UNIVERSAL
LIBRARY

OU_174362

AdVvddl
TVSHIAINN


















v

/s
! ,d.—/
L,/’ 1y 22

HYDROMECHANICS

PART 1I
HYDRODYNAMICS



A Treatise on Hydromechanics

Part I. Hyprosratics. By W. H. Besant, Sc D, F.R S,
and A. S. Ramsky, M.A , President of Magdalene College,
Cambridge. Eighth Edition, Revised and Enlarged.
Demy 8vo 105 6d. net

Part II HyprobyNamics. ByA S.Ramsey,M A. Second
Edition, Revised 125, 64. net.

The text has been revised for the new edition and some alterations
have been made 1n the chapter on Discontinuous Motion  The book 1s
suitable for beginners, but also forms an mtroduction to the more ad-
vanced branches of the subject and includes chapters on apphications of
conformal representation, the motion of a solid through a hiquid, vortex
motion and waves, together with the theory of vibrating strings and plane
waves of sound

A Treatise on Dynamics

By W. H BrsanT, Sc.D, F.R.S,and A S Ramse/, M.A
New and Revised Edition  8vo 125, nef

For this edition the t " ~s been revised by Mt A § Ramisey, and
while the main features of the book have heen preserved, there has been
some rearrangement, and some additional matter has been intioduced,
more particularly i the lata chapters A number of examples from
recent examination papers have heen inseited, so that the book now con-
tamns over a thousand examples for solution, besides a large number of
examples worked out in the text  The ground covered represents an
adequate course 1 Dynamics for students 1eading for Part II Sch A of
the Cambridge Mathematical 1iipos

A Text-Book of Geometrical Optics

By A. S Ramsey, MA New and Reviced Edition
Demy 8vo 8s 6d.

Ths 15 a revised edition of the work published m rgry Tt contams
chapters on Reflection and Refraction, Thin and Thick Lenses and com-
binations of Lenses, Dispersion and Achromatism, 1llumination, The
kye and Vision, Optical Instruments and a chapter of Miscellaneous
‘[ heorems, together with upwards of three hundied examples taken from
University and College Exammation Papers ‘1 he range covered 15 some-
what wider than that 1equired for Part 1 of the Mathematical Trrpos

G. BELL AND SONS, LTD.,
York House, Portugal Strect, W 2.




A TREATISE

ON

HYDROMECHANICS

PART II
HYDRODYNAMICS

BY
A. 5. RAMSEY, M.A.

PRESIDFNT OF MAGDALENE COLLFGF, CAMBRIDGE

SECOND EDITION

"AptaTov pév Hdwp

LONDON
G. BELL AND SONS, LTD.
1920






PREFACE TO THE FIRST EDITION

DR BESANT'S Treatise on Hydromechanics was first pub-
hished 1n one volume in 1859. When a fourth edition was
called for in 1882 the subject matter had grown sufficiently to
warrant the sub-division of the book into two volumes. Part I
on Hydrostatics appeared alone 1n 1883 and in the preface a hope
was cxpressed that Part II on Hydrodynamics would follow
shortly. Several chapters were written and materials for other
chapters were collected but laid aside owing to pressuie of other
work In 1904 Dr Besant kindly imnvited me to cooperate with
him 1n bringing out a new edition—the sixth—of the Hydro-
statics, and suggested that I should undertake to complete the
Hydrodynamics. This latter task I was unable to perform untl
the pres-nt year Dr Besant kindly placed all his materials at
my disposal, but as modes of expression and analysis have altered
somewhat 1n the last thirty ycar~ I4scemed desirable to write
a new book ab wnitio

This book does not profess to be an exhaustive treatise on
Hydrodynamics, and does not axm at taking the reader to the
Iimits of knowledge in the subject It 1s written m the first
place for beginners, and while 1t intioduces the student to some
of the more advanced parts of Hydrodynamics, the fullest ex-
planations are given to the moie clementary 1deas 1n the hope
of 1endering the subject more easily intelligible to a class of
students who find 1t difficult in the mitial stages The range
covered 1s that ordinanly included 1n text-books on the subject,
extending to vortices and wave motion, but omitting viscosity
as being rather beyond the purpose of the book. For didaetic
purposecs 1t has been thought desirable to include chapters on
vibrating strings and sound waves, as 1 the eardy editions. The
book contains nearly 400 examples mainly taken from the
examination papers of the Umiversity and Colleges and the
solutions of a number of them are given 1in the text.

In the matter of the sign of the velocity potential I have
follovs{ed the precedent of Professor Lamb and Sis George Green-
hill. It does not seem a matter of mtrinsic importance which



V1 PREFACE TO THE FIRST EDITION

sign 1s used, but uniformity 1s desirable and as all serious students
of the subject will ultimately read 1t 1n the classi: work of
Professor Lamb, there 1s good reason why his precedent should
be followed

In the preparation ot this book I have made considerable usc
of original memoirs on the subject, especially the writings of Sir
G G Stokes, Lord Kelvin, Lord Rayleigh, Kirchhoff, von Helm-
holtz, Sir George Greenhill and Professor Lanib. In addition
to the subject matter in the Hydrodynamaucs of the latter, I have
found the full bibliography contained 1n the footnotes invaluable.
I have also made use of the bibliographies contained 1n Winkel-
mann’s Handbuch der Physik, Bd. 1, and m Professor Love’s
articles 1n Encyclopédie des Sciences Mathématiques, t. 1v, and
I have endeavoured to ascribe results to their authors so far as
possible.

I am indcbted to Mr W, Welsh for advice and assistance,
and most of all my thanks are due to Mr J G. Leathem fo
reading the whole book in proof and making many valuable
criticisms and suggestions.

A.S R.

MAaGpALENE COLLFGE,
CAMBRIDGE.
December 1912.

PREFACE TO THE SECOND EDITION

HIS edition will be found not to differ much from the first.
I am indebted to several friends who have kindly sent me
notification of mistakes and misprints.

A S.R.
March 1920.
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HYDRODYNAMICS

CHAPTER 1
KINEMATICS

1 1IN the mtroduction to Part I of this work 1t was explained
that all propositions in Hydrostatics are true for all uuds whatever
their degree of viscosity. A very lhittle consideration will suffice
to shew that the motion of fluids cannot be independent of such
properties as viscosity, and the results obtained from a discussion
of the motion of fluuds which i1gnores their mternal friction can only
be regarded as an approximation to what actually takes place n
nature. In an elementary treatment of the subject of Hydro-
dynamics however 1t 1s necessary, in order to avoid complication,
to regard the fluid medium as a ‘perfect fluid,” incapable of exerting
shearing stress, and, whether at 1est ¢r in motion, such that the
pressure 1t cxerts on any surface 1n contact with 1t 1s always normal
to the surface and conscquently, as was shewn i Hydrostatcs,
Art. 6, the pressuie at any pomnt mn such a fld 18 the same n
every direction.

In the present chapter we shall hmit ourselves to the con-
sideration of some properties of the motion of flmds which are
independent of causation, that 1s with the phoronomy or kinematies
of fluuds, leaving the cquations of motion, or equations connecting
the acting forces with the motions arising therefrom, for a
subsequent chapter.

2. There are two methods of treating the general problem of
Hydrodynamics or motion of a continuous medium, in the one,
any particle of the fluid is selected and observation 1s made of 1ts
particular motion—it is pursued throughout 1ts course, m the
other, any point it the space occupied by the fluid 1s selected and
observation 1s made of whatever changes of velocity, density and
pressure take place at that point. The two methods are commonly
called the Lagrangian and the Eulerian methods respectively,
though both were used by Kuler, but the former was used by

Lagrange in the Mécamque Analytique. The latter 1s sometimes

R H. 1
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also called the flux method. Clerk Maxwell suggested the words
Historical and Statistical as descriptive of the two mcthods. We
shall obtain the equations requsite for the determination of fluid
motions from both these points of view.

3. In the Lagrangian Method if z, y, z denote the coordr-
nates of a particle at time ¢, then the components of 1ts velocity
are &, g, £ and the components of 1ts acceleration are #, y, 2. Also
z, ¥, z and the velocities and accelerations are functions of ¢ and of
three independent parameters a, b, ¢ which define the position of
the chosen particle at a particular instant, thus a, b, ¢ may be the
coordinates of the chosen particle at the instant of time from
which ¢ is measured. In using this method 1t 18 well to remember
that it resembles that of Dynamics of a Particle only in so far as
the coordinates @, ¥, z of the chosen particle are dependent on the
time ¢, but 1 the case of fluxd motion ¢ 1s not the only independent
variable, for the particle 1s any particle 1n the fluid, and three
other variables a, b, ¢ are nceded to specify which particle has
been chosen, so that there are altogether four independent variables
a bt

4. In the Eulerian Method velocity at a point 1s measured
thus. if a small plane surface be placed at the point at right angles
to the direction of flow, the velocity at the point is measured, when
untform, by the volume of fluid per unit area that flows across the
surface 1n unit time, and when variable by the time-rate of flow
of volume of fluid per unit area across the surface.

Thus 1f ¢ be the velocity and p the density of the fluid at any
point, the mass that in time 8¢ flows across a small area 4, the
normal to which makes an angle 6 with the velocity, 1s pg4 cos 6 8¢,
and the rate at which mass crosses the surfate is pgA4 cos 6.

As stated in Art. 2, in the Eulerian Method a particular point
1n the space occupled by the fluid 1s selected , we shall denote this
point by (z, y, z) so that 1n this case «, , z and ¢ are tndependent
variables. And it 1s unportant to remember that 1n the use of this
method, unless some further meanings are assigned to the symbols,
such expressions as dz/dt, d°z/dt* do not occur, for the simple
reason that # and ¢ are independent.

We shall 1se u, v, w to denote the components of the velocity
q at the point (#, y, 2). In general u, », w are functions of the four,
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independent variables @, y, z and . If we regard (=, Yy 2) 88 a
fixed point, then the values of u, », w will tell us what happens at
that point as ¢ changes; and if we regard ¢ as fixed, then since
(z, ¥, ) may be any point of the fluid, u, v, w will tell us what 1s
happening at every point of the fluid at the particular instant
under consideration.

If we wish to connect the Eulerian and Lagrangian methods
or combine both notations in any particular problem, we regard
u, v, w as the components of velocity of the element of fluid at
(%, ¥, z) and the relation between the two sets of symbols 1s then
u,V, W=2a,y, 2

5. Acceleration. In considering the meaning of acceleration
and how to obtain 1ts value by the flux mcthod, we have to take
two facts into account. Firstly, if P denote the pomt («, y, 2),
then masmuch as u, v, w are functions of ¢ a change of velocity of
the fluid can take place at the fixed point P as time progresses
without any variations in z, y, z Secondly, m order to estimate
correctly the acceleration of an elementary portion of the fluid 1t
18 not sufficient merely to note what change of velocity is taking
place at the pomnt P, but we must also pursue the clement for a
short space after it passes P, in order to observe whether as it
moves onwards it docs so with the velocity 1t had on leaving P or
acquires any additional velocity.

Let u=f(z,y,210).

The particle which 1s at (#, y, 2) at time ¢ will after a short
interval 8¢ have moved to (z+udt, y+v8, 2+ wbt) so that its
velocity will become

u+8u =f(x+udt, y+v$t z+w8t, t+8t)

(Lo et

+ terms containing hlgher powers of At.

Hence the # component of acceleration, being Ltd&u/8t, is

equal to ’ ;oo o
) )
at+“a -l-va:y+'wa ..................... 1),
ou Ou  ou ou

or a?+u ~ +v 8J+w3z ...... Creaerneaas 2,
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and in this expression the first term is the rate at which the velocity
increases at the pomnt (=, y, z) regarded as a fixed point in space,
and the other terms arise from the changing velocity of the element
of fluid in 1ts onward course.

We shall denote the operator.

0 0 0 0
é‘t"{"ua—w-l'vcry‘l“wa—z

by the symbol g& , and speak of 1t as ‘ differentiation following the

motion of the fluid.’

With this notation the components of acccleration are Du/Dt,
Dy/Dt, Dw/Dt, and if f(x, y, 2, t) be any function of the position
of a particle of the fluid and the time, the rate of change of this
function following the motion of the fluid 1s Df]Dt.

As an 1llustration let us consider the flow of water through a pipe, which
18 filled by the water Firstly, let the pipe be of uniform section, then the
velocity » 13 the same at every pomnt, but masmuch as the water may be
forced through the pipe at varying speeds there may be an acceleration du/ct,
which, 1 this case, will at any nstant have the same value at all ponts 1n
the pipe  Secondly, let the motion be steady, 1 e the velocity at any particular
pomt of the pipe keeps the same value u for all time, also let the pipe be of
variable section, then the velocity varies from one pomnt to another inasmuch
as the section 18 variable, for the total flow across each section must be the
same Hence 1f s denote distance measured along the pipe to the point where
the velocity 1s , the element of fluid which occupies this position at time ¢
will at time ¢+ 8¢ have moved to the point indicated by s+« 8¢, and 1f u=F(s),
1ts velocity mn the second position 1

u+8u=f(s+ubt).
Therefore du= g{ udt,

and the element of fluid has thercfore an acceleration
=Lt du/dt=ucu/cs

Thus we see that even m steady motion there may be acceleration; and in
the general motion of water through a pipe of variable section the acceleration
18 given by
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The Equation of Continuity.

6. The motions that we shall have to consider will be, in
general, convinuous motions ; that 1s, we shall assume that u, v, w
are finite and continuous functions and that their space derivatives
Ou/oxz, 0u/dy, du/oz ete. are also finite

In contmuous motion, if we consider any closed surface drawn
in the fluid, it 13 clear that the increasc i1n the mass of fluud within
the surface 1n any time 8¢ must be equal to the excess of the mass
that flows 1n over the mass that flows out.

Let p denote the density of the flmd at (#, y, 2), and with this
point as centre construct a small parallelopiped dedydz. The mass
of lmd that flows in across the face dydz nearest the origin in
time & 15*

{pu - é- dw} dydz38t,
and the mess that flows out across the opposite face 1s
{pu +4% %"d@ dydz8t
Therefore the gain in mass due to this pair of faces 1s

— %’»gdmdydz&,

with similar expressions for the other pairs of faces. Whence the
total gain 1n mass in time 8¢

_ _ [dpu  opv Bpu{
= {Bw-'- ay ¥ o5 drdydzst.

But the original mass within the parallelopiped 18 pdzdydz, and
the gamn in time 6¢ 18 aa—': dadydzdt , hence we have the equation

op , Opu apv Opw _

e + 52 =0 . (1)
This equation is clearly equlvalent to
Dp ov  ow

DetP (aw+ay + az) =0 ... eeenenn (2),

and either of these may be called the equation of continuity.

* The argument involves the assumption that the mean value of a certain
function over the area dydz differs from the value of the funcdon at the centroid
of the area by a small quantity of higher order than dy or dz—a theorem which 1s
capable of simple proof
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If the fluid 1s homogeneous and incompressible, p 18 constant
and the equation reduces to
Ou  Ov  ow

R Atk LR (3).

If the fluid 1s heterogoneous and incompressible, p 18 a function

of (z, y, 2, t) such that =0, re. the density of an element does

Dt
not alter as that element moves about; hence i1n this case also (3)
follows from (2)

7. We can also obtain the equation of continuity by following
the motion of a small element pdzdydz of flmd, and cxpressing
the fact that its mass remains unchanged during the short
interval &¢.

If z, y, z are the coordinates of a particle at time ¢, 1ts co-
ordinates at time ¢+ 8t arc x+ udt, y + v, z+wdt. Similarly
the particle whose coordinate are w+dw ¥, 2, will move in time

8t to a:+u8t+dw+ det y+v$t+, dazdt, z+w8t+——— dxdt,

so that du 1s chang(,d to ds,, whose projections on the axes are

Bn ov ow
dac( o St) doll st doty o,

with similar expressions for dy and dz. Therefore the new volume
of the parallelopiped is

drdydz ’ 1+ % 8t g—z 3, 2-’39 5t |,
! ou ov ow
| 5 8t, 1+ 3y ot, oy St
: ou ov ow
5 ¢, 3z S, 1+ = ot

and the density p is changed to p +‘D &t. Equating the product
of these to the original mass pdxdydz, we get

Dp ov  ow

it <Bw+ay+ %) =0
as before.
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8. We may also obtain the equation of continuity by inaking
use of Greevr’s Theorem—

forsms s ras [+ 2+ 2 aee

where f, g, b are functions of «, y, z, which with their first deri-
vatives are finite and continuous throughout a region bounded by
a closed surface S, and [, m, n are direction cosines of the outward-
drawn normal at a point on the surface, the [/ being taken over the
surface and the [ff throughout the space enclosed *.

For considering any region in the fluid bounded by a closed
surface S we have
585{ f j f pdzdy dz} 8t = 1ncrease 1 mass 1nside the surface in time &¢

=cxcess of flow 1n over flow out across the
surface 1 time &t

=— ff(lpu + mpeos + npw) diS 8¢

__fff(dpu apv 6pw> dedydzét,

by Green’s Theorem.
Therefore f f f {ap apu ap v+ Elgu_)} dedydz =0

for all ranges of integration within the fluid.

o +8pu apv Opw _ -0

Therefore P + = o

at every pomnt of the fluid.

9. The Equation of Continuity in the) Lagrangian
Method. Let a, b, ¢ be the coordinates of a particle P at a given
epoch, and «, y, z the coordinates of the same particle after the
lapse of time t. Take a small tetrahedron PABC mm the flud
with its edges PA, PB, PC parallel to the coordinate axes of
lengths &a, &b, dc.

* This theorem can be proved by simple ntegration as in Hydrostatics, Art. 23.
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After time ¢, the element of fluid that occupied the space
PABC at the given epoch will form a differently sitnated tetra-
hedron P’A’B'C’, and z, y, z being the coordinates of P, the
coordinates of 4’ relative to P’ will be

0 o0 a5y

22 °" a da °¢
’ am 3y aZ
, ox oy 0z
and of C 3 éc, 3 dc, % Sc

Hence the volume of the tetiahedron P'A’'B'C’

S T
w oy o
ob’ ob’ 0b
du 2y 0z
oc’ ¢’ dc
and 1ts mass =ip gg ‘Z’ z; da dbéc.

But 1f p, be the mitial density the mass 1s }p,8adbdec, and

therefore
(2 y. 2) _
Pa(a, b, c)_P"’

which 1s the cquation of continuity.

10 We can prove, by a direct transformation, the equivalence of the
two forms of the equation of continwuity. Beginmng with the Lagrangian
form, let

_a_(& Y 2)

T =5 b,0)’

then pJ 18 constant, and d (pJ)/dt=0,
dp dJ _

or J ar +p @ =0,

But these time-rates are variations due to the motion of a particle, or the
variability of 2, y, z, and we can change now from the Lagrangian to the
Eulerian system of variables by either writing D/D¢ stead of d/dt or by
writing u, », w for z, 7, # And on this hypothesis we shall write

ou d va

— f , ete.
oo

or - —
T dtoa
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df _ uwd(y,2) , w0(y ), 0ud(y, )
Hence @t~ Badbc) T obolea) i aab)
+6_ga(z, x) v O(sx) owo(s )
(b c) 0bo(e,a) ocd(a,bd)
Lwd(ny) 0o @y) , Wwbwy)
0 0(b,c)  cbo(c,a) Oco(q, b)
_3(n ), (@0, 2) | (9 w)
U(a, b,¢) 0(ayb,¢) o(a b, c)
Ou_Oudr  Oudy  Oudz
But " weaT oyiat %da’
ou_ouls  tudy  in e
b (xdb " Oydb T 0z
Ou_OQudxr  Culy 0Ouds
e oxdec  oyee | izee’
ou  ou
and by eliminating @ we get
w09, 2) 000 9 2)
o 0(a, b, c) 0(a, b c)’
O(u, y,2) _ 0w,
or o(a, b,c) "z’
and from this and similar expressions we get
dJ ou v (w
@ Nty a_z)
Dp LAY
and therefore YRt <a + gt =0

11. Particular cases of the Equation of Continuity.
The equation of continmity may be transformed to cylindrical
and to polar coordmnates by the ordinary processes of change of
the independent variable, but 1t 1s simpler to obtain 1t directly

m each casc from the principle
that the increase in thé mass
contammed 1 an element of
volume 1n any short time &8¢ 1s
equal to the excess of the mass
that flows 1n over the mass that
tlows out.

Thus in polar coordinates
if u, v, w denote the components
of velocity in the directions of
the elements dr, »df, r sin fdw,

Fig 1.
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the excess of flow 1n over the flow out arising from the face
r2sm 6dfdw and the opposite face 1s

_ % (pur® sin 0d0dw) dr,
from the face » sin §dwdr and the opposite face
- —% (pvr sin Adw dr) rd6 &t,

and from the face rd@dr and the opposite face

~ s dde (pwrd@dr)rsin 6dw 8¢,
and the 1ncrease 1n mass is
2 (prosin Odrdfde) 8.
Therefore
aaf;+ aar(” U0 Hae(pvsm 0)+—; L_dpw_ =0...(1).

rsinf dw

Simlarly if 1n cylindrical coordinates u, v, w denote the
components of velocity in the directions of the elements dr, rd#f,
dz, we can shew that

9 2
.aLt’+_ar(p ur) + > ae ,m)+a (pw)=0 ......... 2)

12. Still simpler considerations will enable us to write down
an equation of continuity in certain cases. For example, 1f hquid
be moving 1n such a manner that the motion 1s symmetrical about
a given point 0, the velocity at every point being directed towards
(or from) the point O, if « be the velocity at distance » from O,
since the quantity of liquid that crosses every sphere whose centre
18 O must be the same, we have 47r2u = constant,

a 2 —_
or or (7*u)=0,

agreeing with equation (1) of the last article.

If we consider the same case with the motion confined to two
dimensions, the quantity of liquid that crosses every circle whose
centre is O must be the same, so that 27ru = constant,

0
or 5 (ru)=0,

agreeing with equation (2) of the last article.
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13. Another form of the equation of continuity may also be given.

Let PQ=25s be an arc of the line of motion passing through a pomt @;
and let 4B be a small area normal to the are,
such that all the particles of fluid crossing 1t
may be considered as moving perpendicular
to 1t.

Let A4’, BB, etc. be small arcs of the lines
of motion through the bounding points of 48,
and A’B’ the normal section through @ of the
surface formed by these lines of motion.

Take p as the density of the fluid 1n P@ at the time ¢, x the area of 4B,
and v the velocity at £, then the quantity of fluud which enters at 4B
during the time 8¢

=kpvdt,
and that which flows out at 4’8’ 5
=xpv8t+ & (kpvdt) 83
The excess of the former over the latter of these two expressions 1s the
whole ncrease of the fluid 1n PQ during the time 8¢, and 1s

—-9% (xpv) 82ds
but the mass of fluid at the time # being «p 8s, the ncrease in the time 8¢ 13

also expressed by 5 5
5, (kp83) 8¢, or 5 (kp) 838,

il 0
and therefore 5 (xp) +5 (xpv)=0.

From the way 1n which this equation has been obtained, 1t will be seen
that allowance 1s made for the expansion of the element which may in certain
cases take place, and 1t 1s only 1n this way that x can be an explicit function
of the time The small section 4B may be taken arbitrarily, but the section
A'B' will depend, not only on the arc 7°Q, but also on the directions of the
Iines of motion passing through the bounding curve of AB, the varnation of
« may therefore depend on the time explicitly, since these lines of motion
may vary with the time

14. The Boundary Surface.

At any fixed boundary the velocity of the fluid normal to the
surface must vanish, that is

lu+mv+nw=0

at overy point of the boundary; I, m, n denoting the direction
cosines of the normal.

At the surface of a solid moving in the fluid the normal
velocity of the fluid must be equal to that of the solid. Also for
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any sunace 1n the fluid composed of a given sheet of particles or,
what is the same thing, for any surface which always vontains the
same fluid matter within 1t, we must have the normal velocity of
the surface equal to the velocity in the same direction of a neigh-
bouring particle of fluid. Thus if 8» 1s an element PP’ of a normal
to the surface
F(z,9,2,t)=0 .. ... cccover cvnnnnnns (1),

and z, y, z are the coordinates of P, those of P’ are z + 8v, y + mdv,
z+ndv, where I, m, n are direction cosines of PP’ and therefore

proportional to 0F/dx, 0F/dy, 0F/0z. But P’ lies on the surface at
time ¢ + &8¢, therefore

F(z+1dv, y+ 7{1,81/, z+ndy, t+8t)=0 .. ...... (2),
and from (1) and (2) we get
aF SF BF or
Again,
lu + mv + nw = normal veloeity of particle of fluid
= norme! velocity of surface
=v
3F 8F oF
=5/ +moy +2%).
B Lmas :;’/”w’ ok, ome:
2 2 o0F"\2
G +Gy) + &}
oF oF oF OF
therefore 2% T 52+ 3y tws -= (1 RO (3),

and this is the differential equation of the boundary surface.

15. If we assume that a boundary surface always consists
of the same particles of fluid, we may conclude at once that if
F(x,y, 2 t)=0 be such a surface, then following the motion of
the fluid

DF 3F aF oF oF
DAl T Fh VRl Pk

Though this hypothesm is gencrally true for continuous motion
it may cease to hold in some cases of discontinuous or turbulent
motion. Some examples have been given by Lord Kelvin*.

* Camb. and Dub Math. Journal, 111. p. 89, or Math. and Phys. Papers, 1 p. 83.
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16. S8tream Lines. A stream line or line of flow is-a curve
such that at any instant of time the tangent at any point of 1t
18 the direction of motion of the flid at that point. A tubular
space 1 the fluid bounded by lines of flow 1s called a tube of flow.

The direction of motion of the thud particle at the point
(#, y, 2) 18 defined by the quantities w, v, w and therefore the
differential equations of the stream lines are

—i‘—= 2 -_-‘;L‘U‘ ................... ..(1).

Except 1n the case of steady motion, «, v, w are always functions
of the time and therefore the stream lines are continually changing
with the time, and the actual path of any particle of the uid will
not 1n general comncide with a stream hne For if P, @, R are
consecutive points on a stream line at time ¢, a particle moving
through P at this instant will move along P but when 1t arrives
at Q at time £+ 8¢, QR 1s no longer the direction of the velocity at
@ and the particle will therefore cease to move along QR and
move instead in the direction of the new veloeity at @ But 1f
the motion be steady the stream lihes remain unchanged as time
progresses and they arc also the paths of the particles of fluid.

The differential equations for the paths of the particles are
E=U Y=V, Z2=W cerverrrreernnnnnns (2),

for when u, v, w are known functions of z, y, z, ¢ these equations
will determine «, y, z 1n terms of ¢ and three arbitrary constants
which might be taken to be «, b, ¢ the mitial values of the co-
ordinates of a particle, and hence the paths of the particles would
be obtained.

17. The stream lines dz/u=dy/v=dz/w are cut at right
angles by the surfaces given by the differential equation

udz +vdy +wdz=0 ..... e (1),

and the condition for the existence of such orthodonal surfaces 1s
the condition that the last equation may admit of a solution of the

form
d(@y,2)=0 .. 2),
the analytical condition being
ow ov ou  ow (Qg _owp_
12 (“a*g} - é;’) +v (a—z - 87:) + w oz ay/f— 0...... (3).
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18. Velocity Potential. When the expression
udz +vdy + wdz
18 an exact differential — d¢, so that

% 0 _% o,

U v w=—2", ~ 3y FYRLIITTIIP PR
then ¢ is called the velocity potential or velocity function.
It is clear that in this case
ow_ov Ou_0Ow 9v_ou @
53;_5—2’ a‘;——a;., 5;0-33 ............... ),
so that condition (3) of the last article 1s satisfied and surfaces
exist which cut the stream lines orthogonally.

19. As an example consider the case in which
u=-wely/r, wv=cz/rt, w=0,
where r denotes distance from the z-axis, so that the velocity 1s
wholly transversal and everywhere equal to ¢*/» These values
satisfy the equation of continuity and therefore represent =
possible motion
The lines of flow are given by

do _dy_d
-y =z 0
or &’ +y*=const, z=const.

In this case

so that conditions (2) of the last article are satisfied.

In fact udz +vdy + wdz=cd (ta.n"1 g) s
so that there is a velocity potential
- -1Y
¢=—c*tan™? ol
and the planes y = «x cut the stream lines orthogonally.

20. It 1s possible however for the orthogonal surfaces to exist
without a velocity potential. Take for instance the case
u=—-wy, v=oz, w=0,
where again the velocity is transversal and varies as the distance
from the z-axis, so that the whole mass rotates as if solid.
In this case we have the same lines of flow as in the last
article, but ude + vdy + wdz is not an exact differential, so there
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is no velocity potential though condition (3) of Art. 17 1s satisfied
and

udz +vdy + wdz =0
leads to the family of planes y =&, which cut the stream lines
orthogonally.

21. Irrotational and Rotational Motion.
When the expressions
ow ov ou Ow ?_” _ ou

5y "3 9 aw’ w5y
all vamsh, the motion 1s said to be irrotationel. When they do
not all vanish the motion 1s said to be rotational.

The reason for this nomenclature will be given hereafter.

It will be noticed that, when a velocity potential exists, the
motion is wwrotational Thus the motion of Art 19 1s wrrotational,
and that of Art. 20 1s rotational.

EXAMPLES

1 A mass of fluud moves 1n such a way that each particle describes a
circle 1 one plane about a fixed axis, shew that the equation of continuity 1s

where o 18 the angular velocity of a particle whose azimuthal angle 1s 6 at
time ¢
2 A mass of fluud 18 1n motion so that the lines of motion lie on the
surface of coaxial cylinders, shew that the equation of continuity 18
op , 13 (pv) 3 (pw)
atroe tTa O
where v, w are the velocities perpendicular and parallel to z.
3 The particles of a fluid move symmetrically in space with regard to
a fixed centre; prove that the equation of continuity 1s
op op  p o
&t e tig
where % 15 the velocity at distance

("'2 u) =0,

4. Each particle of a mass of iquid moves 1 a plane through the axis
of z, find the equation of continuity.

5 If the lines of motion are curves on the surfaces of cones having their
vertices at the origin and the axis of 2z for common axis, prove that the
equation of continuity 1
% + 0 (pw) + ?_PL‘ 4 gosec 60 (Pv)==0.

ot or ? r o
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6. If the lines of motion are curves on the surfaces of spheres all touching
the plane of 2y at the origin O, the equation of continuity 1s

rsm é p+8($:) smaa(p )+pu(l+2coq0) 0,

where 7 13 the radius CP of one of the spheres,  the angle ICO, u the velocity
1 the plane PCO, » the perpendicular velocity, and ¢ the mclination of the
plane PCO to a fixed plane through the axis of z.

7. If every particle moves on the surface of a sphere, prove that the
equation of continuity 18

2 cosﬂ+ae (pw cos 6) +8¢> (po’ cos 8)=0,
p bemg the density, 6, ¢ the latitude and longitude of any element, and
» and o' the angular velouties of the element mm latitude and longitude
respectively (MT 1877)
8 Shew that, if & n, ¢ be orthogonal coordinates and if U, V, ¥ be the
corresponding component velocities, the equation of continuity 1s

3 2 I
L otp (Lot Vot LORLPY (pU)+/Q£;, (pV)+hs g2 (1) =0,

1 AN (Oy\¢ | [Pz
where P <3> + (—ag + (8—5) , ete. .
and 8;, s,, s; are respectively the sums of the principal curvatures of the
three orthogonal suifaces (Coll Exam. 1896.)
2
9, Shew that L—‘z, tan? t+'7/ yeotée=1
a? [

18 a possible form for the bounding surface of a iqud, and find an expression
for the normal velocity. (Coll. Exam 1899 )

10 In the steady motion of homogeneous hquid if the surfaces fi=q;,
fr=ay define the stream lines, prove that the most general values of the
velocity components u, v, w are

P S0, P SR, R S,

where F'1s any arbitrary function (Coll. Exam. 1892 )

11, Shew that all necessury conditions can be satisfied by a velocity
potential of the form

¢=ax?+Byi+y2t,
and a bounding surface of the form
F=azt+byt+ct - x (£)=0,

where y (¢) 1% a given function of the time, and q, 8, y, «, b, ¢ smitable functions
of the time (Trimty Coll. 1895)



CHAPTER 1I

EQUATIONS OF MOTION

22. LET u, v, w be the components of velocity, p the density
and p the pressure at the pomt (z, ¥, 2) 1n a mass of fluid, and let
X, Y, Z be the components of external force per unit mass at the
same point.

Considering a small rectangular parallelopiped dzdydz with
its centre at (z, ¥, 2), and resolving parallel to the z-axis, we have

—pXdodyds— P

Du
pdxdydz + B

i dzdydz,

the last term representing the difference of the pressures on the
two ends of area dyde.

Hence gl;=X—— }Jg{,
ou ,  ou ou ou lop
or . é¥+ua+v@+ aZ X—;)a-w ........... (1).
Similarly g: +u av et g; gv = Y—% g}; .......... (2),
ow ow  ow ow _ 10p
at-l—? B +v J+ % —;a—z ............ (3).

These are Euler’s Dynamical Equations.

23. If the fluid be elastic we have to make use f the physical
laws connecting pressure and density. Thus, 1if the temperature
be constant, we have

p=«p,
where « 1s a constant. And if the changes that take place occur
with such rapidity that there is not time for heat to enter or leave
the fluid element, as is the case 1n the expansions and contractions

R. H. 2



18 EQUATIONS OF MOTION [cHAP. 11

of air *hat result in the propagation of sound waves, then the
relation 1s the ¢adiabatic’ one,
p=«p?,
where v 1s a definite constant®,
24 In the casc of a liquud, 1f' II be the external pressure upon

its surface and p the pressure of the liquid at the surface, we shall
have (neglecting surface tension)

p=1I,
and therefore at all points of the free surface
Dp DU
Dt~ Dt

or 1f we suppose that IT depends only on the time

op, Op, Op ap oIl
at+"a +'vay+ ==

256 Integration of the equations of motion. When a
velocity potential exists and the external forces are dernvable
from a potential function, the equations of motion can always be
integrated

In this case u, v, w=— 0¢/0x, — 0¢[0y, — 0 /0z,
and X, Y, Z=—0V/[ox,—0V/oy,—0V]oz,

Du 0 o¢ 0° 0 0
therefore Dt T Bw(gt + 53 5.75—?? + ?);) a.v‘;y + ?;: azgz
Dv__ 29 06 ¥4 2470 0 ¥
Dt oyot ' ox 0xdy ~ Oy 0y* 0z 0yoz’
Du__ 4 06 0% 0 09 0406
Dt~ 0z0t 0z dwdz = Oy oyoz 0z 0zt
And friom the equations of motion

(Du—X>dw+(%;— y) dy+(%"i’_z) dz-{-:;l)(lp=().

Dt
Therefore
0 9V ()} av s Lap-
d +§d{( ) +(8y/ +(@)+ar +1dp=0,
or,1f ¢ denote the velocity,
—d%yagravel SAp=0. Q).

* Hydrostatics, Art, 119.
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Whence, assuming the existence of a functional rclation
bettveen the pressure and the density, we get by integration

df ~B PV =0 i, @),

where C is in general an arbitrary function of the time. It 1s
possible, however, to regard this function of the time as contained
1 the term 9¢/ot.
If the flmd be homogeneous and 1nelastic, the equation (2)

becomes

P_% g+ V=

0 at+%q +V=C .. ... ... (3).
If the motion be steady 0¢/ot =0, and therefore

1:+gq2+1f=0 C e (4),
where (' 1s an absolute constant.

26 Berroulli’s Theorem. Case of no Velocity Poten-
tial. We may obtain a sumilar equation when a velocity potential
does not exist  Thus by considering the motion of a small cylinder
of section « with 1ts axis of length 8s along a stream line, 1f g be
the velocity and S the component of external force per unit mass
1 direction of the '%tream line,

prc&s D— = pxdsS —-IC = 83,

Dq _oq 09
and 1n this case D =ot T 05"
aq 0g _ o _1lop
so that a5, = =8- D as T e (D).

If the motion be steady 9q/ot=0, and if the external forces
have a potential function such that 8= —0V/0s, then by integrat-
ing along a stream line,

95)13+%q«.-+ Vol s e (2),

where C 1s a constant, whose value depends on the particular
stream line chosen. This 18 Bernoulld’s Theorem.

27. In general, when no velocity potential exists, we make use
of equations (1), (2), (3) of Art. 22 in order to find tLe pressure at

any point.
2—2
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Fo. instance, 1f a mass of liquid revolve uniformly without
change of form or relative displacement, about a fixed axis, there
18 no velocity potential, but taking the fixed axis as axis of 2,

u=—oy, v=ozr, w=0,
hence from equations (1), (2), (3), Art 22,
_ 1 0p _ 10p _ 10p
—m’x—X—pé{—v, —“’Zy—y“pgg}, OrZ—; 92’

and therefore
})dp=de+ Ydy + Zdz + 0* (zdx + ydy),

as in Hydrostatics, Art 32
For homogeneous hiquid and conservative forces this becomes

%’ —}w? (2® + ¥°) + V = constant.

At first sight this equation may appear to contradict (2) of
Art. 26, but this is not so, for in that equation the constant C
depends on the particular stream line, and in this particular case
the velocity g 15 constant along a stream line, so that all the
information we get from (2) of Art. 26 1s that in this case

[ (—f’p + V 1s constant along a stream lhine.

28. When a velocity potential exists and the forces arc conser-
vative, the pressure is given by equation (2) or (3) of Art 25.

Take, for instance, the case given in Art. 19 in which there is
a velocity potential —c¢*6, while the velocity at distance » from
the axis of 2z is ¢*/r. Let z be measured vertically upwards and
gravity be the only external force, then equation (3) of Art. 25

becomes
p

c‘
; + G +gz= C.
If we tak» the pressure at the surface to be constant and
assume that a is the value of z when r 1s infinite, we have for the
equation of the surface

29 (#*+ y*) (a — 2z) =,

29. Equations of motion by the Flux Method.

The equanions of Art. 22 can also be obtained by considering
the changes of momentum that take place within a definite region
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of space due to the external forces acting throughout this region
and to the fl 1id pressures on the boundary.

Thus if [, m, n are direction cosines of the outward-drawn
normal to the element dS of any closed surface 8 drawn in the
fluid and fixed in space, with the same notation the time-rate of
increase of momentum parallel to the z-axis of the fluid inside S

8 g—t f f f pudzdydz, and this 1s composed of three parts

(1) the rate of increase of z-momentum inside S due to the
flow of momentum across the boundary, viz.

-ffpu (lu +mv + nw)dS,
(2) the rate of increase of z-momentum due to the pressures
on the boundary, viz. — f [ IpdS,
(8) the rate of increase of #z-momentum due to the external

forces acting throughout the region 8, viz. f f f pX dzdydz.

Hence

fffa“%‘,u—) dwdyd":“ffpu(lu+mv+nw)dS—-fflpdS

+ [[[pXdoaydz,

and by transforming the surface integrals into volume 1ntegrals by
Green’s Theorem, we get

[z + 4 ? ()42 - (pur) +2 (puw) + gg-px} dedyds =0,
and since this must hold for all ranges of integration within the
fluid, we must have at every point

Lo+ 2 o)+ 3 (pun)+ 2 (pu) = p X 22

op , 9(pu) 3 0 (pv) , 9 (pw) _
% w toy T e SO
and 1f we multiply this by » and subtract, we obtain

ou , ou, k6 oOu au,_ 1op
at"3 +’"8y v =X pox

But + -

as before.
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30. Lagrange’s Equations.

Let a, b, ¢ be the mtial coordinates of a particle and «, vy, z
the coordinates of the same particle at time ¢, then «, b, ¢, ¢ are
the independent variables and our object 18 to determine , y, z 1n
terms of a, b, ¢, t and so nvestigate completely the motion. At
time ¢ the component accclerations of the fluid clement 828ydz
are 0%x[ot?, d’y/ot}, 0%z/ot?, and 1f we assume the existence of a
potential V for the external forces, we get as in Art. 22

0°z oV 1op

ot oz pox’

To deduce equations containing only differentiations with regard
to the independent variables a, b, ¢, £, we multiply these by ox/o«,
oy/oa, 9z/0a and add,

therefore ?;’f gg + ggg g—g + g;—f gz =— %Z - '1,;32 ...... (1).
Similarly g—’:—faa—z +g—;zg§+g:fg§=—aa—r—%g§ N ¢
w TRV o
These equations, together with the equation of continuity
"o b P

constitute Lagrange’s Hydrodynamical Equations.
31. Cauchy’s Integrals.

Assuming that p 1s a function of p, differentiate equations (2)
and (3) of the last article with regard to ¢ and b respectively and
subtract, and we obtain after writing w, v, w for dx/ot, 9y/ot, oz/ot,

udx 0Owox 0% Oy 0% dy , 0w dz 0w 0z

dtabae ~ 3tacdb T dtobde — atacb T otobae  dtscab O

Integrate this equation with regard to ¢, and take u,, v, w, as
initial values, then

oudxr Oudxr Ovdy Ovoy A Owdz Owdz 0w, oY

— e —— e - e

dboc ocdb taboc dcab aboc dcab b  oc’
for initially 0z/0a =1, 0x/6b = oz/oc = 0, etc., etc.
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Ou _Judx OJudy  Judz
Now % = 3250 50 5y da + 5550 €% ete,,

and making these substitutions, the equation becomes

(@L”_a_”)i’fi/»_{) ou %f)?(@ﬂ?u(av au)a(* Y) _ 0w _
oy 0z)9(b,c) " \oz ox/)d(bc)” \dx dy/d(b,c) b
Writing
ow ov ou ow v Ou

oy oz 26 5o T e oy =%
we obtain the equations
8(J,z) 2(z,2)  ,0(zy) _
R BT M T N
9 (y,2) a(z,w) o(ny) _
AL 1O BT IO B

2(42) a(z z)  LO(my) _
Eat sy 5w 6 T oo (b= >

23

ov,

de

Multiply these cquations by 9:w/da, 9x/0b, 9/dc respectively and

add and take account of the cquation of continuity
po(x, ¥, 2)jo (¢, b, ¢)=p,,

‘g’ E,ox N ox é}, ox
P poaa+poab+poac'
n fo 0y . M0y , Loy
P pda p,0b " p,oc’

and £ %oz  moz Loz

P poaa, Po0b " p,0c”

and we get

Simalarly

We notice that when a velocity potential exists E=9=¢=0,
and from the foregoing equations 1t 1s evident that thesc quantities

are always zero if their imitial values are zero

As we have already stated, when a velocity potential exists
the motion 1s sad to be urotational and we therefore have the
theorem that the motion of a fliud under conservatwe forces, if
once irrotational, is always wrotational. This consiitutes Cauchy’s

proof of this important theorem first enunciated by Lagrange.

When a velocity potential does not exist, the motion is called
rotationul. The reason for the phraseology employed to distinguish
the two kinds of motion 1s given in the following article taken

from a paper by Stokes*.

* Trans. Cantb. Phil. Soc vi. p. 287, or Math. and Phys Papers, 1. p 112.
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32. Physical Interpretation.

Conceive an indefinitely small element of a flu’d 1n motion
to become solidified suddenly, and the fluid about it te be destroyed
suddenly; let the form of the eclement be so taken that the
resulting solid shall be that which 1s the simplest with respect
to rotatory motion, namely, that which has 1ts three principal
moments about axes passing through the centre of gravity equal
to each other, and therefore every axis passing through that pomnt
a principal axis, and consider the linear and angular motions of
the element immediately after solidification. '

By the instantaneous sohidification velocities will be suddenly
generated or destroyed in the different portions of the element,
and a set of impulsive forces will be called into action. Let ,y, 2
be the coordinates of the centre of gravity G of the element at
the instant of solidification, # + &', ¥ + ¥’, 2+ 2/ those of any other
pomnt in 1t.

Let u, v, w be the velocities of G along the three axes just
before sohidification, /, v, w’ the relative velocities of the point
whose relative coordinates are ', y', 2/

Let 4,7, w be the velocities of G, u,,,, w, the relative velocities
of the point («/, y', 2), and &, 0, { the angular velocities just after
solidification

Since all the impulsive forces are internal,

U=u, v=v, W=w.
Also, by the conservation of angular momentum,
Em {y (wy —w') =2 (1, =)} =0, etc,
m denoting an element of the mass considered
But uy =97 — &y,

,_Ou , 0w , Ou,

W= + 53—/ Y+ 52 ultimately,

and similar expressions hold good for the other quantities.

Substituting in the above equations, and observing that
S (my'#)=0, 3 (mda)=0, 3(ma'y)=0,

and Sma’? = Zmy" = Zmz",
ow ov ou  ow ov  ou
we have 25—@—5—‘;, n=gr = 2§_27w-53_/'

We see thea that an indefinitely small element of the fluid of
which the three principal moments about the centre of gravity
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are equal, if suddenly sohdified and detached from the rest of the
fluid, will hegin to move with a motion of translation only if
udx + vdy + wdz is an exact differential, but if this expression
is not an exact differential the motion of the element will be
rotational as well as translational , and this constitutes the reason
for the nomenclature of Art. 21.

The quantities & 7, § are called the components of spin. The
térm molecular rotation has been used 1n this sense, but there is
no connection between the rotations and the molecules

83. Assuming that the forces are conservative and p a function

of p, we may write the equations of motion
Du_ 9V 19p_ 0Q

Dt~ oz pa_a,——aw”say’

Dw_ oV _1op__0Q
Dt~ 0z poz oz’
0Dv__ oQ _0 Dw
so that 55 Dt =~ a5y ~ 3y Dt
D ow ©ov\  Judw A 0vow K owow
therefore Di oy ~ 52) 2y 90 + 5 0y + 5y 52
Ouodv Ovdv Jwdv_
Tdz0z 0z0y oz0z

or by adding and subtracting g‘—Z %; , thig equation may be written

DE ov | ow ou  ov  ow
D=t '“”a—w“f(a;*zry*&)
DE
or =g 5+ — 80
where 8= Qu + o + él—v but by the equation of continuit
oz oy 0z’ y 1 Y
1 Dp

th+0 0. Hence we get

D g\ _ Eou nov Eow
—Dt() p8w+pax+p6w
_12(17) Eou nov  fow
D¢ pdy pdy pdy’
D Eou nov , Eow
Dt() paz+p6z p oz’
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Also observing that

o Jow ou ou _ ou  ou
nan+ton = (2+g,) £ G~ 20) =gy + <o

the equations take the form

D ou ou ou
i (5)=i5 1542
D ov ov ov
ﬁt(’g)=§a;+gay+§a—z ............ (1).
D Eow mnow Eow
m(ﬁ)ﬁ% poy tpos

These equations for the casc of p constant were given by
Stokes* and Hclmholtzt and were extended to the form given

above by Nanson}.

From these equations Helmholtz concludes that 1t in a flud

element §, 7, § are simultancously zero, we also have
DE/Dt = Dy/Dt=D¢/ Dt =0

Hence those elements of fluid which at any instunt have no rotation
reman during the whole motion without rotation. The justification
for this conclusion 1s found 1n Stokes’s paper already cited§. Thus
1 equations (1) we may assume that ou/oz, 0v/ox, ete., are finite,
and let L denote themwr superior lnmt, then &/p, n/p, ¢/p cannot
increase faster than if they satisfied the equations

%@):1%(3):1%(5)=L(§+7I+§)/P (@)

p
and 1f we put pQ = £+ 9+ &, we have
DQ/Dt=3L1,
so that 1f Q be not zero, by dividing by Q and integrating we get
Q = Cetlt,

and no value of C other than zero will allow Q to vanish when
t=0, but by hypothesis & 7, ¢ and therefore Q also, are zero
when ¢ =0, therefore () 1s always zcero. But Q is the sum of three
quantities which evidently cannot be negative, therefore each of

* Loc. cit p. 23

t Crelle’s Journal, 1858 ; Plul. Mag. xxxir. Fourth Series, 1867, p 485.

+ Messenger f Math 1873, 11 p 12C.

§ Also 1 Math. and Phys. Papers, 11 p 36, or Camb. and Dub Math. Journal,
1. p. 215.
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them must be zero. And as £, #, { remain zero when they satisfy
(2), stall mere will they do so when they satisfy (1).

34. Impulsive Action.

If 1mpulsive forces be made to act on a flud, or 1f 1mpulsive
pressures be excited by a sudden change of motion of one of the
boundaries, it can be shewn as i Hydrostatics, Arts. 6 and 8,
that the impulsive pressure at any pomt 1s the same in every
direction and 1n the case of a liquad that the impulsive pressure 1s
transmitted equally throughout the iquid. The incompressibility
of the liquid implics infinitely 1apid propagation of pressural
effect, so that an impulsive pressure can be produced 1nstan-
taneously throughout the hquid.

To find the relation between impulsive pressure and change of
velocity.

Let = denote the mmpulsive pressure and X', V', Z’ the
extraneous impulses per umt mass of flmd at the pont (z, y, 2).
Let u, v, w and o/, o', ' denote the velocity components at this
pomt just before and just after the impulsive action. Since
impulses are measured by the change of momentum they produce,
by considering a small parallelopiped 828y8z with centre at
(z, y, 2), we get

p (U —u)dxdydz=pX’'8r8ydz— aag S8y bz,

the last term representing the difference between the impulsive
pressures on the two ends of area 8ydz.

r ’ _ v, aﬂ‘
Therefore p(u —u)y=pX — D
’ — ’ ow

p(v —'U)-pY - a—:l}' .(1).
’ . ’ am'
pw —w)=pZ — 5

If there are no extraneous impulses the equations are
cquivalent to

do=—p(u —u)dz—p(v —v)dy—p(Ww —w)dz,
or if ¢, ¢’ denote the velocity potential just before and just after
the impulsive action,
dw =p(d¢’' —d¢),
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hence, by integration, when p is constant

w=p¢'—p¢+C.
The constant ' may be omitted, as an extra pressure, constant
throughout the fluid, would not affect the motion.

36. Physical meaning of velocity potential.

From the last article we see that any actual motion of a liquid,
for which a single-valued velocity potential exists, could be pro-
duced 1nstantaneously from rest by a set of impulses properly
applied, and if the hquid be regarded as of umt density the
velocity potential 1s the 1mpulsive pressure at any peint.

We also conclude that when a state of rotational motion exists
n a lhiquid, the motion could neither be created nor destroyed by
1mpulsive pressures.

36. When there are no extraneous impulses and p 1s constant,
by differentiating equations (1) of Art. 34, and makinyg use of the

equation of continuity, we obtain
e O'c  Ow
az;};+—33-/,‘,+7,);_0 .. ceee e (1),

and the general problem of impulsive motion consists in ob-
taining a solution of this equation to satisfy the given boundary
cond1tions.

37 It was pointed out by Stokes* that 1n selecting a solution to satisfy
the given boundary conditions 1t 18 necessary also to note that the value of
the flud pressure, whether finite or impulsive pressure, cannot change
abruptly from point to point 1n the flud. He considers the following
example .—Suppose a mass of fluid to be at rest b a finite cylinder, whose
axis coincides with the axis of 2, the cylinder being entirely filled and closed
at both ends Suppose the cylinder to be moved by impact with initial
velocity €' 1n the direction of z, then the velocitics are given by

u=C, v=0, w=0.

For these make udr+wvdy+wdz an exact differential —d¢p, where ¢
satisfies (1) of Art. 36; they also make the normal velocity equal to that
of the cylinder over the boundary, and give a value for the impulsive
pressure, namely C’— Cpx, which does not alter abruptly. But if we had
supposed that ¢ was equal to —Cx— (" tan!y/z all the conditions wonld
still have been satisfied, except that we should have obtaned for the im-
pulsive pressure a value w=C"—p (Cx+C’tan1y/z), in which the last term

* Trans. Camb. Phl. Soc, viit. p, 103, or Math. and Phys, Papers, 1. p. 28,
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alters abruptly as tan~—1y/2 passes through the value 2w. Hence tile former
was the correct solution of the problem.

This 1s also an 1llustration of a theorem we shall have to discuss later
namely that cychic irrotational motion canuot exist m simply connected
space.

38. The following examples will serve to illustrate the application to
particular cases of the principles of hydrodynamics

(1) 4 quantaty of Luquad occupies a length 21 of a straight tube of uniform
small bore, under the action of a force to u pownt wn the tube varying as the
distance from that pownt It s required to determune the motion und the
pressure.

Let p be the pressure and = the velocity at a distance x from the fixed
point O, and let z be the distance of the nearer free surface from 0

The equation of continuty 1s
Oufda =0

The equation of motion 1s therefore
ou 1dp

ot d pcr
Integrate this equation with regard to x,
therefore z %—':= C—1pat—plp,

and p=0 when 2 =2z and when x=2+2/,
Ou

therefore Frimial s (2410)
But clearly u=4,
therefore 24 p (s+1)=0,

hence z+?=.d co» (V/pl+a), the constants beng determmed by the mmtial
position and veloaity.

, )
Also plp=—3p2=#)—(x-2) aj

=~ @@= tu (=) (4D,
and thus the pressure at any pont 1s determined.

(2) A wvertical tube AB of small section has two apertures cluse to 1its
base B in whih horwontal tubes are fitted, und the upertures are closed by
valves; a grven height a of the tube AB s filled with water and the valves are
then opened The areal section of eack horizontal tube being half that of the
vertical tube, and the length of each greater than AB, it 18 required to determine
the motion

Let z be the height above B of the free surface in AB at the time ¢, and
Z the distance from B of the free surface 1 each horizontal tube,

Then the volume of hiquid being constant

z+2=a.
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If p be the pressure and u the velocity measured upwards at a height #1n
AB, the cquation of contimuty 18 dufox=0, and the equation of motion 1s

therefore
ou 10p

=79 e
and by integrating with regard to 7,

@ =f (&)= ge—-plp

But p=0 when »=z,
therefore plp=(g+0oujct) (- ),
and 1if p" 13 the pressuve at B,
Plp=(g+oufct)z

Simularly 1if «’ be the velocity in either lower tube p'/p =2'0u'[¢Y,

therefore 2o fot=(g+0u/ct):
But u=zand v'=2¢'= -3,
therefore az+g:=0,

and z=4A cos (¢ Ng/a+a)=a cos t A/g]a, by taking the mtial values of = and 2

The motion 1s therefore of simple harmonic type until the vertical tube 15
emptied, which will take place after time /2 A/ g/e

3) A mass of liguad suriounds u solid sphere of 1adius a and its oute
su1 fuce, which 18 a concentric sphere of radwus b, 1s subject to a given constunt
presswre I, no other forces beng wn action on the hgud The solid sphere
suddenly shrinks into « concentric sphere, 1t s required to determne the subse-
quent motion, and the impulsive action on the sphere

At time ¢, let p be the pressure and ¢’ the veloeity at distance » from the
centre, then the equation of motion 1s

'

e 1cp
ot

FV =5
R 7

and the equation of continuity 1s
7% =F(t),

therefore F r’EQ + 2 o Lop

o’ T por

Let R, r be the radn of the external and internal boundaries at tume ¢, and
¥, v their velocities ; these quantities are functions of ¢ only, and

V=R, v=r

Integrating equation (1) with regard to »* from »'=r to =R, we get

~F0)(; - )+ @t= V=1
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But F()=rtv=R2V,
therefore F'(t)=2rvr 472 dv po
dr
=2r2+r2dv/dr,
dv\ /1 1) o
(o222 (21 ™\
Hence (2n +7 vd)) (; It)+%02 <1 R;)"H/P

Putting »*=2z,and multiplying by 2% and observing that RS -3 =03 - a3=¢?,

this becomes
1 1 72

d 1
2072 p = — { - —- } = (242 {—,, - - -—}
UNRRWLE dr r# (,.z_,.cs)"r
Integrating we obtain

gE"S"’J.—@,z(} 1
3p r ZE)

Take 7 for the radius of the solid sphere, and let @ denote the impulsive

pressure at distance 2”, then

2odr’
2 redr
dw__P"d"'"'P—,J["

therefore, since w=0 when i)'=R,

w/p=12» (l -1
p= r I

gives the impulsive pressure when 7' =1
The whole impulse on the sphere
=dmlw=4mpidv(R-r)/R,

and the whole momentum destroy ed
1

R
=/ Amr2py dr' =4mpriv (R—1)

The veloaity may also be obtained at once by help of the prmeciple of
energy
For, the kimetic energy

=§/R 42 dr
+

B pip? 1 1
= r ' = Dot (= = o
=2mp i dr' = 2w pry (r 1£> ,
and the work done by the outer pressure
R
- [b 4n ROTI(— dR)

=471l (13— K3 =471l (a’—r3).

Hence the equation of energy gives us at once the expiession 101 wue
velocity.
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EXAMPLES.

1. If a bombshell explode at a great depth beneath the surface of the
sea, prove that the impulsive pressure at any pomnt varies inversely as the
distance from the centre of the shell.

2. A straight tube of small bore, 4BC, 1s bent so as to make the angle
ABC a night angle, and 1B equal to BC The end C1s closed, and the tube
18 placed with the end .1 upwards and 4B vertical, and 1s filled with hiquid.
If the end C be opened, prove that the pressure at any point of the vertical
tube 1s 1nstantaneously dimimished one-half, and find the instantaneous
change of pressure at any pomt of the horizontal tube, the pressure of the

atmosphere being neglected

3 Steam 1s rushing from a boiler through a conical pipe, the diameters
of the ends of which are D and d, 1f V and v be the corresponding velocities
of the steam, and 1f the motion be supposed to be that of divergence from the
vertex of the cone, prove that

:v .= _92 e 2
V™ d? ’
where 1 15 the pressure divided by the density, and supposed constant

viI-V2

4. An elastic flud, the weight of which 1s neglected, obeying Boyle’s law,
1s 10 motion m a uniform straight tube, shew that on the hypothesis of
parallel sections the velocity at any time ¢ at a distance » from a fixed pomnt
1n the tube 13 defined by the equation

o% o o ov o%

Pk LTI R P A

atz”ar(z"af“’ ar) kg
5. Air, obeying Boyle’s law, 18 m motion i a uniform tube of small
section ; prove that if p be the density and v the velocity at a distance 2 from

a fixed pont at the time ¢,

0% 0%
= 0 () p}

6. Two equal closed cylinders, of height ¢, with their bases 1n the same
horizontal plane, are filled, one with water, and the other with air of such a
density as to support a column % of water, A being less than ¢. If a com-
munication be npened between themn at their bases, the height z, to which
the water rises, 18 given by the equation

cx ~ 2%+ ch log c%z=0

7.> Water flows steadily along a pipe of variable cross section. If the
pressure be 700 milhmetres of mercury at a place where the veloc'ty 18
150 cms. per second, find the pressure at a place where the cross section of

the pipe 18 twice as large [Take the specific gravity, of mercury 13 6 ]
(Unv. of London, 1907.)
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8. In the case of a steady motion of an elastic fllud under no forces the
velocities parallel to the axes at the point («, g, z) are proportional to y+z,
242, 2+3y, prove that the surfaces of equal pressure are oblate spheroids,
the eccentricity nf the generating ellipse being 4/3/2 (M T. 1879)

9. A spherical shell of homogencous gravitating liquid, having no mitial
motion, 18 left to 1tself ; find the pressure at any point during the collapse

10 A mass of homogeneous liquid 13 moving so that the velocity at any
point 18 proportional to the time, and that the pressure 1s given by

§=nyz_ étz (y2z3+z%2+x‘y2) s

prove that this motion may have been generated from 1est by hmte natural
forces independent of the time; and shew that, 1f the direction of motion at
every pomnt comcide with the direction of the acting force, each particle of the
liquid describes a curve which 18 the mtersection of two hyperbolic cylinders
(M.T 1877)

11 A given quantity of hqud moves, under no forces, m a smooth conical

tube having a small vertical angle, and the distances of 1ts nearer and faither
extremities from the vertex at the time ¢ ure » and /, shew that

daz dr\? r 2 M
2 w*(zz) {3‘7‘;u"rw}=°’

the pressures at the two surfaces being equal

Shew also that the preceding equation results from supposing the vis viva
ot the mass of hiquud to be constant ; and that the velocity of the inner surface
15 given by the equations

V2=Cr [ (r' —1), 18 —ri=c,

C and c¢ being constants

12 A portion of homogeneous fluid 1s confined between two concentric
spheres radi 4 and g, and 18 attracted towards thewr centre by a force varying
nversely as the square of the distance, the inner spherical surface 13 suddenly
anmihilated, and when the radn of the inner and outer surfaces of the fluid
are r and R, the fluid 1mpinges on a solid ball concentric with themwr surfaces,
prove that the impulsive pressure at any pomnt of the ball for different values

of R and r varies as
- . T
2 _ 2 42 -
@ arv ) (- 7)

13. A fine tube whose section £ 18 a function of 1ts length s, m the form
of a closed plane curve of area 4, filled with 1ce, 1s moved 1 any ‘manner.
When the component angular velocity of the tube about a normal to 1t plane
18 @ the 1ce melts without change of volume. Prove that the velocity of the
fluid relatively to the tube at a point where the section 18 A" at any subsequent
time when o 18 the angular velocity 1s

2.4(Q@—0)+K ‘if:,
the mntegral bemng taken once round the tube. (MT 1873.)
R. H. 3
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14. A centre of force attracting inversely as the square of the distance
18 at the centre of a spherical cavity within an mfinite mass of incompressible
flud, the pressure on which at an infimte distance 1s @, and 1s such that the
work done by this pressure on a umit of area through a unit f length 18 one-
half the work done by the attractive force on a umt of volume of the fluid
from nfimity to the mtial boundary of the cavity, prove that the time of
filling up the cavity will be

"mvga-@»

@ being the mmitial radius of the cavity, and p the density of the fluid.
(MT 1874)

15 A homogeneous hquid 1s contamned between two concentric spherical
surfaces, the radius of the mner being a and that of the outer mdefinitely
great. The flud 15 attracted to the centre of these surfaces by a force ¢ (),
and a constant pressure II 1s exerted at the outer surface.

Suppose [¢ (r) dr=1v (), and that ¢ (»*) vamshes when » 1s infinite. Shew
that 1t the inner surface 1s suddenly removed, the pressure at the distance 7
18 suddenly dimimshed by

a_ap
ny =%y (a)

Find ¢ (s) so that the pressure immediately after the inner surface 1«
removed may be the same as 1t would be 1f no attractive force easted. Also
with this value of ¢ (#), find the velocity of the inner boundary of the flud at

any pertod of the motion

16 A stream 1 a horizontal pipe, after passing & contraction m the pipe
at which 1ts sectional area 13 4, 15 dehivered at atmospheric pressure at a place
wheze the sectional arca 13 B. Shew that 1f a side tube 13 connected with the
pipe at the former place, water will be sucked up through 1t mto the pipe

s /1 1
from a 1eservoir at a depth 3g ( A~ 1}9) below the pipe, s being the delivery
per second. (St John's Coll 1896.)

17 A homogeneous incompressible luid, enclosed in a boundary which can
change both 1n shape and area, but not 1n volume enclosed, 18 acted on by a
force whose components are

k k k
z¥y e’ z+«l'+:z_‘_|‘:?‘;__‘:;a ”+"/+.7v:|-y-432’
respectively, when the time £=0, the fluid 19 at rest, and the pressure

=kp log1~+/‘1{-—tz ; afterwards the pressure at the boundary is always

y+et

rt+y+z

kplog - - —pt? (224 Y2+t oy +yz+2x) - pF (2)

prove that the ¢ smponents of the velocity will always be
t(y+z2), t(et+a), txty),
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and that the curve described by the particle, whose coordinates, when ¢=0,
were (%o, Yo, 2), has for 1ts equations

(w—y) G/ )“ ZotYotz
Lo— Yo -2 z4y+z

18 An infimte mass of hiquid acted upon by no forces 18 at rest, and a
spherical portion of radius ¢ 13 suddenly annihilated, the pressure @ at an
infimte distance being supposed to remain constant, prove that the pressure
at the distance ~ from the centre of the sphere 1s mstantaneously diminished
1n the ratio »—¢ 7, and that the cavity will be filled up 1n the time

"_"_;’:i r(3)

6 " I'(4)

(MT 1865)

19. Shew that the rate per unmit of time at which work 1s done by the
internal pressures between the parts of a compressible fluid 18

au ?vw
/ / / (Gt 5 + 50 dwdyds,

where p 1s the pressure, and (%, ¢, w) the velocity at any point, and the inte-
gration extends through the volume of the fluud (St John’s Coll 1898)

20 A sphere 18 at rest 1n an infinite mass of homogeneous hquid of
density p, the pressure at infimty being @ Shew that, 1f the radius £ of the
sphere varies i any manner, the pressure at the surface of the sphere at any

time 18
w+§p{w (=22 + ‘f{:) } (Coll Exam 1900 )

21. Aninfimte mass of homogeneous incompressible fluid 1s at rest subject
to a uniform pressure II, and contains a spherical cavity of radius «, filled with
gas at a pressure mlII; prove that, 1f the inertia of the gas be neglected, and
Boyle’s law be supposed to hold throughout the ensuing motion, the radius of
the sphere will oscillate between the values ¢ and na, where z 18 determined
by the equation

1+3mlogn—n3=0

If m be nearly equal to 1, the time of an oscillation will be 2« ,\/ fr’;
p being the density of the flmd (M.T. 1869.)

>

22 A mass of liquid, of density p and volume 4#c? 18 1n the form of a
spherical shell; a constant pressure IT 13 exerted on the external surface of
the shell, there 18 no pressurt on the internal surface, and no other forces act
on the hquid ; mmtially the iquid 1s at rest and the internal radius of the shell
18 2¢, prove that the velocity of the internal surface, when 1ts radius 1s ¢, 18

4o 2}

(Colf. Exam. 1904.)
3 28-1

3—2
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23. Investigate an expression for the change i an indefimtely short time
1n the mass of fluid contained within a spherical surface of siaall radius

Prove that the momentum of the mass 1n the direction o. the axis of 2 18
greater than 1t would be if the whole were moving with the velocity at the
centre by

1 Ma? (Cpow , Opduw  Opou 1 (02w 0% 311_&)}
5 p {&;a@ v &a:*ép(w'*agz *toE)f "
(M.T. 1876 )

24. An infinite fluid 1n which 1s a spherical hollow of radius ¢ 18 1mtially
at rest under the action of no forces If a constant pressure II 1s appled at
infinity, shew that the time of hlling up the cavity 1s

wia (p/H)§ 98 {r@d)-: {Trimty Coll 1900 )

25 A solhd sphere of radius @ 13 surrounded by a mass of liquid whose
volume 1s 47¢3/3, and 1ts centre 13 a centre of attracting force varying directly
as the square of the distance If the solid sphere be suddenly anmhilated,
shew that the velocity of the inner surface, when 1ts radius 1s z, 1s given by

223 (08 + )3 — 2} = (211/3p + 2uc(9) (a* — 2%) (3 + %)3,

where p 13 the density, IT the external pressure and p the absolute force.
(M.T 1881.)

26. A mass of gravitating flmd 1s at rest under 1ts own attraction only;
the free surface being a sphere of radius b and the 1nner surface a rigid con-
centric shell of radius «. Shew that 1f this shell suddenly disappear, the
mtial pressure at any point of the fluid at distance r from the centre 18

3mp2(b~7)(r-a) ¢ ;'- b + 1) (Trimty Coll. 1902.)
27. A spherical hollow of radius @ 1nitially exists 1n an infinite fluid, subject

to constant pressure at infimty. Shew that the pressure at distance  from the

centre when the radius of the cavity is 2 1s to the pressure at infinity as

3x%rt 4 (a® — 428) r3 — (a® — 28) 23 + 3220,
(Trimty Coll. 1903.)

28. A sphe..cal mass of hquid of radius b has a concentric spherical cavity
of radius a, which contains gas at pressure p whose mass may be neglected :
at every point of the external boundary of the h(lmd an 1mpulsive pressure @
per unit area 1s apphied. Assuming that the gas obeys Boyle’s law, shew that
when the liquid first comes to rest, the radius of the internal spherical surface
will be

aexp (- w*b/2ppat (b—a)),
where p 15 the density of the hquid. (M.T. 1900.)
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29. A mass of homogeneous hquid, whose bounding surfaces are concentric
spheres, 1s at rest under the action of no forces i a gas of uniform pressure
If the pressure «f the external gas be suddenly increased, determine the -
stantaneous pressure in the hiquid, and 1nvestigate the differential equation
for the subsequent motion of the hiquid and the pressure inside the shell at
any time (Coll. Exam. 1895.)

30. A volume 4mc3 of gravitating liquid, of density p, 1s imtially in the
form of a spherical shell of infimtely great radius If the hiquid shell contract
under the influence of 1ts own attraction, there being no eaternal or internal
pressure, shew that when the radius of the mner spherical surface 1s x, 1ts
velocity will be given by

V2= 411:;222 (224 + 2832 4 222 2% — Bz2° ~ 3x*),

where y 18 the constant of gravitation, and 22=a%+4¢% (M.T 1899.)

31 A mass of uniform hiquid 18 1n the form of a thick spherical shell
bounded by concentric spheres of radn @ and b(a<b) The cavity 1s filled
with gas the pressure of which varies according to Boyle’s law, and is initially
equal to the atmospheric pressure II, and the mass of which may be neglected
The outer surface of the shell 1s exposed to atmospheric pressure Prove that
if the system 18 symmetrically disturbed, so that each particle moves along
the line joumng 1t to the centre the time of a small oscillation 18

2ma{p (b—a)/301b}3,
where p 18 the density of the hiquid. (Coll. Exam. 1896.)

32. A mass of perfect incompressible flud, of density p, 18 bounded by
concentric spherical surfaces The outer surface 1s contained by a flexible
envelope which exerts continuously a umform pressure II and contracts from
radius R, to radius £,;. The hollow 1s filled with a gas obeying Boyle’s law,
1ts radius contracts from ¢; to ¢z, and the pressure of the gas 18 1mtially p;
Initially the whole mass 1s at rest. Prove that, neglecting the mass of the
gas, the velocity (¥) of the mmner surface when the configuration (£, ¢;) 18
reached 1s given by

1, o 1( _e\I_p g}/( _ﬁ)
2”—02‘;{3 ! ?/p ;logcz ! R,)

(T1upty Coll. 1908.)

33. An infinite mass of flmd is acted on by a force ,;r"% per umt mass
directed to the orgin  If imtially the fld 1s at rest and there 18 a cavity in
the form of the sphere r=c 1n 1t, shew that the cavity will be filled up after

5
an 1nterval of time (5—2;) k. (Trinity Coll. 1905 )

34. Explamn on general grounds why two pulsating spheres in a hqud
attract each other, 1if they are always in the same phase. (Coll. Exam. 1905.)
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35. A spherical hollow of radius @ exists 1n an infinite mass of fluid, which
15 at rest, the pressure at mnfinity being zero, and a force per umt mass to the
centre equal to ur—® at distance », where n >1, begins to ac.. Shew that the
time of filling up the cavity 1s

?a—\/z(n-lz(n 49 . ﬂ+1)/ (m_.>
or ?:{:1 _\/ s 1)(4 = (8“-527)/ r (§1—+ 21n>’

as n> <4 (Trimty Coll. 1897.)

36 A mass of liquid of density p whose external surface is a long circular
cyhnder of radius a, which 1s subject to a constant pressure II, surrounds a
coaxial long circular cylinder of radius & The internal cylinder 1s suddenly
destroyed, shew tha,t if v 18 the velocity at the internal surface when the radius
18 7, then

21 (12— r?)
=;7716g (i G (Coll Exam 1894 )
37. Liquid 1s contained between two parallel planes, the free surface 1y
a circular cylinder of radius ¢ whose axis 18 perpendicular to the planes All
the liquad within a concentric circular cylinder of radius b 18 suddenly
annihilated ; prove that if @ be the pressure at the outer surface, the 1mtial
pressure at any pomnt of the hquid distant » from the centre 1s

log r—logh ‘
T loga—logh’ (Coll Exam 1896 )

38. If the motion be 1n two dimensions and be referred to polar coordinates
r and 6, shew that the equations of motion are

ou ou v? 1 op

Rt R rae‘r"‘;'a—r

oy, ov o v 1 op
and at et et 7=, rag’

where % and v are the component velocities along and perpendicular to the
radius vector, and R, © are the components per unit mass of the external
forces 1n these directions (Coll Exam 1901 )

39. Prove that the differential equations of motion for a frictionless flmd
are

10p oy ou, 6 Ou 6 Ou
T X+a--2vm3+2w%+ua +v J+ %
~(w?+w?) z - (%"‘ @1'”2) 3/+(0%+w3w1) 2=0,

and two simila equations; u, », w being the components of the velocity at the
time ¢ at the point 2, g, z relative to moving axes having component angular
velocities o, wy, @z. (M.T. 1881.)
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40. The motion of an incompresstble fluud 18 referred to rectangular axes
which are rotating with constant angular velocities 6, 6, 6;. prove that the

80 AV 8
equation of contlnuity is 68_(: + 3;},+ O(JZV= 0, and that the equations of motion

are
oU s _ 0 (p "
W--2V§+2W == <’;+§Q >+X,
and two similar equations, where U, ¥, W are the velocities relateve to the
axes, and
@P=U24+ V34 W2~ (02460246, (v3-+y* +22) +(0,2+0,y+ 0322

(Trimty Coll. 1898.)

41 If the motion s irrotational and the axes to which the motion 1s referred
rotate with angular velocities 6,, 8,, 6;, shew that

P
P
18 a function of the tune (M T. 1898.)

+ V439246, (ev—yw)+ 0, (rw—z1)+0, (yu— 20) -(g;



CHAPTER III

PARTICULAR METHODS AND APPLICATIONS

39 Motion in Two Dimensions. The Current Function.

When the motion 1s the same in all planes parallel to that of
2y, and there 1s no velocity parallel to the z-axis, i.e. when u, v are
functions of , y only, and w =0, we may regard the motion as two-
dimensional and consider only the circumstances 1n the plane zy,
and when we speak of the flow across a curve 1n this plane we shall
mean the flow across unit length of a cylinder whose trace on the
plane zy 1s the curve in question, the generators of the cylinder
being parallel to the z-axis.

The differential cquation of the lines of flow in this case 1s

vde —udy =0 ...coooiiiiiiniii.. (1),
and the equation of continuity 1s
ou  ov _ ou_9(=v)
Ty = T oy

which shews that the left-hand member of (1) 1s an exact differ-
ential.

Let ¢ = C be the integral, that 1s, let
oy oy

u=——-L and v==%L

oy ox

This function 4 18 called the stream function or the current
function, and 1t is clear that the lines of flow are given by the

equation
¥v=0

where C is an arbitrary constant.

A property of the current function 1s that the difference of its
values at two points represents the flow across any line joining the
points.
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For if ds be an element of a curve and 6 the inclination of the
tangent to the z-axis, the flow across the curve from right to left

—f('vcose—usm0)d,g-— ’.(a"'dx_'_a‘lfd )

={d‘lf="l"z_\l’1;

where by ‘ from right to left’ we mean 1n relation to an observer
placed on the curve and looking in the direction in which s in-
creases, the axes being so placed that rotation from z towards y 1s
counterclockwise.

We might also define the value of the current function v at
any point P as the amount of flow across a curve AP where 4 is
some fixed point 1n the plane, for this makes

P
\p=[ (vcos @ —usin 8)ds
Ja

— [* (vdw — udy)
= | ,(vde —udy).

And by varying the position of P, we get
v=0y/ox and u=— 0y /0y,

1n agreement with our former definition. Also 1t is easily seen that
the velocity from right to left across any arc ds 1s 0+/0s.

