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PREFACE

The publication of this volume was unduly delayed by the fact that
the author of a 150-page article withdrew his paper when it was already
set in type and when almost the whole volume was ready for print.
The editors feel particularly indebted to the authors who had to accept
the postponement and to those who on comparatively short notice
furnished new contributions.

As in the previous volumes, the following articles reflect the various
subjects of present-day research in applied mechanics.

During the last year while both editors were staying in Europe,
Professor Gustav Kuerti, Case Institute of Technology, Cleveland, Ohio,
has taken over most of their duties. His most valuable and devoted
help is gratefully acknowledged.

TH. v. KArMAN
R. v. MIsEs
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I. INTRODUCTION

In recent years, the term ‘“boundary layer’’ has become most closely
associated with the phenomena arising when a fluid flows past an obstacle
at high Reynolds number. Despite this particular association, there is a
large and interesting variety of physical problems whose analysis is most
appropriately carried out by invoking the ideas that are associated with
boundary layer problems.

In this article, we shall present a simple characterization of the
boundary layer problem and shall give in varying detail the analysis of
several isolated problems which fall into this category.

Since all our problems will be formulated as boundary value problems
of certain differential equations, the characterization we present will be
defined in terms of such boundary value problems. Our arguments will
differ in form from those usually found in the literature associated with
this field but, at the expense of preciseness, they give a clear account of
the ideas which are involved.

It is easiest to associate these arguments with a specific problem, and
we shall introduce them while treating one of the simplest boundary value
problems of this type rather than attempt to give a general characteriza-
tion immediately.

II. TaE OcEaAN CURRENT PROBLEM

One of the more straightforward applications of boundary layer theory
arises in the study of ocehn currents. It is possible to construct a bound-
ary value problem which contains the essential features associated with

* Present address: Harvard University, Cambridge, Mass,
1



2 G. F. CARRIER

the long-time average motion of the fluid in ocean basins. Since, in this
paper, we wish to introduce the boundary layer ideas as early as possible,
we shall defer the derivation of this boundary value problem to the
Appendix of this article. The differential equation which arises is:

2.1 eAAY — ¢, = sin y.

The boundary conditions are associated with the geometry of the problem
and, for the Pacific Ocean, take the form

(2.2) v=y, =0 on AB and BC,
'ﬁ = 'l’yy =0 on 04‘1,

where the lines AB, BC, CA, are defined in Fig. 1. For this particular
problem, the value of ¢ is 0.035. We note immediately that the problem

B

wind direction

x=x, =Ny

A C X

Fie. 1. Geometry of the ocean current problem. AB and BC are land bound-
aries, AC is a locus on which, observationally, duz/dy = 0.

is characterized by three essential features: (1) the coefficient of the most
highly differentiated terms is small compared to unity; (2) the other important
terms have cocflicients of order unity; (3) the size of the domain s character-
ized by lengths of order unity in the coordinate system chosen. In the sub-
sequent problems we shall indicate the ‘‘dimensional analysis”’ which as
implied above is intrinsically part of the boundary layer analysis. How-
ever, that dimensional analysis has already been incorporated’ in this
problem.

We now find a solution of the problem posed by Egs. (2.1) and (2.2)
in the following manner. We first note that, for e < 1, a good approxi-
mation to a solution of Eq. (2.1) is available when the term with coeffi-
cient e is ignored. Such a function is

(2.3) vO = —[z + a(y)] sin y.

The difficulty, of course, is that we have only a(y) at our disposal in order
to satisfy the boundary conditions (2.2). The function ¢ obviously

11t is, of course, included in the Appendix.
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cannot satisfy these conditions, and hence it is not a good approximation
to a solution of the problem. Now consider any function ¢ which has
the property that the maximum values of ¥, ¥z, Yzzsz, Yuuu, €tc., are all of
the same order of magnitude.? Such a function can be a solution of (2.1)
only if it is essentially of the form ¢(® + 0(e). Since we have established
that a function of this form cannot be the required ¥, we must conclude
that ¢ will be “steep’’ somewhere in the domain. By this we mean that
at least one of the higher derivatives of y is large compared toy. In par-
ticular, one of the contributions of AAy must be of order ¢~* compared to
Y. if ¢ is to be different from ¢ + 0(¢). At this point we hope that the
steep portion of the function ¢ is confined to a region very close to the
boundaries. If this turns out to be true, then the solution in the interior
of the domain is represented very well by ¢°, but we still need to find
the behavior of ¢ near the edge. The functional representation of the
solution in this edge region is frequently called the boundary layer. We
must note that one cannot always be sure that the steep part of the func-
tion is confined in this manner, but the investigation of any particular
problem along the forthcoming lines will lead to contradictions if such
is not the case.

In this particular problem it is convenient to represent the boundary
layer solution as the sum of three functions, one for each portion of the
boundary. Thus, we write

Y = ¢(0) + ¢(l) + ¢,(2) + ¢(3).

In accord with the foregoing wishful thinking, we anticipate that oV
will be steep near AB and will “fade out’’ very rapidly with increasing
distance from AB. Similarly ¢® is large year BC and small elsewhere;
»® is the boundary layer on CA. In order to determine ¢, we shall
find it convenient to adopt a new coordinate system. This system should
be chosen so that one coordinate essentially measures distances from the
boundary whereas the other measures distances along the boundary.
The scale, i.e., units, to which these distances are measured should be
such that ¢ is a ‘“‘smooth” function of its arguments. Hence, the
coordinate stretching must depend one. In this case, the two coordinates
can respectively be chosen as

E=(z — M)e", n=y.

The number #» must be determined by the criterion that eAAy contribute
in an amount which is of the same order in ¢ as the contribution of ..
The lack of “stretching’ of the y coordinate (or, effectively, of the dis-

3 We shall henceforth refer to such a function as being ‘‘smooth.”
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tance along the boundary) comes about because of the boundary condi-
tions on ¢, These conditions are?

YOOy + ¢P0,n) = . O0y,y) + e (0,n) = 0.

The smoothness of ¢ implies the corresponding smoothness in 4 of ¢.

We now introduce these coordinates into (2.1), choose n = —4 in accord
with our foregoing remarks, and obtain, simply,
(2.4) (1 4+ A2 — 0 + 0(e¥) = 0.

We may now decide to represent ¢V formally as an asymptotic series
in €% or equivalently, from a practical point of view, to drop the 0(e*)
term from Eq. (2.4). When this is done, the first order solutions of
(2.4) are
b(n), Cwm(n) exp (Sge’7%),

where S = (1 + A\2)~%, m takes on the values 1, 2, 3, and b(n), Cun(n)
must be determined by the boundary conditions. However, in view of
our requirement that ¢V decay rapidly as we leave the boundary, only
the solution

(2.5) ¢ = Ci(y) exp (£8e*/%) + Ca(n) exp (£Se*?)

is acceptable.

We may now find the boundary layer solution associated with the
boundary BC. Defining ¢ = (x + zo — M\y)e?, v = y, we again obtain
Eq. (2.4) but we find this time that near § = 0 (that is near BC), ¢®
behaves like

(2.6) ¢ = Cy(q') exp (S¢).

The parameters C;(y) and a(y) now may be chosen so that the sum
of the functions defined in Eqgs. (2.3), (2.5), (2.6) can satisfy the require-
ments on AB and BC. We omit the algebra but note that these quanti-
ties (a,C,) are such that, for example, at y = =/2, the function ¥(x,m/2)
is depicted in Fig. 2. The stream velocity profile at y = =/2 is also given
there. Further comments concerning the physical problem can be found
in (1), but here we shall only continue with remarks pertinent to the
boundary layer analysis.

It is perhaps unfortunate that, in this first exemplary problem, we
must dispose of a remaining difficulty in a manner which is physically
satisfactory but seems a bit like cheating. However, at the boundary
y = 0, we still must satisfy the conditions of Eqs. (2.2). Our model,

3 The peculiar combination of arguments of ¢ and ¢ arise merely because y is
defined a8 a function of (z,y) and ¢ is defined as a function of (£7).
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i.e.,, Eq. (2.1), does not contain provision for this (the foregoing analysis
would not give a decaying boundary layer solution for this edge), and
hence we must either convince ourselves that this is of no consequence,
or else we must refine our model. The former choice is easily taken and
we merely note that if our function sin y, which is associated with the
yearly average wind intensity, were replaced by a carefully chosen wind
intensity representation which differs very little from sin y, the boundary
condition would be satisfied by ¢(® and no boundary layer (or other cor-
rection) would be required. That this is physically acceptable is clear.
Certainly the wind intensity observations are not so accurate but that
many alternative and similar functional forms could be adopted. Recall-
ing then that our technique, as presented here and as frequently used, is

3

— > X
M \/ N

Fia. 2. Stream function and vertical velocity component at section M — N of
Fig. 1.

a crude one for getting physical information, we need not worry about
this reconstruction of the problem to suit our needs. We must also note
that further corrections would be needed int the corners where the bound-
ary layer solution associated with one edge affects the values on the
intersecting edge. Iowever, it is again clear that since our ocean
boundaries are not defined this accurately, a detailed analysis of the
corner corrections is not justified.

Let us now summarize the situation as exemplified by this problem.
A boundary value problem is considered which is characterized by a small
coefficient on the most highly differentiated term of the differential
equation. A function, ¢ + ¢, is found such that ¢° is a smooth ‘‘solu-
tion”’ of the Eq. (2.1) and hence a solution of that equation with the e
term ignored. ¢ is a function which makes ¢ + ¢ a solution of an
approximation to Eq. (2.1) and which contributes nontrivially only near
the boundaries. Finally, one can readily check that the amount by
which Eq. (2.1) fails to be satisfied by ¢ + ¢ is small compared to the
contribution of say ¢, only. This last remark proves nothing about the
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accuracy with which the true solution of the problem is approximated by
Y® + o but is usually a reliable indication of that accuracy. In (1) and
(2), the observational verification of the analysis of this problem is noted.

I1I. A Hear TRANSFER ProBLEM

In many physical processes (e.g., the manufacture of linoleum), a
material having essentially the properties of a viscous fluid is “calen-
dered” as shown in Fig. 3. When the quantity f,/R as defined in Fig. 3

? ?
9????

X

F1a. 3. The geometry of the calendering problem. The material enters as a
collection of small pellets but soon is compressed into a continuum which behaves
like a viscous fluid and cmerges in sheet form.

is small compared to unity, the mechanical nature of the flow can be
deduced from an analysis which is essentially classical lubrication theory.
Thus the velocity and stress distributions are known throughout the
flow field. However, an important industrial problem can arise which
again invokes the boundary layer ideas. The difficulty which did arise
is this. The peripheral speed of the rolls was increased above its nominal
value in order to increase the production rate and the additional dissipa-
tion of heat caused a smearing of the sheet surface. When the rolls
were cooled, this difficulty was partially alleviated. However, when the
speed was excessive, blisters formed a short distance below the sheet
surface, and the blister size was an increasing function of roll speed.
Before a modification of the cooling facilities was attempted, it was
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appropriate to attempt a detailed explanation of the blister formation
and use it to evaluate the alleviation technique.

The problem we adopt here then* is that of finding the temperature
distribution associated with an incompressible viscous fluid undergoing
the motion indicated in Fig. 3. To the order of accuracy available and
practical for such problems the particle velocity of the fluid is given by

3.1) u = uo[l + 3(1 — 2%t — 1)/28],
the pressure by
3.2) p(9) = —3uwl [ [(t — 8)/Pde.

Here, u is the fixed viscosity, L = (26,R)*, z = y/t, ¢ = z/L, and the
velocity, which is directed along the streamlines y/¢t = constant, has
magnitude u.

The equation governing the conservation of energy is

(3.3) kAT — pCV -grad T + ¢ = 0,

where V is the particle velocity, €' the specific heat, k the conduction, A
the Laplace operator in the z,y system, and ¢ the dissipation function.
The latter has as its only important contribution the terms uu,?, all other
contributions being of order (#,/I2)** or smaller as compared with this
term. It is first essential to put this equation in a convenient dimension-
less form. To do this, we first use the dimensionless variables £, n with
n = y/te. We define T' = r(uuol/pCt?) and ¢ = kL/pCuoty®. A typical
value for ¢ is 0.03. The equation then becomes

3.4) el + (bo/L)?ree] — (w/uo)re + (wn/u0)? = 0.

This equation is valid only if r is considered as 7(£,2) despite the fact that
the indicated differentiations in the first term are taken with regard to
& n. In this equation w/u, is given by Eq. (3.1) and

(3.5) (Un/u0)? = 92%o(t1 — 1) /12

It is now essential to decide on a specific boundary value problem.
We are interested primarily in the temperature distribution across the
passage but we have very little information on the “entrance’’ tempera-
ture. However, since we want to find how the temperature builds up as
the material progresses through the passage, it is appropriate to choose
arbitrarily the inlet temperature. In fact, a convenient problem whose
solution answers all our questions is postulated by requiring that

(3.6) 7(£0,2) = 7(§,—1) = 7(§1) = 0.

¢ This problem was originally solved in a somewhat more general form in (3).
The problem of finding the flow field was solved by Gaskell (4).



8 G. F. CARRIER

We again note that when the ‘e term’’ is omitted from Eq. (3.4), the
function 7(® which satisfies the remaining equation is easily found to be

3.7 7O = [E ‘ (wy?/wtto)dE.

