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PREFACE

This book is intended as a text for a forty-eight hour course in
college trigonometry. The three fundamental purposes guiding the
preparation were to make the book teachable, the material useful,
and the essentials so organized as to become a permanent part of
the student’s knowledge. The subject matter is organized around
two fundamentals: the definitions of the trigonometric functions and
the addition formulas. The emphasis is placed upon method rather
than upon rule, upon remembering formulas as consequences of
the fundamentals rather than upon assigned memory work. The
practice exercises are largely based on this idea.

While the authors have made no attempt at novelty, they have not
hesitated to introduce new material or treatments which they feel
are fundamentally sound and which have stood the test of class-
room practice while the work was in its preliminary stages at the
Louisiana State University.

Plotting in polar coordinates has been introduced as part of the
chapter on the functions of the general angle with gratifying results.
With the definitions and values of the functions of the general angle
fresh in their minds, students find the idea of polar coordinates
simple and interesting. Marked improvement in their subsequent
work in analytic geometry has been observed. Reciprocally, the
plotting in polar coordinates gives the students a tangible basis for
considering angles not found in triangles. Purposeful drill on eval-
vating the functions is made possible.

The development of the formulas in analytic trigonometry is accom-
plished with complete generality without use of special cases.

Applications of trigonometry of interest to the armed services have
received considerable attention. The mil as a unit of angle meas-
ure has been fully treated. Vector representation of velocities,
accelerations, and forces is stressed. Exercises with a military
turn are numerous. The chapter on spherical trigonometry, though
intentionally brief, provides the student with the knowledge neces-
sary to solve the usual applied problems in that subject.

Applications are given early in the course and are made a major
item throughout. Verification of identities is regarded as a process
of simplification rather than puzzle solving. Only the simplest forms
of identities and other abstract applications are introduced in the

first half of the book to encourage confidence.
v



vi PREFACE

It is accepted as good practice to include in college algebra
texts review work on essentials of high school algebra. Proceed-
ing on the basis that a background of geometric material is equally
helpful to trigonometry students, the authors have introduced a
review of basic topics in plane geometry and a brief treatment of
solid mensuration. Many colleges do not find it practicable to
offer formal courses in solid geometry, yet are handicapped by the
inadequate background in three dimensional concepts on the part
of their students. The geometric subject matter occupies the space
usually devoted to five place tables in trigonometry texts.

For those who wish to teach the use of common logarithms as part
of the trigonometry course, a short treatment of common logarithms
is included in the appendix. It is hoped that this develops com-
putation with common logarithms as the simple process that it really is.

The four-place tables are arranged in essentially the same fashion
as the usual five-place tables and the instructions for interpolating
are designed to carry over to use in five-place tables, should the
student need them later.

Answers to the odd numbered exercises are conveniently placed
in the text.

The sincere thanks of the authors are offered those who so gener-
ously aided in the preparation; to their colleagues for many helpful
criticisms and suggestions, particularly to N. E. Rutt, who cntically
read the first manuscript, and to H. L. Smith for i1deas of the general
development of the formulas of analytic trigonometry; to E. R. Smith,
lowa State College, for his valuable suggestions and cooperation;
and to J. A. Cooley and G. M. Ewing who read the galleys and
contributed to the accuracy of presentation.

The cordial, fine spirit of the staff of The Dryden Press has made the
task of production a very pleasant one. EA R

J. P.C
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Part One

PLANE TRIGONOMETRY



Chapter |

USEFUL FACTS ABOUT
PLANE FIGURES

1. INTRODUCTION

Geomelry may be defined as that branch of mathematics which
investigates the relations and properties of solids, surfaces, lines,
and angles. Trigonometry is based on the study of the relations
between the sides and angles of triangles. It is clear that trigo-
nometry and geometry must be closely related. Indeed, a knowl-
edge of the essential definitions and facts of plane geometry forms
a foundation for the study of trigonometry. In turn, many prob-
lems whose solutions cannot be found by the methods of ordinary
geometry are readily solved with the aid of trigonometry.

This study will begin with a review of a few essentials of plane
geometry.

2. DEFINITIONS AND NOMENCLATURE

Every straight line is considered as extending indefinitely in both
directions. The word line will be used in this work to mean a
straight line. A line segment is a portion of a straight line join-
ing two given points on the line. A half line, or ray, is a portion
of a line extending indefinitely in one direction from a given point
on the line.

An angle is the figure formed by two rays drawn from a point
which is called the vertex of the angle. An angle can be measured

in degrees, in radians, or in mils. An angle of one degree is
?
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345 of the angular space about a point. If an angle of one degree
is divided into sixty equal parts, each angular part is called one
minute. Again, one minute contains sixty seconds. Measure-
ment of angles in seconds can be accurately made only with
extremely precise instruments. Tor example, at a distance of one
mile from the vertex of an angle of one second, the sides are sepa-
rated by a distance approximately equal to the thickness of a
lead pencil. In this book angles will be measured to the nearest
minute. The symbols for degrees, minutes, and seconds are °, /,
and "/, respectively.

A polygon is a closed plane figure formed by line segments. A
regular polygon is a polygon having all sides and all angles equal.

QA

FIGURE 1.

A triangle is a polygon of three sides. Classified as to its sides,
a triangle is called scalene, isosceles, or equilateral according as
it has no sides equal, two sides equal, or all three sides equal. A
right triangle has one right angle. Other triangles are called
oblique triangles.

c a a a a a
b b a

FIGURE 2.

The line segment from a vertex of a triangle perpendicular to the
opposite side is called an altitude of the triangle. The side to
which the altitude is drawn is called the base of the triangle.
Obviously, any of the three sides of a triangle can be taken as a
base. The sides of a right triangle which form the right angle are
known as legs, or simply the sides, of the right triangle. The
longest side, opposite the right angle, is the hypotenuse. It is
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clear that either of the legs of a right triangle may be taken as the
altitude of the triangle and the other leg as the base. A median
of any triangle is a line segment joining a vertex of the triangle to
the midpoint of the opposite side.

T ALTITUDE

FIGURE 3.

A four-sided polygon is called a quadrilateral. A parallelogram is
a quadrilateral whose opposite sides are parallel. A rectangle is
a parallelogram all the angles of which are right angles. A square
is an equilateral rectangle. A trapezoid is a quadrilateral having

BASE

ALTITUDE

BASE _|__BAsE BASE
FIGURE 4.

only two sides parallel. The parallel sides of a trapezoid are
called its bases. The altitude of a trapezoid or of a parallelogram
is the perpendicular distance between
its bases. Many polygons are named
according to the number of sides. A
polygon of five, six, seven, eight, or
ten sides is called a pentagon, hexa-
gon, heptagon, octagon, or decagon,
respectively.

A circle is a plane closed curve every
point of which is equidistant from a
point within called the center. The
various terms used in connection FIGURE 5.

with the circle are illustrated in

Figure 5. The circumference of the circle is the perimeter
or length of the curve. The ratio of the circumference of any




USEFUL FACTS ABOUT PLANE FIGURES 5

circle to its diameter is denoted by the symbol #. This number
cannot be represented exactly in a decimal form but is approxi-
mately 3.1416.

A circle can be constructed so as to
be tangent to each of the sides of a
regular polygon and such a circle is
called the inscribed circle. The
center of the inscribed circle is also
the center of the circle passing through
the vertices of the polygon. The
latter circle is known as the circum-
scribed circle. The radii of the in-
scribed and ecircumseribed circles are
respectively called the apothem and radius of the regular polygon.
Their common center is the center of the polygon.

FIGURE 6.

3. SIMILAR PLANE FIGURES

Two polygons are similar if they have the same number of sides,
and if their corresponding sides are proportional and their corre-
sponding angles are equal.

.

In the case of two triangles, it is known that if their correspond-
ing angles are equal their corresponding sides must be proportional,
and wvice versa. Hence two triangles are known to be similar
either if their corresponding angles are cqual or if their corre-
sponding sides are proportional.

C
A B A B’

FIGURE 7.

Two important and useful facts about similar figures are: (a) any
pairs of corresponding lines of similar figures are proportional,
and (b) the areas of any similar figures are proportional to the
squares of any corresponding lines. For example, the perimeters
of two similar triangles are to each other as two corresponding
medians, altitudes, or sides; the areas of two similar polygons ax
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to each other as the squares of their perimeters, etc. (Note:
the same proportions hold for corresponding lengths and areas
of any two circles.)

The process of finding unknown magnitudes by proportion is often
facilitated by the use of logarithms. The method is illustrated
in example 2 below. (See Appendix for review of logarithms.)

EXAMPLE 1. A triangle interior to a given triangle is formed by joining
the consecutive midpoints of the sides of the given triangle. Compare
the perimeters of the two triangles; their areas.

SoLuTioN: Since a line segment joining the midpoints of two sides of a
triangle is known to be parallel to the third side and equal to one-half
of it in length, each side of the small triangle is half the corresponding
side of the large one. Hence the triangles are similar, having their
corresponding sides proportional. Let p, p’ and 4, A’ be the perimeters
and areas of the large and small triangles, respectively. Then

P _

2 _
p/—1—2)
4 2
and I=i—2=4.

Hence the large triangle has twice the perimeter and four times the area
of the small triangle.

EXAMPLE 2. The area of a certain regular polygon whose radius is 3.84
inches is 425.2 square inches. Find the area of a similar polygon whose
radius is 7.44 inches.

SoLuTioN: Let = arca of the second polygon. Then

_x (7447
4252 (3.84)
log z — log 425.2 = 2(log 7.44 — log 3.84).
log z = 2.6286 + 2(0.8716 — 0.5843)
= 3.2032.
z = 1597 sq. in.

EXERCISES

1. A flag pole standing on level ground casts a shadow 52 feet long at the
same time that a_yard stick held vertically casts a shadow 25 inches long.
How tall is the flag pole? Ans. 74.9 ft.

2. The distance from home plate to second base on a standard baseball
diamond 90 feet square is 127.3 feet. How far is it from home plate to
second base on a junior size diamond 60 feet square?

3. If it costs $120 to fence in a certain plot of ground, how much will it cost
to fence in a plot of similar shape but of twice the area? Ans. $169.70



USEFUL FACTS ABOUT PLANE FIGURES 7

4. A street light is 24 feet above the ground. How long is the shadow of
a 6 foot man who stands 21 feet from the point directly under the hght?

. A leather belt connects a pulley to a flywheel and is crossed to obtan a
reversed direction of rotation. The flywheel 1s 6 feet 1n diameter and the
ulley 1s 1 foot in diameter. If the belt touches 13 feet of the circum-
Eerence of the flywheel and has no sag, how much of the circumference of
the pulley does 1t touch? Ans. 2.17 ft.
6. On a map two towns are 2§ inches apart. The map is drawn to the scale
1’ = 10 mules. How far apart are the towns?