40. It 1s to be observed that the existence of the current
function does not depend on whether the motion 1s irrotational or
rotational. For the components of spin as defined 1n Art. 32 we

have .
£=305 o) =0 7350
md =3 (B-5) -2 )
Hence 1n 1irrotational motion the current function leas to satisfy

41. Irrotational motion in two dimensions.
When there 1s a velocity potential ¢ we have

% _ oy and % _ _ 81; M.

v=—

3y 3y 3w
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The equation of continuity is
¢ a’_?_ 0,
3 T oy
and as we saw 1n the last article, ¥ must satisfy the same
equation.
The equations (1) shew that

0p oy , 3 0y _

ox oz ' 0y 0y

so that the families of curves
¢ =const, < = const.
cut orthogonally at all their points of intersection.

These conditions are satisfied by taking ¢ + iy to be a function
of the complex variable z + 1y

Thus 1f we write 4) + Y =f(x +1y), we have
- +za‘lr—f (z +1y),

ox
0 0 0 0
and b—§+z v 1f(w+zy)—zat 8‘.{:
op_oy 4 9P _ oV
so that 3= BJ and = "

Such functions are called conjugate functions, and we see that
if ¢, ¥ are two conjugate functions, a possible form of irrotational
motion is obtained by taking the curves ¢ = const. to be curves of
equi-velocity potential, and the curves 4 =const. to be stream lines.

42. In the theory of functions of a complex variable, if 2
denote the complex vaniable z +1y, and w the function ¢ + ¢y,
the relation s = f(2) implies that w has a definite differential
coefficient with respect to z or that the limit of ‘/;(—zzl:—;@

2 tends to z is independent of the path by which the point 2/
approaches z.

op ;0¥ INPLA 4
§1_v 3(b+iy) _ (e +% )8“(3““ )8y
S(z+y) 8z + 10y ’




41-43] CONJUGATE FUNCTIONS 43

and 1f this 1s to approach a definite limit as 8z and 8y tend to zero,
independenly of the ratio 8z: By, we must have

o a\p Bj_p-
Hence, as before,
0% _ oy o _ _ oy,
w5y M 5y T "%
and we have for the value of the differential coefficient

dw a¢ oy _op _ .0

dz trow Tew  toy”

It follows that any relation of the form w =f(2), or
¢+ 1y =f(x+1y), represents a two-dimensional 1irrotational
motion, in which the magmtude of the velocity at any point 1s

given by ‘%lg' . For

G Y - e

= velocity.

dw
dz

Also, if the curves ¢ = const., Yr=const aic drawn, and
8s;, denotes the arc of the
curve 4 tercepted between
¢ and ¢ + 8¢, the velocity at
P where ¢ and +» intersect
being normal to the curve ¢
is —g;‘;. Similarly if 8s, be
the arc of the curve ¢ inter-
cepted between y» and Y + &,
the velocity at P as measured
by the rate of flow across &8s, is

aL,’ Fig. 3.
0s,°

43. Since the conditions 2 _ 8\}:" 2% _ A 4 are also satisfied
., oz~ oy’ dy o=

by the relation
— P +1p=f(z+y),

it follows that from any given two-dimensional form of irrotational

- a‘/’.& 4 @E‘ z '[//&';uv/,
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motion another may be deduced by interchanging the lines of
equi-velocity potential and the stream lines.

If the motion be referred to polar coordinates, we have

B¢ a¢ sG-{» ~— sme—%cose—ai'smo

or  os° oy oy ox
(c‘\[r oy L+ oy 8w) oy
oy 00~ ox 06/ — 106’

o _ 0 - oY o __o¥
and 0= " 3 sm(9+yc0s0 2 sin 6 — a‘wcosﬂ- 3

44. As an example of the foregoing theory we might take

w= Az
or d+iy =4 (z+1y)?,
giving ¢ = A (2*—y®) =const,
and Y =2Axy=_const,

for the lines of equi-velocity potential and the stream lines. These
are two tamilies of rectangular hyperbolas. Inasmuch as the axes
=0, y=0 are parts of the
same stream lme ¥ =0, we
may take the positive parts of
the axes to be rgid boundaries
and thus obtain a full repre-
sentation of the steady motion
of hquid 1n the angle made by
two perpendicular walls.

The velocity at any point
=|dw/dz|=|242z|=2Ar,

and varies directly as the
distance from the intersection
of the walls.

L4
Before considering further examples we shall discuss sotne
cases of liquid motion arsing from what are known as ‘sources’
and ‘sinks’ taking first the general case of motion in three
dimensions.

Fig. 4.
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46. Sources and Sinks.

If the motion of a liquid consists of symmetrical radial flow 1n
all directions\proceeding from a point, the point 1s called a simple
source. If the total flow across a small surface surrounding the
point is 47rm, m 1s called the strength of the source

If ¢ be the velocity potential due to a simple source of strength
m in hquid at rest at infinity, the velocity at distance r 1s —d¢/or,
and the flow across a sphere of radius » 18 — 4arr®9¢p/or,
therefore — 4rr? ?)? = 4arm,
leading on 1ntegration to ¢ = m/r.

A source of negative strength, or inward radial flow, 1s called
a sink.

A source or sk implies the creation or annmihilation of fluid
at a point. Both are points at which the velocity potential and
stream function become infinite, and they are to be regarded as
due to the exigencies of analysis rather than as physical realities.

46. Doublets. A combination of a source of strength m and
a sink of strength —m at a small distance 8s apart, where in the
limit m is taken infimtely great
and 8s infinitely small but so that
the product m 8s remains finite and
equal to u, 18 called a doublet of
strength u, and the line 8s taken
in the sense from —m to +m 18
called the axis of the doublet.

To find the velocity potential B 3s A
due to a doublet. Fig. 5.

Let A, B denote the positions of the source and sink and P be
any point. Let BP=r, AP =r + 8r, and suppose AP to make an
angle @ with the axis of the doublet. Then by superposition, which
is justified by the linearity of all equations that have to be satisfied,

m m mor
L T
mbscosd pucosh 0 /1
==t o g ().

Some writers define the strength of the source to be the uantity of hiquid
produced in unit time, thus making the umt source 4w times as large as the one
we have detined and introducing a symbol m/4wr instead of the m used 1n the text.



46 SOURCES AND SINKS [cHAP. 111

The components of velocity are

9 _2uc cos 0 along the radius vector,
or 7
and fi‘)ﬁb © q”mB perpendicular to the radius vector, in the

sense of @ increasing.

47. Sources and Sinks in Two Dimensions.

In two dimensions a source of strength m 1s such that the flow
across any small curve surrounding 1t is 2arm*.

If ¢ be the velocity potential due to such a source the flow
across a circle of radius 7 18 — 27r9¢/0r, so that

—27r'r' ¢ = 2mm,

therefore ¢=—mlogr........ . .(1).

The curves of equi-velocity potential obviously are concentric
circles. We may obtain the stream function from the considera-
tion that ¢ +14y 1s a function of x4y, or of re, and since
¢ = —m log r, we must have

P=—mb . .on e (2),

and the stream lines are (as 1s otherwise obvions) straight lines
radiating from the origin.

The relation between w and z for a single source 1s therefore

w=—mlogz,
and for sources of strengths m,, m,, m,, ... situated at the points
z=a, Uy, @y, ...
= — m, log (z — ;) — m;, log (2 — @) — mslog (z—a) ..

leading to ¢p=—3mlogr and =—2=mb,
where r denotes the length of the radius vector drawn from the
source of strength m, and 6 denotes the inclination of this radius
vector to any fixed direction.

48. To take a simple case, let therc be a source of strength m
at the point (a,0) and a sink of strength —m at the point (—a,0).

Then b=—m log;—:,

and Y=—m(0-8),
* See footnote on p. 45.
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so that the stream lines are circles passing from source ib sink,
and the lines of equi-velocity potential are the orthogonal family

of circles. y
Since 1n this case
- 1 —a
w=—m log z"_:-t—z
therefore
dw _ 2ma 7 r
dz = (2—a)(z+a)’ , A

and the velomty—[ l 2ma - ° "os

Fig. 6.

49. Doublets in Two Dimensions.

Referring to the figure of Art 46, and with the same notation,
we have
¢ =m logr —mlog (r + or)

=—mlog (1 + ér/r)
=—mor/r
=m8scos O/r="= c:q 0 ,

where u 18 the strength of the doublet

The curves ¢ = const. in this case are clearly circles touching
the y-axis at the origin

We may obtain the stream function from the consideration
that ¢ +1¢ is o function of @« 41y, or e, and the form of ¢

suggests that
¢+ iy =pur~re™0

= pr~(cos @ — ¢ sin ),
wsin 6
r

so that = —

Hence the stream lines are circles touching the z-axis at the
origin.
The relation between w and z for a single doublet of strength
u at the origin directed along the z-axis is therefore
w=t,
and 1f the doublet makes an angle a with the z-axis, we have
¢ + i\lr = /Lr“e“' 9—«)’
"'elﬂ

or w=—,.
z
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If the doublet be at the point z=a, the relation becomes
ue's
W= _ -—,
z—a
and for any number of doub}ets of strengths u,, pa, ps, ... situated
at z=ua,, ag, a3, ... and making angles ay, a,, a,, ... with the z-axis
w=3 #"
z—a
60. Images. If in a liquid a surface S can be drawn across
which there 1s no flow, then any systems of sources, sinks and
doublets on opposite sides of this surface may be said to be
images of one another with regard to the surface And 1if the
surface S be regarded as a ngid boundary and the liquid removed
from one side of it, the motion on the other side will remain

unaltered

51. To find the wmage of a stmple source with regard to a
plane.
If there are two equal

sources of strength m at 4 P

and B on opposite sides of and i
equidistant from the plane

OP, the normal velocity at P B o A

=—:4%cos OAP

+ BLII%‘ cos OBP =0, Fig. 7.
that 1s, there is no flow across the planc Therefore the 1mage of
a simple source with regard to a plane 1s an equal source equi-
distant from the plane.

Cor. The 1mage of a doublet with regard to a plane is an

cqual doublet symmetrically placed

62 To find the image of a source with regard to a sphere.

Let a be the radius of the sphere, f(>a) the distance of the
source A from the centre O, m the strength of the source and B
the inverse point of 4. We may regard the velocity potential as
composed of two parts, viz. a part ¢, due to the source alone when
the sphere is not present, and a part ¢, due to the presence of
the sphere ; this latter part will be the velocity potential of the
required 1mage system.
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Taking O as origin and OA4 as axis, we have at any’point
P(r 0 '
¢ =m/AP =m (r*+f: = 2rfcos )%

where p=cos 6, and P, 1s Legendre’s coefficient of order ». This
expression holds for all values of r less than f.

Since the motion 1s symmetrical about 04 and the velocity
potential has to satisfy Laplace’s equation we may assume for ¢, a
series of the form

@_ZA »_p,

n n+1
We then have the condition that the velocity normal to the
sphere 1s zero, 1e. _8_ (¢, +¢;)=0, when r=a

Therefore s‘ na” -2 n+1 "P,,— 0,
FEe P Eos
for all values of 6, so that
o=0 and 4, =nma™"/(n+ 1)

;} n a2ﬂ+1
Therefore bo=m 3 Ty
® gt ©  g2n+l P,
=2 i e Pa =2 e
or if OB =¢ = a*/f, and we add and subtract a term,
ma 3 " ma 2 c¢* P
¢2 T%Tympn" :f orn+x,n+"1
ma
S (@?+ ¢*—2rc cos 6)%’
velocity potential due to a source of strength ma/f at B
Now for a source of umt strength at any pomnt on OB at
distance A from O, we have a velocity potentlal

The first term = and 1s therefore the

x=("*+A*—2rA cos )~ 3 2
h d eo hn-#—x "
so that f x o ;-”Tl m
Therefore the second term in ¢,, viz.
ma® ¢ P, ma. [ m j“'x a,

7l+1

_——y . Zn T A =—

f 0rn+ln+1= qf
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and this 1s the velocity potential due to a continuous line distribution
of sinks of strength — m/a per unit length extending from O to B.

Hence the required image consists of a source o. strength ma/f
at the inverse point B, and a line sink of strength — m/a per unit
length extending from the centre to the inverse point*,

63. To shew that the vmage with regard to a sphere of a
doublet whose axis passes through the centre 1s a doublet at the
wnverse point.

Regard the doublet as a source m at 4 and sink —m at 4’,
where OA=f, AA’=8f and
méf=p

The image of m at 4 1s

ma/f at B and a line sink of : +
strength — m/a per unit length oe s A A
from O to B

The 1mage of —m at A 18 Fig. 8.

—ma/(f+8f) at B, that 1s
—maff + madf/f* at B'; and a line source of strength m/a per
unit length from O to B. Compounding these we get a doublet

)

of stiength ng.BB’, a source ma Sf and a sink -—%BB’ , all
ultimately at the 1inverse point. But OB=a?/f, therefore

2
BB = a__éj_' , so- that the source and sink cancel one another and

there remains only the doublet of strength 1;?8]} or ud®/f? at

the mnverse point 1n the opposite direction to the given doublet

We might also obtain this result without assuming that of
Art. 52, by supposing the 1mage to be a doublet of strength m’ at
B and then determining the ratio of m’ to m 1 order that the
velocity normal to the sphere should be zero.

54. Images in Two Dimensions.

It 1s easy to see that the 1mage of a simple source with regard
to a line in the plane of motion is an equal source equidistant
from the line, and that the 1mage of a doublet is an equal doublet
symmetrically placed with regard to the lne. But we must

* W. M. Hicks. Phil. Trans. 1880.
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remember that as our two-dimensional motion 1s the motion of a
liquid occupying three dimensions, what we call a simple source is
a line source perpendicular to the plane of motion, and by the
image of the simple source with regard to a line we mean the
image of the hine source with regard to a plane parallel to 1tself,
the image being an equal hne
source equidistant from and
parallel to the same plane.

With regard to a circle, if we
have a sumple source m at 4 and
place an equal source m at the
inverse pownt B the velocity at P

normal to the circle Fig 9
= 4 pcosOPA + ;7 cos OPB.
But cos OPB = cos OAP = (AP + OP cos PBA)/0
= 103_1; + f:; cos PBA.

Therefore
m m m

normal veloeity = Z@P cos OPA + oP + 1P oS PB4 = 0P

Hence if we place a sink —m at O the normal velocity will be
zero, so that the 1mage system consists of an equal source at B
and an equal sink at O*.

If we place sources of strength m at 4 and B and an equal
sink at O, the equations of the stream lines are
m@ + mf’ — m@” = constant,
where 6, 6/, 8" are vectorial angles at 4, B, O.
For any point P on the circle we have
0+6 —-0"'=PAX+ PBA — POA
=O0PA + PO4A + PBA - POA
=ar,
so that the circle is a stream line and this verifies that for this
arrangement of sources and sink there will be no flow across the

boundary.
* Kirchhoff, 4nn. Phys. Chem. 1845.
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Cor. In hke manner the image of a two-dimensional doublet
at A with regard to a circle 1s another doublet at the inverse
pomnt B, the axes of the doublets making supplementary angles
with the radius OBA This is clear from the figure and 1t 1s also
seen that the moments of the doublets at B and A are in the

Al

g m
m /”7‘7‘//’/\
-m m

[¢] Bm A
Fig 10

ratio BB': AA’, or a?-f2, 1f a is the radius of the circle and
04 =f.
55. Conjugate Functions.

As a further example of the use of conjugate functions let us
consider the relation

w=—mlo, z-a
- 4 22 + a? °
y P
”
B
T 1
% 0s Y6,
Alv A 2
Bl
Fig. 11,
This may also be written
(z—0a)(z+a)
w= mlog(z—w) (z +12)’
== TiTe
so that ¢ m log o
and v=—m(6,+6,—6,—86,),

where the symbols are used as in the figure and 4, 4', B, B’ are
the points (a, 0), (—a, 0), (0, a), (0, — a).
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The circle ABA’'B’ 1s the stream line yr =— mwr/2, as dan be
seen by taki.g P on the circle, and the axes are the stream line
Y =0.

From Art. 47 we see that the motion could be produced by
equal sources at 4, A’ and equal sinks at B, B’ all of strength m.
And 1t 1s clear that the axes or the circle or both might be taken
as fixed boundaries, and we have thus solved the problem of the
motion 1 the quadrant, inside or outside the circle, due to an
equal source and sink at the ends of the radii.

The velocity at any point may be found by compounding the
components due to each source and sink, or more simply as the
value of @I

Thus we have after a little reduction

dw_ 4mza?
AT
4dmarr (cos 8 + 1 sin 6)

Ttcos 40 — gt +urtsin 40

dw dmacr

dz

so that the velocity = R ———
T (* + a° — 2rat cos 40)}

‘We may also observe that
dw_____ dmead
dz~  (z—a)(z+a)(z—1a)(z+1a)’
so that we also have the velocity
‘ _ 4ma*OP
PA.PA’.PB.PB’

B56. It 1s sometimes convenient to use relations of the form
z=f(w).
If ¢+2y 18 a function of z+y 1t follows that = 41y 18 a
function of ¢ + iy

Thus 1f ¢ + 1y =F(2) = (= + 1y), then by differentiating with
regard to ¢ and ¥ 1n turn we get

1=f’(z)(?- +1'8¢7>

and 1=f"(2) (8 ” 31’,)
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‘ @ 0w _ Oy
Therefore a¢ a—\p and S
Again of w=f(2), then 1=f"(2) gg) ,

dz dw
therefore o 1 / T
But if ¢ denote the velocity |
q=l(% , o that $= g:iv .

Also, from above,
dz _ 1 ox e oy
dw=F @ o6t o

Therefore

1 ox\* /0y\? ox 0
—q-3= (ﬁ> + <8%) , similarly = ( ‘l") ( \Z‘)
_owdy _ondy
T 0oy oY op’
o(z, y)
BEICX2)
We also notice that
dz 1 1 1 u+w

or

dw™ dw™ 0 _—u+7w'~u’-|?7ﬁ’
dz oz

so that - is a vector in the direction of the velocity whose

dw

modulus is the reciprocal of the velocity *

57. Now consider
2=c coshw,

or z + 1y = ¢ cosh (¢ + 1Y),
so that z=ccosh ¢ cosyr, y=csinh ¢ sin.
By eliminating 4 and ¢ 1n turn we get
$2 2
cosh? ¢ *+ ginh? F 02’
and @ Y _e

costp smiyr O’

equations which define ¢ and 4 respectively as functions of &' and
y, and by giving different values to ¢ and to ¥» in these equations
we get the curves of equi-velocity potential and the stream lines.
* Kirchhoff, Mechanik, p. 291.
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These are confocal ellipses and hyperbolas. The foc1 (¢, 0)
correspond to the values ¢ =0, ¥ = nar, and the velocity ¢ 1s given by

1 |dz

¢= |dw = c¢sinh w = ¢sinh (¢ + 1),
and at the foci this is zero, so that the velocity 1n the correspond-
mg motion would be mfimte at the foct

If we take the hyperbolas 4 = const. as the stream lines, the
stream line ¥ =nar will be the part of the w-axis outside the foci
and this might be made a rigid boundary, so that we should then
have the case of liquid streamning through a sht of breadth 2¢ 1n
an 1nfinite plane, but the results of the theory could not be realized
m practice because the theory makes the veloeity infinite at the
edges of the shit.

Steady motion—Efiux of Liquid.

58. We shall now consider some further application of the
equations of motion, particularly cases of
steady motion, that 1s motion 1 which the
velocity components at any pont are inde-
pendent of the time. As we have seen in
Art. 26, 1n this case, for a hiquid, we have
the equation

%+%q’+ V=0,

where C' may be an absolute constant, or
a constant depending on a particular strecam
lme., This equation shews that neglecting
the external forces the smaller the pressure
the greater the velocity and vice versa  Thus
1 the case of water flowing through a pipe
if the pipe is narrowed the velocity 1s
mcreased and the pressure 1s consequently
diminished. This 1s an 1mportant principle.
A practical apphcation of it 1s seen 1n jet
exhaust pumps, one of which 1s shewn n
fig 12,the air being sucked in at the narrow
portion of the jet

69. Consider the case of a vessel kept
constantly full of water and having a
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horizéntal orifice in 1ts base from which the water 1ssues at a
wnform rate. Let 4, a be the areas of the free su-face and the
orifice, U, u the velocities at the free surface and the orifice, and h
the depth of the orifice below the free surface

If z be measured downwards from the free surface V= — gz, so
that

£+x}q”—-yz=0.

And 1f TI denote the atmospheric pressure, at the free surface

I s
P +3U=C,
and at the orifice —I;I +3wr—gh=0C,
o that wr= U’ + 2¢gh
But the condition of continuity of the water requires that
AU =au,
therefore u?=2ghA:/(4* - a?),

and 1f the orifice be very small, the ratio ¢/4 may be neglected,
and u? = 2gh approxunately

This 1s Torricelli’s Theorem.

If the vessel be not kept constantly full, the motion will not
be steady, but when the orifice 1s very small compared to the arca
of the free surface of water the motion may be taken as being
approximately steady, and the expression /(2¢gh) may be employed
as the velocity of the 1ssuing Liquid.

60 The Clepsydra.

On this hypothesis we can find the form of a vessel of revolution
with a small aperture at its lowest point so that the surface of the
water 1n 1t may descend uniformly.

At tune t let # be the height of the free surface abowe the
onfice, wry? its area, and o the area of the orfice. Then, approxi-

mately,
velocity at the orifice = 4/(29z);
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but if U 1s the uniform velocity at the free surface
7y U= o V2gu,
therefore yrocx or y=az
gives the form of the vessel required.
This 18 the theory of the Clepsydra or ancient water clock

61 The Contracted Vein.

When liquid issues through a small orifice 1n the thin base of
a vessel, it is observed that the 1ssuing stream 1s not cylindrical,
but, near the orifice, 18 contracted so that its sectional arca 1s less
than the area of the omfice, and afterwards the strcam expands.
The ratio of the area of the section of the ‘ contracted vein’ to the
area of the orifice 1s called the coefficient of contraction and 1t can
be shewn that this coefficient is greater than 5 and less than
unity

Neglecting cxternal forces suppose hquid of density p to be
escaping through an orifice of section ¢ 1 the bottom of a vessel
n which the pressure 18 p, to a region 1n which the pressure 1s p,.
Theoretically the veloeity acquired 1n passing from pressure p, to
pressure p, is given by

o@P=pi—po o o oo v ool (D)

At the edge of the onfice o the pressure 1s p,, but 1n the
nternior of the area of the orifice the pressure 1s somewhat higher.
The actual velocity of the hquid 1 the plane of the orifice 1s
therefore g at the edge, but falls off somewhat towards the interior.
It follows that the actual rate of discharge 1s less than oq and this
for two reasons. First because the velocity at the edge 1s not
perpendicular to the plane of the orfice, and 1t 18 the resolved
velocity that determines the discharge, and secondly because the
mean actual velocity itself falls short of ¢

If o’ be the area of the section of the jet at a place where the
velocity at every point of the section 18 parallel and uniform, and
therefore by equation (1) equal to ¢, the discharge 18 o’q, and
since this 1s less than oq 1t follows that ¢ 1s less than o, or the
cocfficient of contraction 1s less than unity

The quantity of momentum carried away by the jet in unit
time 1s po’q? and the force generating this momentum 1s the force
necessary to hold the vessel at rest. If the whole 1nterior surface
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of the vessel were subject to the pressure p, — p, this force would
have no existence

But on account of the orifice the equilibrium of pressures 1s
distuibed and a force (p,—p,) o 18 uncompensated But this
assumes that the internal pressure would be umform and equal to
P, over the whole of the bottom of the vessel, whereas at the edge
of the orifice 1tself 1t 18 p, and for a sensible distance will vary
between p, and p;, we may therefore call the force that produces
momentum (p, — p,) (¢ + da), where do 1s a small positive
quantity.

Hence po'@*=(p, — o) (o + do),
but 3pq=p. — po,
therefore o' =} (o +do),

or the coefficient of contraction 1s greater than 5

This discussion 1s based on that given by Lord Rayleigh*. If
the hole 1 the vessel be replaced by a thin tube projecting into
the interior of the vessel and the tube be long enough for the
sides of the vessel to be sufficiently removed from the region
of rapid flow to allow the pressure on them to be treated as
constant, do 18 evanescent and ¢’ =40. This form of opening 1s
known as Borda’s mouthpiecet.

An exact method of treating the problem regarded as a problem
1 two dimensions was developed by Kirchhoff} and discussed 1n
detail with numerical results by Lord Rayleigh§ We shall have
more to say on this subject in Chapter V1.

62. Efiux of Gases.

For a gas the steady motion equation 1s
[ %’—’ +3q+ V=C.

Consider the efflux of gas from a vessel in which the pressure
18 p, and density p, to an atmosphere of density p, at pressure p,.
In practice the adiabatic law will hold true approximately, so that

* Phil. Mag. 11. p. 441, 1876, or Scientific Papers, 1. p. 297, and a letter to
Engwneering, Apl. 10, 1876,

+ Mémorres d» U Acad des Sciences, 1766.

+ Mechamk, ¢. xx11.

§ Loc cit.



61-63] PARALLEL SECTIONS 59

p=«xp?. Neglecting external forces the velocity acquired is given
by
_ fPo dp ——x Pa 'pr_’ dp

=y 1 (P! — por)

-1
or q: = 2y b (&’) Y },
_1P1 1

which 18 the usual formula for the efflux of gases

It follows that a diminution of pressure p, accompanies an
increase of velocity and vice versa, and this is the explanation of
a common experiment which 1s performed as follows. One end of
a tube is fitted mto a hole 1n a disc of cardboard, the end of the
tube being flush with the surface of the cardboard, if a piece of
paper 1s placed over this end of the tube, blowing through the
tube will cause the paper to remain 1 contact with the card but
as soon as the current of air ceases the paper falls off.

63 We shall conclude this chapter with an apphcation of the hypothesis
of ‘parallel sections,’ which 13 that when hiquid 18 flowing out from a hom-
zontal aperture m the base of a vessel, the velocities of all particles in the
same horizontal plane arc the same We suppose that the vessel 13 being
emptied by the flow and 1t 18 required to determine the motion

At time ¢ let 2 be the vertical space through which the surface of the
liquid has descended from 1ts original level 4B,
X the area of the section at the surface, Z the
area of the section at a depth z below 4B, o that
of the orifice X', U, u, » the velocities at the
surface, the orifice and the level of 2 The
equation of motion 1s

o, ov 1 op
at'm =9 g0

Also from considerations of contmuity

ou=XU=2Zv;
and .Y 15 a function of z, Z of z, v of z and ¢, x of ¢ and w of ¢, and U=0x/0¢;
therefore

ov o Ou
ot Zot’
o Ouw ov_ 1cp
and Zat %9 pa
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ou { d:

whence o5 ;+)w‘ C’+gz-}-)
ou (dz 102l

or °% |zt =0+o-t

At time ¢, when z=2, p=II and Z=.X, also, 4 beng the depth of the
orifice below 4B, when z=4%, p=II and Z=g, therefore

ou [hdz
"af, 7+ (G I\"z)"-" (h—2)

Now @—‘ ?_giz._z- 3u ou Ou
3 Y X oz’
2
therefore } ho‘l;_'_% z<1 ——-—) g (h—2x),

an equation of the form
2
% s awr=p(h-a),

which determines « and therefore U’ in terms of z, and, from the equation
¢zfot= U, we can obtain x 1 terms of ¢ The quantity of fluid which has

t
escaped 1n time ¢ from the beginning of the motion 13 / : Zdz, or f 0 oudt, 8o
that f * Ydi=o f  wd.
0 0

If o 15 very small compared with the values of Z we may neglect
2 T2 hodz
0%/ X? and T2 /w 7

and as a rough approximation, we have
u*=2g (h— 7).

EXAMPLES

1  Liqud 18 streaming steadily and irrotationally in two dimensions in
the region hounded by one branch of a hyperbola and 1ts minor axis determine
the stream lines (St John’s Coll. 1901 )

2 Within a ngid circular boundary of radius a there 13 a source of
strength m at a pomt P distant b from the centre; at X, ¥, the extremities
of the diameter through P, are cqual sinks Find the velocity potential and
stream function of the (two-dimensional) fluid motion.

(St John’s Coll 1900)

3 In the case of two-dimensional fluid motion due to a simple source 4
outside a circular disc prove that the asymptotes of the stream lines all pass
through the same point and are paiallel to the tangents to them at the
powt 4. (Coll Exam 1905.)

4. Find the Cartesian equation of the lines of plane flow, when flud 18
streanung from three equal sources situated at the corners of an equilateral
triangle, and make a rough sketch of their configuration

(St John’s Coll. 1896.)
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5. Find the stream function of the two-dimensional motion duo to two
equal sources and an equal sink midway between them, sketch the stream
lines and find thLe velocity at any point.

In a region bounded by a fixed quadrantal arc and its radn, deduce the
motion due to a source and an equal sink situated at the ends of one of
the bounding radn Shew that the stream lne leaving either end at an
angle a with the radius 1s

r2sm (a+6)=a? s (a—6) (MT 1911)

6 Find the lines of flow 1n the two-dimensional fluid motion given by

$+id = (b 1y) e
Prove or verify that the paths of the particles of the flud (in polar
coordinates) may be obtained by elimmating ¢ from the equations

r cos (nt+6) — zy=r s (nt+ 0) — yo=mnt (%, — ¥o)
(Coll. Exam 1908 )

7 A denoting a variable parameter, and f a given function, find the
condition thav f (7, y, A\)=0 should be a possible system of stieam lnes
for steady 1rrotational motion 1 two dimensions (Coll. Exam 1893.)

8. If a homogeneous liquid 1s acted on by a repulsive force fiom the
origm, the magmtude of which at distance » from the origin 1s ur per umt
mass, shew that 1t 18 possible for the liquid to move steadily, without being
constramed by any boundaries, mn the space between one branch of the
hyperbola 2%~ y¢=a? and the asymptotes, and find the velocity potential.

(Coll. Exam. 1902.)

9. In the case of the two-dimensional fluid motion produced by a source
of strength m placed at a pomnt S outside a rigid circular disc of radius «
whose centre 18 0, shew that the velocity of slip of the fluid 1n contact with
the dise 18 greatest at the points where the lines joining S to the ends of the
diameter at 11ght angles to OS cut the circle, and prove that 1ts magnitude

at these points 1s
2m  08/(08%- a?). (Coll Exam 1908)

10. A source of flmd situated in space of two dimensions, 13 of such
strength that 27pu represents the quantity of fluid of density p emntted per
umt of time Shew that the force necessary to hold a circular disc at rest in
the plane of the source 1s 2mpp2a?/r (r2 — a2), where a 18 the radius of the disc
and r the distance of the source from its centre In what direction 1s the disc
urged by the pressure? (M T. 1893)

11. Between the fixed boundaries =}# and 8= —}= there 1s a two-
dimensional liquud motion due to a source of strength m at the pont
(r=a, §=0), and an equal sink at the point (r=b, §=0). Shew that the
stream function 1s

— mtan-! { __rat-bl)smdp }
78— 74 (at+ b%) cos 46+ athf *
(Coll. Exam 1901.)
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12. A two-dimensional iquid motion 18 due to a source of strength m at
the point whose polar coordinates are (a, 0) and a sink of eyual strength at
the point (b, 0), between the fixed boundaries =} and = - }w. Shew that
the velocity at (r, 6) 18

_ L Am (et
(78— 2a*r4 cos 49+a3)é (18— 2b%4 cos 40+b3)i
(Trimty Coll 1905 )

13 Prove that for hquid circulating 1irrotationally i the part of the
plane between two non-intersecting circles the curves of constant velocity
are Cassinr’s ovals, (St John’s Coll. 1898 )

14 Between the fixed boundaries =} and = —}n there 1s a two-
dimensional hiquid motion due to a source at the pont (r=¢, §=a), and a
sink at the origin, absorbing water at the same rate as the source produces 1t
Find the stream function, and shew that one of the stream lines 18 a part

of the curve
73 s1n 3a=c*sin 36 (M.T. 1901.)

15. What arrangement of sources and sinks will give rise to the function
w=log (z—a?/z)?
Draw a rough sketch of the stream lines 1n this case, and prove that two

of them subdivide into the circle r=a, and the axis of
(St John’s Coll. 1911.)

16. An area 4 138 bounded by that part of the z-axs for which #>a and
by that branch of 22—y2=a? which 1s m the positive quadrant. There 18
a two-dimensional unit source at (@, 0) which sends out hquid uniformly
1 all directions. Shew by means of the transformation w=log (22— a?) that
m steady motion the stream lines of the liqud within the area 4 are
portions of rectangular hyperbolas Draw the stream lines corresponding
to =0, }r and dx. If p, and p, are the distances of a point P within
the fluid from the pomts (+a, 0), shew that the velocity of the fluid at
P 18 measured by 20P/p;p;, O being the origin (M.T 1904)

17 Find the velocity potential when there 18 a source and an equal sink
mside a circular cavity and shew that one of the stream lines 1s an arc of the
circle which passes through the source and sink and cuts orthogonally the
boundary of the cavity. (Coll. Exam 1894 )

18 Prove that, in the two-dimensional liquid motion due to any number
of sources at pomnts on a circle, the circle is a stream line provided that
there 1s no boundary and that the algebraic sum of the strengths of the
sources 18 zero.

Shew that the same 18 true 1f the region of flow 1s bounded by a circle
which cuts orthogonally the circle 1n question (St John’s Coll. 1508.)

19. 1In the part of an infinite plane bounded by a circular quadrant
AB and the productions of the radn 04, OB, there 18 a two-dimensional
motion due to the production of hqud at 4, and 1ts absorption at B, at
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the uniforin rate m. ¥ind the velocity potential of the motion; add shew
that the flud which 1ssues from 4 m the direction making an angle u with
04 follows the path whose polar equation 1s

r=asmd 26 [cot u+ /(cot? u+cosec? 26)]*,
the positive sign being taken for all the square roots (MT. 1902 )

20 In the case of the motion of hquid 1n a part of a plane bounded by a
straight line due to a source 1n the plane, prove that 1f mp 1s the mass of luid
(of density p) generated at the source per umt of time the pressure on the
length 27 of the boundary immediately opposite to the source 1s less than that
on an equal length at a great distance by

1 mzp 1 —ll )
3wt {z tan=izo— 2"—_+02} ’
where ¢ 15 the distance of the source from the boundary
(St John’s Coll. 1898.)

21 Within a cireular boundary of radius « there 1s a two-dimensional
liquid motion due to a source producing liquid at the rate m, at a distance f
from the centre, and an equal sink at the centre. Find the velocity potential,
and shew that the resultant of the pressure on the boundary 1s

pm f3/{2a%m (a - f2)},
where p 18 the density
Deduce, as a hinut, the veloaty potential due to a doublet at the centre
(St John’s Coll 1905.)

22 Use the method of 1mages to prove that 1if there be a source m at the
pomnt (z,) 1 a flmid bounded by the lines § =0 and 8 =x/3, the solution 1s
¢+ eop=—mlog{(z*-2°) (2~ ")},
where zy=2y+1y, and z)' =z, — 1y, (Coll Exam. 1906 )
23 A source S and a sink 7 of equal strengths m are situated within
the space bounded by a crcle whose centre 18 O If S and 7' are at equal

distances from O on opposite sides of 1t and on the same diameter .10B, shew
that the velocity of the hquud at any point P 1s

9 08*4-04* PA PB
™ - 0§ PS PY PT.PT
where S’ and 7" are the mnverse points of S and 7' with respect to the circle
(Coll Exam 1901.)
24, Within a rigid boundary 1n the form of the circle
(#+a)?+ (y - 4a)?=8a?
there 1s Iiquid motion due to a doublet of strength u at the pont (0, 3a), with
1ts axis along the axis of y. Shew that the velocity potential 1s

[ x—3a _Y=3a_ ]
=32y +y¢ T ity (y—3a) ]’
(#=3a)i+y W (Coll. Exam. 1903.)
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25. The mnternal houndary of a hquid 18 composed of the two orthogonal
circles 22+y2+2y=1 and 2%+y?—2y=1. A source producing hiquid at the
rate m 18 placed at one of the points of intersection (2=1), shew that the

complex of the flud motion 18 —2-7% log {z (22+1)/(z—1)#}, and that the two circles

are the only stream line possessing double points (Coll Exam 1910)

26. In two-dimensional irrotational fluid motion shew that, if the stream
lines are confocal ellipses
2%/(a?+N)+y2/(bé+N)=1,
v=Alog(WaB+X+NbF )+ B,

and the velocity at any pomt 1s 1nversely proportional to the square root of
the rectangle under the focal radn of the pomnt (Coll Exam 1894 )

27. Liqud flows steadily and 1rrotationally mn two dimensions 1n a space
with fixed boundaries the cross section of which consists of the two lines
8= +J;m and the curve 79 cos 50 =«*, prove that, 1if 1”7 1s the velocity of the
hquid 1 contact with one of the plane boundaries at umt distance from their
intersection, the volume of hiquid which passes per umt time through a circular
ring 1n the plane §=018 }x Va? (at+12a2¢2 + 8¢?), where « 18 the radius of the
ring, and ¢ the distance of 1ts centre from the intersection of the plane
boundaries (Coll Exam 1896.)

28 Shew that any two-dimensional mr1otational motion of a hquid may
be transformed into any other by multiplying the velocity of each particle
of the flmd by e” and turning its direction round through an angle ¢, where
P, — @ are suitably chosen conjugate functions of z, y (Coll. Exam 1906 )

29 Tn a two-dimensional hquid motion ¢ and y are the velocity
potential and current function, shew that a second fluid motion exists mn
which ¢ 18 the velocity potential and —¢ the current function, and prove
that 1f the first motion be due to sources and sinks, the second motion
san be bwilt up by replacing a source and an equal sink by a line of

ioublets uniformly distributed along any curve joining them,
(Coll Exam 1899 )

30 A line source 1s 1n the presence of an infinmite plane on which 1s
slaced a semi-circular cylindrical boss, the direction of the source 1s parallel
,0 the axis of the boss, the source 1s at distance ¢ from the plane and the axis
of the boss, whose radius 18 @. Shew that the radius to the point on the boss
1t which the velocity 18 a maximum makes an angle 6 with the radius to the

source, where

2
8=cos™! '\/-2(1(—-‘“—-0;'04—)‘ (Coll. Exam 1907.)
a

31l. A source and a sink, each of strength u, exist in an infinite hquid on
)pposite sides of, and at eanal distancas » from, the centre of a rigid sphere
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of radius @ Shew that the velocity potential V may be expressed’in the

form
_2p Mg [[r\intl 2n+1
V= P nio {(2) 2n+ > a (TZ) z} Izu-i-l (cos 0)1

@ beng the vectorial angle measured from the diameter of the sphere on
which the source and sink le, and r<¢, and find an expression for V when
1>e (MT 1900)

32 If a flud be 1n motion with a velocity potential ¢ =zlog r, and 1f the
density at a point fixed 1n space be independent of the time, shew that the
surfaces of equal density are of the form 72 (log r—4) ~ 22=£(6, p), where p 18
the density and z, r, 8 the cylindrical coordinates (Coll Exam 1897)

33 A single source 13 placed mn an mfimte perfectly elastic fluid, which

18 also a perfect conductor of heat, shew that if the motion be steady, the
velocaity V at a distance r from the source satisfies the equation

([ 7 BV =2

Py 3

Ve
and hence that r=—l;; e, (Coll Exam 1905 )

34 If flud hll the 1egion of space on the positive side of the »z-axis, which

18 a rigid boundary, and 1f there be a source m at the pomt (0, @) and an equal

sink at (0, b), and 1f the pressure on the negative side of the houndary be the

same as the pressure of the fluid at infimty, shew that the resultant pressure
on the boundary 1s mpm? (¢ —b)2/ab (a+ b), where p 13 the densaty of the lud

(Coll. Exam 1906 )

35 Prove that in the steady irrotational motion of a hiqud g% = %, where

¢ 18 the velocity at any pomnt of a stream line, » 18 the radius of curvature of
the stream lime and dn 1s an element of the primeipal normal drawn towards
the centre of curvature

Hence shew that, when a river passes round a bend, the velocity 1s greatest
on the mner side of the bend and that the surface slopes up from the inner to
the outer side (Coll Exam 1911)

36 An infimte mass of hiquid 1s moving urotationally and steadily under
the miluence of a source of strength p and an equal sink at a distance 2a from
1t Prove that the kinetic energy of the liquid which passes in umt time across
the plane which bisects at right angles the line joining the source and sink 1s
8 wpp3/at, p being the density of the hquid .(Coll, Exam. 1896 )

R. H. 5
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37. Draw the stream lines ¥=0, y»== and some of the intermediate
stream lines for the motion given by the equation

z=w4e". (Trimity Coll. 1895 )

38. Trace the stream lines along which ¥ =0 and ¢ diminshes from +
to — o 1n the two cases

(1) z+y=2(p+ip)i,

@) z+iy=(p+ip~ 1 +(@+19+ D,

and mdicate roughly the form of the stream hines for which y has a positive
value (Uwmv. of London, 1909 )



CHAPTER IV
GENERAL THEORY OF IRROTATIONAL MOTION

64 IN this chapter we shall exammne n general terms the
nature of 1rrotational motion and the circumstances under which
it is produced. In the first place let us analyse the most general
type of displacement of an element of fluid.

Let u, v, w be the components of velocity of the particle at the
point P whose coordinates are «, y, z. Then the relative velocities
of the particle at P’ whose coordinates are z+x, y+y, 2+ % at
the nstant considered will be

ou ou ou

u== x+ayy+5éz

av ov ov
v=ia x+ayy 5 % e e e (1),
w_awx+aw ow

ox y+8z

neglecting squares and products of x, y, 2.

If we put

Sl v w

Tom oy’ ° oz

3G EE) ) o
=3 -2). G- =333

the last equations may be written
u=ax+hy +9z+ 7z —-{y
v=hx+by +fa+tx—Ex} ....... T (3).
w=9x+fy +cz+ £y —nx
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Thus the relative motion in the most general case consists of

two parts: a motion in the direction of the normal to the surface
ax® + by® + c2? + 2fyz + 292X + 2hxy = const. ... ..(4),
and a rotation of which the component angular velocities are
£ 7, t. The former motion is called a pure strain*, it is such that
lines drawn parallel to any one of three mutually perpendicular
directions (the axes of the quadric (4)) undergo elongation at a
uniform rate Thus if the equation of the quadric referred to 1ts
principal axes be
a'x?+ b’y + ¢’z = const.,

the velocities due to the pure strain, parallel to the axes, are

u=ax, vV=0y, w=(z,
so that @', &', ¢’ are the time-rates of elongation of lines parallel to
the axes of 2, ¥/, 2. If there is no change of volume, as 1n the
case of a liquid, 1t is clear that @', ¥, ¢’ cannot be independent, 1n
fact we have

ad+b+c=a+b+c
ou  dv  ow
A

Hence the most general displacement of a fluid element
consists of a pure strain compounded with a rotation; and this
analysis of the motion 18 unique, for 1f we were to compound
together a pure strain and a rotation both arbitrarily assumed and
endeavour to adapt them so as to result in a given displacement
of a fluud element, the equations to determine the axes of the
strain-quadric and the components of spin would be exactly those
we have used above.

In accordance with Art. 32, €, 5, { are the components of spin,
and 1f they are all zero the motion is wrrotational, and 1n this case
the relative displacement of a fluid element consists of a pure
strain only.

65. Flow and Circulation. If A4, P be any two points in a
fluid the value of the integral

P
4 (wdz + vdy + wdz),

P/ ode  dy dz
o fA(u%+va;+was)ds,

* For a fuller discussion of this subject see Kelvin and Tait, Natural Philosophy,
Arts. 155—185, or Love, Mathematical T'heory of Elasticity, Chap 1.
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taken along any path from A to P is called the flow alony that
path from A to P.

When a velocity potential exists, the flow from 4 to P is

equal to
P 10 o ¢
=¢a—dp.

The flow round a closed curve is called the circulation round
the curve. If a single-valued velocity potential exists the circula-
tion round any closed curve is clearly zero, and we shall see
presently that if the velocity potential 1s many-valued there are
closed curves for which the circulation 1s zero, though 1t is not
zero for all such paths.

66 Stokes’s Theorem.

We shall now shew that the circulation round any closed curve
drawn in a fluid 18 equal to twice the surface integral of the
normal component of spin taken over any surface having the
curve for boundary, provided the surface lies wholly in the fluid:
1e. we shall prove that

[udw +ovdy+ wdz=2 U(lf + mn +ng)dS,

where I, m, n are direction cosines of the normal to the element dS
of the surface and the other symbols
have the wusual meanings, and
throughout this theorem sense of
circulation on the surface 1s to be
associated with the positive direction
of the normal to the surface by
the right-handed or the left-handed
screw convention according as the
axes of coordinates arc right-handed
or left-handed.

In the first place we observe that any surface can be divided
up 1nto small areas by drawing a net-work of lines across it as
1 the figure; and if we take the sum of the circulations round
each mesh of the surface, the flow along all lines common to two
meshes will be taken twice in opposite directions, so that the
result will be the circulation round the boundary.
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Now with the notation of Art. 64, let the point (z, y, 2) be
a point P within a mesh and let (z+x, y+9¥, z+2) and
(z+x+dx, ...... ) be points P, P” on its boundary. The circu-
lation round the mesh is then

Ji(u +u)dx + (v + v) dy + (w + w) dz},
and substituting from (38), Art. 64, this becomes
fl(u+ax+hy+gz+ 9z —-fy)dx+ ...+ ...}
or fd {fux+vy +wz+3(a, b ¢ 1,9, h) (%Y, 2)}
+ [{€ (ydz — 2dy) + 7 (zdx — xdz) + { (xdy — y dx)}.

The former of these integrals taken round the mesh 1s clearly
zero, and in the latter &, #, ¢ are constants for the mesh, being
values at a definite point P, and their coefficients are twice the
projections on the coordinate planes of the area PP'P”, hence if
dS denotes the area of the mesh the circulation round it is

2 (L + mn +n&) dS.

By summation we get the circulation round any closed curve

=-2ff(l§+mn+n§)d8.

Hence the theorem follows as stated.

The proof that we have given above is stated in terms of
hydrodynamical ideas, but the theorem is one of pure analysis
and is true for any functions u, v, w which are continuous and
differentiable throughout a region including the ranges of in-
tegration*,

In the language of vectors the theorem is expressed by saying
that 2§, 27, 2¢ are components of a vector 2w which is the ‘curl’
of the vector ¢ whose components are u, v, w. Thus 2w is the
curl of g, when the surface integral of the normal component of
2w over any surface is equal to the line integral of the component
of ¢ round the boundary. And the result may be written

2 (E’ m g) = curl (u’ v, 'w)'

* This theorem, generally known as Stokes’s Theorem, first appeared 1n print as
a question set by Stokes 1n the ‘Smith’s Prize Examination 1 1854, but it occurs
in a letter from Kelvin to Stokes dated July 2, 1850. See Stokes, Math. and Phys.
Papers, v. p. 821 footnote, Stokes however appears to have priority in the use of
the vector which is the subject of the surface integral.
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67. The foregoing theorem will still be true for a curface
which is bounded by more than
one closed curve; as for example %
the shaded area in the accom- ¢ &
panying figure, provided the

circulations round the boundary
curves are taken with proper =

signs. We can see this by re- erzt——"5

garding the boundary as a con- —— =7
tinuous curve ABCADEFDA S——>

and observing that the total A
flow along AD and DA is zero. Fig. 15.

68 Irrotational Motion.

If £ 7, ¢ are all zero, that is, in the case of irrotational motion,
the circulation round any closed curve 18 zero, provided that the
closed curve can be regarded as the boundary of a surface every
part of which les within the fluid. When this is the case the
curve or circuilt is said to be reductble, that 1s,1t can be contracted
to a point without passing out of the fluid If the circuit be
wreducible we cannot conclude that the circulation 1s zero. Thus
if the last figure represents fluid filling the space between two
infinite cylinders, the circuit ABC is irreducible, but 1t will still
be true, as in the last article, that the circulations round 4B(C
and DEF are together zero 1f the motion is irrotational, so that
the circulations in the same sense round the circuits 4 BC and
DFE are equal, whence 1t follows that the circulation in all
circuits going once round the inner cylinder in the same sense is
constant and the same for all. We shall have more to say on this
point later under the heading of multiply-connected space.

69. Constancy of Circulation.

Let AB be any lne of particles in the fluud and moving
with 1t.

Let P, @ be two consecutive points on the line; (=, y, 2),
(z + 8z, y+8y, z+ 8z) thewr coordinates; u, v, w the velocity
components at £ and u+ 8u, v+ 8, w+ 8w those at . Then

D Du Déx
D (udz) = Dt ox + “=py
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But DD%‘? must be the a-component of the relative velocity of

the points P, Q; that is Ddz/Dt = Su.
D _ 1op
Hence Di (udz) = (X ~p 87:) Sz + udu,

and similar equations in v, w.

If the external forces have a single-valued potential Q we get
by addition

D 5p
= (udz + vdy + wdz) = — 80 — = + } 8¢,
G Y ) o 18y

where ¢*=u?+ v* + w*.

And by integration along the line from 4 to B

gt{Jf(ud:r+vdy+wd2)} = [%qz— Q—.‘.%p]j

This gives the rate of change of flow along any line moving
with the fluad

If there be any integrable functional relation between the
pressure and density and we make the line a closed circuit the
right-hand side of the last equation vanishes. Whence it follows
that the curculation wn any closed path moving with the fluid 18
constant for all time. This 1s true whether the motion be
rotational or iriotational, the only assumptions being that the
external forces are conservative and that therc 1s a relation
between the pressure and the density.

The foregoing proof 1s due to Kelvin*.

70. From the theorem of the last article 1t 1s easy to deduce
the theorem of the Permanence of Irrotational Motion proved
in Art 31. For at any instant at which the motion of a flud 1s
irrotational the circulation 1n all reducible circuits in the fluid
vanishes, but the circulation 1n any such circuit 18 constant for all
time and therefore remains zero. Hence, at any subsequent time,
by Art. 66,

f (L +mm +nL)dS =0,

* «On Vortex Motion,” Trans Roy. Soc. Edin. xxv. 1869; also Math. and Phys
Papers, 1v. p. 49
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when the integration may be taken over any surface lying Wholly
in the fluid, and this requires that
§=n=(=0
at every point in the fluid, so that the motion 1s always 1rrotational.
71 Classification of regions of space. A region in which

every closed curve can be contracted to a point without passing
out of the region 1s called a simply-connected region. Otherwise

the space 1s multiply-connected. In any multiply-connected space
it 1s possible to draw at least one section of the region, or nsert
one barrier, having a closed curve for boundary, without breaking
up the space mto disconnected regions. A region of space for
which onc such barrier can be drawn is said to be doubly-
connected. If n — 1 such barriers can be drawn, that s, 1f n such
barriers must be drawn in order to break up the region into
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disconnected parts, the region is n-ply connected or of con-
nectivity n. s

A region bounded by a single surface such as a sphere or
ellipsoid or the space between two closed surfaces one within the
other such as concentric spheres is singly-connected, for every
closed curve within it is reducible and no barrier can be drawn
across 1t without dividing it into two disconnected regions as is
seen mm fig. 16. But the space inside an anchor ring 1s doubly-
connected, for one barrier can be drawn without dividing the space
into disconnected regions (fig. 17).

Fig. 18 represents an anchor ring and another tubular region
communicating with it, forming a triply-connected region; and in
like manner fig. 19 shews a quadruply-connected region. It will
be seen that in each of figs. 17—19 the maximum number of
barriers have been inserted without dividing the region into
disconnected parts.

In the same way the space outside the regions shewn in
figs. 17, 18, 19 are respectively doubly-, triply- and quadruply-
connected, thus for the space outside the anchor ring a barrier
might be drawn filling the opening of the ring, for such a barrier
would be bounded by a closed curve and would not divide the
external space into disconnected portions; and similarly for the
other figures,

When in a multiply-connected region all barriers have been
inserted that can be inserted without dividing the 1egion into
disconnected parts, if these barriers are regarded as temporary
boundares the region will have been reduced to a simply-con-
nected one. This will be obvious from a study of the figures.

72. Circuits 1n a given region may be called reconciluble or
wreconcilable, according as they can or cannot be deformed so as
to coincide with one another without going out of the region. In
simply-connected space all circuits are reconcilable and reducible.

We can shew that in n-ply connected space n — 1 mdependent
rreconcilable and irreducible circuits can be drawn. For m a
doubly-connected space such as an anchor ring (fig. 17) one such
circuit can be drawn and 1t cuts the one barrier. And it is clear
from figs. 18, 19 that for every region added to a multiply-
connected space, which adds umty to the degree of connectivity
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and therefore increases the number of possible barriers by lnity,
one new cireyit can be drawn passing through the new barrier
and not reconcilable with any existing circuit. Thus in fig. 18,
which represents a triply-connected region, two such circuits can
be drawn, and so on for any degree of connectivity.

73. Cyclic Constants. The circulation in a circuit which
crosses only one barrier in a multiply-connected region and crosses
that barrier once only is constant. For in fig. 20, which represents
part of a multiply-connected region, XY being the barrier, the cir-
cuit ABECDFA is areducible one
and the circulation in it is there-
fore zero, and as the flow along A B
and that along CD are ultimately
equal and opposite when A coin-
cides with D and B with C,
therefore the circulations in closed
circuits BECB, DFAD are equal
and opposite, or the circulations
in any two such circuits taken 1
the same sense are equal to a
constant «, and if the circuit
crosses the barrier p times in the
same sense the circulation will be
px.  « 18 called the cyclic constant of the circuit.

Fig. 20.

In the same way if «;, x5, ...6n—; be the cyclic constants of
the n — 1 wrreducible circuits of an n-ply connected space, the cir-
culation in any compound circuit will be pixy + pors + ... + Porkn;
where p, denotes the excess of the number of crossings of the rth
barrier in the positive sense over the number of crossings in the
negative sense. Motion in which the circulation in every circuit
does not vansh is called cyclic motion.

74. Nature of the Problems to be discussed. The types of
irrotational fluid motion that we shall be concerned with chiefly, in
what follows, may be classified thus:

(i) A finite mass of liquid is enclosed within a given boundary
and possibly limited internally by other boundaries. qutud motion
is set up by giving a definite motion to one or more of the
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bounaaries, or by applying given impulses to one or more of the
boundaries. .

(1i) An infinite mass of liquud is limited internally by the
surfaces of one or more bodies, and either

(a) the liquid is at rest at infinity and the bodies are in
motion; or

(B) the liquid has a umform constant velocity at infimty,
and the bodies are at rest or 1n motion.

We propose to prove the determinateness of these problems,
ie. that a definite liquid motion will result from definite motions
of the boundaries, or from the application of definite 1mpulses to
the boundaries.

As we have seen already, irrotational motion imphes the exist-
ence of a velocity potential ¢ which satisfies Laplace’s equation
o°¢ 4o 8"d> 3 4:
Oa® ay'-’
and the solution of any problem in 1rrotational motion depends on
finding a solution of the equation V¢ = 0 that will give the correct
values to the normal velocity 9¢/0n, or to ¢ which may be taken

as a measure of the impulse, over the boundaries In this respect
the problem 1s akin to the general problem of electrostatics

=0, or V¢=0,

We do not propose to prove the existence of a potential
function that will satisfy given boundary conditions, but we shall
prove that 1f the problem has a solution 1t 1s a definite one, so
that, in any particular case mn which we have found a solution
that fits the circumstances of the case, we shall know that since
only one solution is possible our solution is the right one.

We shall begin by proving a theorem of Green’s which 18 of
fundamental importance 1n physical investigations.

76. Green’s Theorem*. Let ¢, ¢’ be two functions of «, y, z
which with their first and second derivatives are finite and single-
valued throughout the region considered ; and let S denote a closed
surface bounding any singly-connected region of space and dn an

* G Green, Essay on Electricity and Magnetism, 1828; or Mathematical Papers
(ed. Ferrers), p. 23.
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element of the normal at a pomnt on this boundary drawn ko the
region considered, then

jff(%(_zt Qa% ?j ?a—? + %‘Z a;;) dzdydz

- Uﬂ‘é s — W¢V2¢'dwdydz
=~ [[¢%2 as—[[¢'vpdodyds ... ),

where the surface integrals are taken over the closed surface S and
the volume integrals throughout the space enclosed.

Z|

2
a’zl/I

Y
Fig 21.

To prove this, integrate ( J { 0 09 da:dydz by parts, integrating

along a prism of section dydz whlch mtersects the surface
elements dS,, dS, where the inward-drawn normals have z-direction
cosines [,, l,.

The result is
a ’
U[d; —%]dydz—”'qs dwdydz,
o’ 0o, ¢,
where [gb -5%] dydz = — ([)z —?— 1,dS; — ¢, 'é% L,dS,

__¢a¢ 1dS,

where 1n this expression d8 is taken to include the two elements of
area at the end of the prism.
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Hence
2 dydyas =~ [[178 as - [[[428
[[[22% dodyde = [[g1 5% as - [[[452 dvdyds,
and by similar treatment of the remaining terms of the first ex-
pression 1n (1), and remembenng that
og’

w
tm af”ﬁfm

we prove the first expression equal to the second, and by inter-
changing ¢ and ¢’ 1t becomes equal to the third.

76. The statement of the theorem needs modification if the
given region includes discontinuities 1 the values of ¢, ¢ or their
first derivatives. But the theorem 1s still true if we surround the
puint or surface of discontinmity by a closed surface and exclude
the enclosed space from the region of integration, provided that the
remaining space 18 singly-connected and we include 1n the surface
integrals integration over the extra surface or surfaces that we have

introduced.

77. Deductions from Green’s Theorem.

We shall now make some deductions from Green’s Theorem,
but we remark at the outset that many of these are capable of very
simple independent proof.

(1) Put ¢’ = constant. Then

Hg%’d8=ﬂfv2¢dxdydz,

and 1if ¢ satisfies Laplace’s equation, we also have

I3 as-

If ¢ denote a velocity potential this result means that the total
flow of liquid 1nto any closed region at any nstant 1s zero.

(n) If ¢, ¢’ are both velocity potentials,

[ a5 3t

a reciprocal theorem which has a physical meaning if we bear 1n
mind that, if p denotes density, p¢, p¢’ denote impulsive pressures
that would produce the motions instantaneously and 0¢/on, o¢’/on
are the velocities of the boundaries at which these pressures may

be supposed to be applied.
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(in) Put ¢’ =¢. Then, if ¢ 1s a velocity potential,

JIRG + )+ ()} asdyas=-[[652 as.

Hence if ¢ be the velocity and p the density of the liquid, we
have for the kinetic energy of the liquid within S

tp [[[¢dwdyds =~ 30 [[6 32 as.

Since p¢ 18 the impulsive pressure that would set up the motion
nstantaneously from rest, and — 8¢/on 18 the inward normal velocity
at the surface, therefore the last result 1s an example of the
theorem that the kinetic energy set up by impulses, in a system
starting from rest, 1s the sum of the products of each impulse and
half the velocity of 1ts pomnt of apphcation. The result also shews
that the kinetic energy of a given mass of liquid moving irrota-
tionally 1n simply-connected space depends only on the motion of
1ts boundaries.

.

78. For the present we shall consider that ¢ is the veloeity
potential of a hquid in singly-connected space. From (1i1) of the
last article we see that, 1f the boundaries are at rest or if ¢ =0
over the boundary, we must have

f[fq"dwdydz= o,

so that ¢ = 0 at every point. Hence 1rrotational motion 1s 1impossible
in a closed singly-connected region with fixed boundaries. Also 1f
a closed vessel full of hiquid which moves irrotationally 1s suddenly
brought to rest the liquid 1s also brought to rest.

79. There cannot be two duyfferent forms of wrotational motion
Jor a given confined mass of liquid whose boundaries have prescribed
velocities or are subject to given impulses. For 1f two such motions
are possible let ¢,, ¢, denote their velocity potentials, then at all
points of the baundaries either 8¢,/on = 0¢,/0on, or else ¢, = ¢,. But
¢, — ¢, will also satisfy Laplace’s equation and represent an irrota-
tional motion in which either the boundary velocity 8 (¢, — ¢;)/0n
18 zero or ¢, — ¢, is zero over the boundary. Hence 1n this case, by
the last article, the liquid is at rest, or ¢, — ¢, 18 constant every-
where. Therefore the two motions are the same.
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8V. Mean Potential over Spherical Surface.

If a region lying wholly in the liquid be bounded by a spherical
surface the mean value of the velocity potential over the surface is
equal to 1ts value at the centre of the sphere.

For 1f ¢, denote the mean value of ¢ over a sphere of radius r,

we have

1 1 ([
where dw is the sohd angle which the element dS subtends at the
centre of the sphere.

84>, — a¢ J.-
Therefore B = A s f f das;

and the last integral 1s zero by Art 77 (1), so that ¢, 1s independent
of the 1adius r, consequently the mean value of ¢ is the same over
all spheres having the same centre, and by continually diminishing
the radius we get that this mean value 1s the same as the value of
¢ at the centre. This theorem 1s due to Gauss

81. We shall now extend the last theorem to the case 1n which
the region 1n which the motion takes place 1s periphractec, that is
bounded internally by one or more surfaces

Suppose that a sphere of radius » in the hiquid encloses one or
more closed surfaces and that the total flow across these surfaces
into the given region 1s 47w M. There must be accordingly an equal
flow outwards across the sphere so that

[¢d3=—47-M
or fardw——éllrf!,

where dw has the same meaning as before.

This may also be written

i o | [#0=
and by integrating with respect to r, we get

411Fﬂ¢d“’ = 1’?* C

or $,= L ﬁ¢d8=¥+0 ................. (1),

47rr?
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where C 18 constant with respect to r, but has yet to be proved
independent of the position of the sphere.

Supposing the liquid to extend to infimty and to be at rest
there, let the sphere be displaced a small distance 8z in any
direction without altering its radius, then the consequent change

n ¢, 18
0¢rs 1 [[O0Ps 1o _0C
o O = 4arr® [ f ox SwdS = ox 3.

Hence 0C/ox is equal to thc mean value of d¢/ox taken over
the sphere But 9¢/0x vanishes at infinity and so does 1ts mean
value over an infinite sphere, therefore 9C/0z 1s zero when the
sphere has a very large radius. But C 1s the same for all spheres
having the same centre, therefore C' 1s not altered by displacing
the sphere, and the result (1) is true for all spheres provided they
hie within the liguid and enclose the same 1internal boundaries*.

82. From the last two articles 1t follows that the velocity
potential ¢ cannot have a maximum value at a point within the
hiquid, for 1f there were such a point and a sphere be described
with this point as centre the mean velocity potential over this
sphere would be less than at 1ts centre Similarly there cannot
be a point at which ¢ has a mimimum value.

By the same argument the velocity cannot have a maximum
value within the hquid For we may take the axis of # 1n the
direction of the resultant velocity so that 1t 18 represented by
0¢/oz Since 0¢/or satisfies Laplace’s equation the foregoing
theorems will also be true when we write d0¢/ox for ¢, hence the
velocity cannot be a maximum or minimum within the hqud It
may however have a minimum numerical value, for as we shall see
later the value may be zero at some pomnt or points of the fluid.

83. Liquid extending to Infinity.

When the liquid extends to infinity the arguments of Arts
78, 79 cannot be applied directly without examining the value of

f f ¢g‘-—:d8 over an infinite boundary surface, for, though the

velocity may vanish at infinity, it does not necessarily follow that
this integral vamishes when taken over an infinite areu

* Kirchhoff, Mechanik, p. 191.
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As a first step in this discussion we shall make a further
deduction from Green’s Theorem.

If ¢, ¢’ both satisfy Laplace’s equation, within a region bounded
by a surface S, we have

ff¢-—-d3=[[¢'%‘§ds .................. Q).

Let P be any pomt within the region, and put ¢’ =1/r, where
r1s the distance from P. Since ¢’ becomes infimte at P we must
exclude P from the region to which the theorem (1) is applied by
surrounding 1t by a surface, say a sphere of small radius e and
surface 2. This surface must be added to the range of mtegration,
and we get

ff¢—dS e[ 8 (- L)az=[[12as [[12 ax

Since dS = e*dw, where dw 1s the solid angle subtended at P by
dZ, therefore the second integral tends to — 4mdp as e tends to
zero, where ¢p denotes the value of ¢ at P. For the same recason
the fourth integral tends to zero with ¢ Hence we have

1
a_
_1 7 10¢
¢,,_1;”¢57d 47 SIPAS ).

Now consider an 1nfinite mass of liquid bounded 1nternally by
certamn finite surfaces S and let us apply the last 1esult, taking
for external boundary a sphere T of large radius R with 1ts
centre at . We have for any pomnt P i the liquid

e o 5
L flea L

10¢ 0¢p
’ fqb_ds_‘i-;; ,[ on S + 4s7r.R /¢d2 4mR f .
Assummg that the total flow of liquid across the internal boundaries

is zero and that the velocity vamishes at infimity, by Art. 81 the
third integral 1s a d¢finite constant C.  And the total flow across
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the sphere 3 is also zero, so that the fourth integral 18 zero.
Therefore
1

$r=C+ 4 f"’a ds—%f 1948 ... (3).

Now let P move to an infinite distance from the inner boundaries
S, the integrands then tend to zero and the range of integration
15 fimte, so that the integrals vanish and we see that the velocity
potential ¢ tends to a definite constant limit at infimity, when the
velocity vanishes at infimty *.

Now apply Art. 77 (i1i) to the space between the inner
boundaries S and a sphere X of large radius R and we get

[ eastin [[ 85t a5 [ 85t

Also because of the constancy of the whole mass of liquid

f/g—:d8+ff%$d2=0,

and on the sphere I as its radius increases ¢ tends to a constant
hmt C, therefore

[l 2dwdydz——ff(¢> 0ot as,

where the surface integral extends to the inner boundaries only.

Hence 1f the inner boundaries are at rest, or if ¢ — C'=0 over
the boundaries, we get

fff ¢*dzdydz =0,

so that ¢ =0 everywhere That 1s, irrotational motion 1s 1mpossible
m a hqud at rest at infinity unless 1ts mner boundaries are n
motion.

84. Further, if the value of d¢/on, or of ¢, 18 prescribed over
the nner boundaries there 1s only one motion possible. For if
two different motions of the liquid were possible having equal
valucs of 0¢/on or of ¢ at eaclt point of the boundaries, let ¢,, ¢,

* It cannot be assumed that ¢ must be constant at infinity 1f 1ts L pace-dervatives

all vamish there. For example, if ¢ =log r then d¢/0r=1/r and vanmshes as r = o,
but ¢ becomes 1nfinite.

6—2
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denote their velocity potentials, then ¢, — ¢, satisfies V3¢ =0, and
is also the velocity potential of a motion giving zero velocity or
making ¢ — C zero over the boundaries. Hence as in the last
article the velocity in this case 18 zero everywhere, that is the two
motions are the same.

85. Referring to Art. 74 we have now only to consider the
case in which the liquid has umform constant velocity at infimty ,
and the determinateness of the problem in this case follows from
the consideration that the problem of the relative motion is not
affected by imposing on the whole mass of liquid and its boundaries
a velocity equal and opposite to the velocity at infimty. The
hquid is then at rest at infinity and 1t follows from the last article
that 1f the velocities of the boundaries are prescribed or if given
impulses are apphed to them there 1s only one possible motion of
the liquid.

86. Minimum Kinetic Energy.

If a mass of liquud be set in motion by giving prescribed
velocities to its boundaries, the Kinetic Energy in the actual
motion is less than that in any other motion consistent with the
same motion of the boundaries.

Let T be the kinetic energy of the motion of which ¢ is the
velocity potential, and T the kinetic energy of any other possible
state of motion i which the velocity components at (z, y, 2) are
U, v, w;. These components must satisfy the equation of con-
tinuity

aul 37)1 awl

6_w+by F =0 1),
and give the same normal boundary velocity as in the other motion,
which condition is expressed by a relation

lu, +mo, + nw,=lu+mv+nw ............... (2).
Now )

T,—T=14p f f f (u? + v+ w?) dwdyds — 3p f f f (4 + v + w) duedy dz

=3p fﬁ[{2u(u,—u)+ vt e+ (U —u)+.. + ..} dedyde.
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But, by an integration similar to that used in the proof of Green’s
Theorem,

fjf{u(u,—u)+v(vl—v)+w(wl_w)} dzdyds
=“[f[{g“i’(“l—u)+ +...}dwdydz

-_-ﬁqb (£ (= w) + m (0, — v) + 71 (wy — w)} A8

+fﬂ¢ {a%c(%‘")+%(vx—v)+a%(wl—w)} dedydz
=0, from (1) and (2).
Hence
Y (A —
=a positive quantity.

Hence the theorem follows This theorem is due to Lord Kelvin*,
and was subsequently generalized by him so as to apply to all
dynamical systems started impulsively from rest .

87. Kinetic Energy of an Infinite Mass of liquid
moving irrotationally.

We have, as in Art. 83,
fﬂqwmdydz - ﬂ (¢— C)g%’ ds,

where C 1s a constant and the surface 1integral extends to the inner
boundaries of the hquid; and, if the total flow across the inner

boundaries 1s zero,
| f % 45 =0,
on

so that the kinetic energy 1s
0
30 [[#3bas

88. Irrotational motion in multiply-connected space.

We have seen 1n Art. 73 that the circulation 1n any circuit
n a. (n + 1)ply-connected region 1s of the form
Prfcs+ Paka + o FPnkn ernene aeiiaenins (1),

* Camb. and Dub. Math. Journal, 1849, p. 92, or Math. and Phys. Papers, 1. p. 107.
+ Kelvin and Tait, Natural Phiulosophy, § 312.
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where the «’s are the cyche constants of the n irreducible circuits,
and the p’s are mtegers.

P
If ¢=—fA(u¢Lr+vdy+wdz) ............... @)

be the flow along a path fiom a fixed pomnt 4 to a variable point
P, the value of ¢ depends on the particular path, because, if
ABP and ACP are two paths, the circulation round ABPCA is
not generally zero Hence ¢ 1s indeterminate or many-valued to
the extent of the addition of an expression of the form (1).

By displacing P parallel to the axes in turn we obtain from (2)
u=—0¢/ox, v=-—0¢/0y, w=-—0¢p/0z;

and these are single-valued expressions whether ¢ be multiple-
valued or not.

89. Kelvin’s Modification of Green’s Theorem.

In our proof of Green’s Theorem in Art. 75 we assumed that
¢, ¢’ were single-valued functions in the region considered, but if
either be a many-valued or cychc function the formula needs
modification. Thus, if we suppose ¢ to be cyclic, the second ex-
pression mn (1) Art. 75 must be corrected so as to take account of
the indeterminateness of ¢. We can do this by supposing all the
barriers that are necessary to reduce the region under consideration
to a singly-connected space to be inserted © then we may regard ¢
as single-valued throughout this region and the correction to be
made consists therefore in-including in the range of the surface
integral both sides of each of the barriers.

If do, be an element of area of one of the ba.rrlers and x, the

corresponding cyclic constant, we have to take f f ¢> da-,. over

both sides of the barrier. The values of 4;:, bemng taken 1n

opposite directions on opposite sides of the barrier, are equal in
magnitude but opposite 1n sign at corresponding poihts, while the
value of ¢ on the positive side of the barrier exceeds the value
on the negative side by the cyclic constant «,, so that the contri-

bution of this barrer to the surface integral 15 « f f g;t

once over the barrier.
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Hence the theorem becomes K

ﬁ 0pdg’  dpos’ a¢a¢) dadyds

aw ox 8/ 0y 0z 0z

- _U¢%_fds _rglx,ff‘?;{ do,— fﬁ¢vz¢'dwdydz (1)

No extra terms arise because of the indeterminateness of ¢ 1 the
last tegral, if we suppose that V3¢'=0, for the mdetermmate
part of ¢ 1s a constant.

It 15 cleaxr that the coefficient of each « 1s the total flow in the
positive direction across each barrier due to a velocity potential ¢’

If we assume ¢’ to be cyclic with cychie constants &y, ., ete., we
get another 1elation similar to (1) in which ¢, ¢’ are interchanged
and «," 1s written for «,

90. Kinetic Energy of Cyclic Irrotational Motion.

If we put ¢’ = ¢ 1n the last article, and take ¢ to be a veloeity
potential we get for the kinetic energy of the motion

re s G+ + ) e
=—J;pf{¢é-1)ds—-%p’glx,ffg—g;da, ........ (1.

This assumes, of course, that the barriers do not obstruct the
motion of the liquid, but move along with it.

If the liquid cxtend to infinity as in Art. 87, we must replace
the first term on the right by

-,}pff(qb 0)34’018 e s @),

where C 1s a constant and the integral extends to the inteinal
boundaries of the liquid, the C term bemng omitted if the total
flow across these 1nner boundaries 1s zero.

91. Determinateness of irrotational motion in multiply-
connected space. If the cyclic constants «,, ., ... &, are given
and the boundary velocities, we can shew that the motion 1s deter-
minate. For supposing the space to be rendered simply-connected
by the introduction of suitable barriers, let there be’two possible
motions represented by velocity potentials ¢, ¢' which both have
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the same cyclic constants. Then ¢ — ¢’ will be a velocity potential
having no cyelic constants, i.e. the velocity potential of an acyclic
motion, 1n which, in addition, the velocity is zero at all boundaries.
Hence by Arts. 79 and 84 the two motions are identical.

92. ExampLE. Let us take, as an example, two-dimensional 1irrotational
motion 1n the space between two coaxial circular cylinders; and suppose that
the velocity at distance » from the axis 18 ¢?/r at right angles to the radius
vector.

‘We have seen 1n Art. 19 that the velocity potential 1s given by
=— -1
¢=—c?tan p

This 13 a many-valued function, the region being doubly-connected, and the
cyclic constant 18 k= — 2n¢?, so that the circulation 1 any closed path 1s 2«
or —2xnc?, where » 1s the number of times the path embraces the inner
cylinder

To find the Kinetic Energy of the liquid contained between umit lengths
of the cylinders we may proceed directly taking

[
T=1%p ,/a ;: 2w rdr=mpctlog b/a,

where a and b are the radn of the mner and outer cylinders, or we may shew
that we get the same result from the expression (1) of Art 90 The first
ntegral in that expression 18 zero because 0¢/on vanishes over the fixed
boundaries.

For the second integral, —« f f ;—i—)da, we may take ax;s barner a plane

through the axis of the cylinder, 0¢/0n, the velocity perpendicular to the
barrier, 1s then the whole velocity ¢2/r, and the integral becomes

b o2
-« | =dr=—«elogba,
ar

so that the energy, being 3p times this integral, =mpctlog b/a

93. Motion regarded as due to sources and doublets.

Referring to the theorem represented by equation (2) of
Art. 83, viz

2 1
1 r 1 ([1o¢
br=gz || 6508~ 5 [ 250 as

it follows from Arts. 45, 46 that the velocity potential at P 1s the
same as if the motion 1 the region bounded by the surface S were
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due to a distribution over S of simple sources with a density

- 41-;1-3_:1: per unit area, together with a distribution of doublets

with axes pointing inwards along the normals to the surface of
density ¢/4m per umt area.