This, however, does not satisfy the boundary conditions on z = *1, so
we must hope that the steep portions of the functions, whose existence
are now required, are confined to the regions near z = +1. Accordingly,

T (&2) A

. S —

|
\

AN

~

N

~

Fie. 4. Temperature distribution in fluid sheet at exit. Dotted lines indicate
the “interior solution’” without boundary layer correction.

we stretch the coordinate z (and also’) by therulez + 1 = {e*t. Replac-
ing 9 by ¢ in Eq. (3.4), letting r = 7® + y(£,¢), and dropping terms of
order e’ or smaller from the resulting equation, we obtain®

Vir — ¥ = 0.

The line ¢ = 0 is, of course, the lower boundary of the passage and for
this lower boundary layer we require that

¥(0,8) = ¢(§,+ =) =0
‘I’(E;O) = —T(O)(Ey—l)-

This is a classical problem whose solution is
(3.9) V= L S8, —1) erfe (/2 /S = §) dS".

A similar boundary layer must penetrate downward from the upper sur-
face and, in fact, is represented by Eq. (3.9) when ¢ is interpreted as
(1 — 2)e¥. The temperature distribution is given in Fig. 4 for fixed
£ (i-e': tE= El)-

An important comment is now pertinent. First, with regard to the
physical problem, it is clear that the cooling will ‘penetrate” to only a

(3.8)

§ Note that the meaning of y¢ in Eq. (3.4) was the derivative of y with fixed z,
not fixed 7.
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distance of order e*f,; and more important this ¢s evident as soon as
Eq. (3.4) is deduced and e is found to be small! That is to say, the dimen-
sional analysis and boundary layer ideas give us almost all the necessary
information without solving any differential equation at all! Only the
detailed picture is enhanced by carrying out the detailed solution. We
shall encounter this advantage again in a case where the detailed solution
is very difficult. It is certainly one of the very valuable aspects of
boundary layer ideas that such information can be gleaned at such a small
expenditure of effort.

The engineering consequences of our problem were as follows. It
became clear that for the speeds envisaged at that time a prohibitively
low surface temperature was required to obtain interior peak tempera-
tures consistent with satisfactory cohesive properties of the materials
then in use.

IV. A CoNvVEcCTION PROBLEM

An interesting boundary layer problem arises when we consider the
following situation. Suppose, as depicted in Fig. 5, a cylindrical con-
tainer is filled with a gas and that the container surface is held at a given

F1c. 5. Geometry of convection problem.

temperature distribution say T = To(1 + A cos 8), with T the absolute
temperature. Such problems arise when we consider heat transfer across
cellular materials. It is of interest to determine the gas motion and the
heat transfer rate. We will assume here that the radiation transfer does
not interact with the gas to an appreciable extent. The laws governing
the behavior of the gas are the familiar conservation of mass, momentum,
and energy, an equation of state, and the usual thermodynamic informa-
tion. We write then (for steady state phenomena)

(pus)s, = 0

pui; + P+ pgda = (2pei;).; + (Mewr) s
puC,T; + pu;; = (kT ;),; + 2peiui; + Newntds;
p = pRT.

(4.1)
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For maximum algebraic simplicity without loss of reasonable generality,
we shall adopt the postulates that C,, C,, Cou/k, R, are constants and
that A = —3u. We can then immediately refer all dimensional quantities
to appropriate reference quantities in order to obtain the requisite dimen-
sionless problem. We define then p = pop, T = Tyr, p = po + poyLo,
& =2a/L, ui =Cv,, p=puB, N\ = —2uB/3, k = ko3. Here py and po
are the density and pressure which would prevail at the cylinder center
when T = Ty, u, = 0. u, ko are the viscosity and conductivity at this
reference thermodynamic state. The reference velocity C is not yet
known, but we can conveniently choose it to be such that the number
C?/gL becomes unity. As we shall see the boundary layer stretching
will involve the size of the velocities so this choice is by no means a
critical matter. With these substitutions, Egs. (4.1) become

(‘Pvt).i =0
YO0, + o, + @bo = 25[(3Eu),; - (BEkk).z/3]
(4.2) v our, + [(v — 1)/7)prvs, = Pe(Br,).;
+ 2{(y — 1)/v]eaB[E\p,,; — Ep,,./3)
1 4 yao = er.

In these equations e = uo/pCL, a = C*/yRTy, v = C,/C,, E,, is the
dimensionless ,; as implied by our reference quantities, P = ko/Cpuo and
is usually of order unity. The differentiations are now performed with
regard to the £. We are interested here in that situation where ¢ < 1.
This occurs, for example, when L is a few centimeters or more, and T,
Po, po correspond to sea-level atmospheric conditions. Under these con-
ditions o < 1 also. We are once more faced with the familiar situation
where ¢ multiplies the highly differentiated term. Since many terms
enter the equations, it is not at all clear yet that this is not occasioned
by a poor choice for C. We may ascertain whether this is the case how-
ever by using the usual stretching technique, not only on the coordinates
but on the magnitudes of ¢ and »;. This is necessary because we do not
know yet how they may be affected by the size of € (or ). However, the
boundary conditions fix the size of the variations in r, and hence in p,
so that

T =14 ey
e=1—ex+ +--.

This will be consistent with 7(8,1) = 1 + A cos 0 if ¢ = A. It is also
implied here that A <<'1 and hence b > 0. Before performing the
stretching of our other functions, however, we may anticipate that if we
do have a boundary layer problem (in both temperature and velocity),
the behavior in the interior consistent with all the equations is a rigid



BOUNDARY LAYER PROBLEMS IN APPLIED MECHANICS 11

body rotation. If we now introduce the stretching mentioned above, we
must write

e[Qr + y(r,0)]
e™w(r,6)
=e(l —7)

= ¢9s — r sin 0.

(4.3)

Q n & «
]

Here, of course, r and 6 are the polar coordinates associated with the
&. The numbers n, m, », ¢, must be chosen so that: (1) the most highly
differentiated terms in each equation are retained when e*(h > 0) is
neglected compared to unity, (2) the gravitational (or body force) term
is also retained. These requirements lead to the choices » = — 4 b/4,
n="5/2,m=%+0b/4, ¢ =14 b/2. Note that unless b < 2 there is
no stretching of the radial coordinate so only for b < 2 is the boundary
layer approach appropriate. Thus for 0 < b < 2, Eqs. (4.2) become

w; — l//o =0
(4.4) (2 + ¥)Wo — wy: + x cos 6 = ¢,
(Q + !1/)X0 — Wx: = Px..

It is required that w, ¢, and x, be periodic in 6, that x(0,6) = cos 6,
w(0,6) = 0, and ¢(0,0) = — Q. Furthermore, each of these functions
must vanish as z— . Since the system is only of fifth order in z, these
conditions determine Q as well as w, ¢, and x.

Although this boundary value problem has not been solved with the
appropriate accuracy,® certain conclusions can be drawn immediately.
For example, the heat transfer (except for radiation transfer which can
be studied separately) across the cell is givep by

x/2
—~n/2

Q= KTRdO = —kToerts [T x.do.
That is, for the given geometry, gas, etc., the heat transfer per unit
length (of cylinders) is proportional to kATe” where A7 is the maximum

temperature difference. That is

_Q_ ~ 2a0R3) % . AT %
kAT (#2/p gR ) ’170 *

Thus, for example, the effect of changing the cell size in given cellular
materials can easily be estimated without solving this complicated
boundary value problem. We should note in passing that the situation
where k > 2 has been dealt with in (6).

¢ To the author’s knowledge the only (preliminary) results are to be found in (7).
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V. TuE RELAXATION OSCILLATIONS OF THE VAN DER PoL
OSCILLATOR

A fourth exemplary physical problem in which the boundary layer
ideas are invoked is that of the relaxation oscillation phenomenon. This
problem does not fall strictly into the classification we gave early in this
paper, as we shall see, but the ideas will still provide a useful result.
Specifically, we want the periodic solution of the nonlinear equation’
(5.1) e —(1—9y)y +y=0
for small values of . In particular, we want to know the period. This
problem arises in analysis of certain electrical circuit problems [see, e.g.
(8)]. The asymptotic development with regard to e of y(t,e) has been
given rigorously by Haag (9) and Dorodnitsyn (10). The solution we
will find is essentially equivalent to the first two terms of this develop-
ment. A comparison of our work® and that of Haag will indicate force-
fully the power of the boundary layer ideas as a labor-saving device
(whose operating expense is only a lack of rigor).

Our bhoundary value problem differs from those specified earlier in
that the size of the domain (i.e., the period) is not specified. However,
the differential equation is of the proper form and it has long been known
that the period is of order unity and that y(¢,e) has the general appearance
shown in Fig. 1. Thus, we shall attempt to apply the boundary layer
ideas in this analysis.

We note first that an “interior” solution of (5.1) can be found by
omitting the term with coefficient e. This leads to the result®
(5.2) Iny, — (*—1)/2 =4t
The only available constant of integration has been utilized to fix the
(intrinsically arbitrary) origin of the time scale. This solution however
is such that yi” behaves like ¢% near ¢ = 0, i.e., near y = 1. Thus, in
the neighborhood of ¢ = 0,y, is not a valid representation of y. In fact,
we must anticipate that ey’ will produce a contribution of the same order
as the other terms in this neighborhood. In our previous terminology
(5.2) is valid only when y, as defined by (5.2), is ““smooth’ and hence
when ey’ is negligible, This fact implies that we must use the stretching
technique in the neighborhood of ¢ = 0. In fact, we define
(5.3) y=14ev(E), t—1t =ét

Ty = aly(te)/ot.

8 The material in this section is taken from an unpublished work by J. A. Lewis

and the writer.
%y, merely denotes the approximation to y which is valid in this “interior region”

whose location is to be determined.
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We must choose «, 8, so that ey’’ is of the same order in ¢ as the other two
terms. The only such choice is @ = §, 8 = §, and (5.3) becomes

(5.4) v + 2w’ + 1 = 0(e¥).
We may integrate once explicitly (omitting the €% term) to obtain
v 402+ £ =0.

Since this is a Ricatti equation, its solution appears in the form

v = 2'(§)/2(¢)

where z = (—&)¥[Ki(s) + BK_i5(—s)], s = §)(—¥&)%, and K, is the
modified Hankel function. In order to evaluate ¢, and B we must match
this portion of the boundary layer solution to the function y defined in
(5.2). We note that there is a region in which £> 1 and ¢t < 1, for
example ¢ of order €%, ¢ of order ¢*. In this region, the asymptotic
behavior of z is appropriate whereas y: >~ 1 + (—t)**. However, the
asymptotic behavior of v, i.e., its behavior for large (— §), isv ~ — (—§)*
if B # 0, whereas its behavior is v ~ (—§£)*¢if B is zero. Thus, v and y,
as approximated above are identical provided ¢ and B each vanish.
Hence

(5.5) 2 = (—HUKy(s) = (r8%/v/3)[Ju(s') + Jps(s)]
with
s = (§)8%

We must note that this representation of y, i.e., the function v, also is
singular, in particular at the point £, which is associated with the smallest
zero of the bracket in (5.5). Thus again 'our approximations must be
invalid in this neighborhood.

In order to continue our solution we must anticipate the behavior of
y(@) for y < 1. In this neighborhood, the damping is negative, and
furthermore as ¢ becomes > 0 and approaches £;, both 3’ and ey’’ become
large compared to y [as implied by (5.5)]. Thus, we must look for
another streching which is appropriate as y proceeds through the origin.
We define, y = g(9), 7 = (¢ — t2)/¢, and obtain

g’ — (1 —g%g" = 0(),
and one integration provides
(5.6) g —g+g¢/3=C.
In order to determine C, we note that when g is near unity and £ near £,

@G- +@-1)=3+C+0[g -1’
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However, this form for ¢ must be consistent with ¢ 4 »? = £ in this same
neighborhood. For this to be true we must choose C = —% — *¢; + 0(e).
It may seem inconsistent to retain terms of order €** here (since previously
we have not retained terms of order greater than zero in €), but we shall
see that it will produce a major effect in the answer. A careful study
will show that other, superficially similar, retentions would produce less
important effects. To see this one need merely follow the foregoing
procedure keeping an extra contribution at each step where such a term
has been dropped.
Equation (5.6) may now be integrated to give

67 Q-9+ G Inllg+2+E/3)/0 —g)] = —a

Now, near y = 1 (with # large) we have y~g~1+4 &t — t5)7,
v~ (§ — £)7. These are consistent when ¢, = €%3¢,.

We must now observe that g goes to an asymptote at — (2 + *£1/3).
However, the (neglected) effect of the third term of (5.1) would be to
pull ¥y down from the neighborhood of this asymptote into that portion
defined by »i(f). Thus, we must add one more contribution to the
boundary layer. This time we define

—y =2 + %%1/8 — ulo), t— t; = €.
2 + €£1/3)

Equation (5.1) becomes (with & = 1, » = 1, and a

w (@ — Nu —a=0
and hence
u = ac/(a® — 1) + Be~@-Vs,

Matching » to g requires that B = 3/e and 3 = {, — (e In €¢)/3. For
positive large o, u, and y, will agree except that y is now on the negative
half of the cycle and there is a time lapse of

(5.8) T =@ —In2) 4+ (3.

Note that any intrinsically different choice for ¢; leads to a value of B of
order e=!. This would invalidate our choice of the stretching parameter
and hence is not permissible. In the equation for the half-period (5.8),
we have not included this time lapse contribution of order eIne. This is
only consistent because the earlier approximations can lead to errors of
this order in the period. In particular, u(es) could include another con-
stant term of order In ¢, but a determination of its magnitude requires a
more careful analysis. For a result of that order of accuracy one can
refer to (9). Thus, 7 is the half-period of the cycle to order ¢ In ¢ and
the functions yi, v, g, and » define the motion.