7. Construct any acute a.n%le BAC. Along AC select three random points
P, P, P”. From each of these points drop perpendiculars to AB meeting
AB at Q, @, Q", respectively. By actual measurement, verify that

w

QA Q4 Q4
8. One side of a polygon whose area is 8,465 square feet is 147 feet long.
Find the length of the corresponding side of a sumilar polygon whose area is
5,029 square feet. ANns. 113.3 ft.

9. The diameter of the earth is about 3§ times that of the moon. Compare
the intens1ty of the “full-moon-hight”” on the earth with that of the ‘“full-
earth-ight”’ on the moon. (Assume that the areas of theirr apparent
circles of light are proportional to the intensities of their hght.)

Ans. Earth-light 1s 13§ tumes as bright as moon-light.

10. The legs of a certain right triangle are 11 inches and 25 inches, respectively.
From a point on the hypotenuse perpendiculars are let fall to the legs of
the triangle forming a rectangle whose length 1s 15 inches. Find the
width of the rectangle.

11. A military observer wished to approximate the distance to a foot soldier.
He had a ruler and string. He measured off a foot of string and tied thig
to one end of the ruler. He held this end of the ruler 12 inches from his
eye and on a horizontal line with the head of the soldier. He then ob-
served the feet of the soldier, and the distance on the ruler between the
two observations was § inches. Find the distance from the observer to
the soldier assuming the latter to be 6 feet in height. Ans. 96 ft.

4. THE PYTHAGOREAN RELATION

One of the most important and widely applied laws of plane
geometry is the celebrated right triangle relation, the first proof
of which is attributed to the Greek mathematician and philosopher
Pythagoras (582-507 B.c.). It is the familiar truth that the square
upon the hypotenuse of any right triangle is equal to the sum of
the squares upon the two legs. Or, if ¢, a, and b denote the hypot-
enuse and two legs respectively, then

c? = aq? + b2

EXAMPLE 1. A ship sails 15 miles eastward and then 12 miles north-
ward. How far is it then from the starting point?

SoruTioN: The unknown distance is the length of the hypotenuse of a
right triangle whose legs are 12 and 15. Hence by the Pythagorean law,
& =128 + 15
= 369.
d =v/369 = 19.2 mi.
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EXAMPLE 2. Find the radius of a regular octagon, each side of which is
10 inches.

Sorurion: By extending two perpendicular sides of the octagon an
isosceles right triangle will be formed (see figure). Let z equal the length
of each leg, so that

22 + 12 = 10%
from which
z? = 50

and z = 5V/2 units.
Now if M denotes the midpoint of AB,
OM =z +5 = 5(1 +V2).
Since
OB = OM* + MB*
= 25(1 +V2)2 + 25
=25(1+2V2+2+41)

= 50(2 +V2), FIGURE 8.
it follows that
OB = 5V 4 + 2V2 units.
EXERCISES
1. Find the altitude of an equilateral triangle each side of which is 10 inches.
Ans. 5V3in.

2. Find the altitude of an isosceles triangle whose base is 10 inches and whose
perimeter is 36 inches.
If a, b, and c are the sides of a triangle and respectively have the lengths given
below, verify that they satisfy the Pythagorean relation and hence the tri-
angles are right triangles:

3. 8,15, 17. 7. 1, V3, 2.
4. 7, 24, 25. 8. a® — b? 2ab, a? + B2
5. 35, 12, 37. 9. 2Vmn, m —n, m + n.
6. 2n,n® — 1, n? + 1. 10. ;fiyy' 2+, ai —l— yy’_
11. In a circle of radius 12 inches a chord of length 8 inches is drawn. Find
the distance from the center of the circle to the chord. ANs. 8V2 in.
12. The distance that an observer in an elevated position can see 1n level

country or at sea may be defined as the length of a tangent drawn from
the observer to the earth’s surface. Prove that this distance d, in mles,
for an observer elevated to a height h, 1n feet, is given approximately
for small values of & by the formula

=43k
d= 2

(Suggestion: The radius of the earth is 3960 miles. & feet = 52—-’:30 miles.

Apply the Pythagorean rule and in the resulting expression omit the term

5280)2 which would be negligible for small values of h.)
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13. Apply the formula of Ex. 12 to determine how far an observer 100 feet
above the surface ofghe ocean can see an object at water level.
Ans. 12.2 mi.

14. What is the great istance at which the observer of Ex. 13 could see
an object known to be 150 feet above water level?

15. The apothem of a yegular hexagon is k feet in length. Find the length
of a side. 2kV3
Ans. =5 ft.

5. LIMITATIONS OF THE METHODS OF PLANE GEOM-
ET

In m cases unknown distances can be determined by applica-
tions of planc geometry. In a few special cases, angles can also
be determined, e.g., if a triangle is proven equilateral, each angle
is 60°, etc. However, by the means thus far at hand there is no
way to determine unknown sides of many triangles or unknown
angles of most triangles, even when these magnitudes are definitely
fized. Simple examples of such problems are (a) to find the
apothem of a regular pentagon whose side is given, (b) to find
the acute angles of a right triangle whose sides are known, (c) to
find the altitude of a triangle when a side and an angle adjacent
to it are given, (d) to find the legs of a right triangle when the
hypotenuse and an acute angle arc given.

At this point the applications of Trigonometry come to hand and
presently it will be seen that all the unknown sides and angles of
any triangle can be found when sufficient data to fix the tri-
angle are given.

The question of areas of plane figures will be treated in Chapter III
where the combined methods of geometry and trigonometry supply
a way to handle many problems relating to areas of polygons and
circles.
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Symbols not illustrated: » = perimeter, s = half-perimeter, 7= 3.1416
Name Figure Lengths ’ Area
A=y bh
y c .——-——
Triangle s—a) (8—b) (8—c)
b * -—;— ab sin @
ahy————
Equilateral a 2 V3
triangle A==
a
Right C a 2 .2 2 A-l ab
triangle a+b=c 2
b
Rectangle h A=bh (=b’, if a square)
b
a ' A=bh
Parallelogram _J' _ =qb sin @
b
o
A=t a+d")
Trapezoid 2
b
A-';‘ or
Regular
Polygon of ]
n sides by nR’sin 0
A=mr?
C=2mr
Circle rd’
=rd -
%\\ A-%rzo, 0 in radians
Circular arc-r0, .
sector 0 i radians ~T7%0 9 1n degrees
0
Sy A-';*r’(f)-— sin#), 0 1n radians
Circular
segment r2( . .
-3 (g9 —sin 0). 0 in deg.




Chapter Il

THE TRIGONOMETRIC
FUNCTIONS OF ACUTE
ANGLES

6. DEFINITION

Trigonometry is that branch of mathematics that treats of the
relations among the sides and angles of a triangle. The usefulness
of Trigonometry, though, is not confined to the discussion of tri-
angles, but extends into many branches of mathematics. It is
widely used in astronomy, electricity, navigation, physics, map con-
struction, and many phases of engineering work.

7. FUNCTIONS OF A VARIABLE

If two variables are so related that when a value is assigned to
one of them there corresponds a value of the other, then the latter
is said to be a function of the former. Thus, the arca of a circle
is a function of the radius, the distance a ray of light travels is
a function of the time, and 3z2 + 5z — 7 is a function of 2. The
statement that y is a function of z is often written in the symbolic

form y = (), ory = F(z).

The equation involving onc or more mathematical expressions is
not the only means of expressing a functional relation between
two variables. Mathematical tables of various kinds are so con-
structed that when a certain value of one variable is specified, a
corresponding value of another variable is determined either ex-
actly or approximately. Thus for every positive number 7 a table

of logarithms gives an approximation of the corresponding value
11
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of logn. Another means of expressing a functional relation is
the graph. In some cases the graph is simply a visual expression
of the relation given by an equation or by a table of values.
In other cases, the graph is recorded directly. Certain types of
thermometers and pressure gauges, clectroscopes, lie detectors, and
altimeters graphically record the values of their respective vari-
ables as functions of the variable time.

8. TRIGONOMETRIC FUNCTIONS

Let « be any acute angle with vertex A and sides AC and AB.
From any point on either side, as B, draw BC perpendicular to
the other side, forming the right triangle A BC with the right
angle at C, and sides a, b, ¢, opposite the angles with vertices
A, B, C, respectively (Fig. 9).* There are six ratios of one side
of the right triangle to another side; that is,

a . .
X and their reciprocals,

SRS

[4
’Z’

SIS

)

When values are assigned to the angle «, corresponding values of
these six ratios arc determined. Hence these six ratios are called
trigonometric functions of the angle «. These functions have
been named.

o

(@)

FIGURE 9.

sine of o = &, abbreviated as sin a
c

. b .
cosine of @ = -, abbreviated as cos o,
c

* A uniform notation for parts of triangles will be followed in this book: Greek
letters for the angles, capital Roman letters for the vertices, and small Roman letters
for the corresponding opposite sides. For example, the angles of triangle ABC
will be designated by the Greek letters a, 8, and y and the opposite sides by the
letters a, b, and ¢, respectively.
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tangent of a = %’ abbreviated as tan a,
cotangent of a = 3, abbreviated as cot «,
secant of o = %’ abbreviated as sec «,

cosecant of a = 5, abbreviated as csc a.
a

It is helpful also in remembering the preceding ratios to think of
the sides of the right triangle, with respect to anglege, as opposite
side, adjacent side, and hypotenuse. Then, for an acute angle «
of a right triangle,

sin « = opposite side divided by the hypotenuse,
cos o = adjacent side divided by the hypotenuse,
tan o = opposite side divided by the adjacent side,
cot « = adjacent side divided by the opposite side,
sec « = hypotenuse divided by the adjacent side,
csc @ = hypotenuse divided by the opposite side.

It should also be noted that the values of the trigonometric func-
tions of the angle a are always the same regardless of the position
of B on line AB, provided B does not coincide with A. In
Fig. 10 it is readily seen that

AB  AB
g
B
a
A 3 c
FIGURE 10.

9. VERSED SINE AND COVERSED SINE

In addition to the six trigonometric functions already defined,
two others are occasionally used, versed sine and coversed sine,
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generally designated by vers a and covers a, and they are defined
as follows:

3

versa = 1 — cosa; coversa = 1 — sin a.

EXERCISES

In each of the following exercises, one of the six trigonometric functions of an
acute angle of the right triangle ABC 1s given. Construct the triangle and
find the remaining trigonometric functions of the designated angle and also
all the functions of the other acute angle:

1. tana = §.