Now let a closed surface S be drawn 1n a liquid and let ¢, ¢’
denote the velocity potentials of possible motions inside and outside
S respectively, with the condition that ¢’ vanishes at infinity. If
P is any point 1nside S, we have

ol
1 7 1 [[lo$
¢P—4Fff¢5;z-dsn 4 fr an 95
Also since P is not within the region of velocity potential ¢’
1

om0 spas- L[ 1 as

whete 0n, on’ are drawn 1nwards and outwards from the surface S,
so that 9/on=—9/on’. Then by addition

o[- ¢>an - f[E @2+ 2)as ..
If we take ¢’ =¢ at the surface S, we have
¢P=_4~17r” g:f a"’)dq .......... @),
and, if we take 84: = %Z: , we get
br=g-[[ (6~ ¢)-—ds ........ 3)

Equation (2) shews that when the velocity potential is con-
tinuous but the normal flow across S 1s discontinuous, the motion
mside § might be produced by a distribution over the surface of

simple sources of density — 4 (3?: +aat) per unit area.

Equation (3) shews that when the normal velocity across the
surface 1s continuous, but the velocity potential discontinuous, the
motion inside S might be produced by a distribution over the
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surface of doublets with axes along the normals inwards of density

(¢ — ¢')/4m per unit area. Such a distribution might be called a
double sheet.

MISCELLANEOUS EXAMPLES

1 Explain the meaning of the term rotational as apphed to fluid motion :
and determine the character of the circulatory motion of fluid, round a straight
ax1s, which 18 not rotational

Shew that, m such a case, nunute bubbles of air in the arculating flud will
be sucked 1n towards the axis (St John’s Coll 1896 )

2. When a body immersed 1n a fluid executes periodic vibrations 1t appears
to exert an attraction on other bodies at rest in the flud Give a general
explanation of this phenomenon. (Coll. Exam 1903 )

3 Prove that if the velocity potential at any mstant be Azyz, the velocity
at any point 2+§&, y+1, 2+ ¢ relative to the hud at the pomnt (a, ¥, 2z), where
&, n, ¢ are small, 18 normal to the quadric xn¢ +y¢€+2£€n = constant, with centre
at (2,3, 2). (Trimty Coll. 1897 )

4 Prove that if

A=y 333_33) w(Z - 332)
ot or Oy 0z Oa
and p, v are two simmlar expressions, then Adw+ udy +vdz 18 a perfect differ-
ential, 1f the forces are conservative and the density 1s constant
(Coll Exam 1902 )

5. Shew that, if a heterogeneous incompressible iquid moves irrotationally
under the action of conservative forces, the surfaces of equal pressure and equal
density comneide, and that a homogeneous hiquid cannot move irrotationally
under the action of non-conservative forces (Coll. Exam 1901.)

6 Shew that the theorem, that under certain conditions, the motion of a
frictionless fld, 1f once irrotational, will always be so, 18 true also when each
particle 1s acted on by a frictional resistance varying as its velocity.

(Coll. Exam 1895.)

7. If p denote the pressure, V the potential of the external forces and ¢
the velocity of a homogeneous liquid moving irotationally, shew that v2g? 1s
positive, and V%p 18 negative provided that v:V=0 Hence prove that the
velocity cannot have a maximum value and the pressure cannot have a
minimum value at a point 1 the mterior of the hiquid.  (Coll Exam 1900)

8 Shew that in the motion of a fluid 1n two dumensions 1f the coordinates
(@, y) of an element at any trme be expressed 1n terms of the imtial coordinates
(a, b) and the time, the motion 1s irrotational if

o(x,x)  0(49)
3B +5 . b)-o (Coll Exam. 1903.)
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9. Prove that, 1f
¢=—4(ax*+ byt +cz?), V=3 (la?4my?+ne?),
where a, b, ¢, {, m, n are functions of the time and a+ b4 ¢=0, wrrotational
motion 1s possible with a free surface of equi-pressure 1f
(L4 a2+a) 2138 (m4+b24+b) eI (n g2y c) g2 et
are constants (Coll Exam 1903 )
10 Shew that 1if the velocity potential of an irrotational fluid motion 1s
equal to
A (224y?428) ~ Tz tan—! g,
the lines of flow lie on the series of surfaces
x4+ _y2+z2=x’i (=% + yz)g. {Coll, Exam 1899 )
11. A thin stratum of mcompressible flud 18 contained between two
concentric spheres, shew that the velocity at any pomt 1s equivalent to the
components
_ 1oy o
smé o’ 00
along the meridian and parallel respectively Alsof the fluid be homogeneous
and the motion mrrotational, prove that

9 _ 1 oy 1 3 _oy
6~ smbiw’ smbie 06’
and deduce that ¢+ 2y = F (e tan 36) (St John’s Coll 1906 )

12, In the case of nrotational motion 1n two dnnensions, on the surface of
a sphere, shew that the velocity potential 1s of the form

z+1y —y
/() w1 ()
» being the radius of the sphere and #, g, z the coordinates of a pont referred
to rectangular axes through the centre of the sphere.

(Coll Exam 1893 )

13. A ngid cnvelope 1s filled with homogencous fiictionless iquid  shew
that 1t 18 not possible, by any movements applied to the envelope, to set 1ts
contents 1nto motion which will persist after the envelope has come to rest.

(St John’s Coll. 1898 )

14 A space 1s bounded by an 1deal fixed surface § drawn 1n a homogeneous
mcompressible fluid satisfying the conditions for the contmmued existence of a
velocity potential ¢ under conservative forces Prove that the rate per umt
time at which energy flows across S into the space bounded by 813

=P / b,
where p 1s the density and o an element of the normal to dS drawn into the
space considered. (M T. 1908 )
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15. Deduce from the principle that the kinetic energy set up 1s & mmimumn
that, if a mass of 1ncompressible iquid be given at rest, completely filling a
closed vessel of any shape and 1f any motion of the iquid be produced suddenly
by giving arbitrarily prescribed normalvelocities to all the points of 1ts bounding
surface subject to the condition of constant volume, the motion produced 1s
rrotational. (Kelvin and Tait )

16. If ¢ 1s the resultant velocity at any point of a fluid which is moving
rrotationally 1n two dimensions, prove that
og\?  (0g\?_ _, i
(5—‘ + (@ =qVigq (Umv. of London, 1911 )
17. Shew that the curvature of a stream line 1n steady motion 1s
10
75 (7).
where p, p, ¢ are the pressure, density and velocity of the liquid, V the potential
of the external forces, and O» 18 an element of the principal normal to the
stream line, and hence obtain the velocity potential of the two-dimensional
rrotational motion for which the stream lines are confocal ellipses.
(Coll. Exam. 1900.)

18. If in an infinite mass of homogeneous fluid 1n equilibrium under finite
flud pressure only, an infimtely long right circular cyhindrical column be
suddenly annihilated, prove that no motion will take place (MT 1876)

19 Incompressible flud of density p 1s contained between two coaxial
circular cylinders, of rudu « and b (@ <b), and between two rigid planes per-
pendicular to the axis at a distance { apart The cylinders are at rest and the
flud 18 crreulating 1n irrotational motion, its velocity being V' at the surface
of the inner cylinder Prove that the kinetic energy 18 wpa?l V2log (b/a)

(Trinty Coll 1896 )

20 Liquid of density p 1s flowing i two dimensions between the oval
curves 7 ry=a? rrp=>0% where 74, 7, are the distances measured from two
fixed points 1f the motion 1s irrotational and quantity ¢ per umt time crosses
any line joiming the bounding curves, then the kinetic energy 1s

wpg?/log (bja) (Trinmity Coll 1895.)

21 Liquid extending to infimty contains a number of solids fixed or moving
If ¢ be the velocity potential of that part of the motion of the hquid which 18
due to the solids, shew that ¢ 18 acyclic, and that

Jo5tas
taken over a sphere at nfinity, 13 zero.

Find the general form of the velocity potential ¢.

If the liquid contains no vortices, but occupies a multiply-connected vegion,
and has a cyclic motion, which 18 zero at infimty, what 1s the most general
form of the velocity potential?

Shew that in every case the assigned form gives the only possible velocity
potential (Dublin Univ. 1907.)



CHAPTER V

SPECIAL PROBLEMS OF IRROTATIONAL MOTION IN
TWO DIMENSIONS

94. IN Chapter 111 we introduced the stream function 4+ for
motion in two dimensions and found expressions for it in certain
cases We propose now to make use of 1t for the determination
of two-dimensional irrotational motion produced by the motion of
a cylinder 1n an nfinite mass of hiquid at rest at infimty. For the
sake of simphcity we shall suppose the cylinder to be of unit
length, and the liquid and the cylinder to be confined between two
smooth parallel planes at right angles to the axis of the cylinder.

The stream function yY» must satisfy Laplace’s equation V2§ =0
at all points of the hquid and must also satisfy the boundary
conditions as follows

(1) At infimty the hquid 1s at rest so that oyr/ox=0 and
oy/oy =0

(2) At any fixed boundary the normal velocity must be zero,
or the boundary must comncide with a stream line
yJr = const.

(8) At the boundary of the moving cylinder, the normal com-
ponent of the velocity of the liquid must be equal to the
normal component of the velocity of the cylinder.

We have the following special forms of condition (3).

If the cylinder has velocity U parallel to the z-axis we get at
the boundary (fig 22)

ucos @+ vsin = Ucos 6,

where 6 is the inclination of the normal to the z-axis. This
is equivalent to

or —~dyr=Udy.
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Flence by integration along the boundary
\[r=—Uy+A ............ te. . (1),

where A 1s a constant.
Similarly if the cylinder has velocity V' parallel to the y-axis

v
And, if the cylinder 1otates with

angular velocity @ about a parallel ¥ “

to its axis through any origin O, we

have

ucosf +vsinfd = — wycos 8 + wzsin b,

or

()
ydy _yde___dy dz O
—.@ﬂ_%as——myds wx%’ F1g22

so that, by integration along the boundary
Yv=lo(@+y)+C.. .o . (in)

3

95 Circular Cylinder.

The solution of the problem indicated 1n the last article, viz to
determine a two-dimensional irrotational motion satisfying given
boundary conditions, has been effected 1n a limited number of
cases, and the method of solution has frequently been an inveise
one. That 1s to say, instead of a direct investigation of a solution
of V=0 that would satisfy given boundary conditions, known
solutions have been studied to sce what kind of boundary con-
ditions each would satisfy and the problems have not been
formulated until after their solutions had been obtained. As an
example let us consider the motion represented by the functional
relation

w=Cz7,

or ¢+z«k=§(cos0—zsm0).

This gives ¥r=~—""~, and if we take this value for 4 1n

Csinéd
r
the boundary equation (1) of the last article we have

_C’s;n0=_ Ursinf +4




94-96] CIRCULAR CYLINDER 95

This equation represents a family of curves, and if wé put
A =0 and C=Una? the family includes a circle of radius a.
Hence

Ua? Ua?
Y=—-"smb, =——cos

are respectively the strcam function and velocity potential due to
the motion of a circular cylinder of radius @ moving with velocity
U parallel to the z-axis, the origin being always on the axis of the
cylinder

We observe that the velocity potential and stream function are
the same as for a two-dimensional doublet of strength Ua? on the
axis of the cylinder i an infinite mass of liquid.

The case of lhiquid streaming with general velocity U past
a fixed cylinder of radius ¢ may be deduced from the foregoing
case by 1mposing a velocity — U parallel to the z-axis on both the
cylinder and the hiquid. The cylinder 1s then 1educed to rest and
we have to add to the velocity potential a term Uz to correspond
to the additional velocity, that 1s Ur cos @, hence a term K Ur sin 6
must be added to 4, so that

b= U(r+%z) cos f, = U(r—?‘f) sin 0

Hence the equation (r — «?/r) sin @ =const represents the stream
lines relative to the cylinder, and this 15 true whether the cylinder
be moving or at rest

96 Another method of solving problems of the same class 1s
to find a velocity potential that will satisfy the given boundary
conditions, i.e to find a ¢ that will satisfy Vip =0 at every point
of the hquid, and make the normal velocity —o¢/on assume the
proper values at the boundaries

In this connection it 1s useful to remember that in polar co-
ordinates 1n two dimensions Laplace’s equation takes the form

0%  1lop  10°¢
wmtror TR0
and that 1t has solutions of the form

™ cos nf, r"*sinnb,
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where n is any integer, positive or negative. Hence the sum of
any number of terms of the form

A,r* cos nf, B,r"sinnf
15 also a solution.

Reverting to the problem of liquid streaming past a fixed
circular cylinder, with the notation of the last article, the uniform
stream in the negative direction of the z-axis is represented by

¢=Uzx=Urcos §
and we have to add a term or terms to represent the disturbance

due to the cylinder. Since the disturbance vanishes at infinity
these terms can only 1nvolve negative powers of 7.

The boundary condition 1s ?Tf=0 when r=a; and 1f we
assume that

¢=Urcos 6+ ‘%cosO
this leads to U-A4/a*=0, or 4 =a?U;
whence as before ¢=U (r + ‘g) cos 6,

and the conjugate function

Y= U(r—%—f)smﬂ.

97. Two Coaxial Cylinders. As a further example let us
consider a problem of initial motion. Let a cylinder of radius a
be surrounded by a coaxial eylinder of radius b, the space between
the cylinders being filled with hquid. Suppose the cylinders to
be moved suddenly parallel to themselves in directions at right
angles with velocities U, V respectively.

The boundary conditions for the velocity potential ¢ are -
(1) when r=a, ?;—f=-— U cos 6,
() when r=b, 2= Vsine.

To satisfy these assume that

¢=(Ar+€)cos€+(0r +€)sin0;
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then -—Uc059=(A—1—§)cos€+(0’—'D>sm€
a
and —Vsmnf= (A —--'g) cos 0 + (C’—-#) sin 6,
for all values of /. Hence
a-B__y oD,
B _ o,
4 - n 0, C—- b= V;
from which we get
a0 b2 bV
b= b2<r+7—_)cost9—a2 b( r+ )smt‘?
and the conjugate function
2 2 21
‘I,=__,"LU;)2< b)sm0+ ben(r—%)cose.

It must be remembered however that these equations only
represent the motion at the instant when the cylinders are
coaxial.

98. Equations of motion of a circular cylinder.

Reverting to the case of Art. 95—a cylinder moving 1 a
hiquid at rest at infinity—we have to calculate the forces acting
on the cylinder owing to the presence of the hquud If the
extraneous forces have a potential { and act on the cylinder and
hquid alike their resultant effect 1s, from Hydrostatical considera-
tions, a force equal to the difference between the forces exerted on
the cylinder and the hquid displaced, 1€ if o, p are the densities
of the cylinder and hquid the resultant extraneous force 1s
(0 — p)/o times what 1t would be 1f the hquid were not present.
Omitting the extrancous forces, the pressure 1s to be found from
the equation

-——F(t)+ —%q .................. (1)

Now 1n the expression ¢ = g’r_ cos @, the origin 13 moving with

velocivy U, whereas 0¢/ot 1n (1) is the rate of increase of ¢ at

a fixed pomnt of space. If the space coordinates were referred to a

fixed origin, 0¢/0t would be a partial differential coefficient, but

when the origin moves fixity in space does not correspond to
R. H. 7
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constancy of coordinates, and therefore 9¢/ot is obtamned by a
differentiation in which » and 6 change as well as &. Hence

3¢ AU a? Ua? dr Ua? de
T cos0—-;5-cos06ﬁ——7r—s odt

where 1n consequence of the motion

of the origin

%-——Ucos0 and Ei—e stnﬂ.

dat r
Therefore
a¢ (filt] o os 0 + g~—' cos 26, Fig. 28.
and q*= Uat/rs,

The resultant force on the cylinder in the dircction of motion
2
18 then — [ ap cos 0d6
J0

auv ,dU
—arpu? - = -M JE e e e (2),

where M’ 1s the mass of liquid displaced by the cylinder (of unit
length)

Hence, if M denote the mass of the cylinder, the equation of
motion 18

M %lltj'— M ‘%4. 7= - P (extraneous force 1f no hqud

were present),

dU M

ey M 9TP .
or M &M o (extraneous force 1f no hquid
were present),
dUi_o— p
that is M —~ (extmneous force 1f no hiquid were present).

dt ~

Hence the whole effect of the presence of the liquid 18 to reduce
the extraneous forces 1n the ratio o —p-o+p

Result (2) mmplies that if the cylinder were to move with
uniform velocity the resultant pressure set up by the motion or
the resistance to motion would be zero. This is, of couice, con-
trary to experience, but the discrepancy might be explained by the
hypothesis of a region of ‘ dead water’ moving along bechind the
cylinder, with a surface of discontinuity separating 1t from the rest
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of the liquid, while the foregomng analysis assumes continuous
motion throughout the liquid. This question is treated more fully
in the next Chapter. See also Art. 133 following

99. We may also obtain result (2) of the last article from the
principle of energy. The kinctic energy of the hquid 1s given by

T=1p [[ gas

integrated over the whole zy-planc omitting only the section of

the cylinder And since ¢ = _Ug_t__;zos 4 therefore g2 = Utad/r4, and

T3 f U_‘E‘ rd@dr

= -}wpa‘*‘U’ -;—M’U‘
Hence the presence of the hiquid may be considered to inciease

the effective mertia of the sphere by an amount M’ And if X
denote the force parallel to the axis of «,

(—%(#M U?+ $M'U?) =rate at which work 1s being done

=XU.

so that (M+M)‘ ——X
dU ,dU
or M—d—t—X -M- H

so that the pressure of the liquid, apart from any extianeous force
acting on 1t, 1s equivalent to a force — M'dU/dt opposing the motion

100 Circulation about a moving cylinder*. To com-
plete the discussion of irrotational motion of a hiquid about a
moving cylinder, we must mnclude the possibility of cyeclic motion,
since the liquid occupies a doubly-connected region The solution
1s completed by adding to the velocity potential and streamn
functions terms that will correspond to a constant circulation «
about the cylinder. Such terms are given by

(7] (73
=_"logz, or wr = =—(log r 410
27 g2, b+ 2,".( g r+10),
that 1s ==, = 21:; log 7.
* See Lord Rayleigh, ¢ On the Irregular Fhight of a tenms ball,” Mess of Math

1877, or Sci. Papeis, 1. p. 344. Also Greenhill, Mess. of Math. 1880.
T—2
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Hence the complete expressions, for the cylinder, moving with

veloaity U, are
x0 Ua?sin 0

Ua®
= eos =G, == T g logr

And, if the direction of motion make an angle e¢ with the
x-axis, we have

¢-—-—~: cos (6 —e)—ﬁg
so that
xf

%it’_y;“_ (0—-e)—--—rcos(B—e)-——sm(@-—e)(é—e)——2——,
where
r=— Ucos(f—e¢),
s U .
and 9=7_ sin (6 — e).

For 1n the figure

dr=—00"cos (8 —¢) & 4 =
=~ Udt cos (0 — ¢), Fig. 24.
and d8=0P0 =00 sm (6 — ¢)/r

= Udtsin (6 — €)/r.
Therefore, on the cylinder r =g,

aat Uacos(@—e€)+ U?cos 2(0 —¢)

+ Uasin(0—¢)é - 2 sin (6 — o)

2
Again %% =— —lgl- cos (6 —e),
0 Ua® .
and ;5%=-—~ sm(ﬁ-—e)—-é%r,
therefore, on the cylinder r=a,
Uk . «2
iq’—}U’+2—ﬁsm(0 6)"'8'”’2 P

Hence the pressure on the cylinder due to the motion being
given by
EFoy+ B
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the force opposing the motion is
J’z"p cos (8 — e)adf = mpa2l,
and the transverse force tending to increase e 1s
- z"p sin (8 — ) adf = xpU — wparUs.

If, as before, M denote the mass of the cylinder and M’ = mpa?
and there are no extraneous forces, the equations of motion are
M+ M)U=0,
M+M)YUe=xpU
Thercfore U 1s constant and é = xp/(M + M’), so that the path

of the centre of the cylinder 1s a circle of radius (M + M") U/kp
described 1n the sense of the cyclic motion.

Now let z, y be the coordinates of the centre of the cylinder,
and u=4, v=y 1ts component velocities, the forces retarding
motion are then seen to be mpa*w, wpu*s due to the kinetic
reactions of the hquid and «pv, — kpu due to the circulation

Hence if ¢ be the density of the cylinder and the extraneous
forces are of the nature of gravity in the direction of the y-axis,
the equations of motion are

ToA*U = — TPU*U — KPV
and 7o = — wpa* + kpu + m (¢ — p) u’yg,
or u+nv=0,
and v—nu=g’

The solutions of which are
u=—g'[n—csin @t + a),
v = ¢ cos (nt + a),
c

so that &=y — g—f+--cos(nt+a),
n o on

y=y+ 2 s (nt+a),
which represent a trochoid.
The transverse force depending on circulation constitutes the
mathematical explanation of the swerve of a ball 1r golf, tennis,

cricket or baseball, the circulation of the air being due through
friction to the spin of the ball.
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101 Conjugate Functions. Elliptic Cylinders.
Suppose that we have a relation
w=f(2), or ¢+ 1yr=f(x+1y),
and that 1in addition
z=F(8), or z+1y=F (£E+ 1),
so that «, y are conjugate functions of £ 5. Then ¢, 4 are also
conjugate functions of £ 7. For, the elimmnation of z gives a
functional relation
w=x (), or $-+iv=x (£ +1n),
from which we obtain

o a\p 2 __ oy

0E on o0&’
. op 89§ o€ ooy
Since ox  ofox  onox

0 _0p0E  0don
dy okdy " dnoy’
therefore, by squaring and adding and remembering that

of _om 4 0k_ o

and

oz~ By = "o
we got (38)+ () = {(58) +( )}{(ai +@)}
or (f;: d;

Similarly we can prove that
8,20 28T whrene ]

Geometrically, if we draw the curves ¢ = const., y» = const. and
8s,, 8s, denote elements of 4 inter-
cepted between ¢ and ¢ + 8¢, and
of ¢ intercepted between Y and

V¥ + &y, we have asl P+
(Bs,) (gg: + <By> ¢

v+dy

{2~}

A .
and (55) = the same expressions.
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Though for the curves £ = const., » = const. the correspohding
relations are of course

0§ _
Os, asz
Now assume that a
@ + 1y = ¢ cosh (E + 7)), B E+dt
so that 2 =c cosh Ecos 7, n+dn ¢
and y=csinh Esiny 4

We may give £ all values from Fig. 26

zero to infinity, and 9 all values fiom 0 to 27, then
E=const. and 7 = const.

represent confocal ellipses and hyperbolas respectively, the distance
between the foc1 being 2¢, and £ 5 may be regarded as elliptic
coordinates of any point in the plane.

102. Elliptic Cylinder.

In dealing with clhiptic cylinders, it 1s useful to observe that
the equation

6-\]r 821[r -0
8&’
has solutions of the type
cosh
sinh (1) o | (un),
exp

and that e=¢ must be used when vamshing at infinity is required,
i e. when the hiquid extends to mﬁmty For confocal ellipses the

form (4 cosh n€ + B sinh nE) (m;) may be used.
To determine the stream function when an elliptic cylinder

moves in an infinite hquid with velocity U parallel to the axial
plane through the major axis of a cross section

Let the cross section be the ellipse a?/a?+ y*/b*=1. This is
the same as £=aqa, if e =ccosha, b=csmnha.

The boundary condition is
¥ =— Uy + constant, when £=a.
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Assume that ¢+ = Ae= ¢+,
SO that '\IJ‘ = — Ae_e sin 7.

Then at the boundary &= a, we must have

—Ade*sinyp=—Ucsinhasinn+ B

for all values of 5. This requires that B =0, and 4 = Uce*sinh a.
Hence
¥ =— Uce*~¢smmhasingy

18 a stream function which will make the boundary of the ellipse
‘a stream line, when the cylinder moves with velocity U.

Also ce*sinh a=be*=b(a +b)lc=b g__—_r_l_l: ;
therefore v=—Ub ,\/ < i b e~¢siy
.................. 1).
and so b= Ub\/—— e~fcosy

To examine whether this 15 a correct solution 1t 1s easy to
venify that 1t makes the velocity vamsh at infimty.

If the cylinder moves parallel to the axial plane through the
minor axis of 1ts cross section with velocity V, we get in like

manner o
a+b
¥="Va ;\/&—__-be‘fcosn ‘

................. 2)
and ¢="Va \/a e~tsin g

The forms of these results are the same for all confocal ellipses
and therefore this last result includes the case of a plane lamina
of breadth 2c moving at nght angles to itself mn the hquid, the
ellipse in this case reducing to the straight line joining the foci
and the formulae becoming

Y = Vee=tcosn,
¢ = Vee-¢sinq.

But these equations would make the velocity infinite at the
edges (£=0, n=0), and therefore cannot represent real conditions
In practice, with a flat elliptic cyhinder, the velocity round the
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edges would be so fast that the friction would cause eddies i the
liquid and alter the character of the motion*.

103. Liquid streaming past a fixed elliptic cylinder.
This case may be deduced from the last by superposing on the
liquid and cylinder a velocity equal and opposite to that of the
cylinder Thus when the general velocity of the stream 1s — U
parallel to the major axis, we must add Uz to the value of ¢, and
Uy to the value of 4, so that

b= Ub\/%}ll;e‘fcosn+ U a2 -1 cosh Ecos 7,
and ‘\]/‘=—Ub/\/z‘}lge'fﬂllln-’rU\/a‘——b‘slnhfsln'n.

104. Elliptic cylinder rotating in an infinite mass ot
liquid at rest at infinity. If » be the angular velocity the
boundary condition 1s

Y=to@+y)+C,
or, putting # = c cosh £ cos 9 and y =c¢ sinh Esin »,
¥ = fewc? (cosh 2£ + cos 29) + C, when E=a.

Assume that ¢ + 1 = Are=2+m),
so that Yr= Ae % cos 2.

Hence at the boundary £ =a, we must have
Ae cos 2n = }wc? (cosh 2a + cos 29) 4 C
for all values of 9. And this is the case, provided
A = lwce™ and C'=— }wc?cosh 2a
Therefore Y = }wc?e?~2% cos 29 gives a stream function which
makes the boundary of the ellipse a stream line, when the cylinder
rotates with angular velocity »
Since c%* = (a + b)?, we may write the results
Y =>%ow(e+b)e % cos 2y,
and ¢=1w(a+b) e 2%sin2y
It 1s easy to verify that the velocity vanishes at infinity.

* See the next Chapter on Discontinuous Motion, also Lamb, Quart. Journal, Xiv
p 40,1877; or Hydrodynamacs, p. 79.
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16 Any of the previous motions may be superposed. Thus
if the elliptic cylinder be moving parallel to 1tself with velocity v
in a direction making an angle § with the major axis of the cross
section, we have from Art 102

¢= v\/:’—'—ze £(bcosn cos 8 + a sin ysin 8),

and \k:—vx/gi—ze £ (bsin g cos @ — a cos 7 s1n ),

106. Circulation about an elliptic cylinder.

If in the last case the 1rrotational motion 1s cyclic, with
circulation # round the cylinder, we can take this into account by
means of the function

$+ip =g (§+in)

ntdn
To verify that this gives the s
correct value to the circulation, we
have that the circulation
- j a‘f’ds
taken round the cylinder, f-a
=f2" _@?d,, Fig 27
o O
2 ©
=], 2= dn=«

Hence if in addition to the velocity v of the last article the
cylinder also rotates with angular velocity w, and there 1s a
circulation « about the cylinder, we have

¢= v,\/z+ze £(b cos 7 cos 0 + asin 7 sin 8)

+}w (@a+b)ye2%sm 2y — ;‘g

and \[r'=—v,\/z+ge ¢(bsmmcos @ — acosnsinb)

+ 1w (a+b)Pe%cos 21)+g§_
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107. Kinetic Energy. In any of these cases of a cylhinder
moving in hqud at rest at infinity, the expression for the kinetic
energy is, as 1 Art. 87,

_ 29
T=—4p [ 32 as

where the integration 1s now round the perimeter of the eylinder
and we are supposing as beforc that the liquid 1s confined between
two smooth planes at unit distance
apart. But —o¢/on 1s the normal ot
velocity outwards, and oyr/ds 1s the o
normal velocity mwards, so that

O¢p/0n = ovyr/0s,
and therefore Fig. 28.

r=—1p [$pdv.

As an example consider the rotating elliptic cylinder of
Art. 104, bounded by the elhpse £=a. Herc we have on the
boundary

Y=} (a+ b) e cos 2y,
and ¢ = lw(a+ b)* e sin 2y,
so that T'=i{5pw’(a+b) e f"sm‘-’ 2ndn
0
— _flgwpwz (az — bn)a

gives the kinetic energy of the hquid.

108. A parabolic cylinder moving along the axis of its
section with velocity U.

Let the parabola be (1 + cos 6) = 2a,

or r} cos 36 = al.
Assume that w= Azi’,
or that ¢ + iy = Ar¥ (cos § 6 + 151 §6).

The boundary condition 18 Y= — Uy + B, so that on the surface
we must have
— Ursin @+ B= Ar¥sin 16, for all values of 6.

This will be satisfied 1f B=0 and 4 = — 2Ua?.
Therefore ¢=—2U atr? cos 10,
and 1[r=—2Ua§r5 sin 6.
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‘The curves of equi-velocity potential ¢ = constant are therefore
confocal coaxial parabolas, and the stream lines yr = constant are
an orthogonal confocal system of parabolas.

109. Liquid contained in cylinders. In cases of two-
dimensional motion of hquid contained in a cylinder moving
parallel to itself, we have the same set of conditions at the surface
of the cylinder as when the cylinder moves in the hquid.

For translational velocity U parallel to «,

=—Uy+const... ... ..........(»0)
For translational velocity V parallel to y,
Y=Vr+const ........... ... (>ir).
For angular velocity o,
Y =}w(2®+y®) +const. ......... .(m)
As examples let us consider the following
(1) Let w=—-Usz,
or ¢=—Uxz, Y =—-Uy.

This represents a motion satisfying the boundary condition (1)
whatever be the form of the boundary, and the velocity at every
pomnt of the hiquid 18 —d¢/éxz or U, so that the hquid in the
cylinder moves as 1f solid, and by Art 79 this 1s the only motion
possible in simply-connected space.

(2) Let w=—142,
or ¢ = Arisin 20 Yr=— Ar: cos 20

= 2A4xzy, =—4 (2 —y?).

Let us adapt these forms to the boundary condition (1),
assuming the liquid to be contamed in a rotating cylinder. At
the boundary we must have

jo@+y)-B=—A(@@—yp),
or Go+Ad)r*+ (jo—A)y*=B.

Hence the boundary of the section may be an ellipse
o*ar + b =1,
provided ?Fo+d)=b((o—A4)

or A=-}o al—b
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Therefore

¢=—w2;-2wy and 11r==-%wa2_—b2(x”— %)
a?+ b? a?+ b? Y
determine the motion of the liquid 1n the rotating elliptic eylinder

referred to fixed axes momentarily coinciding with the axes of the
cross section.

If ¢ denote the velocity,
a?— b?\?
¢'= ot ( ﬁ'b*) (@*+y%)

Hence the kinetic energy 7' of umit length 1s given by

—_ b2)2

’l' i 2 )+bﬁ

pab.

If we require the motion of the hquid relatwe to the cylinder,
we may proceed thus The velocities 1n space of the particle,
whose coordinates are (z, y) referred to the moving axis of the
cross section, are & — oy and y + wz ; therefore

L S e
oY= T T w0
, _ 0 a*-b
and y+wx—-53—/—ww2+b2w,
2
so that &= (-"22—1—7)3 Y,
d . 2b2
an I=— gypo”
4a?h? ,
Hence @sopY= 0,
which leads on mtegration to
2ab
a,—Bcos( Sy b wt+a)
b, . ([ 2ab
and therefore y=- Bsin ( W wt +a)

It follows that the motion is simple harmonic motion, the
paths of the particles being ellipses similar to the boundary
ellipse, described in time 7 (a? + b%)/abew
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Or, to get the relative motion, we may impose on the whole
system the angular velocity w reversed. That is, we must increase
¥ by —$o (2> +3?). This makes

az_be .
‘l”""%“’m(“"y’)"%w(““‘l'y‘)
_ wath? [a? y®

az 4 b2 (E’ b’) ’

shewing that the stream lines are similar elhpses

(3) Another simple case 1s that of a rotating prism whose
section 1s an equilateral triangle For this we take

w =142,

or =— Ar'smm 36, Y= Arcos 30 = A (a* — 3zy?)

The boundary condition (111) gives, 1n this case,

A (* — 3zy®) = o (2* + ) + B,

to be satisfied at all points of the boundary.

To include the line # = a in the boundary, we must take

Ad*=}wa*+ B,
and —34a=}w.
so that the equation becomes
28 — xy? + 3a (2 + y?) = 4a?,

or (z—a) (z-- /3y + 2a) (z+ /3y — 2a) =0.

These three lines form an equilateral triangle with 1ts centre
at the origin, and the motion of liquid in a prism having this
triangle for section and rotating with angular velocity o 18 given
by

95:(;;7381“30’ \]r=——g:i'r-’c0530

110 The stream function has been determined for the motion of hquid
produced by moving cylinders of a great variety of forms We have discussed
some of the simplest cases very fully and shall now merely make a hist of other
cases with references to shew where the investigations may be found

1. Rotating rectangular prism or box Stokes, Thans Camb Phil. Soc vIIL
or Math and Phys Papers,1 p. 60. Ferrers, Quart Journal, xv.p 83 Greenhill,
ihnd p 144 Basset, Hydrodynamacs, 1 p 96

2. Rotat. 1g semicircle Hicks, Mess of Muth. viiL. p 42.
3. Rotating quadrantal sector of a circle. Greenhill, :bed. p 89
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4. Rotating sector of a circle. Stokes, Trans. Camb. Phil. Soc viir o1
Math. and Phys Popers, 1. p. 305 Greeunhill, Mess. of Math .x. p. 83. Basset,
Hydrodynamics, 1. p 98 Lamb, Hydrodynamics, p 83

5 Rotating rectangle bounded by two concentric circular arcs and two
radu  Greenhill, Mess of Math. 1x p 35

6 Rotating arcs of confocal ellipse and hyperbola. Ferrers, Quart Journal,
XVII p 227

7 Rotating ares of two confocal parabolas ¢bid

8 Confocal eliptic cylinders—translation and rotation. Greenhill, Quart
Journal, xvi p 227, and Encycl Brit Art Hydromechanics

9 Rotation and translation of nverse of an ellipse  Basset, Quart Journal,
XIX p. 190, xx1 p. 336, and Hydrodynamics, 1. p 102

10 Rotation and translation of a lemniscate Basset, Quart Jovrnal, Xx.
P 234, and Hydrodynamies, 1 p 106

111. We shall conclude this Chapter with the solution of an example

An elliptic cylander, semi-azes a and b, s held with 1ts length perpendicular
to, and 1ts major axms making an angle 8 wnth, the dwrection of a stream of
velocity v Prove that the magmatude of the couple per wnat length on the cylinder
due to the flurd pressure 18 wp (a—b2) visin 6 cos 8, and determune its sense.

(Math. Tripos, Part1 1903 )

We may deduce expressions for the stream function and veloaity potential
from Art 103, or we may obtain them directly thus.

Let b+ y=d cosh {E+1p—(a+18)},
so that ¢ =.1 cosh (£ —a) cos (5 — B)} )
and V=d simh (£ - a) sin (n —3) )

This makes =0 over the clipse £=a, s0 if we can determume 4 and g8
50 that the velocity at infimty will be the given velocity we shall have found
the correct forms for ¢ and +.

We have r=ccosh £ cosn, y=csinh £ sin», as before, so that

%_ 9% %

Y- P sinh £ cosn+ dy ¢ cosh ¢ sin g,
A
and %(7]’3= —%?; ccosh sy +%?; ¢smmh £cosp

Therefore
o o
A smh (§—a)cos(n-B8)= ;‘% ¢smmh £ cosn+ 4 ¢ cosh £ s1n 7,

¥

¢ o 2
and — A cosh(é—a)sin(p—B)= - gccosh Esm g+ a?}csmh & cos .
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At mfimty we have £ infinite ; so dividing by ef and putting £=co, these
equations become
op o

Ae-acos(n-B)= a—i_ccosq+@csmr,,
i} __% 2
and —de asm(q—ﬁ)_.—%csmq+a§/ccosn
Hence, at infimty,
29
—vcosf= = —.de¢-le—acosB,
and —vsinf= —%§= —Ade-le-2smn B

Therefore 4=vcer and B=6, so that the velocity potential and stream
function are
¢ =wvece® cosh (£ —a) cos (n — 9)} @)
Y =wee® sinh (£ —a) sin (np — 8)
Now 1mn steady motion, if p denote the pressure and p the density,
§= C-14¢%
and the couple tending to set the cylinder broadside to the stream 1s

fp.OF ds,

where OF 1s perpendicular to the normal to the element d's

Fig 29.

[In the ellipse 1n the notation of the Calculus
ds/dyr=rad. of curvature= —rdr/dp

1 this case, and OF =dp|dy = ""g‘]
2 2
Hence the couple = — prdr= -} [on » %% dn

2m
= -—}p/o g?c?sin 2ndy.
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s o= {0+ GG+ G
=v%¢% {cosh 2 (£ — a)— cos 2 (n— 8)}/{cosh 2 —cos 2p}. .. (3),

and, taking the value on the ellipse £=a, we get the couple

2m {1 —cos 2 (n - 6)} sin 2
= — top2c2e2a
dpvicts { cosh 2a — cos 2y dn

2 2
=ipv’cze2¢f s10%2n sin 26
0 cosh 2a —cos 217

omitting terms which vanish on mtegration,

2 2
= }pv2ctelasin 26 f 0" {(-osh 2a + cos 2n — sinh? 2 } dn

cosh Za — cos 2n

™

2
=puéciele sin 26 [r, cosh 2a 44 s1n 29 —sinh 2a tan 1 (cosh a tan r;):l
0

m
=5 pvicte?s sin 26 (cosh 2a —simh 2a)
=mprv2c?sin d cos 6.

We note that the value given for Y 1n (2) also becomes zero along the
hyperbola n=6, so that this hyperbola 1s a stream line , the point (é=a, n=40)
where 1t meets the cylinder being by (3) a pomnt of zero velocity. This strean
line strikes the cylinder at right angles and divides the whole stream 1nto two
parts which pass the cylmder on opposite sides

EXAMPLES

1 Aninfimte circular cyhinder of radius « 18 1 motion 1 homogeneous
flmd which extends to infimty and 1s at rest there Shew that at any moment
the pressure at n pont of the fluid at distance 7 from the ans of the cylinder
exceeds the hydrostatic pressure by

Ll o)

where f; 18 the component acceleration of the centre of the cylinder m the
direction of r, u; and », are the component velocities in and perpendicular to
that direction. (Trimty Coll 1904 )

2 1In the case of the two-dimensional motion of a liquid streaming past o
fixed circular disc, the velocity at infinmity 18 % 1n a fixed direction where u 1s
variable Shew that the maximum value of the velocity at anypomt of the
fluid 18 2% Prove that the force necessary to hold the disc at rest 1s 2mit, where
m 18 the mass of liquid displaced by the disc (Coll Exam 1907.)

R H. 8
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3 Shew that when a cylinder moves uniformly 1n a given straight line 1n
an mfimte hquud, the path of any point in the fluid 1s given by the equations
dz _ Va? dZ Vo
dt (Z-Vt2’ dt (= V)Y

where V=velocity of cylinder, a 1ts radius, and z, 2 are x+1y, & —y where
&, y are the coordinates measured from the starting pomt of the axis, along
and perpendicular to 1ts direction of motion. (Coll. Exam 1897 )

4, The space between two fixed coaxial circular cylinders of radn « and b,
and between two planes perpendicular to the axis and distant ¢ apart, 18 occupied
by liquid of density p Shew that the velocity potential of a motion whose
kinetic energy shall equal a given quantity 7' 1s given by 46, where

wpAiclogbla=

Work out the same problem for the space between two confocal elliptic
cylinders (St John’s Coll 1903 )

5. A circular cylinder of radius « 1s moving with velocity U along the axis
of 2, shew that the motion produced by the cylinder 1n a mass of fluid at rest
18 given by the complex function

w=¢+wy=a?U/(z- Ut),
where z=xr+1y.

Find the magnitude and direction of the velocity in the lud, and deduce
that for a maiked particle of the fluid, whose polar coordinates are 7, 8 1e-
ferred to the centre of the cylinder as origin.

1dr+ dg U( "") and (1———:)sm6 b.
rdt
Heuce prove that the path of such a particle 1s the elastic curve given by

p(y—$b)=tdat
where p 18 the radius of curvature of the path (St John’s Coll 1911 )

6 An imfimte cyhinder of radius @ and density o 1s surrounded by a fixed
concentric cylinder of radius b, and the itervening space 1s filled with hquid
of density p Prove that the impulse per umt length necessary to start the
mner cylinder with velocity Vis

Z
5;';"‘2 {(0+p) B2 =(c—p)az}V  (Trmuty Coll 1912)

7 A stream of water of great depth 1s flowing with winform velocity V over
a plane level bottom An infinite cylinder, of which the cross section 1s a semi-
crcle of radius e, lies on 1ts flat side with 1ts generating lines making an angle a
with the undisturbed strean ines. Prove that the resultant fllid pressure per
unit length ou the curved surface 13
2aIl— }paVisin®a,
where II 1s the flud pressure at a great distance from the cylinder.
(Trimty Coll 1896 )
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8. The space between two infinitely long coaxial cylinders of radu o?and b
respectively 1s filled with homogeneous hquid of density p and the inner
cylinder 13 suddenly moved with velocity U perpendicular to the axis, the
outer one being kept fixed. Shew that the resultant impulsive pressure on a
length { of the inner cyhinder 1s

2 2
mparl S (MT 1882.)

9. Verify that the stream functions for uniform streaming parallel to the
axes past a sold, bounded by those parts of the circles

(+1)2+y2=2, (z—-1)+y2=
which are external to each other, are

1 2 2
oo 14l G e
_ Py %)) 201
2i+yt (212 4yt (- 1Py
and, when the stream 1s inclined at an angle a to the line of centres, find the
equation to the stream line that divides on the solid. (MT.1894)

and Vv=-z+

10. The cross section of an mfinitely long cylinder 18 composed of the
greater segments of two equal circles, each of which passes through the centre
of the other Shew that 1f this body be 1n motion with velocity V perpen-
dicularly to the plane through the axes in mcompressible flud which extends
to infimty and 1s at rest theie, the velocity potential consists of two terms
due to a line doublet along each axis, and that the kinetic energy of the flud
15 ig:;g:{g— MV? where M 18 the mass of the flud displaced (M T 1895 )

11 Shew that the motion of a lhiquid stream past the elliptic disc
x%a?+y¢/b2=1, the velocity at infimty being parallel to the axis of v and
equal to V, can be represented by the relation

b+up=V{az—b J2¢ =2} /(a —]),
where e=1/a?= b? and z=x+1y (Coll Exam 1905 )

12 An elliptic cylinder, the semi-axes of whose cross section are @ and b,
18 moving with velocity U parallel to the major axis of 1its cross section,
through an infimte hiquid of density p which 1s at rest at infinity, the pressure
there being IT  Prove that 1n order that the pressure may everywhere be
positive
p U2 < 202 11/(20b + b2) (M T. 1906 )
13 In the two-dimensional irrotational motion of a liquid streaming past
a fixed elliptic dise 22/a?+y?/b¢=1, the velocity at infimity being parallel to the
major axis and equal to V, prove that 1f

% +1y=c cosh (£+ 1),
a?—b?=¢? and a=ccosha, b=csinha,
8—2
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the ve.ocity at any point 1s given by
2_ a+b snh?(¢—a)+-sin2y
r="aTe smh2§+31r’
and that 1t has 1ts maximum value V (¢4 b)/a at the end of the minor axis
(Coll Exam 1899 )

14. Obtamn an expression for the stream function of the two-dimensional
motion produced 1n an infimte hqud by the motion through 1t of an elliptic
cylinder, which has a velocity of translation ¥ in a direction making an angle
A with the major axis

Shew that the kinetic energy of the iquid between two planes perpendicular
to the generators of the cylinder, at unit distance apart, 18

$mp V2 (b2 cos? A+ a? s1nZ) (St John’s Coll 1901 )

15 Shew that with proper choice of units the motion of an imfimte hqud
produced by the motion of an elliptic cylinder parallel to one of 1ts prineipal
axes 18 given by the complex function

w=e¢~%, where z=2cosh ¢
Deduce the formulae

1 4 1
=¢(1 . =4 (1--" —
=¢ (14 iy 1= (150 4)
and trace the curves ¢ =const, y = const., indicating which parts are of
physical 1nterest (St John’s Coll 1909 )

16 Prove that the relative stream lines of the liqud bounded by the
hyperbolic cylinders
z(z=y)=al=0, y(r+y)—b=0
are the quartic curves
{# (x~y) - a% {y (x+y)— b?} =constant (MT 1881.)

17 If hqud be contained between two confocal elliptic cylinders, and two
planes perpendicular to the axes, prove that if the outer cylinder be made to
rotate about 1ts axis, the mner will begin to rotate with sech 2 (8—a) times
the angular velocity of the outer cylinder, supposing ¢ cosh a, ¢ sinh a the semi-
axes of the inner cylinder, and ¢ cosh 3, ¢ sinh 8 of the outer , neglecting the
mertia of the cylinder. (M T 1881.)

18. Anelliptic cylinder s placed 1n a steady stream which at infinity makes
an angle a with the major axis of the cylinder. Shew that on the ellipse the
pressure 18 greatest at the points where the stieam divides, and least at the
points where the fluid 18 moving parallel to the stream as 1t meets the ellipse.

(Trity Coll 1906.)

19. Prove that when an infinitely long cylinder of density o whose cross
section 18 an ellipse of semi-axes «, b 1s 1unmersed in an mfimte howd of
density p the square of 1ts radius of gyration about 1ts axis 1s effectively n-
creased by tk> quantity

p_ (a®- b2

8o @b " (Univ. of London, 1907.)
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20 TDetermine the character of the two-dimensional fluid motion 1nside

the ellipse (a, b), for which the stream function 1s % (g—: +%—:> ; and find the
pressure at each pont in the cross section when there 1s no field of force.
(St John’s Coll. 1901 )

21 An infimte elliptic cylinder with semi-axes a, b 18 rotating round its
ax1s with angular velocity o, 1n an infinmite hqud of density p which 1s at rest
at infinty. Shew that 1f the fluid 13 under the action of no forces the moment

of the flmd pressure on the cylinder round the centre 1s A-vrpc‘%(:, where
PUIpY St} (Coll. Exam. 1902 )

22. The space between two confocal elliptic eylinders (ao, by) and (a,, b;)
and two planes perpendicular to their axis 1s filled with hiquid If both
cylinders be made to rotate about their common axis with angular velocity w,
the kinetic energy of the motion set up 1s

A Moct (byay—byay)/(ayag—by by) (a1 by — agby),

M being the mass of the liquud, and 2¢ the distance between the foci.
(St John’s Coll. 1900 )

23 An elliptic cylinder whose semi-axes are ¢ cosh a, ¢ sinh a 13 divided 1n
two by a plane through the axis of the cylinder and the major axis of 1ts cross
section An mfimte hiquid of density p streams past the cylinder, its velocity U
at infimty being uniform and parallel to the major axis of the cross section of
the cylinder” Shew that in consequence of the motion of the hiquid the pressure
between the two portions of the cylinder 1s dimimshed by

pcU%e” sinh a {2 cosh a+ ¢ sinh alog tanh 3 a}
per umt length of the cylinder (M.T 1899)

24 A fixed elliptic cylinder whose principal axes are ¢ cosh B, csinh g 1s
surrounded by infimte liquid 1n which there 18 a source of strength m at the
point ¢coshy, 0, prove that if 8 1s very small the stream function of the
motion 13

—mtan-1. Sngsmhn  mBung
¥=mtan cosgcoshr;-cosh-y+cosh(-y+r;)—cos§’
where 2+iy=ccos(&—1). (Coll. Exam 1900 )

25. Homogeneous hquid streams past the infinite parabolic cylinder
r cos§6=a‘1’, the velocity at infinity being ¥ 1n the negative direction of the
axis of # Prove that the velocity potential is
— Vrcos §+2 Vatrh cos 36,

and that the resultant pressure on the cylinder per unit length 1s wpa V¥ the
pressure at infinity being taken to be zera (Coll. Exam 1906.)
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26. A long circular cylinder moves through an infinite iquid, which 1s at
rest at infimty, with a velocity » at mght angles to the axis. If the cross
section 18 not quite circular but has for equation

r=a(1+ ecosnd),
where e 18 small, shew that when the motion 1s parallel to the axis of w, the
approximate value of the velocity potential 1s

a

n aﬂ -1
P

+1
“cos(n+1)8—s7n_lcos('n—1)8}

ua {— cos 0+ ¢
r
(Coll Exam 1901 )

27 A fixed cyhinder whose base 1s any one of the lemmscates r'=¢c?,
where ¢ 18 any constant and 2a the distance between the points S, $” from
which 7, 7 are measuted, 1s surrounded by an infinite mass of water m steady
irrotational motion ; shew that the stream lines are all lemniscates of the
same system, and that the velocity along a stream line at any point varies as
the distance from the centre.

Prove also that the polar coordinates (referred to the centre) of a fluid particle
mn terms of the time since 1t was at the vertex of 1ts path are given by

r?=a?cn (ut) +c?dn (uz), 260 =am uz,
where p 18 a constant, and the modulus 1s a?/c2 (MT 1881.)

28 If & n be conjugate functions of x and g, such that the curves for
which £ 13 constant are closed ovals surrounding the origin, then the kinetic
energy and moment of momentum of homogeneous fluid of density p contained
between two curves & and £,, which are rotating with umt angular veloeity
about the origin, can be expressed 1n the form § M%2 and Mk? respectively, where

nr=yp [(reyn S an
taken round the boundaries, (MT 1895)

29. Shew that the angular momentum, of a two-dimensional motion of
a homogeneous fluid, about an axis perpendicular to the plane of the motion,

18 p f weds, the integral being taken round a cross section of the containing

vessel, where @ 18 the perpendicular from the axis to the normal of the cross
section, p 1s the density and ¢ the velocity potential.

If the vessel be rotating with angular velocity o, and fo, Jyo are the
angular momenta about the axis of rotation, and the line of centroids of the
cross sections respectively, find an expression for /—J; m a form which does
not depend on the shape of the vessel. (M.T. 1897)

30. If liquid move inside a thin shell between two plane laminae, shew that
a corresponding motion m a thin spherical shell can be obtained by inverting
the stream .ines 1n the first motion with regard to any origin, and find the factor
by which the velocities must be multiplied to transform one motion mto the
other.
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A source and an equal sink are placed at two pomts of a thin spherical
shell Shew that the equipotential and stream lines on the sphere are small
circles (Univ. of London, 1908.)

31. A thin sheet of mcompressible fluid moves on the surface of a sphere
of umt radius Shew that the velocity potential and stream function are
conjugate functions of the Cartesian coordinates of the stereographic projection
of any pomt; and thatif the boundary move as a rmgid curve on the sphere
and 1ts axis of instantaneous rotation cut the sphere n 0, the stream function
at any pomt P of the houndary differs from wcos OF by a constant, where o
13 the mstantaneous angular velocity of the boundary. (M T 1896 )

32 A long clliptic eyhinder 1s moving parallel to the major axis of 1ts cross
section with uniform velocity U through frictionless hiquid of density p which
18 circulating rrotationally round the cylinder. Prove that the maintenance
of the motion requires a force xp U per umt length of cylinder to be applied at
rght angles to the direction of motion, where « 1s the circulation round the

cylinder (M.T 11 1910)

33 A hollow vessel of the form of an equlateral triangular prism, filled
with hqud, 18 struck excentiically by a given blow 1n a plane perpendicular to
the axis and bisecting the three edges ; find the initial motion of the vessel

(M. 1887)

34 What 1 the nature of the motion 1 the neighbourhood of the orgn,
when, f(z) being continuous finite and one-valued m that neighbourhood,

M BTy,

dw wm
@) =7 /@),
dw M
3) dz 2 +f (),
m and M being real? (Umv of London, 1911 )
35 Find the steady motion 1n two dimensions of an mcompressible hquid,
such that the stream lines are all ellipses similar to
ooty fb=1,
which 1s possible under the action of external forces whose components at the
pomnt xy are X =Axy?, ¥=Bz®y, where 4 and B are constants.
(Dublin Univ. 1911)



CHAPTER VI

THE USE OF CONFORMAL REPRESENTATION. DISCONTINUOUS
MOTION. FREE STREAM LINES

112. Conformal Representation.
If E+um=Ff(z+y), or t=f(2),

and we take (£, 1) and (, y) to be rectangular coordinates of points
m two planes which we may call the ¢ plane and the z plane, then
the pownt (£ 7) in the ¢ plane corresponds to the pont (, y) mn the
z plane, and the functional relation between ¢ and 2z implies
(Art 42) that at an ordinary pomnt the ratio 8t/8z of swall
corresponding elements tends to a limit which 1s independent
of the direction of 8z This establishes the similarity of the
corresponding 1nfinitesimal elements of the two planes, though
corresponding finite arcas of the two planes are not similar.
Such a relation between the two planes 1s called the conformal
representation of exther plane on the other.

It 1s to be observed that the similarity of infinitesimal elements
of the two planes will not hold good at points at which dt/dz 1s
zero or infinite, as for example at a branch point of a multiple-
valued function Thus, the origin 1s a branch point in the ¢ plane
of the function

t=z§,

and as z desciibes a circular arc of angle a round the origin,
t describes an arc of angle a so that corresponding elements of
the planes are not similar.

Now let there be two areas occupled by a fluid in motion Let
£, 1 be the coordinates of a point II 1n one, and #, y the coordinates
of a corresponding point P 1n the other. Let ¢, 4 be the velocity
potential and current function of any motion within the chosen
area in the # plane given by

¢+ i =x(§+n),
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and let the boundary be = F, (&, n)=const. If we substitute
for £, 7 their values in terms of =, y, we get a relation

$+i¥=x: (2 +1y);
and, if F,(§ n)=F,(z, y), the corresponding boundary in the
z plane 18 Y = F, (x, y) = const. Hence the same functions ¢ and y

are now the velocity potential and stream function of a motion
in the z plane with a boundary F, (x, y) = const.

113 Tt 1s clear that £, n are themselves the velocity potential
and stream function of some motion in the z plane, and if we write

(33 + (5 (aw)”(Z_Z)

we may call & the velocity of the transformation, and as in Art. 101

we see that
veloe. of P =h x veloe of II.

Thus the actual velocities at corresponding points may be com-
pared The directions of motion at corresponding points make
equal angles with corresponding lines 1n the areas

Smce  dEdn= (jg gz o gf) dwdy = k*dedy,
corresponding elementary areas 1 the ¢ and z plahes are in the
ratio 421 Hence the kinetic energies of the two fluids that
occupy corresponding areas are equal Thus the whole kinetic
energies of the two motions are equal, but differently distributed
over the areas of motion.

114. If a source exist tn one flurd there wnll be a source at
the corresponding pownt of the other fluud. This follows at once
from the fact that ++ 1s the same at corresponding points in the
two fluids, so that fdyr taken along corresponding arcs of curves
must have the same value. That 1s, the flow acioss corresponding
arcs 18 the same. At a pair of corresponding points at which ¢ and 2
possess no singularities a small curve surrounding one corresponds
to a small curve surrounding the other, and fd+y round either curve
represents the flow across 1t. Hence to a source at one such point
must correspond a source of equal strength at the other But
care must be taken at a zero, infinity or branch point of the
function that ¢ 1s of z or that z 1s of &. A source will always
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correspond to a source but the strengths may differ, thus in the

case ¢ =23, since a semicircle round ¢= 0 corresponds to a circle
round z=0 and the flow across both 1s thc same, 1f there be a

source of strength m at z=0 the corresponding source at t=0
must be of strength 2m.

If a doublet of strength » exists in the z plane at a pomnt
which occasions no singularity 1n ¢ there will clearly be a doublet
at the corresponding point 1n the ¢ planc, the axes of the doublets
will be 1 corresponding directions, 1¢ they will make equal
angles with any two corresponding lines through the points, and
the strength m’ of the doublet 1n the ¢ plane will be given by

m'fm=|dt/dz]|=h,
for the strength of a doublet is the product of the strength of a
source and an 1infinitesimal length.

ExamrrLe Consider the transformation
t=2" 0<k <l

If we use polar coordinates r, 8 1n the z plane and p, x 1n the ¢ plane, this
relation may be written

0
’

80 that x=«0, and p=7r"

Suppose there to be liquid mn the z plane bounded by the real axis, 1.e

from =0 to §=x. The corresponding boundaries 1n the ¢ plane are 6=0
and @=«m.

pﬂlx=1‘x 6“

First let the motion 1n the 2z plane be due to a source of strength m at the
origin, then

P+wp=—-mlogz

The corresponding motion 1 the ¢ plane 1s therefore given by

1
P+ip=—mlogtc= —?logt ,

and this represents motion due to a source of strength m/« at the origin in
an area of the ¢ plane bounded by =0 and §=«=.

Secondly 1f the motion n the z plane 1s due to a source m at z=a, we
must introduce an equal source at the image pomnt a’ with regard to the real
axis 1n order to make the real axis a stream line Then we have

P+rp=—-mlog(z—a)(z—a’)
If b=a" and ¥ =« be the points in the ¢ plane corresponding to a and a’ the
motion 1n the ¢ plane 18 given by

1 1.1 1
P+ ip=—mlog (¢ — bx) (¢ — b'«).,
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To 1nvestigate the form of this expression mn the neighbourhood bf the
pomnt b, we write ¢=>b+8¢, and 1t 1s eamly seen that the variable part of
¢ +iy reduces to —mlog 8¢t or —mlog(¢—b) Hence 1t follows that i this
case the motion 1n the # plane 1s due to a source of strength m at b

115. We may usc this method, by proper choice of formulae
of transformation, to deduce the motion with a compheated
boundary from that with a simpler boundary. Thus to find the
motion of a flud with sources or doublets P,, P,, within an
infinite area on the z plane with a boundary F,(z, y)=0. First
suppose the sources and doublets removed and try to find a steady
acychc motion of fluid with the same boundary. If this can be
done, let £ % be the velocity potential and stream function, so
that 5 1s constant along the boundary F,, say n=+«. Then use
& m as the formulae of transformation and the boundary F, trans-
forms into the straight line 9 = « and the area of motion transforms
mto the infinite area on one side of this line. Now replace the
sources and doublets P,, P,,. and corresponding sources and
doublets IT,, IT,, .1n the ¢ plane. The motion 1n the ¢ plane due
to the sources and doublets I1,, IT,, . can generally be inferred by
placing single images for each on the other side of the line 5= &,
and so we obtain ¢ + 1Jr 1n terms of £+ 1y for the motion m the
¢ planc, and substituting for £ 9 in terms of « and y we get ¢ + iyr
In terms of x+ 1y giving the motion 1n the z plane due to the
sources and doublets P,, P,,...

116. Examrres. 1. 7o find the motion wn the 8 bounded by z=0,
Y=0, y=>b due to a source at the origun.

We want a solution of Y
ot | O
5o + 5=
that will make » constant when =0, y=0, or
y=Db.
wy o x
If we put n=£(2)sm 5 0 Ve get Fig. 30.
Ef 2
a2 "5 S0
il Tz
so that f(x)=deb +Be b,

and we shall have =0 when #=0 1f B= — A.
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Hence n=A4snh "— sin "Ty

and the conjugate function 1s

Ty
¢=4 cosh Z T cos 5=,

so that t=ftin=d cosh%(x+ig/)=1l cosh%f

transforms the given boundary into the straight line n=0, and [the pomt
£=A, =0 corresponds to =0, y=0.

If we place a source of strength m at this point, we have for the motion 1n

the ¢ plane
P +0f=—mlog (t— 4).
Therefore the motion 1n the z plane 1s given by

d+unp=-mlogd (cosh 1;)3- l) ,
or omitting an additive constant

¢+1y=—2mlog sinh 22 zb H

and 1t 18 to be observed that since the straight boundary in the ¢ plane
corresponds to a right angle at O m the 2 plane, the motion 1n the z plane 1s
due to a source of strength 2m

2 Venfy that, of r, 8 be real positrve constants,
z=r+41y, a=peB, ¢ l=r-l4gs-1
the steady motion outside both the curcles a2+ y?+ 2sx=0, 224 y2 — 2rr=0, due
to a doublet at the point z=a, outside both the circles, of strength p and
wclination a to the axs of x, 1 gwen by putting ¢+ equal to

[ 2 (@=28) oot o (L= L) mgmt@=28) gop o (L= L
Py ' z a 2

where z2=ay, 18 the 1nverse pownt to z=a with regard to either one of the circles

(M T. 1896)
A unit doublet at O directed along Oy makes
w 2 y+w
=z"1¢2 = ==
P+ip=z"le Py (Art 49)

and the stream lines \p.—.x;iy 5 include the two given circles Hence the
transformation

] +w

t=;1 or E+”I Zg_*_‘/p

=9 = X
1.6 e_x”+y“ R A Ny L
makes the given circles correspond to straight lines n= —1/2s, n=1/2r 1n the ¢

plane, and the space between these lines clearly corresponds to the space ovtside
the circles

To correspond to the doublet of strength p at z=a we must take one of

strength p \ % z_a=£‘§ at the pomt t=§+ip=— =22 3+pwosﬁ’
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To get the direction of this doublet in the ¢ plane, we observe tha&t the
doublet p at @ makes an angle a« with Oz
and therefore makes an angle

3m—(28-a)

with the circle of the same coaxial family
that passes through a; and this circle o a /28
transforms mnto a parallel to 0§ in the
¢t plane so that the doublet in the ¢ plane
makes an angle 37 — (28 — a) with O¢

We have then to take the images of
this doublet 1n the two boundares 1 the
t plane, and 1f @ be the 1mage of « mn the
7 circle the first 1nage 1 the line n=1/2r 18 at ¢=1/a,, and 1t 13 easy to shew
that the 1mages that are paiallel to the original doublet are at the points

o

Fig 31

gl g vy 3
a 4 a [ [22 c
and those which make the supplementary angle with Of are at
P ST e
ag ag c ay [
7
-4
. _A+
o 088
_(1) s z
25
-4
e
Fig. 32.
Hence for the whole set of doublets
B e [ 1 1
P+rp=,0 {:-3+t—'—+f z—3+§‘+
a a ¢ a’ ¢
1 1
+ + +..
a ¢ a ¢
—3 1 1 1
— B opgria=28) + —
P t—— tm—t— t——+—
ay a, ¢ a ¢,
L + 1 +
+z-——-‘ % }
o C (22 [
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Four the motion in the z plane, we write £=12/2, and making use of the
expansion for cot z the expression for ¢ + 7y takes the required form.

117. The applications of conjugate functions of the kind
described 1n the foregoing Arts. 112—115 appear to have been
first suggested 1n a paper by Routh*®, which includes the case of
vortices as well as sources and doublets in the iquud The actual
transformation effected in Ex. 1 of the last article will be seen later
(Art. 124) to be a simple case of a general transformation applicable
to all rectilineal polygons. '

118. Discontinuous Motion.

In any hydrodynamical problem, we have a necessary physical
condition, that the pressure cannot be negative, but in any steady
motion, apart from external forces, we have

plp=0C—149"
where C 1s a constant, so that the theory apparently ceascs to
represent actual facts whenever the velocity 1s so large that the
right-hand expression 1s negative. For example, from Art. 98, we
may deduce that for the rectilinear motion of a cylinder through a
liquid, with velocity U, to be represented correctly by
¢+ 1y = Ua?* (cos @ — 1 8in )/r

1t 18 necessary that the pressure at infimty shall exceed 3pU-
Again 1n Art. 57 we have a case 1n which the velocity apparently
becomes infimite, and 1 the case of hquid streaming past an
elliptic cylinder, discussed 1n Art. 111, 1t 18 clear that by decreasing
the eccentricity we can make the velocity near the ends of the
major axis increase indefinitely. The same 1s true whencver a
sharp edge protrudes into a stream, and the explanation of the
apparent discrepancy may be that hitherto our equations have
assumed the motion to be continuous whereas when an obstacle
with sharp edges hinders the flow of a stream there is actually a
region of ‘dead water’ behind the obstacle, which region 1s
separated from the rest of the stream by a well-defined surface
composed of stream lines, over this surface the pressure 1s constant
and there 1s a discontinuity in the tangential velocity or a jump
1n 1ts value as we cross the surfacet. "

* ¢On some applications of conjugate functions,” Proc L M. S. 1881.

+ This 1dea of discontinuity was enunciated by Stokes, ¢ On the Critical Values

of the Sums of Periodiec Series,” Trans. Camb. Phil. Soc. viit. or Math. and Phys.
Papers, 1. p. 310, as a possible explanation, on the hypothesis of the existence of a
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119. We propose to consider, in this Chapter, some ca%es of
this kind of two-dimensional motion, such as the flow of liquid
through an aperture, and the impact of a stream on a plane
lamina. Such problems have recently acquired a new 1interest
because of their relation to Aerodynamics. The earliest solutions
of problems of this nature werc by Helmholtz*, and Kirchhoff+
who developed a gencral method of treatment applicable to
cases in which the fixed boundaries are rectilinear, and where
there may also be surfaces of constant pressure which may
be free surfaces of the hquid or surfaces separating a portion of
hiquid at rest from the remainder of the liquid The given fixed
boundaries are portions of stream lines, the other boundaries
may be regarded as free stream lines and the solution of the
problem will determine their form and position. Along the fixed
boundaries the direction of the velocity 1s known but not its
magnitude, and along the free stream lines, the pressure being
constant, the velocity 1s constant 1n magmtude though 1ts direction
1s not known.

120. In any particular case 1t 1s our object to find a suitable
relation between w and 2z, 1.¢ to cxpress ¢ and 4 1n terms of x
and ¥y When we have found the equation of the stream lines,
4 = const., 1t will of course include the equations of the fixed
boundaries.

For this purpose Kirchhoff introduced the intermediate function

=_:i_i,§)=’ll/ .q*;’w), (Art 56)
. ew/q,

where 61s the inclination to the z-axis of the velocity ¢, so that 8
15 constant along a fixed boundary and ¢ is constant along a free
stream hme. Kirchhoff then shewed how, by conformal repre-
sentation, to obtain a relation between w and this function ¢ and

perfect flmd. The 1dea has been adopted by many other writers, but Lord Kelvin
was strongly opposed to 1t and would only admt 1t in the case ot free surfaces such
as the surface of a jet of iquid, 1nsisting on the alternative existence of a region of
negative pressure with the consequence that the fluid separates 1tself from contact
wath the solid See Natuie, L. 1894, pp 524, 549, 573, 597, or Math. and Phys.
Papers, 1v. p 215. One of the objections of Lord Kelvin has been met by M. Brillouin
in dnn chune et phys. (8), 22, (1911), pp 433-40.

* « Ueber discontinuniche Flussigkeitsbewegungen,’ Ber lun. Mona tsber ichte, 1868.

+ Crelle,1869. See also Mechanik, Chaps xx1, XXII.
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the eiimination of & between this relation and dz/dw = — ¢ gives on
integration a relation between w and z.

121. In our two-dimensional problem we have a certain region
on the z plane bounded by stream lines, that is, lines for which +
18 constant, so that the corresponding region on the w plane will
be bounded by straight lines parallel to the ¢ axis. The method
that we shall use for obtaining the relation between w and =z
consists in making two intermediate transformations*. Thus con-
sider the function

Q =log &=log g™ +10.

Since the figure 1n the z plane 1s bounded by lines for which
etther 6 1s constant or ¢ 1s constant, and we may by suitable choice
of umts take unity to be the constant value of ¢ along the free
stream lines, hence 1f the z plane 1s conformally 1epresented on
the Q plane the fixed boundaries (6 = constant) on the z plane
will correspond to lines parallel to the real axis on the Q plane,
and the free streain lines (¢ = 1) on the z plane will correspond to
portions of the imaginary axis on the Q plane Thus the figure
on the  plane 1s rectangular and bounded by straight hines

We next make use of a theorem due to Schwarzt and Chrnistotfelt
by which a rectilinear polygon in one plane can be transformed
into the real axis 1n another plane, which we will call the ¢ plane.
This theorem enables us to determine the relations between 2 and ¢
and between w and ¢ that will transform our figures 1n both the
Q and w planes into the real axis i the ¢ plane, so that points
that ought to correspond 1n the  and w planes both correspond
to the same point on the real axis in the ¢ plane. The elimination
of ¢ then gives w m terms of Q or logl— dz/dw) and hence we get
the required relation betwecen w and 2z, though 1t 1s sometimes
more convenient to retain ¢ as a variable parameter.

122 Theorem of Schwarz and Christoffel.

If z=2+w and t=§+1y then any polygon bounded by
straight lines in the 2z plane can be transformed into the axis of ,

* See Love, ‘ On the Theory of Discontinuous Fluid motions 1n two dimen .10us,’
Proc. Camb. Phil. Soc. vi1. p 176

+ ¢ Ueber erige Abbildungsaufgaben,’ Cielle, 70, p. 105, 1869.

1 ¢ Sul problema delle temperature stazionare,” Annaly dv Matematica, 1. p. 89,
1867.
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points inside the polygon corresponding to pomnts on one side of
the axis of £, and the relation that effects this transformation 1s

dz ?—;’--l %’—1 '%‘-1
(72=A(t—fl) (t-&) e (E—En) >

where a,, @, ... @, are the mternal angles of the polygon mn the
z plane, and &, £, .§, are the points on the axis of £ that corre-
spond to the angular points of the polygon in the z plane

To verify this, we observe that dz/df 1s never zero or infinite
except at the ponts &, & &, on the real axis of £ Also 1f
dz/dt = Re'®, where R 1s rcal, the argument 8 remains unchanged
so long as ¢ is real and does not pass through any of the values
£, & .. Eu, hence the argument of dz 1s constant so long as ¢ hes
between any two of the values &, & . £,, and all points z which
correspond to points between £, and &,,,, say, on the axis of £, he
on a straight line 1n the z plane.

Hence 1t appears that points on one side of the axis of £ in the
t plane correspond to points within a polygon on the z plane and
that the points &, &, ... &, correspond to the corners.

Now consider the change in the argument of dz/dt as ¢, moving
along the £ axis, passes through the pomnt &,. It 1s clear that the

-

r

Fig. 33.

only factor that will give rise to any change 1s (¢ — f,)7_1 , and we
can make the passage by making the path near §, a semicircle of
small radius ¢ with centre at £, as i the figure On this semi-
circle ¢ — &, = e€¥, so that

O A A
and as the semicircle is described @ changes from = to zero, hence
the argument of dz/dt increases by = — a,. There is, therefore, a
Jliengs of argument 1n the z plane amounting to 7 —a,, so that
the lines in the z plane corresponding to &,-, &, and £, £,,, make
an angle 7 — a, with one another, and the internal angle of the
polygon corresponding to the corner , 1s a,.
R. H. 9
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123. When we wish to transform a given polygon in the
z plane mnto the axis of £ in the ¢ plane, the values of a;, a, ... ay
are known and as regards the values of £, & £, three of them
may be chosen arbitrarily and the others then depend on the
dimensions of the polygon. For in order to construct a polygon
similar to a given polygon of n sides we must have n — 3 relations
between the lengths of the sides. Any arbitrary distribution of
the points &, ;... £,, provided they are taken in the proper order,
will correspond to a polygon whose sides are in the right directions,
but, 1f the polygon 1s to have defimite shape, only three of the
points &, & ... £, can be chosen arbitrarly.

By consideration of the function

d d_z < ofm—1

aTc{log dt}—"" t—E °

1t can be shewn that 1f the point £ =0 be taken to correspond

with one corner of the polygon the corresponding factor in the
expression for dz/dt 1s omitted *.

124. As indicated 1n Art 121 the cases with which we are
concerned will be those 1n which the polygon is rectangular. For

a rectangle o, =a,=a,=aq, =;, and 1f the corners correspond to
the ponts &, &, &, £ on the £ axis we have
dz 4

dt ~ V(- E)E—E) (t—E)(E—E)]
(1) If we take £, =—1, £=1, £, =00 1t 15 clear that two
sides of the rectangle are infinite, so that we must also have

£, =— 2, and the relation 1s, 1n this case,
dz A
dt  ve_1

This gives z =4 cosh™'¢t + B, and 1if we take B =0, which only
means moving the origin in the z plane, we have

t=cosh z/4,
and the following values correspond
t=1,—-1,0,—00, 2=0,1md, v, +17d

* See Forsyth’s Theory of Functions, Art. 268
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The area in the z plane 1s then a strip of breadth 7wA parallel to
the real axis and extending from =0 to =00,

K4
2 3
z plane
23 Z4
z
n
t plane
& (7] 3 7]
P -1 1 o &
Fig. 34

and the points 1n the two diagrams that correspond are indicated
by hike suffixes, z, z,, 2,, 2, corresponding to t=—00,—1, 1, 0.

(11)  Another method of representing on the ¢ axis the corners
of the same strip of the z plane 1s to regard the strip as a triangle
of zero angle 1n the direction x = o, we may then take any three
ponts on the £ axis in the ¢ plane to correspond to the corners,
say the points ¢ =—1, g, 1, as shewn 1n fig. 35
Y

zplane zy
21
o %
t plune
4] ty t3
- -1 [¢] a 1 ©
Fig 35
The relation connecting z and ¢ 1s then
dz _ A
dt  (t—a)vtt =1’
which gives on integration
A -
z=—"" cosht at—1 + B,
1—a? t—a
-1
or 2= C cosh™! oz_t: ot B.
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If we choose the constant B so that 2=0 when t=—1 we find
B=0, then t=1 makes z=1mwC so that the width of the strip is
7C, and ¢t = a makes z=co as 1t ought.

(iiil) As another case let us consider what sort of rectangle

will correspond to the four pomnts ¢ =— 0, 0,0, 0 The relation
between ¢ and z 18
dz A
a=r z=Alogt+ B
z—B

Considering t=¢ 4 , we have as corresponding values
=—00,0,0 and z=00 +17wd, —© + 174 (or — ), ©

So the rectangle 1n the z plane 1s a strip of width w4 extending

the whole length of the real axis.

K

2
2

2 z plane 2
o 3

n

t plane
t ly l3
° ¢
Fig 36.

125 We shall now apply the foregoing theory to some Examples, in
every case assuming the velocity to be unity along the free stream lnes,
and neglecting all external forces.

Jet of liquid through a slit in a plane barrier.

‘We assume that the sides of the vessel containing the hqud are infinitely
distant from the shit compared to 1ts breadth In the diagrams fixed
boundaries and lines that correspond to them are indicated by thick lines,
free stream hnes by thin hines, and the arrows indicate the direction of flow.
Remembering that velocity 1s in the direction in which velocity potential
decreases (¢= — 0¢/0s), we may place p=c0, p= - at opposite ends of the
stream. For convenience we suppose the boundary stream lines to be y=0,
Y=mx. The region on the w plane which 1s to correspond to the given regr~»
on the z plane 18 therefore seen to be a strip of width 7 extending along and
above the axis of ¢ from ¢p= - to p=co0.

We have now to transform the z plane on to the @ plane, where
2=log ¢~1+:6. In the z plane we take the origin at B’, then for the velocity
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along A'B’ we have =0 and along AB = —x. Hence in the o pla.né the
lines A’B’, AB are 6=0 and = -, and the lines corresponding to the free
stream lines BC, B’C"’ for which g=1 are parts of the imaginary axis.

