— F (x,y) is of order
less than p.

Leos- If F (x,y), of order p, is continuous and periodic with
respect to x and if

(146) lim OEL0BSW)_ g

y)= max | F (x,y)— F (x',y)|)

Y—>0 l ogy S <, a0
the exceptional numbers form a set of measure zero.
Let B, (1< p) denote the set of numbers y such that

F(x+y,y)—F(xy)

is of order less than or equal to u. The sets B, form an increasing
sequence whose limit is B, the set of all exceptional numbers.

Let N be a “large” positive integer and let u<pB<a<p.
There is a sequence ¥, , ¥,, ... tending to co, such that

(14:7) ¢ (yy) >expy,® (p=12,...),
and also

(14-8) Y,°>y,P+N+p+1
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Corresponding to y,,, a member of this sequence, let z,, x, be
points of (0, 7), where [ is the period of ¥ (z,y), for which

| B (@y,9,) = F (23,9,) | = (y,)-

Mark in the F-plane the values of F (z,y) corresponding to
values of (z, y,), 0 <z <. The resulting curve is continuous and
closed, since F («,y) has period [, and is contained in the circle of
centre F (x,y,), radius ¢ (y,). Now divide this circle into annuli
by drawing concentric circles of radii s¢ (,))/S, (s=1,2,..., §—1),
where § = 2"+7 and denote by E, the set of points « for which the
F-curve lies in the sth annulus. To make matters precise, let K,
consist of the points « in (0, I) for which

(5= 1) 871 (y,) <| F (01, ,) = F (@.,) | <576 (1)

(s=1,2,...,8=-1),
<Pyp)  (s=9).
Evidently mE, +mE,+...+mb =1,
so that there is at least one value of k for which
mE, <lSL.

As the F-curve is continuous and passes from the centre of the
circle of radius ¢ (y,,) to its circumference, it must cut the con-
centric circle of radius (k— 1) S~1¢ (y,). That is to say, there is a
point £, in (0, ) such that

' F (gpi ?/p) —F (x1> yp) [ = (k - 12) S ‘i) (yp)

On drawing a diagram it is evident that, if z is a point of K,
(CHE). then | B (g,,y,)~ F29,)| > 1576 (),
and hence the values of x in (0, I) for which this inequality is
satisfied form a set E® of measure not less than (1—S-1)1. As
F (x,y) has period [ this means that the values of ¢ in (0, {) for

vhich B (e, y,) - F (&, +1y,) 21574 (,)
form a set 7', of measure not less than (1 —.S-1)1. Let
T=T,T7,T,...,
so that
(14-9) mT?(l— §12—p—N)l=(1—2—N)l.
o=
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It will now be shown that the sets 7', B, have no members in
common.
If TB,, is not null, let y be a member of it. Then, for all values
of p,
'll‘O(yp): max l F(x+y’?/1))_ F(x’yp) l

2 I F(§p+'yay[})“ F(Epsyp) l
> %":S—l d’ (yp) > ‘1.?‘—‘*1 exp y_ua > exp yuB’
by (14-8), and this is false, since it implies that
Tim Loglog o (v)
y—>wo logy
whereas F (x+7v,y)— F (z,y) is of order less than or equal to p.

Hence the set T'B,, is null, and so if B¥ denotes the part of B, in
the interval (0, 1), it follows by (14-9) that

mBY <27V,

> B>up,

As N is independent of [, p, this implies that

mBX=0,
and so mB,=0
for each p. Hence, finally,

mB=0.

The condition (14-6) is essential, e.g. every number is exceptional
with respect to the function
F(x,y)=e" +er*sina (n<A),

but of course we have assumed very little about F (z, ), not even
continuity with respect to y. The remaining lemma enables us to
dispense with (14-6) in the case of an integral function.

Lgos- Let f1(z), fo(2) be periodic integral functions of order p,
whose periods w, w/u are real, and let

g (2)=f1(2) = f2(2).

If, for some o <p,
(14-10) lg(x+iy)| < Kev'®  (Jy|>a),

where K is independent of x, then u is a rational number.
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p may be co. As in Lgg,, take w =27 so that

(14-11) filz)= s a, e+ E b e,

n=>0
(14-12) fal(z)= E c, e+ s d, e iz,
n=1
Asf, (2)is of order p at least one of the series in (14-11), say the
first, is an integral function of order p.
Now, if p is irrational, the exponentials in (14-11), (14-12) are
all distinct, and so

a,e"#=1lim w—f enie=lg (t +1y) dt,
T—>w0 ZT
and thus, if ¥ >0,
(14-13) lalleny<hm Tf g(t+y) |dt< G (y),

~>ao

where G(y)= max |g(x+y)].
By (14-10), s
(14-14) - G (y) < Ke¥’ (y > a).