B
SoruTrioN: Since % is given as §, assume 4
that a =3 and b =4. We know
that a? + b2 = ¢, therefore 9 + 16 = ¢2. 2
Hence ¢ = 5. Now write all the ratios 3
from the definitions of the functions of
angles « and 8.
sina=%, sing = §, e
cosa = ¥, cos B = §, A C
tana = ﬁ, tan 8 = &, 4
cota = 4 cot 8 = §, FIGURE 11.
seca = 3, sec B = 3,
csca = %, csc B = %.
2. sin a = . 5. cot B = 5. 8. sin 8 = 0.8.
3. sec B = A2 6. cosa = 0.3. 9. cosg = Y-,
m
4. tana = #. 7. csc g8 = 11. 10. sec a = —6—_‘
7

11. How many functions of angle « have a in their definitions? b? ¢?

12, What function is the reciprocal of sin a?

13. Can cos « be greater than 1?7 Why?

14. When « 1s greater than 45°, what 1s the relation between a and b?

15. Show that for any value of a between 0° and 90°, the values of sin & and
cos a arc proper fractions, the values of tan « and cot @« may be cither
proper or improper fractions, and that the values of sec @ and csc « are
mmproper {ractions.

If @15 an acute angle, state which is the greater and give reasons:

16. sin « or tan a. 18. sec « or tan a.

17. cos « or cot a. 19. csc a or cot a.

20. Find the values of the six functions of « if

a=2p,b=p?—1,andc =p?+ 1.
21. Using the fact that a? 4+ b2 = ¢?, find the values of the six functions of «

when @ = V72 + 82, b = Vors.

10. TRIGONOMETRIC FUNCTIONS OF 30° 45°, AND 60°

It has been pointed out that, given the sides of a right triangle,
the values of the six trigonometric functions of the acute angles
of the triangle are immediately known from the definitions. The
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question next arises, given the acute angle itself, can its corre-
sponding trigonometric ratios be calculated? The answer is yes,
but the method of calculating them is in general beyond the scope
of this book. However, there are some special triangles, such as
the equilateral triangle and the isosceles right triangle, about
which information is easily available both as to angles and to
sides. The former enables one to find the trigonometric functions
of 30° and of 60° the latter, those of 45°. The fact that the
values of the ratios depend upon the shape and not the size of the
right triangle suggests the use of dimensions which prove most
convenient.

Let ABD, Fig. 12, be an equilateral B
triangle with sides equal to 2. Con-
struct AC perpendicular to BD. Then 2 X
BC = CD = 1. Since AC bisects the . €0 !
angle at A, and since each angle of 30 o
the equilateral triangle is 60° it is V3
obvious that angle BAC = 30°. Then
in triangle ABC, the Pythagorean 2 1
relation gives the equation
AC* 412 = 2 b
+ ’ FIGURE 12.
so that AC =V/3. Hence, from the
definitions of the trigonometric functions,
sin 30° = %, cot 30° =V/3,
V3 2
cos 30° = —=, see 30° = ——,
2 V3
1
tan 30° = —, csc 30° = 2.
V3
Again, from the figure and the definitions,
. V3 1
sin 60° = —=, cot 60° = —,
2 V3
cos 60° = %, sec 60° = 2,
tan 60° = V'3, cse 60° = —2;
V3
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Let ABC, Fig. 13, be an isosceles right triangle with the equal sides
having the value 1. Since a? 4 b? = ¢?,

then 12 + 12 = ¢ Hence ¢ =V?2.
From the figure,
. 1 V2,
sin 45° = —
V2 !
cos 45° = _\}5 45°
tan 45° = 1, 1
cot 45° =1, FIGURE 13.
sec 45° = V2,
csc 45° = V2.

EXAMPLE 1. Given right triangle ABC with « = 30° and ¢ = 40 feet.
Find sides @ and b.

SorurioN: From the definition of sin «,
a .
— = 81l a.
¢

But sin « = sin 30° = %, and ¢ = 40. Hence, by substitution,

a _1
40 2’

and consequently @ = 20 ft. Likewise, by substituting in

b
- =C0S a
C

the values cos @ = cos 30° = ~‘-2‘—3, there results the equation
b _V3
40 2’

which has the solution b = 20V3 = 34.64 ft.

EXAMPLE 2. Verify that
(sin 60°)2 + (tan 60°)% + (cos 60°)% = 4.

SoLuTION: sin 60° = —?, tan 60° =V §, and cos 60° = %

Hence, (sin 60°)? + (tan 60°)2 + (cos 60°)? = § + 3 + §
4.
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EXERCISES

Verify the following statements:
sin 30° — cos 60° = 0.
2 sin 45° cos 45° = 1.
sin 30° cos 30° tan 30° 4 sin 30° cos 30° cot 30° = 1.
(sin 45°)% 4 (cos 45°)2 = 1.
sin 30°(1 + cos 60°) = (cos 30°)2.
sin 60° cos 30° + cos 60° sin 30° = 1.
(sec 30°)2 + (cot 60°)2 = §.
tan 45° 4 tan 30° cot 60° = sec 30°,

cos 30°
9. Given triangle ABC with v = 90° and ¢ = 50 yards, find e and b.

ANs. a = 25 yds., b = 254/3 yds.
10. Given triangle ABC with v = 90°, and b = 100 yards, find @ and ¢ and
check the results with the Pythagorean relation.

11. The shadow of a vertical radio tower is 120 ft. long when the sun’s rays
are mclined at an angle of 60° to the honizontal. Find the height of the

tower. Ans. 12013 ft.

12. A certain earthen dam has a vertical cross section in the form of an
isosceles trapezoid. The upper base of the trapezoid is 10 yards, its
altitude is 10 yards, and the sides are inclined at angles of 30° with the
lower base. Find the number of cubic yards in a uniform portion of the
dam 100 yards long.

®» Nounpwbe

11. TRIGONOMETRIC FUNCTIONS OF COMPLEMENTARY
ANGLES. TRIGONOMETRIC CO-FUNCTIONS

The reader will note from the results in the preceding article that
sin 30° = cos 60°, tan 30° = cot 60°, sec 30° = csc 60°, cos 30° =
sin 60°, cot 30° = tan 60°, and that cse 30° = sec 60°. These
relations are plainly truc because the side of the triangle which is
adjacent to the 30° angle is the one which is opposite to the 60°
angle.

The six equalities just stated depend upon the fact that the angles
were acute angles of the same triangle and not upon the number of
degrees in each. Any pair of angles whose sum is 90° (i.e., com-
plementary angles) can be made the acute angles of a right triangle
and the foregoing six equalities will hold true for their trigono-
metric functions. Let « and 8 be two acute angles such that
a+ 3 =90° Then there corresponds a right triangle A BC, with
the right angle at C, such that « is the angle at 4 and S the angle
at B. Then

gine = = = cos B.

RS
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But 8 = 90° — ¢, so that
sin a = cus (90° — a).
Similarly, cos a = sin (90° — @),
tan a = cot (90° — a),
cot a = tan (90° — a),
sec a = csc (90° — ),
csc a = sec (90° — a).

Arrange the six trigonometric functions in pairs as follows: sin «,
cos a; tana, cot a; seca, csc a. Either function in a pair is called
the co-function of the other member of the pair. That is, the sine
of & is the co-function of the cosine of a; the cosine of « is the co-
function of the sine of «; and similarly for the other pairs. The
formulas given may be summarized by the statement that any
trigonometric function of an acute angle vs equal to the co-function
of its complementary angle.

EXERCISES

1. Express each of the following as a trigonometric function of the comple-
mentary angle:

(a) sin 52°. ANs. cos 38°. (b) tan 11°,

(c) cot 31°42'. ANs. tan 58° 18'. (d) sec 65° 22,
(e) cos 89°5'. ANS. sin 55, (f) ese 57° 13,
(g) cos 2. ANSs. sin (90° — 2¢p). (h) tan (20° — ).
(i) sin (50° + 2¢). ANs. cos (40° — 2¢). (j) cot (90° — 0).

2. If it is known that the acute angles @ and ¢ are such that sin 6 = cos ¢,
what else 18 true of 0 and ¢?

Find an acute angle for which

3. sec (@ — 15°) = ese (a + 25°). ANs. a = 40°.
4. tan 20 = cot 4.

5. cos (30° — ¢) = sin (40° + 3o). ANs. ¢ = 10°
6

. cot (‘}22) = tan 3a.

Find the acute angles 6 and ¢ given that
7. s1mn 20 = cos g, and 0 — ¢ = 20°. ANns., 0 = 30°% ¢
8. tan (0 + 35°) = cot (p — 55°), and 20 — ¢ = 10°.

10°.

12. FUNDAMENTAL TRIGONOMETRIC RELATIONS

From the fact that sina = ¢

it follows that ghag===== —.
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In brief, then,
1

1 sing = ——
(1) T Csca

It is left to the student to verify in a similar manner that

1
2 CoOsa =
@) T Seca
1
3 tana = ——
®) T ot
(4) tana = 0%
CoS o
(5) cota = 2052
sin «

Again, since a? + b? = ¢, dividing both members by ¢? gives the
result

a® | b _
ata=h
which means that
6) sin?a + cos?a = 1.

Note. sin?« 18 an abbreviation of the expression (sin «)2. It must not be con-
fused with the expression sin a? For instance, if @« = 8°, then sin2a = (sin 8°)3,
which 18 entirely different from sin (82)°.

The student should verify that division of the sides of the equation
a® + b? = ¢ by b2 and by ¢? results in the respective relations

(7 1 4 tan’a = sec?q,

(8) 1 4 cot?a = csc?a.

These eight relations among the various trigonometric functions
are fundamental in further study of trigonometry and should be
committed to memory. It should be noted that they hold true
for any acute angle, that is, they are identities.

EXAMPLE. Show that for any acute angle «

cot a sina seca = 1.

. cos 1
Proor. From the fundamental relations, cot « = ——=and seca = .
sin a COS o
. cos .
Hence ¢ot a sin « sec o = (—-— a) (sin a) ( )
sin o COS «,
=1,

which was to e shown.
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EXERCISES

1. Verify that each of the relations (1) to (8) are true numerically for « = 30°;
for a = 45°; for @ = 60°.

After the manner of the example show that the following relations are true
for any acute angle:

2, Lisina sec a + tan a.
cos a
3, Sin 6 4 cosf _
cscf  sech
4. (s1n ¢ + ¢cos ¢)? + (sin ¢ — cos ¢)? = 2.
5. tan 8 + cot 8 = sec B csc B.
6. cosa + tan a sin @ = sec a.
7. Show that if z = a sin 6, the equation z = y reduces to the form
a2 —_ xﬁ
tan 6 = y.
8. Show that if z = a tan 6, the equation —-2 = s reduces to the form
V2 + a?
cos 0 = s.
9. Show that if z = a sec 6, the equation - = u reduces to the form
V2 — a?
cos?§ _
sin 6

13. VALUES OF TRIGONOMETRIC RATIOS

In Article 10 the values of the trigonometric ratios for three special
angles were computed. Many of the applications of trigonometry
depend upon knowing the values of the ratios for any angle. Table
III in the back of this book gives values, correct to four places,
of the sine, cosine, tangent, and cotangent of angles from 0° to 90°
by 10’ intervals.