It is convenient here to note that the contributions of order ¢ are
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associated with the time required to turn the corner near y = 1, and the
fact that the slow part of the cycle proceeds, not from y = —2 (the
limit € — 0 value) but rather from —ym. =2 + *#1/3. The times
required for the steepest part of the cycle and for the final corner are of

higher order as we have seen.

In Fig. 7 we present a comparison between the values for the period
as given by the boundary layer technique and those found by a careful
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numerical integration. A more commonly presented form of (5.1) is
(5.9) y' =l -y +y=0

where u? = ¢, and the argument of y is 7 = ut. In Fig. 7 the function
plotted is 7(u) vs- u. The values given by the asymptotic formula of
Dorodnitsyn are not appreciably different from ours in the range where
each representation is a good approximation.

VI. OraEr BounparYy LaAYER PROBLEMS

There are, in particular, two groups of problems which we have
deliberately not discussed in the foregoing work. One of these is that
group of elasticity problems which falls into the boundary layer category.
An excellent summary of that work has been given by Friedrichs (11),
and in the individual contributions (12) to (16) one can find presenta-
tions of a more careful mathematical point of view in discussing these
problems. The other very extensive group is that concerned with the
flow of a viscous fluid past an obstacle. Most of the work on this impor-
tant problem has been associated with the solution of the boundary layer
equations rather than the formulation and recognition of the problem
as a boundary layer problem in the foregoing sense. Compilations of
this material can be found in (17) and (18).

VII. GENERAL REMARKS

In closing this article, it seems desirable to stress the important
features of the boundary layer analysis which we have attempted to
exemplify. In a problem which can be recognized as a boundary layer
problem, the solution can be subdivided into parts which are individually
appropriate in different domains. The difficulties met in obtaining the
solution for the individual domains are usually far smaller than those
of obtaining a rigorous result (valid in the entire domain). Finally, it
has been the writer’s experience that, in many problems, the desired
information (but not the detailed solution) may be obtained without
proceeding beyond the point where the problem is recognized as a bound-
ary layer problem. The process of recognition (as implied in the fore-
going sections) usually consists of the following. One writes down the
basic laws (differential equations) governing the behavior of the system
under consideration. He then chooses dimensional reference parameters
(a reference length, a reference temperature, etc.) in such a manner that
the domain size, the magnitude of the nonhomogeneous terms, and as
many of the dimensionless parameters entering the resulting differential
equation as possible, are of order unity. Generally speaking, the para-
meters chosen as unity should be those associated with the terms which
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contain lowest order derivatives. Then the characterization of boundary
layer problem results when the coefficient of the highest derivative is
small.

The solution of the boundary layer problem usually takes place in
two steps. One first finds an interior solution by integrating the system
of equations with the ‘¢ terms’’ omitted. Then one changes the scale
of the normal coordinate to the boundary and the scale of any other
functions whose size is not known in such a manner that a system of
equations of the appropriate order is retained. It must be emphasized
again that one can only hope that the solution defined by this ‘‘scaled”
system of equations and the associated boundary conditions is confined
to a neighborhood of the boundary. Only when this has been verified,
can one conclude that the problem is truly of the boundary layer variety.
From this point on, one need only solve the equations appropriate to the
subdivisions of the domain. In those cases where the simplifications
achieved by the foregoing are sufficiently great, these final integrations
can be carried out and the technique has been successful.

VIII. APPENDIX

Here we shall indicate the considerations leading to the boundary
value problem defined by (2.1) and (2.2). We are concerned with a
problem which involves the motion on a rotating sphere of a fluid. This
motion is known to be of a turbulent nature, but with our limited under-
standing of such motions we adopt a simple model in which we introduce
an eddy viscosity far greater than the usual ‘“molecular viscosity.” We
then postulate that, using this eddy viscosity, the usual conservation of
mass and momentum laws are applicable. In view (again) of our lack of
understanding of the manner in which stress is transmitted to the surface
of the (wavy) ocean by the wind, we adopt the empirical rule that the
stress transmitted is proportional to the wind intensity. With this model
we may further assume that the motion is essentially two-dimensional,
that is, that the velocity vector lies always in a surface r = constant,
where r is the radial spherical coordinate. Such an assumption implies
that

V = curl _IE\I/(r,B,cp — W) + 391‘ cos @

where F is the unit vector in the radial direction, 6 and ¢ are the angular
coordinates in a fixed reference system, and Vis independent of the time
in a system rotating at speed €, the angular velocity of the earth. This
representation of v may be put in the equation

curl [I_’: + (—V- grad)—ﬁ] = u curl AT;,
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i.e., the curl of the momentum equation, and two results emerge. A
differential equation for ¢ which is the radial component of the above
equation is the usable result. The other is the observation that the
other components of this equation do not vanish. This implies that our
representation for V cannot be rigorously appropriate even within the
framework of our simplified model. Nevertheless, the approximation
seems appropriate. The differential equation for ¢ should now be
integrated with regard to r, term by term, from a depth 7o to the surface.
The depth 7, is sufficiently great that ¥(r,6,0’) = 0. This integration
will yield two contributions. One of these is the radial component of the
curl of the surface traction, i.e., the wind force; this is associated with the
nonhomogeneous term of Eq. (2.1). The other contribution is a differen-

tial operator, operating on x = " ¥dr. We must now choose a refer-
p 70

ence length L which (conveniently) is such that the ocean height (in units
of ¢) divided by L is ». We then define y = Cx. C is chosen so that
when we replace cos ¢ by unity, Eq. (2.1) results with x = ¢'/L. € is
a dimensionless combination of the physical parameters (2). One
should note that the model is crude (after all, any ‘‘equivalent viscosity "’
tensor associated with the turbulence is certainly not homogeneous and
probably not isotropic), and the subsequent approximations are some-
what rough. Thus the favorable comparison of the results obtained from
this model and the actual observed behavior lend credence to this con-
ception of the basic nature of the ocean current phenomenon.
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I. INTRODUCTION

The field of research in nonlinear wave motipn was inaugurated about a
hundred and fifty years ago when Poisson (2) determined a simple wave
solution of the differential equations for a one-dimensional flow of an
isothermal perfect gas. The study of the rectilinear motion of an
inviscid fluid was later systematically undertaken, but after a period of
important discoveries, marked by Riemann’s complete integration of the
continuous flow problem, the investigations were mainly concentrated
on the shock problems and the numerical and approximate treatments of
interactions. Recently, few original papers have dealt again with the
continuous motion, but definite advances have been made in this problem,
and the following purports to show the present stage of the results
achieved.

We are concerned with an inviscid fluid whose particles describe
parallel straight lines and are in the same state over a plane perpen-
dicular to the flow lines. We suppose further that the changes are
adiabatic and that the resulting relation between the pressure, p, and

21
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the density, p, holds throughout the fluid. In particular, special forms
of this relation, which yield explicit solutions, are considered. The
medium and the motion being thus defined, the governing equations
form a system of two nonlinear first order partial differential equations.

The first attempt in the analysis of these equations was undertaken
by Poisson (2) who, under the assumption of Boyle’s law p = a?p,
with @ = constant, described a wave propagation by the relation

u = flx — (a + w)t],

in which u denotes a particle velocity, z its single space coordinate, ¢ the
time, and f an arbitrary function. The discussion of this solution was
given by Stokes (4), who pointed out the formation of a discontinuity
which ultimately arises from the motion. Airy (5) gave explicitly the
relation connccting the velocity and the density in Poisson’s solution,
and this law became the basis of the investigations of Earnshaw (6) who
determined all the properties of the compression and rarefaction waves
of a polytropic fluid.}

The fundamental result was soon after reached by Riemann when he
linearized the problem by interchanging the role of dependent and inde-
pendent variables and gave a solution of the initial value problem.

Other ways of investigating the problem were considered by Bechert
(18), Guderley (21), Sedov (27), and Staniukovitch (28). They consist
of the search for particular solutions without the use of a contact trans-
formation. Such integrals were found directly through the scarch for
symmetric solutions and the method of separation of variables, and
indirectly through inverse methods, see (36). However, the results so
far obtained scem to be of limited interest.

In this survey only analytical solutions of the continuous motion are
considered. They are obtained through two different approaches. Once
the system of equations is linearized through the Legendre transforma-
tion and reduced to a sccond order differential equation, one can use
either general integrals depending on two arbitrary functions or Rie-
mann’s procedure. Both methods have been recently simplified and
successfully used in applications. For polytropic fluids, and a more
general case suggested by Sauer (39), the results can be expressed in
closed forms. They enable one to determine analytically, sufficient
conditions for the occurrence of singularities within a continuous flow and
to present a complete discussion of the motion in a closed tube.

1 The geometrical interpretation of these simple integrals were given by Hugoniot
(8) and Hadamard (9). A complete summary and discussion of all these classical
results can be found in Rayleigh (10) and in Courant and Friedrichs (30).
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II. Tae Basic EQUATIONS

1. Choice of Variables

We make usc of the Eulerian representation and denote by z the
abscissa of a particle and by ¢ the time. A p,p-relation being assumed
throughout the flow, the number of unknowns is reduced to two. One is
the velocity, u; the other can be chosen as a function of the density p,
defined by the integral

P
a
2.1 =f—1,
( ) v p(p

po

where po is an arbitrary lower limit of integration and a the velocity of
sound, whose square is dp/dp. For later reference we introduce also the
characteristic variables

v —Uu

To each couple (r,t) corresponds a single value for w and v. The
physical plane, (z,t), can thercfore be mapped point by point into a plane
(u,v) which may be called the speed plane inasmuch as v has, also, the
dimension of a velocity. It is clear that the inverse correspondence will
not be necessarily one-valued. This transformation, introduced by
Schultz-Grunow (20,25) and von Mises, will be used below.

A similar correspondence exists obviously between the z,t-plane and
the r,s-plane. In both cases the transformation will be denoted as the
hodograph transformation, see (30), pp. 38;40.

For a polytropic fluid we have p/p* = const. = C, therefore

p

a? = k- = kCp*1,
P
Hence, with po = 0,

2 =l
(2.2) v—x__l\/x(,p‘a’—-x_la.

In particular, in the case of a diatomic perfect gas x = § and therefore
(2.3) v = ba.

2. The Differential Equations

The equations of continuity and motion expressing Newton’s second
law are respectively
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(2.4) (pu)z = —pt
(2.5) p(ue + uu,) = —p,,

the subscripts indicating partial differentiation.
In terms of the specific enthalpy 4, which, in isentropic flow, satisfies
the relation di = dp/p, Eq. (2.5) takes the form

(2.6) ' = — (“72 + z)

Equations (2.4) and (2.6) imply the existence of a stream function,
¥ = ¥(z,t), and a potential function, ¢ = ¢(x,t), such as

(2'7) ¥ = Py ¢t = —pu
and
(2.8) oz =U @ = — (%E + i).

It can be seen easily that y and ¢ will fulfil nonlinear second order differ-
ential equations.

The problem may be reduced, however, toa linear one by the hodograph
transformation. We can use  and v as new independent variables and
achieve this transformation simply by introducing the Legendre trans-
forms U and V of the stream and potential functions

(2.9 U=ay, +th— ¢

and
V = z¢: + tor — .

In view of (2.7) and (2.8) we obtain

(2.10) U,= —pl, U,=2—u,
and
(2.11) Ve=x—ut, V,=— ‘—zpft.

These relations yield, by elimination of z and ¢, two equations between
UandV,

2
(2.12) Ve=U, V,= % U,
which take a form similar to the Cauchy-Riemann equations,

(2.13) Vi = g Uy, Vo= i: U,



ONE-DIMENSIONAL ISENTROPIC FLUID FLOW 25

by the use of the variable v. This system, together with (2.1), provides
then by elimination of U or V the linear second order differential equations

1 da
(2'14) Vw - Vuu, = - = (1 bl E}) V
and
. da
(2.15) Up — U = (1 — E;) U.,.

Once U or V is known z and ¢ can be found by (2.10) or (2.11),
In the speed plane, ¢ = ¢(u,w) and ¢ = Y(u,w) satisfy also linear
differential equations. We can, for instance, solve Eq. (2.9) for ¢,

v=(@x—ut)p—U=pU,—U=alU, — U,

and get its partial derivatives,

da
'//v = (E;)' - 1) (/u + al/ru = aUuu,
¢u = aUuu - Uu,
which in view of the first equation of (2.10) become
(2.16) VYu = —aply, ¥» = —aptu.

These relations enable one, by elimination of ¢ or ¢, to get the linear
equations

(217) Kbvv - 'Puu = '1‘<1 + @ \bv)
(218) boy — buw = — = (1 + )

Equation (2.17) is particularly noteworthy since it gives the particle
lines in the speed plane. Once the function ¢ = ¢(u,v) is known, its
transfer to the physical plane can be made analytically as follows. Along
a particle line the relations

(2.19) Yudu + ¢odv =0
(2.20) thdu + t,dv = dt
(2.21) dr = udt

hold. Using now (2.16) and (2.19) Eq. (2.20) becomes

dt = — (wuu — Yw?)du

or

= 'puu - 'l’w
(2.22) t / T du,
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and from (2.21) we get

U(Yu® — \0»92)

v being obtained from the given relation y(u,v) = constant. Equations
(2.22) and (2.23) furnish a parametric representation of the particle lines
in the z,{-plane.

Equation (2.18), on the other hand, is most suitable for the discussion
of the initial value problem. It will be used in Section IV,3 with  and s
taken as independent variables.