_1 Iy

z plane

7=1 g=1

y=m Y=0
c C
¢p=—
Fig. 87

We have now to transform the areas i the w plane and in the @ plane
mto the upper half of the ¢ plane so that corresponding corners in the w and
Q planes are represented by the same point on the real ¢ axis.

c' = §' A’
t= -1 t=—a
t=0 « plane
t=1 t=w
t=—~wm t=—1 t=0 t=1 t=m
A’ B' cC 8 A
¢t plane
B’ =0 A
t=-1 = —®
CC'|t=0 Q plane
t=1 t=
6=-—-=x A
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Before lettering our w and @ diagrams 1t will be convenient to choose
particular points on the real ¢ axis to correspond to them, since as we saw 1n
Art 123 three such pomts may be chosen arbitrarily. Thus we may take the
edges of the shit B, B' to correspond to ¢=1, t=—1 and let 4 correspond to
t=wo The w diagram 1s then as indicated in fig 38, where we may take
the line BB’ to be ¢ =0 so that B 1s the origin 1n this diagram.

The relation between w and ¢ 1s as m Art 124 (1n)

w=Alogt+ B,
and w=0 when ¢=1, so that B=0,
also w=17 when ¢=—1 But log(-1)=1m,
therefore A=1, and w=logt.

The diagram 1n the 2 plane has the pomnt B’ for origin, and the relation
between € and ¢ 1s by Art. 124 (1)

Q=_Ccosh~1t+D,

and Q= —1r when t=1, so that D= —urmr,
also Q=0 when ¢t=-1. But cosh=!(—-1)=1m,
therefore Q=cosh~1¢{-m, or ¢= —cosh Q,
dz
But 2=log¢ or Iog(—o—h—”),
hence we have coshlog ¢=—t= —¢v,
or (¢ 1= —2e%
From which we deduce — %—'Z=(= — e A T,

and the fact that { or e’9/q 1s infimite when y»=0 and ¢== determines that
the lower sign must be taken

dz —— -
Hence we get %=ew+4/e2“’—l,

and the integral of this 1s
z=ev A1 —tan-1afe—1 —1,
adjusting the constant so that z=0 when w=0.
To find the equation of a free stream line, we have along the stream line B'C’

o6 _
_ﬁ_q=l’

80 that ¢= —s measuring s from the origin B’ Hence on this stream line
Y= we have

8= —¢ = —real part of w= —real part of log¢
where ¢ 1s real and lies between —1 and 0; also ¢=1 so that
W=Q=cosh~1¢—17r or t=—cosé
where 8 varies from O to — .
Hence on the stream line B°C"’
s=log (— sec )
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But dz|ds=cos 6,
since  gives the direction of the curve, therefore
dx=s1m 8d6,
and x=1-~-cos b,
the constant being determined by the consideration that §=0 when r=0

Similarly y=log (tan §+scc §)—sm 8

Since the ultimate breadth of the jet when the free stream lines become
parallel 18 7, and this 18 attamed when = — 1—; , for which the value of r1s

unity, 1t follows that the breadth of the sht 18 7 +2 and the coefficient of
contraction = /(w + 2)

126. Borda's Mouthpiece.

We shall now consider the efflux of liquud through a pipe projecting mto
the containing vessel, being the case to which reference was made 1 Art 61,
but restricted to two dimensions and assuming that the sides of the vessel are
so far away as not to affect the problem

—_ ~a
A Yy=m — 8
C'ﬁ_%g z plane
Pp=—0 <«— —1 <« =0
A =0 B = x
— N \
— —
c Y= B’ A’
w plane
¢=—w d)=m
(] V=0 8 A
Fig. 39.

We shall adopt so far as possible the same notation and lettering as in the
last article. The boundary stream hnes 4BC, A'B'C’ are ¥=0 and {=m,
so that the diagram in the w plane 1s the same as in the last case If we
take the same set of corresponding points on the real axis in the ¢ plane as
before, we have the same diagram i the ¢ plane, and the relation between
n and ¢1s stall

w=log t.

The diagram 1 the @ plane 1s also the same as before byt now the line
AB1s =0 and A’B’ 18 §=2m, s0 1n the relation

Q=Ccosh-1¢t+D
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we have 2=0 when ¢=1, so that D=0;
and Q=27 when ¢=—1, so that, since cosh=1(- 1)=1mr,
we have C=2, and @=2cosh—1¢.

With the origin at B 1n the z plane (also 1n the w and @ planes) we get
along the free stream line BC, or =0,

—s=¢p=w=logt,
where ¢ ranges from 1 to 0 and
since g=1, {6=0=2cosh~1¢, so that t=cos 46,

and s=log sec 36.
Then dxlds=cos @ and dy/ds=sin
give x=sm?36—logsec 16 and y=4 (§—sin §)

as the equations for the free stream line BC.

{t=—o t=—1 =0 t_-—-l {=00
A B’ c'c B A
¢t plane
B’ 0=2m A
= -1 t=0w
CC't=0 Q plane
=0 A
Fig. 40.

When the two free stream lines BC, B’C’ ultimately become parallel the
distance between them is =, and the value of 8 bemng =, we get y=1mr, so
that the total distance between the walls AB, A’B’ of the opening 1s 2m and
the coefficient of contraction 18 3. This is in agreement with Borda’s theory
as stated 1n Art. 61.

127. Impact of a stream on a lamina.

‘We shall suppose the width of the stream to be infimte compared to that
of the lamina and the lamina to be fixed at right angles to the stream.

The stream line y=0 which strikes the lamina at its middle point C
divides there mto the branches CAA4’, CBB’. If we take ¢=0 at C, the
region on the z plane occupied by liguid corresponds to the whole w plane
regarded as bounded by the double line from the origin to ¢p= — 0, Y=0.
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We may clearly choose a transformation on to the ¢ plane so thdt the
pomnts A4’y A, C, B, B' correspond to t=w, 1, 0, —1, —c. The relation
between » and ¢ 18 then

dw

@ =4
for the interior angle of the w polygon 1s 2 This gives
w=14¢, smce w=0 when =0 .... . . ..... (1)
=®
v =0
A [o] B
$=0
=0 z plane V=0
U BI
I PPy
p=—c = = =
A’ A \ C s
w plane
t= -2 t=-1 =0 t=1 t=00
B’ 8 C A A
¢t plane
t=—1
B'A'|t=c0 Q plane t=0
t=1
A = —nw [¢]
Fig. 41.

To get the diagram on the © plane we have §=0 along CB, and =~ =

along C4 and ¢g=1 along BB’ and AA4'. Hence the diagram must be as
:ndicated and the relation between @ and ¢ is by Art. 124 (u)

da_ B
dt ~ ga/E=1’
or Q=Ccosh-1 (—%)-{-D.
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But when ¢t=-1 the diagram shews that ©=0, therefore D=0, and
when z=1, we have 2= —im, but cosh—!(—1)=1, therefore C= —1

Hence Q= —cosh™!(—=1/z) or :——-— —-cosh@ .. ... ... . (2),
but a2 =lo, theref t=_-—5 3
2t = ore - ¢ ce e e e
1 g(’ T 1 } {2 ( )

‘We have now to determine the constant 4 i equation (1), and 1ts value
must depend on the width of the lamina

Along the stream line CB, since =0 therefore {=1/¢ and
t=—29/(1+¢°),

—1+41-12

which gives 9= .

We take the positive sign 1 order to make ¢=0 when ¢=0, for the velocity
must be zero at the point €' where the stream line breaks into two branches.

Again, along CB, since =0 thereforc ¢p=w=34¢2, and, the velocity
being wholly along the » axis,

— g=0¢/ow= Atds|dz

dt 1-41-¢
Therefore At ar= PR
Aedt
or do= —__
R PV

If 7 1s the width of the lanuna, this gives
-l f2dt
=4 Eal
3 f o 1-A1-7’
and by writing ¢=s1m x we find

20
}l= -4 (1+iﬂ'), so that As—m,
and w= — ia (4).
w4 T

Relations (3) and (4) contain the solution of the problem.

To find the Cartesian equation of the stream line BB’ we have ¢=1,
s0 that
10=0=~cosh-1(-1/¢t), or cosf= -1/t

Also ¥=0, 50 that ¢=w=~"l—i=-l—:_e%‘?.
Agamn 0p[0s= —g=—1,
_I(sec?-1)
therefore s= s

measuring 8 from B where §=0, 13 the intrinsic equation.
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Then dz=cos §ds=2l sec 8 tan 6d6/(n + 4),
so that, taking the origm at C,
20 T
‘”=,,.+4 (seo 8+Z> s
and dy=-s1n ds=2( sec @ tan? §d0/(w +4),
l
w+4

whence y= {sec  tan § —log (sec 6 +tan 6)}.

128. The same problem with oblique impact.

We may proceed mn the same way, but the stream line that divides 13
not 1n this case the one that strikes the barrier at 1ts mddle pomnt

We get a sumlar set of diagrams (see next page) wherewn, mn this case,
the ponts 4’, A, C, B, B’ correspond to t=w,1,a, —1, —o, and the relation
between w and ¢ 18

Lo_ At=a),
or w=3A(t-a) . I ¢ H)

since w=0 when t=a
Also for the relation between @ and ¢ we have by Art. 124 (u)

aQ C
dt T (t—ayNi—1’
or Q=Ccosh~1 C-d;l+0
t—a

But when ¢= -1, the diagram shews that Q@=0, therefore D=0, and
when t=1 we have 2= —um, but cosh~1(—1)=1m, therefore C= -1

Hence 2= —cosh-1%~1,
t—a
or ‘:—t_;a!=cosh0={;({+g"1).. e e e eeeee (2).

Also, if the stream makes an acute angle a with the barrier, the final direction
of AA’ and BB’ 1s given by 6= — (r—a) when t=w. Hence
?2(w—a)=cosh~la, or a= —cosa.
Therefore (2) may be written

3008a+1_ _ N
~ Troosa —COMRE=3((+{TY i e e (3)

On the barrier from 4 to ¢
6= —7 and {(=-1/g,
&= from C to B 6=0 and {=1/q,
g_‘ +1 -4 tcosa+1
29  ~ t+cosa’
the upper or lower sign according as ¢ hes between 1 and — cos a or between
—cosaand —-1.

therefore
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tcosa+1—sman1-¢2

This makes g==% t¥oosa ,

the signs being adjusted so that ¢ shall not become infinite when ¢ = — cos a.

¢=:n
¥=0
A C B
=0 z plane ¥=0
A ~
=00 ¢= -
B8’ B ; m=‘
$= - =i p=co
A A el e 4 w plane
{= =00 t==1 t=a t=1 =0
B’ B [¢] A A'
¢t plane
0=0 C
t=—1
B'A'{t = Q plane t=a
=1
A 0= — o <
Fig. 42
Also along the barrier

Vv=0, and ¢p=w=44 (¢t -a)?,
_=0_ dt
so that =% +A(t—a,)a;,
the upper or lower sign according as we are on OB or CA, since these arc Llie

directions of ¢.
dt tcosa+1l—snavi-7
Hence A(t+oosa) o= — {4cosa

and dy=—A(tcosa+1l+mnaNI-2)dt



128] OBLIQUE IMPACT 141

Integrating this and taking the origin at the mddle point of 4B 3o that
t=1,¢= —1 give equal and opposite values for z, we obtain

z=—}A{(2—1)cosa+2t+sma (¢t VI—L2+sm-1t)} ..... (4)
If we put ¢= —1 we get half the width  of the barrier, so that
I=30(d+msma) .. oo veees oo oo . (5),
Hence w={(t+wcosa)?/(4+m sina)

If 1n (4) we put £= —cos a we get for the distance from the middle of the
barrier to the point where the stream divided

r=3%4 {2 cosa(l +sin?a) + (—g —a) s a}
= {2 cosa(l+sm?a)+ (7—2'-— a) sin a} l(4+msma). .. (6)

Taking p/p=C—%49? we get on the free stream lmes p/p=C-4%, and this
gives the pressure of the ‘dead water’ behind the lamina Therefore the
difference of the pressures on opposite sides of the lamina at any poimnt 1s

r=tp(1-g%
The resultant thrust on the lamina 1s therefore

f“ 'd. ¥ oa-gya
P x—épf_}l( -4’

12
=ip[ @~ )gds

But g=t(tcosa+1—sinavi=e)/(t+cosa),

therefore g™ 1= % (tcos a+1+smaVT=2)/(t+cosa),

and qdz=F A(t +cosa)dt,

therefore the thrust .
= —pA/ smaVi=2dt .o ver vererer crees 7)

1

=4mpdsina
= mplsina
=itmama - ceveeen o . (8).

For the distance of the centre of pressure fiom the end 4, we have that
the moment of the pressure about the centre

o 'd. ¥ 1-¢?) dwx.
o[ et e

To reduce this itegral we notice that 1t 18 the same as (7) if we introduce
the expression (6) as a factor, then the substitution ¢=smn y enables us to
evaluate the integral at once giving as the result gmwpd®sinacosa. But
the ~hole pressure 18 37p4 s a, therefore we have for the coordinate of the
centre of pressure .

- cos a

d=ddeosa= i N
on the up-stream side of the middle point.

e creeneens (9),
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TL.s problem was discussed at length by Lord Rayleigh as the case of an
elongated blade held vertically in a horizontal stream  He obtainec results
(8) and (9) by Kirchhoff’s method and gave tables for their values*

129. A varety of cases have been worked out by Mitchell4, Love{, Green-
hill§ and other writers||, the method has been extended by HopkinsonT to
mnclude the case of sources and vortices m the hqud, and important applica-
tions of conformal transformation to curved boundaries have been developed
by Leathem** by the mtroduction of curve factors into Schwarzian trans-
formations

We shall conclude this Chapter with the solution of another example

A finute stream impinges on an infinute strarght barrier, the motion being 1n
two dimensions, and the boundarwes of the stream bewng curves of constant
velocaty. Determine the relation between the w plane, and the @ or ¢ plane

If the undisturbed stream make an angle 3w —a with the barrier, shew that
the perpendicular drawn from the pount on the barrier where the stream divides
to the asymptote of the stream line thiough that pownt 1s to the breadth of the
undisturbed stream as

acos? a+sn acos alog (2 cos a)+ 2 cos atanh ! (ta.n ;) ™

Shew that the resultant pressures on the two parts of the barrer separated by
this pownt are wn the ratio w42a m —2a (MT 1 1910)

Let us suppose that the frec strcam lines are ¢ =0, ¥ == and let =43 be
the stream line that divides, and let us take 1ts point of impact with the
barrier to be the origin m the z plane, the barrier being the real axis

The diagram 1n the w plane consists of the lines Y =0, == and a pait of
the line Y=g taken twice

If we take the pownts 4, B, C, D to correspond to the points 0, 1, — 1, — 0
on the real axis of ¢ and call the point O ¢ =a, the polygon in the w plane has
zero angles at —1, 1 and an angle 2z at «, so that the relation between w
and ¢ 18

dv _ A(t—-a) )
dt = (t-1)(¢+1) : "
dw_4(1-a) A(l+a)
. dt = 2¢<1) Y2y - @)

In the w plane, we see that w mncreases by 18 as ¢ decreases through 1, and
by mtegrating the last relation round a small semicircle 1n the ¢ plane with
the point 1 as centre, as explained m Art 122, we get another expression for

* Plul Mag 11 p 430, 1876, 01 Sc¢ Papers, 1 p 286

1 ¢ On the Theory ot Free Stieam-Lines,” Plul Trans A 1890

% Loc. cat p 128 § Encye Brit. Art Hydromechanics

|| For a tull bibliography of the subject see Love, Encyc. des S¢ Math 1v. 18,
pp 118—122, where an account 1s given of the recent work of T. Levi-Cinita,
M. Brillouin, H. Villat, U Cisott1 and other writers

9 ¢ Discontiruous Motion 1nvolving sources and vortices,” Proc. L.M S 1898.

** Pinl. Trans. R. S. Series A, Vol 215, pp. 439—487, 1915, and Phil. Mag.
xxxI1. pp. 190—197, 1916.
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the value of the increment 1n w as ¢ decreases through the value 1 Hegce

- 10 -
B= [_1_(12’_“2]0 d_(‘g_)= ‘11(.15 @) . v, putting ¢ — 1 =ee??,
e

and making e >0

2 plane
¢=—w
B
c y=m D
(=~ ®
{==1
C
w Al w plane
B ¥ =0
t=1 t=o0
B ¥ =0 A
b= — 0 t=—1 t=a t=1 t=00
D [¢] o B A
t plane
B =0 o]
t=1
AD|t=c0 Q plane t=a
(=-1
(¢ Q= —m [¢]
Fig 43.
Therefore B=%d(1—a)m .. .. v v i ()

Similarly by considering the increment in w as ¢ decreases through the value
-1, we get

vr-B) =40 o
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Therefore r=B=%4(14+a)mr ..... G e e enn(4).
Whence we get from (3) and (4),
B=4m(1-a), and d=1,
so that (1) may now be written
dw  t—a
(Z't'='t‘z—-_‘—i . . see .. . .. (5)
Again, for the @ plane, we have that
=0 along OB, and 8 = — = along OC;
while 4 B, CD are free stream lines for which ¢=1, and therefore correspond
to parts of the imaginary axis.
From the figure we see that the relation between @ and ¢ 1s
e B
dt ~ (t—a) «/zﬁl_l’

at

or on mtegration Q=2DBcosh~! + C
But =0 when ¢=1, therefore 0=Bir+C,
and Q= —ur when ¢ = — 1, therefore —imr=C.
at—1 dw
Hence == coshQ =4 dw dz)
dz _at— 1+4/1- ah/l—t‘
This gives an= I e e (6),
and d_w=at-1$«/l—-a2«/1—-t2.
dz t—a

The sign of the radical can be settled by special considerations, thus at O
mn the z plane, where the stream line divides, ¢=a and the velocity 1s zero,
therefore we must take the + sign in dw/dz and the — sign 1n dz/dw along
Boc.

Again on the stream line 4B or {»=0 we assume that ¢=1 so that

—%:cos 6+ism 6,

where 6 1s the angle that the direction of the velocity makes with Oz Now
when ¢{=w we have

dz . Ty
dT”;—aiz V1—a?

and by hypothesis for this value of ¢, = — (’—2'- +a),

therefore sma+icosa=at+iy/1—a?

whence we conclude that a=sina and the + sign must be taken before the

radical, so that on the stream hine Y=0 we must write
dz _at—1+1/T—an/e=1
dw t—a
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Hence we have, along BOC, t<1 and

dz _at—1- «/l—a“’a/l——ﬂ ®)

7 -1 ’
and along 4B, ¢>1 and

d:_at-1+/1-aza/2—-1 ©)

&= e-1 i

By integrating (8), and remembering that z=0 when t=a, we get
along OB

z=3%(1 +a)log}$:t 3(l1—a) log ——-- +;\/1—a2(sm"‘t-—:~.m" a) ...(10)
Similarly by mtegrating (9) we get along A B

z=D+3(1+a)log(t+1)+ 4 (@a—1)log (t—1)+24/1 —atlog (£ 4+t = 1)
11,

To determine the constant D we have the fact that 1n the neighbourhood
of the point =1 from (8) or (9) the principal part of

dz  a-1

dt  2(-1)°
and, putting ¢ — 1=e~6, and ntegrating round a small semiurcle at the pont
t=1, we get, for the mcrement 1n z as ¢ increases through the value 1

3(a—1) —im, or —%am(a—1)

Hence 1f 1n (10) we put =1 —¢ and mn (11) we put =1+ and then make
¢ tend to zero, the latter value of z must exceed the former by -4 7w (@ —1)

Therefore
D+3(14a)log 2+§ (@—1)log e

=+§~(l+a)log1—_—|_——§(l a)log— +'\/1—a.2(§—sm“a) $em(a—1),
or D= irlog —J;alocr(l a2)+«/1—a2(§—mn‘1a> $im(a—1)

Substituting this value in (11) we get for the equations of the stream
hne ¢=0
r=4%log %T:—Z —}alog(1—a?)+ 41 ——aiz-(%—sm‘l u)
+3(1+a)log (¢+1)+4 (a-1) log (¢~ 1),
y=%m(1—a)++1—-a?log (¢+A¢:-1)

To get the asymptote to this stream line, when ¢ 1s laige, we may put ¢ for
t+1 and ¢—1 and write

x=§]og1- %alog(l —a?)+4/1-a? a‘(é-—sm'la)+alogt

y=3m(1—a)++1—a?(log 2+logt)
R. H. 10
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OUn eliminating ¢ we get as the equation of the asymptote
y=3n(1 —a)+4/l-:2tzlog2

m{ +élog 2 +4alog(1-a?)— V- “”(”"sm_la)}

If the asymptotes to ¥ =8, =0 mcet the # axis .n ¥, N we get ON ,as
the value of # when y=0 1n the last equation, and, substituting sin a for «,
this gives

NO=2 tanh—! (ta.n %) +sin a log (écm a) —eosa(%—a) - %ta.n a(sima-—1)

But MN=8seca, and the required ratio being MO cos a/r we have for 1its
value

a cos? a+sin a cos alog (2 cos a) + 2 cos a tanh —1 (tan g) . m,
since B=3m(1—a).
For the pressure on the lamina we take, as in Art 128, the expression*

3o [a-gna,

which 18 the same as 3p / {1 - (ﬂf’)z} akdt
3
where along BOC Zw a-1 +l\/71_aL“_/l 2

Substituting for:ii and % the 1ntegral reduces to

24/1 —a”f:/.ldi_tz or 24/1-a?sin~ ¢
The pressures on CO, OB are the values of this integral between the limits

(-1 and sina) and (sina and 1), 5o that they are in the ratio = +2a 7 —2a

We have given the working of this example 1n all 1ts details as questions
of this kind often present analytical difficulties to 1mexperienced students

EXAMPLES
1. The wrrotational motion in two dimensions of a flmd bounded by the
lines y=0, y=>0 18 due to a doublet of strength u at the origin, the axis of

the doublet being 1n the positive direction of the axis of #. Prove that the
motion 1s given by

¢+z\[/=’2—r’5‘ coth 21b (+1y).
Sketch the stream lines, and shew that those points where the fluid 1s
moving parallel to the axis of y hie on the curve
cosh (rz/b) =sec (ry/b). (Trimity Coll. 1904 )
* This 1. really the difference of the pressures on opposite sides of the lamina,

on the hypothesis that there is a pressure on the side opposite to the stream equal
to the pressure on the free stream hnes.
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wz
2  Use the transformation 2/ =e® to find the stream lines of the motion
in two dimensions due to a source midway between two infinite parallel
boundaries. [Assume the hiquid drawn off equally by sinks at the ends of
the region.] If the pressure tends to zero at the ends of the streams, prove
that the planes are pressed apart with a force which vares inversely as
their distance from each other. (M.T. 1 1911)

3. A source 18 placed midway between two planes whose distance from
one another 18 2¢. Find the equation of the stream lines when the motion 1s
1 two dimensions, and shew that those particles which at an infinite distance
are distant $ @ from one of the boundaries, 1ssued from the source in a direction
making an angle /4 with 1t.

4 Fluid motion 1s taking place 1n the purt of the plane bounded by
the real axis and the lines = +4a and 2= —a, which 18 due to a source
at one corner and a sink at the other corner of the strip, each of strength m ,
shew that the motion 1s given by

w wz
tanh Zﬂ—b— tan 4&,

and that the equation of the stream line which leaves the source at the angle
m[4 to the sides 1s

¢ 1l'_$'= Zl'ﬂ !
cos - sinh e " (Trimty Coll. 1907.)

5 Prove that by proper adjustment of the constants (a, 8, ¥, 8) the
assumption

z=aw+Be" +8, (z=x+1y, w=¢+up),

may be made to give the solution for the two-dimensional motion of a hiquid
1n a straight pipe of breadth b, and sides y= * 45, extending from = — o to
=0, the velocity 1n the pipe at = — o bemng V, and the pipe opening into
an otherwise unbounded hquid at rest at infimty. Find the values of these
constants, assuming that at the pomt (0, 4b) the value of ¢ 18 ¢ho

(Trimity Coll 1903 )

6. Prove 1n any manner that the velocity potential and stream function
of the two-dimensional motion between the walls y=0, y=m, due to a source
of strength m at (21, ¥,) and an equal sink ab (#,, 7o), are given by

o {Exp (#+ 1) — Exp (%+%0)} {Exp (#+3y) — Exp (2o —iy,)}
ptop=-m log[{Exv (w+y) —Exp (=1 + 1)} {Exp (#+v) — Exp (=, —tyf)} ’
(St John’s Coll.)

7. Determine the nature of the fluid motion in the space bou.:nded by
=0, = (#*+y%)—2y=0,
which 18 given by ¢+ =coth (z+3y) 2 (M.T. 1894.)
10—2
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8q In the case of umplanar efflux from a large vessel with two plane
sides at right angles and an aperture in the corner equally inclined to the two
sdes, shew that the coefficient of contraction 1s

mw
m+24/2—2log, (1+42)
or 737 (MT 1919)
9 A doublet of strength p 1s placed within a square of side @ containing
fluid, the axis of the doublet lying along a diagonal at the centre The origin

of coordinates being taken at an end of the other diagonal and the sides of
the square as axes, verify that

, K/ o K (4 +2y)
P+iy= T/ {l +cnt - @
satisfies the conditions of the problemn  The modulus of the elliptic function
18 s or/4, also en 3 (K 4o Y=o (Trinity Coll. 1898 )

10 Prove that for hiqud arculating nrotationally under no external
forces 1 the part of the plane between two non-mtersecting circles, the
pressure on either of the cucles 18 wpr2/c, where 2¢ 1s the distance between
the Iimiting points of the circles, and 27« the cychic constant of the motion

(Trimty Coll 1898 )

11 Shew that the transformations

a _Tw
z=;{»\/t2—l—sec‘1t}, t=e av,

where z=a 41y, w=¢+n), give the velocity potential ¢ and the stream
function - for the flow of a straight river of breadth a running with velocity
V at right angles to the straight shorc of an otherwise unlimited sheet of
water, mnto which 1t flows, the motion being treated as two-dimensional
Shew that the real axis in the ¢-plane corresponds to the whole boundary

of the hiquud. (Umv of London, 1910 )
12 What problem 1s solved by the transformation
ey 1 (Jernyh
dt T t—a Jt—l) ’

¢ +ryr=log (¢ —a),
where # and y are the Cartesian coordinates of a pomnt and ¢ and y the
potential and current function respectively ? (MT 1891)

13 The sides of a vessel are two planes which extend to infinity 1 one
direction  The straight lines 1n the section, made by a plane perpendicular to
the sides, are inclined at an angle =/, and they are symmetrically situated
with respect to the line joining those extremties that lie in the finite part of
the plane of section Fluid escapes from the onfice, the motion being parallel
to the plane of section. Shew that the coefficient of contraction 1s

2
1/1+%/ sin gcot 6dé.
0
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In the case where n=2, shew that the coordinates of any point in th& free
stream Ite may be expressed as

z=2tanh-1(1+e ¥ p2tanh—1(1—e ) a1 e ¥l (1 - o)l
y=m+2{1+e B} _(1_e~¥h _otanh-1(1+e" %)t {2 tanh~1 (1 -~ 1)}
where the middle stream line 18 the axis of z, the distance along the free

stream line from the edge of the nozzle 1s s, and the scale of measurement 1s
8o chosen that the final breadth of the stream 1s 2n (MT 11 1895)

14 Interpret the real and imagimary parts of the function
log (dz/dw)=0
If dé[dQ=ze~9,
shew that w=E+dE/dQ.

Shew that the assumption w=cosh 2@ gives the solution of a problem ot
meeting streams, and that the free stream lines make up a four-cusped
hypocycloid (MT 1 1896.)

15 Liquid moving 1 the plane (r, y) escapes from an opening between
two fixed boundarnes given by y=0, r<0, and y=4A, r>b, the part of the
plane for which y 1s greater than 1ts value on the fixed boundaries being com-
pletely filled with liquid which 1s at rest at infinite distances Find the
equations of the free stream lines, and prove that the ultimate direction of
the jet makes with the aais of 2 an angle a given by the equation

b 1 1
7L=§ tan a + S oecat - log (tan %a)
(MT 1 1897)

16 The fixed boundaries of a liquud moving 1n two dimensions are given
by y=0 fiom 2= — @ to =0 and from r=a to 2 =, together with y=>5b from
x= —mo to =00, prove that if ¢ denote the ultimate breadth of the jet escaping
through the opening m y=0 from 2 =0 to =, ¢ 18 given by the relation

c [2b ¢ 2b+c
a=cto (c— + 2b) log 2b—c’
and shew that if «=b the 1ati0 of contraction 1s approximately 4/7
(M.T 11 1900)

17. Discuss the casc of a single source on one side of an obstructing line
of fimte length, when the perpendicular from the source to the line bisects
the line, and prove that when the plane of motion bounded by the obstructing
Iine and the free stream lines 18 conformally represented 1n the portion of the
plane of an aunihiary variable ¢ which 1s above the real axs, the functions
and @ are given by equations of the forms

dw _ sint de (2t J(1+87) 1} 1
dt T 8+ dt { 2+pr it JO-¢)
Also shew how to obtain equations connecting the length of th.e obstructing
line, the distance of the source from it, the strength of the source, and the
vebocity along the free stream lues (MT. 1x 1901)
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13. Prove that the formula

dz -4 1-au+a/(1=a?) J(1=u?) 14+au+J(1-a?)(1—u?)

dw Tu=a o T a0
where = e¥, represents (in two dimensions) the eflux of liquid by a Borda’s
mouthpiece (inward pointing tube) from the base of a cylindrical vessel, the
vessel and the tube bemg coaxial, and the aperture of the tube at a distance

from the base

Prove that the coefficient of contraction 1s equal to
n—J(n-1),
where % 18 the ratio of the breadth of the vessel to that of the tube.
Verify this result from first principles. (M.T. 11 1902)

19 Shew that, with the usual notation, the substitution
w=A log z;+ Blog (z3+\),
where A4, B, X are appropriate constants and
2,={eosh (log ()},

gives the flow from a rectangular vessel with two infinite parallel sides and an
aperture midway 1n the third side

Deduce from this the solution for the two cases (1) flow past a fixed
obstacle set perpendicular to an infinmte stream, (2) flow through an aperture
1 an infinite plane wall. (M T. 11. 1906 )

20 Exemphty the treatment of problems in discontinuous two-dimensional
liquid motion by investigating the case of a stream whose breadth and velocity
at mfinity are « and V respectively, whose couise 1s disturbed by a sym-
metrically placed transverse straight barrier of length & Shew that the force
necessary to keep the barrier in position 1s

puV2(1 —sma),
where bla=1-sma +1lr cos alog (cot? 4a) (M T. 11. 1905.)

21 If a stream of mmhmte width 1s obstructed by a lamina with an
elevated rim placed transversely, shew that the mean pressure on the
lammna 18 - -

mpV 8+44m+2m

& (T veaf
where I” 18 the velocity on the free stream lhnes, and e 18 the ratio of the
height of the rim to the breadth of the lamna, and higher powers of e
are neglected (Love )

22 Water escapes, under pressure, fiom the plane wall of a vessel, by
means of a large number of parallel, equal, and equdistant shts The
breadth of each sht 1s a, and the distance between the centres of consecutive
shts 18 6. Prove that the final breadth ¢ of each issuing jet 18 given by

the equation
@ 2/ ¢ c
C=14=(== -1 8
p 1 +1.- (c ) tan B
Calculate the mean pressure on the wall, having given the velocity »
of the wsuing jets (MT 1 19.7)



CHAPTER VII
IRROTATIONAL MOTION IN THREE DIMENSIONS

130 IT 1s our purpose now to consider certain special forms
of solution of the equation
P b 0P
oc T gt =0
We do not propose to enter mnto a general discussion of spherical
and other harmonics such as may be found 1n many text-books on
pure and applied mathematics, and we shall only have occasion to
assume an elementary knowledge of these functions.

131. Motion of a sphere through a liquid at rest at
infinity.

If the centre of the sphere be moving along a straight line
with velocity V, the motion of the hquid will be symmetrical
about this hne, and Laplace’s cquation takes the form*

,0P 0 o
8r< ar)+sm 50 (smﬁao) 0 e, (1)
A solution of this equation 1s known to be
B,
=3 (A,.r”+ —n+,)P,,........ ......... (2),

where P, 18 Legendre’s cocfficient of order «.

* This may be obtained directly by considering the flow of iquid across the faces
of the polar element of volume 125116 dr df dw The gain of liguid 1n the element
due to the flow 1n the direction of » 18

d (d¢
& (5; r2 s 6 do dw) dr,

and the gamn due to the flow 1 the direction perpendicular to r 1s

0
100

But the total gain in the element 13 zero,

2 (20 29\ _
therefore 72 3 ) + — pres 0 %0 (sm ] )_0

( a¢ =781 @ dr dm) rdf



152 MOTION OF A SPHERE [cHAP. VII

In our special problem 1f we suppose the centre of the sphere
to be passing through the origin we have to satisfy boundary
conditions

o

~ 3= normal velocity=Veosd ...... .. (3)
when 7 1s equal to a, the radius of the sphere, and
o¢p . ’
-— A = O v eeses ssasesses 4
3 0, at infinity (4)

From (4) 1t 15 clear that the solution for ¢ cannot contain
positive powers of 7, and (3) suggests that we shall take*

as the particular form of (2) to suit our conditions, since P, = cos 6.

Substituting from (5) 1 (3) we find that

2—?005 0= Vcosé,
o

for all values of 8, so that B=1Va*
Hence the velocity potential 1s given by
¢=3Var—cosb.
To find the hnes of flow, at the instant the centre of the sphere
18 passing through the origin, we have

dr _ rdd
op/or  0¢p/rod’
o & _ rdo
cosf $siné’
so that the equation of the lines of flow 1s
r=Csn?é.

* The student who 1s unacquainted with the properties of Legendre’s coefficients
may proceed thus The condition (3) suggests that we should t1y to find a solution
of (1) of the form ¢ =1 (r) cos 6. We get on substitution

[0\ o
& (’ﬂ a“r) -¥=0,

of  , of
T‘a;—2+27‘al——2f=0,

of which the solution 18 Sf= Ar+;1;

or

On account of condition (4) we reject the solution 42 and proceed as above with
¢=Br-2cos @
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132. Liquid streaming past a fixed sphere.

If we suppose the sphere to be fixed and the hiquid to have a
general velocity V, we can obtain the velocity potential from the
last case considered by superposing a velocity — V" on the sphere
and the hquid This adds a term Va, or Vr cos 6, to the velocity
potential, so that now

¢=Vrcos@+4Va*r2cosé.
For the stream lines we have
dr rd@

(1—[:)0080 <1+2r3)sm0

or —2cot0dl= —2—7‘3 * (: (h 3r* 1) dr,
- 7 r—a® r
therefore sin?@ = - —07 <
-

This equation gives, for cither this problem or the last, the lnes
of flow relative to the sphere

133. Equations of motion of a sphere.

Reverting to the case of a sphere moving m a liquid at rest at
infimty, we have to caleulate the forces acting on the sphere owing
to the presence of the liquid If the cxtraneous forces have a
potential 2 and act on the sphere and the hqwd alike, their
resultant effect 1s, from Hydrostatical considerations, a force equal
to the dafference between the forces exerted on the sphere and the
hquid displaced, i.e 1if o, p are the densities of the sphere and the
liquid, the resultant extraneous force 18 (o —p)/o times what 1t
would be 1if the hiquid were not present Omitting the extraneous
forces, the pressure 1s to be found fiomn the equation

= —FO+2 4. . . L

Now in the expression 4 Vu?r—*cos 6 the origin is at the centre
of the sphere which moves with velocity V, whereas 9¢/0t is the
rate of mncrease of ¢ at a fixed pownt of space. Hence (see Art. 98)

84: Va: dr V& de

l—%a’r‘zcosﬁ—- r;—cosﬂd—t—z} el edt’
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where 1 consequence of the motion of the centre of the sphere

dr
-d~t=-Vcos0, and B

Fig 44
Therefore
ad’—,} ar @ 7%cos 0 + 3 K;fis(“icosfe—l),
2 [
and ¢ = (gi’) (fg0> =1 lf;g (Bcos?+1).

The resultant force on the sphere m the direction of motion
obtamned by resolving the pressure on an annular clement of
surface 15 then

- ’.ﬂp cos 8. 2ma*sin 6 d6,
S0
and on the surface of the sphere
E—F(t)+1} a,cose+§V’(9cos~9 5),

so that the resultant force is

av ,d .
— $rpa’ dt ——%M e e (2),

where M’ 1s the mass of liquid displaced by the sphere.

Hence, 1f M denote the mass of the sphere, the equation of
motion is

M av _ -3 M' dV o — p (extraneous force 1f no liquid were

dt o present),

o M av_ M o —p (extraneous force 1f no hiquid were
dt T M+ &M o present),

that 18
dV o

5= _:-4)7) (extraneous foree if no liquid were present).

Hence the whole effect of the presence of the liqmd 1s to reduce
the extraneous forces 1n the ratio ¢ —p o +§p.
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Result (2) implies that if the sphere were to move with uniform
velocity, the resultant pressure set up by the motion or the resist-
ance to motion would be zero. This 1s contrary to experience and
1t is to be noted mn connection with this and other similar ano-
malies that the analysis in this Chapter and the following is based
on the hypothesis of the continuity of the liquid motion The
hypothesis of a surface of discontinuity, as in the last Chapter,
separating from the rest of the liquid a region of ‘dead water’
behind the moving sohd, would lead to a dufferent result. Much
has been written on this subject by continental writers*, but the
appropriate analysis for three-dimensional problems has yet to be
investigated.

134 We notice that if the sphere be moving with uniform
velocity V, and II denote the imiting value of the pressure at an
mfimtely great distance from the sphere, the pressure at any
point on the surface 1s given by

p=T1-1pV?(5—9cos*0),
so that the pressure will be negative at some points of the sphere
unless IT > §p V=

135. We may also obtamn result (2) of Art. 133 from the
pumnaple of energy. From Art. 87 the kinetic energy of the
hiquad 1s given by

0
T=—3p [[$ 52 as,
mtegrated over the sphere Soin this case

T=§pf}}aVoosB. Vcos 0.2ma* sin 6 df

=lmpar Vi =1 MV~
Therefore the effect of the liquid 1s to increase the nertia of
the sphere by half the mass of hquid displaced And if X denote
the force parallel to the axis of

ad—t(%M V2 4+ } M’V?) = rate at which work 1s bemng done
=XV;

* On this subject the reader may consult papers by T Levi-Civita 1n the Rendi-
contr della R. dccademia dev Laincer, Serie V, Vol. x. (1901), pp. 3—9, and in the
Rendicontr del Curcolo Matematico dv Palermo, T xxmnr. (1906), pp. 1—37 Also a
paper by U. Cieotti mn the 4ttr della Societa Italiana per 1l Progresso della Scienze,
1912, which contains a full bibhography up to that date. See also Encycl. des Sc
M. th 1v. 18, the footnote on pp. 126, 127 ante; and Lamb’s Hydrodynamacs, p 98.
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so that (M+1M') O—ZZ-X

or VLSS SV'8-4
so that the pressure of the hiquid apart from any extraneous force

acting on 1t, 18 equivalent to a force §M’dV/dt opposing the
motion.

136. Sphere projected in a liquid under gravity.

As an example let us suppose the extraneous force to be
gravity. Since there 1s no horizontal component of extraneous
force the horizontal velocity 1s constant, and as in Art 133 the
vertical motion 18 the same as if the sphere moved 1 vacuo and
gravity were reduced 1n the 1atio ¢ —p o + 4p. Consequently the
centie of the sphere describes a parabola of latus rectum

20 +p U?
c—p g’
where U denotes the horizontal velocity.

137 Concentric spheres. Initial motion.

Let there be a sphere of radius ¢ surrounded by a concentric
sphere of radius b, the mntervening space being filled with hquid
The methods that we have alrcady used will enable us to determine
the vclocity potential of the wniteal motion when, say, a given
veloeity 1s imparted to erther of the spheres, or a given impulse 1s

apphied to one of the spheres while the other 1s held fixed, or 18
free to move.

Suppose the nner sphere recetves a velocity V, the outer being
fixed.

The boundary conditions are

- ——‘P— V cos 8§ when r=a,
and —%9—0 when r=0.
Assume that ¢= (Ar + g) cos 0,

then we get ——A+%§=V d—-A+2be 0.
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Va? b
Herce ¢—m<r+ §;,) cos 6.
If M be the mass of the sphere and 7 the impulse necessary to
produce the velocity V, we have
MV=I—([peosoas,

where p = p¢ denotes the impulsive pressure of the liquad There-
fore

V(L; bs T
MV = I—-Tg_—m (a + 2a_2) (0 cos'@ 2ma’sin 6d0
-7 2mpa*(2a°+ b)) V
- 3 -a)

If now the radius b of the outer sphere 15 increased indefimtely,
we get for the limiting value of the 1mpulse necessary to impart a
veloaity V to the inner sphere

I=MV + §mpa®V,

or I=(M+iM)V

Comparing this result with Art. 133 we see that the impulse
necessary to produce the velocity ¥ 1s the same whether we regard
the hiquid as extending to infimty and at rest there, or whether we
suppose 1t to be enclosed by a fixed spherical envelope of infinite
radius

If we calculate the impulsive pressure on the outer sphere, 1n
like manner, we get
2mpa‘b’V/(b* — a®),
which tends to the fimte limit 27pa?V, as b tends to mfimty.

It can also be shewn by simple calculation that the total
momentum of the liquid n the direction of the impulse 15 — 47pa*V,
whatever be the 1adius of the outer sphere, and thus we have a
verification of the dynamnical principle that the impulse I 1s equal,
1 every case, to the total momentum 1n the same direction of the
solid and the liquid, together with the impulsive pressure on the
surrounding sphere

138. Stokes’s Current Function. Motion symmetrical
about an axis, the lines of motion being in planes passing
through the axis.

Let the axis of symmetry be the axis of 2 and let = (= J/y? + 27)
denote distance from the axis Let w, v denote components of
velocity 1n the directions of # and w.
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Then the equation of continuity may be got by equating to zero
the flow out of the annular space obtained by revolving a small
rectangle d=da round the axis. The total flow out parallel to « is

aaEc (u2mwdw)dx, and parallel to =, the total flow out 1s

(% (v2r wdz) dw,

8o by equating the sum to zero we get for the equation of con-
tinuity

(uw) +35 (m:r) 0.

This 1s however the condltlon that
vodr —uwds
may be an exact differential, and, 1f we denote this by dyr, we get

10y 1 oy

R = 0w’
This function ¥ 18 called Stokes’s Stream Function*.
Since the stream lines are given by

dzfu=dw=/[v,

or @ (vde —udw)=0,

that 18 by dyr =0, it follows that the equation
4Jr = constant

represents the stream lines

A property of Stokes’s stream function 1s that 27 times the
difference of 1ts values at two points in the same mendian plane
18 equal to the flow across the annular surface obtained by the
revolution round the axis of a curve joining the points. For if ds
be an element of the curve and 6 1ts inclination to the axis, the
flow outwards across the surface of revolution

=f(vcos€—usm0).27rwds
—21rj( \I’dw+a\”d )

= 27rfd\]r =21 (Vs — Yr)-

* See Stokes’s paper ‘On the Steady Motion of Incompressible Flmids,” Trans.
Camb Phl. Soc. viL. p. 439, or Math. and Phys. Papers, 1. p. 12.
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We might also define the value of Stokes’s stream function at
any pomnt P as 1/27 of the amount of flow across a surface got by
revolving a curve AP round the axis, 4 being a fixed point 1 the
meridian plane through P; for this makes

1 (7 .
= QTr[A (vcos @ —usin 6). 2w =wds

=fP (vodz — uw dw).
4

And by varying the position of P, we get as before
10y 1 oy
e

u=—=_" and v=—

o 0w @ 0x

Also 1t 18 easily seen that the velocity from right to left in the
sense 1ndicated in Art. 89 across any arc ds 18 oyr/w0s.

139. When the motion 1s irrotational, we have the condition
ov o

ox 0w 0,

. Ca ANCe A
which leads to % T e T m e 0 v 1)
Also, assuming that « = —09¢/ox and v = —9¢ /0=, we get from
the equation of continuity
¢ ¢ 1lop
é—$-2+é;':+;aw—0 ...... e eeseen (2).
Equations (1) and (2) shew that ¢ and ¥ are not interchange-
able 1n the way that applied to the velocity potential and stream
function of two-dimensional 1rrotational motions

The corresponding equations in polar coordinates (», 8) are
frequently more useful than equations (1) and (2). If we take
u, v to be the velocities in the directions of dr and rd#é, then, since
= =7sn 6 and remembering that the velocity from right to left
across ds 18 Oyr/w0s, we get

__ 1 o
T " rsin 708’
1 oy

and Y= rsmé or’
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But in irrotational motion

u=—§‘—,’ and v=— o6
or

796’
therefore e s}n 0 %\g % and s1111 7] aa—\—f =— g%’ ererreeans (3).
Hence 3 (aiva o6) ~ooge = (a5 50 )
that 15 ;:B\I: +and 5 o6 (snll 0 %g) 0,
or, putting cos 6 = p,
;;{'+( )%%f=0.. e e 4)

Fig 45.

From the equation of continuity 1n polar coordinates, Art 11 (1),
we get the equanon for ¢,

('r %‘f) t5 {(1 — ) gﬁ} =0 e (5),

remembering that 1n this case ¢ 1s a function of » and 6 only.

The latter 1s of course a form of Laplace’s equation and has
solutions of the forms
P, (n) and r~" 1 P, (u)

Agam from (3) we have

axlr g2l 9¢ =— "1 P, or (n+1)r="P,......(6),

and

P,
W -l o -y
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The last equation gives, on integration, as possible soluvions

for <,
1 —p?) n oP, = (1—-pwp)1loP,
J n+1 ' 8;4_ n ™ ap.n’

it being easy to verfy, by the help of Legendre’s equation, that
these forms also satisfy cquation (6).

140. Applications. Solids of revolution moving along
their axes in an infinite mass of liquid.

It U 1s the velocity along the axis of « and ds an clement of
the meridian curve, the normal velocity at any point 1s

— Udwfos o1 — U0 (rsm0)/os,
and the normal veloeity of the hiquid 1n contact with the suiface
18 0Yr/wos o1 oyr/rsim 80s  Therefore
dyr=— Ur s1n 0d (r s 6),
o1 =— 1 Ur*sin* 0 + const . (1),
is the boundary condition.
We also have that ¢ has to satisfy the equation

e %.:{f +(1—=pd) %;l’ =0, where u = cos 6,

and we have scen that this equation has solutions ot the types
}L—:_—F'lj') nH aa.ll;" and 1,—;—,’;—3 aal’% .
The simplest case 1s that of a sphere of radius a
Taking n =1, we have a solution of the form
V=41 —=p)r,
then at the boundary we must have
AQ—-p)a=—3Ua?(1 —p?)+C
for all values of w  This requires that
C=0 and 4 =-}Ua"
Ua®sin? 0

Thercfore Yy=—1 e

But we know that

. =) on=or =
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od _ Ua?
Therefore =t
and ¢ =§~——U;—q cos @, as in Art. 131.

141. ExamPLE As a further example we may take the following —
A solrd whose external boundary 18 r*=a‘n=a*cos 8 13 moved along the azis of
x with velocity U in an infinitely evtended liquid  Shew that the motion set up
in the liquid s given by the velocity potential ¢ =} (3u?— 1) Uat/r
(M.T 1906.)
The form to be taken for the stream function here 1s

(l —Pz) oP 2 3#2—1
Py=4 e where P—--——2 .
Substituting 1in the boundary condition (1), Art 140, we have that, when
r=alyu,
1-u?)3
A0 _ysma e

for all values of u. Therefore (=0 and 4= -} Uut,

1y (1=pd) 0P,
Hence y=-1tUat g 0”2
But (1-,;)%13_9."5—_—3,[7 s (L ”)21;2,
so that ¢=1i‘ Pz—% oy ('314 1)

142. Values of Stokes’s Stream Function in simple
cases.

(1) A simple source on the axis of «.

Here, from Art. 45, we have ¢ =m/r; but

ZZ\‘l'—-—r“’;?;t:m.

Therefore Yr=mp=mcosd or mzfr.
(2) A doublet along the axis of «.
Here, from Art. 46, we have ¢ = M cos 8/r2, but

a‘l’ =1- .).a_‘!_’ A= M

M sim? 6

r

Therefore Y=~
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(3) A uniform line source along the axis.
If m is the strength per unit length and the source extends
from O to A, we have, at any point P (E, 7),
_ (o4 _ [ m(E—z)dz
¥ —-fo m cos 0 dr = ’0 VI(E— @) + 7}
=m (V(E+ ) —V(E—04" + 7))
=m(OP — AP).

8
o mdx A

Fig. 46.

We might also obtain result (2) by differentiating result (1).
Thus for a simple source ¥ = ma/r, therefore for a doublet

0 (mzx
1 a® M sinz @
=—-md.1:(;—rs)=———r

And result (1) might be obtained by considering the flow across a
circular area whose centre is on the axis and plane perpendicular
to the axis. By definition, taken from right to left, the flow is
27y, and it 18 also m tumes the sohd angle that the circle subtends
at the source, so that having regard to sign

27y = — 27rm (1 — cos 6),
or omitting a constant, Yr = m cos 6.

143. A comparison of the stream functions or the velocity
potentials due to the motion of
a sphere with those produced
by a doublet 1n an infimte mass e
of liquid, shews that a sphere of i y- e
radius @ moving with velocity
U produces the same effect as
a doublet of strength §Ua?® at Fig. 47.
1ts centre.  'We can now deduce
the stream lines for a sphere wn the presence of a doublet. For
11—2
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if we take two doublets of strengths M and M’ at points 4, A’ on
the axis of « with their axes directed towards one another, we have

= _Msin*d + M 81?2 4 )
r r
Hence on the stream hine 4» =0

r M r M\

e ?=(Tw"> '
This represents a sphere with regard to which 4, A’ are inverse
points. This sphere may be taken as a solid boundary, and thus
we get the stream lines due to a doublet 1n the presence of a solid
sphere. The 1mage is another doublet at the inverse point, such
that 1f O is the centre and a the radius of the sphere

u _(’y 04° @ (of Art 53.)

M=\7) T e T 04

144 Ellipsoidal Boundaries. Motion of liquid inside

a rotating ellipsoidal shell.

Let a?/a* + y°/b* + 2*/c* =1 be the cquation of the surface and
wg, wy, @, the components of the angular velocity, referred to axes
fixed 1n space and coimncident with the axes of the ellipsoid at the
mstant considered.

The component lincar velocities of a point («, y, ) of the shell
are 2wy — Yw,, LW, — 20y, YW, — Xw, , and the direction cosines of
the normal are px/u®, py/b’, pz/c>. Hence if ¢ be the veloeity
potential of the hquid motion the boundary condition 1s

z0p yop 20¢
Ta?dx b0y coz

= % (sw, = yw) + (a0, — 20) + S (yor —zay) (1),
where Bl + 0+ 22fct=1 e e s (2).
To satisty this assume
¢ =Ayz + Bzx + Cay,
this clearly being a solution of Laplace’s equation.
The equation (1) then becomes

AJZ( )+B@( —>+ny(l ;)

1 1 1 1 1
=yz“’x<ﬁ—é;> + zzwy (5‘2—&—2 + ryw, ((—ia——b—z ,
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from which we obtain the values of 4, B, C, and then*

b2 —c? 2 g2 a? — 2

b= i T YT e P T e

Since this result depends only on the mutual ratios of a, b, ¢ and

not on their absolute magnitudes, 1t follows that the motion 1s

the same 1n all ellipsoids of the same shape rotating with the
same angular velocity.

To find the paths of the particles rclative to the ellipsoid.
Let (& 9, £) denote the covrdinates of a particle P referred to the
axes of the ellipsoid, then the velocities of P referred to axes fixed
1 space arc £ — nw, + fw, and similar expressions

Therefore

@ LY .... (3).

2 __ oy 02
é — new; + fwy =— Z:I: = 22__'_—22 w,§ + w + 23 1],
or E=a*(yn—BE)
p=0 (@ —y&;r... ... ceee(4),
E=c(BE- a’l)
20, 20,

*Zhyo B—E_“+a" T e
Multiply equations (4) by a/a?, B/b? y/c, add and ntegrate and

we get

where

af/a?+ Bn/b* + y¢/c*=const . ... (D).
Again multiply the same equation by £/a?, /% ¢/c3, add and
ntegrate and we get
Ea? + /b + &%/c? =const  ceeieinn oiinen (6).
The path of the particle therefore lhies on the plane (5) and the
ellipsoid (6) so that 1t 1s an ellipse.
Again, 1f we assume that equations (4) have solutions of the
form
E= Pe'?t, gn=Qer, §¢=Re¥,
we get by substitution and the chimination of P, Q, R
wiat, —v, B |=0,
v o, wp/l, —a
"B ’ a , 'ip/ c
whence p =abc ('— + f: + 'yz>% .

* This result was published independently by Beltrami, Bjerknes and Maxwell
in 1873. See Hicks, ‘ Report on Recent Progress in Hydrodynamics,” Brit. A4ss.
Rep 1882, p 656
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Hence every particle of the liquid describes an ellipse relative
to the ellipsoid, like a particle moving under a law of force varying
as the distance from a fixed pomnt. And the periodic time for
each particle is 27r/p, where

p=2abc J{(b?:ﬁ”)z + (c:,_;l_/ .2.2)2 + (a,:g-zi-/—%')z}é .

We notice that for a sphere (a =b=c)
P=(w?+ w2+ w})i’,
that 1s, the period of revolution of the lhquid relative to the
spherical shell 1s the same as the period of revolution of the shell,

which means that the hquid 1s left at rest in space, the shell
revolving alone*.

145. Motion of an ellipsoid in an infinite mass of
liquid.

Before considering the problem 1t will be convenient to recall
from the Theory of Attractions some solutions of Laplace’s equation
and formulae connected with the ellipsoid.

If a?/a + 42[b® + 2*/c* =1 15 the cquation of the boundary of a
solid homogencous ellipsoid of umit density, 1ts potential at an
external point (2, y, ) 18

@ 2 2
V=7rabcf (1— e Y u
A @+u bBau c* + u.

2+ (5 + 0l (0 + 0
...... 1),
where A 1s the positive root of the equation
~ z? ya B 22 _
A T I 10 ).
We may write this
V=o(d-ar*— By*— ryz“) .................. (3),
where S=abc f A a—-abcf (a‘+u)A’ ete. ...... (4).
and A = (a2 +w)¥ B+ w)? (¢ + w)k.

* The latte- part of this article 18 based on a paper of Lord Kelvin’s, ¢On the
Motion of a Liquid within an Elhpsoidal Hollow,” Proc. R. Soc, Edin. xn1. 1885,
p 370, or Math. and Phys. Papers, iv p 196
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The potential at an mternal point 1s a similar expression with
A put equal to zero, and, with a similar notation, may be denoted
b

v Vo= (80— a2® — Bol® — %62%) vevvvreninnnnn (5),

where §,, ay, By, v, denote what 8, a, B, v become when we put
A=0.

The components of attraction at an external point are X, V¥, Z,
where

= ?~}7= — 27mrax + oV or .
o O\ Oz
But 0V/oA =0 1n virtue of equation (2), therefore
=—2maz, Y =-—2mRy, ==2wyz . .... (6),

where 1t 15 to be remembered that a, 8, ¥ are not constants but
functions of A or z, v, z

We know that V' 1s a solution of Laplace’s equation and
therefore also so are X, ¥V, Z

Now consider an ellipsoird moving with veloeity U 1n the
direction of the # axis  The boundary condition 1s

_zob_yop_ 20 _pa
a0z Voy ¢z Ve -~ @

over the ellipsoid, 1e where A= 0.

Let us try to satisfy this by the assumption

¢=A4X.
We have gf=—21rA (a+w%%),
but when A =0, g—%=—a1;,
and from (2), by differentiating with regard to «,
a?j;” . ((a;%)_” M (5%2 Xy (e fxyz) =0
. o =;§?§; ’
and similarly %); = 3?—{—): yX , and %2 = ;—%—ZX

Hence when A =0,

o _ 2p*a®
S =—2m4 (a.,— - )
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2
Similarly % =—2md4 (— 22)2;92,1/ ,
and gi—’ =—2rA (—-— 2(’: ::;Z) .

Therefore, substituting 1n (7) we get
/4 2 2
274 {W—zﬁ“ (Z+¥ +z)}= ve

a® @ \a*t " b ¢ ?
U
or A= @=2
Uaa
Hence =g e e e e .(8)

gives the velocity potential of the hquid motion*

If the cllipsoid have a velocity of which U, V, W are the com-
ponents parallel to the axes, the velocity potential will be
_ Uax VBy Weyz
=9 aT2-8"2-y

146 Ellipsoid rotating in an infinite mass of liquid.

Let the ellipsoid turn about the axis of # with angular
velocity w,.

The component velocities of any point of the cllipsoid are then
0, — zw;, Yz, S0 that, with the notation of the last article, the
boundary condition 1s

_ %0 yop =204 _ 1_1
atox  bidy ctoz  JPOn ((—:5— bﬂ> (@),

where A = 0.

To find a solution of Laplace’s equation that will satisfy this
cond1tion, assume

¢=C(yZ-2Y).
or oZ oY
This makes Vi =2C (é:_y« — E)
oV oV
=20 (5 = 3:2) =
and taking ¢=—2wCyz(y—B) v .. .. (2),

* This result was first given by Green 1n his paper ¢ Researches on the vibration
of pendulums in fluid media,” Trans. R S.E. 1833, or Math. Papers, p. 315.
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and substituting 1n (1) we get

sl (3 2)« - 2) 1 G-)
(@D (1)

and reducing this as 1n the last article, we get, when A= 0,

erformis (5 )2 (=) o (- )

Therefore ¢=— a;f(fc Y Yz U (-
2+ b —c2 (/80 )

is the required velocity potential*, where

w© du
— o =abc (¢ = b* —_ R 5,
B ( ) ('\ (e + u)l’ b+ u)‘} (c*+ u)’-e

A being the positive root ot
wl :l/.! z.! _
(L-'-|-7\,+b’+7\.+c~'+ 7\._1
If the ellipsoid have angular velocities w,, @y, @, about the
axes of &, , z, the velocity potential will be

_ o, (B=yyz  e,(y—azx e (a=B)ry
- b2 + ¢* g
240 0B 24—y 248 a8

147. Spheroids.
For a prolate spherod b=c < @, we have
wmar [ A
A (@ + u): (P +u)
and putting a® + u = (a® — b*) v*, we get

_ 2ab? F dv
@=ile v @-1)’
where a? + A= (a® — b?) »* J
2(1-¢) v+1 1
Therefore a= ef (-1; log -~ 1 ;) .............. (1),

where e 18 the eccentricity of the generatmg ellipse.

* Thas result 18 due to Clebsch, see Crelle, L. p. 287.
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du
I: =y = ab?
Also B=y=a F (@ (b‘+u)’

_2 aa- e’)f dv
(@ -1y

(_14 ;f2) (v‘ d -% l()g v+ }) veeeeearenans (2)

In this case v=1/¢/, where ¢ 1s the eccentricity of the
generating ellipse of the confocal spheroid through the cxternal
point considered.

For an oblate spheroid a = b > ¢, we have

a=/3=a,2c:[ du_ s
A (a4 u) (F+ u)i
and putting ¢+ u = (u* —¢*) v* we get
2atc [® dv
a= = - — —— N
(@t —=c)z v (14 02
where ¢ + A= (a* —¢?) »*

e (1= e-’)‘k _ v .
Therefore a=R= o (cot 1y — v 1) (3).
Also v = ac f dn
A (a4 u) (4 u)
_ 2 J‘” dv
(a2 — c“)2 1+ ) v
_2a-etn
> (» cot— ) ............. (4).

In this case » 15 (1 — e")}/e’, where ¢ has the same meanng as
above.

Hence for an oblate spheroxd moving along the axis with
velocity W, we have
Weyz
b5
where y has the value given by (4), and «, is the value when
A =0, or when vr=(1- e’)é/e Hence

Wz (1 - e’)é 1 _
¢= = — cot™
-1 —e‘&)ﬁ ( ¢ *—-sm"‘e) (” * l’)
(1 —e?)2
_ Wz 1 -
a sin"le — e (1 — ¢?) (_'; ~cof ”) ’
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As a special case we may take ¢ =0 ore=1, and we get for the
case of a circular disc moving at right angles to 1ts plane
1
=2"7(= —1
¢ p (u cot v) .
In this case a®»?*=2A and X\ is the positive root of
sty P
@+n A
On the disc 1tself z=0 and A =0, so that v=0, but ¢ has a
definite value, for we may write

1.

z_uz_ i (N
vk ( @ )—i(a2 ==y
so that ¢=ig—7}4—,(aﬁ— a,z__yz)%,

taking the + or — sign on opposite sides of the dise. The normal
velocity 1s + W, hence for the kinetic energy of the hquid we have

r=—4p[[¢5? as

2W2 / (af--'zm“’)Ji 2rwdo

=1 paf‘ we,
We observe that, as 1s usual 1n such cases, the theory leads to

nfinite velocity of the liquid at the edge of the disc.

148 Reverting to the case of an ellipsoid moving along one
of 1ts axes (Art. 145), we have

¢____“_.

a4

and the kinetic energy of the liquid 1s given by
0
=—1p[[e52as.

But on the surface of the ellipsoid the normal velocity = [U, where
(1, m, n) are the direction cosines of the normal. Therefore

T=4p L% f lwds,
and this integral 1s clearly the volume of the ellipsoid, so that
T=1% 2 §7rpabc Us,
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or there is an effective increase 1n the mertia of the ellipsoid due
to the presence of the hquid equal to a,/(2 —a,) of the mass of
liquid displaced.

We shall now shew how the foregomng problems of hquid
motion with ellipsoidal boundaries may be treated by a trans-
formation of coordmates.

149. Laplace’s Equation in Orthogonal Curvilinear
Coordinates.

Let A=const, u=const, = const.
be three families of surfaces that cut one another orthogonally at

all their points of interscetion, A, u, v denoting functions of rect-
angular coordinates «, ¥, 2.

Let 0ABCD be a small curvilinear parallelopiped bounded by
such surfaces, the opposite faces BC,
AD corresponding to A and A+ 8,
and so on, and the edges 04,085, 0C
bemng of lengths 3s,, 8s,. Js,.

If the coordnates of 0 are z, vy, 2
those of 4 are

ox oy oz

tan o Yt st Fig 48

Hence the direction cosines of the normmal to the surface
ox 0y o0z

A = const. are proportional to N N BN and their values are

(h‘ax’ S n’ az‘) where ’12 (aai)2+ (gzy_'_ G)’—i)

e Q) ()]

so that 8s, = 6A/A, and sumilarly 8s,= 8u/h,, 8s,= Sv/h,

Now 1f ¢ 18 the velocity potential of a liguad motion the
total flow of liquid outwards across the surface of the parallelo-
piped 18 by Art 77 (1) — V3¢ times the volume, and we get from
the pair of faces BC, AD a contribution

2 (o 2 [ h 8¢
o (a ¢ 8 834) 85, or — = (h—hs 5):) 5\ Sy,
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so that by adding similar terms we have
- O (M o¢\ 3 (h 3 is;-_}
vt = ot {5 (k50 * 3 Uik ) * o (i 20)

150. Confocal Conicoids.
The equation
x? y* 22

cre T FErotTare 170 - @

represents a family of confocal conicoids, of which threc cutting

orthogonally pass through each point of space. If A, u, v are the

three roots of the equation regarded as a cubic in 6, and we

assume that « > b > ¢, we know that
WSAS>—E>u>—-b0>v>—a

and that A, u, v correspond respectively to an ellipsoid, hyperboloid

of one sheet, and hyperboloid of two sheets

Hence we have

a? P z* A=) (p—6)(v—0)

w0 650 dr0 T T @)+ 6) (cF0) P

an 1dentity for all values of 6.

If we multiply by &*+ 0 and then put 6 =—a? we get

(a- +2) (a*+p) (@®+v)
@ =) (@ =)

Stmlarly g = “(“b’;)_(i’z)"(' sz)_‘f; )+ ») } R (3).
and 2= +(c7:)_(i’ )+( é:)—(c;;- v)
By differentiating logarithmically we get
g;i:%li?i—x’ gi_‘}’bux aa: %uix o @)
therefore hll“ =1 {(aafh)"‘ + (b,;ffi)ﬁ + @ f)»)‘*} oo . . (B).

Hence h, = 2p,, similarly h, =2p,, and h,=2p,, where p,, p,, p;
are the central perpendiculars on the tangent plancs to the
ellipsoid and hyperboloids.
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Again by differentiating (2) with regard to 6 and then putting
6= we get

O R e )
(@+A)r (@+AN)G+N)(E+0)’
4 _ A=) (A=)
therefore A= (0t 4+ 0) (B + 2 (¢ + )
i mi 4 (w—v)(p—=2)
Similarly hi= (a’ TG Ry G [T (6).
and 4 @-NE-w

ke (a4 v) (0 +v) (c+v)
In terms of these parameters A, u, v 1t follows that Laplace’s
equation takes the form
—4
Vi =
L PR TER S TEE)

xz(p—-y){(aux)*(w+x)*(cz+x)% }4, 0.... (7).

161. We can now find solutions of the last equation and give
hydrodynamical interpretations to them

An obvious solution is

du
o=, (a2 )t @+ )t (& )b

and by assuming the existence of solutions of the form

p=ax (M),
and d=yzx (\),
1t is casy to shew that there are solutions of the form
[~ du
=$j' u)? 0} (¢ + wyit’
A @@+ u) (B +w)2 (B + u)
du
and = zf - — -—
PR @t e @t

The last two correspond to the translation and rotation of an
ellipsoid and give the same results as were obtained 1n Arts. 145,
146, the boundary conditions in this notation being

2 a
“a=Un
0 _ 92_ oy
and A v ax)
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for the two cases. For the details of the work we refer the reader
to Lamb’s Hydrodynamics, pp. 147—149, from which this investi-
gation is taken.

152. Ellipsoid of varying form.

As we saw in the last article, or as 18 clear from the theory of
attractions,

b=0C [‘ dx
x (@ + 22 B+t @+t
is a solution of Laplace’s equation It clearly vamshes when
A = o and 1t 18 constant over confocal ellipsoids, 1t may therefore
represent the velocity potential of a lhquid motion due to an

cllipsoid whose surface 1s changing form For the velocity at any
point being given by

o 0 _ Ch,
(a2 + 0% (0 + ) (2423
therefore, on any confocal clhipsoid, the velocity varies as the
central perpendicular on the tangent plane Hence the conditions
are satisfied by supposing a boundary ellipsoid to vary so as to

remain similar to 1itself keeping 1ts axis fixed in direction. If
the axes are changing at the rates «, b, ¢ the general boundary

condition
af+u ——+vaf+waf—-0
oy 0z

becomes 1n this case

206 yop z3b_,

wa+bdb+ é+azaw+b2a'/+c-az ...... (3).
But we have @_b_e¢_ K say,
@« b ¢
and on the surface A=0, equation (2) becomes — 84? i%f

therefore, if we take K abc = 2C, (3) and (2) are the same.

Another expression for ¢ that will ‘satlsfy the general boundary
condition (3) 1s obviously*

i, b, 6
¢=_%(gw2+5y’+cz”> .............. (4),

* This result 1s due to Bjerknes, Gott. Nachrichten, 1873, p. 829.



176 EXAMPLES [cHAP. V11

anc. it will satisfy Laplace’s equation 1f

This then 1s the velocity potential due to an ellipsoid which
changes_form so that its volume remains constant, for condition
(5)1s merely the condition that abc = const

EXAMPLES

1. A sohd sphere moves through quescent frictionless hqud whose
boundaries are at a distance from 1t great compared with its radius  Prove
that at each instant the motion m the hquid depends only on the position
and velocity of the sphere at that mstant Prove that the liquid streams

past the sides of the spherc with half the velocity of the sphere
(St Johw’s Coll 1901 )

2. An mfimte ocean of an mcompressible perfect hqud of density p 1~
streammg past o fixed spherical obstacle of 1adius «  The velocity 15 umform
and equal to U except m so far as 1t 18 disturbed by the sphere and the pres-
sure 1n the hqud at a great distance from the obstacle 138 IT  Shew that the
thrust on that half of the sphere on which the iquud 1mpinges 1s

wa {II - pU?/16) (Trimty Coll 1900 )

3. A ngd sphere of radius @ 13 moving m a straight line with velocity «
and acceleration f through an mhmte icompressible hiquid, prove that the
resultant flud pressures over the two hemispheres into which the sphere 1s
divided by a diametral plane perpendicular to its direction of motion ame
Ora?+ } Mf— &, Mu?|c , where II 15 the pressure at a great distance, and M 15
the mass of the flmd displaced by the sphere MT 1 1910)

4, A solid sphere 13 moving through frictionless hqud compare the
velocities of ship of the hiquud past 1t at different parts of 1ts surface

Prove that when the sphere 1s 1 motion with umform velocity U, the
pressure at the part of 1ts surface where the radius makes an angle 6 with the
direction of motion 1s 1mcreased on account of the motion by the anount

26pU2%(9cos 260-1),
where p 1s the density of the hqud (St John’s Coll. 1898.)

5. Fmd the pressure at any pomt of a hquid, of mnfimte extent and at
rest at a great distance, through which a sphere 13 moving under no external
forces with constant velocity U, and shew that the mean pressure over the
sphere 15 n defect of the pressure II at a great distance by }pU? 1t being
supposed that IT 13 sufficiently large for the pressure everywhere to be positive,
that 1s, that T > §p U2 (M.T. 1908 )
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6. An infimte homogeneous hqwud 1s flowing steadily past a mgid
boundary consisting partly of the horizontal plane y=0, and partly of a
hemispherical boss 2%+ y2+22=a? with 1rrotational motion which tends, at
a great distance from the origin, to unmiform velocity V parallel to the asis
of z  Fid the velocity potential and the surfaces of equal pressure

(St Johw’s Coll 1905 )

7. A stream of water of great depth 15 flowing with umform veloaty V
over a plane level bottom A hemisphere of weight w mn water and of radius
a, rests with 1ts base on the bottom Prove that the average pressure be-
tween the base of the hemsphere and the hottom 1 less than the luid presswie
at any pont of the bottom at a great distance from the hemnsphere, 1f

12> 32w[11mwa’p. (MT 1891)

8. Prove that at a pomt on a sphere moving through an infimte hquid

the pressure 18 given by the formula

(p—po)lp=Luf cos 6;+1 vr*(9 cos? 8 —3),
where » 13 the veloaty, f the acceleration of the sphere, and 4, 8, are the
angles between the radius and the directions of ¢, f respectively, and p, 18 the
hydrostatic pressure (St John’s Coll 1909 )

9. When a sphere of radius « moves m an fimte hquud shew that the
pressure at any pomt exceeds what would be the pressure if the sphere were
at rest by

al o3 , 3al ,”

Ez',_)f" 8;'_’(41 ‘+a‘)flﬂ+8 ;0 (413 —a®) g%,
where ¢ 13 the velocity of the sphere and ¢’ and f are the 1esolved paits of 1ts
velocity and acceleration m the direction of 7 and the density ot the hiquid 18
unity (Coll Exam 1894)

10. A sphere of radius « 13 1m motion m flud, which 1 at rest at infimty,
the pressure there being I, determine the pressuie at any point of the flud,
and shew that the pressure on the front hemisphere cut oft by a plane perpen-
dicular to the direction of motion 1s the resultant of presswes wa? (IT— Jgp 174)
and Yrpa’f m the directions respectively opposite to those of the velouty V,
and the acceleration 7, of the centre of the sphele (Coll Exam 1910)

11. Piove that for hiquid contained between two mstantancously con-
centric spheres, when the outer (radius «) 18 moving parallel to the axs of 2
with velocity # and the mner (1adius ) 1 moving pazrallel to the axis of y
with velocity o, the velocity potential 15

1 b} u®
Py X] {as wy <1 +§,T;> - by (l +2,.J)} ’
and find the kinetic energy (St John’s Coll 1898)

12. Ligqud of density p fills the space between a solid sphere of radius «
and density p’ and a fixed concentric spherical envelope of radius b, prove
that the wotk done by an unpulse which starts the sohid sphere with velocity

Vs 5y
’ ,, 20° 4
‘;"“3“(21’ +7,3:?P)

R H 12

(Coll Exam 1896.)
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13. The space between two concentric spherical shells of radn @ and &
(a>b) is filled with an incompressible luid of density p and the shells
suddenly begin to move with velocities U, V 1n the same direction prove
that the resultant impulsive pressure on the mnner shell 1s

3_(2;—%&63) {3030 — (a3 4+ 203) V) (Trimty Coll. 1895.)

14, Incompressible flmd, of density p, 18 contaned between two rigd
concentric spherical surfaces, the outer one of mass M, and radiwus e, the
mner one of mass M, and radius & A normal blow P 1s given to the outer
surface. Prove that the imitial velocities of the two contamnmng surfaces
(U for the outer and V" for the inner) are given by the equations

2mpa’ (24 + %)), Zmpa¥ld .
{”“f s@—by V" wp =0
2mpb? (20%+ad)) ., 2mpah’

{M2+ 3(a’— b } =ai-ps U

(Trimty Coll. 1896.)

15. A sphere of radius @ 18 placed 1n an mcompressible fluid extending
to infimty. Each pomnt of the sphere 1s moving normally outwards with
velocity d, also the fluid at ponts very distant from the sphere 1s moving
with velocity 77 1n a given direction Find the velocity potential at any point
of the flud

Also prove that the resultant pressure on the sphere 1s the force %%‘:{V

in the durection of the stream, where M 15 the mass of the flud displaced by
the sphere at the mstant considered (Trimty Coll 1897.)

16. A sold 1s bounded by the exterior portions of two equal spheres
(of radius @) which cut one another orthogonally; and 1s surrounded by an
infinite mass of hquid  If the sohid 1s set 1n motion with velocity » mn the
direction of the line of centres, shew that the velocity potential of the result-
1ng motion 18

cos 8 408 § cose >
” o 2N2RY)’

where 7, 7, R are the radu vectores of a point, measured respectively from

the centres of the two spheres and from the pomnt midway between them, and

8, @', © are the angles which these radn vectores make with the direction of

motion of the solid. (Coll Exam 1902 )

tadu

17. Shew that ¢=4log {(2c+7 —r)/(2e—r1+7,)} 18 a possible value of
the velocity potential for three-dimensional motion, 7y, r, being the distances
of any pomt P of the flud from two fixed points § and 8’ whose distance
apart 1s 2¢. Prove that the corresponding stream lines are ellipses whose foet
are S and § , and that the velocity at any pownt 718 24¢/ryry s 3SPS’

(Coll Exam 1907.)
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18. If the velocity function denoting the motion of a homogeneous "iquid
be (Axt+ By+ Bz%)[r5, prove that the lines of flow are plane curves of the
form 72= 4+ ¢251n28 cos 6

If also the force function be 942 (4 cost 8+ s1nt )/878, prove that a sheet of
fluid started from the origin will return to 1t without the use of a contaiming

envelope. (M.T. 1875.)

19. The motion of an mcompressible fluid being symmetrical with respect
to an axis, and the parts of the velouity resolved along and perpendicularly
to a radius vector drawn from a pomt fixed or moving on the axis n any

direction making with the axis an angle  being U and W, prove that 1f
2C

(% . ¢ C
U=’Tcose+;h—4(l +3 cos 26), W—-ﬁsme+2~r‘sm20,

the equation of constancy of mass 1s satisfied, and Udr+ Wrd6 1s an exact
differential, € and ¢’ bemg either constants or functions of the time

Shew also that if the fllud be unlunited 1n extent, and ¢’=0, the assumed
motion would be produced by a sphere moving in any manner with 1ts centre
on a fixed straight line (Suuth’s Prize, 1877 )

’

20. A doublet of strength M 1s placed at the pomt (0, @, 0) with 1ts axs
parallel to the axis of z, prove that at points close to the origin the velocity
potential of the doublet 15 approximately

Mz  3Myz
as T Tat”
neglecting terms of the order »/a® and higher powers.