The names of the functions given at the fop of each section of the
table refer to the angle in the left column. Thus, sin 24° 40’ =
0.4173, tan 7° 20’ = 0.1287, cot 44° = 1.0355. The reader will at
once notice that angles up to 45° can thus be located.

The names of the functions as given at the botfom of each section
refer to the angles on the right. Thus,

cos 67°20’ = 0.3854, sin 55°30”" = 0.8241.
Note the application of Art. 11, i.e., sina = cos (90° — a), ete.
Suppose now that the function of an acute angle not given in the
tables is needed. The process of approximating the value of the

desired function is called interpolation and is best explained by
examples.
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EXAMPLE 1. Find sin 38° 25'.

SorLution: The value of sin 38° 25’ obviously lies between sin 38° 20/
and sin 38° 30’. It seems reasonable to assume that, since the given
angle is halfway between the angles found in the table, its sine should be
approximately halfway between sin 38° 20’ and sin 38° 30’. Hence to
obtain the desired approximation, add to the value of sin 38° 20’ the prod-
uct 0.5 times the difference of the two sines. Thus,

sin 38° 25" = sin 38° 20’ + 0.5(sin 38° 30’ — sin 38° 20')
(Subtract mentally)
= 0.6202 + 0.5(0.0023)
= 0.6202 + 0.0012 (to nearest ten thousandth)
= 0.6214. Ans.
Note: That the differences between the angles are approximately proportional

to the differences between the values of their trigonometric functions can be proved
to be exact enough to obtain results to the nearest minute.

EXAMPLE 2. TFind tan 73° 7'.

SoruTtioN: As above,
tan 73° 7’ = tan 73° 0’ 4 0.7(tan 73° 10’ — tan 73° ()
= 3.271 + 0.7(.034)
= 3.271 + 0.024
= 3.295. Ans.

EXAMPLE 3. Find cos 16° 43’.

SoLuTION: cos 16° 43" = cos 16° 40’ + 0.3 (cos 16° 50’ — cos 16° 40')
= 0.9580 + 0.3(0.9572 — 0.9580)
= 0.9580 + 0.3(— 0.0008)
= 0.9580 — 0.0002
= 0.9578. Ans.

If the value of one of the trigonometric functions of an angle is
knawn and the size of the angle to the nearest minute is to be deter-
mined, apply an interpolation method to determine an angle whose
given function value does not appear in the table. The following
examples make the method clear.

EXAMPLE 4. If tan o = 0.6148, find a.

SoruTion: In Table ITI, 0.6148 does not appear in the tangent column
for any angle. However, it is found to lie between tan 31° 30’ = 0.6128
and tan 31° 40’ = 0.6168; in fact it is readily seen to be exactly midway
between them. Hence

a = 31° 35,
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EXAMPLE 5. If sin « = 0.5040, find a.

SoLurion: From the. table note that sin 30° 10’ = 0.5025 and that
sin 30° 20’ = 0.5050. Hence « = 30° 10’ + (some fraction of 10’). By
inspection, 0.5040 is 3§ths or 0.6 of “the way” between 0.5025 and
0.5050.

Hence a = 30°10" + 0.6(10") = 30° 16’. Ans.

EXAMPLE 6. If sin « = 0.4419, find a.

SoLuTion: By inspection, a = 26° 10’ 4 % (10)
= 26° 10’ 4 3’ (approximately)
= 26°13. Ans.

EXAMPLE 7. If cos 8 = 0.4059, find g.

SoruTioN: By inspection, 8 = 66° 0’ + -8;(10)
= 66° 3. Ans.

EXERCISES
Verify that the following trigonometric ratios are correct:

1. sin 52° 20’ = 0.7916. 9. cot 33° 18’ = 1.5223.
2. cot 1°40’ = 34.368. 10. tan 65° 44’ = 2.2182.
3. tan 68° = 2.4751. 11. cos 45° 51’ = 0.6965.
4. cos 34° 30’ = 0.8241. 12. sin 71° 45’ = 0.9497.
5. sin 44° 45’ = 0.7040. 13. tan 11° 16’ = 0.1992.
6. cos 32° 14’ = 0.8459. 14. cos 27° 8’ = 0.8900.
7. tan 67° 18" = 2.3906. 15. cot 84° 52’ = 0.08983.
8. sin 55° 57" = 0.8285. 16. sin 19° 19’ = 0.3308.

Find correct to the nearest minute the angles whose trigonometric ratios are
given below:

17. sin @ = 0.6967. ANs. a = 44°10’.
18. cosa = 0.3987. ANs. a = 66° 30",
19. cot a = 21.4704. ANs. a = 2°40’.

20. tan 8 = 2.9600. Ans. 8 = 71°20".
21. sin 8 = 0.6873. ANs. 6 = 43°25'.
22. cot s = 2.0130. Ans. & = 26°25'.
23. tan 8 = 0.6060. ANs. B = 31°13’.
24. sin ¢ = 0.8854. ANs. ¢ = 62°18'.
25. cos 8 = 0.6520. Ans. 0 = 49°19'.
26. sin 8 = 0.9440. Ans. g = 70° 44,
27. cota = 1.4532, ANs. a = 34° 32"
28. tan ¢ = 0.8905. ANs. o = 41°41’.
29. sin 8 = 0.3001. Ans. B = 17°28'.
30. cosa = 0.6698. ANS. a = 47°57.
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SUMMARY OF FORMULAS, CHAPTER i

(1) sina = Es—i: (5) cota = 052

2) cosa = _Séa. (6) sin?a + costa = 1.
3) tana=é%-a- (7) 1+ tan? e = sec?a.
(4) tan o = SR (8) 1 + cot?a = csc?a.

Cos o



Chapter lll

THE RIGHT TRIANGLE

14. SOLVING THE RIGHT TRIANGLE

The sides and angles of a triangle are called the parts of a triangle.
A right triangle is determined if two parts other than the right angle
are given, provided that one of the given parts is a side. In plane
geometry it is proved that two right triangles are congruent if two
sides of one are equal to two sides of the other, or if a side and an
acute angle of one are equal to a side and an angle of the other.
It is also shown that triangles can be constructed with ruler and
compasses when such parts are given.

By means of trigonometry the values of the unknown parts can be
computed when known parts sufficient to fix the triangle are given.
The process of computing these unknown parts is called solving
the triangle. The six trigonometric ratios make it possible to
form an equation expressing a relation between any two of the sides
of a right triangle and either of the acute angles. Hence, if one
side of a right triangle and either one of the acute angles or one
of the other sides are known, the remaining parts can be calculated.
If in the right triangle ABC, B is known, then angle « is found
from the relation & = 90° — g°.

EXAMPLE. Solve right triangle ABC, givena = 6 and g = 62° 30'.

SoLutioN: Write cos 8 = g,

or cos 62° 30" = %,
- 6 __6 _
and ¢ = 3y ~ 467 — 1500 FIGURE 14.

24
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To find b, use the Pythagorean relation b2 = ¢ — a2, from which
B = (c+ a)(c — a).

b=v(13 + 6)(13 — 6) =V/(19)(7) = 11.53.
Since « + 8 = 90°,
a = 90° — 62° 30" = 27° 30'.
This completes the solution of the triangle, since all unknown parts have
been evaluated.

Hence

EXERCISES *

In each of the following right triangles, two parts are given. Compute the
remaining parts:

l.a =12,b = 21. ANs. a =29°45, 8 = 60° 15, ¢ = 24.2.
2. b=11,¢c = 36.

3. a =19, ¢ = 40. ANs. « = 28°22', 8 = 61°38/, b = 35.2.
4. a =7 a=144°12".

S. ¢ = 18,3 = 63°24". Ans. a = 8.07,b = 16.1, « = 26° 36"
6. b =14 a = 12.

7. Find independently the acute angles of the right triangle whose sides are

5, 12, 13.  Check results by showing that their sum 1s 90°.

A person rowing across a river 4 mile wide 1s carried downstream 300 yds.

Find the angle between the course of the boat and the line directly across

the river.

9. A ship travels N 35° W at the rate of 14 miles per hour. What 1s 1ts

rate in a westerly direction? Ans. 8.03 mi./hr.

10. Find the length of a side of a regular polygon of 6 sides circumseribed
about a circle whose radius 18 10 inches.

@

15. LOGARITHMS OF THE TRIGONOMETRIC FUNCTIONS

The use of logarithms in many of the computations involved in
solving triangles is highly desirable. In the Appendix may be
found a table of logarithms of the trigonometric functions. Thus,
to find the logarithms of the sine of 57° 10’ it is not necessary to
look up first sin 57° 10’ and then find the logarithms of this number
in the logarithm tables. Instead, simply look up log sin 57° 10’
directly in the table. However, it is well to keep in mind the ap-
proximate value of the trigonometric function in order to make
certain that the proper characteristic is assigned to the logarithm
of the function. The sines and cosines of all angles between 0° and
90° are numbers which are less than one. Hence log sin « and log
cos o have negative characteristics for any such anglea. ~ Similarly,
log tan « has a negative characteristic for angle a less than 45°, and
* It is suggested that if a slide rule is available, it be used in the computations of

these exercises. A 10-inch slide rule usually gives results correct to three signifi-
cant figures, whereas a 4-place table usually gives results to four significant figures.
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log cot o has a negative characteristic for values of o between 45°
and 90°. Thus in using the table of logarithms of the trigonometric
functions it is necessary to affix minus 10 to the logarithm as found
in the table whenever the value of the trigonometric function is
less than one.

Interpolations are performed with the logarithms of trigonometric
functions in exactly the same manner as explained for the use of the
tables of the natural functions in Art. 13.

16. USE OF LOGARITHMS IN SOLVING RIGHT TRIAN-
GLES

The equations determining the unknown parts of a triangle are
derived as explained in Art. 14. Log-

arithms are applied in the solution of B
the example below in solving a right
triangle whose known and unknown
L
parts correspond to those of the ex- ¢/ e
ample in Art. 14 so that the methods H
can be compared by the reader. ©
EXAMPLE 1. Solve the right triangle a
ABC, given a = 85.63 and g = 43° 24’ A = c
SoLuTION: As before, write FIGURE 15.
cosp =2,
c
or log cos 8 = loga — logc,

log ¢ = loga — log cos 8

= 1.9327 — (9.8613 — 10)
2.0714.
117.8.