The above transformation, which linearizes the problem and goes
back to Riemann’s original work, is possible, provided that the Jacobian

= S = UV — U,

does not vanish. Solutions for which j = 0 cannot be obtained by this
method; however, such a condition implies a relation between % and v
and thus leads to the simple wave solutions introduced by Poisson.

For the general case the problem has therefore been reduced to solving
a second order linear partial differential equation of the type

(2.24) Zvv - Zuu = 0(”)Zvy

where 6(v) is a function of » depending on the assumed p,p-relation.
It is of interest here to determine the p,p-relations which convert
(2.24) into Darboux’s equation

(225) Loy — Ly = %nzm

where m is a constant. They are given, in view of (2.14), (2.15), (2.17),
(2.18), and (2.25) by the equation

1 da 2m
(2.26) i+ &) - 2m,

v

with e = +1. Its general solution is

@271 a=i: + 50+ Crem

with C = constant. The use of (2.1) determines p,
21-{_—_1

(2.28) p = C(C’ + i + S vl+¢2m)2m+¢,

with C any constant, and thereby p through the relation dp = ap dv.
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For ¢ = +1 we obtain easily after integration,

p2m+3

1 + 2m)*(2m + 3)
+ c p? + c? v—2m+1],

220) p = po + 0[

1+2m —2m

with po = constant; the elimination of v between (2.28) and (2.29) yields
then

P =p+ C‘[ o e p*“2]
O F+2m)2@2m +3)  1+2mP” 1= 2m
with
_2m + 3 _ _

This p,pe-relation was recently determined by Sauer (39). The case of
e = —1 provides a somewhat similar relation. It is clear that both
cases contain the particular condition for polytropic fluids, obtained by
setting ¢ = 0.

All results presented in the following for polytropic fluids and based
on the solutions of Darboux’s equation will be valid for these new
p,p-relations.

III. GENERAL INTEGRALS OF THE EQUATION Z,, — Z., = 0(v)Z,

A general method of integrating linear second order partial differen-
tial equations of hyperbolic type is provided by the classical Riemann
approach to the initial problem. It can be applied to equations of the
type (2.24) and the procedure supplies a general solution without the
knowledge of the general integral.

General integrals of Eq. (2.24), Ieadmg to interesting applications,
can also be obtained. In particular, we can make use of various integral
operators given by Bergman in connection with his study of the two-
dimensional steady supersonic flows, see (31,32). The results are much
simplified when Eq. (2.24) has the form of the Darboux equation.

1. Integral Operators for the General Case
We first transform Eq. (2.24) by introducing

3.1) Z=2z*exp} [ 00)ds.

Upon substituting into (2.24) we obtain

(3.2) Zyw* — Zy* = Nv)Z*,
Y'Y

in which N(s) = - —2%.

4
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A solution of (3.2) is sought in the form

n= o

(33) X=fot ) hafn
where fo, f1, + + - are functions of "
A=v+u
and hy, hy, - - - functions of ». After inserting (3.3) in (3.2) a formal
computation yields
(3.4) nE (ha! — Nh)fn + 2ha'fa" = Nfo.
n=1

We now choose the functions f,(\) so that

(3.5) = fevie, fi= [Cn fo= [,

and the functions h,(v) so that

(3.6) At = —$(ta” — Nha) or ho= —4hu i + % [  Nhoosdv.
The n partial sum of (3.4) is then reduced to

—2hn+1'f,. + 2h1'fo = Nfo

Since the sum in (3.3) must be supposed to be convergent, h,f. must go
toward zero with n — . Let us assume that h.'fa or hai1'fs has also
the limit zero for infinite n. Consequently the simple condition

(3.7) oht'fo = Nfo or hi =4 / "N dv

holds for n — .

The functions h,(v) are thus completely determined by (3.6) and
(3.7), or by (3.6) alone, if we introduce hy = 1; they only depend on N (v),
which is given by the p,p-relation.

The functions f,(\) depend on f, only and can be expressed in terms
of fo by various integrals.

We can use

(3.8) L) = [) (A = O (B,
which yields

X = Z Fn(0) A 0 - R,

n!

n=0
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or

n= o

x = [ > [0 - o - o] e

n=0
If we introduce the function of three variables

n= o

Eiwnd) = ) a3 0= 9%ha0),

n=0

and write W,(£) for fo'(£), the solution can be put in the form

X = ﬁ) " Bi(u,§) Wi(£)ds.
In a quite similar way a solution Y can be constructed with a function of

b=0—u
We have

Y = [ Exup, ) Wa(H)ds,
and the general solution Z of (2.24) reads finally

=X+4+Y)exp i fv 0(v)dv.

The recurrence formula (3.5) is also satisfied by the expression

- 1 RS or .. SR
fn()\) = _i_ _g_ . (n _ %) A (x E) K(E) (x — E)h, n = 1) 2
with ’

foN) = [) K(®) (—k—%)—,é

in which K is an arbitrary function. Making use of a new variable, s,
defined by
£E= )‘(1 - 32)7

we can write after a short computation,

1 +
fa\) = I35 =9 /_1 (s?)"KA[N1 — %] a- sz)“'

where K, is an arbitrary function. Consequently X is expressed in the
form

+1
(3.9) X = /_1 Fi(up,8)KiM1 — s2)] (l__ii_zj%,
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with

0\8’)"
Fi(up,s) =1+ z — ha(v).

n=1

A similar expression can be found for Y,

+1
(3.10) Y = /_1 Fa(u0,8)Kolu(1 — %)) (T%@Té
with
~ (MS’)
Fai(ups) =1+ 21 —y ha(v).

It remains to be shown that the infinite series included in these
formulas are convergent. The reader is referred for this question to
Bergman’s work.

2. Darbouz’s Equation
It was shown that for the p,p-relations considered in Section II,2
Eq. (2.24) is reduced to the Darboux equation

2m

(3.11) Loy — Ly = -~ Z,.

This equation was first studied by Euler (1) and was later investigated
by Poisson (3), Riemann (7), and Darboux (13).

We can apply the results presented in Section III,1 with the condition
6(v) = 2m/v. We have

(3.12) 7 = g
and
(3.13) N@) = "‘("‘vj D)

Equation (3.6), defining the functions ha(v), can then be satisfied by the
relation

(3.14) ha(v) = aw™™,
in which the coefficients a, are given by the recurrence formula

=n(n— 1) -m(m+1)a
n on n—1

withay = 1. Writingn(n — 1) —m(m + 1) = (n + m)(—m — 1 — n)
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we get
a=(m+1)---(m+n)(-—m)---(—m-—-1+n)
" 27

The generating function F,(u,v,s) becomes

Fi(up,8) =1+ z (m+1) - - - (m+n)(—m) - - - (—m—l+n)()_\if)"’

all 3+ (n—1% 2

2
and is therefore the hypergeometric function F (m - l,—m,%,%)- In
view of (3.9), (3.10), and (3.12) the general solution may be written as

(3.15) Z =um / +l {F (m + l—m%%) I — s9)]

-1
1 #82 _ ds
+ F (m + 1,_m,§’-2"v—) glu(l 32)]' a= 82)%’

in which f and g are arbitrary functions. This formula is an extension of
the one given in (37), established for the special case of a diatomic
perfect gas.

Other results can be reached in terms of derivatives of two arbitrary
functions rather than integrals.

We attempt to find a solution in the form

(3.16) X = z Fa(N)ha(v).
n=1
Upon substitution in (3.11) we find
(3.17) z (hn" - '2‘)&" hn’) fn + 2 (hn' - ‘?hn) fn' = 0.
n=0

This relation can be satisfied by taking
o) =fard'N) and  ha(v) = e,
with vy a constant, provided a, is chosen so that

an[(n + ) — mp*t-1f,) -0 for n— o,
ary(y —2m —1) =0
and

(3.18) anm+yv)(n+ v —2m — 1) + 2apa(n + vy —m — 1) = 0.

The first condition may be assumed inasmuch as a.»"f, must go toward
zero to have the series (3.16) convergent. The second requires (a)
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v =0o0r (b) ¥y = 2m + 1, to avoid ao = 0, and thereby all coefficients
vanishing. Taking ao = 1, the recurrence formula (3.18) enables one to
compute successively all the coefficients.

(a) v =
Relation (3.18) becomes
- _2m—-n+1
= T RIm 1%
or with ag = 1
— (- 1)ﬂ2"—l (m—1)--- (m—n+1)
nl @m —1) - - 2m —n+1)

(=1)n 2 1T(m)I'2m —n + 1)
- n! TCm)T(m — n + 1

It is seen here that if m is a positive integer this series is reduced to a
polynomial since a, = 0 for n > m.

(b) v =2m+1
Hence
2 m+n
U= T om 41
or
= (—1)" 2n—1 (m + n) - (m + 2)
" ' @Cm +n+ 1) - (2m + 3)
_ (—nn%"“‘ P(=m + DI(=2m —n = 1),
! I'(=m — n)['(—2n — 2)

This time, this series reduces to a polynomial for m a negative integer
since now a, = 0 forn > —m — 1.
The same procedure can be followed to determine a solution of the

type

n= o

Y= ) 0:ha(0).

n=0

It follows that the general solution takes the form

_ _ a2t rmIr@2m —n+1) .
819 Z=X4+Y=2,+ Zl( 1) | I‘(2m)I‘(m—n+1)vZ°()

in the case (a), and

(3.20) Z=oitim [z0 + E (—1)»27:’1" (r?_"_'; 1)75(1:(3"2‘1;_75)1) ,,,.Zow]

ne=l
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in the case (b), in which Z,"™ denotes the expression

which could be expressed by Cauchy’s 1ntegral formula, see (15).

The study of the convergence of these series would be similar to the
one given by Bergman for the general case.

Formula (3.19) can be given in closed form by an integral operator
if it is noticed that the X term represents actually a Taylor development
of the function

F = /01 oA — 20b)i=HD (1 — f)=(mtDgy

where

oon) = 1 Fz@;gn) m o,

The general term of the development reads

2" d¢0n(>\) ' n—m—1 — —m—1
(=1)r2r ” ['(n — m)I'(—2m) dfe"(\)
n!

I'(n — 2m)T(—m) d\»

(=1n

or
(22 mA D) (mmbn =D)L dfeO)
A —am ¥ ) (Camia=D" o

which is seen to be the general term of the series X. Since similar con-
siderations apply to Y, the general solution is finally given by the formula

)

@3.21) Z-= j;l [e(N — 2vt) 4+ ¢¥(u — th).]t“("““”(‘l — t)~tm+hdy

where ¢ and y are arbitrary functions. The inﬁqite series (3.20) would
also lead to a simple integral formula. |

IV. THE INITIAL VALUE PROBLEM

The velocity and the density, i.e., wand v or r and s, being given over
a certain range of z at time ¢ = 0, the problem is to determine the subse-
quent motion of the fluid.

This problem can be transposed into the speed plane or the r,s-plane
and the application of Riemann’s method gives then a continuous solu-
tion, if some restrictive conditions are imposed to the initial values. In
the general case, a continuous solution can still be constructed, after
von Mises (38), by a proper patching of integrals. The introduction by
Ludford (40) of an unfolding procedure extends the validity of Riemann’s.
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formula to the general case and thereby provides a means to discuss the
occurrence of singularities.

1. Riemann's Method: Martin’s Solution
Taking r and s as independent variables, Eq. (2.14) reads

4.1) Ve +a(V,+V,) =0
in which
- _1(;_da
4.2 a=alr+s = % (l dv)’
and the relations (2.11) take the form
4.3) Vi=x— (u+a), —V,=z— (u— at.

The initial conditions determine a curve C in the rs-plane along
which, according to (4.3), the values of V, and V. are prescribed. Under
the condition that C is a smooth curve nowhere tangent to a characteris-
tic line of (4.1) one may obtain, see (33), the value of V at a point ’(r = ¢,
s = 1) by the Riemann formula

(44) V() = [, (X cos (nr) + ¥ cos (n,9)ldo + H(WY)p + (WV)z,

and determine z and ¢ through (4.3). The points P; and P, denote here,
respectively, the intersection of C with the lines r = &, s = », and (n,do)

s}
C P)(f»s)
n
do r=§
8=y
Pyir,n) P
>
Fi1a. 1

is taken as a right-hand system, see Fig. 1; X and Y stand for

Y =3(WV,—VW,) — aVW;

and W is the Riemann function defined as a solution of the adjoint
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equation,
We —a(W, — W,) — (tr — )W =0,

satisfying the additional conditions

W(tm) =1,
W, =aW fors =n,
W, =aW forr = &

Riemann’s procedure was recently simplified by Martin (26) by
introducing a function similar to the Riemann function but subject to
simpler boundary conditions.

We consider, this time, together with (4.1) the conjugate equation

(4.5) U.—a(U.+ U,) =0.
It is easily verified that

(ViU = = (V.Uo),
and therefore that the integral
(4.6) J(V,.U,dr — V,U, ds)

taken around any closed path is equal to zero. Using for a closed path
the contour P, P,, P, of Fig. 1, (4.6) reads

@7 - [:‘ V.U.ds + [PP V.U, dr — V.U, ds + L" V.U.dr = 0.

If a solution U = U(r,s) of (4.5) satisfies furthermore the conditions

U=r—¢§ fore=n,
U=s—19 forr =

the relation (4.7) becomes

4.8) V(P) = iV(P) + V(P2)] — } : *(V,U.dr — V.U, ds)

and hence gives the value of V at P in terms of its values at P, and P,
and its partial derivatives along the monotone arc C. The problem is
therefore reduced to the determination of the “resolvent” U = U(r,s;£,9)
which, like the Riemann function, depends on four variables r,s,£,.