’

Deduce that 1f o small sphere of radius ¢ 18 placed with its centre at the
ongin, the velocity potential 1s then increased by the terms
M3z  Mctyz .
{;—&J— F*+ 2 ey (Univ of London, 1911 )
21. Shew that the 1mage of a radial doublet 1n a sphere 1s another radial
doublet, and compare thenr magnitudes, shew also that the velocity at any
pomt of the sphere 15 proportional to @r—3, where 7 1s the distance from the
doublet, and = the perpendicular on the diameter on which 1t hes

(Trimity Coll 1906.)
22. Discuss the motion for which Stokes’s stream function 15 given by
Vv=1}V{ar~2cos  —r¥}sin?6,
where 1 1s the distance from a fixed pomt and 6 1s the angle this distance
makes with a fixed dircction (Coll Exam. 1900 )

23. The space bounded by the paraboloids 22+ y2=az, 12+y*=0b(z-c)
(where a, b, ¢ are positive and 6> a), outside the former and inside the latter,
contans hquid at rest Suddenly the bounding surfaces are made to move
with velocities U, 1" respectively 1n the direction of the axis of z  Prove that
m the motion mstantaneously set up the suifaces over which the curient
function 1s constant are paraboloids of latus-rectum ab(U— V)/[(aU=bV).

(M.T. 1905.)

12—2
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24. The resolved attractions of a body symmetrical about the axis of #
are f (x, w) and ¢ (2, @) 1espectively perpendicular and parallel to that axis.
The equation of a sohid of revolution 1s @wf (#, w)=aw?+b, where a and b are
constants and @ 18 the distance of any pomt from the axis of # Prove that
if this sohid be made to move parallel to 1ts axis m an infimte flud the streamn
lines are given by equating the left side of this equation to any constant and
the velocity function 1s — ¢ («, @) multiplied by a constant (MT 1888)

25. A solid of revolution 1s moving along 1its axis 1n an infimte hqud ,
shew that the kinetic energy of the hquld 18

where y 13 the Stokes’s stream function of the motion, @ the distance of a
pomt fiom the axis and the integral 13 taken once round a meridian curve of
the solid. Hence obtain the kinetic encirgy of mfimte hiquud due to the
motion of a sphere through 1t with velocity V' (Coll Exam 1899 )

26. An ellipsoidal cavity (semi-axes ¢, b, ¢) 1 a sohd mitially at 1est 15
filled with an mcompressible frictionless flud 1mntially at 1est  Prove that if
the solid be nioved with velocities w, #, w parallel to the axes of the cavity,
and be rotated with angular velocities p, g, 7 round the semi-axes, the angula
momentum of the fluid round the semi-axis « at any instant 1s
b2 —ct)?

R (Trimty Coll 1902)

L wpabe
27. A ngud elipsoidal envelope, without mass, encloses a perfect mcom-
pressible fluid of mass A/ The equation of the ellipsoid 1s

2la?+y2 b2+ 22fct— 1 =0
An mpulsive couple m the plane of 1y causes the envelope to rotate imtially

with angular velouty w.  Find the mmtial velocity potential of the Huid, and
prove that the moment of the couple 14

Mo (@2 —b2)%(u’ + b?) (Trimty Coll 1910)

28. Flud moves irrotationally within an ellipsordal cavity (semi-axes «,
b, ¢) 1 a vessel which turns freely about the axis of ¢ Shew that the locus
of pomts at which the pressure 1s the same as that at the centre 15 two
planes, and that the pressure at any other point exceeds that at the centre by
a quantity proportional to the product of the distances fiom these two planes
Shew also that cach particle of flud returns to the same place 1n the vessel
after o time 7'(a?+ b2)/2ab, where 7' 13 the time of a complete 1evolution of
the vessel

Find the place from which 4 drop of fluid may be removed without dis-
turbing the motion

Let an internal ellipsoid be desciibed touching the cavity at the extremities
of the axis of rotation and having all 1ts sections perpendicular to this axix
siilar to those of the cavity 1If the mass of flmd within this ellipsoid be
suddenly sohdified and rgidly connected with the rotating vessel, find what
change 1 the motion 13 produced (MT 1888)
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29 If the space between two confocal ellipsoids 19 filled with iquid, and
the inner and outer ellipsoids are suddenly moved with velocities U, U’ parallel
to the axis of w», prove that the velocity potential of the mmtial motion 13
gven by

$=U(U=-UNa=U(a"~2p)+ U’ (a0 - 2)} v/l — ay+2 =24},
where the notation 1~ that of Art 145, ) 18 the value of « for the outex
ellipsoid, and p 15 the ratio of the volume of the 1nner to the outer ellipsord

30. Shew that for & homogeneous solid ellipsord of mass M rotating about
the axis of 7, m hquid at 1est at infinity, the effectin e moment of inertia 1s

b= 2 (yo= )
i P __ (b= (= By,
’J[{ et 20 2(6' =)+ (0*+ch) (Bo— 7o)’
whete p, o are the densities of the hquid and solid and By, y, have the mean-
mgs of Art 145

31. Shew that when a circular disc of radius a rotates about o diameter
1 hgquid at test at bty the kinetic energy of the hqud s

JATP“G""Z’

» being the angulu veloaity of the dise and p the density of the liquid

32. Prove that, when an oblate sphetoid of eccentricity sima moves
paallel to 1ts axiy of Ogure with veloaty I mbmite fluid, the kinetic
cnergy of the flund 1y

, ., tana-—a
LIy ,
- a Shacosa

whete J7 denotes the mass of the displaced flud (MT 11 1910)

33 The cllipsord t4ad+ 7204+ 24 c4- 1 s surtounded by an mhanite mass
of water, and rotates about the axis of + Prove that the component veloaties
of any particle of the water, parallel to the axes, will 1espectively be propor-

tional to . -~
‘MooN A A L oM
R - bV} -

oy o vy o
where

“ b o (1__ at oyt >_“<_ by \*
j':[c {<""+\If‘ c’+_‘47) Wiy by vy b1+*lf>

+ 7( ~ )"} — . _d‘l'
A R e e e o2
N Lydy
V= 21:-’ , - .
J @y iy (e
¢V==—-2(£‘/m ~(dq’| [
© () (PP) (P d)?
and € 15 a positive quantity, given by the equation
" 7t + @ |
tite  bite  *te
Prove that, 1 the ellipsord be a shell tlled with water, the values of L, M, NV
with 0 mstead of € for the mferior linnt, will snilarly determme the velocty
of any mternal particle of the water  Find the disttibutions o deunsity, on
the surface of the ellipsoid, respectively giving the potentials L, W, &
(Smth’s Prize, 1881 )



CHAPTER VIII

MOTION OF A SOLID THROUGH A LIQUID

153 1IN the foregoing chapters we have considered some
simple cases of the motion of a sohd through a liquid, chiefly
from the kinematical point of view. It 1s now our purpose to
establish dynamical equations for the motion of a solid through
an infinite mass of hquid, assuming that the motion of the
Iiquid is due entirely to that of the solid, so that it is irrotational
and acyclic The motion of the liquid 1s therefore given by a
single-valued velocity potential, and by reference to Art. 84 we
see that the problem 1s a definite one.

1564. The dynamical problem possesses features of special
interest. It was first solved by Kelvin and Tait* by treating
the solid and liquid as one system and using Lagrange’s equations
and the method of ignoration of coordinates. We shall approach
the problem by a different method also due to Lord Kelvin

165. The Impulse. In the gencral problem that we have
to consider, we shall suppose first that the hquid 1s finmite 1n
extent and himited by a fized boundary or envelope, and we
shall then proceed to the case of a solid moving mn an infinite
mass of hquid by supposing the boundary to increase in size
until every part of 1t is at an infimte distance from the moving
sohd. We saw in Art. 35 that any 1rrotational motion of a
hquid may be produced instantaneously from rest by the apph-
cation of a suitable impulsive pressure at every point of the
boundary, and we shall define the wmpulse of the motion at any
instant to be the impulsive wrench or system of impulses that,
applied to the solid, would generate the motion from restt. We
shall call this briefly ‘the mmpulse.” It 1s clear that the impulse

* Natural Philosophy, Art. 320.

+ See Lord Kelvin, ‘On Vortex Motion,’ Trans. R S.E xxv. 1869, or Math. gnd
Phys. Papers, 1v. p. 15
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is equal to the total momentum of the solid and hquid together
with the impulsive pressure on the envelope that bounds the
hquid.

156. Examrne It will be convenient to recall here the results obtained
1n a simple case 1n Art 137 A sohd sphere of radius @ moving with velocity
i hquid bounded, at the istant under consideration, by a concentric
sphere of radius & The 1mpulse 7 necossary to produce the motion mstan-
taneously was calculated and shewn to tend to a defimte hint when & 1s
mcreased to infinity The 1mpulsive pressure on the envelope was also seen
to tend to a defimte limit as b 1s increased to infimty, and the same was
shewn to be true of the momentum We shall see 1n the next article that the
1mpulse necessary to produce the motion always tends to a definite limit, but
except 1n special cases when the forin of the envelope 1s prescribed the 1m-
pulsive pressure on the envelope and the momentum are imdeterminate.

157. The Impulse tends to a definite limit, but the
momentum is generally indeterminate.

We have seen 1 Arts 79 and 84 that, whether the sur-
rounding envelope be finite or infimte, if the velocity potential
(or unpulsive pressure) at each point of the surface of the solid
15 prescribed, there 1s only one forn of irrotational motion
possible. And since any 1irrotational motion could be produced
instantaneously by the application to the sohid of a suitable
mmpulsive wrench, and one and only one form of motion can
arise fiom a given impulsive wrench, 1t follows that, if the
envelope be increased indefinitely so that every part of 1t
becomes 1nfinitely distant from the sohd, the solid and hquid
still having a defimte motion, this motion must still be the
result of a definite impulse That 1s, as the envelope increascs
without limit the ¢mpulse tends to a definste hhmat

This 1s not generally true however of the impulsive pressure
of the boundary For thc impulsive pressure at a point 1s
measured by pé, and since the envelope 1s fixed the tubes of flow
must all start from and end on the surface of the moving sohd, so
that at a great distance r from the-solid the velocity potential ¢
must be of the same order 7% as the velocity potential due to a
doublet. But the element of area of the infinite envelope is of
order 7% so the surface integral of the impulsive pressure on the
envelope 18 1n general finite but dependent on the shape of the
envelope and therefore indeterminate. Similarly the momentum
is in general indeterminate when the mass of hquid is infimte.
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158. Rate of change of Impulse = external force.

Considering first the case of o finite mass of hquid and using
axes fixed 1n space, let I, I, be the a-components of the impulse
that would gencrate the motion from rest and of the impulsive
pressure on the envelope at time ¢, M, X the z-components of the
whole momentum and the external foree acting on the sohd, and
(I, m, n) the direction cosmes of the ontward normal to the element
dS ot the envelope

Fig 49

By the ordinary equations of dynamies we have

dM
e \ N,
i X — () pldS,
where the mtegration 1s over the surface of the envelope
But M=1I1,—1., and g=%‘f—%q3+F(/),
where F(t) 15 an atbatrary function of the tnme
Therctore
dll dI—‘_ ¢ 1a¢' 1,2 nl !
ALy, ] {7 (t)} 1dN
) ) , dl, [0, o
But =[] pptas, and <c=p f [%® 1as,

also F(t) 18 constant over the envelope and will give zero result
when mtegrated, so that we get

T X 4 1pifolds
dt ‘
Now let the envelope mcicase until every part of 1t 1s at an

infinite distance from the sohd, then, as i the last article, ¢ being
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of order =2, ¢ is of order r—* on the surface of the envelope, so that
1f¢?1dS tends to zero, and I, tends to a definite limit I, thercfore
for a sohd 1n an infimte mass of hqud

dl

dt

As the motion, m general, would require an impulsive wrench

to produce 1t instantaneously, and a lincar 1mpulse on the solid

nught result 1n an impulsive wrench on the envelope, we must also
consider the rate of change ot the moment of the impulse

With a similar notation let I, I,, M’', N denote moinents
about the a-axis of the mmpulse, the nnpulsive pressure on the
envelope, the momentum and the external forces on the sohid

We have félf- =N~ [[p(ny—mz)dS

But M =1'—1, and I, =|[pp (ny—mz)dS,

s0 that we get by simlar steps

=X.

/
-({It’— =N+ 1p (¢ (ny — mz)dS
for the case of the fimte envelope  When the envelope becomes
mfinmte the smface mtegral vanishes as before and 77 tends to o
detintte Inng 77, so that
dl’ v
de = °
159 Kinematical Conditions. Before translating the fore-
gowmg prnciples mto formal equations of motion, we shall establish
some kimematical relations It wall be convement to take rectan-
gular axes fixed m the body, the origin having veloeities v v, w 1n
the direetions of the axes, and the axes having an angular velocity
whose components about the axes are p, g, 1.

If ¢ be the veloeiby potential we may wiite *
b =ud, +rd,+wd,+px,+qx:+ Y. (D,

where ¢, denoles the veloeity potential when the only motion of
the body 1s a translation along the w-axis with umt velocity, and

* Kuchhott, Mechanih, p 224.
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x: denotes the velocity potential when the body rotates about the
a-axis with unit angular veloeity, with similar meanings for ¢, ¢,
and x,, xs.

It I, m, n denote the direction cosines of the normal at any
pomnt (#, y, z) on the surface of the body, we have

_%“t=l(u—yr+zq)+m(v—zp+m')+“(w"'“'Q‘*‘?/p)"'(2)’

by equating the normal velocity of the liquid to that of the body.
Whence by substituting the value of ¢ from (1) and equating
coefficients of u, v, w, p, g, r we get
_ a¢l = l, _ a‘_b_g =m, — a_¢_3 =n
on on o .

o o o .3
— Ay — Sy P 7, ¥, . —_

3y, = Y — M2 o lz —nax, o = ly

We may observe 1n passing that the values of ¢,, x:, ete. have
been found in the case of an ellipsoid in Arts. 145, 146, and that
the problem of their determination 1s a definite one n the general
cage since they have to satisfy Laplace’s equation as well as (3)
and their derivatives vanish at infimty, for by hypothesis the hiquid
is at rest there.

160. Equations of Motion. Lct £, 7, § A, u, » be the com-
ponents of impulse, and X, ¥, Z, L, M, N of the external force
system acting on the body at time ¢ referred to axes fixed in the
body moving as in Art. 159. At time ¢ + & the coordinates of the
origin referred to the axes at time ¢t are uét, v, wdt, and the
direction cosines of the axes referred to their former positions are
1, rét, —qdt), (—rdt, 1, pdt), (¢8¢, —pdt, 1) Hence by resolving
parallel to the new position of the z-axis

E+OE=E+nrdt—Lgdt+ X 8t
and by taking moments about the same line
A+ =+ urdt —vydt + nwdt — Lvdt + L dt,
whence we get the six equations of motion
E—mr+lg=2X, A—pr+vg—nuw+ o =L,
. =tpt+Er=7%, p—vp+Ar—Lu+ Ew=M,
E—Eg+np=2, v—Ag+ pup—Ev+ nu =N,
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As suggested by Lord Kelvin, these equations may conveniently
be called the Eulerian equations of motion, since they refer to axes
fixed in the moving body and correspond precisely to Euler’s
equations for the rotation of a rigid body*.

161. The Kinetic Energy. The kinetic energy of the liquid,
by Art. 87, is given by

T=-—%p/f¢>%%ds. e (D),

where the 1ntegration extends to the surface of the moving sohd.
From Art. 159 (1) 1t follows that 7' is a homogeneous quadratic
function of the velocity components u, v, w, p, g, 7, so that we have

2T = Au? + Bv* + Cu? + 24 vw + 2B'wu + 2C"wy
+ Pp*+ Qq*+ Rr* + 2P'qr + 2Qrp + 2R'pq
+ 2p (Fu+ Gv + Hw) + 29 (F'u + G'v + H'w)
+2r(Fut+ G'v+ H'w) . (2),

where the coefficients 4, B, etc. by the help of Art. 159 (3) can
be expressed 1n the form

4 =- pff@%—tldSr-pffl@dS, |
- p/fd)g%%’dS:—pffgbg%i:dS, by Art. 77 (u),
- f j'n¢,d3=p f }rmqbadS,

P =- pﬂx:%’dS=pffx1(ny—m2)dS,
ete. )

-~

(3).

The kinetic energy of the solid 1s also a homogeneous quadratic
function of the velocities, so that the whole kinetic energy of the
solid and hquid 1s an expression of the form (2), wherem the
coefficients are only represented in part by the express.ons (3).

* Math and Phys. Papers, 1v. p 70 footnote.
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162 Impulse in terms of Velocities,

It 1s a well-known dynamical theorem that the work done by
an iumpulse 1s the product of the nnpulse and the mean of the
velocities of 1ts pomnt of application before and after 1t acts.
Accordingly an extra mnpulse 8¢ i the # direction would do work
8E (u+ §8u), where uw+ 8u 1s the velocity i the same direction
after the impulse 8 has taken place; and if 8& be infinitely small
we may take w8 to represent the work done or the increase of
kinetic energy  Hence when the ‘1impulse’ recerves mfinitesimal
increments 3£, 8, 8¢, O\, Su, dv there 1s an icrease of kinetic
energy 81 given by

ST =udE+vdn+wd+pdh+qdu+rdv ... (1)
But
_or oT oT ol oT oT o
T ou Su+ ov o +;:11v 8")+3p &+ dy 8 + il & (D),

and 1f the velocities are all altered m a given ratio 1t 1s clear that
the mnpulses will be altered i the <ame ratio, so that 1f we write

Sufu=28vjv=. =& /r=x«,

8T

we must also have
SE[E=0nin= =0brfv=xk

Whenee by equating the two expressions for 87'm (1) and (2) and
substituting from the last equations we get
uE+ e+ w4+ ph+qu+rv
or  oT ar o orT  oT oT

gl =21 (¢
! E"Il; to ?m anw-*-]) 2)}) +{1 ;)q + ? a)‘ 1 (‘;)t

=1
sinee 1'1s a homogeneous function of u, v, cte
By varymg this last equation we get
28T = (udE+ESu) +  + (1 8v + vor),
and theretore by subtracting (1)
81 = Edu + ndv+ £8w +Aép + udy + vér

Comparing the last result with (2), since the small variations
are artbitrary, we get
oT aT oT oT o7 of
Em&rpmy= ou’ v’ dw’ Op’ oq’ or’ e (4)
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These results 1mply that the components of impulse are lincar
functions of the components of the velocity, hence the kinetic energy
may also be expressed as a homogencous quadratic function of the
componcents of impulse, and when 7" 1s so expressed we get from
(1) the reerprocal relations

w v, w, 8T@£’81_’ oT oT oT 5
PTG G BB AN o’ op - O

163 Equations of Motion. The cquations of Art. 160 now

take the form*
doT _ BT oT
dtow =" o0 Tow™ X
aar_ or_ ot
dtor Pow "ou
dol oI oT

+7,

dtow=9u Pt %

doT aT T oT oT
dtop = "o or T " Youth

doT_ oT_ or T _ of
dtag Por " "op T " ow You tAL

‘doT_ oT oT oT  aT
+N.

dt or =(18p P oy R TR

In the case 1n which there are no extraneous forces we can obtain
three integrals of thesc cquations Thus if we multiply them by
w, v, w, p, ¢, r and add, we get

d oT d ol

lé}‘l—t'éa‘" ‘l""(‘i—tar—_zo “ eees s (]).
But 2T=uaT+ +r BT’
ou oi
therefore 2—d~l—,=u-d—?—2—1+a—Tgy+ v e e . .(2),

dit dtou ~ ou dt

al oT'du 97T dv

dt = 3u Elt+é’5%+‘" e e (8),
and by subtracting (1) and (38) fiom (2) we get the cquation of
eneirgy

but

ar
dz

* Kelvin, ‘¢ Hydrokinetic solutions and observations,” Phil. Mag. xrL11 p. 362, or
Math. and Phys Papers, 1v.p 69. Also Kirchhoff, Mechanih, p 236.

=0, or T = const
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Again, if we multiply the first three of the equations of motion
by 07'/ou, 0T/ov, 0T /ow and add and integrate, we get

(%__-'II: )2 + (aa%’ )2 + (g_g )2 = const.,

or &+ 9+ {P=const ,

which represents that the linear component of the impulse or the
intensity of the impulsive wrench is constant.

And if we multiply the six equations by
oT/op, oT/oq, oTfor, oT[ou, ©oT/dv, oT/ow,
oT'oT 0T oT , 9T 3T
weget a"{ba_z—)+av'3—é‘+5;—v"a‘;
or EN + nu + Ly = const.;

which represents that the couple component ot the pitch of the
mmpulsive wiench 1s also constant

= const,

164. Directions of Permanent Translation. When there
are no external forces the equations of motion of the last article are
satisfied by p=g=r=0, provided », », w have constant values

such that
oT oT ol

U VWS e e
In this case 7'is a homogeneous function of »,»,w only, of the form
2T = Aw? + Bv* + Cw* + 24" vw + 2B'wu + 2C"wv ...... (2).
If we regard u, v, w as current coordinates the equation
27" = const.

1epresents an ellipsoid, and the equations (1) determine 1ts principal
axes.

Conscquently if the body be set moving without rotation 1n the
direction of any one of the axes of this ellipsoid 1t will continue to
move 1n the same direction without rotation*.

It may be shewn that one only of these motions 1s stablet.

* Kuchhoff, Mechanih, p 236.
+ Lamb, Hydrodynamacs, p. 160,
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165. Hydrokinetic Symmetry.

The expression for the kinetic energy in Art. 161 contains
21 constants, but the number of terms 1s reduced 1n particular cases.
Thus the coefficients 4’, B/, C’ can always be got rid of by rotating
the axes. Also

(1) If the body has three perpendicular planes of symmetry the
energy must remain unaltered when the sign of any velocity com-
ponent 1s reversed, so that

2T = Au?+ Bv* + Cu® + Pp*+ Qq* + Rr2.

(2) If the body 1s 1in addition a surface of revolution about O,
the expression for 27" must remain unaltered when we write v, ¢, —w,
—r, for w, r, v, g, respectavely, for this 1s equivalent to turning the
axes of yz through a right angle, hence B = and @ = R, so that

2T = Aw*+ B (v* + w?) + Pp* + Q (¢*+ ).

The same expression holds when the sohd 1s a right prism whose
cross scetion is a regular polygon*.

(3) When the body 1s similarly related to the three planes of
symmetry as 1n the case of a sphere or cube we have

27=A (v + v+ w*) + P (p*+ ¢*+ %)

(4) Another kind of symmetry 1s that represented by the
expression

2T=A4A (W +v*+w?)+ P (p*+ ¢*+ 1)+ 2L (up + vg + wr),
the form of which is unaltered by any changes in the directions of the

axes, and any direction 1s one of permanent translation. Such a sohd
18 said to be ‘helicordally isotropict’

166. Applications. Sphere.
Taking u, v, w as the components of velocity of the centre of the sphere
2T = A (u?+v2+w?),
where ¢ =ud;+ v+ wes,

a’y  a’cos

and ¢‘=§r‘ = g > 0SmM Art. 131.

* Larmor, ¢On Hydrokinetic Symmetry,” Quart. Journal, xx. p. 261, or Kirchhoff,
Mechamk, p. 243

+ See Kelvin, ¢ Hydrokinetie solutions and observations,” Phil. Mag. xL1t. p. 365,
or Math. and Phys. Papers, 1v.p 72.

For other special forms see Lamb’s Hydrodynamucs, pp 163—4,or Larmor, loc cit.
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Heuce 4= M+pf b ldS

= M+ mpad f : cos? §sin 040

— 43N,
where M’ 18 the mass of hqud dusplaced
Therefore 2T =(M+IM") (w2 40+ u?),
and &0, (=(M+3M) (v, v, )

The equations of motion, 1n thiy case, become
(M+3M) (%, b, w)y=(YX, ¥, Z), as 11 A1t 133,
where X, ¥, Z are the components of external force on the sphere

If external forces act on the hquid as well, their effect on the sphere 1s
expressed by adding to .Y, ¥, Z the reversed effect that these forces would
exert on the hquid displaced hy the sphere

167. 8olid of Revolution.
Taking the axis of the sohd for axiv of 1, we have
2T =Aw+ B (2 +w?)+ Pp+ Q (> +12) N ¢ )]
Assuming that there are no impressed forces, the equations of motion of
Art 163 become

Aa=Drv— Bgw . . . (2),
Bo=DBpw - .1ru (3),
Bw= Aqu—Bpr . . . (4),
Pp=0 .. (5),
Qg=(Q—=L)pr+(B—A)uw ... (6),
Qr=(P—-Q)pg+(4—-B)uv . . (7)

From (5) we see that p 1s constant thioughout the motion  We can also
deduce as m Art 163 three integrals

T=const (8),
A2+ B2 (24 w?)=1? . e v (9),
and APup+ BQ (vg+wr)=1G RN . Q0

where I, ¢/ are the constant components of the mmpulsive wrench at any
instant.
From (1), (2), (8), (9), (10) we can elimmate », w, ¢, » Thus
Bt +ut)=1%— A%2,
Q (2 +7r2)=2T—Adu?— B (02 +w?)— p?

1 1 12
=97 — g2 = — =) u2t=""_— pPp?
=27"—-4 ( i B)u B Pp,

and B (vq+wr)=T1G — A Pup,
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therefore
A% =B (rv—qu)?
=B+ ) (g +72) — (vg +wr)})
2 __ 42,2 y
P i () ) - (=AY,
a polynomial of the fourth degrec in Au so that 4w 1s an elliptic function ot
the time
Again, if we put v/w=tan, we have
(024 w?) \i'= W —vw
=p (v +w?)— Au(qv+rw)/B, from (3) and (4)
Therefore \i' =p=- ﬁ:; . I(];E_ -1{:;2 .
Thus, having expressed » 1n terms of the time, the last relation gives »w
and (9) gives »2+w?, then p being constant (8) and (10) determmne ¢ and ¢, ~o
that all the velocity components are determined

The evaluation m terms of elliptic functions was fust performed by
Kirchhoff, and the problem has been discussed at length by Greenhull* and

others

168. Solid of revolution—Quadrantal Pendulum.

The case consdered m the last article 15 much simplified 1f the axis of the
sohd moves 1n a fixed plane  Taking this as the plane zy we have w=p=¢ =0,
and the equations of the last article become

Au=DBrv, Bv=-—Ai1u, (r=(4-DB)uv,

: Z

()
O’ [

Fig. 50.

the three integrals 1educing to two
Aut4 Be? 4 @Qri=const,

and A%2u2 4 B2y2=17?,
the third being an identity, as the ‘umpulse’ at any mstant consists of a single
mmpulsive force

Let X, y be the coordinates of the centre of gravity o of the sohd referred
to axes hxed 1n the given plane whereof the x-axis comcides with the line of
the 1mpulse 7 and makes an angle § with ox

* Amervcan Journal of Mathematics, 1898, 1906.
13
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Then r=6, Au=Ieosf, DBv=—Ismé,
so that the first two equations of motion are satisfied 1dentically, expressing
the fact that the impulse 1s fixed 1n magnitude and direction. The third
equation gives

-B 2
Qo+4 g [tcosfsmé=0 ... .. ...(Q1)
or, if we write 20=¢,
"’+:4u;Q I'ong=0 .. ... .. v——— . (@),

shewing that the motion corresponds to that of a sumple pendulum, the body
moving according to the same law through a quadrant on each side of 1its
mean position, as the common pendulum with reference to a half circle on
each side A body moving 1n such a manner 18 called a Quadrantal Pendu-
lum*. This motion 18 acquired by a solid of revolution 1n an infinite mass of
liquid when 1t 18 given a rotation about an axis perpendicular to 1ts axis of
figure, or stmply projected without rotation

The body, as 1t moves, may make complete rotations or 1t may oscillate
about a mean position.

(1) In the case of complete revolutions we may write the first integral
of (1)
6%2=w?(1 — k28114 4),

whete o 15 the value of § 1n the position =0 and

0ik2=(d —B) I}/ABQ ... ...ccoevvr vrn eune (3).
Hence wl= ¢ dé§
0 (1 — kZsin? g)i
= ¢ S where ¢=sin 6.
0 (1— ¢ (1 e’
Therefore SN O=(=8N ¢ ce. ceevrr vur ceninnnns (4),

where «, as given by (3), 13 the modulus of the elliptic function.

(1) In the case of oscillations through an angle 2a about the position
6=0, we may write the first integral of (1)
02 o2 (15126
@ sin¢a)’
ABQ o?

where sm2a=-A—_:B o oo s e e e (D)

Therefore ot= / sma dé ,orif sinf=¢sma
0 (sin?a —min? 8)i

/s’ a¢

=sin - - = -

o (1= (1—sm?a ()Y

s0 that sin f=¢ s a=smasn (wf COSECa) «cv «. voe « . ... (6),

where s1n a, as given by (5), 18 the modulus of the elliptac function

* Kelvin and Tait, Natural Plilosophy, § 322.
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To find the path of the centre of gravity we have

cos? + sin%é

X=ucosf—vsinf=171 Vi

and y=usmé+vcosf= I(———~ sin 4 cos 6.

Hence 1n case (1)
:t=I{l +(3- A) ”"‘26}
= { (-— — —)sn2 wt}, from (4),
~a+@-2) e
B~ 4
=I(Z +;1—;“KI:> I(:B zB)dn2 wt

(I Qw) den“’wt from (3)

Thereforc I I+ %‘" z—- © E(wt, &),
where £ 1s the elliptic integral of the second kind.
Similarly y=7 (;11 — p)suetcnal, fiom (4),
(4 —=B)dn wt
therefore =1 — B a2

= “;"’ dn et, from (3)
In case (1), 1n like manner, putting » for ¢ cosec a,

i=1(A + -—gsm?asﬂv)

AB
j Q;2 ! ‘n(ln 2 , from (5).
Therefore x= (fl + Ix?xg: a) 1—3-" - F (wt cosec a, sin a)
Similarly y=- I( AB B smasnvdnov,
therefore ¥y= I (/:1;5) sm?acn v
Quw

= cn (wt cosec a, s1n a)

In erther case we see that the velocity of the centre of gravity consists of
a constant part mn a fixed direction together with periodic parts along and
perpendicular to this direction

13—2
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There 1s an intermediate case 1n which
ABQa*=(Ad—-B) I,
corresponding to k=1, or a=m/2, then we have

#=wcos b,
50 that wt=log tau (1= +449).
Also x——+I(AlB )sm-
_! + 9_‘"_ tanh? ot
and therefore X= (‘{ + QIw t— QI tanh wt
Also =—I(A 1B )smeco.se

- — —Qj"’—ta.nh wt sech w?,

%0 that y= QI@ sech wt

In case (1) the cwrve described by the centre of gravity does not cross the
lme of the umpulse, but 1 case (i) the curve 13 a sinuous one crossing the line
of the impulse at regular intervals, the pomnts of crossing marking the extreme
positions of the axis of the sohd 1 1ts swing about 1ts mean position

169. Cylinder.

In the two-dimensional motion of an mtinitely long cylinder mn an infinite
mass of hiquid, the expression for the kimetic energy included between two
planes perpendicular to the length of the cylinder at umt distance apart 14

2T =Au?+ Bv2+ Qr?,
with the same notation as in the last article The motion of the cylinder 15
therefore given by the results of the last article The curves described by
the centre of the cylinder are to be found in Laml’s Hydrodynamics, p 167
(Fourth Edition)

170. Stahlity.

Let us conwider the stability of a solid of revolution moving umformly
along 1ts axis of figure. In the equations of Art 167 we may put u=u,+«’
and regard «', v, w, p, ¢, r as small, then we get

Auw'=0, DBo=—Aru, D= Aqu,,
Pp=0, Qj=(B—A)ugw, Qr=(4-B)up
Hence By + {1__(_‘%‘!‘_3) u,tv=0,

with snmlar equations for w«, ¢, and 7.
Therefore the motion 18 not stable unless 4> 73,
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For an ellipsoid we have

4 =M+pf/¢,ms

=M+p| |- s, Art 145
2—ay

and f f ldS=4mabe,

so that A=M+4mpabe ™ |
2—aqay

similarly B= M+ {mwpabe s foﬁ(_.

Hence we have 4 >0, provided a,>By, where a;, B, are as defined 1n
Art 145

And ay > B, requires that @ < b, thus 1t follows that when an oblate spheroid
moves uniformly along 1ts axis the motion 1s stable, but for a prolate spheroid
the motion 15 unstable This accords with the observed tendency of a body
to turn 1ts flat sade o1 1ts length across the direction of 1ts motion

171. Stability increased by rotation.

Now let us suppose that the solid of revolution 1s moving with velocity w,
along 1ts axis and angular velocity p, about 1ts axis. When a shght disturb-
ance takes place we may put u=uwuy+', p=py+p’ and regard ', v, u, p’, ¢, r
as small  The equations of motion of Art. 167 become

AW =0, Bo=Bpyw— Au,r, Bir=Auyy— Bp,e,
Lp'=0, Qq=(¢—D)pyr+(B—A)uyw, Qr=(P—Q)pog+(d—DB)uev
These give »’=const., p'=const , and if we agsume that

=060 w=Ne'?l, g=2;¢'",

we get Biahy — Bpyhg+ Auyry=0,
Bighy— Aughs+ Bpoh, =0,
QuaN;+ (P — Q) pory+ (A — B) uyX,=0,
Qo — (P — Q) pors— (A — B) uyA; =0
The elimination of A, Az, A3, Ay gives a biquadratic for o, which resolves
mto two quadratics
BQo2+ B(P -2Q) pyo—{B(P—Q)p+ 4 (4 - B)u?=0,
and the condition for real roots, which must be satisfied for small oscillations,
18 that

r=Ay ewt,

(P -2, +4Q(P— Q) pi+4 5 (4— B) Quy?
should be positive ; or that
Prp 4% (4= B) Qugt
sheuld be positive.
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This condition 1 always satisfied if 4> B; and when B> 4 the condition
can be satisfied by making p, large enough. That 18, an elongated projectile
can be made to move i the direction of 1ts axis by giving 1t a sufficiently
great angular velocity This explains the necessity for the rifling of guns.

172. Steady motion of solid of revolution in a helical path.
Asm Art 167 when there are no external forces we have
du=B(rv—qgw), Bv=DBpw—Aru, Bi=Aqu—~ Bpv,
Pp=0, Q4=(@—D)pr+(B-.d)ww, Qr=(P-@Q)pg+(4—B)w
If we make the hypothesis that »» — qu =0 the equations are satisfied by
u=const, and »*+ w=const ,
and we have also p=const, and g2+ r¢=const
Let F, G be the impulsive force and couple that constitute the impulsive
wrench at any instant ; since there are no forces the axis OZ of this wrench 1s
fixed 1 space. Let O be the centre of gravity of the body, 0’0 perpendicular
to OZ and £, ' the force and couple components of the impulse 1eferred to

O as origin Then £, n, ¢ are the components of # and A, p, v those of G',

where
5’ 7, {=Au, Bv, Bw,

and A, pyv="Pp, Qq, ¢r.
Sice rv=qw, the direction of the motion of 0’ given by (u, r, w) 18 coplanar

with F and G, 1.e 1 a plane perpendicular to 00. z
Therefore OO0’ 1s of constant length

Again, if U denote the velocity of @, so that F
U2=u?+ o2+ w2, ’
the angle ¢ between U and #1s given by

2 2 3 qp?
cosp= Awit 1(2]-(; ) const

Therefore (' describes a helix round the axis 0Z of o o’

the 1mpulse, the velocity parallel to OZ being Fig 51
Ucos ¢,
and the plane ZOO' turning round 0Z with angular velocity
Usin ¢/00

The axis of the solid of revolution, 1ts direction cosines being (1, 0, 0),
and the mstantaneous axis of rotation (p, ¢, r) are also clearly coplanar with
F, @’ and make constant angles with 0Z Hence the motion 18 a steady
motion

173. Steady motion of isotropic helicoid under no forces.
In this case
2T=A (¥ +v*+w?)+ P (p*+ ¢+ 19+ 2L (up +vg +wr)
=AU24+P02+2L0Ucos b,
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where U, © are the resultant linear and angular velocities and 8 the aagle
between the direction of {7 and the axis of @

Representing the impulsive wrench as 1n the last article, we have for the
components of F' and G,

&y (=4 (u, », w)+ L (p, q, 1),
Npsv=DL(p, qy7)+ L (v, v, w).
Therefore F 15 the resultant of vectors AU and LQ,and G'1s the resultant
of vectors PQ and LU

Hence as 1n the last article the directions of the vectors U and @ must hie
n the plane of F, G’,1¢ 1 the plane through ¢’ perpendicular to 00’ As
before OO’ 1s of constant length, and therefore G’ and the angle G'O'F are
constant and therefore U and @ are constant and make constant angles with #

As 1n the last article O describes a helix

Also U 1s the resultant of

PF d LG’
AP N T e e

and if the angle FO'G'=a, (/'cosa= @, and (/'sma=F 00

Hence the velocity of @ parallel to 0OZ 1s

PF  LG'cosa_ PF-LG

AP—L2 AP-L2 " AP- L2’
whete B8 15 the angle between U and 0Z, and the angular velocity about 07 1s

UcosfB=

UsmB_  LG'sima _  LF
000U AP-LY) AP-L*¥
Hence the pitch of the helix 1 (LG - PF)/LF
. Jda’ LF
Since Q@ 15 the resultant of APIE and — AP— I 1t 15 also completely

determined when the impulse and the distance of the centre of gravity from
the mnpulse are known, and thus the motion 1s completely determined
terms of these data*®

174 Two spheres.

Though the general discussion of the motion of two or more solids
through a liquid may be regarded as beyond the scope of this book,
there are some special cases which are capable of treatment by tairly
simple methods so far as approximate results are concerned The
first of these 1s the motion of two spheres, moving (1) in theur hine
of centres, (2) 1n parallel directions at right angles to their hne of
centres

* For a method of eonstructing an 13otropic helicoid see Kelvin, ¢ Hydrokinetie
solutions and observations,” Phul. Mag xuix or Math and Phys. Papers,1v. p. 73

For other cases ot motion of an 1sotropic helicord see Miss Fawcett, ¢ Note on the
mntion of solids 1 a hiquid,” Quart. Journal, xxvi, p. 231.
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(1) Two spheres moving wn thewr line of centres.

Fig 52

Let A, B be the centres, a, b the 1adn, ¢ the distance 4B and
U, U’ the velocities of 4 along AB and of Balong BA. Let (v, 6),
(r°, @) be polar coordinates of a point P measued as 1n fig. 52

The velocity potential will be of the form

Up+ U,
and the kinetic energy of the hquid will be given by
2T=LU*+2MUU + NU? .... ...... . (D),

where as in Art. 161

T
v=—p[[¢5as, . @

To find the values of ¢, ¢’ we might use the method of successive
mnages, each sphere when alone in the hiquid producing the same
effect as a doublet; but 1t is simpler to proceed as follows.

The boundary conditions to be satisfied arc
o

2 _ _
Gy = 08 @ over 4, and ar,—-O over B,
aa;t=0 over A, and %;—if,— = —cos & over B.

If the sphere A were alone 1n the hquid, moving with unit
velocity, we should have a velocity potential

¢>1=1}:20030,

which would make 0¢,/0r = — cos 8 over A.
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cosfd rcosé c—1"cos &
Now N -
r {¢* —2r'ccos @ + 724

=l(1 +-2£ cos 8’ + )

02

Hence, near B, we have

¢1___%a‘(1+2r’c6930’)'

c.’-
1wving a normal velocity over B = — « 4
giving : : y =— cosd.

This normal velocity might be cancelled by the addition of a
velocity potential
bo y LU 008 O
TR e g
and, as above, the valuce of this near 4 1s
a*b? 27 cos 6
$.=4% (1 0 )
a*h?
giving a normal velocity over 4 = — o 0 6.
This normal velocity might be eancelled by the addition of a
velocity potential

b cos @
b.=1% P and so on.

To this order of approximation, 1.e. neglecting ash*/c’, we have

b=c¢i+ ¢+ s}

and, on 4, ¢ = const. + 1a (1 +3 a—:)j) cosd .. ... (3),
while, on B, ¢ = const. + %g; Dcos @ vveiiniiiiint e . 4).
Hence =—p j " ¢ %¢ 2ma?sin 6d6
0 r

= mwpa’ (1 +3 %E) f"cos"’ 6 sin 60d6
0

; a’b®
= 3mpa (1 +37).
Similarly
M = 2mp %{f and N = 3mpbt (1 +3 "‘sb’) ...... (5).

cﬂ
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if we put U= U’ and a =b, the motion is symmetrical about
the plane bisecting AB at right angles, which may be taken as a
fixed boundary. Hence for the motion of a sphere at right angles
to a fixed plane boundary at distance k= }c, the kinetic energy of
the liquid being half that just obtained 1s given by

2T=§wpas<1+g‘g+...) .......... ...(6)

If m, ' are the masses of the spheres, for the whole kinetic
energy 1n the general case we have
2T =L +m) U2+ 2MUU' +(N+w) U? ... (7)

If we now assume that Lagrange’s equations* may be applied
to the whole system and let x, 2/ denote the distances O4, OB.
where O 1s an ongin on the line of centres, we have

2T = (L + m) &*— 2Mad’ + (N +m') &2 ....... &),

and &’ — z = ¢, so that

oc
and

d . N oL oM i oN . ,
a{—Mw+(N+M)w}—=}(a =25 i + o & ) b'¢
where X, X’ are the forces acting on the spheres in the

direction.

{(L+m)m—Mw}+; a:2 2@{ +a.N ) Xl
“)

To a first approximation, assuming that @ and b are small
compared to ¢, and retaming only the most 1mportant terms, we
have

oL oM a*h® oN
i = — —, =—=0 ... ..
dc 0. oc Gmp ¢’ o 0 1)

(o) If the spheres both move with constant velocity the force

necessary to maintain the motion of 4 1s

M., oM .., oM, M.,

='?aj?[” -6 pt—l—}w e (11).

* For the justification of this assumption reference may be made to Lamb’s
Hydrodynamacs, Ch. vi. and Kelvin and Tait’s Natw al Phulosophy, §§ 319, 320.
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This force is directed towards B and depends only on the velouty
of B, so that two spheres projected towards one another would
appear to repel one another.
(B) If the spheres perform .small oscillations about fixed
positions, we may put
x = \ cos pi,
' =c+ N cos (pt + e).
The mean valuc of X 1s then the mean value of
oM

s AN p? s pi sin ( pt + €),

a’d’
which = 3mp Y AN PPCOSE .o crenennnns . (12).

The force 18 therefore repulsive 1f the difference of phase e 1s less
than a quarter period, and attractive if more than a quarter
period.

(y) Let U= U’ and a=>b so that the motion 1s symmetrical
about the planc bisecting 4B at right angles, then this plane may
be taken as a fixed boundary, and we conclude from (a) that a
sphere moving at right angles to-a fixed plane boundary 1s repelled
from the boundary.

(2) Two spheres moving in parallel directions at right angles

to the line joining them
P

A % S < A
N N

Fig 53.

Let V, V' denote the velocities, and with the same notation,
but measuring 6, 8’ as in fig. 53, the velocity potential 1s
V¢+ 'V'I¢I,
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where %? = —cos @ over A4, and g—:’: =0 over B,

4

= —cos & over BB

o¢’ _ 2
P 0 over A, and 57

As before, a velocity potential
3

b =1 :,_; cos 6
would make 9¢,/0r = — cos 8 over 4.

And, near B, we have

al a ,
¢1=%;'7‘0080=1}b;l cus &,

3
aiving a normal velocity over B = —§ % cos 6.

This normal velocity might be cancelled by the addition of a

velocity potential

¢.=1 % b,z cos ¢';

’
and the value ot this near 4 15
31],3
¢. =1 ’}élf rcos 6,

.. @b
giving a normal velocity over 4 = —} 5 cos 0

This normal velocity imght be cancelled by the addition of a
velocity potential

a?b? a®
b, =1 5 42 C08 8, and so on.

To this order of approximation, 1e neglecting u®h?/c?, we have
p=¢+¢.+ ¢,
abh?
and, on 4, ¢=1a (1 +2——cs—) €os O .cvveinninnnn. (13),
. a?
while, on B, ¢=1% P beos® . ..o el (14).

Hence if the kinetic energy of the liquid be given by
2T=L'V*+2M'VV'+ N'V" ... ........ (15)
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we have L'=—-pff¢%‘—£d5’,t
= mwpa? (1 +4 g:;—q)f: cos® @ s 6d6
S — (1 +3 ‘%bs) L (16).

/ ¢’ ’
simlarly M'=-—p ff(ﬁ o dSz=mp o

N =—p[[¢ % as,=mpv (141 %"))

It we put V'="V"and a = b the motion will be symmetrical about
the plane bisecting A B at right angles, so that the kinetic energy
of the liquid duc to the motion of a sphere parallel to a fixed plane
boundary at distance h =c¢/2, being half the kinctic energy in the
last casc, 18 given by

oo N a?
27 =4mpaV* (14 7y i+ - ) . 7).

Reverting to the case of the two spheres, for the whole kinetic
cnergy we may write
' =(L' +m) V24 2M'VV' + (N +m) V2.  (18),
and takig an origim O on the hine of centres so that 1if 04 =z and
OB=a',2' —ax=c¢c, L', M', N’ arc functions of ¢ or &’ —u«, and 1c-
taining only the most 1mportant terms,

oL oM’ @b AN

35—:0’ Jc =—31TP—CT, ‘-a—c‘-=0 . ...(19).
Henee the equation of motion
d T\ ol .,
dt (aé) ak Tl
gives X= ;%AZ vv’
3h3
=—3mp (L(,f)‘ VV' e (20)

as the force 1 dircction 4B necessary to maintain the motion of 4.
It follows that two spheres moving in the same direction 1n parallel
lires attract one another.
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176. Sphere moving in a liquid with a plane boundary.

This case which, as we saw in the last article, can be deduced
from the case of two spheres, is also capable of simple independent
treatment.

Let the # and y axes be parallel and perpendicular to the wall.

Then
QT =P& 4+ QF .. v eeeeeeeiinnnnnn. (1),

where P, Q are functions of y only, and the term #y cannot appear
because changing the sign of # cannot affect the kinetic energy.

The equations of motion are

dt (Px) X

(P . Q.
dt(Q) ¥ s ) Y

where X, ¥ are the forces 1n the dlrectlons of z and y.

If there are no external forces and the sphere 1s moving at right
angles to the wall, # =0 and, since the kinetic energy is constant,

therefore
Q7 =const... ..cocvvrinen ov wer . ().
But from (17) and (6) of the last article

3
P=m+ gmwpa? (l + T“B%)

5}
Q=m + 2mwpa’ (1+4§3}§)
so that £ and @Q both decrease as y increases, therefore g 1ncieases
as y imcreases or the sphere has an acceleration from the wall.

Again, 1if the sphere move parallel to the wall, so that y=0,
there must be a constraining force

acting away from the wall, so that the sphere is attracted towards
the wall.
This problem was discussed by Stokes*, who obtained results (6)

* «On some cases of fluid motion,” Trans Camb. Phil. Soc. viii, or Math. and
Phys Papers, 1. pp. 47—9.
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and (17) of the last article by a somewhat similar method. Some
results were given by Kelvin and Tait*, and for further information
on the subject of the motion of two spheres reference may be made
to papers by W. M. Hickst, R. A. Herman}, and A. B. Basset§.

EXAMPLES

1. A homogeneous hquid 18 contained between two concentric spherical
rigid envelopes of given masses, these bounding surfaces are set 1o motion,
the one with velocity U, and the other with velocity V, in perpendicular direc-
tions, find the impulses which must be applied to the envelopes to produce
the motion, and determine the motion of the flmid at any point.

(Coll Exam. 1893.)

2. The space between two coaxial cylindrical shells of radu a, b 1s filled
with icompressible hquid of density p The outer shell, of radius e, 1s
suddenly made to move with velocity U shew that the impulsive force per
unit length necessary to be applied to the mner cylinder to hold 1t at rest 1s
2mwpatb?U/(a? — b?). (Trmaty Coll. 1901.)

3. A umiform sphere 1s surrounded by a uniform incompressible fluid of
the same density, mitially at rest and extending through all space The
sphere 18 set 1n motion by a blow 2 along a diameter Prove that 1ts resulting
velocity 1s 3°/ M, where M 1s 1ts mass (Trmity Coll. 1909 )

4. An mcompressible perfect fluid of mass m 1s contamned between two
rngid concentric spherical envelopes, the outer of radius & and mass M, the
mner of radius @ and of no mass The system 13 started fiom rest by an
1mmpulse normal to the outer envelope. Prove that the imtial momentum 18
shared between the envelope and the fluid 1n the ratio of M (2a3+b3) to mb3

(Trimty Coll 1904)

5. A sphere of radius a 13 made to describe a circle uniformly in an mnfinite
flmd at rest at infimty, find the pressure at any point of the sphere, and shew
that the resultant pressure on 1t 18 a force (27/3) padcw? towards the centre of
the circle, where a 1s the radius of the sphere, ¢ the radius of the circle described
by 1ts centie,  the angular velocity (Trimty Coll 1907 )

6. A solid body 1s moved 1n any manner m an unlimited liquid, find the
motion set up and shew that if the body be moved with umt velocity along
Oz, the momentum set up parallel to Oy 1s equal to that set up parallel to Ox

* Natural Philosophy, §§ 320, 321.

+ ¢ Motion of Two Spheres 1n a Flmd,” Phil. Trans 1880, p. 455.

+¢On the motion of Two Spheres in Fluid and Allied Problems,” Quart.
Journal, xx11. p 204.

§ ¢On the Motion of Two Spheres in a Liqmd,” Proc. L.M.S xvuui. p, 369.
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by raoving the body with unit velocity along Oy. Also if the body be turned
round Oz with unit angular velocity the momentum generated parallel to Oy
is equal to the angular momentum generated around Oz by moving the body
with umt veloeity parallel to Oy.

7. A pendulum with an elhptical cylindrical cavity filled with hquid, the
generating lines of the cylinder being parallel to the axis of suspension, performs
fimte oscillations under gravity. If / be the length of the equivalent pendulum,
and ' the length of the equivalent pendulum when the liquid 1s sohdified, hnd
{ and !, and prove that

[ L a1
M+mat+0% R
where M 1s the mass of the pendulum, m of the hqud, 4 the distance of the
centre of gravity of the whole mass from the axus of suspension, and a, b the
semi-axes of the elliptic cylinder. (M.T. 1878 )

8. A pendulum, of mass M, with an ellipsoidal cavity (senn-axes a, b, )
filled with hiquud of mass m, oscillates about a horizontal axis parallel to the
c-axis of the ellipsoid, prove that the length of the equivalent simple pen-
dulum 1s

[ME2+ m{d?+ (a2 - b2)2/5 (a2 + b)) /( M +m) 1,

where A 15 the 1adius of gyration of M about the axis of suspension, d the
distance of the centre of the ellipsoid and { the distance of the centre of gravity
of the whole mass from the same axis (Coll Exam 1898,

9. In the mdst of an infimte mass of homogencous incompressible hqud
at rest 1s a spherical surface of radms e, which 1s suddenly stiained mto an
equal spheroid of small ellipticity Find the kinetic energy contained between
the given surface and an 1maginary concentric spherical surface of radius ¢,
and shew that if the imaginary surface were a real boundary surface which
could not be deformed, the kinetic energy in this case would be to that in the
former case 1n the ratio

e (34°+2¢9) . 2 (¢®— ab)? (MT 1878)

10. Find the ratio of the kinetic energy of the infimite liquid surrounding
an oblate spheroid, moving with a given velocity m 1ts equatorial plane, to
the kinetic energy of the spheroid, and denoting this by P, prove that if the
spheroid swing as the bob of a pendulum under gravity, the distance between
the axis of suspension and the axis of the spheroid being ¢, the length of the
simple equivalent pendulum 1s

1+ P)c+ita?/e
TTi-efp

where a 15 the equatorial 1adius, p the density of the spheroid and o that of
the hquud. (M.T. 1879 )

bl
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11. An elliptic cylindrical shell, the mass of which may be neglected, 1s
filled with water, and placed on a horzontal plane very nearly 1n the position
of unstable equilibrium with 1ts axis horizontal, and 1s then let go When 1t
passes through the position of stable equuhibrium, find the angular velocity of
the cylinder (1) when the horizontal plane 1s perfectly smooth, (1) when 1t 1s
perfectly rough, and prove that i these two cases the squares of the angular
velocities are 1n the ratio

(a2~ B2)2 4 402 (a2 4 b2) (a?— b2)2,
2« and 2b being the axes of the cross section of the cylinder (M T 1886.)

12. A sohd ellipsoid of umform density 1s set rotating 1 an mfinite hiquid
about one of 1ts axes by a given impulsive couple; find 1ts angular velocity.
(MT 1882)

13. A cylinder 18 moving n an mfimte fluid, and the motion 1s defined by
4, ¥, @, shew how to reduce the kinetic energy to 1ts simplest form

1f 27 = Au?+2Huv + Bv?+ Ko? and there are no forces, prove the equation
KO+J2{(A —B)sin@cos 8+ H (cos? § —sin? 0)}/(AB - H%) =0,

where o/ 18 the resultant momentum (Linear). (St John’s Coll 1895 )

14, An mfimte elhptic cyhnder of density o 13 moving through mcom-
pressible fluid of density p that extends to iniimty and 1s at rest there Shew
that if 7, b be the semm-axes and 2=a*—b?,

2T = (pb%+ cab) U+ m (pa®+ aab) 12

4+ [pct/8+ gab (uf+b?)/1] w?,
and that at any tume
¢t ocaba’+b .
{8 p Tatob 6+ UV=0,
where U, V' are the velocities of the centre along the axes and 6 the angle
turned through by the transverse axis, (Trmity Coll 1894.)

15. A prolate spheroid 18 moving through flud with velocity » in the
direction of 1ts axis, shew that the motion 1s unstable, but that 1t will be
stable 1f the spheroid 1s at the same time spinmng about its axis with

an angular velocity greater than %u {%E(Q—P)} 5, where P and @ arc the

cffective 1mertias of the spheroid along the axis of revolution and a perpen-
dicular axis respectively, and 4, B are the effective moments of inertia about
those axes (M.T 1892 Yy

16. A sohd elhpsoid of density o 13 placed mside a fixed concentric, con-
focal and simlarly situated ellipsoidal shell and the space between them 1s
filled with fluid of density p Supposing that the whole matter attracts accord-
ing,to the Newtoman Law, and that o 18 greater than p, shew that when the

R. H.
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solid ellipsoid 18 shightly displaced parallel to its greatest axis, the time of a
small oscillation 1s given by
4n?_ mp (s —p) 4
% otp_ _ __pabe o
2 abe(2—A)-a'b'¢ (2~ 4)
where «, b, ¢ and o', ¥, ¢’ are the semi-axes of the outer and inner ellipsoids

bl

and

_f” o abeax
o (a24+0)3 (B2+N)E (2 +N)E
with a similar expression for A’ (MT 1881)

17. If a thin elhpsoidal shell without mass be filled with water, and set
1n motion about 1ts centre as a fixed point, prove that 1ts subsequent motion
will be determined by three equations of the form

B2 - doy | (82— ¢2) (b + Pa? + a?b? — 3at)

- ~—L wgwg=L

biget dt (c* 4 a?) (a?+b?)

18. If .1 and B be the forces required to act for umt of time i order to
generate umt velocity perpendicular and parallel respectively to the axis of an
ellipsoid of revolution 1n an infinite mass of homogeneous frictionless hiqud,
and 1if @ be the couple required to act for unit of time in order to generate
umt angular velocity about an equatoral axis, prove that the kinetic energy
T of the ellipsoid and hqud 15

3 (du?+ Av?+ Bu? 4+ Go® + Gog? 4+ Cwg?),
with Euler’s notation, € being the polar moment of inertia of the elhpsod

Express 7' 1n terms of Lagrange’s coordinates u4, y, z, 8, ¢, ¥, and prove
that if the axis of z be parallel to the impressed lmpulbe £, then

x=-1"(z——B sin 6 cos 8 cos ¥, y=—F( smﬂcosﬂsun}r,
2 . . .
_F(sm 6-{-002 6), P+cos Y =w;, Gsm?y+Cuscosf=0EK,
2
GO+ G s 092 + Coo + 2 (’3‘—“ 04250 o,

where w3, £, T are constants ; the last threc equations bemng the same for a
solid of revolution with a bar of soft iron 1n 1ts axiy, moving about 1ts centre
n a uniform magnetic field (M T 1877)

19. An mcompressible hiquid extending to infinity 1> bounded internally
-by a prolate ellipsoid of revolution find the mmtial motion, when an 1mpulsive
pressure
=Aa%+ By?+ C#*+2Fyz+ 2Gz0+ 2 0y
18 applied *o the liquid over the ellipsoid, where 4, B, etc are constants, and

the centre of the ellipsoid 1s taken as origin of rectangular coordinates
(Dublin Umv 1911.)
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20. A ngd body mmmersed m a homogeneous imcompressible iquid at
rest exter.ding to infimty 1s set 1n motion by an unpulsive couple prove that
1ts subsequent motion relative to a certain point O fixed 1n 1t 1s the same as
if a certain ellipsoid, fixed 1n 1t with 1ts centre at O, rolled on a fixed plane;
and express geometrically the variable velocity of translation necessary to
complete the representation of the actual motion (Lamb )

21. An mfimte mass of luid 18 divided 1nto two parts by an infinite ngid
plane and a sphere 1s moving 1n the fluid 1n a Iine perpendicular to the plane.
Explam by genecral reasoning what will be the effect of making a circular
opening 1 the plane with 1ts centre in the hne of motion of the sphere, when
the sphere 13 moving (1) towards the plane, (2) from the plane (M.T 1882)

22. Explain how the method of 1mages can be used to obtain successive
approximations for the velocity potential due to a4 sphere moving m a hquid
bounded by a plane wall whose distance @ from the centre of the sphere 1s
large compared with the radius b of the latter

If the centre of the sphere be taken as origin, the axis of y perpendicular
to the wall, and if the sphere be moving with velocity » along the axis of z,
shew that, neglecting fifth and higher powers of &/a, the velocity potential
near the sphere 1s given by

_qfr o By ry
"’*‘A{;-‘*sa*KH'sz)}"’BF’

and find the values of the constants 4 and B. (Umv. of London, 1910.)

23. The presence of an mfimte hiquid mcereases the apparent nertia of a
moving sphere by half the mass of the hquid displaced Shew that this in-
rease 18 rased m the ratio 14-3a3/8£% 1 nearly, 1f the hiquud 1s bounded by
an mfimte plane perpendicular to the direction of motion, and at a great
distance £ from the centre of the sphere, whose radius 1s a.

(Trinity Coll 1895)

24. Two mfimite parallel arcular (yhinders 1n an mfimte flud are pro-
jected (1) 1 opposite directions along a line at right angles to their axes, (1) 1n
the same direction perpendicular to this line  Prove that they experience in
the two cases respectively a mutual repulsion and a mutual attraction

(Trimty Coll 1894 )

25. A sphere of mass M, displacing & mass M’ of fluid, 1s projected with
velocity V normally to an infimte rigid plane with which 1t 18 1 contact;
shew that 1ts liniting velocity 1s

, s 217} .
J [1 +2M+M’§_n_] (Trimty Coll 1898 )
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26. Find the complete system of images which will represent the motion
of a sphere perpendicular to an infinite bounding plane, and shew that, if the
density of the sphere be the same as that of the flmd, the ratio of the velocity
of the sphere at impact to its velocity at an mfimite distance from the plane 18

1. (§ 1 )ﬁ. (M.T. 1889)

1 3

27. Find the nature of the interaction between two spheres moving i a
hiqud of mfinite extent (1) when the spheres each make small vibrations along
the line of centres, (n) when one vibrates and the other 1s at rest [Take the
kinetic energy of the system to be

3 (Lu?—2Muv+ Nov?),
33
where L=m+§1rpa3(l+3—0(}b~>, M=2np—c§—,

e ’ ] 3 ';b'
N=m'+{mwpb? <l + E:(; ,
m, m’ arc the masses, a, b the radin, and u, » the velocities of the spheres, ¢ the
distance between their centres, and only the lowest powers of «/c and b/c are
retained. ]

Mention some experimental evidence of the results obtained.
(MT 1911)

28. (u) Investigate the condition of stabihity of the motion of an elongated
solid of revolution with a plane of symmetry at right angles to its axis of
tigure moving parallel to 1ts axis of figure and rotating about that axis.

(b) Prove that, when this condition 1s satisfied, there are possible two
states of steady motion in which the velocities of translation and rotation arc
constant and the directions of translation and rotation are 1n a plane through
the axis of figure and make constant angles with that axis while the plane in
question rotates uniformly around the axis

(¢) Prove that the two modes of simple harmome oscillation about the
state of steady motion described 1in (a) are really steady motions of the types
described 1 (d), the angles made with the axis of figure by the directions of
translation and 10tation being small (MT 1904)



CHAPTER IX

VORTEX MOTION

176. So far we have confined our attention almost entirely to
cases 1nvolving irrotational motion only But we saw (Art. 64)
that the most general displacement of a fluid 1nvolves 10tation of
which the component angular velocities at a point («, y, 2) are

ow 0v on  ow ov  ou

=45 -5) b w) iaa)
where u, v, w are the components of linear velocity at the point.
We also saw (Arts. 31, 33, 70) that 1f at any instant the motion of
a fluid mass 1s 1rrotational under the action of conservative forces
1t remains irrotational for all time. In this chapter we shall con-
sider the theory of rotational or vortex motion. The theory 1s due
to Helmholtz whose epoch-making paper was published 1n 1858*.
It was aftecrwards developed by Kelvint, Kirchhoff and other
writers.

177. It is important to realize at the outset that some portions
of a fluid mass may possess rotation while others are moving
1rrotationally.

Lines drawn in the fluid so as at every pont to coincide with
the stantaneous axis of rotation of the corresponding fluid
element are called vortex lines ( Warbellinien).

Portions of the fluid bounded by vortex lines drawn through
every pomnt of an infinitely small closed curve are called vortex
filaments (Wurbelfaden), or simply vortices, and the boundary of
a vortex filament is called a vortex tube.

* Crelle’s Journal, vol, Lv. ¢ Ueber Integrale der hydrodynamischen Gleichungen
welche den Wirbelbewegungen entsprechen,” A translation by Tait was published
in Phil. Mag. 4th series, vol. xxxi1. p. 485.

+ ¢ Vortex Motion,” Trans. R.S.E. xxv. 1869, p. 217, or Math. and Phys. Papers,
1v.p. 18,
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'178. The theory will shew that elements of fluid which at
any time belong to one vortex line, however they may be trans-
lated, remamn on the same vortex line, or that the vortex lines
move with the fluid Also that the product of the section and
angular velocity of a vortex filament 1s constant throughout its
whole length and constant for all time. Hence vortex filaments
must either form closed curves or have their ends on the bounding
surface of the flmmd A vortex in perfect flmid 1s therefore per-
manent and indestiuctible; and the enunciation of these properties
by Helmbholtz suggested to Lord Kelvin the 1dea that vortex rings
are the only trne atoms, mnasmuch as the generation or destruction
of vortex motion 1 a perfect fluid can only be an act of creative

power*.

179 Kelvin’s Proofs.

To prove the properties just enunciated .

(1) The product of the cross section and angular velocity at any
point on a vortex filament vs constant all along the vortex filament
and for all time.

By Stokes’s Theorem (A1t. 66) the circulation round any closed
curve is equal to

2[ (E+ mn + 1) dS,

where & 5, { are the components of spin, and I, m, n are direction
cosines of the normal to an clement dS of a surface bounded by
the curve. If the curve be a reducible eircuit drawn on the surface
of a vortex tube the circulation will be zero, because at every point
of such a surface
lE4+mn+nE=0. D c

Let the circuit be ABCDEFGH A as1n thefigure,
where FGHA and EDCB are two cross sections of
the vortex tube. Then since the circulation round
ABCDEFGHA 1s zero and the contnibutions of g 5w
AB, EF are equal and opposite, 1t follows that FA

Fig 54
flow round FGHA = flow round EDCB,

or, ultimately,
circulation round AGHA = circulation round BDCB.

* ¢On Vortex Atoms,” Phil. Mag. xxx1v. 1867, p. 15, or Math. and Phys. Papers,
iwwpl
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But, as in Art. 66, if » denote the angular velocity and o the
cross section of the vortex tube supposed small, the circulation
round this section 18 2wo. Hence this product is constant for all
sections, and we shall take 1t as a measurc of the strength of the
vortex.

Again, from Art. 69, when the forces have a single-valued
potential and the density is a function of the pressure the circu-
lation 1n any closed circuit moving with the fluid 1s constant for
all time. And 1f we apply this to any circuit cmbracing the vortex
1t follows that the strength of the vortex 1s constant for all time

It 1s clear also that the circulation 1n any cireuit 1s the sum of
the stiengths of the vortices that 1t emnbraces

(2) The vortex: lunes move wuth the flurd.

It 1s clecar from the formula 2 ”‘(lf+mn + n&)dS for cncu-

lation 1n a closed eircmit, that 1f the circulation 1s zero 1n every
circuit that can be diawn on a certain surface no vortex hines can
cut the surface, and any that meet the surface must lie wholly upon
1t, for we must have I£ +mn + n&=0 at cvery pomnt of the surface
Consider a sutface S composed of vortex hines at tune ¢ The cn-
culation 1 any cucwit C on this surface 1s zero. At time ¢ + 8¢ the
particles that formed the surface S now lie on another surface 87,
and the circutt € moving with the particles now lies on 8" and the
cirenlation n 1t 1s still zero and this being true for all such cireusts
on 8’, the surface S must be composed of vortex ines  Hence any
smface composed of vortex lines, as 1t moves with the fluid, con-
tinucs to be composed of vortex lines  The mtersection of two such
surfaces inust always be a vortex line and so we arrive at the theorem
that vortex hnes move with the flmd

The foregomg proofs are due to Lord Kelvin. The proofs given

by Helmholtz are not so ssmple but we reproduce them here on
account of their historical mterest

180 Helmholtz’s Proofs.

Let o denote the resultant spin at any point vn a vortex line
and ew a small element of length of the vortex lme. The pro-
jections of this element on the axes are

Oz, 8y, 8z =¢k, en, €§ .cvveriinnnn. ...(L).
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‘The rate at which 8z increases as the fluid moves is the differ-
ence 1 the values of u at the ends of that element. Therefore

Déx ou ou ou ou ou\*
Dt =500t 5, Wy, G "ap”a“z)

=e%—f, from Art. 33 (1),

or T)—Dt (8r —ef)=0.

That 1s equations (1) continue to be true as time advances,
or, as the particles composing a vortex line move, their join is still
the instantancous axis of rotation, which means that “ each vortex
line remains composed of the same elements of fluid, and swims
forward with them 1n the flud.”

Now, regarding the element of length of a vortex line as the
join of two definite particles or elements of fluid, we have seen that
& m, ¢ vary as the projections of this element of length on the
coordinate axes, hence the resultant angular velocity in a defined
element varies as the distance between this and 1ts nexghbour along
the axis of rotation,

Now, regarding the flid as incompressible, consider a short
length of a vortex filament Its volume 1s constant as 1t moves 1n
the fluid because it 13 always composed of the same elements of fluid,
but the angular velocity varies directly as 1ts length, therefore the
product of the angular velocity and the cross section 1n a portion
of vortex filament containing the samc element of fluid, remains
constant during the motion of that element

Again from the expressions for £ 7, £ in terms of «, v, w we get

3§ on  of _ —0
ay oz

fj(ls+mn+nods [ff(a‘f 9, %) dodyds

+

where the surface integral extends to any portion of the fluid

* It has Yeen remarked by Prof. Larmor that this proof 18 not quite rigorous
mnasmuch as 1t 1mplies the expansibility of u, v, w 1n Taylor’s Series 1n powers of ¢.
See Lamb’s Hydrodynamacs, pp. 198-9.
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bounded by a surface S. Applying this to the surface of a porivion

of a vortex filament cut off by cross sections of area o, o' ; the

integral over the curved surface 1s zero and the result reduces to
wo = w'o’,

where w, o' are the angular velocities

That 1s, the product wo 1s constant throughout the whole
length of any onc vortex filament

181. Third Proof from Cauchy’s Equations.
A third proof follows very simply from Cauchy’s equations of Art 31, viz.
§_bde mis &0
P poOa  pyob " pyoc
For, the mitial equations of & vortex line are
da _ db _ de A

& m GHoopo’
and , y, z bemg the coordinates at any time of the particle originally at a, b, ¢,

2 ox 07

A oz ot 2
= e (5°aa +10g;, + Co:‘z.)
AE
p

, from above,

therefore é’f"=‘.l"/=”§"'=2‘,
&E 7 ¢

that 18, the moving element whose projections on the axes have become d1,
dy, dz 13 still part of a vortex line; or the vortex lines move with the fluid.
Agam, 1if ds be the length of the clement and  the angular velocity and
dsy, w, their imtial values
de_dr_ A g Be_de_ X
@ 3 @ & Po
But 1if o, o, denote the cross sections of the filament, the mass of the

clement bemng constant,
pods=pyoyds,

therefore wo=w,0y, or the strength of the vortex filament is constant with
regard to the time That 1t 18 constant along the tilament can then be proved
as before

182. Rectilinear Vortices.

Before going further into the general theory of vortex motion
we shall consider the case of rectilinear vortices in homogeneous
hcuid, which 1s capable of simple independent treatment.
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Suppose a number of straight parallel vortex filaments either
in an indefimtely extended mass of hiquid, or 1n a mass bounded
by two planes perpendicular to the filaments.

Taking the axis of z parallel to the filaments, we have

ou ov
’IU—O, a——o and a—Z—O,
so that E= O’ n= O’ and 2;‘_ ag — ou

%
The equation of the lines of motion 1s
vde —udy =0,
and 1t follows from the cquation of continuity that vdz —udy 1s a
perfect differential dyr, hence, as before,

__Y _oY
llz——'-a?, ?)—'5‘2;
aa;’f+a—‘—”_2g ....... .

and the lines of motion are given by Y = const.

¢ of course 1s zero except along a vortex filament , and the form
of the equation for 4r shews that y» may be regarded as the potential
at any pownt of an infimte medium, the density of which 1s zero,
except along the vortex filaments, which may be regarded as
gravitating straight lines of density — §/2r.

Hence the z-, y- differential coefficients of ¥ are the components
of the attractions of thesc lines parallel to the axes*

Supposing that only a single vortex filament 1s 1n existence at
the pomnt (a, b) and that dadb 1s 1ts areal section, we get for the
velocity components at a point («, y) at distance » from («, b)

u___t?\k_ 2dadb C)?/ b _ tdadb y- b
T 0y r (277 7 T 22

_ 0y 2dadb—8\z—a _ ¢adb z—a
and 0= oz~ r (:Zn: ro T

From this it follows that the resultant velocity g 1s perpen-
dicular to 7, and that
_ tdadb

ar

* The attraction of an infinitely long thin rod at distance r from itself 18 2m/r
perpendicular to the rod, m being the mass of unit length.
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or, 1if « is the strength of the vortex,
K
1= G
the direction of ¢ being in the sense of the rotation {. And for a
single vortex

We might also obtain (2) from the simpler consideration that
outside a single vortex, ¥ being a function of r only, we have

from (1)
2y 10y _
Fr or

so that Y =Clogr,

and the motion outside the vortex being irotational there 1s a
velocity potential
¢ =—C0.
But the strength « of the vortex 1s the circulation or mnerease in
¢ 1n making one turn round the vortex, so that

270 =«
and 4 =§% log r.

If there be any number of vortex filaments, the velocity at any
pomnt will be determined by the superposition of the velocities due
to each, and will be expressed by the equations

K b K T—a
1(—--—2—“ y- v=73 —
72 2 r

183. TIn the case of any number of filaments, if u,, v, denote
the velocity components due to the filament of strength «,, the
expressions

3 (xus) and 2 (k,v,)
will both vanish, for they consist of pairs of terms of the forms

K, &y — T K1 To— X

“om g gy
Hence regarding « as a mass, the centre of gravity of the
vortex filaments remans stationary during their motions about
one another
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‘A single rectilinear vortex in an unlimited mass of liquid there-
fore remains stationary, and when such a vortex 1s in the presence of
other vortices it has no tendency to move of 1itself but its motion
through the liquid 1s entirely due to the velocities caused by the
other vortices.

184. Consider the case of two vortex filaments of strengths
#,, x, and of small section at distance a apart. Each will produce
a motion of the other perpendicular to the line joining them. If they
meet the plane zy in 4, B, the point O that divides 4B in the
ratio «, -k, will remain at rest and, the velocitics of 4 and B being
xy/2mwa and «;/2ma respectively, the line 4B will revolve with
angular velocity (x;+ «,)/2wa®, the vortices describing circles
round O

If the strengths of the vortices are equal but of opposite sign,
say « and —«, O is at infinity and the vortices move 1n parallel
directions with the same velocity «/2ma.

g 55.

If r,, r, are the distances of a point P from A4, B and 6,, 6,
their inclinations to BA, the velocities are x/2nr,, «/27r, at right
angles to AP, BP. So the velocity along the tangent to the circle
APB s

£ .
- - smb,—_ - sin@,=0.
2mrry 27rr,

Hence the stream line through P cuts the circle A PB ortho-
gonally, that is the stream lines are the coaxial circles having A,
B as limiting points.

Thais is also evident from the fact that

=% oo™
\P_21r10gr2'
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Such a pair of vortices may be called a vortex pair.

The reader will notice an analogy between a vortex filament and
an electric current. The straight current of strength ¢ produces a
magnetic field 1n which the force at distance 7 1s 21/r at right angles
tor and to the current. And two equal and opposite parallel currents
produce a magnetic field 1n which the hnes of force are coaxial circles
corresponding to the stream lines 1n the case just considered.

To return to the case of the vortices, 1t is clear that there is no
flow across a plane bisecting 4 B at right angles so that this might
be made a rigid boundary; and consequently a single rectilinear
vortex parallel to a plane boundary and at distance ¢ from 1t will move
parallel to the boundary with uniform velocity /4.

The velocity half-way between the vortices being due to both of
them 1s /e, so the vortex moves with one-quarter of the velocity
of the hquid at the boundary

The 1mage of such a vortex with regard to a parallel plane 1san
equal vortex symmetrically placed, the rotation of the two being in
opposite senses.

185. As afurther example we may obtain the motion of a vortex
par moving directly towards or from a parallel plane boundary or of

“
A; A
z7 o) Z
B8
yl
Fig. 56.

a single vortex 1n a corner between planes mecting at right angles.
The figurc shews the necessary arrangement of images, and for the
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velucity of the vortex at A (, y) due to the other three, we have
components
K AB « a3

K
“ZoxAB T 2mAB AB'” 4w y(ai+y)
d =* 4 kAL« ¥
an U= ondAd' T 2mAB AB T T 4w x(a+y?)
For the path of the vortex 4, we have
&=u and ¥=0,

dx dy
so that Rl

1 1 1
whence by integration prha " =

o1 in polar coordinates  rsin260=2a,
which represents a Cotes’s spiral with asymptotes parallel to the axes

Also since oy — Y& = — «fdm,
the vortices describe the Cotes’s spiral in the same way as a particle
under a central force which can easily be seen to be a repulsion
directed from the origin and varying as the inverse cube of the
distance

186. A rectilinear vortex within a circular cylinder of hqmd wall
remain at rest 1f 1t lies along the axis, but not 1n any parallel position.
The 1mage 1s an equal and opposite vortex so situated that the
vortices cut a cross section of the cyhinder 1n inverse points.