Hence, c

I

Again, as in the example of Art. 14,

b=V(c+a)lc —a),
so that log b = i[log (c + a) + log (¢ — a)]
1({log 203.43 + log 32.17)
${2.3083 + 1.5074}
= 1.9078.
Hence, b = 80.88.
Finally, a = 90° — 43° 24’ = 46° 36'.

Il
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EXAMPLE 2. Solve the right triangle ABC, givena = 17.2 and b = 24.9.

SoLuTION: tan « = %,
and logtan @ = loga — logb
= 1.2355 — 1.3962
= 9.8393 — 10.
From Table II, a = 34° 38,
Hence, B8 = 90° — 34° 38’ = 55° 22’,

While ¢ is determined from the relation ¢ = a? + b2, the right-hand
member of this equality cannot be factored and thus it is best to com-
pute ¢ from this equation without logarithms. (Why?) However, ¢ can
be readily computed with the aid of logarithms by means of the equation

sin a = g,
¢
from which log sin « = loga — log c.
Hence, logc =loga — logsin a
= 1.2355 — (9.7546 — 10)
= 1.4809.
¢ = 30.26.
EXERCISES

Solve the following right triangles:
1. Gwven ¢ = 125.7, @ = 75° 12’; show that a = 121.5, b = 32.11,

2. Given a = 572, ¢ = 646.

3. Given a = 35.8, « = 61° 13’; show that ¢ = 40.85, b = 19.67.

4. Givena =75, b = 82.

5. Givena =21, b = 2; show that « = 46°23/, ¢ = 2.9.

6. Given b = 68.3; a = 24°30".

7. ¢ = 325, a = 27° 34’; show that ¢ = 150.4, b = 288.1.

8. ¢ = .16, b = .09.

9. a=6%c=g. ANs. a =gsmn0,b =gcoso, 8 = (90 — 6)°.
10. a = ¢°% ¢ =s.

11. B =y%b = z. ANs. a =z coty, ¢ =sm\0 =zescy, a = 90° — .
12, a = 6% a =h.

-
w

. One leg of a right triangle is three times the other. TFind the acute
angles. Ans. 18726/, 71° 34",
14. Two tangents are drawn from an external pomnt 4 to a circle.  The angle

formed by the tangents 1s 40° and the length of each of the tangents 1s
50 feet. I'ind the radius of the circle.

15. Find the radiwus of the circle inseribed in an equilateral triangle whose
side is 8 feet. Ans. 2.31 ft.

16. To measure the distance AB across a river, a line AC is laid off perpen-
dlculm-f to AB. Find the width of the river if angle ACB 1s 48° and AC
is 100 feet.
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17. ANGLES OF ELEVATION AND DEPRESSION. PROB-
LEMS INVOLVING RIGHT TRIANGLES

If an observer is looking at an object above his level the angle be-
tween the line from the observer’s eye to the object and a horizontal
line in the same vertical plane is called the angle of elevation of
the object. If the object is below the level of the observer, the
corresponding angle is called the angle of depression. Thus, in
the figure, if the observer is at A, the angle at A is called the
angle of elevation of B from the point A. If, on the other hand,
the observer is at B looking downward toward A, the angle at B
is called the angle of depression of A from the point B.

FIGURE 16.

It is obvious that for a given pair of points the angle of elevation
of the first from the second is equal to the angle of depression of
the second from the first.

In solving problems involving right triangles it is well to draw a
figure as nearly to scale as possible and mark the known parts of
the triangles involved. Then proceed as in Articles 14 and 16 to
determine the required parts. Often more than one triangle
must be solved or partly solved before the desired magnitude can
be determined, as illustrated in Example 2, below:

EXAMPLE 1. A ship starting at A sailed ¢ 84 M, B
12.7 miles to the north and then 8.4 miles
east to B. What is the direction of B

from A? .

SorLurion: The problem is to find Ze& of f

Fig. 17. Wl‘ite (.2 a
tan a = 84

127
log tan o = log 8.4 — log 12.7.

The completion of the problem is left to the A
student. Ans. North, 33° 29’ east. FIGURE 17.
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EXAMPLE 2. Find the height of a mountain if when observed from the
top of the mountain the angles of depression of two successive mileposts
on a level road running directly away from the mountain are 15° 20’ and
10° 45, respectively.

FirsT SoLuTioN: Arrange the information of the problem as shown in
the figure. The problem is to determine y. Let AD = x be perpen-
dicular to BC. Note that angle ACD = 4°35". (Why?) Let AC =g,
then in triangle AOC,

Y - sin15° 20,
2

or y = zsin 15° 20'.
4°35"
. X( c
P i
TN e — —
m\:\— S g
—— 1’ ‘\ - : IO ,J
B 5280 A ) R ———
’__/__}50-2’0—;—/__/_/‘
FIGURE 18.
Similarly from rt. triangle ADC,
~ = sin 4°3%,
z

so that 2 = m'

s _ xsin 15° 20"
Hence, by substitution, y = n 35
Again in rt. triangle ADB,

5‘2%:6 = sin 10° 45/,
z = 5280 sin 10° 45/,
. _ 5280(sin 10° 45')(sin 15° 20)
from which, finally, y = in 4535
Therefore, log y = log 5280 + log sin 10° 45’ + log sin 15° 20’
— log sin 4° 35’ ,
= 3.7226 + (9.2707 — 10) + (9.4223 — 10)
— (8.9025 — 10)
= 3.5131.

Hence y = 3259 ft. Ans.
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SECOND SoLuTiOoN: In the rt. triangle AOC let

then f = cot 15° 20/.

OA = w,

Also in rt. triangle BOC,

w+ 5280 _ ot 10° 45,

Subtracting the members of the first equation from the corresponding
members of the second eliminates w, and gives

5280 _ 4ot 10° 45 — cot 15° 200
. B 5280
From this, Y= ot 10° 45 — cot 15° 207
5280

10.

11.

= 5.267 — 3.647
= 3259 ft. Ans.

EXERCISES

Wishing to know the height of a tree standing on a horizontal plain, 1
measured from the foot of the tree a horizontal line 150 ft. long, and
found at that point the angle of elevation of the top of the tree to be
35°20°. Required the height. Ans. 106.3 ft.

. What is the angle of clevation of the sun when a tree 110 ft. high casts a

shadow 165 ft. long? Ans. 33°41'.

Find the length of the side of a regular pentagon inseribed 1n a circle of
radius 6.87 1n. Ans. 8.08 1n.

Two stations A and B are 8 miles apart, and a man in a balloon directly
above A observes the angle of depression of B3 to be 10° 14’. Find the
height of the balloon. Ans. 1.44 m1.
The side of a regular octagon is 23 in. Find the radii of the inscribed
and circumscribed circles. ANs. 27.77 in., 30.05 1n.

The foot of a 30 ft. ladder leaning against a vertical wall rests on level
ground 18 ft. from the base of the wall. Find the angle of inchnation of
the ladder. Ans. 53°8'.

A railway is inclined at an angle of 3° 50’ to the horizontal. How many
feet does 1t rise per mule of track? per mile of horizontal distance?

ANs. 352.9 ft.; 353.8 ft.
The cross section of a levee is a trapezoid 30 ft. high. Its top is 12 ft.
wide and the sides slope downward at an angle of 22° with the horizontal.
Find the width of the base. Ans. 160.5 ft.

An obhserver in the top of a lighthouse 95 ft. above sea level finds that
the angle of depression of a ship is 6° 15’. Find the horizontal distance
of the ship from the lighthouse. ANs. 867.5 ft.

To find the width of a river a line AB = 420 ft. is measured parallel to
one bank. A stump C on the other bank and straight across from B is
sighted and angle CAB is found to be 21° 48’. Find BC. A 168 1t

NS. .

Assume 4 to be the top of a flag pole, B its base, and C on a perpendicular
to AB from B; what is the height of the pole if BC is 100 ft. and the
angle ACB = 72°? Ans. 307.8 ft.



THE RIGHT TRIANGLE 31

12. A boy 1s flying a kite and has let out 300 ft. of string. Assume a second
boy 200 feet away is right under the kite. What is the height of the
kite above the second boy? Ans. 223.6 ft.

13. Taking the radiwus of the carth as 3960 mi. and regarding the earth as a
true sphere, find the radius of a parallel of latitude 30° north or south
of the equator. Ans. 3429 m1.

14. A fly with chipped wings goes from one lower corner of a room to the
opposite upper corner by the shortest path, necessarily crawhng by floor
and wall. The room 1s 14 ft. long, 10 {t. high, and 12 ft. wide. At what
pomnt will the fly start going up the wall? At what angle with the long
side of the room must the fly start? At what angle with the floor must
he start up the wall?  Will it make any difference 1n the distance traveled
whether he goes up a side wall or an end wall? How much?

Suggestion: Fold a side wall of the room down and outward to the level
of the floor. Connect the starting pomnt with the final point with a
straight line.

15. A straight horizontal road leads to the foot of a wall 160 ft. high, and
from the top of the wall the angles of depression of two men on the road
are 10° and 8°. Iind the distance between the men. Ans. 231 ft.

16. Upon the top of a shaft 125 ft. high stands a statue which, at a hori-
zontal distance of 200 ft. from the foot of the shaft, subtends an angle
of 3°. How tall 1s the statue? ANns. 15.04 ft.

17. The horizontal distance between the two extreme positions of the end
of a pendulum 36 n. long 1s 5 1n. Through what angle does 1t swing?
Ans. 7°58.

18. A man walks up a hill 100 feet from its base. The angle made by the
hill with the horizontal level 1s 15°. Assume the man to be 6 feet in
height. From his position the angle of elevation of the top of the hill
18 3°. What 1s the height of the hill? What distance will he have to

travel to get to the top? Ans. 33.33 ft., 28.8 ft.
19. Find the length of one side of a regular pentagon if the radius of the cir-
cumscribed circle 1s 10 inches. Ans. 11.75 1.

20. An element of the lateral surface of a right circular cone is mchined at
an angle of 70° to the plane of the base. The radius of the base is 20 feet.
Find the volume and lateral surface of the cone.