It can be proved, see (26), that the relations

(4.9) U,+Ug=0 U, +U, =0

hold respectively along the lines» = ¢and s = v. We can also establish,
by differentiating (4.8) partially with respect to ¢ and 5, the formulas
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Vi(P) = $VAPYIL + UuPO] — & [ (VeUndr — V.Uusds),

(4.10) P
Vi(P) = §VuPL + U(Po)] = § [, (VeUndr = ViUuds).

We insert now in (4.10) the initial values
(4.11) V,=2, =V,.=2
obtained from (4.3) by setting ¢ = 0. The result is
wiy VD = EEALE U - for" 29
' Vi) = 3Pl + U] — § [, xd(U7y).

After integrating by parts and using relations (4.9) and the fact that
U,(Py) = —1, Ug(Ps) = —1, we get

z(P2)

13 Vi(P) = 3la(P) + 2P + % [, 7 Ued
| Voll) = —4la(P) + 2Pl + % [, Usde.

The prescribed initial conditions which determine the curve C can be
expressed in the form

(4.14) r=e¢), s=y@)

where, according to our restrictions, the functions ¢'(z) and ¢'(z) are
continuous and different from zero. In Eq. (4.13) z(’1) and 2(P») are,
respectively, the inverse functions of £ = () and 7 = Y (x).

In view of (4.3) the initial problem is finally resolved by the relations

v1(s)

z— (u+a)t = 3o () + ¥ @) + 4 [1 ) Uds,
(4.15) Coiie)
z— (= a)t = He0) + '@ — % [ Uds,

in which £ and 7 are now denoted by r and s and U = Ulp(z) (%) ;7,s].

The function U can be explicitly computed for polytropic fluids. Its
determination leads to the generalized integral equation of Abel whose
solution yields a formula for U involving Appell’s hypergeometric func-
tion of two variables, see (26).

2. von Mises’ Solution: Case of a Diatomic Perfect Gas

The fluid motion being governed by differential equations of hyper-
bolic type, the method of characteristics furnishes a step-by-step pro-
cedure for solving the general case. This method, initiated by Kobes
(11), was developed by Sauer (22,23,24), Schultz-Grunow (20,25) and
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von Mises (38). von Mises’ approach stresses, in particular, the integra-
tion problems involved in the analytical treatment of the problem and
leads to the construction of a continuous analytical solution.

We note first that, once u,v are taken as variables, Eqs. (2.4) and
(2.5) become

au; + uv, + v = 0,
UU; + avy + us = 0,

and yield, after addition and subtraction,

(w+a) v+ w:+ @+ u:=0,
(u—a)(v—u)z-f-(v— u) = 0.

These relations show that the curves, dx/dt = u + a, in the physical
plane, are mapped, in the speed plane, into the lines: v + « = constant,

vt

¢4

B, Bny1

A A, Anyi Anpz B x

Fic. 2

i.e., straight lines of slope F45°. They are the characteristic curves in
both planes.

The values of « and v being given for ¢ = 0 over a certain range of z,
a segment AB of the z-axis can be mapped, point by point, into a line
A'B' of the speed plane. We start with the assumption that at no points
along A’B’ do the tangents have the directions +45° and readily obtain
the network of characteristics in the speed plane by choosing a sequence
of points A,,As’, - - - on A’B’ and drawing through them the +45°
lines, see Fig. 2. To the points 4,,4,’, - - - correspond definite points
Ay,A, - - - on the z-axis in the physical plane between A and B. For
each such point, A,, we have, by the use of the relation dz/dt = u + a,
the two characteristic directions passing through it. The successive
intersections of the characteristic elements through A, and A, supply
a sequence of points B, which are mapped into the intersections B,' of
the characteristics in the speed plane. The procedure can be repeated by
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deriving, from the position B,’, the characteristic directions through B,
and thus getting a new sequence C,, etc. The process ends obviously
after a number of steps equal to the number of intermediate points
A/,AY, + - - originally assumed. The result is a network whose nodal
points are mapped into the cross points of the characteristic network in
the speed plane from which we started. To each of these points B,,C,,
- in the z,f-plane corresponding values of v and v are given by
B,',C.’, - - - and this gives the solution of the initial value problem.

Ry Ry

t=0

F16. 3

We now consider the general case where the tangents along A’B’ take
any direction; A’B’ consists then of a certain number of arcs along which
the tangents have a slope different from +45°. Let us take the case of
Fig. 3 where the curve A’B’ has tangents in the characteristic directions
at @i and Q.. The former procedure supplies the solution in the
triangular regions AQ,R;, Q1Q:R, and Q,;BR;. The network of charac-
teristics in the speed plane rectangle Q,'R,'S,'R,’ is also known and once
it is transferred into the physical plane, the solution in the region Q;R;-
S1R; is obtained. The same holds for the rectangle @s'R,'S;'Rs’ in the
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u,v-plane and the curvilinear quadrangle Q;R,S;R; in the z,f-plane.
Finally the speed plane rectangle R,’S,T’S,’ has to be considered and
mapped into the quadrangle R,S.T'S, of the physical plane.

From these considerations it is clear that a complete analytical solu-
tion involves two initial value problems defined by the following condi-
tions: (a) u and v are given for £ = 0 along a segment of the z-axis such
that at no point within the segment, dv/du takes one of the values +1;
(b) two characteristic curves are given in the z,i-plane with compatible
values of u and v prescribed along them. Integrals of these two problems
allow to construct, as shown above, a continuous solution which may,
of course, be multiple valued in the speed plane.

It can happen that in the general case a solution does not exist. This
will be the case, for instance, if the two characteristics Q,R; and Q,R; in
the physical plane (which are independently determined, one by the
data along AQ;, the other by those along Q,Q,) intersect somewhere.
Such occurrences will be discussed in Section IV,3.

The solution of problems (a) and (b) are now given for a diatomic
perfect gas. For this special case we have, after (2.3) » = 5a and Eqs.
(2.11) and (2.14) become then

(4.16) Ve=z—ut, V,=— %t,
and
4.17) Vo = Viw = — g V..

Instead of the Riemann method we shall make use in this example of a
general integral of Eq. (4.17) and apply formula (3.20) with m = —2.
The result is

(4.18) Vi) =1 ;i; g _ ') —:2 g'(u)

where f(\) and g(z) denote arbitrary functions.?

Solution of Problem (a). Two functions u = u(z), v = v(z) are given
on a segment AB of the z-axis at ¢ = 0. They map AB into an arc
A'B’ in the speed plane which has at no point a tangent of slope +45°.
To each point P’ inside the characteristic triangle A’B’C’, see Fig. 4,
correspond in this case two distinct points P,’ and Py’, on A’B’, the first
having the same \ value as P’, the second the same x value. The abscis-
sas of the corresponding points P; and P, on AB may be called z(\) and
#(u). For points P’ on A’B’, and only for those, x(\) coincides with

* Similar general integrals were also considered by Bechert (15) and Pfriem (19)

who restricted, however, their applications almost exclusively to the trivial case of
m =0,
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z(u). It is to be noted that x(\) is a known function of A, namely the
inverse of »(xz) + u(z) and z(u) a known function ofju, the inverse of
v(z) — u(x).

P’
A ’,

Y

t=0

A Py P, B z
Fic. 4

The problem is to find an expression for V(u,») such that for ww
lying on A’B’, i.e., for z(\) = z(u) = =,

(4.19) Va=12, V,=0,
according to (4.16). In view of (4.18) the conditions (4.19) become

f, _ g; — v(fll — gn) —_ st’
(4.20) 3(f+g) — 8u(f' + ¢') + 2(f + ¢"') = 0.

We assume f(A\) and g(x) in the following form:

f) = A[z(M)] + ABlz(M)] + NClz(N)],
g(w) = —A[z(w)] + uBlz(w)] — p*Clz(w)],

where A (z), B(x), C(x) are three functions of one variable. By differen-
tiation we find, with z(\) = z(u) = =z,

f,=B+2)\C+Y1, g'=B—-2MC+ Y2,
=20+ 2, g’ = —2C + Z,,

(4.21)

(4.22)
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where the Y and Z are determined by

d d )
Yig- = A+ \B' +NC', Yoo = —A’ +uB' — w¥C',

d\

(4.23) du
Zig =Y+ B +2NC, Zz =Y+ B — 2l

If (4.21) and (4.22) are introduced in (4.20) these conditions become

Y1 - Y2 - D(Zl e Zz) = p3x
Y1+ Y, —v(Zi+ Zy) =0.

Equations (4.23) and (4.24) are six linear equations for the seven
variables A’, B’, C', Yy, Y3, Z1, Z5. (Since we used three functions to
represent f and g, we have one extra variable.) If we decide to make
Y, = Y, a formal computation yields, see (38),

(4.24)

;0 _ v V., du
A = 1 [t(? — u?) + 2Vu]—d—x + 1 (v? — 3u?) 72

5 PV — R 4 3y, B

(4.25) B -2[xu V] dx+2Vu Py
ro v v 3Vdu
C=-31"%  Td

Here, the right-hand sides are functions of z, entirely determined by the
two given functions wu(z), v(z). Their indefinite integrals are A(x),
B(x), C(x). If we introduce for z first the value z(\) expressed in terms
of A and second z(p) in terms of u, we find f(A), g(u) according to (4.21).
V(u,v) is then obtained by (4.18) and supplies z and ¢ as functions of
u and v through (4.16). N

Solution of Problem (b). If a characteristic in the z,t-plane is repre-
sented in the form z = ¢(¢), there hold two relations between the functions
o(t), u(t), v(t) (u(t) and v(f) representing the u- and v-values along the
characteristic curve). These relations are

v + u = const. v — u = const.
(4.26) either{ de _ , _ or{ de , _
dt_¢_u+a, m—(p—u a.

Consequently, only one of the three functions can be chosen arbitrarily.
We may also use the inverse of one of the function, say t(v), assuming
that both ¢ and v are given as continuous functions of one monotonically
changing parameter, e.g., of the arc length on the characteristic curve.
This leads to the following formulation of the problem.

Two functions ¢ = a(v) and ¢ = B(v) are given, the first holding along
a (u — a)-characteristic, the latter along a (v + a)-characteristic. Both
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curves pass through a point C for which u = u, v = v, v +u =N =\
andv —u = p = u;. Without loss of generality we may assume { = 0 at
this point, that is, a(v;) = B(v:) = 0. The problem is to find the solu-
tion of (4.17) that fulfils the conditions

t=a@) forv—u=v—u,v=30+wm), n=m

(4.27) t =@ forv+u=vi4u,v=30+un, M=

Taking the derivatives of V expressed in terms of f and g by (4.18) and
introducing them in (4.16), we find the general relation between ¢ and
the two functions f(A), g(u) as follows

0% = 3f — 3uf’ + 02" + 39 — 3vg’ + vy

It is clear that conditions (4.27) provide then one linear second order
ordinary differential equation for f(\) and another for g(r). They
furnish the following particular integrals, see (38):

(4.28) JO) = g6\ + w1)? f

and

A\ 4 — 22)a(2)dz,

M+ u — 22)B(2)dz,

which determine x and ¢ through (4.18) and (4.16).

g(”) - ‘51'0‘()‘1 +M)3 f()q+#)/2

V1

8. Occurrence of Singularities in the Motion of a Polytropic Fluid:
Ludford’s Theorem

It has been noted above that formula (4.4) was only valid if the curve
C (Fig. 1) had nowhere a tangent parallel to the r- or s-axis. In most
cases, however, the initial conditions do not meet this requirement and an
analytical investigation of the subsequent motion can only be achieved by
successive integrations of problems of type (a) and (b). This approach,
although leading to the construction of a complete solution, does not
provide any explicit analytical connection between the various integrals
and the initial conditions. A new representation of the solution intro-
duced by Ludford (40) allows such a relation to be found.

We consider the case where the curve C is tangent to a characteristic
at some point, say at the point O of Fig. 5. We know from the considera-
tions developed in Section 1V,2 that the initial conditions along AB will
determine a continuous solution composed of three integrals patched
along the characteristics OD and OE. The first integral is defined in the
triangular region AOD, the second in the rectangle DOEB’, and the third
in the triangular region OBE. This solution which is multiple valued in
the region OBE of the rs-plane becomes one-valued if one unfolds
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Fig. 5 so as to form Fig. 6. In this diagram the region OBE has been
turned about the line OF and B and B’ fall then on distinct points.
Further, the value of s varies according to the graph at the right of the
figure whereas the value of r varies as before.

Formula (4.4) can be applied in the usual way in the region AOD and
may be used also in the region OBE provided the normal along OB has
been reflected in OFE. A slight modification of this formula yields an

s
(0] E
/
4 B'
A D B
r
Fia. 5

F1c. 6

expression valid throughout the entire region AOBB’ of the unfolded
diagram. We express the curve C' parametrically in the form

r=e@, 5= ¥@);

X and Y become functions of x and (4.4) can be written
(4.29)  V(P) = [ (XY — Y¢'ldz + H(WV)e+ (WV)al,

where z; and z, are the values of the parameter z at the points P, and P,
respectively. It can be easily seen, see (40), that this new relation holds
throughout the region AOBB’ if P, and P; are respectively the intersec-
tions of the curve AOB with the r = ¢ and s = 5 characteristics going
through P, see Fig. 6.



44 OTHAR ZALDASTANI

The case in which either ¢’'(z) or ¥/(z) has a discontinuity at O may
be treated similarly.