Thus if C be the centre and 4, B a pair of inverse points, we have

o
L
>
(o]

Fig 57.

seen that the strean lines due to equal and opposite vortices through
4 and B zve coaxial circles having 4, B as limiting points, so the
cylinder 1n question will satisfy the condition for stream lines.
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The velocities of the vortices are both equal to /274 B so they
will not remain on the same radial plane through C, and the motions
of the liquid inside and outside the cylinder only correspond at the
mstant under consideration. But so far as the motion inside the
cylinder goes the vortex A describes a circle round C with uniform
velocity «/2mwAB or . CA/2xw (¢* — C4?), ¢ being the radius of the
cylinder.

In the problem of the vortex B in hquid outside the cylinder, we
notice that the foregoing solution with the 1mage vortex at 4 imphes
a circulation « round the cylinder due to the vortex 4, but we want
a solution m which the only circulation 1s due to the vortex B, and
we can get this by superposing the motion due to another vortex
— x at C. This will mnake the vortex B describe a circle round the
cylinder with velocity (counter-clockwise)

K K Kc?

2wAB ™ 2xCB~ 2nCB(CB* = ¢’
To get the solution of the corresponding problemwhen there 1s an
arbitrary circulation £’ round the cylinder, we have only to superpose

a vortex of strength «" at C, adding «’/27wCB to the velocity of the
vortex B*.

187 For any number of parallel rectilinear vortices 1n an un-
Iimited mass of iquid, we have a stream function

V=3 2’% logr, or X :7—’1_ log {(#— =)* + (y — 1)},

where &, 1s the strength of the vortex at (a4, ¥,).

The motion of any one vortex depends not on 1tself but on the
others, for 1t would 1emain at rest 1f no others were present Hence
to get the motion of a particular vortex, say «,, we subtract from
the term that corresponds to this vortex, then if ¥’ (z, y) be the
result, and we find a function x (&, y,) such that

S (L) g X ()
oy oy / ox, oz /,
these arc the components of the veloeity of the vortex, and x (@, 1)
may be regarded as a stream function giving the motion of the
vortex.

* See F A Tarleton, ‘On a problem 1n vortex motion,” Proc. R I A 3rd series,
1. . 617,
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«For example, if there be a vortex of strength « at (#,, y,) and
the axis of # be a boundary of the liquid, there is an imags — « at

(2, —y), and
¥ =a%log (@ =2+ @G- - 4’:—,. log {( —a1) + (y + -
Hence, in this casc,
¥ (@ y)=—z-1og {(@ =) + (y + )"

OX _ _*_ and X
Therefore - 3y, Ty, and B = 0,

so that the stream funetion for the motion of the vortex is

X @, )= — 1= log yi,
or the path of the vortex 1s given by

Y, = constant,
as we know from the discussion of Art 184

188. Use of Conformal Transformation.

The method of Arts 112—116 is also applicable when parallel
rectilinear vortices exist 1n the hiquid; and regarding the problem
as one of two-dimensional motion, as 1 Art. 114, if a vortex IT of
strength « exists in one liquid at a point whose coordinates are
(£,,m), there will be a vortex P of equal strength at the correspond-
ing point (w, 7,) of the other hquid, for the strength 1s — [ d¢ taken
round a small curve surrounding the vortex, and ¢ having the same
value at corresponding points 1 the two hquids, the integral must
have the same value when taken round corresponding curves. These
vortices however do not necessarily continue to move so as to occupy
corresponding points, but we may deduce the motion of one when
we know that of the other Thus, if 4 (&, 7) denote the stream
function of the first motion, the path of the vortex IT will be given
by a stream function x (£, 7,) deduced, as in the last article, by
omitting from ¢ the term

i log (E— £y + (n =),

or the real part of -2—’;; log (¢t —t),
where t= £+ 1.
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Similarly 1 the transformed motion therc will be a strcam
functior ' (@, y) for the motion of the vortex P obtained from
4 1n the same way by the omission of the term

4:‘; log {(z — . + (y — )},
or the real part of 2{—‘_ log (z — 2,).

Hence 1t follows that x' = x + x”, where x” 1s such that

ax _ ,‘ t— tl
N the real part of [ay 2 logz - z.x]z-_z.

Now 0 =1 4 and we assume that ¢—¢, 1s expansible in

oy dz’
powers of z — z,, so that
_ (z (2 — 2,)* (dt .
—ime () 4 G ()

therefore we require

w [ d dt 1 dit

s e o { (), 1= (), -
we [ rdetN [Jrdt )

or of o [% (bl_zS)l / ( ) + positive powers of (z —zl):ll ;

that 1s, the real part of 4 d”t) / gli) )

dz® dz/,
k 0 dt
Whlch 18 E @1 ()g (_[z" .
w_ K dt
Hence X' =4 log d~ g
dt
and X @ ) =x (B m) + 4= log | o . (1)*.

189. Examrres (1) To pind the path of a iectilineas vortexr in the «ngle
between two planes to whick ot 15 parallel

Let =/n be the angle between the planes
The transformation suitable to this case 1s

§+u7—~c< s I/) o1 t=¢ (Z)“ e e (1),

or, 1 polar coordinates, p=c(rfe)*, w=né.
This transforms the §-axis (0w =0, =) 1nto the straight hnes §=0, §=m/n.
* This theorem was enunciated by Routh—¢Some Applications of Conjugate

Functions,” Proc. L.M.S. »11. 1881, p. 83.
R. H. 15
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‘The stream function due to a vortex II at (&, ;) 1n hqud bounded by the
£-axis 15, as 1n Art. 187,

_ ko (=& +(—m)?
Vv=3;1% ¢ ———-—61)2 oy RIS e (@)

Therefore the stream function due to a vortex P at (z, 7,) or (r,, 6;) 1n
hquid bounded by =0, =m/n 15

LY 72— 20 cos n (6 — 6y)
¥=3n 18 2 — e cosn (O46;)
Agan | dtfdzs | =dp|di =n (rfeyn=1 |
0 that for the path of

X (z1, yO=x (1, ’71)+Zx‘ log 771,
mw
where, as n Art 187, x (&L m)= —4':7- log ;.
Therefore  x' (a1, 71)= — f log 7™ s1n n01+ log ol

K
== in log ry s1n n6,,
neglecting constant terms

Hence the path of 7715 7; 51 26, =const ,
which 13 a Cotey’s spiral.

This agrees with Art. 185 for the case n=2. The same problem might be
solved directly by a series of images provided » 18 an 1nteger, but this restric-
tion 15 not necessary 1n the method used above*

(1) There 8 « rectilinear vorter m Lgquid filling the space between two
paiallel planes. To find the paths of the particles

The relation Etm=erlatu)
ol £=€I’I COs py/, 7,-_—3173 s py,

transforms the £-axis =0 mto the lines y=0, y==/p

Taking a vortex of stiength « at a swtable point (£, n,) with the £-anis as
boundary, we get a correfponding vortex at (z;, ;) between the paiallel
planes y=0, y=m/p

As before the streamn function of the origimal motion 1s

= (_ &1)2+(n—m)?
4‘"’ %8 (e= =&+ (n+m)t’
and we get an expression for the stream function between the parallel planes
by substituting for £, 5 1n terms of #, ¥ Thus if the distance between the
planes be ¢ and the vortex be midway between them we have p=n=/c, and
y1=c/2, and 1f we take the y-axis through the vortex we also have 2;=0, and
therefore &=0 and n;=1.

* Greenhill, Quart. Jow nal, xv. p. 15, ¢Plane Vortex motion.’
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Hence we get

AT costmylet (T amnylo=1P_
¢ cost myfe + (€€ in wyfe+1)2 ’
which reduces to cosh #z/c=A4 s wy/c and this represents the paths of the

particles*

190 Rectilinear Vortex with circular section.

We shall confider now some cases of vortices with finite cross
scetion  Let the section be a circle of radius @, and suppose the
spin to be umform and equal to & throughout the whole section,
the vortex being rectilinear

The equations for the stream function are

2
32,{, +2-3 1” = 2¢, inside the vortex,
ow = oy*

oy, Py
st + ¥ = 0, outside the vortex

and

These are equivalent to

d—g%_’,’+}aa‘l:=‘7§, whenr<a . ... «(1),
Py 1049

57 oo = 0, when r>a ... e (2

and

The complete mtegral of (2) 15

Y=Clogr+ D,
and a particular mtegral of (1) 1s
=150
therefore, when ! <a, Yy=Alogr+B+ &=, . e (8),
and, when »>a, Y=Clogr+D . .........(4)

Sinee Y 1s not to be infinte when =0 we must have 4 =0.
And 1f the motion 1s continuous at the surface we have Y- and the
tangential velocity 0yr/or continuous so that

B +1ta*=Clogua+ D,
and ta=Cla

For other examples of this method and the extension of the method by inver-
s1or, see Routh, Pioc LM S x1x p 8l

15—2
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Hence neglecting an additive constant we have,
when < a, =—38(@®—=7) .ocennnn. (5).
and, when r>a, Y=8alogr/a......... ... .. (6).
The velocity 1s wholly transversal both inside and outside the
vortex, 1ts values being ¢r and &a?/r.

Outside the vortex the motion 1s irrotational and the velocity
potential can be found by taking

¢ + 1yr = Lats log (2 + 1y)/a
= ta® (¢ log r/a — 6),
for this gives the correct value for v Hence we have
¢ =—28a*8 or — futan™ y/z,
a many-valued function as we should expect, the motion being
cyche. If « denote the cuculation or the strength of the vortex,
x = 2marf, so that
d=— %r tan~ly/x and = 2’;—_ log r,

as for a thin filament.

To find the pressure. Outside the vortex we have

2% _ip+F,

o= ot
or, since the motion 1s steady, and ¢ = &afr or «/27r,
p_II_ ©
p p 8ww’

where II 1s the value of p when r 1s infimite,
Inside the vortex we have the case of a lquid rotating uniformly
with angular velocity &, so that

dp o,
= = {rdr,
P Erdr

p i
or =3r 4=,
p B P

where P 1s the pressure at the centre of the vortex. Since the
values of p are equal when 7 = a, therefore

P =TI — «%/4ma?
Hence when r<a
P_ II K2 K32
p p 4dmat’ 8miat’
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shewing that if II < «*p/4m%a?, there will be a value of r < a for
which p becomes negative, implying that a cylindrical hollow must
exist mside the vortex.

It as possible to have cyclic irrotational motion surrounding a
hollow cylindrical spacc. The necessary condition 1s p=0 when
r=a, that 1s

I = «% /872 a’.

The oscillations of vortices of the forms just considered were

discussed by Lord Kelvin*,

191 Rankine’s Combined Vortex consists of a circular
vortex with axis vertical in a mass of liquid moving 1irrotationally
under the action of gravity. The kinematical equations are as
in the case just considered, and 1if ¢ 1s the radius the pressure

equations are
2

%= const — 87’:27"‘ —gz, when r > a,
22
and %: const. + 8’:_1-‘a4 9z, when r < a.

The fiee surface has a depression or dimple over the top of
the vortex as shewn i fig. 58. The equations of the free surface,
obtained by making p constant, are

Pl . at
=8_1z—-2a_‘g (a, —r-) +C, when r>a..... e (1),
and z= 8-1r‘a‘ (rP—a)+C whenr<a... .. .. .(2),

the constants being arranged to preserve continuity when r=a.

Taking the origin 1n the general level of the free surface, 1n (1)
we can put z=0 when r=o0, B
so that o
C = — «*/87%ayg.
Then in (2) by putting r=0
we get the depth of the central
depression given by

— z=x*[4ma’g.

Fig. 58

* ¢ Vibrations of a columnar Vortex,’ Phil May. x. 1880, p 155, or Math and
Plins. Papers, 1v. p. 162.
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192. Elliptic Section.

To shew that a rectilinear vortex whose cross section 1s an
ellipse and whose spin 1s constant can maintain 1ts form rotating
as if 1t were a solid cylinder in an infinite hquid *.

We have seen 1n Art. 106, that if a ngid elliptic eylinder of
semi-axes a, b rotates with unmiform angular velocity w 1n an infinmite
mass of hquid the stream function for cychic irrotational motion
with circulation « is

Y =1w(«+b)e#cos2n+kE2m ............ Q).

In this case x = 27fab, where 1s the constant spin.

Inside the vortex we have

L AL (@),

oz* = oy?
with a boundary condition that the velocity of the liquid normal
to the boundary 1s equal to that of the boundary, that 1s

x «
—+—=—wy(—i2+w$bg2. ................ (3).

Assume that Y=8AdP+By*) iceiiiiiiinen anenn. 4),
then from (2) and (3) we have
A+B=1, and 4a*— B =w (a*=12)/2¢ ... (5).
The further condition of continuity of the tangential velocity
at the boundary makes the values of dyr/0€ obtained from (1) and
(4) the same
Putting = ¢ cosh £ cos 9, y =c sinh £sinn 1n (4), this gives at
the boundary
—lo (a+ by e ¥ cos 29 + Lub
= ¢c? cosh Esinh £ {4 + B + (A4 — B) cos 2n}
for all values of 5 from O to 27
Equating cocfficients of cos 29 we get
—lw(a+b)le*=1{c(A— B)cosh £sinh E,
but on the boundary a=ccosh§ b=csmhg and u—b=ce,
therefore
0 a?—b
A—B=—‘2~§. ‘ab ................. . (6).

* Kirchhoff, Mechanih, p. 261.
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From (5) and (6) we find
Aa=Bb=ab/(a + ),
2ab
and = m c

This gives the velocity of rotation of the cylinder as a whole n
terms of the spin and cccentricity of the section.

To find the paths of the particles If @, y are coordinates of a
particle of the vortex referred to the axes of the cross section

oy

.i:—wy:u:——é;/ =—2¢{By=— yw (a + b)/b,
oy
and yroe=v= o = 2ldz= zw (a+d)a.
Therefore #=—owyu/b and y=wzdb/aq,

which lead on integration to

a=Lacos (wt+¢), y=Lbsin(wt+ e),
so that the paths of the particles of the vortex relative to the
boundary are sumlar ellipses, and the period of the relative motion
15 the same as that of the rotation of the cylhinder

193. If an infimte mass of liquid filling all space be at rest at
mfimty we conclude from Art 83 that the hquid must cither be
at rest everywhere, o1 that, 1if 1n motion, 1ts motion cannot be
irrotational at every point

We shall now prove that in such a hquid at rest at infimty the
motion 1s determinate when we know the values of the components
of spin & 7, £ at all points  For if possible let there be two sets
of values u,, v,, wy, and u,, v,, w, of the velocity components each
satisfying the equation of continuity and the equations

ow 0w ou OJw v Ou 2¢

-

W _W g _9U_g, V_9%_
oy 0z £ 3z oc " dx dy
at all ponts of space and vanishing at infinity.
Then the differences 4 =11, — y, v' =1, —v,, W = w, —w, also
satisfy the equation of continuity and
% =0, cte
oy 0z
at all points of space and vamish at infimty. That 1s, w', v', w’ are
velocity components of irrotational motion of a liquid filling all
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space and vanish at infimity. Hence we must have ' =9 =w' =0
everywhere, and therefore therc 1s only one motion satisfying the
prescribed conditions.

A similar argument would prove that the motion of a hiquid
contamed 1n a limited simply-connected region 1s determinate
when the motion of the boundary and the components of spin are
known For a multiply-connected region a knowledge of the circu-
lations 1n the several independent cirenits must be ncluded 1n the
given conditions

194 1In geneial there may be several contributory causes that
go to produce motion at a point in a fluud, for example, the presence
of sources and sinks or the motions of boundaries or immersed
solids or the presence of one or more vortices 1n a fluid result in a
general motion of the fluid The velocities due to the several causes
may be superposed and 1t is our purpose now to find expressions
for the components of velocity u, v, w at any pomnt 1n a liquid due
to given vortices, 1e 1n terms of given components of spin &, 9, ¢

195. To find u, v, w from £, 7, {

« The hquid being incompressible the flow across any two surfaces
having the same curve for boundary will be the same, and there-
fore depends only on the form of the boundary If we assumec that
this flow can be represented by a line integral round the boundary,
we get an equation

ff(lu+mv+ nw) dS=f(Fd.v+Gdy+Hdz),

where F, G, H are components of a certain vector

But from Art. 66
f (Pdz + Gdy + Hdz)

(0H oG oF oH oG OoF
]f{ _éé) +m (55 B En) +r (a_w 83/)} ds,
hence we must have
_oH_o@  oF_oH 0@ OF
oy oz’ 0z ox’ ox oy T ’

o1 as it may be expressed more briefly

u, v, w=curl (¥, G, H).
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It is clear that u, v, w satisfy the equation of continuity, and
substituting 1 the values for £, 7, & we get

ow Ov_ 0 (0F 0G A oH
Y it FoL (@2
% Bx( +ay+az) -VF @),
and similar expressions for 29, 2¢
Hence the assumptions of equations (1) will be justified 1f we
can find F, G, H so as to satisfy the four equations
oF 06 ol
oy Oz
ViF=-28 Vii=-2y, VH=-2f. ...%)

=0 rreer e o . (3)

The last equations can be satisfied by assming F, G, IT to be
potential functions due to distributions of gravitating matter of
volume densities £/27, /27, §/27 respectively. We then have

F._-_fﬂf dm’dy’dz‘
ng;r-ff[:l'd‘r’dy'dz’ e e L (B)
H=2—]7;_ff/‘%:—,d.r'dy'dz'['

for the values of F, G, H at the pomnt (=, y, z), where

=@ —ayY+y—y)y+(z-2)
and &, o', £ are components of spin of the element dua/dy’dz at
(', y', 2'), and the range of integration may be taken as extending

throughout the whole hquid, though the ntegrand is zero at all
pomts at which there is no spin

To complete the solution we must shew that the expressions
(5) satasfy (3).

We have az 27Jﬂf a()dwdy’dz
==3. ffa >dw'dy’dz';

and mtegratmg by parts
lg fl E L,
f dS+ - f do'dy'dz.
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Cherefore

oF 9G AH 1

i 1 ’ ’ !
25t oyt 55 = 2m [ Qg +mer gy s

1 (1 af, a‘n, a§,> ’ 3030

+ou [5Gt oy T o) W
where (I, m, n) are direction cosines of the normal to the element
dS of the boundary of the hquid

Now the vortex filaments are all either closed or end on the
surface S of the liquid, and in the latter case we can always con-
tinue these filaments either on the surface S or outside 1t until
they return into themselves so that a greater space exists bounded
by a surface §’, m which exist only re-entrant vortex filaments
Without loss of gencrality we may suppose the boundary to be of
this kind, and then at every point on 1t either E=n={¢=0, or clse

e+ mn+n&=0,

so that the surface integral in the last equation vamshes And
smce

g om  of

ox oy 0z
vanishes identically at all points of the liquid, as can be scen by
substituting for £ 5, £ 1n terms of u, v, w, therefore the volume
integral vanishes also Hence

oF oG ©oH

oot oyt =0
Therefore the equations (1) give the correct values for w, v, w,
when F, G, H have the values assigned by (5).

It must not be assumed however that there 1s a possible
motion corresponding to any arbitrary distuibution of spin com-
ponents, for unless the components of vcloeity u, v, w and the
pressurc p are continuous they do not i general represent a
possible state of the hquid We shall refer later to one possible
state of discontinuity under the head of vortex sheets.

196. Each element of rotating liquid produces a velocity
in every other element of the liquid mass.

In (1) of the last article let us substitute from (5) so much of
the values of ¥, G, H as arc contnibuted by the element dz'dy’d7’
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and call the resulting components of veloeity at («, y, z) 8u, 8v, dw.
We have ‘

1 N o n oy dx'dy dz’
Su=—5-((y=y) ¢ — (=)} "4

1 o v o At dy d2
3v=-—2~7—r{(z—z)§—-(a:—w)§}(cr:l{ 20 Q).

1 Ny o A dy’ dz’
dw=—, {(@—a)n' —(y—y) &} —~,y;"‘z

Hence (z—a)du+(y—y)dv+(z—2)8w=0,
so that the resultant of 8u, 8v, 8w 1s at right angles to »  Also
Edu+ndv+¢'éw=0;
and this resultant 1s theretore also at right angles to the axis of
spin at (&, ¥, 2')
Lastly

3_da’dy'ds

8q = {(8u)* + (8v)* + (Sw)?} Do 2 o'smy . (2),

where ' 18 the resultant of £, %', ¢’ and » 1s the angle between »
and the axis of spin at (&, ¥, 2')

Hence each rotating element 4 of hquid mmplies 1n cach other
element B of the same hquid mass a velocity whose direction 1s
perpendicular to the plane through B and the axis of rotation of
A, 1ts magnitude being given by the result (2) If the element at
A be a length 8s” of a vortex filament of strength &« we have

o' dx’'dy’ dz’ =}« 8¢,
s0 that we may write the result
8¢ _ .« smpds
dr 7

197. The 1cader fammhar with the theory of electromagnetism will again
recognise the analogy to which reference was made m At 184  The vortices
correspond to electric cuirents and the hiquad velocities to magnetic force due
to the currents The relations between &, 5, ¢ and u, », w are analogous to

(electric current)=curl (magnetic foree) ,
and the result of the last article corresponds to the force on a magnetic pole
due to an element of an electnic current

198 If the flmud be not mcompressible we may wnte the
equation of continuity
ou ov 0w _ 1Dp

awtoyTo:T " p Dt
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But if » be the volume of a small clement of fluid 1ts mass pv is
invariable, so that
D(pv) _, Dp_ Dv
="t "DetP D

therefore

Oou ov 0w _1Dv

oz + @ + ar =y Di= rate of increase of voluine at (z, y, 2)

=0, say,
where 6 denotes the ‘cxpansion’ or rate of increase of volume
at (@, y, 2)

The expansion will cause extra terms 1n the expressions for the
velocities. the expansion of an element dz’dy dz’ being equivalent

to a sunple source of strength f;_ da’dy’d? av (2, ¥, 2')
This gives rise to a velocity potential whose value at («, 7, 2) 15
b= 4ln_ U g-dx'dg/’dz’ by Art 45,

and the complete eapressions for the velocity are

v 8¢ oH oG
=ty y 0z’
__0¢p oF oH

VST oy tor
_ 0 oG oF

Y= Yo "oy

199. Velocity Potential due to a Vortex in incom-
pressible fluid.

Considering a single re-entrant vortex filament of strength «,
we may write the expression (1) of Art. 196

K 7 ’ W ’
8u=—47;_;_,{(y—y)dz—(z 2’y dy’}, ete
by putting &, 9, &' =’ (dz’/ds’, dy'/ds’, d2’[ds’),
and o'dr’dy’ dz’ =} rds’.
« , 0 , 0 /1))
Hence u=-= - {dz ay( ) —dy 82( )}

where the mtegration 1s taken round the filament.
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By Stokes’s Theorem this integral is equal to a surface integral
over any surface bounded by the filament. Thus if we write

u= .—f(de'+ Ydy + Zd2),

() (-

we also have

i e Go-5)+

Bus  X=0, Y=o (1), Z=-(3),
therefore gf 8Y ( )% ai:,z r

X 0z _ o (1) g Y _0X_ @ (1)

3 " ow ~oxoy \r o "oy = owss \r
o ,
Hence = 4‘1;-[,/.( 5 +m , 83) ( )dS
0 (1 2 /1
or since o (_) =-x (-) ,

w=—4—6w[f( a‘70,+m ~+n )dk',,

and similar expressions for v and w.

The velocity potential from which u, v, w are derived 1s therefore
_ K a 8 a 1 U
« cos 8dS’
=4?ﬁ e e e (),

where 6 1s the angle between the normal (7, m, n) to the element
d8’ and the line r joining (=, ¥, 2) and (2, i/, 2’)

This result may clearly be written

b= RQUAT . s s (@),

where © 1s the solid angle subtended at the point (x, y, z) by a
surface having the vortex filament for edge

This potential function 1s clearly a eyclic quantity increasing
bv the cyclic constant « every time the path of a moving point
completes a circutt linked with the vortex, for in these circum-
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stances the sohd angle mcreases by 4. It resembles the magnetic
potential due to an eloctric current

in a closed circuit or to a magnetic ey Y -
shell. ot S
For a single 1ectilinear vortex we «\o
may take @/ 7
Q=2(7T_0) Fig 59.
and ¢ =k (m—0)2m,

making the velocity — 0¢/re€ = «/2wr, as before.

200 From Art 46 and (1) of the last article we see that the velocity
potential 1% what would be produced by o distribution of doublets over the
surface S’ of strength x/47 per umt area with their axes all normal to the
surface and directed to the same side of the swmface This can easily be
understood from the fact that the stream lines all thread the vortex cutting
across any surface bounded by 1t, and the motion might conceivably be pro-
duced by a giving out of liquud normally on one side of such a surface and the
absorption of 1t at the same rate on the other side, combined with a suitable
flow parallel to the surface 1n order to give the stream lines themr actual
directions at each pont of the surface

201. Vortex Sheets.

Supposc that a surface exists in a fluid over which the normal
component of velocity 1s continuous but the tangential component
has different values on opposite sides of the surface.

Consider a small circuit consisting of two lines of length ds drawn
on opposite sides of the surface and having their cxtremities joined
by two infinitely shorter lines drn normal to the surface. Let the
lines ds be 1n the direction of the relative velocity, which 1s clearly
tangential to the surface and of magnitude

u—wy+@—vy+@-wy
if u, v, wand «, v, ' denote the components on opposite sides of
the surface

The cireulation i this circuit 1s
(=Y + @ =0y +(w—wytds
This may be 1egaided as duc to a stratum of vortices whose
axes are at right angles to the direction of the relative velocity.
If @ be the spin at the point considered, the circulation is 2wdsdn,

so that
2odn= {(u— )+ (=) +w—w),
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and the components of spin £, 3, £ are given by '
Edn, ndn, Edn =13 (u—u'), } (v —7'), } (w —w').
 Here dn 1s infinitely small and £, 7, { are infinitely great but
such that the products £dn, ndn, {dn are finite.

Thus the surface of discontinuity may be regarded as a surface
covered with vortex filaments, the spin at any point being given
by the foregoing expressions and the discontinuity 1n the tangential
velocity may be regarded as due to this vortex sheet.

202. Kinetic Energy of a system of Vortices.
The kinetic energy of a flmd 18 T, where

2T=p ff[(u? +v* +w?) dredydz,
which by Ait. 198 becomes

e[ ()

o6 G OoF
+w( o+ 50~ 2y )}d dydz

Integrating this by parts we get
0 :
o7=—p[¢ a;fde+pU:[V-¢dxdydz

+p~U{l(Hv—G’w)+m(11"w—Hu)+ n(Gu— Fv)} dS

+2 f | [(Fg+6n + HY dadyde,
wheie the surtace integrals extend to the whole boundary of the
hquid and the triple integials are taken thioughout the volume.

If the hquid extends to infinity and the vortices are all infinitely
chistant from the boundary the first integral 1s zero by Art. 83.
the second 1s zero because V¢ =0, and the third 1s zero because
at pomnts on the mfimtely distant boundmy F, @, H are ultimately
of order 1/R?, and v, v, w of order 1/R% Therefore

T=p f f f (FE + G + HY) dedydz.
Substituting the values of F, (¢, H from Art. 195 we get

=L [[[[[[EEE deaydeant dy az,
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where each volume integral extends through the whole space occupied
by the vortices.

Another form, in which we 1ntegrate by filaments, may be ob-
tained thus. If ds,ds’ are elements of length of two filaments, o, o’
their cross sections, w, ®’ the corresponding angular velocities and e
the angle between ds and ds’, the elements of volume are ods and
o’ds’, and the integrand 18 ww’cos e/r, so 1if we write 2w =« and
20’0’ =«/, we get

7= L sen [[%F¢ dsds,
der Mo
where the integration 1s along the filaments and the summation
includes each pair of filaments once. This formula corresponds to
that obtained by F. Neumann for the energy of clectric currents.

203. Kinetic Energy Constant.
We can also shew that the kinetic cnergy 1s constant when no
extraneous forces act.
The equations of motion are
DeC v ”’"“ > 3’5 2).
Mulblplymg these by w, v, w a,nd adding we get

. N op ')p op
&th(u2+v +w)=—(u g w k).
If now we multiply by dedydz and integrate over any region
we get

.__.___.J“ 8p+vap+w )dachdz

= f f (u + mv + nw) pdS,

integrated over the boundary of the region.
Let the boundary extend to infimty, and enclose all the vortices,
then since

2% _ja+FO.

therefore at a great distance R from the vortices p will be fimite
(Art 199) and lu + mv + nw of order 1/R* while dS 18 of order R:
Hence tle expression for DT/Dt vanishes and we have

T = constant.
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204. Circular Vortex Rings. ‘

We have already seen (Art. 200) that a vortex ring produces
the same effect as a sheet of doublets bounded by the ring, so that
at pomts whose distance from a circular vortex 1s great compared
with .he radius, we might as a first approximation replace the
vortex ring by a doublet perpendicular to its plane. For ore
detailed treatment we proceed as follows

When the vortex lines are circles in planes parallel to the
yz plane with centres on the axis of #, we may use Stokes’s stream
function and write, in the notation of Art 138,

eo 0¥ 10w
@ 0z
the spimn o at the point (z, =) being given by

_ov_ du _ 1 (@ 0% 103y
Q=¥ _ 0¥ _ _{w L Rt 4 R ¢

Fig. 60

Let us consider the case of a single circular vortex filament.
We may transforn the expressions for F, (7, H, namely

1 El ’ 7 /7
-2;[[[7@ dy'dzete,

by taking o as the cross section and ds the length of an element
of the filament, and putting £, %', {’ =lw, mw, nw where o 13 the
spin and (I, m,n) are the direction cosines of the vortex line, so
that

Edr'dy'ds =lwads = 3klds = {xda’,

« denoting the strength of the vortex
R. H, 16



242 CIRCULAR VORTEX RINGS [cHAP. Ix
Hence F,G,H= ‘h.fdw, il d:-/, f;fdfl
Now let the filament have 1ts centre on the z-axis and be
parallel to the plane yz.
Let (2, ', 2’) be any pont ¢ on the filament, where
Y =wn'cosl, z=w"sinéf.
Let P be the point («, y, z) where

y=wcosf, z=wsnb,

then m=(z—2')+ o+ % — 2ww cos(§ — ).
We get
ke 2"sin@ ., xw’ [2"cos @ .,
F= 0 (I‘——Z‘n: lo 1" d9 H—Z; 0 i (,0,

as the values at P.

Hence the vector whose components are F, G, H les i a plane
parallel to yz and 1ts component in the direction = 15

Gcose+Hsm6-—— sm(é’ o)dﬂ’

4 r

so that the veetor 1s perpendlcular to = as well as to o If we
denote 1ts value by 4, we have

A=IHecos6—Gsm0="" f"-cf-’s—(e ) o,

Remembering that the hine mtegial of this vector round any
curve represents the flow across a surface bounded by the curve,
by taking a cucle of radius = with centre on Oz, we get

27w A = tlow through the circle = — 27y (Art 138),
the flow being from left to right 1n the figure.

Therefore

\Ir:—ﬁ’A———wa ™ cos(0—6)dd
dm Jo (z—2)+ o+ o - 2va’ cos(0 0)}

and since the range of integration 1s round a circle we may clearly
write ¢ for & — 0, so that

kww' [T cos ede

dm Jo (@—2) +o*+a"” - 2w’ cos e}-‘-’ .



294, 205] CIRCULAR VORTEX RINGS 243

dww’
I CET N CE Y
and e=m — 2¢ the result reduces to

Putting

k(wo )%

- fo {(%—L) (l—k’sinﬂcp)_#—]%(l—k’sm"cﬁ)é} d¢

=—K(Z:,)é{(%-—k) K—,%E};

where K, K arc the complete elliptic integrals of the first and
second order with modulus £.

205. It is clear from Art. 196 that at a point P in the plane
of the ring the velocity due to each element of the ring 1s perpen-
dicular to the plane, hence there can be no radial velocity at any
point 1n the plane of the ring  The radius of the ring 1s therefore
constant, for 1t could not vary without causing radial velocity in
the particles close to 1t

To find the motion ot the ring, we observe that near the ring
z =4, and = =  nearly, so that £ =1 nearly, and 4 becomes
infimtely great. The determination of the velocity depends on the
form of the section of the ring, an exact expression for the case
of a circular section was given by Lord Kelvin*, but we can obtain
approximate results for the velocity in the neighbourhood of the
ring as follows .

If & denote the cmnp]omcnta.ry modulus

(@2 (m—a)
T (=2 +(m )’
then A’ tends to zero as the point (2, @) approaches the 11ng.
For small values of &', 1¢ when £ 18 necarly umty,
K =log4/L" and E =1, (Lppmxnnately'['.
K (m-m-’)
Hence Y=—- o lo g
15 the principal part of ¥r when &7 1s smd,ll

And taking this value for \[r we have

e () - 0 () e

* Phil. Mag 4th geries, xxxir. p. 511 (1867), see also Lamb’s Hy."rodynamucs,
p “33.
+ Cayley’s Elliptic Functions, p. 54

16—2
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d , = —o =+

’

and, 1f we take the value for a point on the ring for which @ ==
and z = a’ + € say, where e is small, being commensurable wita the
hnear dimensions of the section of the ring, we get

. 2w’
and (—i;' IOg K= m .
Hence the principal part of the velocity parallel to the axis 1s

¥ 1o 8=’
ly p—— '

For a ring of small section this implies a large vclocity and we
conclude that a thin circular ring will move along 1ts axis with a
large approximately constant velocity.

The direction of the velocity 1s to the side to which the flmd
flows through the ring

For a complete investigation reference may be made to Lamb’s
Hydrodynamacs (l.c).

206. We shall conclude with some observations on the motion
of two circular vortex rings moving on the same axis, taken from
Helmbholtz’s paper on vortex motion. “ We can now sce generally
how two ring-formed vortex-filaments having the same axis would
mutually affect each other, since each, 1n addition to its proper
motion, has that of 1ts elements of fluid as produced by the other.
If they have the same direction of rotation they travel i the sume
direction , the foremost widens and travels more slowly, the pursuer
shrinks and travels faster, till finally 1f their velocities are not too
different, it overtakes the first and penetrates 1t Then the same
game goes on 1n the opposite order, so that the rings pass through
each other alternately.

“If they have equal radii and equal and opposite angular
velocities, they will approach each other and widen one another,
so that finally, when they are very near each other, their velocity
of approacn becomes smaller and smaller, and their rate of widcning
faster and faster. If they are perfectly symmetrical, the velocity
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of fluid elements midway between them parallel to the axis 1s zero-
Here then we might imagine a ngid plane to be inserted, which
would not disturb the motion, and so obtain the case of a vortex
ring which encounters a fixed plane.

“In addition it may be noticed that it 1s easy 1n nature to study
these motions of circular vortex rings, by drawing rapidly for a
short space along the surface of a fluid a half-immersed circular
disk, or the nearly semicircular point of a spoon, and quickly with-
drawing it There remain 1n the fluid half vortex rings whose axis
15 1n the free surface. The free surface forms a bounding plane of
the fluid through the axis, and thus there 1s no essential change 1
the motion These vortex rings travel on, widen when they come
to a wall, and are widened or contracted by other vortex rings,
exactly as we have deduced from theory*”

207. Steady motion.
When the external forces have a potential O the general equa-
tions of motion are of the form
ou, ou du ou_ 0Q 19p
ot P oyt T e pon’
and similar equations.

And 1f we put x=f%’+z}q’+ﬂ,

the foregoing equations may be written

oo E) o (-5
o 10p ( 3u+ g;+ 3w)’
or = — 208+ 2wy = —ap e . (1),

and similar equations
When the motion is steady we have

ou ov ow
=% =0 5=0

therefore

Xo2t-wn), K=20E-u), X=2(wn—p)

< See also a paper by Love, ‘On the motion of paired vortices,” Pioc. L.M S.
1804, p. 185.
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Hence E ox s ax + t
aX Bx Bx
and “ouw t oy Yoz

Therefore ¢ = const. represents a surface the normal to which
at any pomnt 1s at right angles to both the vortex line and the
stream hne through the pomnt That 1s, there exists 1n the liquid
a family of surfaces x = const. each covered by a network of vortex
hines and stream lines.

In the special case 1n which the motion 1s 1rrotational, however,
as we have seen 1n an earlier chapter, x 1s constant throughout the
whole hqud.

If for an instant we take the axis of # normal to the surface
x = const, we must have u=0, £=0, and if 9» 18 an element of
the normal to the surface

g}:g§=2(vi;-—wq)=2qwsm0. c e (2),
where 8 15 the angle between the direction of the velocity ¢ and
the axis of spin o, 1e. the angle between the stream line and the
vortex line.

Hence we have as the conditions for steady motion that 1t
must be possible to draw a family of surfaces 1n the liquid each
covered by a network of strcam lines and vortex lines and such
that at every point of a surface gw sin #0v 18 constant, where ov 1s
the normal distance betwcen the surface and the next consecutive
surface of the family*

In two-dimensional hquid motion 1t 18 obvious that gov 1s con-
stant along a stream line, therefore the condition for steady motion
15 that the spin ¢ shall be constant along a stream line This will
be the case 1f we put 2¢ = f(y), where 4 1s the stream function
and f an arbitrary constant

ov ou aw» oy

But W=t oy~ Ty

therefore for two-dimensional steady motion we have to satisfy

=t
oz

* Lamb, ‘On the conditions for Stea.dy Motion of a Flwd,’ Proc. L.M.S. 1x.
p. 91, or Hy drodynamacs, p. 236

t Stokes, ¢ On the Steady Motion of Incompressible Fluids,” T'rans. Camb Fhul.
Soc. vi1. p. 439, or Math. and Phys. Papers, 1. p. 1.
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This 18 clearly satisfied whencver the stream lLines are concentric cucles
with the origin as centre. Another casc 1s where the stream lines are a system
of similar and similarly situated ellipses or hyperbolas, thus

V=4 (a2®+2bzy+cy?)
makes V2yr=a+ ¢, 30 that equation (3) 18 satished, and the spin (=4 (a+c) 18
uniform

In Iike manner a system of equal parabolas having the same ax1s may be
seen to satisfy the conditions for stream lines m steady motion

208 Steady motion symmetrical in planes through an
axis.

If the motion 18 symmetrical about the z-axis and = denotes
distance from the axis, we clearly have ¢ .27wdn constant along a
stream line, for this represents the flow between two consecutive
stream surfaces of revolution. But we must also have qwon con-
stant over such a surface from (2) Art. 207, because from symmetry
the vortex rings must have their centres on the z-axis and their
planes perpendicular to 1t, so that they cut the stream lmes at
night angles. Therefore w/= must be constant along a stream line
This 1s satisfied by making 20 = =f({), where f is an arbitrary
function of Stokes’s stream function yr. Hence from Art. 204 (1)
we have

oy oy 10y

7' | Jw' wow

GF(F) o e (1)

as the necessary condition

An example m which this condition 1s satisfied 1s Hill’s
¢ Sphernical Vortex*’

EXAMPLES

1. Assuming that, 1n an mfimte unbounded mass of incompressible fhud,
the circulation i any closed circuit 1s independent of the time, shew that the
angular velocity of any element of the flud moving rotationally varies as the
length of the clement measured 1n the direction of the axis of rotation

(MT 1880.)
a.r—by ay+bx

2. Ifu= 1‘+y"‘/’ o= a;ziy" ,
motion of the hiquid

and w=0, mvestigate the nature of the

* ¢<On a Sphenical Vortex,” Phil. Trans. A. 1894, or see Lamb’s Hydrodynamics,
p. 237,
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2. When an infimte liquid contains two parallel equal and opposite recti-

linear vortices at a distance 2b, prove that the stream lines relative to the
vortices are given by the equation

at4(y—b)?

198 2 (y T 0y

the origin being the middle point of the join, which 1s taken for axis of .

Y =0;

4. In the last example, 1f the vortices are of the same strength, and the
spin 1s 1n the same sense 1n both, shew that the relative stream lines are
given by

log (74t — 20272 cos 26) — r?/2b%= constant,
6 bemg measured from the join of the vortices, the ongin bemng its mddle
point.

5. An nfimtely long line vortex of strength m, parallel to the axis of z, 15
situated mn infinite iquid bounded by a rgid wall 1n the plane y=0 Prove
that, if there be no field of force, the surfaces of equal pressure are given by

{(z-al+ @y -0} {(z—af+ @+ =Cly*+ 12— (z—a)?,
where («, b) are the coordinates of the vortex, and C 1s a parametric constant
(Umv. of London, 1909 )

6. If » rectilmear vortices of the same strength x are symmetrically
arranged as generators of a circular cylinder of radius @ 1n an infimte hiqud,
prove that the vortices will move round the cylinder umiformly n time
8m2a%/(n—1) x, and find the velocity at any point of the hquid

7. When a pair of equal and opposite rectilinear vortices are situated 1n
a long circular cylinder at equal distances from 1ts axis, shew that the path of
each vortex 1s given by the equation

(r¢san2 8 — b?) (12 — a?)2=4a??12s1n% 6,
6 being measured from the line through the centre perpendicular to the jon
of the vortices. (Greenhill )

8. Obtain the distribution of the velocity round a straight vertical vortex
core 1n liquid - and find the form of the dimple where the core meets the free
surface. (St John’s Coll 1897 )

9. Find the motion of a straight vortex filament in an infinite region
bounded by an infinite plane wall to which the filameut 13 parallel, and prove
that the pressure defect at any point of the wall due to the filament is pro-
portional to cos? 6 cos 26, where 6 1s the inchination of the plane through the
flament and the point to the plane through the filament perpendicular to
the wall. (MT. 1912)

10. A fixed cylinder of radius a 18 surrounded by incompressible homo-
geneous fluud extending to wfimty. Symmetrically arranged round 1t as
generators on a cylinder of radius ¢{>a) coaxial with the given onec are n
straight parallel vortex filaments each of strength «. Shew that the filaments
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will remain on this cylinder throughout the motion and revolve round 1ts «xis
with angrlar velocity

x (n+1)c™+(n-1)a*
dmd o

and thet the velocity of any point P of the fluid 15

knrn 1 o=t
2w (r® — 2cnrm cos nf + cz")b (r¥n — 27 cos né + b"‘)’l’ ’

where a2=0c, 7 13 the distance of P from the axis, and 8 1s the angle between
a plane contaming P and the axiy and a plane contaiunng the axis and the
mstantaneous position of any one of the filaments. (M.T. 1880)

11. If (ry, 6y), (%2, 83) .. be polar coordinates at time ¢ of a system of recti-
linear vortices of strength «;, xz, . . prove that

Skré=const
and Skrtf= 21" ki, (Kirchhoft.)

12. The space enclosed between the planes 2 =0, #=a, y=0 on the posi-
tive side of y=0 1s filled with uniform incompressible liquid. A rectilinear
vortex paiallel to the axis of z has coordinates (2, y'). Determine the velocity
at any point of the liquid and shew that the path of the vortex 1s given by

cot? ™ 4 coth? ™ = constant M.T. 1899.)
a a

13. An elhptic cylinder 1 filled with hquid which has molecular rotation
o at every pomt, and whose particles move m planes perpendicular to the
axis, prove that the stream lines are similar ellipses described 1n periodic
time * ¥+ (M.T 1876.)

o ab

14. Fimnd the law of velocity in a steady irrotational hquid vortex, circulat-
ng round a stationary solid core of the form of an elliptic cylinder. Shew that
the variable part of the pressure on the core, due to the motion, 1s negative
and at each point proportional to the square of the perpendicular from the
centre on the tangent to 1ts section (St John’s Coll 1896.)

15. In an mcompressible fluid the vorticity at every point 1s constant in
magmtude and direction, shew that the components of veloaty u, », w are
solutions of Laplace’s equation, (Trimty Coll. 1906.)

16. Prove that, 1 the steudy motion of an incompressible liquid, under
the action of conservative forces, we have

Ou, Ou, ,0u
55.—1:+"3_j+‘3z_0’

and two more similar equations 1 v, w
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IIence shew that if , », w are linear functions of 2, y, z, then
Su+nv+{w=0,
and that there are two and only two possible cases :

(1) an 1rrotational motion with a velocity potential which 18 any solid
harmonic of degree two n 2, 7, z,

(1) a rotational motion which may, by choice of axes, be reduced to
the form
u=ar+h-)y, v=>~A+¢)z—-ay, w=0

Find the hines of flow 1n case (1), and shew that the motion 13 periodic 1f
(2> (a2 +A2). (St John’s Coll. 1902 )

17. Prove that the kinetic energy of a vortex-system of finite dimensions
m an mfinite hquid at rest at infimty can be expressed m the form

%[ [ {1 (9 2n)+ (26 — 28) 10 (2 — y8)} dardy ds.

18. Prove that a thin cylindrical vortex of strength o, running parallel to
a plane boundary at distance a, will travel with velocity o/4wa and shew that
a stream of flid will flow past between the travelling vortex and the boundary

of total amount %r {log (gc(—") - —12—} per umt length along the vortex, where ¢
18 the (small) radius of the cross section of the vortex (M T 1916)

19. If, with the usual notation, udr+ vdy +wdz=d6+\dy where 8, A, x
are functions of z, y, z and ¢, prove that the vortex lines at any time are the
lines of mtersection of the surfaces A=const and y=const

20 Prove that the necessary and sufficient condition that the vortex lines
may be at nght angles to the stream lines 1s
% 19 7o
010y’ 0 )"
where p and ¢ are functions of #, y, 2, ¢

U, Uy W=p

21. Prose that 1n regions remote from a single thin vortex ring the stream
lines approximate to the curves r cosec? § =const., where  denotes the distance
of a point P from the centre O of the ring, and 8 the angle which the line 02
makes with the axiy of the ring (MT 1910)

22. Find the motion of the hiquid around a closed vortex-filament, shewing
1ts equivalence to a double sheet of sources and sinks deduce that the 1mage
of a circular ilament moving 1n mfimte hquid surrounding a 11g1d sphere 1s
another filament; compare the circulations  Describe the bebaviour of the
filament as 1t approaches the sphere (M.T 1911)

23. Shew that 1if the velocity is stationary at a point on a stream line 1n
the steady motion of a liquid, the stream hne 1s a geodesic on a member of the
family of surfaces that contains the stream lines and vortex lines.

(Greenhill.)
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24, A straight cylindrical vortex column of uniform vorticity ¢ 18 sur-
rounded Ly an infimite quantity of fluid moving irrotationally which 1s at rest
at infimty, prove that the difference between the kinetic energy included be-
tween two planes at right angles to the axis of the cylinder and separated by
umt distance when the cross section of the eylinder 1s an ellipse and when 1t
18 a circle of equal area A 18

a+b

82 Vab’

where p 13 the density of the fluid and @ and & the semi-axes of the ellipse.
(M T. 1887)

p§2A‘~’l

25. If the velocities at a pont 1n a hqud m wotion under a system of
external forces having a potential be expressed by

o __% -
a—t-l'xa_x, 7)-——~+R5—, w-——— + 8~

U= —
D
prove that the result of operating with e o the 1dentity
EON mon ¢
e +
pox ply  p 0z
where £, 5, ¢ are the rotations, gives, after a reduction,

0 D\
Toiv
(581,+’7" +§az i =0 (Dublin Umv 1911)

oy
26. If
u=—~¢+ 1,6, v=-¢,+F,-H, w=-¢,+0G,—F,,
where ¢.=0¢/0a, ctc,

prove that [ f / (u2 4 02 + w?) dedyd: taken thiough any portion of space

within which ¢, F, G, H and all their differential coefficients are finite and
continuous, equals

f f (P24 B2+ G2+ 12— J?) dedyd:,

taken through the same space, together with / f xdS taken over the boundary,

where ¢ 2=, 2+ ¢, 2+ .2, with similar values for Fy, Gy, H,,J=F,+ G, + H,,
and x 18 to be found (Dublm Umv 1911 )

27. A hqud extending to infimty moves under the mfluence of a fimte
system of vortices . find the force and couple resultants of the system of 1m-
pulses which would produce the motion (Dublin Tmv. 1907 )

28. Shew that every irrotational motion, whether cyclic or acyclic, of a
liquid occupying a given region, can be produced by a proper distribution of
vo.tex sheets on the houndaries, and shew how to determine this distribution.

(Dublin Univ. 1907.)
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29. A lhqud, extending to infinity, moves under the influence of a sphere
composed of circular vortex rings whose planes are perpendicular {o the axis
of x, whose centres hie on this axis, and 1n which the molecular angular
velocity 1n each ring 1s proportional to 1its radius.

If the components u, v, w of the velocity of the liquid are expressed by the
equations

op OH 0oG
’ll:-—-a‘.;‘:: 5}7--5;,8&,
find F, G, H at a point outside the sphere. (Dublin Univ. 1907.)

30. Shew that the motion of the hiquid outside a certain surface surround-
ing a circular vortex ring the radius of whose core 13 small compared with the
radius of 1ts gperture, 18 the same as that due to the motion of this surface
through the hiquid with the velocity of translation of the ring.

Fmd the equation to this surface and the length of the axis of the ring
mtercepted by 1t. (MT. 1892)

31l. Work out the analogy between a sphere 1n hiquid and a uniformly
magnetized sphere, pointing out the vortices 1n the first case, and the electric
currents 1n the second, which will produce the same effect. (MT 1881)

32. When the motion of aun infimte hqud 1s due to a single cireular vortex
ring, in which the spin at any pomt 1s proportional to the distance from the
straight axis, and the section 1s taken to be a circle of radius small compared
with the radius of the aperture, obtain an expression for the velocity at any
poimnt of the fluid parallel to the straight axis

Prove that the flmd carried forward with the ring 1s or 1s not ring-shaped
according as the ratio of the radius of the section to the radius of the aperture
is less or greater than a certam fraction, and find an approximation to this
fraction (M T. 1897.)

33. A umform mcompressible perfect hqud eatends to infinity and 15 at
rest there Within 1t 18 a spherical vortex sheet of radius « with its vortex
lines arranged 1n parallel circles, on the axis of which 1s a fixed point C at a
distance ¢ (<a) from the centre; the strength of the sheet at any point 2 1s
m sin ¢, where ¢ 13 the angle between C'P and the axis of the circles. Shew
that the velocity at a point on the axis at a distance r (>a) from the centre 1s
n=<p(n-1) ( a? c? )m‘”“”

m 2 =3 2n+1) el

we: 2n-1 (M.T. 1900.)



CHAPTER X
WAVES

209. THE dynamics of wave motion is of great 1mportance in
physical investigations, as wave motion constitutes one of the prin-
cipal modes of transmission of energy. The energy received from
the sun 1s transmitted by waves 1n the ether, the energy of sound
by air waves, and the theory and practical applications of electrical
waves afford opportumity for still further developments. In the
present chapter we shall only consider water waves, which, though
most famihar, are not the easiest to discuss mathematically.

210. The oscillatory nature of wave motion. By a wave
we mean the continuous transference of a particular state or form
from one part of a medium to another. This does not imply the
transference of the medium 1tself from one place to another but
merely the propagation through 1t of a particular form, state or
condition. Thus 1n water waves, the fact that small bodies loating
on the water are not borne onwards by the waves 1s an indication
that the elevated masses of water are not moving forward bocily,
and that it is only the uncvenness of the surface that 1s moving
from place to place As the waves pass a floating body it appears
to be carried forwards a small distance on the crest of a wave and
backwards when 1 the trough of the wave so that on the whole
each wave leaves the position of the body very little altered.

The following explanation of how water waves can be main-
tained by small oscillatory movements of each particle of water is
due to Airy*,

* Article ¢ Waves and Tides,” Ency. Metrop 1845.
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Let ABCDEFG represent the outhne at oue mstant and abedefy an 1nstant
later, we want to shew that the displacement of the contour of the surface
can be produced by a small oscillatory movement of each particle of water.

Draw vertical lines to the bottom of the water and suppose the particles
1n each vertical line to be moving 1 the direction of the arrows 1n the figure,
that 13, all particles below the crest of the wave are moving forwards, all
below the hollows are moving backwards, and all below the midway points
A, C, E, ¢ are for the moment stationary And suppose the velocities of
the horizontal motion of the particles i the vertical lines intermediate to
those drawn i the figure are mtermediate to the velocities of the particles
1 the lines drawn 1n the figure This supposition will account for the motion
of the wave or shape For, take ponts By, B, near to B C,, Cy near to C,
etc draw lmes from thern to the bottom and consider the horizontal motion
of the particles mn those lines B, and B, are both between the principal
pomnt of backward motion B and pomts at rest 4, €, therefore the particles

DD,

g e G
E
B 3 f 9

EF IR

EY

FSES & i

7 7 77 77 ’

DoD, EEE, AR G

g 61

below B, and those below B will be moving backwards and with nearly the
same speed, so that the intermediate surface at B will not be sensibly elevated
or depressed masmuch ay the vertical boundaries 53,75, and 5,58y of the
mcluded column of water will after a short time be at the same distance
apart as at present But the particles in the line C,C,) are between a point
of rest ¢'and 4 powt of hackward motion B and therefore are moving back-
wards, those m the line (€)' are between a point of rest and a pomnt of
forward motion /) and therefore are moving forwards, consequently the
vertical boundaries C,¢y, C,C of the included column are separating and
therefore the surface at € will drop and after a short time will be found
depressed to ¢. In like manner 1t will be found that the particles m D, Dy’
and D, )y are moving forwards with nearly the same velocity so that in the
mtermediate part at /) there 15 no sensible alteration of level But in £, Xy
the particles are moving forwards and 1n £, £y’ backwards resulting in a raising
of the level fromw £ to ¢ Puisuing this reasoning 1t will be evident that
the contmuous horizontal motion of the wave or shape forwards 1s entirely
accounted for by the rising of some portions of the surface and the falling of
others and that these risings and fallings may be considered as the effect of
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small horizontal motions of the water, some forwards and others backwards.
And as 1n the progress of the waves, the same particles are alternately in the
crest and 1n the hollow of the wave, every particle will be alternately moving
forwards and backwards and alternately upwards and downwards, that 13 the
particles are oscillating while the waves advance continually in the same
directicn.

211. Mathematical representation of wave motion.
Graphically the equation

Y=f(t—x)eee ceiviiniiin.. (1)

represents a wave motion, in which a curve of the form y = f(=)
moves 1 the positive direction of the z-axis with velocity ¢ For
if m (1) we 1ncrease ¢ by t' and « by ct’ we leave the ordinate y
unaltered

Fig 62

A simple harmonic progressive wave 1s represented by a curve
of sines moving with defimte velocity in the direction of 1ts length.
Thus the cquation

y=asm@me—nt+e) ... . ... ... (2)

represents a wave moving n the positive direction of the z-axis
with velocity n/m, called the velocity of propagation, V say.
The distance between two consccutive crests of the curve 1s 2/,
this 1s called the wave length and denoted by A. The period
of the wave 18 27/n or A/V, for the wave at time ¢ = 27 /n presents
the same appearance relative to the origin as at tune ¢ =0, each
crest 1 this mterval moving forward a distance A, 1e. to the
position occupred at the beginning of the interval by the next
consecutive crest.

The maxunum value of y, viz. @, 15 called the amplitude.

Equation (2) may also be wrnitten

2 ,
y=asm= (@=VE+€) .oovv viininnns (3),

or Y =asin 27r<;€-§_+€'> C reree eeenes 4),

where 1 the latter case T denotes the period N/ V.
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‘The reciprocal of the period is called the frequency; 1t
denotes the number of vibrations per second.

Phase. In equation (2) e represents the phase of the wavc
at the mstant from which ¢ is measured. If we compare the

equations
y = @ sin (mx — nt),

and y = a sin (ma — nt + ¢),

we see that both represent wave motions having the same amph-
tude, wave length and period, but that they differ in phase As
regards position the one is a distance ¢/m 1n advance of the other,
or as regards time the one has a start of e/n from the other.
Strictly speaking the difference of phase 1s a number ¢, representing
radians, but in such a casc as we are considering 1t is not unusual
to speak of the phase in terms of either distance or time, thus, 1f
€ = /2, one wave 18 one-quarter of a wave length 1n front of the
other, or, in terms of time, one 1s one-quarter of a period ahead
of the other, and we may say that the phases differ by a quarter
of a wave length or by a quarter of a period.

212. Standing or stationary waves. If two sunple har-
monic progressive waves of the same amplitude, wave length and
period travel in opposite directions the resulting disturbance of
the medium is represented by the equation

y = a sin (mz — nt) + a sin (ma + nt)
= 2a s1n mx cos nt.

Such a wave 1s called a standing or stationary wave At any
mstant the cquation represents a sine curve but the amphtude
2a cos nt varies continuously The pomnts of intersection of the
curve with the z-axis are fixed points called nodes.

In the same way a progressive wave system can be regarded
as the combination of two systems of standing waves of the same
amplitude, wave length and period, the crests and troughs of one
system coinciding with the nodes of the other and their phascs
differing by a quarter-period.

For if y,=asmmacos nt be one of the standing waves the
other mu.t be y,= a cos ma sinnt, and by combining the two we
get y =19, + ¥, = asin (max + nt) representing a progressive wave.
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218. We propose to consider waves 1n mcompressible liguid
under the action of gravity. Such waves imn water are generally
produced by disturbing forces such as wind pressure, by the
relative motion of a body such as a ship on the water, or by such
causes as 1rregularities in the bed of a stream, so that, neglecting
viscosity, the motion 1s wrotational Roughly speaking the cases
that we shall consider fall into two classes: (1) Long waves in
shallow water, where the depth of the water 1s small compared to
the wave length and the disturbance affects the motion of the
whole of the hquid, (2) Oscillatory or surface waves, where the
wave length may be small compared to the depth so that the
effects of the disturbance cease to be appreciable below a certam
depth,

214. Long waves. Let us consider the case of waves
tiavelling along a straight canal of unmiform section. Take the
axis of  1n the direction of the length of the canal and y vertically
upwards, and let 7 be the clevation of the free surface above the
equilibrium level at the point whose abscissa 1s « at time ¢ If
the wave length be large 1n comparison with the mcan depth
the vertical acceleration can be ncglected m comparison with the
horizontal, so that as far as vertical forces arc concerned we may
regard the hqud as m equlibrium and take for the pressure at
any pomnt the statical pressure due to the depth below the free

sutface

Therefore the pressure p at a point («, y) 1s given by
P=Do=gp(Yo+n—Y) -0 o e D),

where y, 18 the ordmate of the undisturbed free surface and p,
1s the pressure above the hquid supposed constant. Hence we
get

op on

5-{1; = gp -a';‘ e cestsess eeess sassans .(2),
and as this 1s independent of y, and the horizontal acceleration
of an element depends on the difference of pressure at its ends,

le. %dw, 1t follows that the horizontal acceleration of all points

0
in the same vertical cross section of the canal 1s the same, and

consequently that points that are once mm a vertical plane are

always 1n a vertical plane.

R H 17
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Considering a small horizontal cylinder PP’ of liquid of length
da’ the difference of pressure at 1ts ends 1s gp %Z" da’. Andaf 2

be the abscissa of the vertical plane of particles through P in 1ts
equilibrium position and § the homzontal displacement of this
plane of particles,

E=4E i v i 3)

and the horizontal acceleration 1s 92£/0¢2

If « be the cross section of the cylinder PP, the mass 1s xpda’
and the equation of motion is

,E 00 1o
dea- _37: = e gpIC a.z"dw N
0 0
or Bt§=_93:' ceee veeen R )

If now we suppose the motion to be small and neglect the
squares of small quantities, we get from (8) and (4)

L ®)

aﬁ__'qa_a; .................

We have now to form the equation of continuity. Let A4 be
the area of the cross section of the canal, and b the breadth at
the surface In the position of equilibrium the volume of liquid
between the planes # and z+dx 18 Adz. At time ¢ the distance

between the bounding planes of this hquid is dz + g—i dz, and the
area of the cross section of the hiquid 18 4 + by, therefore
of ).\ _
(4 +n) (do+ 52 do) = A da

Neglecting the product of the small quantities this becomes

% 4=
A a’& + b’l) =0 . ........ © eeeeeaes (6),
and we therefore obtain from (5)
rE  gd ok
_é—t'z - _b— a}’, ® &  sesBesecss sesseas (7)-

To integrate this equation we write
gA/b=c,
and &—ct=a,, «+ct=uax,,
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0 0 0 ] 0 0
so that a—-—ca?l-l-ca;g,and 82_8_4024-55,’
reducing equation (7) to the form

o0*E
dw0m,
the solution of which 1s

E=f(x1) + F(“’s),

where f, F are arbitrary functions.

Hence the solution of (7) 1s
E=f(x—ct)+F(r+ct) ..eoven v . (8),
representing two waves travelllng in opposite directions with
veloaty ¢ = (gd/b)3.

If the canal be of rectangular section and depth % the wave

veloeity 18 (gh)¥, 1e. a velocity due to half the depth of the liquid.

The displacement being given by (8), the elevation 51s given by

__A%

== A from (6),

that 1s, n ——f;}f’(w—ct)—%lf"(m+ct).

We should expect the expression for % to contain two arbitrary
functions because the elunination of £ between (5) and (6) shews
that # satisfies the same equation (7) as £.

The particle velocity £ 1s given by
E=—cf (x—ct)+cF' (z+ct)

The meaning of the solution that we have obtained 1s not that the
hypothesis of the existence of a ‘long wave’ 1nvolves a comphcated
motion represented by arbitrary functions, but that all possible
motions subject to the limitations we have 1mposed are mncluded in
the general solution (8), and the forms of the functions £, ¥ to suit
any special case must be determined from given imtial conditions.
A discassion of the adaptation of the solution to special cases will be
given 1n a later chapter At present we will confine our attention
to the determination of the motion of the individual particles.
17—2
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2156. Assuming the canal to be of rectangular section 1t is clear
that the particles move 1n planes parallel to the length of the canal.
A vertical column bounded by two such planes and two others at
right angles to them remains a vertical column on a rectangular base,
but the area of this base changes during the motion and the lieight
of any particle 1n the column changes in such a way that the volume
of the part of the column below the particle 1s unaltered; hence the
vertical displacement of any particle 1s proportional to its height
above the base. Therefore when the motion of a particle at the
surface 1s known the motion of any particles in the same vertical lme
is found by dimimishing the vertical displacement 1n a given ratio
without altering the horizontal displacement

To trace the motion of a surface particle when a progressive wave
passes over 1t 1n either direction, we may take

E=f(r—ct)
Then from (6), putting 4 = bk, we have
_ ok ...l
n=—hit=—lf @—ct)= £
¢
or E—ch .. C e e (1)

The particle 1s at rest until the wave reachest, then 1t moves forward
as well as upward with a velocity proportional to the elevation of the
wave above the equibibrium level, when the crest of the wave
1caches the particie the upward motion ceases but the horizontal
veloeity 1s & maximum, 9 then decreases and £ increases less 1apidly
and as the wave leaves the particle 5 = 0 so that the particle 15 at the

same height from the bottom as before, but £= 71; nedt = b_lh j bnedt

and when the wave has passed the particle this expression represents
the total volume of the elevated water divided by the sectional area
of the canal Hence the particle 1s finally deposited 1 front of 1ts
mitial position by this distance.

If the wave consists of a single depression instead of an clevation,
everything 1s the same as before except that the particle moves
backwards instead of forwards.
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216. To recapitulate—the results of the foregoing Articles Lave
been oktained on the hypothesis that the motions are so small that
squares and products of £ and #n can be neglected, and that the
vertical acceleration can be neglected 1n comparison with the hori-
zonta!. We may observe that if we consider the passage of a wave
consisting of a single elevation of length A and maximum elevation 5
the time taken to pass a particular particle is A/e, where c 1s the
velocity, and the vertical velocity will be of order nc/A, and the
vertical acceleration of order 7¢*/A% But from Art. 215 (1) the
maximuin horizontal velocity is en/h, and taking ¢ = gh, we get that
the ratio of the maximum vertical and horizontal velocities 1s of
order h/\, and the vertical acceleration being of order gnh/A\? can be
neglected if &/X\ 1s a small quantity. This shews that waves of the
type described are propagated only when A/A 1s small, and justifies
the apphication to them of the term ‘long waves.’

The foregoing discussion 1s based on an article by Stokes*,

217. Long waves—general equation. Reverting to Art.
214, 1f we form the equation of motion for the liquid which in
equilibrium occupies the space between two cross sections at a
distance dz, ¢ and z + dz being the abscissae 1n the undisturbed

state,and z + Eand z + £ + dz + gi dz the abscissac at time ¢, of the

bounding planes, the mass 1s pAdx and the equation of motion

pAdz ——€=—al-"da:(:l+bn),

ot
, W _ 4 0m
where as before 3= 9P 5
so that the equation of motion 1s
3”5’ on by
= aw(1+ ) e e (D).

The equation of continuity 1s

(A4 +bm) (do + 52 o dz) = Ads,

by __0F o
or T=-Z(1+ 8:0) .................... @),

* ¢On Waves,” Camb. and Dub. Math. Journal, v p. 219, or Math und Phys.
Papers, 11. p. 222.
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and the elimination of  between (1) and (2) gives
2E_ ADE oE\® ay#
o gbw<l+aw) .................. ®)
Our former equation 1s an approximation to this i which the
squares of small quantities are neglected. Aury’s discussion of this
equation shews that waves cannot be propagated to infinity without
change of form

218. Long waves—another method. In any case in which
waves are propagated 1n one direction only without change of form,
the problem of finding the velocity of propagation can be simplified
by 1mposing on the whole mass of iquid a velocity equal and opposite
to the velocity of propagation of the waves, the wave form having the
same relative velocity as before becomes fixed 1n space, and the
problem becomes one of steady motion.

In the case of long waves, neglecting the vertical velocity, let U
denote the veclocity of propagation, and u the small additional
velocity due to the wave motion at pomnts where the elevation 1s .

The equation of continuity 1s
A+)(U+u)=4AU ...... ... 1),
where A 1s the area of the cross section and b the breadth at the
surface.
If 8p denote the excess of pressure due to the wave motion
we have

%+gn+%(U+u)2=§U2... i e (),
A2
therefore Sp=13p U {1 — C A_-l—_bn)"} —9pn
240 + b*
_{%U((-A_'_b ):’)-—g}»pn... ....... .(3).

If » be small compared to 4 /b, this reduces to
op={U*b/A — g} pn,
and 1f U?= gA/b the surface pressure 1s constant to a first approxx-
mation, so that a free surface 1s possible. This value of U gives the
velocity of propagation of a long wave 1n still water, or the velocity
of the stream for a stationary long wave.

* Airy, ‘Tides and Waves,” Encyc. Metrop. 1845.
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Assuming that U?=gA/b and substituting 1n (3) we get

_ _ 3gpby?
op=- 24
as the second approximation, shewing that the pressure 1s defective
at all parts of the wave at which % 1s not zero Hence, unless
can be neglected, 1t 1s vmpossible to satisfy the condition of a free
surface for a statwonary long wave; that s, 1t 1s wmpossible for a
long wave whose herght 1s not small compared to the depth of the
water to be propagated wn stll water without change of type.

From (3) we see that §p will vamsh if
:_29(4 + by

Q.‘

= ToAb by’
29(A+bny g4 _ (34 +2by)
and since QADF iy — =g AT bn

1t follows that if 5 1s positive everywherc the conditions for the
propagation of the wave are more nearly satisfied by taking a

value of U greater than (g4 /b)%, and 1f 7 1s negative everywhere

a value less than (g4 /b)i‘. Hence an elevation mn the surface
travels rather faster than a depression*

219 Oscillatory or surface waves. We shall first consider
waves on an unhmited sheet of water under no force but gravity.
The motion 1s supposed to be two-dimensional, the rdges and
hollows of the waves being all parallel to one another. The axis of
« 15 taken 1n the undisturbed surface 1n the direction of propagation
of the waves and the axis of y vertically upwards. The motion
being such as could be produced from rest by natural forces is
rrotational and the veloeity potential ¢ has to satisfy the equations

¢ ¢
8.1,‘ + 8'7 = e eesevevnas . ees (1),
throughout the hquid, and
0 9
B =0 e e (2),

at a fixed boundary.

* Lord Rayleigh, * On Waves,” Phil. Mag. 1. p. 257, 1876, or Sci. Papers, 1 p.251.
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The pressure 18 given by
0
]) 8? 9y—3¢+F@) ... oo . . (3)
The free surface 1s a surface of equipressure p = const., therefore
as i Art. 14 . . )
A
o Tuaat? 0,
or writing — 9¢/ox for u and —9¢/oy for v we have

op_0bop_ oddp_ 0

R A LI ),
at the free surface.

If now we suppose the motion so small that the squares of
small quantities (e.g. velocities) can be neglected we may neglect
¢* 1 (3), and 1f we also regard the arbitrary function F(t) as
absorbed 1n 8¢/t and then substitute the value of p from (3) n
(4) we get

O ¢ _0p0'¢ 093P -
08 T Oz owot Oy (ayat {]) =0

or, neglecting the second and third terms which are of the same

order as ¢?,
0? 0
at‘f+ga$ BN €:)

This condition holds at the fiee surface.

If # denote the elevation of the free surface at time ¢ above the
point whose abscissa 1s z, the equation of the free surface will be

of the form
n —f (.t, t) = O:
and this being a boundary must satisfy the condition of Art. 14.
Hence
Lo
att os "=

But 9f/ot is %, and 9f/ox or on/ox 1s the tangent of the slope of the
free surface which by hypothesis is small so that the second term
can be neglected and the equation becomes

at the free surface.
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Hence in a wave motion in which the squares of the velocities
can be ieglected, the conditions o be satisfied are—
equation (1) throughout the hquad,
(2) at a fixed boundary, and
(5) and (G) at the free surtace.

220. Let us apply these equations to the case of water of uni-
torm depth & either of unlimited extent or contained in a canal
with parallel vertical sides at rght angles to the ridges and
hollows

If simple harmonic waves as defined in Art 211 are propagated
we may try to satisfy the equations by assuming that ¢ 1s
proportional to ' ™*="% or taking the real part only let us write

$ =7 (4) cos (ma — nt)
Substituting this value in (1) we obtain

8 f mif=0,
so that f (y) .A e™V + Be=™,
and ¢ = (Ade™ + Be—™) cos (mx — nt)
This value of ¢ must satisfy (2), 1.e 0¢/0y =0 when y=—h.
Hence Ae~mh = Bemh = 10, say,
so that ¢ = Ccoshm (y+ L) cos (max — nt) ...ceennnns .(7)

Again if we substitute this value in the surface condition (5)
and put y =0, we get
=gm tanh mh ........ e . (8
Now 1f U(=n/m) denote the velocity of propagation and
A (= 2m/m) denote the wave length 1t follows that
U-—gtanh mh = -—ta, h2"'—" e en(9).
If we write 2mh = u, we have
JZI log U? = —,—1‘ + cosech u,
and x being positive by hypothesis, this expression 1s negative if
p<smhp or <p+p¥ 3!+ ...
which 1s the case. Therefore U decreases as u or m increases, the
depth being fixed, that is for water of given depth the velocity
of propagation increases with the wave length up to the value

(gh)!’. Also it follows that (8) can only be satisfied by one value
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of 7.2 corresponding to a given value of U, and therefore ¢ contains
only one valuc of m.

The constant C of (7) can be expressed 1n terms of the ampli-
tude of the wave by means of (6). If we assume that the wave
profile 1s represented by

n = a sin (ma — nt),
we have, by substituting 1 (6) and putting y =0,
—na = — mC sinh mh,
so that — na cosh o (y + h) cos (mz — nt),
m  sinh mh

b= ga cosh m (y + k)

or using (8) n  cosh mh

cos (mz—nt) ...oeenns (10).

221. Deep water.

If the depth A of the water be sufficiently great in comparison
with X for e™* to be neglected, we must have B =0 1n the last
article, so that we have

¢=Ae™ cos (mz—nt) .. ... coeennn. (7)
mstead of (7), and 1nstead of (8) ’
NE=GM  covvvr et . (R"),
or U= ()
27

Also if 7 =a sin (ma — nt) 18 the free surface we get from (6)
na=md, so that

b= 1—51' €™ cos (max — nt),

or ¢= i e”“’ cos (ma — nt)... ceee .. (10N

We may also deduce from Art. 220 the case of long waves wn
shallow water by taking h/\ to be small, when (9) becomes
U2=gh

222. The paths of the particles.

If x, y be the coordinates of a particle relative to 1ts mean
position (z, y), neglecting the squares of small quantities we may
write

o¢ coshm (y +4) .

oz~ " swmhmh

o9 sinh m (y + k)
Yy=—%,="™ smh mh

sin (mx — nt),

cos (mx — nt).
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Whence by integrating, we get
o coshm (§ + k)
sinh mh
=a§l—lih m (y + h)
smh mh

x= cos (mx — nt),

sin (mz — nt);

so that the particle describes the ellipse

x?/cosh? m (y + h) + y*/sinh®*m (y + k) = a*/sinh*mh
about 1ts mean position. For a given particle ma — nt plays the part
of the eccentric angle 1 the ellipse, so that the cccentric angle
ncreases at a uniform rate, as 1n an orbit deseribed under a central
force varying as the distance

The distance between the foci 2a cosech mh 1s the same for
all such ellipses, their major axes are honzontal, and both axes
decrease as the depth of the particle increases, the minor axis
vamishing when y=—h When the depth 1s such that ¢~ 18 small
cnough to be neglected, we have

X = ae™ cos (mz —nt), ¥ = ae™ sin (mx— nt),
and the path of the particle 1s a circle
X: 4+ y? = afe?v,
described with uniform angular velocity n, which in this case 1s
equal to (_qm)% or (27rg/7\.)§-

223 Standing or stationary waves.

The velocity potential for a system of stationary waves can be
deduced from Art 220 by regarding the system as the result of the
superposition of two such trains of waves as we have just been con-
sidering moving 1n opposite directions as explamned i Art 212.
Thus corresponding to a wave profile

N =QSIN MECOS Nbo.evvrer vevnnnns ..(1)
we shall have
_nacoshm (y+4) . .
¢= m sinhomh S masin 1 2 (2),
or b= gacoshm (y +h) SIN MESM NE.evvvennen. .. (3),

n cosh mh

for ¢ clearly satisfies Art. 219 (1) and (2), and 7 and ¢ together
satisfy (6) of the same article.
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It 18 not necessary to regard standing waves as a case of super-
position of progressive waves, we might imnvestigate this form for ¢
independently, starting with an assumption

¢ =f (y) sin mz s1n nt,

and proceeding as 1n Art 220 we get the same equation for f as
before, and hence the 1esult follows as 1n that article.

For Standing waves 1n deep water, as m Art. 221, equations (2)
and (3) above take the forms

na
b=— e""’ sin ma sin nf,
and ¢= e""/ sin ma sin nf.