21. Find the radius of a circle if the subtended chord is 20 ft. and the central
angle 1s 42°. ANs. 27.90.

18. VECTORS. COMPONENTS AND RESULTANTS

Any quantity which has associated with it both magnitude and
direction can be represented pictorially by an arrow whose length
(drawn to some suitable scale) represents the magnitude of the
quantity and whose direction represents the direction of the quan-
tity. The arrow is called a vector and the quantity capable of
such representation, a vector quantity. Velocitics, accelerations,
and forces are well known examples of vector quantities. Thus in
Fig. 19, vector a might represent the velocity of the wind when
blowing in an eastward direction and vector b might be the velocity
(with respect to the air) of an airplane headed in a northeastward
direction.
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The length of the vectors indicates that the speed* of the plane is
about twice that of the wind. Again, vector a might represent a
force acting upon an object at O tending to move it to the right,

FIGURE 19.

and vector b might represent a force twice as great as a acting up-
ward and at a 45° angle with a upon the same object.

The total effect of two vector quantities acting upon an object
may be conveniently represented by that vector quantity which
is given pictorially by the diagonal of the parallelogram of which
the two given vectors form adjacent sides. This is known as the
parallelogram law: The vector given by the diagonal is called the
resultant of the other two vectors, and they in turn are called its
components in the given directions. If vectors a and b are the
velocity vectors above described, then the resultant ¢ represents
the actual velocity of the airplane. If @ and b are forces acting
upon an object at O, then c¢ is the resultant force exactly equal in
effect to @ and b combined.

The finding of a resultant by the parallelogram law is called vector
addition. If the resultant vector and one of its components is
given, then the other component can be found by completing the
parallelogram. This process is called vector subtraction. If a
resultant vector is given and the angles which its components
make with it are also given, the parallelogram may again be com-
pleted, thus resolving the resultant vector into components.
Vector addition, vector subtraction, and the resolving of a vector
into components are illustrated for rectilinear motion in Examples 1,
2, and 3 below, respectively. Some cases where right triangles
are not involved will be considered in Chapter VIII.

* The word speed is used for the magnitude of the velocity. The word velocity is
reserved for the vector quantity consisting of the speed and the direction.
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EXAMPLE 1. A swimmer is swimming with a speed of 2 miles per hour
and heads straight across a river having a current velocity of 4 miles per
hour. In what direction is the
swimmer actually traveling and
with what speed?

Sovution: In Fig. 20, vector s s
represents the swimmer’s veloc-

ity, and vector ¢ the current ve- a

locity. It is required to find the =
resultant r in magnitude and FIGURE 90.
direction. From the figure,

7 =22 442 = 20. Hence the actual speed of the swimmer is V20
miles per hour. Since tan « = £ = 0.5000, from the tables, « = 26° 34"
Hence the swimmer actually moves in a line which makes an angle of 26°
34’ with the bank and with a speed of V20 = 4.47 miles per hour.

EXAMPLE 2. A force of 498.3 lbs. acts vertically upward upon an
object. What horizontal force must also act upon the object if the re-
sultant force is to be 625 lbs. acting upward and to the right?

SoLution: The two component forces are at
right angles to each other. The resultant force of
625 lbs. must be the diagonal of a rectangle as |

shown in Fig. 21. Hence the horizontal com-
ponent is the vector & of the figure, and at once, . o
B2 = (625)2 — (498.3)? o <
= (625 + 498.3)(625 — 498.3) ¥
= (1123.3)(126.7).
2log b = log 1123.3 + log 126.7; h
log h = 1(3.0504 + 2.1028)
= 2.5766. FIGURE 21.

h = 377.2. Ans.

EXAMPLE 3. The acceleration due to gravity of a falling body is 32.2 ft.
per second per second. This means that the velocity of the falling body
increases 32.2 ft. per second every second. What is the acceleration of a
body sliding down a smooth (friction-

less) plane inclined at an angle of 52° n
with the horizontal? t N
SovuTioN: The gravity vector acting o

downward must be resolved into two
components, one of them parallel to
the surface of the plane (vector ¢ of
Fig. 22), the other perpendicular to the
surface (vector n). The magnitude of
vector ¢ is required. Obviously FIGURE 22.

52°
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La = 52°,
Hence, ;3,'2% = §in a

and

t = 32.2(.7880) = 25.37.

Hence the object slides down the plane with an acceleration of 25.37 ft.
per second per second (25.37 ft./sec.).

1.

10.

11.

12.

13.

EXERCISES

A man rides eastward with a speed of 17.32 miles per hour. A breeze is
blowing from the north with a speed of 10 miles per hour. From*what
direction does the wind apparently blow on the face of the man? What
is the speed of the wind relative to the man?

ANs. From a direction 60° east of north; 20 mi./hr.

A passenger on a train moving with a speed of 60 ft. per second tosses
a stone with a speed of 30 ft. per second out the window of the train at
right angles to the track. Considering only the horizontal motion of the
stone, mn_ what direction and with what velocity does the stone leave
the train?

A weight of 15 tons rests on a plane inclined at an angle of 12° with the
horizontal. With what force 1s the weight pressing perpendicularly
against the plane? ANns. 14.67 tons.
A wire is stretched above the ground at an angle of 18° 40’ with the hori-
zontal. A man pushes a pulley up the wire by walking along and hold-
g a vertical pole aganst the pulley. If the man walks at the rate of
8 ft. per second, how fast does the pulley move up the wire?

. Two forces, a 560-lh. horizontal force and a 660-lb. vertical force, act

upon an object. Iind the resultant foree in magnitude and direction.

. A car rolls down an inclined plane without friction. What 1s its accel-

eration 1If the plane 1s mchned at an angle of 34° with the horizontal?
(g, the vertical acceleration due to gravity = 32.2 ft./sec?.)

. A car rolls without friction down an inclined plane. Its acceleration is

16.7 ft. per second per second. Find the angle of inchnation of the
plane. Ans. 31° 14/,
A projectile is fired from a cannon raised to an angle of 40° with the
horizontal. The muzzle veloeity is 1000 ft. per second. Find the hori-
zontal and vertical components of this velocity.

A 200-1b. weight hangs at the end of a rope, the upper end of which is
fixed. What horizontal force 1s required to hold the weight in such a
postition that the rope makes an angle of 21° with the vertical?
Two boys can paddle a canoe with a speed of 5 mi./hr. in still water.
In what direction must they point their canoe to paddle directly across
a river having a current of 3 mi./hr.?
Ans. Upstream at angle of 53° 8’ with bank.
A car 15 roling down an inchne making an angle of 18° with the hori-
zontal. At the end of 1st sccond starting from rest, how fast is the car
moving horizontally? vertically downward?
ANs. 946 ft. per sec.; 3.07 ft. per sce.
An army aviator flies a compass bearing due north at 100 miles per
hour airspeed. What 1s his position at the end of two hours if an east
wind is blowing at 30 mules per hour?
Town A is due west of town B at a distance of 68 miles. What time is
required for an aviator to fly from town B to town A and return if his
cruising airspeed is 120 miles per hour and a 20-mile north wind is blow-
ing?. What is his average speed for the round trip?
Ans. 1 hr. 9 min.; 118.3 mi. per hr.
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14. The crew of an anti-aircraft gun spot an enemy plane flying in therr
general dircetion. The plane’s speed and elevation 1s determined as
90 mules per hour and 800 ft. respectively.  'The muzzle velocity of the
gun 15 2000 feet per seccond.  Assuming that the planc will fly directly
across their front and over a land pomnt 200 yards away, compute the
angle between the direction of fire and the direction of the plane at the
time the gun 1s fired, if the gunner expects to lut the plane immediately
as 1t crosses his front.



Chapter IV

DIRECTED ANGLES AND
UNITS OF MEASUREMENT

19. ANGLES AS MEASURES OF ROTATION

An angle has been considered as the figure formed by two half lines
drawn from the same point (Art. 2). On the other hand, the mag-
nitude of any angle can be interpreted as a measure of the rotation
necessary to bring one side to its given position from a position of
coincidence with the other side. The angle generated by a rotating
‘clock hand or by the spoke of a turning wheel is an illustration.
This idea of an angle as a measure of rotation is a more general
conception that admits of angles of any size.

The thought now naturally arises that the direction of rotation must
also enter into the consideration of this more general coneeption of
angles. It is customary to call the side of the angle which marks
the beginning of the rotation the initial side, and the one represent-
ing the ending of the rotation the terminal side of the angle. An

INITIAL SIDE (-

FIGURE 23.
36
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angle is said to be positive or negative according as the position of
the terminal side is reached by a counter-clockwise or by a clock-
wise rotation. A curved arrow (Fig. 23) serves to identify the
direction of rotation in a given angle,

20. UNITS OF MEASUREMENT

There are several units used in the measurement of angles, the
best known being the degree (°), the radian (rdn.), and the mil.

The degree is the unit of measurement of angles which is most
commonly used in practical measurements. It was defined in
Art. 2 as the angle equal to 534 of the angular space about a point.
The division of the degree into 60 equal parts called minutes and
the similar division of the latter into seconds is familiar to the
student. This system of angular measure is often called the
sexagesimal system.

Radian or circular measure of angles is of great importance in
mathematical theory. A radian is an angle which intercepts a cir-
cular arc whose length is equal to the
length of the radius with which the arc
is described. Thus, if in Fig. 24 the

length of the circular arc s is equal to its r s=r
radius r, then 6 is an angle of one radian.
This simple relation of arc to angle )
when the angle is measured in radians is
. r
one of the basic reasons for the useful- FIGURE 24.

ness of this unit of measure. If no unit

of measure is specifically indicated, it will be understood that the
unit is the radian. Thus the expression 8 = 3 will be understood
to mean § = 3 radians.

The mil is a unit of angular measure generally used by the United
States armed forces. It is defined as an angle equal to g2 of
the angular space about a point. An object 1 yard wide subtends
an angle of approximately 1 mil at a distance of 1000 yards.

21. RELATIONS BETWEEN THE UNITS

In plane geometry it is shown that two radii intercept an arc on a
circle which is proportional to the central angle formed by the radii.
This makes it obvious that, since a central angle of one radian
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intercepts an arc on a circle that is one radius in length, then a
central angle of two radians intercepts an arc two radii in length,
etc. In general, the number of radians in the angle is equal to the
number of times the radius is contained in the interccpted cir-
cular arc. This means that an angle of 2r radians intercepts an
arc 27r in length. But 27r = ¢, the circumference of the circle.
From this comes the important relation

27 radians = 360°,
or
) 1 radians = 180°.

Equation (9) affords a simple method of changing the measure of a
given angle from degrees to radians or vice versa. This can be
best illustrated with examples.

EXAMPLE 1. Express 60° in radian measure.

Sorurion: Suppose  z rdns. = 60°.

Now by (9), x rdns. = 180°.

: 60
Hence, the proportion E = a5
from which z = é‘i Ans.