This procedure can be applied to discuss the occurrence of singulari-
ties in the motion of a polytropic fluid. We mentioned above the possi-
bility of obtaining from given initial conditions solutions which at some
time may become multiple valued in the physical plane. Such is the
case if the Jacobian of the transformation J = 9d(x,t)/d(r,s) vanishes
along some curve in the speed plane. If we make use of the characteristic
equations, see (30) p. 89,

(4.30) 2, = (u — a)t, =z = (u-+ a),

which may be obtained through (2.4) and (2.5) by interchanging the role
of variables, J takes the form

J =z, — xt, = —2at,d,.

The breakdown of the solution will happen thereforc when either ¢, or ¢,
is zero along some curve in the speed plane.

In the following we assume that the initial values are such that (1)
the functions r = ¢(z), s = Y(x) converge to finite limits as x — F =
(2) ¢'(x), ¢'(x) exist and are piecewise continuous; (3) ¢'(x), ¢'(z) are
zero at a finite number of points z, at most.

8 K G
x=+eo” t
A K, c
H L
x-—“
PN
M, M
r
F1a. 7

For the convenience of the discussion we choose x > 1 and consider
the initial curve C of Fig. 7 and the corresponding unfolded diagram
given in Fig. 8. The results can be easily extended to other cases.

Along C we have ¢t = 0 and therefore

dt = (tre' + t')dz.
From relations (4.30) we get
dx = (u — a)t,¢’'dz + (u + a)ty'dz.
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F1a. 8

Hence the initial values of ¢, and ¢, are

1
T k= De'e +9)
1

(4.31) t, =

(4.32) ls

T = DYl + )
2
is given by (2.18) or can also be obtained by elimination of z in (4.30).
In the case of a polytropic fluid and with the r,s-coordinates, it becomes

since a = * v for polytropic fluids. The differential equation for ¢

(4.33) by = 2 (1) =0,
where m = — 2—'(( Ki_lT) The Riemann function of Eq. (4.33) is, see (33).
4.34) wirsitn) = (-5} PO+ m,—m,13)

tE+1

where F denotes a hypergeometric function and z = — E—::__—-j))(%—_}%
In view of the initial values (4.31) and (4.32), formula (4.29) becomes

then

and according to the previous paragraph is valid throughout the region
ABT of Fig. 8. From this relation we can get by differentiation

_ 1 ” 1 _Ety@E)™ 1 dn
(436)  t= 7 U P (e T ]
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where w; is obtained from (4.34),

e
W= M
—m(l +m)(s — —m—1
+ m(d + )(i(f +’721§7;"‘:2n) r+9 F@2 + m1 — m2;),

see (40).
We note that for points @ on C close to A the Riemann function, w,
takes positive values since z is then small and F close to unity. It fol-
lows then from (4.35) that ¢ = + « at all points P of AT since 2, = +

F(l + ma—m;]-;z)

L
>0 tg=t oo
t:=0 ¢
t'E-—“
A K L
Fia. 9
Mty=+e
2
L th=0 L
830 by==
t"--]-oo
K G K:
Fi6. 10

and z, is finite. The same result applies to the points on BT and there-
fore the region A BT corresponds to the region ¢ > 0 in the physical plane.
By a similar argument it may be shown that {; = — « at every point of
AT except L, (with the relation 4.36), and that {, = — = at every point
of BT except Ky and Mz On LLy, ty — + « from the left and — o from
the right, on KK, t,— — « from below and + « from above; finally on
MM,t, — + « from below and — « from above.

It can be seen from (4.36) that #; is a continuous function of £, in the
region ALL,. If we assume therefore that ¢’(z) <0, the relation (4.31)
shows that f; is positive on AL which, in view of the results given above,
implies that it must vanish along some curve passing through A and L;,
see Fig. 9. Similarly it can be shown that if ¢/(z) > 0, ¢, must vanish
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along some curve in the region KLM M,L,K; passing through M; and K,
see Fig. 10.

These results lead easily to a theorem established by Ludford (40)
which states that, under the restrictions imposed on the initial values, it
is sufficient to have ¢'(z) < 0 or ¢’(z) > 0 for some range of x to insure
that a discontinuity will arise in the subsequent motion.

V. APPLICATIONS

Although a complete analytical solution of the one-dimensional flow
has been available since Riemann, few problems related to this motion
have been solved analytically. As Hugoniot (8) pointed out, the ques-
tion consists always in building up a group of integrals compatible with
each other and with the initial and boundary conditions. Considering
only continuous solutions, the compatibility condition requires the
integral surfaces to be tangent to each other along the characteristic
lines. Incidently this implies, as shown above, Section 1V,2, that the
initial value problem reduces to problems (a) and (b).

The simplest cases, solutions compatible with rest (which are the
simple waves) and those compatible with two simple waves, received
an extensive study. The first problem was treated, with different
approaches, by Earnshaw (6), Hugoniot (8), Kobes (11), Pfriem (16,17).
The second was encountered by Gossot and Liouville (12) and later by
Love and Pidduck (14) in their attempt to solve Lagrange’s ballistic
problem. The ariginal Riemann’s method was used throughout, and
the analysis required an excessive number of calculations. von Mises’
method provides a simple solution which is given below.3

1. Interactions of Simple Waves

As an application to the method outlined in Section IV,2 we consider
the interaction of two centered simple waves for xk = 1.4. At ¢ = 0 the
fluid may be at rest in the interval (—c,c) and its pressure and density
be represented by » = v;. The waves centered in z = +e¢, ¢ = 0 meet
at the point C, see Fig. 11, with coordinates

Be,

x=0, t=lh = "

Sle

Along the two cross characteristics starting at this point, ¢ changes
inversely proportional to the third power of », according to the formulas
for simple waves, see (30). To_be in agreement with our assumptions

3 The use in this problem of a general solution in terms of two arbitrary functions
was also considered by Taub (29).
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t

t=0_—c +c
A B x

Fra. 11
we have to count the time as beginning in C. Thus we introduce

5¢
t=t—ti=t—2
U1

The functions a(v) and B(v) are then

¢ = a@) = ¢ (ﬁi - 1) — 8().

(2% v3

Since in our case u = 0 at the point C, we have \; = u; = v; and from
(4.28)

) = m) (N — v:9)%(v1 — ),
g(u) = ]6v (? — 019wy — p).

If these expressions are introduced in (4.18) and \,u replaced by (v + u)
we find

V(up) =

¢
o8 [(0:2 = v) (v — ) (012 + v + 402)
— 2u%(v,® + 3vw? — 100%) + utvy].
The derivatives V., and —V, give x — ut’ and vt'/5, respectively, and the
result in terms of ¢, finally becomes
z — ut = 2— (u? — 302 — v,?),
t = -5—0 5 [Bv* + 20%,2 + 3,1t — 6u(v? + v,2) + 3uf].

2. The Expansion of a Monatomic Perfect Gas into a Vacuum

The special case of x = § is considered and the motion is subject to
the following initial conditions. At time ¢ = 0 the medium is at rest,
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u = 0, and the distribution of r and s along the z-axis is given as follows,

(5.1) 0Lz<h r =s = ro(z),
(5.2) <0 r=28=ry0) =0,
(5.3) z>0 r=3s=ryh) =0.

It is assumed in addition that r,'(x) < 0 so that each particle of the non-
homogeneous layer starts to move to the right. At time ¢ the position
of the face of the fluid will be z = z,(t) and on this face the density
vanishes, i.e., r 4+ s = 0.

This problem was formulated by MecVittie (35) and Copson (34) in
connection with the expansion of an interstellar gas cloud into a vaccum.

If we consider the initial conditions in the z,f-plane it is seen that in
the vicinity of ¢ = 0 a continuous solution can he constructed with four
integrals, sce Tig. 12. A state of rest is defined by (5.2) in the region

t

r -b \\

1 \\ r+s=0
\ x=x,(¢)

1 s=b ¥ la

x=xaltl/ \r=0

III

P 0 h x
Fia. 12

I limited by the negative side of the z-axis and the characteristic » = b.
The condition (5.1) determine a solution in the triangular region III
bounded by the portion of the z-axis 0 < x < h and the two character-
istics = z,(¢) (s = b) and » = 0 passing respectively through O and h.
A simple wave solution will be valid in region II since it must be com-
patible with a state of rest. The difficulty consists in finding an integral
in region IITa which is compatible with the solution in region III and also
satisfies the condition r 4+ s = 0 along the unknown boundary z = z,(f).

We start by looking for the analytical solution in region III. For
x = § Eqgs. (4.1) and (4.3) become
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1
(5'4) Vra + 7__:{—_'S (Vr '+' Vo) =0
and
(5.5) V,=2z— w+a), —V,=2z— (u— a).

The general solution

) + g(s)
V=T

of (5.4) can easily be obtained through formula (3.20) and we can rewrite
(5.5)

_ _ff f+g
5.6) z (u+a)t—r+s ¥ o?
' g f+yg

z— (u—a)t=

_r+s+(r-|—s)2

Equating the two values of z, at time ¢ = 0, obtained from (5.6) we get
the relation

f'(ro) + ¢'(ro) _ f(ro) + g(ro)

To 7o?

which implies f(ro) + g(ro) = 24r,, where A is a constant. We may
therefore write

f@r) = Ar + ¢(r), g(r) = Ar — ()
and the relations (5.6) become

_ 80 _ 80 = 8(9)

(5.7) z — (u + a)t T CEEL
(5.8) z— (u—a)= ;L:% + "’((’r) _; 5_5.8).
Hence at ¢t = 0.
_ ¢'(ro)
T = 27‘0

By hypothesis ro(z) is & monotone function and has therefore a one-valued
inverse function xz(ry) defined in the range 0 < 7o < b. It follows that

o(ro) = 2 /;) " ra(r) dr.

Thus ¢(r) is defined by the initial conditions in the range 0 < r < b, and
this completes the determination of the solution in region III.

We try now to extend the domain of definition of ¢(r) in order to
obtain from (5.7) a solution containing as a particle line the boundary
line z = z,(¢). Along this curve we have r = ri(f), 8 = 8:(f) and the
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relation 71(f) + s:(f) = 0. Subtracting (5.7) from (5.8) we get, with
r—s

a 3 )

2, _ 580 = 8(s) _ 4/() = ¢'(s)
3 (r+ )3 (r+ 9)?

The expression on the right hand must remain finite as r — r;, s — s,,
which is only true if ¢(r) = ¢(—r). Hence ¢(r) has to be continued into
negative values of r as an even function of . Equation (5.7) becomes
then

_ _(r+9)9¢'(r) — ¢(r) + ¢(—9)
z— (u+a)= EE ’

and the limiting form of this relation as r — r,, s > —ry, is found to be
(5.9 1 — 2rit = §¢”'(ry).

Similarly from (5.8) we have

(5.10) t = 19" (r1).

Relations (5.9) and (5.10) determine the curve 2 = z,(¢).

It is clear that this method described by Copson (34) furnishes a
solution in region IIIa, which is obviously compatible with the integrals
in region IIT and II. If the curves x = z,(f) and = z,(f) do not meet,
these four integrals constitute the complete solution; if they have a com-
mon point S for £ = 7' the subsequent motion is reduced to the simple
wave of region II. We have then the solution of the expansion into a
vacuum of a homogeneous gas originally at rest, which was determined
already by Hugoniot (8). ’

3. Motion in a Closed Tube

When in addition to the initial data some relations hold for z = z;,
and r = z, through an interval of time (0,t), boundary value problems
arise which in general cannot be solved by finite expressions.

In some cases, however, they can be reduced to initial value problems.
If, for instance, the boundary conditions consist of having u = 0 at
x = z, the reflected initial data can be introduced along the segment
2123, such that z; — 2, = z; — 25, and by reason of symmetry v = 0
for £ = z,, The same procedure can be used if in addition » should
vanish at z = z,.

In the foregoing, the motion in a closed tube is considered for the case
of x = 1.4. The purpose of this investigation being essentially the
study of the general trend of the gas behavior, no initial data are pre-
scribed a ‘priori; instead a rather simple solution, fitting the boundary
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conditions is chosen from a ‘“general” integral. The analytical approach
does not lead therefore to the two problems of integration mentioned in
Section IV,2, but requires the construction of a solution by patching
along characteristics a series of particular solutions. The results stress
the formation of singularities and raise the question of their occurrence
when the motion is subject to arbitrary initial conditions.

We make use of the relations

(5.11) —o% = U, SoMz — ut) = U,
and
(5.12) Upe = U = ;‘ U,

which can easily be derived from (2.10) and (2.15), and we apply the
procedure outlined in Section IIT,1 to obtain a general integral of (5.12).
We choose here, however, for f, the expression

1

T L v

with an arbitrary lower limit of integration, and a similar one for g,.
The solution of (5.12) will then read according to (3.3)

U= [ f (- Bf(OdE—S5 f - E)’f(&)d£+vz = / O — (D
+ / " - otnas - 22 / (w — e+ 52 f (w — z)*g(adz].

If we take the derivatives of U with respect to w and » and introduce the
resulting expressions in (5.11) we get

(5.13) l 2% = (v — 2u?)(a — o) + 6u(8 + ) — 3(v — 7'),
' 50%(x — ut) = B8+ B — ula — o),
where «, 8, v, &', 8/, ¥’ are defined by the following integrals

o= [ode, 6= [t@d v= [ ®L
o = ["g@ae, = [Tw®d v = ["pe@de

Incidentally we note that if g(¢) = —f(¢), the second relation of
(5.13) shows that we have, at any time, for v = 0, = 0. Any such
solution will thus give rise to a reflection at x = 0. .