224 Paths of the particles in stationary waves.

With the same notation as in Art. 222 we have

X=— ¢ = —na cosh m (y + h) cos mx s1n nt,
oz sih mh
. 0 _ sinh o (y +4) .
and y=-— = —Ra= g, S m@sin nt,
so that, by integration
= cosh y+h) k) €os mx cos ni,
sinh mh
and Y=a sinhm (y + 4) sin ma cos nt.
sinh mh
Hence y/x = tanh m (y + h) tan ma,

and since this is mndependent of ¢ the motion of each particle 1s
rectilinear, the direction varying from vertical beneath the crests
and troughs (mz=(x+ }) ), to horizontal bencath the nodes
(mz = «m)

225. We have supposed that the hquid 1s unhmited in the
direction of the axis of z, so that there 1s no restriction on the
value of m. But if the hiquid be confined 1n a canal with closed
vertical ends, say at # =0 and # =1, then there is a restriction on
the value of m, for as we shall see only waves of a certain length
can exist (m such a canal. The extra condition is that 9¢/0z =0
when =0 and #=1{. The form for ¢ in Art. 223 1s unsuitable
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because # occurs as sin ma, but a similar form with cos nz 1instead
of sin mx will clearly satisfy the conditions for a system of standing
waves (for we have merely altered the position of the origin), and
1t makes 9¢/0z =0 when =0, and when =1 we get sisn ml =0,

or ml = g, where « 1s any integer Hence possible wave lengths
arc mcluded n the formula A =20/«

Standing waves are really the principal or normal modes of free
oscillation of (usually) a restricted system, and from this point of

view the periods are fundamental and they determine the possible
wave lengths

226. Progressive waves reduced to a case of steady
motion.

The method of Art 218, of finding the veloeity of propagation,
namely, imposing on the whole mass a veloeity equal and opposite
to the velocity of propagation of the waves, may also be apphed to
the case of progressive waves considered m Art 220 The wave
form having the same rclative velocity as before becomes fixed m
space and the problem becomes one of steady motion. As the
problem is a two-dimensional one 1t only remains to determine
suitable expressions for the veloeity potential and stream function

so that the free surface and the bottom of the hiquid may satisfy
the conditions for stream lmnes

Consuder the relation
w= Uz + P cos mz — 1Q) sin mz,
or  ¢+wp=U(z+1y)+ P cosm(z+ry)—1Qsmm(z+1y)
It gives
¢ = Uz + (P cosh my + @ sinh my) cos ma |
and V= Uy — (P sinh my + Qcosh my) smmaz) =" ° @

These expressions satisfy Laplace’s equation and give the
general superposed velocity — U.

For the bottom to be a stream-line we must have {r constant
when y= —k, so that — P sih mh + Q cosh mh =0
Hence the expressions (1) may be written
¢ = Uz + A cosh m (y + ) cos ma
Y = Uy — A sinh m (y +h)sm mw}
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If the free surface be a sumple sine curve 5 = a sin mz, equations
(2) will make this the stream-line 4 = 0 provided
Ua— A ssnhmh=0 ...... .......... ...(3),
neglecting squares of small quantities.

Again, the formula for pressure 18
Lo (2] @] -
o +g9y+}% {(Bx + )|~ constant.

At the free surface this becomes

Py ga sm mz + U {1 — 2ma cothmh sin ma} = const,

neglecting a
But p 1s constant at the free suiface, therefore the coefficient
of sin ma must vanish, that 1s
g=mU?*coth mh,
2mh
S e e (4

Another way of regarding this problem 1s as follows

or o= g A tanh
27

Imagine a straight horizontal pipe of rectangular section, the
upper surface of which has small corrugations of the form
7 =asm 27rz/A Water filing this pipe can be made to flow along
1t at any speed, but we have found in (4) the particular speed that
the water must have 1f the removal of the corrugated upper surface
of the pipe would leave the water flowing with the corrugations 1n
its surface unaltered.

We observe that the expression for ¢ 1n (2) 1s the steady
motion value, and the expression (10) of Art. 220 corresponding
to the progressive waves can be obtaned from (2) and (3) by re-
imposing the velocity U, which amounts to omitting the term Uwx
and writing mz — nt for mz

227 Waves at the common surface of two liquids.

Suppose a hiquid of density p’ and depth A’ to be moving with
velocity V7 over another iquid of density p and depth % moving
in the same direction with velocity V7, the hquids being bounded
above and below by two fixed horizontal planes

Let U be the velocity of propagation of oscillatory waves at
the common surface 1n the direction in which the hquids are
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moving Taking the axis of # in this direction in the undisturped
commor surface and y vertically upwards, as in the last article,
let us make the motion steady by superposing on the whole mass
the velocity — U, thereby bringing the wave form to rest in space

Let ¢=—(V—U)x+ A cosh m (y+ 1) cos ma )
and Yv=—(V-U)y— Asimnhm(y+ k)sin max .
relate to the lower hiquid, and

¢ =—(V'-U)z+ A4 coshm(y—h)cos'mwl . (2)

and W =—(V'=U)y—A’sinh m (y — k') sin ma|

relate to the upper. These expressions for ¥ and 4 cleaily make
the boundaries y = —h, ¥ = h’ stream-lines, and 1f = a sin ma
gives the displacement of the common surfacc and the hquids do
not separate this must be a stream-hine for both surfaces We can
satisfy this condition by taking the stream-lne to be yr =y’ =0,
which gives

—(V-U)a—Asmmhmh=0
( } ...... e (3),

and —(V'=U)a+ A'smhmh/=0
neglecting the squares of small quantities
The expressions for the pressure are
P ?7_43)’ (?2‘_#)” -
p +oy+3% {(8&: + 3y J\—const,

and il, +9y+3 {(%f)g + (%?;’)2} = const

At the common surface, neglecting a?, these become
i—: +gasin me+ 3 (V= U)*(1 — 2am coth mh sin ma) = const,
%: + ga stmmz + 3 (V' = U)* (1 + 2am coth mh’ sin ma) = const.,
and p=p'.
Hence we must have
gp—p)=(V—=Uympcothmh+ (V' — U)* mp’ cothmhl’.. (4).

Th'ls equation determines U when p, p, h, 2/, V, V' and m are
given.
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228. Special cases.

(1) If the depths of the liquids are so large compared to the
wave lengths that we may put coth mh = coth mh’=1, and the
hquids have the same velocity V, then (4) reduces to

Ap—p

—Up=TN TR .

v-vyp=9-22" ®)
(n) If the hquids are at rest save for the wave motion, the

"wave velocity 1s given by
i 9 _p=r ,

= m p coth mh + p’ cothmh/ " ****"*" *"** (6).
(1) The foregoing results obtained for incompressible hquids
will be applicable to the case of waves propagated along the surface
of water exposed to the air, provided that 1n considering the effect
of the air we neglect terms which, in comparison with those retained,
are of the order of the ratio of the lengths of the waves considercd
to the length of a wave of sound of the same period 1 air. Thus,

n (6), making A'=c we have

U:= 'gz, tanh mh {1 — (1 + tanh mh) ’%} , approx. ...(7)
These results were obtained by Stokes*.

229 It has been shewn by Greenhillt that if the velocities
V, V' of the currents make angles a, & with the direction of wave
propagation, equation (4) of Art 227 only needs mnodifying by the
msertion of V cos a, V' cos a’ mstead of V, V’, the components
Vsina, V' sina’ of the curients perpendicular to the direction of
propagation of the waves having no effect upon the determination

of U.

230 Stability.

The motion considered 1 Art. 227 1s really a case of small
oscillations about a state of steady motion. To examine the stability
of the motion, we have a quadratic equation (4) for the velocity of
wave propagation U and we require that the roots of this quadratic
should be real.

* ¢On the Theory of Oscillatory Waves,” Trans. Camb. Ph_Soc. vin. p. 441, o1

Math. and Phys Papers, 1 p. 197
+ ¢ Hydromechanics,” Encyc. Brit. 9th edition.
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The condition for real or 1maginary roots in U is
m? (Vp coth mh + V’p’ coth mh’)* = m (p coth mh + p’ coth mh’)
{mpV?coth mh + mp’ V"2 coth mh’ — g (p — p")},
or
g (p—p") (p coth mh + p’ coth mh’)
= mpp’ coth mh cothmb’ (V — V'),
This means that the stream motion is stable or unstable according
as
coth mh + p’ cothmh’ g(p—p )

_— ’2<P
(V=7ys pp’ cothmhcothmh’ * m

We remark that if p < p’, that 1s, 1f the upper hiquid 1s denser
than the lower, there 1s instability for all wave lengths, The same
18 true when p =p’, that is when two streams of the same hquid
are flowing with different velocities and a horizontal common
surface.

In fact when p =p’ and the depths are so great that
coth mh = coth mh' =1,
we get U=3{(V+ V)t (V-V}

We may consider the case V=V’ by first putting V'= V (1 + a)
and then making a tend to zero.

The common surface m the steady motion being* given by
n = a sin ma, for progressive waves the corresponding form 1s
n = a sin (mz — nt), when

n=mU=imV {2+ a7 .

Hence n=asmmiz— Vt—}a(l F1)Vi},
and as a tends to zero we may write this
n=asmm(z— Vt) —sama(l 1) Vit cos m (z— Vi),
or n=asinm(x — Vt) —bm Vi cos m (z — V).
This shews that the corrugations of the surface increase in height
indefimtely with ¢.

This case 1s of special interest as 1t explamns the flapping of
sails and flags. The uniform medium can be regarded as divided
by a thin membrane on both sides of which the medium moves
with the same velocity, the motion 1s unstable and a sligh. disturb-
ance will result 1 a larger departure from the steady motion.

R. H. 18
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This and other cases werc considered by Lord Rayleigh 1n a paper
“On the Instability of Jets*’

231 Group Velocity.

In gencral when waves are started by a local disturbance such
as, for example, the dropping of a stone mnto a pond or the motion
of a boat thiough water, the successive waves have different lengths
and are propagated with different velocities. Let us examine the
phenomena that arise from the simultaneous motion 1n the same
direction over the same water of two simple harmonic trams of
waves of the same amplitude and shightly different wave lengths

We may write for the clevation at any point
7 = s (mz — nt) + a sin (m'z — n't)
= 2a cos {(m —n')yx— (n— ')t} s {(m + m') x — (n + )t

It m =’ nearly, (m —m') & varies with @ much more slowly
than does (m 4+ m').x, so 1t 18 convenient at any nstant to regard
the equation as representing a smuous curve obtained by drawing
the curve p=2a s {(m+ m’)z-—-(n+2')t} and multiplying the
ordinates by cos{(m —m')yx — (n —n’)¢} Hence the result re-
presents a train of waves whose amplitude

2a cos {(m —m )z —(n—n')t}
18 periodie, varying between O and 2a. The profile of this train
will be a group of sinuosities of amplitude gradually mcreasing
from zero to 2a and then decreasing to zero followed by a succession
of equal groups. The appearance on the water will be that of
altcrnate groups of waves separated by intervals of neaxly still water

The velocity of propagation of the groups 1s given by

n—n'
W2

T m—m

d;
or U=# N € § 1

* Proc L M.S.x p. 4, 1879, o1 Sci. Papers, 1. p 861 On the general question
of ,stability and instability of a perfect luid see a paper by W. M‘F. Orr, Proc.
RIA xxvir.p 9

+ The theory of group velocity 18 generally attributed to Stokes, who set a question
on 1t 1n the Smith’s Prize Examination in 1876, Math. and Phys. Papers, v p 362,
but the r~sult (1) appears to have been obtained first by Hamilton 1n a paper on
¢ Researches respecting vibration connected with the Theory of Light,” Proc. R " 4.1
p. 341. For this reference the author 1s indebted to Professor Sir Joseph Larmor.
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when the difference of the wave lengths of the original trains is
small.

And the velocity of propagation of a single wave is

v="2,
m
d av .
therefore =am mV)=TV4+m am (2);
or 1f A be the wave length (27/m),
av
U= V— A Ex .................. (3)

Thus 1t appears that the group velocity, 1n gencral, differs from
the velocity of propagation of the scparate waves 'This s in ac-
cordance with the results of observation, for when the cye views
a group of waves advancing over deep sea water, single waves are
scen to advance through the group, their amplitudes increasing
and then dying away as they give place to others

In the case of waves on the surface of water of depth &, we have
V2= {g/m) tanh mh,

so that U=4V (1 + 2mh cosech 2mh).
Hence the ratio of the group velocity to the wave velocity 1s
mh
3 ey N oo When A 1s small compared with the wave length

this ratio 1s unity, and as A increases to infinity the ratio decreases
to ¥, or the group velocity for deep sea waves 1s half the wave
velocity

232. The theory of group velocity has been treated in a more general
manner by Lord Rayleigh®* We assume that a disturbance travelling in one
dimmension can be 1esolved by Fourier’s theorem into infimte trams of waves
of harmonic type and of various amphtudes and wave lengths Thus the only
case 1n which we can expect a snnple result 1s that in which a considerable
number of consecutive waves are sensibly of a given harmonic type, though
the wave length and amplitude may vary within moderate limits at points
whose distance amounts to a large multiple of A

Assuming that the complete expression by Fourier’s series involves only
wave lengths which differ but little from one another, we may write

n=a; s {(m+8m;) v —(n+dn,) t 4+t
Fasm (m+8my) o — (n+8ng) t+es} +...
=81 (M — at) Sa,; cos (2dm; —E8n; + €)

. + cos (mx — nt) Sa;sin (2 dmy — tBn', +€)

* ¢On the Velocity of Light,” Nature, xxv p 52, or Sct Papers, 1. p. 540
13
18—2
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8n1 8"2 =, dn

Also by hypothesis Sy — B, =am’

and the first term 1n the expression for 5 represents a sumple tramn of type
sin (mx —nt) with varying amphtude Sa, cos (#8m,; —¢8n, +¢,), and the amph-
tude 1tself 18 propagated as a wave with velocity dn/dm, and similarly the
second term Hence we arnive at the 1dea of groups of waves of a more
general kind, but the velocity of propagation 1s given by the same formula as
1 the special case considered 1 Art. 231.

233. The Energy of Progressive Waves.

Considering a train of progressive waves at the surface of water
of depth %, gaiven, as 1n Art 220, by

n=asm(me—nt) ......... .on.. (D),

ga cosh m (y + h)

" ooshoh 8 (mz~mnt) ... .... .. (2),

and =

if we calculate the energy of the water between two vertical planes
parallel to the direction of propagation at umit distance apart, we
have, for a single wave length, the potential energy

A
V=149p f‘ de
=}gpa\, since A = 27/m.
The kinetic energy 1s given by

SR (o)

and, as in Art 77, this may be transformed to

- 9% 1
T= %P f ¢ on d's’
ntegrated along the profile of a wave length, where 0n 1s measured

along the normal into the water. To the order of small quantities
we are using this may be written

esof[(420) o

A
=3 gpu? { , cos? (mz — nt) dz

=1gpa’r.

Hence 1t follows that the total energy per wave length 1s } gpa®A,
and that i 1s half kanetic und half potentral.
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Also considering any length in the water, in direction of tle
wave propagation, which 1s either an exact number of wave lengths
or 1s so long that the energy of a fractional part of a wave length
may be neglected 1n comparison with the energy of the whole, 1t
follows that 1t 1s correct to say that the energy of a progresswe trawn
of waves 1s half kinetic and half potential.

234 The Energy of Stationary Waves may be calculated
in the same way. Thus i1f we take

7 = @ S1n Mmx cos nt,

=g_acoshm(y+h)

and ¢ n cosh mh

sin ma s1n nt,

as 1 Art. 223, we find for the potential energy of a wave length
V = }gpaA cos? ut,
and for the kinetic energy
T =}gpa*» sin®nt.
Hence the total energy per wave length at any time 1s }gpa®»

and the amounts of kinetic and potential energy change continuously
with the time.

236. Transmission of Energy.

We have just seen how to calculate the energy of a progressive
and a standing wave. In the case of a progressive wave the wave
form advances with a definite velocity but 1t does not follow that
this 1s the rate of transmission of energy, for 1t 1s the particles of
water that possess the energy and there 18 no reason to suppose
that they hand on the energy at the same rate as the wave form
advances. This question was discussed by Prof Osborne Reynolds,
1 a paper* from which we borrow some 1llustrations :—If a number
of small balls are suspended by threads so that the balls all hang
m a row, the threads being of the same length, and if the balls
be then set swinging in succession 1n planes perpendicular to the
row, as by running the finger along them, the motion will present
the appearance of a series of waves propagated from one end of the
row to the other, but 1n reality each pendulum swings indepen-
dently of its neighbour and there 18 no communication of energy. If

* ¢ On the Rate of Progression of Groups of Waves and the Rate at which Energy
18 Transmitted by Waves,” Nature, xvi. p. 343 (1877).
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however the balls are connected by an elastic string and any one
be given a transverse motion, 1t will communicate 1ts 1notion to
the others, so that now there 1s a transmission of energy and the

rate at which the first ball gives up energy to the others will clearly
depend on the tension of the string

As another 1llustiation —If a rope be laid out on the ground in
a straight line with onc end fixed and an nupward jerk be given to
the other end, a wriggle will travel along the rope to the other
end leaving the rope straight and at rest on the ground behind 1t.

This 1s a case 1n which the energy 1s transmitted at the same rate
as the wave

The particular case with which we are concerned, that of surface
waves on water, 1s a case mtermediate between the two just con-

sidered ; energy 1s transmitted but at a rate less than the wave
velocity.

236. Rate of Transmission of Energy in simple har-
monic surface waves.

The rate of transmission of eneigy 1s measured by taking a
vertical section of the hiquid at night angles to the dueetion of
propagation and determining the rate at which the pressure on one
side of this section 1s doing work on the hiquid on the other side

Considering iquid of depth %, we have, as in Art 220,
b= ga coshm (y +h)

n  coshmh
And ncglecting squares of small quantities the variable part of
the pressure 1s given by

cos (mz — nt)

8p = pag/ot,
and the hornzontal velocity is — 0¢p/ox

Hence the work done 1n unit time or the energy carried across
unmt width of the section 1s

0 a¢

__g*pa*msin® (max — nt)
T cosh?mh

(o hcosh* m (y + h) dy

_ g*pa*m sin® (ma — nt) (smh 2mh + h
T on cosh? mh 4m 2/’
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and since n®=gm tanh mh, this may be written
W=3% gpa" * (1 + 2mh cosech 2mh) sin? (ma — nt).

The mean value of this expression over a complete period or
any number of complete periods, or any interval that 1s so long
compared to a period that the part corresponding to the fractional
part of a period can be neglected 1 comparison with the whole, 1s

a (1 + 2mh cosech 2mh)*.
gpw —

Referring to Art. 231, since n/m = V, this expression for the
energy transmitted 1n unit time 1s equal to
L gpa? x group velocity.
And from Art. 233, $gpu? 1s the whole energy per umt length
at any mstant Hence the energy s transmitted at « rate equal to
the group velocity

237. Capillary Waves, When suiface tension 1s taken mto
account, the surface conditions p =const (Art 219) and p=p’
(Art 227) no longer hold good They must be replaced by the
condition that, 1f 7" denotes the surface tension or energy per unib
area due to capillary forces, the difference of the pressures on
opposite sides of the surface 1s given by +

)
PP
where p and p’ are the principal radu of curvature of the surface.
— /4
P
Fig 63

In the case of two-dimensional waves we have p'= 0, and, 1f
7 denote the elevation, 1/p = — d*n/da? neglecting squares of small
quantities. So if 8p, §p’ denote the variable parts of the pressure
below and above the surface, as 1 the figure, we have

+8p =0 .cviiiiinnennn. v (D)

as the surface condition.

* Lord Rayleigh, ¢ On Progressive Waves,” Proc L M S.1x.p 21 (1877), or Sci,
Papers, 1 p 822, or Theory of Sound, 1. Appendix,
+ v. Hydrostatics, p. 168
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*238. Capillary waves on a canal of uniform depth.
Taking the case considered 1in Arts 219 and 226, let us* use the
method of Art 226, reducing the problem to one of steady motion
by superposing a velocity — U on the whole mass, where U 1s the
velocity of propagation. As mn Art. 226, we have

Y= Uy — A4 sinhm (y + h) sin ma,

and for the free surface
7 =« 81N M,

provided Ua — A ssnh mh =0.
And the variable part of the pressure 1s given by

53:) + gu s mr, + $17 (1 — 2ma coth mh sin me) = const.

But from (1) Art. 237, since 1n this case we regard the air pressure
as constant, we have

d.:
Sp=-T d_ag = Tam?s1in ma,

Substituting this value 1n the last equation and equating to zero
the coefficient of sin ma, we get

U= (q + %2> tanh mh

m
gr | 2r Ty %zr_"
=(Z+ ) tanh ST (1)
When £ 1s large compared to A, this becomes
g\ 21rT .
R )

239 Capillary waves at the common surface of two
liquids. Procecding as imn Art 227 the investigation 1s the same
until we arrive at the cquations for the pressures on either side of
the common surface, which may be written

8%’ +gasmmaz + 4 (V= U»(1 — 2am coth mh sin ma) = const,
and

.8}; +gasinmz+ % (V' = U) (1 + 2am coth mh’ sin ma) = const.,

where dw? 7+ 8p — 8’ =0, and 5 =a sin ma.
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Hence &p — 8p’ = Tam? sin mur,
and by’eliminating 8p, 8p’, we get
T+ g(p — p')=(V = U)* mp coth mh + (V' — U)* mp’ coth mh’
. e (1),
As a special case, 1f the hiquuds are so deep compared to the
wave length that we may put coth mh =coth mi’ =1, and the
hquids are undisturbed save for the wave motion, then the velocity
of propagation U, is given by
g p—p 2T ;
U°—§wp:;;’ NpEp) T . (2)
Again we get the case of the effect of wind on deep water,
regarding awr as mcompressible, 1f we retam V’ but put V=0,
(1) reducing to
Tim+(p—p)g/m=UTp+ (V' =Uyyp,

2PI Pl
ol - = ,V'U+-" V- Uz=0,
p+p p+p ’

where U, denotes the velocity of propagation when there 1s no
wind. ,
’ ’ Ia
This gives Uv=" v ,+ {Uo“- il V, 2}§ c een e ...(3)
ptp (p+p)

This result was obtained by Lord Kelvin¥, who considered some special
cases as follows —For a given wave length 27 /m, the wave velouty U 1s
greatest when the wind veloaty V'=U,(1+ o'/p)%, U having then the same
value as V' lence 1t follows that “ with wind of any other speed than that
of the waves, their speed 184 less  For mstance, the wave speed with no wind,
which 15 Uy, 18 lesy by approximately p’/2p of U, (1e about ;g of U) than
the speed when the wind 1s with the waves and of thewr speed. The eaplana-
tion clearly being that when the air 18 motionless relatively to the wave crests
and hollows 1ts 1nertia 1s not called into play ”

From (3) we draw the following conclusions —
“(1) When l"/u,=(1 +,‘)i,)i=zs7(1+l,g.,n),

one of the values of (7 18 zero, that 18 to say, static cortugations of wave
length 27 /m, would be equilibrated by wind of veloewty U, (1 +p/p’ )t

But the equilibrium would be unstable

(2) When V[ Uy=(p+p"/(pp’)* =28 7 (1 +51%),
the two values of U are equal

» * Letter to Professor Tait, August 16, 1871. Printed in Math. and I’hys. Papers,
1y. p. 76, also 1n Baltumore Lectures, p. 590,
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(3) When VIO> G+ ee ),
both values of U are imagmary, and therefore the wind would blow 1uto spin-
drift waves of length 2m/m or shorter

Looking back to (2), we sce that 1t gives a mimimum value for U, equal to
\/ 29T (1=p'lp)
L+p'lp

Hence the water with a plane level surface would be unstable, even 1f air
were frictionless, when the velocity of the wind exceeds

\/ 29T (L =p2}p)

pllp

240. Ripples. Referring to Art 238, we may write (2) 1n the
form
U= (Wogrj2m — N2xTnp) + 2V gT/p,
shewing that U has a unique mimmum value 2+g T/p when
A=2r VTlgp Lord Kelvin has defined a mpple as any wave on
water whose length 15 less than this value of A The corresponding

value when the air 1s taken 1nto account 1s obtamned from (2) Art
239 which gives as the critical value

x = 20 VTTg (o= 7
Ripples may be seen 1n front of any sohd cutting the surface

of the water and moving horizontally at any speed, fast or slow.
The ripple length 1s the smaller 100t of the quadratic 1n A,

gr PLP_I + _g_'l_rT =
2rp+p " Mp+p)
where U, 1s the veloaity of the solid. “The latter may be a sailing-
vessel or a row-boat, a pole held vertically and carried horizontally,
an 1vory pencil-case, a penknife-blade, exther edge or flat side fore-
most, or (best) a fishing-line kept approximately vertical by a lead

weight hanging down below water, while cafried along at about
half a mile per hour by a becalmed vessel*.”

U02,

241 Waves due to a given local disturbance on the
surface of water. We shall consider first a simple case where
the liquid is hmited by vertical planes, distant [ apart, parallel to

* Letter trom Lord Kelvin to Professor Tait, of date August 28, 1871, loc. .1t.
p. 281
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the crests of the waves, and suppose that the motion starts from
rest with a given mmtial elevation
n=f ()

The motion 1s thercfore irrotational and 1f the hquid were unlhimted
mn e<tent there would be no liunitation on the lengths of the waves
but the motion would be the result of the superposition of waves
of infinite variety of lengths. In this case, as we shall see, there 15
a limtation on the possible wave lengths If & be the depth of the
hguid, a suitable solution of Laplace’s equation for the velocity
potential 1s

¢ = A cosh m (y + k) cos ma sin nt, where n? = mg tanh mh,
making ¢ zero when ¢ =0, also when y=-—/A But we also require
that 0¢/dx=0 when =0 and when z=1[, and this makes
s ml =0, or ml = 1w where ¢ 1s an 1nteger.

Again the pressure equation

0
e =% b+ P o)

gives mmtially at the f'n—\( suiface
?;f =91 =29/ (*)
And the most gencral expression for ¢ 1s
¢ =§1A, cosh 17 (y + k) cos WTJ' s1n nt,
and, substituting ;hlq value 1n the last equation, we get
“lnA ,cosh” h ";Z;'__w = gf(x)
.

But by Fourier’s Theorem we have

T

f(.b)-—fj(v)dv+2 S'cos———f §AC )cos

and, by comparing the series, we get

nd, cosh —— ”Th = f F(v) cos Z°
so that
cosh 2 (y+h)
29 % ! vy
b= v > — cos—-——fj()cos ¥ dv sin nt,
=1 ncosh 1

where W= —7“(1 tanh W;h
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I’ we require the form of the surface at any subsequent time,
the relation

- (@)
"= 0y /y=o
0 ! X
gives 7= gl 3 cos 'yrl_wf S (v) cos z?;—v dv cos nt
=1 0

242 We may now consider the case in which the hquid is un-
limited in extent, the mitial disturbance being of the same type as
before, that 1s, given by

n=f(a),

so that we are still dealing with two-dimensional motion. To
sumphfy the expressions we shall suppose the depth of the liquid
to be infinite, then from Art. 223 we can write down as a typical
solution for a wave of length 27/m the equations

sin
n= M cos nt,
Ccos

s .
and ¢= 9 gy S e sin nt,
n Ccos
where n? = gm.

To obtain general expressions which embrace the superposition
of all such solutions and give the imitial values

n=f(z) $=0,
we must make use of Fourier’s double integral theorem
f(z)= 1 / dm,f S (a)cos m (z — a) da,
m™Jo -
and the required expressions are

= % J‘ °°dm f S (@) cos nt cos m (z — a) da,
0 - %0

=7 f dm| f(a) sin né e™ cos m (2 —a) da,
m™J o - n

for these expressions clearly satisfy all the conditions specified,
and as an additional verification they make % =— (0¢/dy), o, 1n
virtue of the relation n* =gm.

243. A similar method may be adopted when the surface 1s
initially horizontal but subject to initial impulsive pressure. Thus
we may suppose that iitially -

¢ =F(x)and =0.
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Then, taking as the typical solution

sin
¢ =e™ mz cos nt,
cos

nsin
N =—— mzx s1n nt,
g cos

where n? = mg,

we have for the general solution

¢= %rfw dmfao F () cos nt €™ cos m (z — a) da,
0 -

1 @ -4
=_§;j-0 dm [_f’(a)n sin nt cos m (« — a) da.

For a full discussion of these results seec Lamb’s Hydro-

dynamics, §§ 2388—240 and Lord Kelvin’s papers on ‘Deep-Water
Waves*’

244. Stationary waves in running water. The waves pro-
duced 1n a stream by obstacles or by inequalities 1n 1ts bed have
been discussed at length by Lord Rayleight and Lord Kelvini.

We shall consider two examples which serve to illustrate different
methods —

(1) A stream flowwng with uniform velocity vover « corrugated bed whose
section 1epiresents ¢ sune curve
Taking axes as usual, let the bed of the stream be given by
y=—h+xsmm,
and let 7 be the mean velocity
The conditions of the problem will be satishied by the equations
¢=— V14 (4 cosh my + B sih my) cos me . 1),
and Y= — Vy—(d smhmy + B cosh my) sm ma (2),
provided they make the bed a stream line and the free surface a surface of
constant pressure as well as a stream line
The condition that the bed
y=—h+xsmme
may be a strearn line 1s that
— V(=A+xsmmnz) —(— .4 sinh mh+ Beosh mh) smmr
may be constant for all values of

* Piul. Mag June, Oct. 1904, June 1905, Jan. 1907, or Math. and Phys. Papeis,
1v. pp 338—456
+ ¢ The Form of Standing Waves on the surface of Running Water,” Proc. L M S.
xv. p. 69, or Sct. Papers, 1. p. 258
. 1 ¢On Stationaiy Waves in Flowing Water,” Plul. Mag Oct. 1886, or Math. und
Phys. Papers,1v. p 270
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Ti.erefore «V=Asnhmh~Bcoshmh ... ... ... . (3)
If we assume for the free surface
n=asSINML .. .. . . ce (4),
this will be the stream line =0, provided
~Va-B=0 ..civvivee o0 .. 1B)

Again the pressure equation 1n the steady motion 15
‘§+gy+§q2=const v e N ()

and at the free surface p 18 constant, so that by substitution from (1) and (4)
m (6), neglecting squares of small quantities, we must have

ga s ma + 1Am siu ma = constant

for all values of »

Therefore ge+ Fdm=0 .. .. . . . .. ("),
and from (3), (3) and (7) we get .1, B and e, and the frec surface 15 given by

\
K

= cohmk —gjm V% mmhmh 0™ o 6

n
Taking « to be positive, the multiplier of sim gz 1 the last expression 1s
posttive or negative according as V7?2 18 greater o1 less than (g/m) tanh mh
That 18, according as V 1s greater or less than the velocity mn still water of
depth 4 of waves of the same length 2= m as the corrugations In the former
case the ridges and hollows of the free surface are vertically over the ridges
and hollows of the bed of the stream, and 1 the latter case the rdges of the
free surface are over the hollows of the hed

(1) If water flows along a rectangular canal which consists of two unarform
portions of shghtly different breadths, with a gradual tramsition, the free surface
will be lower where the canal s narrower, or contrarvwse, according as u*< gh,
where u 18 the mean velocity, and h the mean depth. [The motion s supposed to
be steady ] MT 1912)

Let 4, B denote pomts on the free surface of the two portions, A+a,
h+a the depths, b+8, b+ the breadths, and v+, w+v the velocities 1n
the two portions, b denoting the main breadth

A
i B8

'—-—> (2 ) :»->u+ V'
lit+a, b+ o

i
i

Fig. 64.

From continuity we have
(h+a) (b+B) (u+v)=hbu=(h+d)(b+B) (x+ )

B,a e —u(B LS
Therefore v= —u (5+7z>’ and v = u(b +lz>
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If p, p’ denote the pressures at 4 and B
L;_E =-(hta—-h—d)g—-t{(u+v)—(u+7)%

But the pressures at 4 and B on the free surface are equal, therefore
0= —(a—d)g—u(v—2)

and @) (9= ) =F@-m)

Hence a—a’ and 8—@' have the same or opposite signs according as w2 £gh,
1e the free surface 13 lower where the canal 18 narrower or contraniwise ac-
cording as u*< gh

245 Gerstner’s Trochoidal Waves. An exact solution of
the equations repiesenting wave motion on the surface of deep
water was discovered by Gerstner m 1802 and re-discovered by
Rankine 1n 1863*, but the motion represented 1s rotational and
cannot therefore be brought about by natural causes in frictionless
hqud

Consider the cquations

1
:r=u,+;c—e""sm/c(a+ct)]

1 [
-.—b-;e"cos;c(a+ct))

where the Lagrangian notation 1s cmployed, e and b being
parameters which specify a particular particle whose coordinates
are x, ¥y at time ¢

Since 8((;, Zg =1—ext ... e (2),
therefore the equation of continuity of Art. 9 1s satisfied The
equations of motion of Art 30, in this case, become
19p dy % ox yoy
pda” 980 "or da " o da’
19p | oy Pxdx 0oy

and

p b o ob o ob’
or a?z (p + qg/) = xc’e s1n « (a + ct),
and P (p + gy) = k%™ — rctecos k (a + ct)

% * ¢On the Exact Form of Waves near the Suiface of Deep Water,” Phul Trans
1863, p 127.
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If we multiply these equations by da, db, add and integrate we
get

S

1
;=const.—g{b—-;e"’ cosx(a+ct)}
— c%*? cos k (@ + ct) + 3c%eb. .. (3).
At the free surface the pressure must be constant, which
requires that
C=gle. oo o et e 4).
Now the periodic form of equations (1) shews that they repre-
sent a wave motion, the waves of length 2/« being propagated
with velocity ¢ 1n the negative direction of the z-axis; and the
relation (4) shews that the velocity is what we have previously
found for deep-water waves.

If we substitute from (4) in (3) we get
f—; = const. — gb + §c%** ............... (5).

This shews that p 1s constant when b 1s constant, hence 1if the
motion were converted into steady motion by superposing a
velocity equal and opposite to that of propagation all stream lines
would be curves of constant pressure. Thisis a pecularity of this
type of wave motion, for in general 1t 1s only necessary that the
particular stream line at the surface shall be one for which p 1s
constant*.

To shew that the motion 1s 10tational, we have

u=ux=ce? cosk (a+ ct)
and v=y=ceb’sm «(a+ ct)} (6),
and the spin 1s given by
20 = %
“oz” oy
But 31) _9(»,y) /o (% y) and a_u 0 (=, u) /3 (z,y)
~9(a, b)/ 0 (a, b) oy 0(a,b)/ 9 (a,b)’
0(m, 0 (v, 0(x,u
therefore 2w 5 :a,, :g; (. ‘z; 820,, b))
and on substituting from (1), (2) ard (6) we get
©=—cke*/(1 — ™) . ....cociovnin... .

* See Btokes, ¢ On the Theory of Oscillatory Waves, Appendix A,’ Trans. Cang.
Phal. Soc. vinn p, 441, or Math and Phys. Papers, 1. p. 219.



245] EXAMPLES 289

¥rom (1) it is clear that the path of the particle (a, b) is a ciccle
of radins x~e%®,

The curves of equi-pressure are the paths of the particles when
the motion is made steady by superposing the velocity — ¢, that is
they ure given by

1 1
w=a+;e“"smxa, y=b-—xe""cosxa,

or, putting «a =0,
z=xkT0+«7e?smmb, y=>b—«xe?cosd.

These equations, for any constant value of b, represent a trochnd
traced by a point at distance x~'¢** from the centre of a circle of
radius «~' which rolls on the under side of the line y=>b+«""
Any one such trochoid may be taken to represent a possible form
of the frec surface, the extreme case corresponding to b= 0 being
a cycloid with cusps upwards*.

EXAMPLES

1  Assuming that the velocity of propagation of long waves m a canal 13
J(9gA/b) where 4 1s the area of the section and b 1s the breadth at the water
surface, apply the formula to obtaimn nuinerical results for a water-trough, the
top being of width 20 mnches, the base of width 12 inches, and the depth
10 1inches (St John’s Coll 1911.)

2. Fmd the velocity of ocean rollers, 20 yards long from crest to crest, in
miles per hour (St John’s Coll 1901 )

3. Find the type of waves that would travel on deep water at 30 knots
How much 1s the velocity of the waves affected by the presence of the atmo-
sphere above the water, 1ts density being 0013?

(St John’s Coll 1897.)

4, A fixed buoy 1in deep water 13 observed to rise and fall twenty times in
a minute, prove that the velocity of the waves 1s about ten and a half miles
per hour (Coll. Exan. 1907.)

5. Prove that if a wave-system 1s travelling over water with velocity V,
the kinematical condition to be satisfied at the free surface1s Y+ Vy=const.,
where 4 15 the stream function, and the motion 1s supposed two dimensional,
the waves advancing along the axis of

Find the value of V for water-waves on a canal of depth 4, when the wave
length 18 A, gravity alone being considered. (St John’s Coll. 1911 )

* For a diagram see Lamb’s Hydrodynamacs, p. 418,
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3. Shew that when irrotational waves of length A are propagated 1n water
of infimte depth, the pressure at’ any particle of the water 1s the same as 1t
was m the equilibrium position of the particle when the water was at rest

(Coll. Exam 1908 )

7. A wave consisting of a single elevation and a single depression travels
along the surface of water contained in a straight uniform canal The slope
of the wave 13 gradual, and 1ts length 18 great compared with the depth of the
water Triace the motion of a particle on the surface.

Shew that the potential energy of the wave 1s equal to the kinetic energy
(St John’s (Yoll 1901 )

8. From considerations of dimensions alone shew that the period of
oscillatory waves 1n a deep cylindrical tank varies as the square 100t of the
diameter and mversely as the square root of the intensity of gravity

(M T. 1879)

9. Prove that in a uniform heavy hqud, of depth 4, there 18 not nore
than one wave length corresponding to any given velocity, and that any

veloeity less than o/ g/ 1s the velocity of some wave (Trimty Coll 1902 )

10. If a horizontal rectangular canal of great depth has two vertical
barriers at a distance { apart, prove that the periods of oscllation of the water

are 2J wlf J.s_q, where s 18 a positive mteger ; and that corresponding to any
mode, all the particles of fluid oscillate m straight hines of length mversely
proportional to exp (swz[l), where 2 15 the depth

(Coll Exam 1906 )

11. If in the n1otational motion of homogeneous liquid m two dimensions
under gravity there be a free suiface exposed to an atmosphere of constant
pressure, shew that there must be a surface of equal pressure at which

oy frorat " Ty dyot
AR PL Xy IN ¢
{(na) aatt 3.2, dy @ (.Lq/ 8'1/}

Work out the case ¢p=hcosmr/acoshm (y+A)/asmpt and give 1t a
possible physical realisation, b being o small that 1ts square 1s neghgible

(St John’s Coll 1906 )

12. The space between two mfinite horizontal planes 1s filled with two
fluids, one of density p and depth 4 and the other of density p’ and depth A’
Shew that the velocity of a long wave on the surface of separation 1s

g(p—p') W

Ko+hp (Coll Exam 1397)
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13. Let a shallow trough be filled with o1l and water, and let the dspth
of the water be £ and 1ts density o, and the depth of the o1l 4 and 1ts density
p Then shew that 1f g be gravity, and » the velocity of propagation of long
waves,

g =} (h+£)+} {(h =k +dhkp/a}d.
Note that therc may be shipping between the two fluids (M.T. 1882 )

14. A harmonic train of surface waves, of wave length A, impinge directly
upon a breakwater with a vertical sea front, and are reflected. The maximum
variation of the surface level about the mean height on the face of the break-
water 1s a. Prove that the extra pressure on the breakwater per umt length
of sea front 18

A 2mh 2w Ve
gpa {lz +5 tanh } cos

- X
where V1s the wave velocity and % the depth of the sea
(Trimity Coll. 1897 )

15. Prove that in a fluid of depth %, lumted by two vertical barriers,
distant 7 apart, at right angles to the direction of propagation of straight
crested nrotational waves, the periods of the waves are found by giving »
positive integral values in the formula

2 ("—l coth 71"') k. (Coll Exam 1899,)
rg l

16. Two fluds of densities p;, p, have a honizontal surface of separation
bnt are otherwise unbounded Shew that when waves of small amplitude are
propagated at therr common surface, the puticles of the two fluids describe
circles about thenr mean positions, and that at any pownt of the surface of
separation where the elevation 1s », the particles on either side have a relative
velocity 4 Vp/x (Trimty Coll. 1907.)

17. If a canal of rectangular scetion contain a depth £ of hiquud of density
p on which 18 superposed a depth 2’ of hquud of density p’, the free surface of
the latter bemng exposed to constant atmospheriec pressure, prove that the
velocities of propagation of waves of length 2w/ are given by VZ=gu/m,

where
p (w cothmh —1) (u coth mk’ —1)=p’ (1 —u?)

(Coll Exam. 1907 )

18. Two-dimensional waves of length 2mw/m are produced at the surface
of separation of two liquids which are of densities p, p’ (p > p") and depths &, &'
confined between two fixed horizontal planes Prove that, 1if the potential
energy 1s reckoned zero 1n the position of equilibrium, the total energy of the
lower hquid 18 to that of the upper 1n the ratio

p {(20 —p') coth mh 4p’ coth mA’}  p’' {(p — 2p') coth mA' — p cotly mA}.
(MT 1899)

19—2
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rest and has its surface plane and mnclined at a small angle 8 to the length of
the canal, the altitude 5 of the wave at any time ¢ 18 given by

_8aB mr 1:1_'gt

2a 2a ’

where ¢ is the velocity of a wave of length 4a/: on an infimtely long canal, and
= mmplies summation for all odd integral values of » (M.T. 1893)

31. Find the possible periods of standing oscillations mn a trough of depth
% and length [, and shew that, if 1mtially the water be at rest with 1its free
surface plane and inclined at a small angle a to the horizontal, the velocity
potential and the stream function at any time are given by
_ 402 pysin p,t cos {(284+1) w (x+w)/l}
p+eip=-a 2 7 (25519  sob{@s 1) AA0
where p,/27 18 the frequency for the vibration of type s.
(Trimty Coll 1908 )

32. The free undisturbed surface of a hquid of great depth 1s the plane
¥=0, and 1t extends to infimity in both directions of the axis of # In the
surface there 1s a shallow depression, bounded by the planes +z/a=1+y/e, due
to the presence of a floating body Everything being at rest, the floating body
18 suddenly removed Shew that after the lapse of a time ¢ the equation to
the feee surface 18

y= _de f coskz sm?iha cos(th/c)dl (MT 1902)

an A2

33. A rectangular trough contaiming water of given depth 1s shghtly
tilted at one end, and then let fall agamn mto the horizontal position find
the period of the to-and-fro oscillations of the water that are thus set up

Shew that, 1f the tilt 1s removed suddenly m comparison with this period,
but without jarring, the surface of the water will assume, at the end of each
swing, the form of an mchined plane, until friction and other causes modify
the motion ; and also that, if the water 1s shallow, 1ts surface will at any inter-
mediate time be mn part horizontal, and 1n part a plane of constant slope

(St John’s Coll. 1896 )

34, Prove that the free oscillations of water in a straight tank of uniform
depth are represented by certain curves of sines which are stationary save for
the variation of their amplitudes with the time.

Regarding the resolution mto such curves of sines of an arbitrary imtial
displacement of the surface as a Fourier series, shew that the latter refers to a
function supposed known for a range equal to double the length of the tank;
what 18 there 1n the physical conditions that enables us to double the range
over which the function 1s known ?

Work out the case in which the hqud starts from rest with 1its surface
plane but slightly inclined to the horizon. (St John’s Coll 1500 }
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35. If the bottom of a horizontal canal of depth %4 be constrained to
execute » sunple harmonic motion such that the vertical displacement at
distance z from a fixed hine across the canal and perpendicular to 1ts length
at the bottom be given by kcosm (z~ vt), & being small, shew that, when
the motion 1s steady, the form of the surface 1s given by

2
y=h +v2‘1_”7,7l-cos m (@ — vt) 'M.T. 1879)

36. Shew that, 1f water 15 flowing with velocity V along a horizontal canal
of rectangular section and depth %, and the hottom of the canal 1s agitated so

that 1ts form 18 given by a cos m (2 —vt), where «1s small, the form of the free
surface 18 given by

y=a' cosm (& —ot),

2
where a=a'{cosh mk — g+mTp sinh mh} ,
m(V~v)?
T'1s the surface tension of the water and p 1ts density (M. T 1898.)

37. The bottom of a straight umform canal of rectangular section has
the form y=asin (2rz/A) referred to horizontal and vertical axes O and Oy
through a pomnt O 1 1tself, and 15 moving with umform veloaity V in the
direction Oz, a being small  If the mean depth of the hiquid in the canal be
h, find the velocity potential of the wave motion generated, and shew that
the form of the free surface 1s given by

— D —_ ‘V
y=h+asmh ?z;if cosech 2¥ (¥_]‘) —— (x)\ __Q,

referred to fixed axes origimally comciding with Or and Oy, H beng the depth
of the hquid corresponding to the free propagation under gravity, with velocity
V, of waves of length A (M T 1900.)

38. Shew how to take account of a variable pressure acting on the surface
of a umform canal, and m particular examine the effect of a travelling distri-
bution of surface-pressure of the type

A+ Bcosk(ct—a),

where 7 1s the longitudinal coordinate, the canal being supposed mfinitely
long. (MT 1911)

89. Find, at any time, the form of the free surface of an mfimte canal, of
uniform breadth, and umform equlibriumn depth £, 1f the mtial conditions
.are n=asm kv and n=0

If the varations of pressure on the surface of such a canal are given by
b sig kx sin kvy?, where b 1s small, then the form of the surface at any time

will be
= b
= —
gp (,,% - 1)
where v is the velocity of propagation of waves of length (27 k)
(Coll Exam. 1906 )

sm kr sindayt,




CHAPTER XI

VIBRATIONS OF STRINGS

246. IN the last chapter we considered some cases of small
oscillations of fluids regarded as incompressible. The theory of the
oscillations of elastic fluids 1s also a branch of Hydrodynamics and
1t includes the theory of sound or waves in the atmosphere The
theory of sound 18 too extensive a subject to receive adequate treat-
ment 1n an elementary text-book on hydrodynamics, but we propose
in this chapter and the following to give a short account of some
of the clements of the theory of sound waves together with the
kindred subject of the vibrations of stretched strings.

247 'Transverse vibrations of a stretched string. By
transverse vibration we mean a motion m which ecach pont 1s
displaced at right angles to the equilibrium position of the string,
and the shght extension of any element of the string 1s of the
second order compared to the displacement. In fact the string 1s
regarded as 1nextensible “ or rather the elastic modulus of extension
is indefinitely great The very beginnings of a local disturbance
of tension will then be equalized along the string with speed prac-
tically infimte*”, and we may take 1t that the tension P remains
constant along the string and throughout the motion Let the string
be of uniform lne density p Take the z-axis 1n the equilibrium
position of the string, and let y be the displacement at the pont «
at tume ¢. If 4r be the inclination to the x-axis of the tangent to
the string we shall suppose that v 1s small.

The equation of transverse motion of the element 8z is
pdzjj=— Psiny + Psinyr + 8 (P simn+),
for the forces acting on the element in the direction of motion are

* See a paper ‘On the Dynamics of Radiation’ by Sir Joseph Larmor, Inter-
national Congress 1912, Proceedings, Vol. 1, where the motion of a string 18 used as
an ilustration.
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the components of the tension at its ends; viz. Psin+y at one
end and Psinvr+ 8(Psin+) at the other, and 4sin\;o\=ai/=—a—:2

os oz
approximately, neglecting (dy/ox)}, therefore

If we put P =pc® we may write the result

Y _ 20
=l (1).

This is the same equation as we obtamed in the theory of long
waves 1n shallow water and as 1n Art 214 the solution 1s

y=f(ct—z)+F(ct+x) ... . ... (2),

where f and F are arbitrary functions.

If, for the moment, we take F to be zero, we have

Y=f(ct—2) . vori it (3).

This represents a wave form travelling with velocity ¢ in the posi-
tive direction of the #x-axis. For, if we increasc « and ct by the
same amount, we leave y unaltered, which means that the displace-
ment which exists at the instant ¢ at the place x will at time ¢+ 7
be found at the place x + cT.

In the same way the equation
y=F(ct+a) ...cooovvviiiinninn ol (4)

represents a wave form travelling with velocity ¢ in the negative
direction of the z-axis.

Referring again to equation (3) we find by differentiation

0y __ oy
a‘z-—- Caw .......................... (5),

which is a relation connecting the v’elocity at any point with the
slope of the string. It 1s obvious that motion might be begun
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with arbitrary velocity and arbitrary slope, but unless the two are
connected by equation (5) the resulting motion cannot be given by
a relation of the form (3). In the same way a motion represented
by (4) implies a relation

% _ 9%
g = Cap cteerrererereeeessiees (6)
between veloeity and slope

The general motion of the string may be regarded as the result
of the superposition of two such wave systems travelling in opposite
directions, and 1n this case the mmtial values of dy/d¢t and dy/ox
may be regarded as composed of two parts which separately satisfy
equations (5) and (6).

248 Unlimited string with given initial conditions.
Suppose that, when ¢ =0, we have

Y=h () ivviennn eeinnns (1),
and Y=Y (L) evrrrriiiiiiiiiiiiiennns (2)
Taking for the general solution
y=f(ct—z)+F(ct+x) ... ... ....on 3),
we have, when £ =0,
P @)=Ff(—2)+F(Z) ceovvviiiiirinninnns (4),
and V@) =cf' (—x)+cF'(®) evcvrviienannnnn (5).
By integrating the last equation we get
/xﬂr(z)dz=—cf(—w)+cﬁ'(w) ............ (6),

and then from (4) and (6)
Fea=t6@-5 [¥@)ds
and F@)=4¢ @) +5 [ ¥@de;

so that

1 [ztet
y=t{p@—c)+p@+al+y fmtap (#)ds ... (1),
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249. A given initial displacement. In the special case in
which tuere is no imtial velocity but merely an initial displacement,
the last result reduces to

y=141¢(@—ct)+¢(a+cb)),
m which the two component waves resemble the initial form of
the string but are of half the height at corresponding points.

The form of the stiing at any subsequent time may be con-
structed by drawing a curve in which the ordinate of each point
1s half the mitial displacement of the point, imagining that two
such curves imtially occupy the same position and then moving
them 1n opposite directions along the x-axis with velocity ¢ The
sum of the ordinates of the two curves at any point at any instant
will give the displacement of the point at that instant.

250 Energy. The kinetic cnergy of any portion of the string

1s given by

T=3pfpde .. . . .eent (1.
For the potential energy V 1t 1s necessary to calculate the work
done 1n the shght extension of the string against the tension P.

The increase m length 1n the clement 8z
— 85— 8w=8a:{1 + (%g)’}é— S0
=3 (%)28&
Therefore V=3P [ (g%)zda' .................... (@)

Now P =pc? and in either component wave from Art. 247 (5)
and (6)
dy/ot = F coy/ox,
hence 1n any single progressive wave the kinetic and potential
energies are equal.

261, String of limited length. Suppose that the origin 1s
a fixed point on the string. In this case we must have y =0 when
z =0, for all values of £. Hence, 1n the equation

y=f(ct—x)+ F(ct+z),
we have 0 =f(ct) + F(ct),
or F(z)=—f(2)
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The general solution in this case is therefore

y=f(ct —x)—f(ct+ =z).

As applied to the string on the left of the origin this means the
superposition of an incident wave, represented by the first term,
traveling towards the origin, and a reflected wave, represenved by
the second term, and travelling away from the origin. The waves
are similar 1n profile, their amphitudes being cqual 1n magnitude
and opposite 1n sign.
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Let us consider the case of a disturbance represented by

Yy=f(ct—x) .icviviiriins i, (¢))
advancing towards the origin, the disturbance being confined to
a length I of the string, and suppose the string to be fixed at the
origin 0. Until the head of the disturbance reaches O the motion
is represented completely by (1), but when this instant arrives we
must take as the equation that represents the motion

y=flct—a)—f(ct+2) .oovvrvrivannnnn. @\
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The terms of this equation do not both apply to the same rauge
of the string continuously. Thus if £=0 when the head of the
disturbance reaches O, then when 0 < ¢ < I/c the first term applies
between £ =0 and z =—1 + c¢t, and the second term between =0
and x=—ct. When t=1/c the first term ceases to apply and the
subsequent motion 18 represented by

Yy=—=f(Ct+2x) .covvriiniiiinnn, (3)
alone, or the reflexion of the wave 1s complete.

When the mtial form of the disturbance is given the form of
the string at any time can be constructed graphically. Thus mn
the accompanying diagram the figures on the left represent the
components of the displacement at mntervals //3¢ before and after the
head of the disturbance reaches 0. They are obtained by drawing
the curve that represents the disturbance with its head at O and
drawing a similar curve so that the two are anti-symmetrical with
regard to O, and then displacing these curves to the nght and left
respectively with velocity ¢ The resultant form of the string, as
shewn on the right, 1s obtained by taking the sum of the ordinates
of the component waves on the left.

Later this will be seen to represent also the reflexion of a sound
wave at the closed end of a straight pipe

262 If however the end of the string at the origin 1s capable
of free transverse motion—it might, for example, be attached to a
ring of neghgible mqss free to slide on a smooth wire along the
y-axis—the condition 1s 9y/oxz =0, when 2 =0, for all values of &.
This follows from the equation of motion of the massless ring along
the wire, which shews that there can be no component of tension
along the y-axis.

Taking y=f(ct—2x)

for the incident wave, and
y=f(ct—az)+ F(ct+ )
for the complete disturbance, we have
=—f"(ct)+ F’ (ct)

for all values of ¢.

Therefore F'(2)=f'(2),
or F(2)=f(2),
so that y=f(ct —x)+f(ct + x).
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The reflected wave is therefore exactly the same in form as the
incident wave, the amphitude being unchanged 1n sign.

This case corresponds to the reflexion of a sound wave at the
open end of a straight pipe.

253. String fixed at both ends. Let the fixed ponts be at
=0 and z=10. Then we have
y=f(ct —x)+ F(ct +z),
and the condition that y =0 when 2 =0, for all values of ¢, makes
F = —f, as before.
Hence y=f(ct —x)—f(ct+ z).
Also y =0 when z =1, for all values of ¢, so that
O0=f(ct—1)—f(ct+1);
or, putting z for ct—1,
f(z+2) = f(2).

Therefore f(2) 1s a periodic function with a period 2! 1n 2.
Hence the motion of the string 1s periodic with respect to ¢, the
period being 2l/c, or twice the time taken by a wave to travel the
length £,

It 15 otherwise evident that i1f a disturbance starts fiom any
pomnt A of the string, and moves with veloeity ¢ 1n ether direction,
it will after successive reflexions at the two ends pass the pomnt
A again 1n the same duection with its original amphitude and sign

in tune 2//c.

254 Plucked string. When the string starts from rest with
a given displacement, as for example when the string 1s drawn aside
at one or more points and then set free, we have mitially
y=¢ (), say, and y=0.
And by substituting 1n the general solution
y=f(ct—a)+ F(ct +x),
we get ¢ (@)=f(—2)+ F(z),
and O=cf (—x)+cF’ (x).
Therefore, by 1ntegrating the last equation,
0=—f(-2)+F(2);
whence f(—x)=F(2)=14p(x)
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Hence

PLUCKED STRING

y=4%¢ (z—ct) + ¢ (x +ct),

as might have been written down from Art. 249.

303

Agamn y vamshes when # =0 and when =1 for all values of ¢,

so that

and

Therefore

0= (= ot) + & (ct),
O=¢p(l—ct)+d(l +ct)

$(—2)=—9),

and, putting ct=z + [, we have also

$(z+2) == (~2)=$().
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Fig 67.

Hence we get the following method for constiucting the succes-
sive forms of the string —draw the curve y = ¢ (2) between 2=0
and z =1 and continue 1t 1n both directions subject to the foregoing
conditions, 1e. draw a sunilar curve in the third quadrant between
=0 and = -1 and then repeat the whole figure n every suc-
cessive space of length 2/, Imagine curves of this type to travel
m both directions with velocity ¢ and take the arithmetic mean

of their ordinates at any instant

The resulting curve represents
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the form at that instant of an unlimited string moving in such a
manner that the points # =0, + I, + 2[, etc. are at rest, and there-
fore the portion between £=0 and z =1 satisfies all the required
conditions See fig. 67.

In the case of a string plucked at one pont and then s>t free
the string at any mstant consists of either two or three straight
portions, generally three; and the two outer portions are always
1 the directions of the two portions 1 the initial position, while
the gradient of the intermediate portion is a mean between the
gradients of the other two having due regard to sign. Thus fig. 67
shews the form of a string of length ! plucked at one point after
three intervals of time 7/3c.

255. Normal modes of vibration. The position of a system
which possesses m degrees of freedom and vibrates about a position
of stable equilibrium can be defined by the values of n. parameters
or coordinates qi, ¢z, - . gm- The kinetic energy 7" 1s given by

27 = anq® + Aeu@l 4+ oo + 2000961 @2+ ... 5
and the potential energy 1s given by

2V =cuq®+ Cuqt+ . .+ 2¢q:9: + ...,
where the «’s are generally functions of the ¢’s, but in small vibra-
tions they may be regarded as constants.

In the case of free vibrations, Lagrange’s equations give

UnGy + Qg+ ..+ alm‘im +oenqy+ gt oo + G = 0
and m — 1 similar equations.
If, to solve these equations, we substitute
¢ =4, cos (nt + ¢),
g.= A, cos (nt + ¢),
ete,
we get m equations of the form
(Cu — n¥ay) A, + (Cp — 1) A+ ..+ (Cn — PPaym) Ao = 0.
These m equations give the ratios of the amphtudes 4,, 4,, ... 4,,
in terms of the a’s, the ¢’s and n.

If we elimmate 4,, 4,, ... 4,, from the m equations we get a

determinantal equation for n* of the mth degree. Taking any one

of these values of n, there is a corresponding set of values of the
coordinates ¢,, ¢, ... ¢m involving only two arbitrary constants,
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viz the absolute valuc of one of the amphtudes, say 4,, and the
mitial phase e. In the corresponding motion the system vibrates
so that the coordinates ¢, ¢,, .. q,, bear constant ratios to one
another This 1s called a normal mode of vibration The physical
chara_teristic of a normal mode is that 1t 1s periodic with regard
to the time, and in general the different normal modes have
different periods. In gencral there are m such normal modes all
distinct from one another. These various m normal modes of
motion each with 1ts arbitrary absolute amplitude and phase may
be superposed, and the complete solution 15 given by #n cquations
of the form

¢ = By cos (nt + &) + B, cos (nt + &) + ... + B,y cos (it + €n),

and contains 2m arbitrary constants, namely B,, B,, . . B,, and
€1, €, . €n. These are all the arbitrary constants because the
quantities corresponding to the B’s in the expressions for the other
m — 1 coordinates are all constant multiples of the B’s

It 1s shewn 1n books on Dynamics* that 1t 1s possible to choose
the coordinates of a system so that the expressions for kinetic and
potential energy only contain squares and not products of the ¢'s
and the ¢'s  When the coordinates are so chosen they are called
the normal coordwnates or princripal coordinates of the system and
each normal mode of vibration affects one and only one coordinate

For we have
27T = ay @+ axq’ + )

and 2V =cuq® +Cngl + ...,
so that by Lagrange’s equation we get m equations
ang + i =0, axq+cxq. =0, ete,
and the complete solution 1s
g=Ad,cos(nt+¢), ¢=A4,c08(nt+e) ete,
where n?=cy/ay, ete.,

containing as before 2m arbitrary constants 4,, 4., ... 4, and
€1, €, +vr €m.

256. Normal modes of vibration of a finite string. Since
a string has an infimte number of degrees of freedom 1t has an -
finite number of normal modes of vibration. To find these normal

* Whittaker, dnalytical Dynanmacs, § 77.
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modes let us assume that the displacement of every point of the
string 18 proportional to cos (nf + ¢).

The differential equation to be satisfied is

Y _ 0% 1y
P v T P PTRES q);
and 1if y oc cos (nt + €), we have i =— n?y, therefore
oy n?
dr T ¥=0
The complete solution ot this equation, including the time factor, is
y= (A cos 2“:} + Bsin ng) COS(NE+ €)uurnrinnnnns 2

If the ends ot the string are fixed at the points #=0 and z=1,
we must have 4 =0 and sin »ljc=0.

Hence n= 7;7(:" 2—70 R 37[3, ete 3)
This gives the infimtely many values of n that correspond to the
different normal modes, and the solution corresponding to the sth
normal mode may be written

y = B, sm sz;a; cos (sg&t + e¢,> N €Y

The gravest or fundamental note of the string 1s that tor which

s=1 Its frequency 18

n_c _71\/}'_‘
2~ 21 2! p’

The facts embodied 1 this formula, namely that the frequency
varics mnversely as the length and the square root of the density and
directly as the square root of the tension, are known as Mersenne’s
Laws They are capable of experimental verfication by fixing
one end of a string and then passing the string over two edges or
‘bridges,” whose distance apart can be varied and measured, and
suspending a weight from the other end of the string

In the next normal mode to the fundamental s=2 and the
middle point of the string =}/ remains at rest throughout the
motion. In the sth normal mode of which the frequency 1s sc/2l,
the (s — 1) points

1 2l (s—1)!

s’ s’ " s
are at rest throughout the motion. These points are called nodes ;
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the points midway between them are the points of maximum ampli-
tude ard are called loops. Each segment into which the s — 1 nodes
divide the string vibrates like the fundamental mode of a string of
length I/s.

A general vibration of the string i1s obtained by the super-
position of the several normal modes with amphtudes and phase
constants chosen to suit whatever may be the given initial con-
ditions. The equation that represents this motion 1s therefore

y =3B, s ‘Z;f cos (sllcﬁ + e,,) ,

where B, and ¢, are chosen to smit the initial conditions and the
summation extends to all integral values of s

257 'Two special cases.

(1) If the string starts fiom rest at time ¢ =0, then =0 when
t =0 tor all values of «, so that all the €’s are zero, and

y=2B;sin szrl.lc cos s—ﬂ—;ft .

(2) Tt the string starts from the equilibrium position at time
t=0, then =0 when ¢ =0 for all values of x, so that all the ¢’s are
odd wmultiples ot }r, and

y=23B,sin 'WT'T sIn {7:-0!

258 Plucked String. Lect the string be drawn aside through
a small distance B at a distance b from the end =0 and then
releascd

- B .....
o -0 z
Fig 68

We have to determine the coefficients B; i the solution

g/=EB.,sms—7;fcoqs%d N ¢ )

The mmtial values of y are

y=RBx/b, O<z<b), and y=BU—-a)(-D), b<z<i).
Multiply both sides of equation (1) by smn 877" and integrate be-

tween the values 0 and ! of z, giving y 1ts proper values 1n terms
20—2
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of z for each part of the range, and taking ¢=0. Then, since,
when r#s,

:
f sin 7% an 72 iy =
° ]
thercfore
) 1
B——s1n———dw+f B(- 871?dx=f B,sm"'ﬂdw
0 l 0 l
2,8l‘ smb
which gives .Bs = .;2‘-7_1‘—27)—(7——%—) sin ”—l— s
) _ 28k <1 smb sz smct
so that y= = Yl sm = sin —— T Cos -

259 Energy of a string with fixed ends. If the string
be vibrating 1n 1ts sth normal mode we have from Art 256

y=B, sin 572 cos (mt+e,,).

l l
The kinetic energy 7' 1s given by
i
T=4%p f y*d=

2, 11 y .

= 827;.; P f Brsin? '§7—;‘f s (.s-n;ct + e,,) dx

s?ric? ct
=" P B2 sm (—"5~+e,) ................... (1)

And the potentlal cnergy, as 1n Art. 250, by

Vi [ () do

s P sTret
=4 B2 cos”(l +e,) ............... (2),

m the same way
Also since P = c®p, Art. 247, thercfore

s> .
T+V= ";f”B; ................. (3)

gives the whole energy of the vibration in the sth mode

Again 1f the motion be of the general type
smrct

y=2B,,sm§7—?co ( ! +G,).

we have

T= ,}pj yrde="_ J.’L[Z {sB 81n37; sin (—« + e.)}]z
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!
Now f sin .g_vz_m sin 7;73" dz =0,
0
‘o usmw 1
and f , S —= = 5.
Therefore T= 7r;c’ 3s2By?sin? ( WZ— ) ............. (4).
Smnilarly we get
2
V= %lP 3s2B,2 cos? (iﬂl.c—t + e,) ........ (5);
and T+V="L3eBe ... (6).

In these results 1t appears that the whole kinctic energy, con-
taining square terms but no product terms, is the sum of the kinetic
energy due to each separate normal mode of vibration, and similarly
in regard to the potential energy, which 1s of course 1n accordance
with the general theory of normal modes as explained in Art 255

260 Normal functions and coordinates*. When a vi-
brating system has a fimte number (m) of degrees of freedom,
we saw (Art. 255) that 1ts position could be specified in terms of
‘m normal coordinates cach corresponding to a normal mode of vi-
bration, and that the kinetic and potential energies contained only
squares and not products of these normal coordinates A vibrating
string has however an infimite number of degrees of freedom and
thercfore infinitely many normal coordinates, and when we express
the form by the equation

y=2ZXB, sms—l—%co (si'?t—i-e,) ...(1),

the coefficients of sms%ic for all integral values of s are the normal

coordinates and the typical one may be denoted by ¢,, so that
y=2¢>bsins—7{f e A2)
Taking the ¢’s as the coordinates that determine the position and

* This use of normal coordinates 1s due to Lord Rayleigh, see Theory of Sound,
1 §128.
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mot.on of the string we may use Lagrange’s equations. As in the
last article we have

T= 1pzz¢. and V= y’” B e (3).
1

And if @, 1s the force tending to cause a displacement 8¢, (using
the word force in a generalized sense) we have

d 0T\ oI oV

d—-—t<57—¢') - 5&"'@—@3.
That is 4+ 00 =20, (4).

If we write this equation
2
s + nip, = ol Dye i e e (5),
for a particular integral, using D for d/dt, we have
2 1
bs= pl DF i

1 1 1
=;In_pl{D—in—.D+z"n} @,
1 ¢ ¢
== e {emt f e—wnt q)s dt — et f emt ([)b dt}
(1] 0

wnpl

/ (em(t—t) — e—m(t——t’)) q) dt
‘Wlp

¢
_ mfosmn(t-—t ) ®,dt,
and adding the complementary function, the complete solution 1s
¢
$o=(@cosnt+ @22+ 2 [amn ) d,at . ()
npl |,

where the zero suffixes denote values when £=0.

If the impressed force is a single force Y at the pomt =15,
then

2P,3¢, = Yoy,
0 . smh
so that $,=Y 5 z)z_ = Ysms—zrl— ............... .
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261. Examples of use of normal coordinates. Plucked
string. Taking the case considered 1n Art. 258, ®, is zero except

when =0, and then 1ts value is Ysms—vlr-l—’, where Y is the force

by which the string 1s held. Since the string starts from 1est
($s)o=0 and (5) gives
2

2 smb
n3(¢,)o = ﬁ ¢3=Ez Y sin —l— .

And at time ¢ we have from (6)

¢s = (¢a)o cos nt = j_h}; sin 8’%17 cosmt.

Therefore

Y=, sms—lzf

2Y s swb _ smwacosnt
=—7Esm—_—sm

pl [} I =

2Y 2 smh . sin 5% cos st
Tpme T et T ST i’

which agrees with the result of Art. 258, 1f we note that ¥ 1s equal
to the resolved part of the tensions perpendicular to the z-axis;
that 1s

Y=P (% + Z%)) , to the first order of 8

_ cplB
Tb(l-0b)

262. String set in motion by an impulse. Let an 1mpulse
I be apphed at the pomnt  =b. We may regard this as the limit

of f 7I ‘dt', where I’ is a force that begins to act when the string 1s
0
at rest and ceases to act after a short time 7. Then using (6) of

Art. 260, (¢5)o=0 and (¢s)o =0 so that

b= = “rsmn(t—t’)cb dat

= 2 sin né 7<I>,dt',
'npl 0
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neglecting the term sinnt’ for the range t'=0 to t' =7 since 7 18
small. But from Art 260 (7)

P, =1 sms—"l)
l
therefore f T<I>,dt =sin sli) f I'dt =1s nf-r—b
0

21 smb smct

Hence b= p— sin T sin =
2I =21 swb  smx . smct
and =-""_3 ° gin —— 81N —— $in ——
mTep 1 8 l I l

263. Forced vibrations of a string. Therc are two cases
to be considered, the first, when a given pomt 2=>5 1s given an
arbitrary transverse periodic motion, the second when a given
pertodic force acts at = b.

In the first case let the given motion at 2 =0> be represented

by
y = cos (pt+ a).
We have to satisfy the equation
Y _ 20
ot oz’
and 1f we assume that y varies as cos (pt+a), this equation be-
comes
2y p*
awa ] ,¥=0,
the solution of which, including the time factor, 1s

= (A cos %’?+ Bsml—?) cos (pt + a).

We have now to determine 4 and B so as to satisfy the con-
ditions belonging to each portion into which the string 1s divided.
For the one portion

y=0 when £ =0, and y = cos (pt + a) when =1,
so that A =0 and B=fy/sml(:é,
and we may write

sin px/c
R e b/ccos(pt+a), O<z<bd .ccounnenn. (1).
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For the other portion y =0 when x =1, and y =+ cos(pt +a)
when 2 =D, so that
A B vy
sm pljc —cosplje smp (I —-b)/c’

and for this portion we may write

smp (I —2)/c

Y smp (I —b)/c

In the second case, let there be a force Fcos(pt+a) at the

point z=>5. We may deduce the solution for this case from the

last by the consideration that the resultant of the tensions at the
point must balance the impressed force.

That 1s, 1if P denotes the tension
_ po%_ poy; -
Fceos(pt+a)=P 3 —I 2 M2 =b.

cos(pt+a), b<z<i ... (2).

o =

Therefore, by differentiating (1) and (2)
Pyp sin plfc

¢ smpb/csmp (I —-b)/c’

whence we get

Fsinp (L =b)/c s pajc
plesmplic

cos(pt+a), O<az<b .. (3),

F smpb/c sinp (I —a)/c

plesin pl/e
This 1s an examplc of a reciprocal thcorem that the motion at «
when the force acts at b 1s the same as would be the motion at b
if the force acted at «

and Yo = cos(pt+a), b<z<l . (4)

264 Vibrations of a string carrying a load. Let a particle
of mass M be attached at the point 2 =0.
If we assume that the motion of the particle M 1s given by

y=qcos(pt+a) ... . . e (1),
then the motions of the two parts into which it divides the string
are given by (1) and (2) of the last article. And the frequency
p/2m 1s to be found from the equation of motion of M, namely

Mj=-P2 1P %
at z=>5, P denoting the tension of the string.
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Substituting from (1) and (2) of the last article and from (1)
above, we get

- ’M=—P£cotl)~b—P£00bp*(l-~——b—) .
c c c c

_P s1n plfc

pM= ¢ smpbjcsmp(l—=b)jc """ " - 2
This equation must be satisfied by p, and the form of the string
at time ¢ 1s then given by (1) and (2) of the last article, 4 and «
being arbitrary constants depending on imitial conditions. Since
those normal modes of motion which have a node at z="0 could
exist without causing the motion of this point, 1t 1s clear that the
presence of M will not affect these normal modes. Thus if M be
at the middle point of the string, the normal modes of even order
are unchanged, and we can shew that the frequencies of the odd
components are dimmished. For, in this case

Therefore

b=1-b= 14,
so that (2) becomes
_2P P
pM———c-COtTc,
plopt_Pl_pl
or tan2c—c”M—M'

The frequencies of the normal modes concerned are therefore given
by

pPY2c=2,, x, ®;, . ,
where 2, 3, z; ... are the successive roots of the equation

wtanx=%—{l[.

By drawing the curves y =tanz and y=pl/Mz 1t 18 easily seen
that the roots lie between zero and i, 7 and 3w, 27 and §m and
80 on.

But the natural frequencies of the unloaded string are given by
plj2¢=13mw, w, §mw, 2w, §w... (Art. 256).

Hence 1t follows that frequencies of the normal modes of odd
order are decreased.

265. Finite string with ends not rigidly fastened. We
will consider two cases, namely when one end of the string is
attached to a mass M capable of moving transversely, eituer
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(i) as a bead on a smooth wire, or (i1) under the control of a spring
of strergth u, the other end of the string being fixed.

. Py 0%

As solution of 2= c? Sz’
we take Y= (A cos 75;” + Bsin n——:) cos(nt+€) ... ... 1),
the terminal conditions being

) Mij= Poy/ox when =0,
and y=0 when z=I.

Therefore —n*AM = PBn/c,
and A cos nlfc+ Bsimnl/c=0,

nl, nl_ Pl _pl

whence S = =y e ce e d(2),

which 1s the same equation for the frequencies as 1if the particle
were at the middle point of a string of length 2!, as 1s otherwise
obvious.

(u) The terminal conditions in this case are
Mij + py = Poy/ox when =0,

and y=0 when z=I.

Therefore (p—n*M) A = PBn/c,
and Acosnljc+ Bsinnl/c=0,
nl Pn ___pen 3
¢ oM —p) M —p " . .(3).
In cither case equation (1) takes the form
n(l—z)

(4

whence tan

y=Csm

cos(nt+e€) ...e.. ... . (4),

and cquations (2) and (3) both have an infinite number of solutions
so that the motion in general will be given by equating y to the
sum of an infinite number of terms like (4).

266. Damped oscillations. If the motion of the string be
retarded by a force acting on each element of mass and propor-
tional to its velocity, the equation of motion of Art. 247 becomes

Oy _ 0y _ %
"at’*—c’awn Kat ..................... (1).
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If we put y =ze~ 3¢, this reduces to
0%z a 02 9
—a—t; —gKZ="C a .Z‘a . ce eee e ( ),
and we may obtain solutions of this equation to swit particular
cases Thus to find the frequency p/27 of waves of length %mr/m,
1if we assume that
Z o M,

we get %jti: +pz=0,
where p*=c*m* — 1«2
And the solution 1s
y=Ae ¥t+MT ooy ((cPm? — ix”)ﬁ t+al,
or, rejecting the 1maginary part,
y =Ae~ ¥ cos ma cos {(c*m* — ;}x’)i’ t+al .. .. (3)
This represents a vibration whose amplitude diminishes con-

tinuously because of the factor e ~ 3%, The time 2/« m which the
amplitude 1s reduced to e of 1ts former value 1s called the
modulus of decay.

267 If the resistance 1s so small that «* may be neglected,
(2) becomes
%z 0%
=% 8
the solution of which, as 1n Art 247, 1s

z=f(ct —x)+ F(ct + =),
and thereforc

y=e ¥ f(ct —ax)+e ¥ F(ct+x) . (4)
Since the functions are arbitrary we may write

eﬁk <t B z)‘]"(ct —a) 1nstead of f(ct— =),

ik (t + f)
and e ¢/ F (ct + ) mstead of F(ct+ x),
so that y=e" %% f(ct — x) + e F (ct + x) . .. (3)
18 also a solution

For example, suppose that the scring 1s of infinite length and

18 subject to a forced motion Z cos pt at a particular point, which

we may take to be the origin, the motion will be represented by
y=Ke~xccosp(t—zfc) ... ...... ... . (6)
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on the positive side of the ongin; and by '

= Ee<*2¢ cos p (t + zfc) . . .. (D
on the negative side, these equations representing a progressive
wave whose amplitude decreases 1n the ratio 1:e as the distance

from the origin increases by 2¢/«,1e at intervals of time 2/«, since
¢ 18 the wave velocity.