EXAMPLE 2. Express 2 radians in sexagesimal measure.

SoLuTioN: Given 180° = = rdns.,
2° = 2 rdns.,
. x _ 2
it follows that 180 = 2
[}
whence x = (@) = 114° 35.4’. Ans.
m

After division of both sides of equation (9) by =, there results the
relation

1rdn. = (E‘i’)c’ = 57° 17.7".
™
Or, after division by 180,

1° = i%rdn. = 0.017453 rdn.

To obtain relations between degree and mil measure, note that,
from the definitions of degree and the mil,

'360° = 6400 mils.
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From this come the two results,
1° = 8400 mils = 17.778 mils,
and 1 mil = (&89)° = 0.05625°.

To derive relations between number of radians and number of mils,
note that 7 rdns. = 3200 mils,

so that 1rdn. = 3290 1ils = 1018.6 mils,
™

.1 = —1|' . = N 17 .
and that 1 mi 3200 rdn. = 0.0009817 rdn
These relations are summarized in the following set of equations:
(10) 1° = 0.017453 rdn. = 17.778 mils.
(11) 1 rdn. = 57.296° = 1018.6 mils.
(12) 1 mil = 0.05625° = 0.0009817 rdn.

These relations must be understood as being approximations which
arc accurate to the figures given, with the exception of the relation
1 mil = 0.05625°, which is exact.

EXERCISES

Use the fundamental method employed 1n the illustrative examples (rather
than the conversion relations just given) to obtamn the solution of the first
sixteen of the following exercises:

Express 1n radian measure:

1. 60°. ANs. ’é 2. 90°.
3. 120° Axs. %’I 4. 75°.
5. 420°. Axs. 73" 6. 300°.
Express in degree measure:
7. g Ans. 45°. 8. 2r.
-9, . Ans. 210°. 10. 37.
6 5
3r 5r
11. == Ans. 135°. 12, ==
1 e 3
13. 1600 mils. Ans. 90°. 14. 200 mils.

15. Draw a circle and eight radii which divide 1t into ecight equal sectors.,
Let one of these radn (preferably one extending to the right of the cenﬁ%
be called ro, and let the remaining radin be successively ri, s, 73, et
named 1n counterclockwise order from ro. Finally, let 0, 0:, 65, etc., be
the angles formed by rotating a radius from the position of ro to that of
each of the radii ry, 7o 73 . .., respectively. Express the measure
of 8;, 0, 63, etc. (a) 1n degrees, and (b) in radians. hese can be indi-
cated on the fizure at the extremities of the corresponding radii.
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16. Rf,epea;,lt Exercise 15, dividing the circle into twelve equal parts instead
of eight.

Use the conversion relations (10), (11), and (12) to work out the following
three exercises:

17. Express 10° as radians; as mils. ANs. 0.17453 rdn.; 177.78 mils.
18. Express 32 mils as degrees; as radians.

19. Express 0.55 radian in degrees; in mils. Ans. 31.51°; 560.2 muls.
20. Find cos g ANs. - 21. Find tan Z

22. Find sin g Ans. .3827. 23. Find cot g-

24. Determine in radian measure an acute angle « such that
(a) sina = §- ANs. (b) seca = 2.

(d) cota = 1.

o ol

1
c) tana = —= ANS.
© « V3

29. THE CENTRAL ANGLE AND THE INTERCEPTED ARC

From the definition of a radian it follows that in a given circle, a
central angle of one radian intercepts an arc equal in length to the
radius. Hence, by proportion, a
central angle of 8 radians intercepts
an arc equal in length to 6 times
the radius. Otherwise stated,

(length of arc) = (subtended angle

0
in radians) X (radius);
or symbolically, r
(13) s = 0r. FIGURE 5.

(6 expressed in radians)

According to (12), 1 mil = 0.0009817 rdn. For four-figure ac-
curacy, round off accordingly and obtain

1 mil = .0010 radian.

Hence, the relation 6 mils = _1&)6 radian

is a close approximation. Applied to (13), this gives the approxi-
mation formula

s = ._or—.

1000

In actual practice, the arc s is replaced by its chord ¢ (nearly equal
for small angles) and r is considered as the distance to the chord.
Thus the approximation formula becomes

(6 expressed in mils)
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(14) c= 1%6 0, in mils)

This can be written in the optional form

(15) r = 1000c_

(6, in mils)

By means of instruments from which angles in mils can be read
directly, it is easy to calculate rapidly the distance r to an object
of known height or width ¢, or, if desired, to calculate the height or
width of an object of known distance.

EXAMPLE 1. Find the length of the arc intercepted on & circle of radius
10 inches by a central angle of 40°.

SorutioN: From (9) Art. 21, 40° = 2—5 rdn.
Now, by (13), s =rf (0 in radians).
2 20 .
Hence, s = 10£§”—) = —?)I in. Ans.

EXAMPLE 2. What central angle will subtend an arc whose length is
12 inches on a circle with diameter of 5 feet?
Sorurion: Relation (13) can be written in the form

s

6 = -
r

515 rdn. = 0.4 rdn. = 22° 55’. Ans.

I

Hence,

EXAMPLE 3. A building known to be 140 feet high subtends an angle
of 45 mils at a given point of observation. Find the distance of the
observer from the building.

Sovution: Employ (15) with ¢ = 140 and 0 = 45.

1000(140)

15 = 3110 ft. Ans.

Hence, distance = r =

EXAMPLE 4. What is the length of a hangar which subtends an angle
of 42 mils at a distance of 2400 yards?

SoLution: By (14)

oot
1000
Substituting § = 42 and r = 2400 gives
c= 42(2400) _ 101 yds. Ans.

1000
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EXERCISES

1. Using the definition that one mil 1s an angle equal to 444 of the angular
space about a point, verify the statement that an angle of one mil inter-
cepts an arc of one yard (very nearly) at a distance of 1000 yards.

2. In a circle of 10" radius, find mentally the length of the arc intercepted
by a central angle of (a) 1 rdn., (b) 2 rdns., (¢) 5 rdns.,(d) = rdns.,

(e) n rdns.
3. What is the radius of the circle in which the number of radians in a cen-
tral angle 1s equal to the length of the intercepted arc? ANs. umty.

4. Find the linear distance traveled by the tip of a 12-inch hour hand of
a clock between 6 A.M. and 2: 30 p M.

5. The end of a 40-inch pendulum describes an arc of 5 inches. Find the
angle through which the pendulum swings. ANs. } rdn.

6. Through what angle will a pulley 8 inches in diameter turn while 4 feet
of rope pass over 1t?

7. The front wheel of a buggy is 40 inches in diameter and the rear wheel
18 60 mches mm diameter. Through how many radians will the front
wheel turn during a complete revolution of the rear wheel? ANs. 3x rdns.

8. An observer notes that two pomnts A and B on an c¢nemy front 10,000
feet away subtend an angle of 20 mils. What 1s the distance AB?

9. A tank known to be 26 feet long subtends an angle of 6 mils. How far
18 1t from the observer? Ans. 4333 ft.

10. Find the angle in mils subtended by a circular target 30 feet in diameter
at a distance of 1000 yards.

11. It was remarked that the formula
or

c =2
1000
is quite accurate for small angles. Find the percent of error resulting
from using this formula when the angle 1s 200 muls as compared with the
true results obtained by converting the measure of the angle to degrees
and computing the chord by trigonometric functions. (Hint. for con-
venience, use r = 1000.) ANs. 1.949,.

23. AREAS OF THE CIRCULAR SECTOR AND CIRCULAR
SEGMENT

It is a well-known theorem of plane geometry that in a given circle
the areas of sectors are proportional to their central angles. Hence
the proportion

area of sector _ area of the circle
angle of sector  four right angles

If the radius of the circle is r, the cen-
tral angle of the sector is 8 radians,
and the area of the sector is K, the
proportion is

K _ wr?

0 27
This readily is simplified to the form
(16) K = 1r9. (6 in radians) FIGURE 26.
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EXAMPLE 1. If the diameter of a certain circle is 16 feet, what is the
area of a sector having a central angle of 60°?

SOLUTION: 60° = ’—:; = 1.0472 radians.

K = }(8)%(1.0472) = 33.51 sq. ft. Ans.

To determine a formula for the area of a circular segment note that
the area K’ of a scgment determined by a chord AB will be given
by the equation

K’ = area of sector AOB — area of
triangle AOB,

or, ‘f (16)

K’ = 1% — area of triangle AOB.
To obtain a formula for the arca of
triangle AOB, let h be the perpendicu-
lar let fall from B to the radius OA.
The area of any triangle is equal to

half the product of its base and alti- FIGURE 27.
tude. Hence the

area of triangle AOB = bh = irh.
But from right triangle BPO,
h

= = sin@
r

so that = 7 sin 6.
Substitute this value of A in the area formula. Thus the
area of triangle AOB = }r%sin 6.
Finally, the formula for K’ becomes
K' = 1r9 — 3r?sin 0

or
a17) K’ = 1r*@ — sin@). (6, in radians)

EXAMPLE 2. Find the arca of a circular segment having a central angle
of ﬁ radians and a radius of 6 fect.

SoruTion: By substitution in (17),
P — 1069 (¥ — sin T
K' = (6% (6 sin 6)
18(0.5236 — 0.5000) = 0.4248 sq. ft. Ans.
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24. LINEAR SPEED AND ANGULAR VELOCITY OF RO-
TATION

Linear speed is usually expressed in feet per second or miles per
hour, whereas angular velocity is given in revolutions or radians
per second, per minute, or per hour. If an object has a uniform
linear speed of v units during a time ¢, the distance is

d = ut.

If an object has an angular velocity of » radians per unit of time,
the angle through which the objcct
passes in time £ is

0 = . B A
In circular motion

d = 0r, by (13). r
Substituting for d and 6, gives '

d

vl = wir.

Divided by ¢, this becomes FIGURE 28.
(18) v = or.

“The linear speed of an objcet moving in a circular path is equal
to the magnitude of the angular velocity of the object multiplied by
the radius of the circular path.”

EXAMPLE 1. The linear speed of a wheel of radius gj feet is 20 miles

per hour. What is its angular velocity in radians per second?

SoLuTION: v = o,
. 20)(5280)
1 = Q05280 gy o gec.
20 miles per hour (3600) ft. per sec
_v_ (20)(5280) (I.)
;= @600) A0 rdns. per sec.

= 2.93x rdns. per second.

EXAMPLE 2. A pulley 80 inches in diameter makes 100 revolutions per
™

minute. What is the linear velocity, in feet per second, of the belt that
drives it?
Sovution: 100 revolutions per minute = 2x (—1(%0) radians per sec.
V= = 2r (EQ) (1—5
60/ \ =
v = 4.17 ft. per sec. Ans.