Now the function
F(w)= X% a,w" (w= Re'?)
n=>0
is an integral function. Let 4 (R) denote its maximum modulus,

A (R)= max | F(w)],
lw|=R
y its order, and

- o(R)=max |a,| R"

n>0
its maximum term. (14-13) shows that

(14-15) a(e)<Gy)  (¥y=0)

Moreover, if M (r) denotes the maximum modulus of F (e%)
for |z |=r,

(14-16) My <Al)  (y>0).

For M (y) is the maximum of | F (w) | on the curve

R=evsml d=ycosh  (0<0<2n)
in the w-plane, and this lies inside the curve
R=ev.
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Now, if v is finite,*
log a (r)

> ] as r—> 00,

log A (r)

(14-17)

and so, by (14-15), (14-16),
log G (y)
—”illogM( > L

Y —> ©

Moreover lim Eg—lgg%y ) =p.

y—w  logy
Hence lim —2 loglog (i (y)
T’ o ogy

and this contradicts (14-14).
Again, if vy is infinite, }

zZp>o,

logloga (R)
(14-18) ,111,2 ﬁlu—g‘Rﬂ_‘ =00,
whence, by (14-15),
lim —loglog (7 (y) — oo,
y—>® Y
which likewise contradicts (14-14).
The proof of the main theorem can now be completed. Let 8
be an asymptotic period, supposed real. As in Lyg,,

f(@)=f1(2) +/2(2),
where f, (z) has period B and is of order p (possibly co0) and f; (z)
is of order o less than p. Write
$(y)= max !fz(w+iy)—fz(x'+iy)l-

It may be that
(14-19) ¢)<ev”™  (ly|=a)

for some 7<p. In this case every other asymptotic period is a
rational multiple of 8. For, if y is any other,

fo(2)=F3(2) +9(2)

* Valiron (1), 32
T Cf. Valiron (1). (14-18) is not explicitly stated but follows readily from
equation (2-9) on p. 31.
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where f;(2) has period y and is of order p and ¢ (2) is of order
o’ <p. We may suppose that = in (14-19) is greater than o, o’.
Then, when |y |>b,
(14:20) $*()=) max_ | fy(a+iy)—fo@ +ig) | <207
0

KT,
For, if this is false, then correspondmg to a given value of K,
numbers z, ', ¥ can be found such that

O<w, 2’ <max(B,y), |y|>K,
and |y (@+iy)—g (@ +1y) |
2| fa@+iy)—fo (@ +iy) | = | [ (@+1y) —fo (@ +iy) | >V
Hence, writing My(r)=max|g(z)]

lzl=r
2M 21y )= g @+iy) | +|g @ +iy) | >e!
and this is impossible if K is sufficiently large, as the order of
g (z) does not exceed o'.
(14-20) being thus established it follows that, if @, &’ are any
real numbers, then
|9 @+iy)—g @ +iy) | <[fole+y)—fo (2" +y)].
+|fa(@+ey) —fi (2" +1y) |
<@ +4* ) <3V (|y|=0),
and so, if —co<x <00,
lg (@+dy) | <|g ()| +3ev"

<4elvl” (ly]|=d),
since ¢ (z) is of order ¢’ < 7.
It now follows from Ly, that y is a rational multiple of B.
If (14-19) is false for every = <p, (14-6) is satisfied either for
F (x,y) =f, (x +1y) or for F (z,y)=f,(x—1y), say for the former.
Let y be another asymptotic period. Then, if 0 <x <,

[ F(x+y,9)— F(x,y)|=|fo(x+y+iy) —fo(x+1y) |
=|g@+y+iy)—g(x+1iy)|
<2M,(2y) <expy®te,

and this is true for all x, as F (x+B,y)=F (x,y). Hence y is an
exceptional number, and we can apply Lyg,,.
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<
=14

§ 15. Meromorphic functions.

The main result for meromorphic functions is as follows (10):

Theorem 20. Let B denote the set of asymptotic periods of a
meromorphic function of order p, and let k denote the exponent of
convergence of the poles, so that x < p. Then

(@) if k=p, B 18 an enumerable set ;

(b) tf k<p, B lies on a straight line through the origin and has
measure zero.

The proof of (@) is immediate.

The order of Ag (z) is not inferior to the exponent of convergence
of its poles. Now these consist of the poles b,, b,, ... of f(2)
together with the poles b, — B, b,— B, ... of f(2+ B), and so have
exponent of convergence p, unless some of the poles cancel out.
Thus B cannot be an asymptotic period unless it is of the form
b,—0,. 1t follows that B must be enumerable. It should be
noted that not every number of the form b,—b, need be an
asymptotic period.