268. Longitudinal vibrdtions.

Suppose the string to be elastic and stretched and to obey
Hooke’s Law. If P, @ are two pomnts whose coordinates are .,
£+ 8z 1 the equilibrium position and these are displaced to P, Q'
where the coordinate of P18 z+ £, then that of ¢ 1

" ok
'L+8w+£+6}r8w

If 7' be the tension at P’ and E the modulus of ('Ia‘.htlclty

P'Q - PyQ,
T'=F
©OPQ

where P, @, (= 8z,) 15 the unstretched length of PQ
Theretore I'=FK (Sw + E—}—E oz — Sz, / oz,

oz of

8:1:0
8, 8.'1:+E‘m

Sxy

Now 8. /8z, 13 the ratio of the equilibrium stretched length to
the natural length for the whole string, so we may wnte E’ for
Edx/dx,, where E’ 1s a definite constant, and then

=F.

v __ ’ af v
I'=FE se Vi
where 7} 1s the equilibrium tension.

Let p be the line density and X the external impressed force
per umit mass at P’ acting on the string, then the equation of
motron of the element PQ 1s

*E_ oT
pd Frie T+ (T-l- 8.1:) + pX 8z,
rE_ B o°E

or at*_;—a?*-)‘ ........................ (1).
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If there be no impressed force, and we write E’ = p¢® the equation

takes the form
2 2

This 1s the same differential equation as for transverse vibritions
and 1ts solutions may be interpreted in a similar manner when
applhed to the propagation of longitudinal vibrations, but it 1s 1mn-
portant to observe a difference in the form of terminal conditions.
Thus, at a fixed end we have £=0, and 0&/0t = 0, for all values of
t. while at a free end 7'= 0 and thereforc 0§/0x = 0.

The arguments of this article also apply to the longutudinal
wibrations of bars.

269. Effect of an obstacle or of a sudden change of density. Reflec-
tion and transmission of waves. When a train of waves advancing along
a string encounters an mequahity such as a massive particle or a change of
density the waves are partly reflected and paitly transmitted The method of
treating such a case will be evident from the solution of the following
problem — A uniform elastic string of very great length s stretched on a smooth
horizontal plane and has attached to 1t at one point a pa ticle whose mass 18
equal to thuat of a length « of the stretched string  Shew that a train of long:-
tudwnal waves of length X travelling along the string, unll undergo partial
reflection at the particle and that the transmitted waves have thewr amplitude

dimamnished wn the ratio 1),/ 1% w2 3X=2, and thewr phase altered by tan=' (mwx/\).
(Math Tripos, 1902 )

Since the density of the string 1s the same throughout, the equation
o2 o2
a—tf=('2?’—‘;§ o e . (1)
must be satisfied by all the waves, where, 1t £ denotes a certamn constant
and p the line density, (2=AJp We wmay represent the incident tramn by
&= A cos (mr —nt),
but for facihity m working 1t 1s better to take it to be the rcal part of
Aettmr=nt)  If we assume similar expressions A'et WZ=nt) and A4, et tmz—n
for the reflected and transmitted waves, continuity requires that the period
shall be the same for all, so that #,=x"=n, and as the velocity of propagation
¢ has the same numerical value for all three waves therefore m’ = —m and
my=1m; or, the wave length X 18 not altered by reflection or transmission

Hence taking the origin at the particle, we may write
£=Ael(mz—ut)+A’(.- t{mx +nt) (2)
for the one portion of the string, and
Si=Ayertme-n L s L (B
for the other portion
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For the motion of the particle we have
peé=T—1T,
where the 7”s denote the tensions on opposite sides of 1it. That 1s,

S () (5-2)

when z=0
Hence —xn? (4 +A’)-—w‘m (4,—4+4")
and =c?m?,
therefore wm(A+A)=4,—-A+. . e e(4).
Again, when r=0, we have £=§;, so that
A+4'=4, (h)
From (4) and (5) we get
A= 24
1= ueme
24 (2 +7.;<m) A
therefore &= ittt etlma—nt)
— — __2‘4 evimx—nt -re)’
o L+ k2m?

where tan e=lkm=mr/A

Therefore the amplitude of the transnntted wave 1s reduced mn the ratio

2/ 4+k2mE or 1//1+n2«?x=2% and the phase 1s altered by the amount
tan=! (rk/A)

270. Transverse vibrations of a stretched membrane.
We shall suppose the membrane to be perfectly flexible and of
uniform material and thickness and so stretched that the tension
at every pomnt 15 the same 1n every direction and constant through-
out the motion If 7, denote this tension, then, as in Hydro-
statics, Art 145, there 1s a normal force on an element of area dS
surrounding a point P equal to

TldS (1+ 1/))
PP

where p, p’ are the principal radu of curvatute of the surface at P,
If 2, y, z a1e the coordinates of this point 1n the displaced position,
the oy plane conciding with the equilibiium position, and the
displacement 1s such that squares of 9z/ox, and 0z/0y can be neg-
lected, we have

ol
-,..IQ

QD Q)
SN

0?
+ = 5

Sy
©
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i

Heice 1f m 1s the mass of umit area

az 0tz
mS2as = TdS(axu, o )
0%z ’z 0z
o1 B—tﬂ_o (aﬁ"@) """ e e s

where ¢¢=T\/m
When the membrane 1s circular it is convenient to change x, y
for polar coordinates and the equation becomes

'z 0’z 10z
o (a,f*‘;@;) e e e (2),

which 1s the form suitable for a drum head

The hypothesis z eﬂ" reduces the equations to the form
0’z

a702+al/ +—z—0 . (3),
0’z 1oz p?
and 5'—; ;a—r+‘" z2=0 .. ... . . (4:).

If the membrane be rectangular and bounded by the axes and
x=a, y=>b a particular integral 1s clearly

mwx n
z=sm- = sm- 'Zy cos pt,

m?  n?
where pt= ctr ( o + F’) ,
and m and n are 1ntegers; and the general solution 1s .
ac a©
z=3% s m::ft sin n—"r— (A, cos pt + B, , s1n pt).

m=1 n=1
The solution of (4) involves the use of Bessel’s Functions

EXAMPLES
Shew that, if a stiing 18 of nfinite length and the disturbance at time

t=0 15 given by
n=x (%) and n=46 (),

2+t
then n=§{x(r+ct)+x(x-—ct)}+2-—lc/+t0(z)dz.

Prove further, that 1f the 1mtial disturbauce 1s confined to a finite portion
between the ponts #= +a and be such thrt n=0 and =4 (2), then, for any
time ¢ greater than a/c, there will be a portion of length 2¢z— 2a which will

be straight and parallel to the axis of # and at a distance % / : b(z)dz
from 1t (Coll Exam 1908.)



EXAMPLES 321

2 A stretched string 15 drawn asmde at n—1 pomts and let go from rest.
Shew thnt generally the string consists of 2n- 1 straight portions; and m
the case where the two ponts of trisection are drawn amde equal distances 1n
the same direction, draw the shape of the string after three intervals each
one-twelfth of a complete oscillation (M.T 1896.)

3. If in an mfimtely long string of line density p stretched to tension P
the mtial transverse displacement and velocity of any pomnt are xa? and Az
respectively, shew that at any subsequent time ¢ the displacement 1s

k224 Art + k22 Plp. (Coll Exam )

4 A uniform stretched string of length /, line density p and tension ap
18 1mitially at rest and the displacement of any point at a distance » from one
end 18 4 ex (I — x) where e 1s small, so that the curvature 1s constant and equal
to ¢ Prove that at any subsequent time ¢ less than //2«¢ 1t consists of an arc
of constant curvature e and length 7 —2at¢ and two straight pieces, which are
tangents at the ends of the arc (Coll Exam )

5 A umform string whose length 1s 2/ and inass 20m 1s stretched at
tension 7 between two fixed points, the middle point of the string being dis-
placed a small distance b perpendicular to the string and then released, shew
that the subsequent motion of the string, referred to axes through 1ts mddle
pomt, along aud perpendicular to the string, 1s given by the cquation

I__§lﬂ=2‘ 1 (@ +1) 7o S(21‘+1) mut
P @y 2 % w
where « 18 given by the equation ma2=1 (MT 1900)

6 A string of length 247 15 stretched with tension P between two fixed
pomnts  The length  has mass m per umt of length, the length !’ has mass m’
per umt of length Prove that the possible periods ¢ of transverse vibration
are given by the equation

27l m
tan ( 7 P) ;);,_
2ml m'
tan (== A/ P (Coll Exam 1898 )

7. If ashghtly elastie string 18 stretched hetween two fixed pomnts and
motion 18 started by drawing aside through a distance & a point on the string
distant one-fifth of the length I of the string from one end, the displacement
at any mstant will be given by the equation

b S L sin ™ 2T cos 27
I=5m ney \22 5 l S
Find the energy of the vibrating string (Coll Exam 1895 )

8 A stretched string of length  has one end fixed and the other attached
to a massless ring free to shde on a smooth rod If the ring 1s displaced a
smal! d.stance b from the position of equilibrium and the system start from

R. H. 21
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rest, shew that the displacement at time ¢ of any point of the string at
distance # from the fixed end 1s

83 () QRs+)mx  (28+1) wat

= X L it - —_

at o @s4+1™" o Ty
where « 15 the velocity of transverse vibrations

Shew that, if at </, the shape of the string 1s given by
y=>bz/l from x=0 to I - at,
y=>b(l—at)/l beyond. (Trimty Coll 1905 )

9 One end of a string of length 7 1s fixed at 4 and the other end 1s
fastened to the end B of a rod BC of length b which can turn freely about ¢
Shew that the period of a principal transverse oscillation 1s 2m/c§, where
£ 18 a root of the equation

ME3p—1/b=¢ cot lg,
p bewng the density of the string and M the mass of the rod. MT 1899)

10 If a stretched string be acted on at two points equidistant from the
two ends by equal transverse forces ¥, prove that the modes of vibration of
even order are not excited and the modes of odd order are excited in the
same way as 1f a single force 2 ¥ had acted at one of the points

(MT 1895)

11 A stiing 1s stretched between two given points and a given pomnt of
the stiing1s (1) drawn aside and then let go, (2) struck by a sharp pomt,
shew that the relative intensity of any upper partial tone to the fundamental
tone 18 greater 1n the second case than in the first (MT 1897)

12 A stretched cord 1s held displaced from the natural straight position
at a number of pomts, so that 1t assumes the form of a series of straight
lines shew that when 1t 1s let go, the form assumed at each instant in the
ensuing transverse vibration will be a series of straight lines

In the particular case when the two points of trisection of the cord are
held displaced transversely by equal amounts, compute the ratios in which
the harmonics of the fundamental enter mto the tone of the note emitted by
the cord when released (St John’s Coll. 1896 )

13 A umform sphere of mass M and radius a 18 capable of moving about
1ts centre, which 1s fixed Three uniform 1nextensible strings are attached at
the extremities of three mutually perpendicular radn and drawn tight, and
have their other ends fixed so that the directions of the strings pass through
the centre of the sphere Prove that the periods I, P, P; of the small
oscillations of the sphere are giveu by equations of the form

lymg  Lymg

%wgﬂ mwmy wp, , wmy
I apy® ~ aps?’

= T2 ot TE2 L T o TP
Pips cot B, + Pips cot 2 +
where /;, I3, I3 arc the lengths and m;, mg, m; the masses of the strings, and
P15 Pz, ps are the fundamental periods of their natural vibrations when taey
are fixed at both ends. (M.T 1904.)
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14. A uniformly stretched string, of which the extremities are hxed,
starts fiom rest in the form y=Asm "%, where m 18 an integer and 7

the distance between the fixed extremities Prove that, if the resistance of
the air be taken into account and be assumed to be 2% times the momentum
per it length, the displacement after any time ¢ 13

k mwrz
y=Ade " (cou m't+”—z~, sin m’t) s ——,
h n_ MEnia® 2
where m?="-—o— — &% and « 15 the velocity of waves of transverse vibration

(Coll Exam )

15 A umform string of length 2 (!4?') and line density p 1s stretched
between two hxed points. a length 2/ in the nnddle 18 uniformly wrapped
with wire so that its line density becomes p’ Prove that, if the tension
T=a?p=a’?p', the periods of the notes which can be sounded are 2z /p, where
p satishies either of the equations

@ tan (pl'/a’) +a tan (pl/a)=0 and tan (pl’'/a’) tan (plja)=a'/a.
(Coll Exam 1901)

16 If a stretched string be held at its middle point, drawn asde at a
pomnt of quadrisection, and released fiom rest, prove that in the ensuing
vibration the energy 1n the harmomic of order » 1s prcportional to

r~2sn? (ro/4) sint (r/8) (St John’s Coll 1908 )

17 Find the periods of the normal modes of vibration of a tense string
fixed at the ends Prove that the period of the gravest mode 1s almost exactly
nine-tenths of that of a simple pendulum whose length 1s equal to the sag in
the middle (due to gravity) 1f the string be horizontal

If the string consist of two portions ot lengths a;, ¢z, and different
densities p;, pz, prove that the periods (2=/p) are determined by the equation

kl Cotll(ll+kgc()tkza3=o,

provided k2=p2p T, k2=p2p,/T,
7' being the tension

Examine the case of p,=0, and explain how the resulting period-equation
may be solved graphically (MT 1911)

18 A umform mextensible string 18 stretched, at tension 7', between two
ponts 4 and B, distance { apart, and the wave velocity for small transverse
vibrations 1s ¢ At the nuddle point a particle of mass m 18 attached The
ends 4 and B are given small 1exorable transverse vibrations, the displace-
me.:t of each at any time being ksmmat. Find the corresponding forced
motior of the particle (Trmty Coll 1898 )

21—2
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19. The ends of a stretched umform string, of length [, are attached to
small rings without mass which can slide on two parallel rods at righ* angles
to the string The mddle pont of the string 1s acted on by the transverse
force F'sin pt Prove that the forced vibration at a distance £ from either end
18 given by

aF rl pe
Y= - iﬁ COSeC — %a CO8 “— 8I1n pt,
where a 18 the wave velocity and 7"1s the tension (Trimty Coll 1902 )

20. Two uniform strings are attached together and stretched 1n a straight
Iine between two fixed pomnts with tension 7' and carry a particle of mass M
attached at the pomnt of junction. Their hine-densities are p and p’ and their
lengths { and I’ Shew that, if T=a2p=a'2p’, the periods 2w /n of transverse

vibration are given by

Mn=ap oot ™ 4oy cot (Coll Exam 1905 )

21 A presswmie p smat acts for a time = /» at a pomnt distant ¢ from one
end of a stretched string whose length 18 ¢; find the displacement at any point
at any subsequent time provided £ > an/n, 1> £+ an/n (M.T 1898.)

22 A transverse force y sin pt acts at the point of junction of two strings
of different mass per unit length which are jomed at this point and stretched
between two points at distance  apart, the lengths of the strings being b and
{—b Prove that, if «; and «, be the velocities of transverse waves m the
two strngs, the displacement of the point of junction of the strings at the

time ¢ 15
-ysmpt/ {'—Tu)t pb +P ot L (l b)}

Uy
where 7'1s the tension (Trimty Coll 1896 )

23 A string 1s stretched between two fixed pomnts on 1t and a pomnt at &
distance b from one end 1s compelled to move so that for 1t y=5 s nz, shew
that, for any pomnt at a distance 2 <0 from that end,

y=nsm (nx/c) cosec (nb/c) sin nt,
and find y for a pomnt at a distance 2> b from that end

Explain the case when nb/wc1s an integer and find the amphtude of the
vibration n thig case when the equa.t.mn of motion 18
d?y
ant<a c’ dv* (Coll Exam 1897 )
24 If the density of a stretched string be m /22, where 2 1s measured from
a pomt 1n the line of prolongation of the string, the ends of the string being
z=1,, x=I,, shew that the frequency equation 18
4p*|at=1+{2nm[(log Ls/L;)}*,
where a?=T/m and 7 18 the tension i equilibrium, the wibrations hung
transversal (MT 1905.)



EXAMPLES 325

25 If a string of length ! and tension 7}, stretched between two iixed
points be not uniform but of line density py/(1+«x)? where & 1s the distance
from one end, shew that the transverse vibrations are of period 2/ when

VarE a2 log (14 kl) =2eaxw

when 2= Ty/p, and ¢ 14 a positive integer Examne the case of =0
(Coll. Exam 1898 )

26 A tight string of length 7 hangs m the catenary y=c cosh z/¢, under
the action of gravity, fiom two points, distant ! apart, in the same horizontal
line If gravity be supposed suddenly to cease to act, prove that after a time
t the form of the string will be given by the equation
2 © 2
Y= —% cosh («2%/ ? % %sm rw (Jl” + %) cos 77 ;/0.9!+0 cosh é%’
¢ being very large compared with 7 (Coll Exam 1898 )

27 A particle of mass M 1s suspended by a string whose mass 18 m.
Shew that 1f the particle be shghtly displaced i a vertical direction the

ml

periods of the vibration are the values of —2—2—15 \/ o where z 18 given by the

equation ztan =2 1 bLeing the natural length and A the modulus of

ﬁ I
elasticity of the string (MT 1899)

28 Two long strings of the same material and thickness are united to a
mass M and stretched 1in a straight line with tension 7 Harmonic waves of
transverse vibrations of period 2m/n are propagated along the first string,
prove that the phases of the reflected and transmitted wavey will be different,
and that the ratio of their amphtudes will be Murn 27 where « 18 the wave
velocity (Coll Exam 1900 )

29 A very long umform flexible string 13 stictched 1 a straight line, the
tension being 7, and the line-density » A portion of the string of length ¢,
far from the ends, receives a small transverse displacement, and 1~ 1eleased
from rest Describe the ensuing motion, and find an expression for the dis-
placement at any point of the stiing at any subsequent time, the given
displacement being denoted by f(r), where 0 <z <! Shew that the ratio of
the kinetic energy to the potential cnergy of the string changes mn time

4 (m/ T} from 0 to 1, and afterwards remains equal to 1
A bead of mass W 1s fastened to the string at a pomt 2 =0, and a tramn of

waves m which the displacement 18 4 smzzi" (#z—at) advances towards the

beads Shew that after passing the bead the energy per umt length of the
waves 13 diminished 1n the ratio

1.14(Mw/Am)?,
and find the chauge of phase on passing the bead (M.T. 1910)
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¥9. A umiform string of great length and of line density 7'¢=2 has one end
fixed, carries & mass M at a distance ¢ from the fixed end, and 1s stretched
with tension 7% A tram of transverse waves of period 2= /p 18 coming along
the string and 1s being reflected; prove that the change of phase that
accompanies the reflexion at M 1s

2 cot 1 {cot&:‘ - 1’71,’3} (St John's Coll 1905 )

31 A uniform sting 1s of indefinite length, stretching from z= — o to
2=0, and 18 at tension 7'; at 1ts end (z=0) 1t 18 tied to two strings of similar
make to the first, each at tension 47, which stretch from z=0 to #=+4o
nearly parallel to each other A harmonic train of waves of transverse
vibrations perpendicular to the plane of the string, 1s continually advancing
on the first string along the axis of x towards the junction, 1ts amphtude 1s
%k Prove that the amphtude of the transmitted trains and that of the reflected
tram are 2 (v2—1) £ and (2 — 1)2 # respectively, where the mass of the knot
18 neglected (Trimty Coll. 1908 )

32- 1f a stretched elastic string 13 of great length and 1ts end 4 1s
fastened to one end of an elastic string of different material, whose other end
B 1s fixed, shew that if a train of longitudinal waves of period 2« /p advances
upon A4, the reflected trainis of equal amphtude Shew also that each portion
of the string forms stationary waves, the amphtudes of the waves 1n 4 B and

1n the rest of the string being in the ratio sina sin %l , where m/, a' are the

line-mass and wave velocity for the portion AB, m, a are the corresponding
quantities for the rest of the string, 7 18 the length 48 and

tana=-""% tan & (M.T. 1908.)
ma a

33 Longitudinal waves come from infimty along the string (0), are
transmitted through a string of length ¢ and proceed to nfimity along the
string (1), shew that the amphtude 1s lessened 1n the ratio

219\ oet (nlfe) + (P14 .££>2 2 ¥
{(1 + poco) cos? (nlfc) + ( 14 22 ) e (je)] 2,
where 7/27 13 the frequency. (St John’s Coll 1895 )

34 A stretched string, mnfinite 1n both directions, 18 of density p, when
undisturbed, and has attached to 1t a single particle of mass m. The velocity
of waves of longitudinal displacement 1n the string 18 . An infinite harmonic
train of such waves, such that the period of the displacement of each point of
the string 18 2n/p, 1mpinges on the particle. Prove that the train 1s partly
transmutted and partly reflected: that the energies per wave length of the
incident, the reflected, and transmitted trains are as m2p?+ 4p%a2 to m2f2 to
4p%a?. and that the change of phase of the transmitted train 1s tan—1 %ﬁ .

(Trmuty Coll. 1897.)
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35. A stretched string 18 mn equilibrium with 1ts ends fixed, shewthat,
on being shghtly disturbed from 1ts position of equilibrium, the potential
energy of deformation per unit length of stretched string 1s

o[l G ) )

where m 18 the equilibrium line-mass, and @, b the longitudinal and transverse
wave velocities Deduce the equations of vibration (M.T. 1905 )

36 A umform extensible string 1s stretched with its ends fixed and
simultaneously executes 1n a plane free longitudinal motions, which are not
necessarily small, and transverse vibrations which are small. The coordinates
of any pont m the string when undisturbed are (£ 0) and at the time
t (§+2,y), prove that

02z Ti+\o2z

= o

oty _ T 023/ A0 {83/ 0z (1 + )}
o =, 08 ¥y 0 0% 3«5/
where 7, p; are the undlsturbed tension and line density, A 18 the coefficient

of elasticity and J, are assumed to be always small  (Trimty Coll 1903 )

&

37 A umform rod of mass M 1s freely pivoted at 1ts mid-point, and 1ts
ends are fastened to the mid-points of two stretched strings, one elastic, the
other mextensible There 18 equilibrium when the rod 1s vertical, and the
strings are straight, horizontal, and perpendicular to one another. Shew that
the period 2 /p of a small oscillation of the system satisfies the equation

Tl By

&Mp-—acot ‘-ll-i-BentBl,
where 7, 2!, 217T/a?, are the tension, length, and mass of the inextensible
string, and E, 27, 20'E/B?, the modulus, equilibrium length and mass of the
other. (St John’s Coll. 1903 )

38 A uniform extensible string has 1ts two ends fixed, and 1¢ stretched
when 1n equilibrium to a length {;+1;. At a distance { fiom one end a ring
of mass m 18 attached, which can shde on a smooth fixed rod making an angle
a with the undisturbed string which 1s straight. Prove that the periods 2= /p
of small oscillations of the system are given by

mp = pb cos?a (cot pl,/b+ cot ply/b) + pa sina (cot ply/a +cot pls/a) ,

where p 18 the density per umt length and « and b are respectively the wave
velocities of transverse and longitudinal disturbances of the string as thus
stretched. (Trimty Coll. 1899 )
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39 If a membrane be a rectangle of edges « and b shew that

. . mwxr  nm)
2= sin ptsin — Sm b’/

18 a posstible form of stationary vibrations, where

2 'm2
()= (a+5e):

the origin bemng at a corner, and ¢ being the velocity of propagation of a recti-

lLinear disturbance across the membrane If b=a/v2, shew that therc are two

such modes of vibration of period =/~11, r being the period of vibration.
(Unmiv of London, 1911.)

40. If a stretched membrane be of the shape of a sector of a circle of
angle 72°, shew how to caleulate 1ts natural tones
(Umv of London, 1907 )



CHAPTER XII

SOUND WAVES

271 A FEW sumple appeals to experience shew that sound 1s
transmitted by waves in the atmosphere. If a bell 1s rung under
the receiver of an air pump from which the air 1s gradually ex-
hausted the sound becomes fainter and soon ceases to affect the
organs of the ear, shewing that atmospheric communication 1s
necessary between the ear and the disturbance that causes the
sound We infer that sound 1s accompanicd by the motion of the
mtervening medium from the fact that a musical note sounded
on any mstrument may produce a vibration, mm unison with 1t
in another body not 1n contact with 1t That the motions of the
medium are small 15 evident from the fact that sound will travel
through a dust-laden atmosphere without perceptible motion of
the dust

In this chapter we shall consider the propagation of waves n
an elastic fluid, confining our attention for the most part to plane
waves

272 General equations.

In considering the propagation of sound waves we shall regard
the velocities of the elements of fluid as so small that their squares
may be neglected. In the kinetic theory of gases, a mass of gas
1s regarded as composed of a large number of separate molecules
moving 1n different directions with velocities which undergo fre-
quent changes owing to the collisions of the molecules; but the
hypothesis that we now make about the magnitude of the velocaity
of a fluud element 1n wave propagation does not contravene this
conception of a gas, because what we take to be the velocity of a
fluid element 1n* a given direction 1s the average velocity m that
direction of the molecules cumposing the element; and there 1s
nothing 1n the molecular hypothesis to prevent this average
velocity from being small, since molecules may move 1n opposite
directions.
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Neglecting friction, the motion being due to natural causes
must be irrotational, so that the pressure equation is

fdp ~-—-1}q‘*‘ VA F(@)oiiieinaannnnn, Q).

If p, denotes the equilibrium density of a mass of fluid which
18 compressed until 1ts density becomes

p=po(1l+s),
s 18 called the condensation.
When the condensation s and the velocities w, v, w are small,
the equation of continuity
op , Opw , Opv  dpw
st oty t e
0s oOu Ov ow

becomes 5Z+55+@+5}=0’

=0

or g‘t—g =V i (2). -

Again, if p=p,+ 8p denotes the pressure when the density 1s
p, o being the equilibrium pressure, and 1if we neglect ¢* and all
1mpressed forces, (1) may be written

Sp o

—P; —-— 5‘t' ---------------------- (3)

If ¢*=dp/dp, so that 8p=c?p,s, the last equation becomes

o9

= h e ...(4),

and by eliminating s between (2) and (4) we get

a ¢ 2 V2

a8 = C V2 e v e (5).

273. The simplest case is that in which the wave fronts are
planes. If we take the # axis perpendicular to the wave fronts the
last equation reduces to

> _ aﬂ¢
s = O e (6).

the solution of which 1s

d=f(@—ct)y+ F(@+ct) .cooovrrrennnnn. ),
representing the propagation of independent waves in the positive
and negative directions with the same velocity c.
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274. The velocity of sound. The quantity ¢ of the slast
article which represents the velocity of propagation of sound waves,
within the limits of the approximations which led to (5), 1s clearly
independent of the form of the waves It was defined in Art 272
by th > relation ¢*=dp/dp , and 1t is possible to calculate a numerical
value when the relation connecting p and p is known. Necwton
adopted Boyle’s Law p = «p as the basis of his investigation. This
makes ¢ =« =/(p,/p,) = 279945 metres per second at 0° Cent,
falling short of the result of observation by about one-sixth part*.
The discrepancy 1s due to the fact that Boyle’s Law requres the
compressions and rarefactions to take place 1sothermally, whereas
1t 1s a matter of observation that the compression of a gas 1s always
accompanied by a rise m temperature The hypothesis that the
vibrations are so rapid that there 1s no time for a gamn or loss
of quantity of heat, 1¢ that the relation between p and p1s the
adiabatic one p = kpr+, leads to a result more 1n accordance with
observation. This makes

=dp/dp = yp,/po,
and 1f we take y=141, we get ¢ = 332 meotres per second at 0° Cent,
which agrecs with the result of experiment.

275. Intensity of sound. The rate at which energy 1s
transmitted across unit area of a plane parallel to the front of a
progressive wave may be taken as a measurc of the intensity of
the radiation

Considering a simple harmonic wave, let

¢=Acosgxz(w—ct) ..................... (1).

Then 1f £ denote the displacement of a pa.rtlcle at , the velocity
E= ?4’ 2m ~ 4 sin 2 (.I‘ —ct) .. (2),
so that f=i:—cos%:f(x—ct).... e e (3)

The pressure is p = p, + 3p, where
&p = p,Ap/ot = 27:!. pocA sin 2%’-. (—ct) . ...(4)

* Rayleigh, Theory of Sound, x1 p 19
+ Hydrostatics, Art 119
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Herce if W denote the work transmtted across umt area of the
plane at 2 perpendicular to the # axis 1n time ¢
O—l = (po+ 8p) E=3poc ( ) A? + periodic terms ...(5).

This expression 18 the required measure of intensity. By integra-
tion we get the work transmtted in any given time, and if the
nterval be an exact number of periods, or be so great that the con-
tribution ansing from the fraction of a period 1s negligible compared
to the whole, the periodic terms may be neglected and we may
take as the measure of intensity

J;p,.c(~—> 43 or %p"(l,)A- or %poc( ){-‘1,

where 7'=\/c 1s the period, and §, 18 the maximum displacement.
Hence in a given medium, the intensity varies directly as the
square of the amplitude and 1nversely as the square of the periodic
time

276. Energy. In a plane progiessive wave the energy 1s half
kinetic and half potential.

The kinetic energy 18
3po ’ Uu”d’v... A ¢

where dv 1s an element of volume and u 1s the veloeity.

The potential energy of an clement 1y the work stored up 1n 1ts
compression, or the work that can be done by 1ts expansion from
1ts actual to 1ts equilibiium volume, the expansion being opposed
by the equilibrium pressure p,. If p, dv and p,, dv, be corresponding
values of the density and volume, the latter being the equilibrium
values and the former the actual values, we have

Podvo pdv=p, (1 +5s) dv,
so that v = (1 + s) dv.

If at an intermediate state the condensation 1s §" the effective part
of the pressure 1s

Op = pyc?s’ (Art. 272),
and a small increment 1n volume 18 dvds’, so that the work done
in this small expansion 18

Spdvds’ = p,c*dv . s'ds’.
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The potential energy of the element 1s therefore the integral of
this as the volume expands from dv to (1 + s) dv, that 1s

pocidv f as'ds’ = $p,cs’dv
0

Hence the potential energy of the whole mass ot gas is

%pofffc’s*dv © eereereeieeeaaeenees (2)

Now we may represent any plane progressive wave by

¢ =f('1 —ct),

29, o _
80 that Cé;; + 55—-0,
or by Art 272 u—cs=0.

Whence 1t follows that the expressions (1) and (2) tor the kinetic
and potential energies are equal

277. Exact equation in terms of displacement. So far
we have based our investigation on the velocity potential and the
general equations of motion. We may also express the motion
of a plane wave m terms of the displacement £ of the layer of
particles whose abscissa 1s # Thus the layer which i equiibrium
lies between « and « + dz becomes at time ¢ a layer between z + &

3
and @ + f+dac+a?3dw.

The cquation of motion of umt area 1s

pOdJ’E == dp)
p 0
or pof=— ég C . (1)
But podx = p (dz + 0E/0x . dz), and p = p, (p/p,)",
therefore p=po(1 +0&/0x)"7,
£_ P a“_f a__§ -y-1
and =1 (1 +8w) e e, ).

This equation 18 an exact equation giving £ mn terms of « and ¢
If the motion be assumed to be small, we may neglect 9&/ox and
(2) takes the form

325_025125 3),

~a = T setse e se s veses cesee

ot 0x*
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witl. a general solution
E=f@—ct)+F(z+ct) coeeeevernrnnnnnn. (4).

The connecting link between these last two equations and (6)
and (7) of Art 273, lies 1n the fact that €=—6¢/6w, and 1f we
differentiate (7) with regard to x and then integrate with regard
to t we get for £ the sum of two arbitrary functions of # — ¢t and
x + ct, so that (4) follows from (7).

278. We may obtain the differential equation which gives
the actual position of a layer at time ¢ mn terms of ¢ and the
equilibrium position x, by writing y =« + £, when (2) takes the

form
Py P . ®
To solve this equation let
()
otrs ey @) 2t 2

and by comparing this equation with (5) we get

r@-e @™

so that j'( > 7201 (gg) R (6)

Again for a progressive wave with no translation of the medium

as a whole dy/0t =0 when p = p,, that 1s when dy/0z =1, therefore
A=7F2/(y-1), and

ay _ 2¢ ay 3 (1-9)
B=F {1 (&) } .............. (7).
The complete 1ntegral of this differential equation is of the form
y=ax+Bt+C,

provided the constants a, 8 are chosen so as to satisfy (7), that is
provided

—x 20 A1-v)
B +'y_1{1 a 1.
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Hence the complete 1ntegral 1s
y=am$;?_% Q- Mgrc . .. (8)
and the general integral 1s the result of ehminating a between
y=arF 21 (1 —a*“"’}t+¢<a>}
and 0=m$ca"'f(1+"’)t+¢’(a)
where ¢ 1s an arbitrary function

Taking the upper sign, if  denote the velocity y, we have

u=— " (1 —ad@-7},
V—
and, eltminating « from (9),
z/=‘«yff1 2=+ 1)t 7 + ¢ (o) - (),

so that y—{e+3(y+1)ult=¢(a)—ag’(a)

Hence y—{c+3(y+1)ujt 1s an arbitrary function of a and

therefore of wu, and conversely = 1s an arbitrary function of

y—{c+%(y+1)ujt, and we may write
u=fly—f{fc+ 3@y +1)ult] cocovvnnnnnn.. (10),

where f 18 an arbitrary function.

This equation was given by Poisson for the special case ¢y =1*
The equation shews that a progressive wave 1n air cannot be
propagated without change of type. A relation w=f(y — ct)
would represent the propagation of u with uniform velocity e,
and relation (10) shews that 1f we draw a curve whose ordinate
1epresents the value of u corresponding to the abscissa y at any
mstant, then the form of the curve at time ¢ later 1s got by
moving each point of the original curve a distance {c + 4 (y+ 1) u} ¢
i the direction of propagation, and as this 1s a different quantity
for the different points of the curve 1t follows that the curve 1s
continually changing shape and a discontinuity will occur as soon
as the velocity curve has a vertical tangent, after which we cannot
infer that the integral has a real application.

279. Condition for permanence of type. To find the
condition that a train of plane waves may be propagated un-

* Journal de I'FEcole Polytechmque, t. vir p. 319
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changed 1n type, we 1mpose on the whole mass of air a velocity
equal and opposite to that of propagation so that if the wave
form 1s permanent it becomes stationary in space and the motion
becomes steady.

If we, o, po denote the velocity, pressure and density in the
undisturbed state of the flmd and u, p, p are the corresponding
quantities at a pomnt 1n the wave, the equation of continuity is

PU= Pylly  .nu... . . . (L),
and the pressure equation is
»
f ip=%u,,’—u}u” .................. (2)
p P
If we elimnnate « we get
L/
/ W 3w (1 = pitfp?) wen e . a(3).
» P
so that EZ: = u,*po?/p? . . (4),
or p =const —u’p?/p . ceen(B)

This relation must exist between pressure and density 1n order
that the wave may mamtain 1tself As this 1elation between the
pressure and density of the atmosphere 1s an 1impossibility a tiain
of waves cannot maintain itself unchanged i form If however
the variations 1n density are small the condition 1s approximately
satisfied by taking wu,=+/(dp/dp), and this hypothesis 1s the basis
ot our theory to the order of approxnnation to which 1t 1s carvied.

280 In developing the theory of plane waves 1t 1s open to
us to make our investigation in terms of the velocity potential
¢ or the displacement £ In the former case we use the equations
of Arts 272—3, and 1n the latter case the equations of Art. 277
and we observe aIS(_) that since, as 1n that article,

- 43 __0k
Pu=p (1 +8a'> , therefore s= 3

281 Vibrations in tubes. Using £ to denote displacement
the general solution for a plane wave 1s, as 1n Art. 277 (4),

E=f(ct—2)+ F(ct+z) ...... vereeeenen(1)
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If there be a fized barrier at the origin parallel to the wave fronts
then £=0 when 2 =0 for all values of ¢; therefore :
0=f(ct) + F(ct),

or F=—f, so that

E=f(ct—a)—f(ct+x) . .o er.onen (2)
The first term may be regarded as a wave system approaching the
origm from the left and the sccond term as the reflected system.
The two have equal amplitudes, the velocity £ 1s reversed mn the
reflected system, but the condensation s (=—09§/dz) has 1ts sign
unchanged

Another type of boundary condition 1s the hypothesis of a
surface of constant pressure, 1e 3p =0, but 8p=c?ps (Art. 272),
therefore s=0, o1 0¢/0x =0 If this condition holds at the origin
for all values of ¢t we have

—f'(ct)+F'(ct)=0
Hence fand F differ only by a constant which we may omit as
1t would merely 1mply a displacement of the whole mass, therefore
m this case

E=fct—a)+f(ct+x) ccvvvnt enn (3),
and as before the first term may be taken to represent an mcident
train on the left of the origin and the second term the reflected
tramn  The velocity £ 1s now reflected unchanged but the con-
densation s (= —0§/0x) has 1ts sign reversed

The condition s = 0 1s 1calized approximately at the open end
of & tube whose diameter is negligible compared to the wave length.

282 Normal modes for a uniform straight tube. The
equation to be solved 1s

%£§=c"%——a§ e 1)
and, as 1n A1t 256, to find the normal modes we assume that
£ x cos (nt + €), so that § = — n?§, and the equation becomes

PE Mo ... .. )
o0a* = ¢* ) !

and the complete solution inctuding the time factor 1s
E= (A cos nz/c + B sin nz/c) cos (nt + €) ......... (3),

regresenting stationary waves, the corresponding progressive waves
m freg air being of length A = 2wc/n
‘e

R H. 22
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(1) Tube closed at both ends =0 and z=1. We have E=0

when =0 and z=1. Therefore
A =0 and sinnlfc=0.
Hence nlfc =m, where m 18 an integer, gives the frequencies of
the normal modes, and
E= § B,, sin ML cos (mmit + Gm) .
m=1 l l

The frequency of the gravest tone is n/27 or ¢/2l, that is, the
period 2//c is twice the time taken for a pulse to travel the length
of the tube. In any particular normal mode, say the mth, there 1s
a series of nodes, or points for which £ =0, at intervals //m along
the tube, and a series of loops or points of zero condensation
(0E/ox = 0) half-way between the nodes.

(2) Tube open at both ends. We have — 0f/dx =s=0 when

=0 and #=10. Therefore
B =0 and simnnlfc=0,
so that the frequencies of the normal modes are the same as in
the last case, and
3 =m%zl1 A,, cos m;m cos (@zlrct + e,,,) .

The nodes and loops are distributed at the same distances as 1n
the closed tube, but 1n the open tube the ends of the tube are
loops.

(3) Tube open at z=1 and closed at x+=0. Now we have

£=0 when # =0, and —0£/0x = 0 when x =1[. Therefore
A =0 and cosnlfc=0.
Hence nl/c = mr/2, where m 1s an odd 1nteger, gives the frequencies
of the normal modes, and
£= ’:‘,Bsm. sn 2P +2l1) ™ cos ((210 +2})—7r ° €2p+l) .

The frequency of the gravest mode 1s now n/27 or ¢/4l, so that
the period 4¢/c 1s 1n this case four times the time taken by a pulse
to travel the length of the tube. In the pth normal wmode the
nodes will be at distances 21/(2p — 1) apart and there is of course
a node at one end of the tube and a loop at the other.

The period of the gravest mode in each of the foregomng cases
may also be obtained from the considerations of the last article



282-284] VIBRATIONS IN TUBES 339

by considering a pulse of condensation to start from a point P 1n
the tibe and travel towards the end A4, if 4 is a closed end 1n the
reflected wave the sign of s 1s unaltered and that of £ 1s reversed,
and the same happens when the reflected wave reaches B, and
after time 2//c the wave 1s passing P again under the same con-
ditions as at first. A sumilar argument holds for a tube open at
both ends.

For a ‘stopped tube,’” 1.e. a tube open at one end 4 and closed
at the other B, under similar circumstances, at the reflections at
A the sign of s 1s changed and that of £ is unchanged and at the
reflections at B the sign of s 1s unchanged and that of £ reversed,
so that 1t 18 not until after four reflections or an nterval 47/c that
the pulse passes through P again under exactly the same con-
ditions as mitially.

B[ P A

Fig. 69.

Hence 1n every case the frequency of the gravest mode varies
mversely as the length of the tubc and for a stopped tube the
gravest mode has half the frequency or is an octave lower than for
an open or closed tube of the same length.

283. Since the velocity potential ¢ satisfies (1) of the last
article 1ts value 1s also given by
¢ = (A cos nz/c + B s nx/c) cos (nt + €)
with the conditions 9¢p/ox=0 at a closed end of the tube and
0¢/0t =0 at an open end, since ¢% =9¢/0t. This method of course
leads to the same results as are obtained 1n the last article

284. Forced vibrations in a tube. Let a vibration of given
frequency n/27 be mantained at one end of a straight tube. The
motion may be due for example to the inexorable motion of a
piston at the origin, so that £= C cos(nt+¢) when z=0. Taking
the solution

£ = (4 cos nz/c+ Bsinnx/c) cos (nt + €)
we must have 4 = C, and 1if the tube be closed at 2 =1,
0 = C cos nl/c + Bsin nl/c,
sinn (I — z)/c

sd that £E=C “emnllc % () JUT (1).
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But 1f the tube be open at # =1 so that 0f/d0x =0 at this end, then
0=— Csinnljc+ Bcosnl/c,
and E=C E—Oﬁc%s(%l l%)l? COB(NE+€) et venennnns (2)

In the first case the amphtude of the displacements 1s a
mimmum 1f smalfc=1+1,1e.1f I is an odd multiple of 7¢/2n or
In, and as, in this case, # =1 1s a closed end this makes z=0 a
loop. If I 18 an even multiple of A, the amplitude appears to be
infinite, but the origin would have to be a node which 1s precluded
by the conditions of the forced motion at the ornigin.

In the second case, 1n ke manner, if { 1s an odd multiple of
me/2n or }N, the amplitude according to (2) 1s infimte, but 1f z=1
were really a loop the origin in this case would have to be a node
and so the solution again fails.

In cases in which sinnl/c or cos nl/c 1s small the amphtude
will be large, and if the tube contains a little fine sand, or lycd-
podium powder the positions of the nodes will be rendered visible
This method was used by Kundt* 1n expermments for comparing
the veloeity of sound 1n different gases .

285 Piston controlled by a spring. As another example
let us find the velocity potential and frequency equation when the
end z =1 of the tube 1s closed and, at the end =0, there 1s a
piston of mass M controlled by a spring of strength u

Let ¢ = (4 cos nz/c + B sin nx/c) .
When z = [, we have 9¢/0x = 0, therefore
O0=—Asmnllc+ Bceosnlfc .cccceuvnninin. (1).

For the motion of the piston, supposed to be of unit area,
ME + pk=—8p=—pod/ot, at =0

= —1pnde™,
p being the equilibrium density of the gas in the tube.
_ ZP??AG”"
Therefore E= Mt — '
But at 2 = 0 we have — d¢/oz = £, so that
nB  —pntd
R (2),
c Mni—p @)

* Pogg. Ann. t. (xxxv. p. 387 1868, See also Rayleigh’s Theory of Sound, 1
Art. 260,
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and from (1) and (2) we get the frequency equation
_ pne .
tan nljc= prysy” TRLENEREURE 3)
The velocity potential 1s of the form
¢ ==, cos E—(-lfii) e . . (4,

where the summation extends to the values of n given by equa-
tion (3).

286. Sound waves in a branching pipe.

Fig. 70.

A solution may be obtained by assuming expressions of the

form
(& cos nz/c + Fsinnz/c) e'™

for the velocity potential in each branch 4, B, C and determming
the constants so as to satisfy the conditions at the junction O, viz.

(1) the pressure at O must be the same in each branch,1e 9¢/dt
has the same value at O for each branch ;

(1) velocity x cross section 1n 4 = sum of veloeity x cross section
i Band C

These conditions together with the conditions obtaned from
data as to whether the ends of the pipc arc open or closed will
suffice to give the ratios of the constants and an equation for the

frequency

287. Reflection and Refraction of plane waves. When
a train of plane waves reaches the surface of separation of two
distinct media, there 18 a reflected and a transmitted train of
waves. Let the plane yz separate the two media and let the wave
fronts be oblique to this plane, the z-axis being taken parallel to
the line of intersection of the wave fronts with the yz plane

Let the z-ax1s be drawn into the first medium and suppose
¢, ¢, to be the velocities of sound 1n the two media
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‘The foregoing solution holds for any given angle of incidence
provided ¢ >0, but 1f ¢,> ¢ then, since sin 6, =(c;/c) sin 6, 6, will
be 1maginary 1f 8 > sin"¢/c;. In this case there 1s total reflection
and no wave 1s transmitted into the second medium

288. Energy. The energy transmitted in any time across
any area of the mcident wave must be equal to the energy trans-
mitted 1n the same time across the corresponding areas of the
reflected and refracted waves. These three corresponding areas
are 1n the ratio

cos @ cosf cosé,,
and taking the expression for energy transmitted from Art 275,
the frequency being the same for all the waves, we have

cos 0. pA%/c=cosf.pA"[c+ cosb,.p A7 c,,
or, using ¢/sin 8 =c¢,/sin 6,
p (42— A4")cot =p,4,2cot b,.
This 18 the energy condition and 1t agrees with the result of multi-
plying together equations (14) of the last article.

289. Impact of plane waves on a flexible membrane.

Let the membrane of surface density o and umiform tension 7' separate
media of densities p, p;  Take the yz plane to comcide with the undisturbed
membrane and the z-axis parallel to the intersection of the wave fronts with
the membrane, and diaw the z-axis into the first medium

If, following the line of argument of Art. 287, we assume as the velocity
potentials of the incident, reflected and refracted waves the expressions

Pp=Ade ez tty+ol) R . (1),

P=Aelmaartvrey L . (2),

and Pr=Arlex+brey L (3),
we may take for the displacement of the membrane at time ¢

E=Bertvrony | e (4),

where a, a,, b, ® are connected with the velocities of sound mn the two media
as n Art 287.

From the contiuity of normal velocity, we get

—_ ‘_ a G _a¢l
=" (p+¢)="2", when z=0,
or —wB=a(A-A"y=a;4; .. .cciiiiiiiin aennnn (5)

The equation of motion of the membrane is
aot= To%*[0y2+ 8p, — 8p, when =0 .. ..... .. .....(6),
H
where 8p1=p,0¢,/0¢ and 8p=p0 (p+¢’)/0t.
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Substituting from (1), (2), (3), (4) we get
B(TW:—o0w?)=10{p14,—p (4 + ")),

and eliminating B by means of (5), and writing = for b/w

wp(d+A4) = A {a (T2 —-a)+2p1}=0 . ... ...(7)
From (5) and (7) we find
A= 4 A ),
apy+aip-1aa, (Tt —a)  apy—aip —raa; (Tui—a) 2ap
which may also be written
A A Ay
{apr+upP+atat (Tu—a e {(api- mp)+otat (Tut— oo 2ap
......... veee (9),
where tan e= —aa, (Tn?-o)/(ap,+ a,p),
and tan € = —au, (Tn? - o)/(ap; — a,p)

The amphtudes of the mcident, reflected and transnutted waves are there-
fore m the ratio

{(ap+arpPt+aad (Tt = o {(ap—ap)t+aal (T2 - o)t 2ap;
while the phases of the reflected and incident waves differ by € —e and those
of the transmitted and mcident waves differ by ¢ From (5) 1t follows that
the vibrations of the mermbrane are in the same phase as the transmitted
wave, as 18 otherwise obvious

290 Spherical Waves. When there 1s symmetry about
a point, the gcner:ﬂ equation

0
=
takes the form
o’ (ﬁ% 2 3¢)
ot? =¢ 072 ror
*(re) 0 (rd)
or P =¢? o e e (D)

which has a general solution

ré=fct—r)+F(ct+7r) e oo covviinnns 2),
the two terms representing two wave systems one diverging from
the origin and the other converging on the origin with velocity ¢

The velocity and condensation are given by
u=—0¢/or, and s=c*0¢/ot ... .... veeer ().
If the ornigin be not a source at which fluid 1s produced the
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+293. For further information on the subject of the last two
chapters, reference should be made to Donkin’s Acoustics, Lord
Rayleigh’s Theory of Sound and Professor H Lamb’s Dynamical
Theory of Sound

EXAMPLES

1. Prove that the velocity potential of the one-dimensional motion of a
gasg, for which p=xp, satisfies the equatlon

(- (-2 -1 @)
ot e ox 61: 3 \oz,
where 0/d¢ denotes differentiation at a hxed point (Trimty Coll 1897 )

2 Prove that m a flud medium 1 which the pressure (p) and the
density (p) are connected by an equation p=q¢ (p), where ¢’ (p) 1s positive and
increases when p 1increases, a plane wave of finite amplitude cannot be
propagated indefinitely without the occurrence of discontinuity

MT 1897)

3 Inan organ pipe of length /, closed at one end, the pressure at the
other end 18 made to vary according to the law Sp=p,smmnz Find the
velocity potential of the motion of the air inmde (Trimity Coll 1897 )

4 Taking y as 141 and the height of the homogeneous atmosphere as
8000 metres, calculate the velocity of sound 1n air 1n metres per second Find
also the length of an organ pipe which with one end open and the other
stopped will sound the middle C (frequency 256)

(Umv of London, 1911 )

5 Assuming the atmosphere to be 1n convective equlibnium (1e 1m
equilibrium according to the law of pressure p=«p¥) under the action of
gravity, prove that the equation of p1 opa,ga,tlou of sound vertically upwards 15

=s{o-na-a Ty,

where gA (y—1)/y 18 the ratio of the pressure to the density at the surface of
the earth and £ 1s the displacement at a height » (Coll Exam 1899 )

6 A tube containmg air has one end ngidly closed, and the other end
stopped by a plug of mass M, which can move without friction 1n the tube
If the length of tube filled with air be /, prove that the periodicity of the free
vibrations 18 given by

Pl Pl

a tun a M
where a 18 the velocity of sound m the enclosed air, and M’ the mass of the
air (Coll. Exam. 1906 )

7. In a uniform straight tube of length 2/ and section 4, closed at one
end, a quantity of air at atmospheric pressure 1s imprisoned by a thin movable
piston of mass M which works in the tube without friction If the piston,
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when 1 equilibrium, 15 at the middle of the tube, prove that the periods 2w /p
of 1ts small oscillations are given by Mp=2.1ap cot (2pl/u) whete p 18 the
density of the atmosphere and « the velocity of propagation of sound

(Coll Exam 1907 )

8. A tube open at both ends 1s divaded 1nto two parts of lengths £, I’ by a
thin piston of mass M attached to a spring such that 2z /m 18 1ts natural
period of vibration When the an waves are taken into account prove that
the period of vibration 1s 2ar/n where

M (2 —n¥)=pan [tan nl'[a + tan nlja)
(Coll Exam 1907 )

9 A pwston of mass M 18 supported by a spring of stiength M2 and
separates two gases of densities p, p’ 1n a long tube, the area of the section 15
N and a, & are the velocities of sound 1 the two gases. Shew that the tree
oscillations of the piston are glven by

d? d.
dtf +y (ap+a'p") d—f+n2§=0

(St John’s Coll 1910 )

10 Airis confined 1 a straight tube of unit section hetween two pistons,
one of which 15 made to vibrate with veloaty « cos rxt, and the other 15 of
mass M and 18 constramed by a spring of strength = Shew that the veloaity
potential for the air vibrations 1s

aonn(l—1+e)

n smu(b+e€) connt,
where tan ns~ MM:;‘ »» £ bemyg the distance between the pistons and p the
density m ethbrlum (MT 1903)

11 A straight pipe of length £ 1s closed at one end and open at the other
Prove that, if the air extend only fiom the open end to the muddle pomt, the
other half being occupied by a gas ot density p,, then the frequencies of the
natural modes of the pipe are the values of p satisfying the equation

tan pltu.n }——l Py pu,

where p 1s the density of the air, and «, ¢, are respectively the velocities of
sound 1 air and 1n the gas (MT. 1895 )

12 In a cylindrcal pipe, open at one end, closed at the other, 1t 13 found
experimentally that, when the fundamental note 1s being sounded, the pressure
at the closed end varies on cither side of 1ts mean value by one #nth of that
value Prove that at the open end the amplhitude of vibration of the particles
of gir 18 2{/nwy, where {14 the length of the pipe and y the ratio of the specitic
heats of air at constant pressure and constant volume. (Coll. Exam 1911)
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13 In a uniform tube of indefimte length 18 placed a disc which fills 1t
and makes » complete vibrations in a second, their amphitude being ¢ : another
disc of mass M 18 placed at a distance ? from the first, and 18 supported by a
spring, whose elasticity 1s such that the disc, if vibrating freely, would make
m vibrations mn a second shew that after a sufficient time has elapsed for the
excursions of the air 1n the tube beyond the second disc to become umform

their amplitude will be

¢=ccosfB(l1— 2sm Bsm -y+sm2/3)"3
where tanB—w% - - 1) and y= 3+4,,l ,
p being the density of air, and » the velocity of sound

Find the values of ¢ for which ¢’ 18 & maximum or a minimum, and shew
that the maxima are greater and the minmima smaller the greater the value of
tan 8 (MT 1867)

14 1In a umform straight tube of length 27 and sectional area w, closed
at one end, a quantity of gas 15 1mprisoned by a thin movable piston of mass
M Under the pressure of the external atmosphere of density p the equ-
librium position of the piston 1s at the middle of the tube, and the density
of the enclosed gas 18 then o. Prove that the periodic times 2x/p of the
oscillations of the piston about its position of equilibrium are given by the
equation

Mpla=ac cot (pl/a) —a'p tan (pl/a),
a und « being the velocities of propagation of sound mn the enclosed gas and
1 the atmosphere respectively (St John’s Coll 1900 )

15 A long straight speaking-tube 18 obstructed in the middle by a umform
rigid plug with plane ends, of length z and density equal to N times that of
the air. The plug fits the tube accurately, but 1s free to move m 1t without
friction Prove that, if sound of wave length A 1s advancing along the tube,
the intensity of the sound transmitted beyond the plug will be less 1n the
ratio 1 14 #x2N222/A2 and 1ts phase retarded by

{tan—1(w Nz/\) — 2mz/\} (M T. 1901.)

16 A closed pipe of length 2! contamns air whose density 1s shghtly
greater than that of the outside air, in the ratio 1+e 1. Everything being
at rest, the dises closing the ends of the pipe are suddenly drawn aside. Shew
that after a time ¢ the velocity potential 18

Seal"‘" (—=1) (2841) mx o (2s+1) wat

b= 2 @71 2
the origin beir'xg taken at the middle of the pipe, and a denoting the velocity
of sound (St John’s Coll 1903.)

17. A straight pipe of length Z 18 open at one end and the disc closing the
other end executes small inexorable oscillations, 1ts displacement at any time
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tbemg Asmpt  Prove that at any tume the kinetic energy of the air 18 the
pipe 18

1 MA42 (p2 sec? %’; + a—?’—’ t&n%l) cos? pt,

where @ 13 the velocity of sound m air and M 1s the mass of air contained
the pipe Investigate also the potential energy of the air in the pipe.
(Trimty Coll. 1900.)

18 Plane waves of sound 1epresented by ¢p=4 cosm (z+at) 1mpinge
perpendicularly on a rigid screen and are continuously reflected by 1t Prove
that the increment of the pressure per unmit area on the screen lies between
+2A4map, where p, 18 the density of the air (Coll Exam )

19 Plane waves of sound of wave length A impinge perpendicularly on a
fixed flat elastic surface. which 1s such that a positive or negative mcrement
of pressure 8p produces a normal displacement 8p/u Prove that the amphitudes
of the mcident and reflected waves are equal, but their phases differ by

2 tan =1 (2wpyy/pX),
where p, 18 the atmospheric pressure and y the ratio of the specific heats.
(Coll Exam 1901.)

20 1If a straight tube of indefimte length be occupied by two different
gases with the section =0 for surface of contact; shew that the displace-
ments 1n an incident wave together with those of the corresponding reflected
and refracted waves may be represented by

ft—ajay), Af(t+z/ar), Bf(t—a/a),
where A B 1 pai—paaz.2pa; pa1+p.a,,

and determine the distribution of the primitive encrgy between the reflected
and refracted systems (St John’s Coll 1906 )

21 A wave of sound tiavels up a long vertical pipe of which the lower
part 1s filled with air, and the upper part with hydrogen Assummg that the
transition from the one gas to the other takes place 1n a length small compared
with the length of a wave, find what proportion of the intensity of the wave
is reflected down agam at the transition. the density of hydrogen 1s to that of
air as 1 to 144, (St John’s Coll 1896.)

22. An endless tube of umform cross section and of neghgible curvature
is separated by two discs of masses M, M, per unmt surface into two portions
of lengths 7;, I, which are filled with gases of densities p;, ps, 1n which the
velocities of sound are Vj, V; shew that the periods of vibration are 2a/p
when

(Mypa) (Myp—a)=2,
and a=py Vy cot (ply/ V1) + p2 Va cot (plyf V),
B=pVy cosec (ph/ V1) +p2 V., cosec (ply] V,)
(Trimty Coll. 1895.)
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22 An endless tube of uniform cross section contains two pistons, the
mtervening portions of the tube, of lengths 7, , Z, respectively, containing air at
atmospheric pressure. If one of the pistons be found to vibrate so that its
displacement at time ¢ 18 X cos p¢, shew that the displacement of the other 18

@ {cosec (ply/a) + cosec (ply/a)}
a {cot (ph/a) + cot (ply/a)} — mp
where m 15 the ratio of the mass of the piston to that of the air contained 1

unit length of the tube and « 1s the velocity of sound in air
(Trimity Coll 1898.)

X cos pt,

24. The period of the fundamental note of a flue pipe, open at one end
and closed at the other, would be 7 1if the closed end were rgid But the
barrier at the closed end 15 replaced by a piston of mass M, controlled by a
strong spring of strength p  Prove that the period of the fundamental note 15

approximately
16m
7 {1 + PT5;4”2M}’

where m 13 the mass of the air in the pipe and 16m/(p7? — 472 M) 15 assumed
to be small (Trumty C'oll 1902 )

25 A straight tube, contamning air, 18 closed at both ends The tube 1~
held horizontally and coutains an air-tight piston, of mass m4, where 4 1~
the cross section Prove that the period (7') of a princpal (or normal)
osullation of the piston and air 15 any root of the equation

2mm 2w 1y

r =4P cot, T

where p; and p; are the densities of the air on either side ot the equilibrium
posttion of the piston, a; and «, the corresponding velocities of sound, &, and

1, the distances of this position from the ends of the tube
('Prity Coll 1901 )

2mx
+ a,p, cot 727,‘ ,

26. A tram of waves of an, velocity potential=A4 cos @%-i) , I8
advancing 1n a straight pipe infimite 1n both directions, and at =0 mmpinges
on a movable piston of mass M which separates the air of the pipe mto two
portions  Prove that the velocity potential of the tramn of waves transmitted
to the air beyond the piston 1s

A cos 2me cos —

A
where m 1s the mass of the air 1n a wave length of the pipe, and

27 (at—x+e€)
SN

cos i'% =m {2 M2+ m23, (Trmty Coll 1903 )

27. One end of a vertical straight pipe (length 7) 1s closed, at the other
end a piston 1s placed, the densities of the air inside and out bemng eaual i
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The piston sinks to its position of equilibrium and executes small vibrations
about 1t Prove that the period (7") of a normal vibration must satisfy

2na _h+k " 2wkl h 2kl

T = F Vet T AT v By

whereg 18 the velocity of sound 1n air, y the ratio of the specific heats, ga/
the pressure of the atmosphere, ok x (cross section) 1s the mass of the piston

(Trimty Coll 1904 )

28 A long straight tube, of cross section w, 1s obstructed mn the nuddle
by a piston of mass M, whose ends are plane, fitting the tube accurately but
free to move 1n 1t To the right of the piston 1s gas of density p, to the left
gas of density p’, and the velocities of propagation of sound 1n the gases are «
and . Sound of wave length A 1s advancing through the tube fiom the 11ght,
and undergoes partial reflection at the piston Shew that the ntensities of
the reflected and mncident waves are m the ratio

p_ e\, (2 M\ (&' “)2 2m M2
{(p a') * wp?\a’) p+a’ +\ opka

(St John’s ('oll 1901 )

29 An mfimte long straight tube of umt section contams gases of
densities p and p, at the same pressure p, separated by a piston of mass M
which can vibiate under the action of a spring of strength p  Sound waves
of harmonic type and amphtude 4 travelling n medium p are mcident on the
pwston. Shew that if 4; and A’ are the amphtudes of the reflevted and
transmitted waves

A2 A2 A%=(p— 1M+ y2p? (mAm)? (p— ntMP4yipt (m—m)E dypimd,
where 2mr/m, 2mw/m’ are the wave lengths in the media p and p’ and 2/m 18 the
velocity of the waves 1n medium p (M.T. 1898.)

30 Plane waves m a1, density p, impinge directly on the plane boundary
of a layer of gas, density p; and thickness 4 The tran of waves 18 partly
reflected and partly refracted through the layer into the air beyond 1ts second
surface Find the ratio of the amplitudes of the transmitted and the mcident
trains (Trimty Coll 1897 )

31. Plane waves of sound are travelling normally from a gas of density
py 1nto one of density p; Shew that the mean transmission of energy into
the latter gas 1s increased by mterposing between the gases a layer of a
different gas of density p;, provided that pg 18 intermediate 1n value between

py and p3, the ratio of the specific heats having the same value 1n each gas.
(M T. 1911.)

32. Two media of different defsities have a plane surface of separation,
one medium extends to infimty and the other 1s bounded by a rigid plane at
a distance ! from their common plane of separation. Plane waves of sound
trawelling 1n the first medium are refracted 1nto the second medium and, after
reflectaon at the rgid boundary and another refraction, emerge into the first

R. H. 23
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mecium again; prove that the amphtudes of the incident and emergent
waves are equal, and that there 18 a loss of phase of amount
1 fan2d L (Brleosd
2 tan { Sn%a tan X ,
where a and o' are the angles of incidence and refraction at the urface

separating the two media and N’ 18 the wave length 1n the secend medium
(M T 1906 )

33 Smmple harmome plane sound waves of small amplhitude are 1ncident
on a plane nterface between two media 11 which the velocities of sound are
V7" and V', and the second mediumn 18 bounded by two parallel planes distant
¢ apart, beyond the second Lounding surface there 18 a medium of the same
character as the first Prove that, if 3 18 the ratio of the amphtudes of the
reflected and mecident waves when the second medium extends indefinitely
from the interface, and 1t 6’ 1s the angle of refraction, then for the problem 1n
hand the ratio of amphtudes 1y

28 s y/a/(1 +B%— 232 cos 2x),
where y =2V cos &/ V'A, X bemng the wave length 1 the first medium
(St John'’s Coll 1897 )

34 A tram of plane waves of sound of « type given by a velocity
potential

¢=A4sm 2):'(1 —ut)

18 mcident at an angle @ on an infinite plane rigid surface  Find the velocity
potential of the reflected system of waves, and shew that the pressure on a
square arca 1 this plane, whose side 13 2¢, exceeds 1ts equilibrium value by

the quantity
8Aap,c 2w sl a
———»s1n — =
SN a A

os 6,

whete 6 1s the phase at the centre of the square, py being the mean density
of the fluid, and the sides of the square being parallel and perpendicular to
the mtersections of the wave fronts and the rigid surface (MT 1900)

35 A plane wave of sound of wave length A travelling with velocity ¥ in
an infimte medium of density p 1s transmitted through a plane plate of thick-
ness ! and density p; in which the velocity of sound 1s V; mto another mfinite
medium of density p, in which the velocity of sound 1s V,. Shew that the
phase of the transmitted disturbance 1s the same as that of the original
disturbance 1f

tan Kyp,  EE,+ )¢

t&ﬁ-Elpl - E]_ (E+E2) ?

_2nlcos d
= ——————-——)‘p ,
By =2nl (V2 V2~ sm'-’t9)5/>\p1 y Eo=2ml (V2 V- sm”ﬂ)*/)\pz,

where E
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8 18 the gngle of ncidence at the first surface of the plate and 1t 18 suppused
that P/},> V/V,>sm . What would be the physical nature of the disturb-
ance within and beyond the plate if V/V,>sind> V/V;? (M T 1896.)

36 In the case of refraction of planc waves of sound at a plane surface of
separafion of two media of densities p, p,, the ratio of the energy transmitted
per unit time 1nto the second medium through a given area of the boundary
to the energy of the tiam incident per uuit time on that area 1s

(4pp1 cot a cot a;)/(py cot a+p cot ap)?,
a, a; being the angles of mecidence and refraction (M'T 1894)

37 An nfimte plane membrane of umform surface density o and uniform
tension 7', coinciding with the plane 10z, separates two gases of densities p
and p’ 1n which the velocities of propagation of sound are V and V' The
infimtesimal motion of the membrane bemg given by y — 4 cos mvsin pt, shew
that the velocity potentials i the gases are

d=—dpn=re wanmrcos pt and ¢'= Apa'~1 eV i mar cos pt
where
mé—n2=p V4 mi—w2=p4 V2 and Thlfp?=o+plu+p'/n,
all the quantities concerned being supposed 1eal (Coll Exam 1898)

38. A gas extends everywhere to a distance ¢ from a plane rigid wall and
13 scparated fiom a second gas by a hight perfectly flexible membiane from
which the second gas extends to a great distance  Shew that, if a,, a, be the
velocities of sound 1n the two media, the displacenients perpendicular to the

2
wall for plane waves of period 5 are respectively of the form
)

x .
&= cos(pt+a)sin P cosec P
a 7z

£:= A cos (pt+a) con ({7,' - s) sec (pc - e>
2 2

Xy

and determine the necessary value of € (Coll Exam 1903)

39 A tube of small uniform section § and length ! has one end closed
while the other end branchey mto two tubes of small uniform sections §’, S
and lengths ¢, I” respectively with their ends closed Shew that the periods
of the notes which the air m the tubes can sound are the values of 7
satisfying the equation

2wl , 2wl . _21r/" _
Stan aT+S tan a’I'+'S tan T =0,
where « 18 the velocity of sound mn air. (M T. 1899)

40 Determine the periods of the fundamental tone and overtones (1) of a
conical pipe open at both ends, (11) of an open wedge-shaped pipe whose walls
ars formed of two planes inclined to each other and two other planes perpen-
dieylar to both of them (St John’s Coll 1899)
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«l. Explain the characters of the sources of sound which give at a distance
velocity potentials of the forms
d sm«(t-rfe) d? s« (t-7fe)
dz ’ and dr? r
respectively. Which of them would most suitably represent the actior of an
ordinary tuning fork?

Explain the alternations of sound and silence that occur when a vibrating
fork 1s rotated on 1ts axis near the ear (St John’s Coll 1897)
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Acceletation, 3
Analogy from electromagnetism, 221,235

Beats, 347

Bernoullt’s theorem, 19

Borda’s mouthpiece, 58, 135

Boundary conditions, 12, for the motion
of a cylinder, 93, for the general
motion of a sohd, 186

Capillary waves, 279

Cauchy’s integrals of Lagrange’s equa-
tions, 22 ; proof of the permanence of
irrotational motion, 23

Chrnistoffel’s theorem, 128

Circuits, reducible and nreducible, 71,
reconcileable and rieconcileable, 74

Circular dise, motion of, 171

Circulation, 69, constancy of, 71; about
a circular cylinder, 99

Clepsydra, 56

Coaxial cylinders, imitial motion of, 96

Concentric spheres, initial motion of, 156

Condensation, 330

Confocal conicords, 173

Conformal representation, 120, applica-
tions of, 122-125, 127-146, to vortex
motion, 224-227

Con gate functions, defined, 42,
cations of, 44, 52-55, 102-107

Contracted vein, 57, 132

Cootdinates, normal, 305, 309, ortho-
gonal curvilinear, 172

Current tunction, 40; Stokes’s, 157

Cyclic constants, 75

Cylinder, circular, motion of 1n a hquid,
94, 97, circulation about, 99, elliptic,
102-107, 108, 109, 111-113, parabolic,
107, general motion of, 196

appli-

Damped oscillations, 315

Dead water, 126

Decay, modulus of, 316

Dise, motion of, 171

Discontinuous motion, 126

Doublets, 45, 1n two dimensions, 47,
124, 125 ; wr1otational motion regarded
as due to a distribution of, 89

Efflux of hiquid, 56 ; of gases, 58

Electromagnetism, analogy from, 221,
235

Elhpsoid, motion of, 166-169 ; of vary-
g form, 175

Ellpsoidal shell, motion 1nside a rota-
ting, 164

Elhptic eylinder, 102, 105, 111, general
motion of, 196

Energy of irrotationally moving hqud,
85, 87, of a plane wave of sound,
332; of progressive waves, 276; of a
solid moving 1n an infinite mass of
hqud, 187, 191, of stationary waves,
277, of a system of vortices, 239, of
a wibrating string, 299, with fixed
ends, 308 ; transmission of, 277

Equation of continmity, 5-7, 1n the
Lagrangian method, 8, particula:
cases of, 9-11; in curvilinear coordi-
nates, 173

Equations of motion, 17, integrated, 18,
formed by the flux method, 21, for a
solid 1n mfinite hiquid, 186, 189 ; for
sound waves, 330

Eulerian method, 2

Euler’s dynamical equations, 17

Exact equation for a plane wave of
sound, 333

Expansion, 236

Flapping of sails and flags, 273

Flexible membrane, transverse vibra-
tions of a, 319, impact of plane air
waves on a, 344

Flow, 69

Forced vibrations, of a string, 312; of
air 1n a tube, 339

Fourier’s theorem, use of, 283-285

Free stream lines, 127 et seq.

Gerstner’s trochoidal waves, 287

Gieen’s theorem, 76 ; deductions from,
78, 79; Kelvin’s modification of, for
eyche space, 86

Group velocity, 274, 279

Helicoidal solid moving 1n 1nfimte
liqud, 198
Hydrokinetic symmetry, 191

Images, 48 , examples of, 48-52

Impact of a stream on a plane, 136-
146 ; of plane air waves on a flexible
membiane, 344

Impalse, 182; 1n terms of velocities,
188; rate of change of, 184, string
set 1n motion by an, 311

Impulsive action, equations for, 27
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Imtial motion of coaxial eylinders, 96,
of coheentric spheres, 156

Intenswy of sound, 331, 347

Irreducible ewrcuit, 71

IProtational motion, defined, 15, per-
manence of, 23, 26, 72; impossible
1n *a hquid whose boundaries are all
at rest, 79, 83, 1n multiply-connected
space, 85

Isotropic helicoid, motion of, 198

Jet of hiquid, through Borda’s mouth-
ll.uece, 135 ; through a shit in a plane,
32

Kelzm’s theorem of mimmum energy,

8

Kinetic energy, of cyclic iriotational
motion, 87, of an infinite mass of
hqud moving irrotationally, 85, of
a solid moving 1n an infinite mass
of hiqmid, 187, 191; of a system of
vortices, 239

Lagrange’s hydrodynamical equations,
22

Lagrangian method, 2
Lamina, impact of a stream on a, 136~
146

Lines of motion, 13

Loaded string, 313

Longitudinal vibrations of a stiing, 317

Loops, 307, 338

Love’s method for problems on free
sticam lines, 128

Mean potential over a spherical sur-
tace, 80

Mersenne’s laws, 306

Minimum kinetic energy, 81

Modulus of decay, 316

Moving axes, motion of a sohd referied
to, 185

Multiply-connected space, 73

Musical sounds, 8346

Nodes, 306, 338

Normal coordinates, 305, 309

Normal modes of vibration, 269, 304 ;
of a fimite string, 305, of air 1 a
uniform tube, 337

Orthogonal curvilinear coordinates, 172

Parallel sections, 59

Periphractic regions, 80

Permanence of irrotational motion, 23,
26, 72

Permanent translation, 190

Permanent type, waves of, on water,
263 ; 1n air, 336

Pitch of a note, 346

Plucked string, 302, 307, 311

Piessure equation, in 1riotational mo-
tion, 19

Progressive waves, 265, 1n deep water,
266, the energy ot, 276, reduced to
a state of steady motion, 269

Pure strain, 68

Quadiantal pendulum, 193-196

Reducible encuat, 71

Reflection and transmission of waves,
along a stuing, 318, of sound, 341

Rapples, 282

Rotation of a flmid element, 67

Rotational wotion, 213

Schwatz’s theorem, 128

Simply-counected 1egion, 73

Sinks, 45

Solid of revolution, motion of, 161, 192,
193, stabihity of, 196, stability n-
creased by 1otation, 197, steady
motion of, 198

Solids, motion of, 1n liquid, 182

Sound, general equations, 330, velocity
of, 431, mtensity of, 331, eneigy
ot a plane wave, 332, exact equation
for plane waves, 333, condition for
permanence of type of wave, 335,
1eflection and 1cfraction of, 841,
waves 1n a branching pipe, 341

Souices, 45, in two dimensions, 46,
121-124, irrotational motion re-
garded as due to a distuibution of, 89

Sphere, motion of, 151-155, 191, under
gravity, 156 ; 1o the presence of a
doublet, 163, a plane boundary, 206

Spheres, concentric, mitial motion of,
156, motion of two, 199

Sphenical, vortex, 247, air waves, 345

Spheroids, motion of, 169

Spm, 25, velocity deduced from, 232

Stabihity of wave motion, 272; of sohid
of 1evolution, 196

Standing waves, 256, 267; eneirgy of,
277

Steady motion, 55, of sohd of 1evolu-
tion, 198, of 1sotiopic helicond, 198,
gencial conditions of, 245

Stoke«’s curient function, 157; apph-
cations of, 161-164

Stokes’s theorem, 69

Stream function, 40, for the motion of
a rectilinear vortex, 224, Stokes’s,
157

Stream lines, detined, 13

String, transverse vibrations of, 296
plucked, 302, 307, 311, set i1n motios
by an impulse, 311, forced vibration
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of, 312; carrying a load, 813, with
end not rigidly fastened, 314 ; damped
oscillations of, 315; longitudinal vi-
brations of, 317

Surface waves, 263, due to a given
local disturbance, 282

Symmetry, hydrokinetio, 191

Timbre of a note, 347

Torricelli’s theorem, 56

Transverse vibrations of a stretched
string, 296 , membrane, 319

Trochoidal waves, 287

Tubes, vibration in, 336

Uniqueness of solution of the general
problem, 79, 84, 88, 232

Vein, contracted, 57, 132

Velocity of sound, 331

Velocity potential, 14, physical mean-
ing of, 28, persistence of, 23, 26, 72;
mean value over a spherical surface,
80 ; due to a vortex, 236

Vibration, normal modes of, 304

Vibrations, of a stretched string, trans-
verse, 296, longitudinal, 817, of a
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stretched membrane, 319, of air in
tubes, 336

Vortex, filaments, 218; hnes, 213 et
seq ; motion of a, 228; pair, 221;
Rankine’s combined, 229 ; rings, 2al
et seq ; sheets, 238, spherical, 247;
strength of a, 215; tube, 213, vc‘ocity
due to element of, 234, velocity
potential due to, 236

Vortices, kinetic energy of a system of,
239, rectilinear, 217 et seq ; with
circular section, 227, with elliptic
section, 230

Wave motion, 258 et seq , stability of,
272

Waves on water, simple harmonie, 255,
stationary, 256, 267, long, 257;
general equation for, 261, oscillatory
or suiface, 263, 1n deep water, 266,
progressive, reduced to a case of steady
motion, 269 ; at the common surface
of two hquids, 270 ; capillary, 279,
due to a given local disturbance, 282,
stationary, 1n running water, 285,
Geistner’s tiochoidal, 287

‘Wind on water, 281
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