We also find easily the necessary and sufficient conditions to have
u = 0 at any time at two fixed points. Substituting x = 0 in the second
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equation of (5.13) we get with A = p = v
(5.14) sz = [ i(®) + g9l

which should be an identity in v for two values of . We write (5.14)
for two different values x,, ¢ = 1, 2,

1 v l »
(5.15) w‘/‘ £fdg = — ,353/ EgdE + ..
This relation is satisfied by taking for 5})—3 / £fdE some branches of the

inverse of a periodic function and for — —5-})—3 / ¢gdt other branches of

the same function.

As an example this solution is completely studied below when a
trigonometric function is chosen for the periodic function.

Let f and ¢ be defined by

(5.16) —5%5/’) Efdt = cos™! (v — b)

and
1 v
@/ Egde = — cos™! (v — b)

where b is a constant. To each branch of cos™! (v — b) correspond one-
valued functions for f and g which generate through (5.13) a branch solu-
tion. =z, is here equal to 2n7r (n being an integer) but we shall restrict
our study to 0 < z < 2r and look in this interval for a continuous func-
tion u of x and ¢ which vanishes at z = 0 andz = 2r. Our requirements
can be fulfilled if three determinations of cos~! (v — b) are considered,
namely
—cos! (v —b), cost (v —b), — cos!(v—0b)+ 2m,

where cos™ (v — b) denotes the principal determination. They provide
respectively through (5.13) the following expressions for f and g,

—_— — —1 — _— ———-—s-- [}
fi= 55[3 cos™1 (£ — b) VT—"(T—-W]
fi= ~fi
f3 = fl + 301'&)

and the opposite ones for g, g2, gs. To each pair f,, g, (5,7 = 1,2,3) there
corresponds, according to (5.13), a system of two equations which deter-
mines u as a function of z at a given time. The re'ations being implicit,
the difficulty lies in the patching of the branches in order to construct a
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continuous solution satisfying our boundary conditions. It can be seen
that the functions f and g are only defined in the interval,

b—1<¢<b+1,

which limits the values of u and » to the domain bounded by the limiting

lines.
A=b+1 A=b—1, p=b+1 p=b-1;

the transition of a branch solution to another occurs obviously along
those lines which are the characteristic lines in the speed plane.

A first group of solutions can be constructed by taking for g a one-
valued function equal to g, and for f the continuous function composed
by fi1, f2, f5. It is clear that if they lead to branch solutions ui, us, us
for u which are continuous, all the requirements will be satisfied. For
this, two conditions must be fulfilled. (1) The lower limit of integration
of the integrals ai, 81, v1; @2, B2, v2; @s, Bs, vs corresponding to f1, fa, f3
should be chosen s0 as to maintain continuity at the transition points
t =0b+ 1, between f; and f, and £ = b — 1, between f» and fs. (2)
These transition points should oceur in the solution for A =b + 1,
AN=b—1,andnotforu=>bb+1,p=0—1.

It is clear that the first condition can always be satisfied and still
leave indeterminate the lower limit of integration of the integrals a.,
By, v, corresponding to g and those corresponding to one of the func-
tions f. The second condition, as will be seen, limits the time ¢ to a
certain interval beyond which other determinations of g will have to be
considered.

Finally, if the required solution has been determined, it remains to
investigate whether such a solution represents a physically acceptable
motion; such is the case if, for some range of ¢, u is obtained as a one-
valued function of z. This last requirement can be fulfilled by giving
convenient values to the remaining arbitrary constants.

For the numerical computation the lower limit of the integrals as, Bs,
v2; ad, B2’ were all chosen equal to 3, b = 2 and v,’ was taken as

v = L" £2g.dE + 4
By a quadrature we get the expressions
ar = [ fad = 42N~ 3) cos™ (A = 2) — N+ O)[1 — (A — 2)7]4,
B2 = [[" tfadt = 5% cos (A — 2),

ve = [ 6t = HEM + 2 oot ( — 2
+ P50 + 3N+ 132 + 85)(1 — (\ — 2)7]%,

-
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and the similar ones

= 22(2u% — 3) cos™! (u — 2) — F(p + 6)[1 — (» — 2)7%,
5u? cos™! (u — 2),
$@But + 257) cos! (u — 2)

+ Fa(u® + 3t + 15 +85)[1 — (v — 2)7% + 4

Now to maintain continuity at A = b + 1 = 3 we must take
(5.17) ay = —az PB1= —PB; 71= -7
Likewise, a simple computation gives

(5.18) a3 = —az + 15mA\? — 4w, B3 = —B; + 1075,
3 = —v2 + PNt + 1188,

in order to have continuity at A = b — 1 = 2. In view of (5.17), (5.18)
the system of Eqgs. (5.13) becomes (Si), (S2), (Ss), respectively, for fy, fs,

fa
(5.19) { Bf = =07 = Budlea + ) = Gulfs = B)
5v%(x

I

By
ve

+ 3(v2 + v4),

(Sl) ut) = —f; + 32' + u(az + 012');
(5.20) 20% = (v? — 3u?) (a2 — a2’) + 6u(B2 + B)
(S ) - 3(72 - 721):
? 503(z — ut) = B2 + B — u(az — a2');
% = —(v? — 3u) (a2 + aa') — 6u(B: — BY)
(5.21) +3(vs + v/) + (157N = 400" — 3u?)
(Ss) 3o\t + 60mNSu — 243

5v¥(z — ut) = —B2 + By + uaz + az’) + 107A® — 15w\ — "2’7")“

The speed plane is useful for discussing this solution, see Fig. 13.
The straight lines N = 1,\ = 3, u = 1, u = 3 are the limiting lines of the
transformation and therefore the branches Ci, Ci, C; corresponding to
84, S, S; are tangent to them at their limiting points. Since the solution
was'constructed with the assumption that the transition points occurred on
the limiting lines A = 3 and N\ = 1, the arc C; must span between these
lines and therefore must contain a point with velocity zero. This last
requirement determines a certain interval for ¢. Upon substitution of
u=0inS; wegetv =0o0r,asl <v<3,0082 <¢ <20 Itisclear
that the solution obtained is defined in an interval within this time range.
Beyond the interval the construction fails and determinations of g other
than g must then be considered.

The propagation of the point where u = 0 (the nodal point of the
velocity wave in Fig. 14), which is a characteristic feature of nonlinear
phenomena, and other properties, can be easily studied, see (37). Thes
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help to plot Ci, Cs, Cj for various values of ¢, see Fig. 13. In Fig. 14
corresponding curves in the u,z-plane are drawn. These curves show a
time ¢t = ¢, = 1.7 beyond which u becomes multiple valued, for which,
therefore, the Jacobian J of the transformation vanishes. We obtain
thus a time range, 0.082 < t < 1.7, where a real flow exists.

vV A
30+
®=3
25
]
C,
N
i
-
20
5
(6
15 A-1 G =1
\Ca
1.0 +- }
-1.0 =05 0 0.5 10 «
Fia. 13

For ¢ < 0.082 the introduction of the function g, leads to the sys-
tem Sy

(5.22)
(S 50z — ut) = B2 — By — ular + &),

which takes the place of (S;) and enables one to obtain again a continuous
curve composed in the speed plane of the branches C,, C3, Cs. The study
of this new solution is particularly interesting for it describes the case of a
reflection at x = 0. It may be seen in the u,v-plane that for { < 0.082
the moving nodal becomes imaginary and that the velocity is then every-
where negative, which indicates that the entire flow is moving to the left

205 = (v* — 3u?)(as + ad’) + 6u(B: + 82)
= 3(v: + v2'),
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in the u,z-plane. The reflection occurs for ¢ = 0.082, and thereafter the
solution describes interaction between the incoming and the reflected
flow.

Investigations of the solution for more negative ¢-values led to the
discovery of a new zero of the Jacobian. Thus a complete interval
—2.5 £t £ 1.7 is determined where the motion is real and continuous.

Fi1a. 14

The family of curves, shown on Fig. 14, which gives the state of flow
for various values of ¢, shows how an initial discontinuity is smoothed out
and how a discontinuity may develop from continuous initial conditions.

In fact, it can be established in the case of a polytropic fluid that,
whatever the initial conditions are, singularities will necessarily occur in
the motion. The proof was given by Ludford (40) using his unfolding
procedure, outlined in Section IV,3, and formula (4.35). When the
variations of the initial values r = ¢(z) and s = y(z) are small, this
approach yields an interesting estimate of the time, £, of first occurrence
of a singularity. The result is

_ 2
h= T Da

where M is the maximum value of —¢’ or ¢’ on the initial curve.
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Turbulent Diffusion: Mean Concentration Distribution in a
Flow Field of Homogeneous Turbulence!

By F. N. FRENKIEL
Applied Physics Laboratory, The Johns Hopkins University, Silver Spring, Maryland

In the scientific literature of recent years one finds a large number of papers on
theoretical and experimental investigations of turbulence phenomena. The theory
of turbulence, and especially the statistical theory, is in full development and has
already led to a better understanding of several aspects of the subject. Possible
applications of the knowledge already acquired, to various fields of science and
engincering, appear obvious although not always simple. In this paper we shall
discuss one aspect of turbulent phenomena, turbulent diffusion, which has a par-
ticularly wide field of application in fluid dynamies, chemical engineering, heat trans-
fer, meteorology, etc. It is possible that some readers interested in turbulent diffusion
are not sufficiently familiar with the papers on the statistical theory of turbulence to
determine easily the reclation between turbulent diffusion and the general theory of
turbulence. For such readers a discussion of the statistical description of a turbulent
field is given. The main part of the paper is concerned with diffusion in a field of
homogeneous and isotropic turbulence in which the decay of turbulence is neglected.
In an Appendix, a brief summary is given of some further problems, including an
extension of the results to a case of nonisotropic turbulence. The author plans to
continue the discussion of this subject elsewhere, and also to extend it to more general
cases of turbulent diffusion.

Page
I. Introduction .. . . .o 62
1. Turbulence and Molcculm‘ Agitation . . . 63
2. Fluid Continuum L. Ce .. . 65
3. Fluid Element . 65
4. Turbulent Diffusion and Dispersion of l’artl( les .. . . ... 66
I1. Statistical Description of a Turbulent Ficld . . G .. 67
1. Averaging Processes . . .. Coee . ... 67
2. Mecan and Turbulent Veloutms e e e . 67
3. Intensity of Turbulence. . AU . e 69
4. Eulerian Correlation Coefficients . . . . .. 69
5. Homogeneous, Isotropic, and Stationary Turbulon( c . 70
6. Spectra of Turbulence. e e e e e .72
7. Decay of Turbulence . . .. . .. .... . ... ... ....... . 74
8. Local Isotropy...... ..... ..., B £
9. Lagrangian Correlation Coefficient............... e e 75
III. Fundamental Equation of Turbulent Diffusion............. e 76
1. Derivation of the Fundamental Equation............................ 76
2. Asymptotic Forms of the Fundamental Equation for Large Dispersion
Time. . o e e e 78

1 This work was done under Contract NOrd 7386 with the U.S. Navy Bureau of
Ordnance.

61



62 F. N. FRENKIEL

Page
3. Asymptotic Forms for Small Dispersion Time............ RN ... 718
4. General Case. .. .. ...... i e e e 79

5. Measurement of Turbulence Characteristics Using Turbulent Dxﬁusmn 82
IV. Mean Concentration Distribution Produced by a Point Source of Diffusion 83

1. Turbulent Fluid at Rest............. ... it 83
2. Instantancous Point Source of Dispersion in a Fluid Flow......... ... 8
3. Continuous Point Source of Dispersion in a Fluid Flow..... e . 8
4. Nondimensional Distribution Function ............ e e 86
5. Large Distances from a Continuous Point Source......... e e 87
6. Small Distances from a Continuous Point Source. ....... e e .. 89
7. Approximate Solution for a Continuous Point Source. .. .. e e 91
8. Mean Concentration Distribution along the Dispersion Axis...... .. 93
9. Mean Opacity..... ....ovrner tviiin tiiiiin cie e e e 94
V. Mean Concentration Distribution Produced by an Inﬁmte Lme Source of
Diffusion....... .. ...... ....... e e 95
1. Nondlmensmnal Dlstrlbutlon Functlon R .o .. . 95
2. Large Distances from a Continuous Lincar %urcc U | ¢
3. Small Distances from a Continuous Linear Source .. e e 97
4. Approximate Solution for the Whole Range of Distances from a Contm-
uous 1inear SoUrce. . ........ ottt . 98
VI. Differcntial Equations of Diffusion and Statistical Theory of Turbulence .. 98
1. Molecular Diffusion.............oovt vt it 0 i e 98
2. Fickian Law of Turbulent Diffusion and the Coefﬁclent of Eddy Diffusion 100
3. Factor of Turbulent Diffusion.... ..... G e e e 101
4. Apparent Coefficient of Eddy Diffusion....... R (1) §
Appendix....... ...l e e e .. . 103
References............. ...... .. e .. . . 106

I. INTRODUCTION

When smoke puffs out of a chimney, solid particles of smoke, con-
densed water droplets and hot gases spread out in the atmosphere. In
a smooth wind the spread of the dispersion wake is small and large
smoke concentrations are observed far downstream of the chimney.
But generally the wind blows in irregular gusts carrying puffs of smoke
to and fro throughout a wide wake. At one moment the wind carries
the aerosols speedily away and in the next throws them against the
ground. The dispersion of smoke is clearly dependent on the character
of the wind fluctuations, or the wind turbulence.

Less dramatic, but as important, is the influence of turbulence on an
artificial flow such as in a wind tunnel, in a pipe, or in a precombustion
chamber. While most instruments measure a constant velocity under
these conditions, the effects of the existing turbulence can be, neverthe-
less, very appreciable.