As regards descriptive properties it can be shown by the
methods of Lgg, that there are six possibilities:

() B is null;

(B) B consists of a set of points kw, k= +1, +2, ...;

(y) Bliesonastraightline through the origin and iseverywhere
dense on it;

(8) B consists of a set of points kw + lw’, where w’/w is not real;

(¢) Blies on a set of lines y=ma + ke, k=0, +1, +2, ..., and
is everywhere dense on each of them;

(§) Biseverywhere dense in the plane.

All these possibilities are realised among functions of any positive
order, e.g. if c=2" (0<p< 1) and

@0 4n 2
15-1 z)=2 Il [1——— ),
( ) ? () nr=1k,l=1( k h)

c4n+ﬁ+§;

¢’ (z)/$ (2) is a meromorphic function of order p for which every
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number of the form 2-" (k+1i), where k, [, n are integers, is an
asymptotic period.

The proof of (b) is much more difficult.

Leos- Let f(2) be an integral function of finite order p. Then
corresponding to each number o > p there is a number d, such that

(15-2) JfAlog+ @IS <Tro+ DS (A)  (@>d),

where 4 1s any domain in thecomplex plane, S (4) its area,ry, 7y, ...
the moduli of the zeros of f(z), the summation s taken over the
zeros inside or on the boundary of A (multiple zeros being counted
multiply), and
d=min|z|, D=max|z| (z in A).
The function f (z) is of the form
P (z)exp (kyz+ ko224 ... + ky25),
where P (z) is a canonical product and s<p; so that, writing
lz]=7,
logt|f(2) |2 <logt| P(z) |1+ | by | r+ ..+ | kg | 75
Now

(15-3) U (| oy |7+ oo+ | By | 19)dS < 1D9S(A)  (d>d,).
A

Moreover*

(15-4) loglP(z)l>—KI+logllf[ 1_5;' (ry<kr<ry,y),
where k> 1, and

(15-5) I=f::7,(g ggdx<rP+f (r=r,),

p being the genus of P (). (15-4), (15-5) give

N N
logt| P(2) | < KI+ZXlog*r,+Xlog*|z—a,|?
1 1
N
<iD°+2logt|z—a, |t (r=rg),

1

and so

N
(15-6) ” 1og+1P(z)|—1dS<%DUS(AHEU log* |z —a, |-1dS.
A 1 A
* Valiron (1), 53.
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Nowsurround each zero a,, with a circle C,, of radius 7;;* (b > }0),
and let 4, be the domain 4 with C,, excluded. Then

ff logt|z—a, | *dS<hlogr,.S(4),
A,

and, if r, > 1,

rm=h 2w
Jf logt|z—a,|1dS =f f logu=1ududf
Cu o Jo

=x(hlogr,+ 3 r;2"<r,° (d=d,").

On combining these inequalities with (15-3) and (15:6) we get
the result stated.
Now take the case (b). f(z) is of the form

h (2)
g (z)

where g (z) is a canonical product of order x <p and A (z) is an
integral function of order p. If B is an asymptotic period,

_N+PlgE)—g(+h) ()
RAUNNTE R
is of lower order than f(z), and so
F(z)=h(z+PB)g()—g(z+B)h(2)

is of order A <p.
Suppose, if possible, that y is an asymptotic period which does
not lie on the line joining 0, 8. Then

G@R)=h(z+y)g(2)—g(+y)h(z)

is of order u <p.
Let o be chosen so that

f)=

(15-7) KA, p<o<p,

and let d, be the associated number when Lyg, is applied to g (z).
Moreover, let D, >d, be chosen so that

9@, |FR], |GR|<e”  (r=D,).

WIF 7
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The identity (14-3) shows that, if D > D, and z is a point in the
annulus I' (D, <|z| < D), then

[ (@) f(zo)+EG ){g (25) 9 (25 +7)} !
+Z F(z){g(z)9 @ +B)

where z, is in a ‘““period parallelogram” or cell (formed with
periods 3, y) intersected by the circle |z|=D, and z,, 2,, ...,
z,", 2,’, ... are points ‘“‘conjugate’’ to z in different cells in the
annulus. The number of these points does not exceed Kg , D,
where K , depends only on , y. Hence

|f ()| <|f(z0) | + Kp,, De’ max | g(2,") |2,

1

where z,"”, z,”,... are all the points ‘““conjugate” to z in the
annulus.

On making use of the inequalities*

log* (a0t ... o)) < <3 logta,

—

log+(2mc) il ogta,+logyg,
this gives 1
(15-8)  log* |k (2) 19(2) | +log*|f(z)]
<log*|g(2)|+log* |k (2) | +log*[g (zo) |
+logK'3y+logI)+D“
+2logtmax | g(z,”) |t +log2.

Let Z denote the point (or one of the points) z,”” for which
|g(z,”") |t is a maximum. As z moves about ina cell, Z will jump
from one cell to another, and as z moves over a whole cell, Z will
move over a number of disconnected domains 4,, 4,, ..., 4, in
different cells. These can be fitted together, like pieces of a jig-saw
puzzle, to make a whole cell, so

S(4,)+8(4,)+ ... +8(4,)=area of cell = S.

A single A, may consist of several disconnected parts in the
same cell.

* i\Ievanlixma (1), 14.
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Now logt | b (2y) | S Dypte < yD° (D= Dy),
so that (15-7), (15-8) give
log* | h(z)| <3log*|g(Z)|*+2D°  (D=D,),

and, if C is any cell in the annulus T,

ff log* | A ( z)ldS<32 ff log*|g(Z)|*dS+2D°S8.
c

On applying Ly, this gives (writing | b, |=7,)

k
f log*[A(z) [dS<3 X {Z 777+ D°S (As)} +2D°8
C 8

s=1\4
<12 X r,;°+58D° < KD°,
n=1
the factor 12 being arrived at by observing that a pole b, may be
on the boundaries of four different domains A4,, if it happens to
be the corner of a cell. Hence

f f logt|h(z)|dS < KDom (D*~Dy2)  (D>Dy),

and so

Y f
Jim (log D)Mlog “5— 155,
and this contradicts L;;,. Hence the assumption that y is not
collinear with 0 and B is false, and so either B is null or B lies on
a straight line through the origin.
We may therefore suppose that all the asymptotic periods are
real, and it remains to prove that they form a set of measure zero.
By subtracting a suitable rational function, if necessary, the
poles in |z | <3 may be removed. The number of the remaining
poles in |z | <r satisfies an inequality
p(r)<rd (A=1) (all 7).
Surround each pole p, with a circle C, of radius | p, |~*, where &
will be chosen later, and move the circles a distance t(0<t<1)
to the left, parallel to the real axis. Let C,, become C,’(¢). It is
evident from a diagram that the numbers ¢ for which C;’ (¢) has
a point in common with C,, form a set of measure less than or
7-2

log* |k (2) |dS <o <p,
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equal to 2| p, | "+ 2| p,, |, so Oy’ (¢) will have a point in common
with one or more of C, C,, ... for numbers ¢ forming a set of
measure

m< 2] p |+ 2] p, 7
where v, is the last integer such that

|y | =12 [T =P = |21 [T"< 1.
Thus | Dy [ <3+[p4],
and <3+ p )4
so that B s %1{4|P1l_h}<4(3+[P1|)AIP1|_’L-
Writing A=A (D + 1), where D > 1, this gives
S4B P [P | py [T A{2 | py [P <42 py 70

Cy (t), C4 (t), ... can be discussed similarly and it follows that
the numbers ¢ in 0 <¢< 1 for which some €, (¢) has a point in
common with some C,, form a set £ of measure not exceeding
8% |p, |~2. By choice of D this can be made smaller than any
given positive number 3.

With this choice of D, and A= 4 (D + 1), express f (z) in normal
form

f@=g@+s| " o).

We are supposing that «<p, so p=max (o, ;). There are two
cases to consider:

(i) 7y <p. Then o=p and f(z) =g (z) +a function of order less
than p. The asymptotic periods of f (z) are therefore identical with
those of ¢ (z) and it follows from Theorem 19 that the latter form
a set of measure zero.

(ii) 7;=p. Unless ¢ belongs to £,
fe+t)—f)=g(+t)-9(2)

P(z+1)
{(sz't—'bo)'\o... (z+t_bk))\k+Q(z+t)}
P(z)
- {(z"bo)}\o...(z—bk)hk—"Q(z)}
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will be in normal form, and so of order not less than r, =p. The
asymptotic periods in 0 <¢< 1 are therefore members of ¥ and so
form a set of measure not exceeding 8. As 8 is arbitrary, they
form a set of measure zero.

The analogy between integral functions and meromorphic
functions for which «<p suggests that, if 0<xk<p<1, there
should be no asymptotic periods, and, if 0 <k < p=1, either none
or else a single sequence kw. This is, in fact, the case.

The results of this chapter throw a certain amount of light on
the nature of periodicity. The single periodicity of sinz and the
double periodicity of snz appear at first sight to be phenomena
of much the same kind; but if we enlarge the concept byincluding
asymptotic periodicity it becomes evident that they belong to
classes of phenomena which differ in almost every respect. The
asymptotic periodicity of an integral function, or a meromorphic
function for which « <p, is a Diophantine phenomenon limited
to functions of order one or more; the asymptotic periods may
be non-enumerable but are restricted to a line. In the case of
a meromorphic function for which «=p, on the other hand, the
phenomenon is essentially connected with the poles and occurs
among functions of any positive order; the asymptotic periods
form an enumerable set but may be everywhere dense in the
plane.
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