As an example, let us consider the dispersion of a foreign gas emitted
continuously from a point source placed in a laminar air stream. The
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dispersion is, in this case, produced by molecular diffusion alone. We
shall assume the pressure and temperature of the air to be normal and
the constant stream velocity equal to, say, 20 meters per second. Figure
1a then shows the size of the wake in which 99.9 per cent of the emitted
gas is collected. When the experiment is repeated in a turbulent air
flow, the dispersion wake is broadened by the turbulent diffusion. As
shown in Figs. 1b and lec, the influence of turbu'ence on dispersion in

a. Laminar Flow

b. Wind Tunnel Stream

_—

¢ Natural Wind

e )

1 meter

F1a. 1. Sizes of dispersion wakes for molecular and turbulent diffusion.

gases is quite important and varies with the character of the turbulent
fluctuations.

1. Turbulence and Molecular Agitation

A characteristic feature of turbulent motion is that the turbulent
fluctuations are, or at least can be regarded as, random. To describe
completely a turbulent field, as well as to sglve various turbulent prob-
lems, it is therefore necessary to apply statistical methods. At first glance
there would appear to be a similarity between turbulence and the kinetic
theory of gases; but such an analogy is only partly justified and may lead
to incorrect conclusions. Let us try to examine how turbulent fluctua-
tions differ in their nature from molecular agitation.

The fluid dynamicist’s viewpoint is to consider the fluid as a con-
tinuum; the molecular physicist’s viewpoin’ is to consider it as constituted
of discrete particles. For the fluid dynamicist there exist instantaneous
fluid velocities at each point of the fluid field; for the molecular physicist,
at a geometrical point of the fluid field, a velocity exists only when a
molecule is present at this point. In one case the velocity and its
derivatives are assumed to be continuous in time and space; in the other
the velocity is essentially discontinuous. Let us now try to establish a
heuristic relation between the molecular velocities and the instantaneous
velocity at a point of the fluid.
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We consider first the case of a nonturbulent, homogeneous fluid at
rest. At a certain instant ¢, we observe the simultaneous velocities of
the n molecules which are present in an element of volume v surrounding
a point P. An average velocity can be computed from these velocities.
When the size of v increases, the value of the average varies irregularly
but tends to a limit. In a fluid at rest this limit is equal to zero. For a
certain volume v,, containing a sufficiently large number of molecules,
this limit can be assumed to be reached. At any other point P’ of the
fluid field, we find the same average for a volume v/ surrounding the
point (Fig. 2). We have, therefore, a physical relation between the
instantancous fluid velocity at a point and the space average of molecular
velocities in a nonturbulent fluid at rest. The same description can also

be used for a fluid flow having a uniformly
Vi distributed velocity.?
The situation is, however, quite different

J
P v. Wwhen the fluid field becomes turbulent.
o 0 ) The fluid velocity varies from point to point
P and from time to time. Let us again take

the space average of velocities of the mole-
cules contained in continuously increasing
volumes surrounding a point P. The space
average will no longer reach a limit when the volume reaches v, and
the simultaneous fluid velocities at the points P and P’ may be
different. If a limit exists at all, before it is reached it may be necessary
to increase the size of the averaging volume to magnitudes which can no
longer be neglected by the fluid dynamicist, unless he decides to ignore
the existence of turbulence altogether. Whether or not a limit is reached,
we again define the instantaneous fluid velocity at a point P as the
average velocity of the molecules in a volume about P of the order of
magnitude of v, The fluid velocity fluctuations are thus considered to
be turbulent ones and molecular agitation is, by this definition, excluded
from what we consider to be turbulence.

Fia. 2.

2 This definition of an instantaneous fluid velocity at a point is acceptable as long
as the number of molecules contained in a volume element v, is large enough to give
a well-defined space average, and as long as the magnitude of v; is small compared to
any dimensions with which the fluid dynamicist may be concerned.

The smallest probe of a hot-wire anemometer used in the investigation of the
microstructure of fluid flow is made of a wire with a diameter of about 1.25 microns
and a length of about 350 microns. The number of molecules of a gas at normal
pressure and temperature contained in a volume of 1 micron of length of such a wire
is of the order of 35,000,000. Obviously a much smaller number of molecules is
sufficient to determine a well-defined average.
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2. Fluid Continuum

By defining an instantaneous fluid velocity at a given point the
molecular velocities have been eliminated and the fluid is regarded as a
continuum. In regarding the fluid as a continuum, however, consider-
ation must be given to the physical effects of its molecular nature. To
account for these effects, we consider, in addition to the vector field of
fluid velocities, certain scalar fields which account for these physical
effects at each instant and at each point. Some of these effects are
represented by assigning to cach point of the fluid a temperature, a
pressure, and a density. These three scalar quantities are related by an
equation of state. When a fluid in motion is considered, we include such
conditions as the conservation of mass, which will be imposed by the equa-
tion of continuity. For each particular problem we can try to sce whether
some of the effects of the molecular nature of the fluid can be neglected.
When fluid motion is studied, we can assume, in some cases, that the fluid
is inviscid and use Euler’s equation; in other cases the viscosity cannot
be neglected, and the Navier-Stokes cquations have to be applied. In
problems of turbulent diffusion we must examine what property is
diffused and how the molecular agitation will act on this property. In
what follows, we are concerned with the diffusion of mass represented by
the molecules themselves.

3. Fluid Element

Let us return to the question of the similarity between molecular
agitation and turbulence. We can now visualize an instantaneous
velocity referring to a point of a continuoys fluid
instead of the velocity of a molecule in a discontin-
uous fluid. But what about the analogues of the
molecule itself and the molecular free path? What
shall we mean by a particle of the fluid?

In our continuous fluid field a volume element v;
surrounding a point P contains at a given moment
t a group of molecules. This group of molecules
moves with a general velocity equal to the fluid
velocity at the point P, dispersing, at the same
time, by molecular agitation. After a small interval
of time the center of gravity of the group of mole-
cules will be, say, at a point @ (Fig. 3). During Fro. 3
the wandering through the fluid field, molecules ’
leave and enter the volume element v, and several of those included in
the original group of molecules will now be outside of the volume element
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v, surrounding the point Q. After a sufficiently long time, the fluid ele-
ment exchanges practically all its molecules with the surrounding fluid.
The average value of this interval of time can be called a mixing time.
In the same way, we can represent a mixing length which in certain
respects is similar to the Prandtl ‘“mischungsweg” (1). In making
analogies with the kinetic theory of gases the mixing length corresponds
to the molecular free path.

While a molecule conserves its identity along its trajectory and while
a molecular free path is unequivocally limited by two collisions, fluid
elements penetrate and mix with one another, and the mixing length is
not clearly defined by the character of the turbulent field.

4. Turbulent Diffusion and Dispersion of Particles

The size of a fluid element is a function of the number of molecules
sufficient to average out the molecular agitation. This size depends,
therefore, on the density of the fluid; it is independent of the character
of the turbulent field. The trajectory of the fluid element will, on the
contrary, be a function of the character of the turbulent fluctuations and
will not depend on the molecular agitation.

The theory of turbulent diffusion investigates the motion of fluid
elements that do not preserve an individual identity. Dispersion in fluids
is concerned with the motion of material particles, which depends on the
character of the turbulent field and on the nature of the particles them-
selves. We shall, however, neglect here the effects of gravity.

An essential factor in the behavior of a particle is its size as compared
with the size of the fluid element. When we are concerned with diffusion
of one gas in another, the particle is of molecular dimensions. The dis-
persion is, in this case, influenced by molecular agitation and by tur-
bulence. Consider now the dispersion of particles such as colloids of a
size larger than a gas molecule, but smaller than the magnitude of a fluid
element. Since the size of a colloid is not large enough to average out
the molecular agitation, we shall observe in a nonturbulent fluid at rest
the Brownian motion. In a turbulent fluid, the effects of turbulent and
mean fluid motions will be added to the Brownian motion. For a particle
of the size of a fluid element the molecular agitation is averaged out. In
a nonturbulent fluid at rest such particles will have no motion whatso-
ever. In a turbulent flow the dispersion of these particles will be deter-
mined exclusively by the character of the turbulence. When finally a
particle is larger than a fluid element, the effect of high-frequency tur-
bulent fluctuations is in part eliminated. The dispersion of particles is
then a function not only of the character of the turbulence, but also of the
size and shape of the particle.
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II. STaTisTICAL DESCRIPTION OF A TURBULENT FIELD

1. Averaging Processes

Since turbulent velocities vary both in time and space and since this
variation is considered to be random, one may be concerned with several
kinds of average velocities. From the mathematical point of view a
turbulent velocity field can be considered as a set of vector fields in space-
time. IBach vector field is a function of a parameter w chosen at random
in a measure space @ whose measure is equal to 1. If u(z,y,z2,tw) is a
component of the instantaneous vector velocity at a point of the fluid
field, for any specific w, we can consider the following four major types of
averages [cf. (2)]:

Ensemble average: a(x,y,2,t) = /;) u(x,y,2,t,w)dw;
Space average:

<u>, = . Yll;r_lu° 8XYZ/ / / w(x,y,2,t,w)dx dy dz;

Time average: <u>; = lim Qlj’j u(z,y,2,tw)dt;
T— o

Space-time average:

<UD, = X YI;IIII'_M 16XYZT/ / j f u(z,y,2,t,w)dz dy dz dt.

The relations between these various averages are not known. In a
theoretical discussion it is most proper to use the ensemble average, which
gives the mathematical expectation of the random function.? However,
from experiments other averages are determined. We assume that for
any random function ¥(z,y,2,t,w), we have *

2.1) V(z,y,zt) = <¥>, = <¥U>; = <¥>,,.

This assumption is not necessarily equivalent to and may be stronger than
the assumption that the turbulence is a homogeneous and stationary
stochastic process. In fact, it is not always necessary to make such a
strong assumption to apply the theoretical results. In what follows, a
bar (such as in @ or ¥) will be used to represent any of the averages.
Whenever the bar refers to an average other than a statistical average,
this will be mentioned explicitly in the text.

2. Mean and Turbulent Velocities

Figure 4 represents two examples of turbulent fluctuation recordings;
the first was obtained in a wind tunnel with a hot-wire anemometer, the

3In the theory of mathematical probability the notation E(u) would correspond
to .
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second in the natural wind with a pressure tube anemometer. Both
represent fluctuations of instantaneous velocity as a function of the time.
Let us consider the quantity
1 t+T
Mr = -2—~7—, ua(a)da,
where u4(f) is the instantaneous value of the fluctuating fluid velocity at
a point A and at an instant ¢, and where 27 is an interval of time. For
the case of wind tunnel turbulence (Fig. 4a), 97 becomes practically

a

N . VY.V A I . PV A N V.Y, WSVoN
R VAgaamanc s e ra e an
b 1
Y,
Uz

Fra. 4. Two typical turbulent velocity recordings: (a) in a wind tunnel stream,
(b) in the natural wind.

constant when 7' reaches a certain interval of time 7', and remains con-
stant for 77 > T',. We can then define
+T

(2.2) Ug = <ULD>t = ani —2—7., uA(a)da
as a mean velocity of the fluid at the point A. The instantaneous velocity
u4(t) can be divided into two parts, the mean velocity %4 and the turbulent
velocity u4'(t), such that

u,,(t) = U4 + uA'(t)
for all ¢.

Let us now consider the natural wind recording represented in Fig. 4b
and assume that the length of the first part of the recording is sufficient
to determine a practically constant value Mr = 44 = U,. We may
then consider U, as a mean velocity for this part of the recording, and
define as a turbulent velocity the difference us(f) — U;. In a similar
way, it may be possible to find a different mean velocity U, corresponding
to the second part of the same recording. The definition of a mean
velocity for the whole length of the recording would, however, be mean-
ingless. If a much longer recording is used, it is possible that mean
velocities such as U,, U, can in their turn be regarded as ‘‘instantaneous”’
velocities and a new ‘“mean’’ value U defined. Obviously the scale on
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which the turbulent field is considered is of major importance in such
cases. To define a turbulent velocity one must, however, be able to
assume that a limit such as the one defined by Eq. (2.2) does exist.

3. Intensity of Turbulence

Consider in a turbulent field a set of orthogonal axes Oxyz with the
axis Oz parallel to the direction of a constant mean velocity (Fig. 5).
Let V(x1,y1,21,t) be the instantaneous vectorial velocity at a given point
P(x1,51,21) and at a given instant {. Let us denote by u,»,w the projec-
tions of V on the three axes. Due to the choice of the direction of the
axis Or, we have 4 = constant, ¥ = 0, w = 0, and the components of the
turbulent velocity are v’ = v — 4, v = v, w' = w. TFor the averages of

the turbulent components, we have u’ = 0,7’ = 0, w’ = 0, by definition.

Fic. 5. Vector velocity at a point in a fluid flow having mean velocity @ in the
dircction of the z-axis.

The spread of the fluctuating turbulent velocities u’,»’,w’ can be
measured by the values of the variances u'2 # 0, R 0, w’? 7 0 or their
square roots, the standard deviations V u’? u'2 \/v’2 vV w®. The ratio of
such a standard deviation to the mean velocity (when @ = 0) is called the
intensity of turbulence. We shall have a longztudmal intensity of tur-

bulence Vi /4 and transverse intensities of turbulence Vv'2/d and

V' 2/4q.
4. Eulerian Correlation Coefficients
Let us consider now in the same field of turbulence (Fig. 6a) a second
point Q(x2,41,21).<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>