) = 50 in. per sec.
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2.

3.

Ll

10.
11.

EXERCISES

Find the area of the sector of a circle of radius 8 inches if the central
angle is 40°. ANs. 22.34 sq. in.
A regular hexagon is inscribed in a circle of radius 5 feet. What 1s the
area of the segment formed by one side of the hexagon?

A train turns a curve of half a mile radius at 20 miles per hour. What
is 1ts angular velocity in radians per mnute? Ns. # rdn./min.

What is the angular velocity of the hour hand of a clock?

What is the linear speed of the tip of a 10-inch minute hand?
Ans. 1.047 in./min.

The earth moves once around the sun in 365 days. If the radius of the
earth’s orbit about the sun is 93,000,000 miles, what is its linear speed in
mules per second? (Assume the orbit to be circular.)

An automobile wheel 3 feet in diameter moves along a road at 35 miles
per hour. Find the angular velocity in radians per second of a point on
the tread of the tire. Ans. 34.2 rdns./sec.
A cogwheel 18 driven by a chain which travels 240 feet per minute. What
1s the radius of the wheel 1if 1t has an angular velocity of 2 radians per
second?

. What is the angular velocity in radians per hour of the earth about its

axis? ANs. ]12— or 0.2618 rdn./hr.

A chord of length c cuts a circle of radius ¢. Find the area of the sector
made by drawing radii to the ends of the chord.

If the arca of a sector of a circle of radius 10 inches is 25« square inches,
find the arc length of the sector. ANs. 5rin.

95. RELATIONS OF 6, SIN6, AND TAN6 FOR SMALL

VALUES OF 6

Consider Fig. 29 showing an acute angle of 6 radians at the center
of a circle of unit radius, with segments whose lengths are re-
spectively y and z perpendicular to one side of 8, one being
drawn from the intersection of the other side of the angle
and the circle and the other tangent
to the circle. Then obviously y is
less than the arc s, and it can be
proved (See Exercise 1 below.) that

4
s is less than z. In symbols, dh

y<s<az.

But % = sin 6, so that

y = sin 6,

and similarly

y = tano. FIGURE 99.

Furthermore, since 6 is in radian measure, from (13)

8 =170 =0.
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Hence, the foregoing inequality becomes
(a) sinf < 6 < tané. (6 in radians and 8 > 0)

Divide the members of the inequality (a) by sin 6 and note that

E{"—M = ——1——, so that
sin@ cosé@

(b) 1< < L

sind cosf
Now suppose that 8 approaches zero. The fraction ﬁ will then
approach the value 1. (Why?) Because of (b), this necessarily
compels the fraction 5_11%_0 to approach the value 1. In other

words, sin 0 is approzimately equal to 6 for small values of 6.

sin 6

Similarly, from division of (a) by tan 6 and the fact that il 0,
n

0
(4 cosf < —— 1;
(c) 0s <tan0< ;

which can be interpreted to mean that tan 0 is approximately equal
to 0 for small values of 6.

The conclusions stated here in italics justify the substitution of 6
for sin 6 and tan 6, when approximate results are desired, in com-
putations involving small values of 6. It must be understood
that the closeness of the approximation depends upon the small-
ness of 6.

EXAMPLE 1. Find the arc intercepted by an angle of 1° 30’ at a dis-
tance of 100 feet from the vertex. Test the accuracy of the result.

Sovution: By (13), s = r6. Replace 0 by sind. The approximate
result is

s =rsing
= 100(0.0262)
= 2.62 ft. Ans.

But by (10), 1° = 0.017453 rdn., so that 1° 30’ = 0.026179 rdn.
Then
s =10
= 100(0.026179)
= 2.6179.

A comparison of the two results shows that the one obtained by using
sin @ for 6 is correct to the nearest one hundredth of a foot.
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EXAMPLE 2. Convert 1° 10’ to radians.
SoruTion: Let 1° 10" = 6 rdns. Then ¢ = tan 6, approximately, so that

10.

0 = tan 0 = tan 1° 10’ = 0.0204. Ans.

EXERCISES

- Find to two decimal places the percent of error resulting in replacing 0

by sin 6, if 6 1s the radian equivalent of (a) 2°, (b) 5°, (c) 10°, (d) 20°.

Ans. (a) 0%, (b) 0.11%, (c) 0.52¢%, (d) 2.03%.
In Fig. 29 prove that arc s 1s less than z by comparing the expressions
for the area of the sector of angle 8 and of the right triangle of base 1
and altitude 2.

. Show that the acceleration a of an object shding down a frictionless

incline of angle 6 radians 1s given approximately for small values of 6 by
the formula
a = 32.26.

. Show that the procedure of replacing sin 6 by 0 fails when an approxima-

tion formula for the arca of circular segments 1s desired.

. Following up the idea of the preceding exercise, show that the approxi-

mation obtained by replacing 6 by sin 6 1s of the same accuracy as the
one obtaned by replacing the area of circular sector by that of the tri-
angle formed by the radn and chord of the sector.

An observer on level ground notes that the angle of elevation of the top
of a tower 10,000 feet away 1s 0.0122 radian. Find the height of the
tower by using the tan § = 9 approximation.

MISCELLANEOUS EXERCISES

. Verify the statement made 1n Art. 2 that “at a distance of one mile from

the vertex of an angle of one second, the sides are separated by a dis-
tance approximately equal to the thickness of a lead pencil.”

. Construct a table giving the radian and mil measure for 5°, 10°, 15°, 20°,

25°, 30°, expressing each correct to three decimals.
Express 1 radian in degrees, minutes, and seconds to the nearest second.
ANs. 57° 17" 45",
Express in radian measure (as multiples of #) each of the angles from
0° to 360° which 1s a multiple of 15°.
A railroad track follows a circular arc in making a turn from a direction
of northeast to a direction of east. If the radius of the curve 1s 2000
fect, what 15 the length of the curve? ANs. 5007 ft.
A military observer finds that the angle subtended by the highest and
lowest points of a bridge is 22 mils. If the bridge 1s known to be 90 feet
in height, what 1s 1ts distance from the observer?
A tramn moves over the curved track described in Ex. 5 with a speed of
40 miles per hour. What 1s its angular velocity in radians per mmute?
Ans. 1.76 rdn./min.
A plane follows the 42nd parallel of latitude through 15 degrees of longi-
tude. What is the distance flown?

A cylindrical tank 20 ft. long and 10 ft. in diameter lies in a horizontal
position. How many cubic feet of oil does it contain when the greatest
depth of the oil is 7 {t.? Ans. 1180 cu. ft.
A searchlight which gives satisfactory visibility for a distance of 10 miles
sweeps horizontally through an angle of 40°. "How many square miles of
territory does 1t thus cover?
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11.

12.

13.

14.
15.

What fraction of the sun’s illumination is in effect when one third of its
diameter 18 showing above the horizon? Ans. 0.292.
An observer 110 feet above water level finds that the angle of depression
of a distant object floating in the water is 40’. Find the horizontal
distance to the object without using the table of trigonometric functions.
A belt is stretched around two wheels whose radii are 5 in. and 17 in.,
respectively, and whose centers are 24 in. apart. Verify that the length
of the belt 15 24V3 + 26 in.

Solve Ex. 13 if the belt 1s crossed.

A ferris wheel of 30 ft. radius 1s turning so that a point on its circum-
ference is moving with a hinear speed of 10 ft./sec. Measured from the
instant the point reaches the top of the circle, how far will the projection
of the point move along the ground in 3 seconds? ANs. 25.24 ft.

SUMMARY OF FORMULAS, CHAPTER IV

On units of measure.

9) 7 radians = 180°.
(10) 1° = 0.017453 rdn. = 17.778 mils.
(11) 1 rdn. = 57.2958° = 1018.6 mils.
(12) 1 mil = 0.05625° = 0.0009817 rdn.

On length of arc, s.
(13) s = 0r. (6, in radians)

On approximations to length of chord, ¢, and its distance from
center of circle, r.

(14) Cc = 160_6. (0, in milS)
(15) r= 10300- (6, in mils)

On area of sector, K, and area of segment, K'.
(16) K =1r9. (b in radians)
@17) K’ = 1710 —sin@). (6, in radians)

On circular motion, giving the linear speed, v, in terms of the angu-
lar velocity, w.

(18) v = ar



Chapter V

TRIGONOMETRIC
FUNCTIONS OF THE
GENERAL ANGLE

26. INTRODUCTION

It will be the object of this chapter to extend the definitions of the
six trigonometric functions so as to include the functions of any
angle, at the same time keeping the extended definitions in agree-
ment with the original definitions of the functions of an acute angle.

27. A RECTANGULAR COORDINATE SYSTEM

The student is already familiar with the rectangular coordinate
system as used in algebra for plotting points and tracing loci in a
plane. Such a system will be used in the further discussion of
angles in general and their trigonometric functions. The essential
features are reviewed here.

Construct two lines perpendicular to each other, one horizontal, the
other vertical. Their point of intersection is called the origin, the
horizontal line the X-axis, and the vertical line the Y-axis. By
choosing a proper scale any positive or negative number can be
represented by fixing a corresponding distance along either of the
axes. Conventionally, positive numbers are measured on the
X-axis to the right of the origin and up from the origin along the
Y-axis, and negative numbers in the opposite directions. , It
follows that any point in the plane of the two axes can be locatgd by
two signed numbers representing the positive or negative directed

distance along the X-axis and along the Y-axis, respectively. The
49



50 TRIGONOMETRIC FUNCTIONS OF THE GENERAL ANGLE

4

first of these numbers is called the Y
abscissa of the point, and the sec- T+3
ond, the ordinate of the point. To- I 12 1

gether they are called the coordi- Ly
nates of the point. A point whose -3 > ;1 |g41 42 +3

abscissa is £ and whose ordinate is X

y is usually denoted by the symbol 1-1
(=, v). mol, w
The plane is divided into four quad- 1.3

rants by the coordinate axes, and
they are numbered in counter-
clockwise fashion with number one in the upper right-hand
quadrant.

FIGURE 30.

EXERCISES
1. Construct a set of rectangular axes with a number scale on each and locate
the following points: A, (2, 3); B, (— 4, 2); C, (0, 4); D, (-2, 0);
E’ (_' 31 - 5); Fy (_ 1, \/3); Gy (\/3y - 1); 0’ (01 0)'
2. If (xz, y) represents a variable point, state

(a) the sign of z in each quadrant,
(b) the sign of y in each quadrant,

(¢) the sign of ¥ in each quadrant,
z

(d) the sign of Z in each quadrant.
Y

3. Plot the points (0, 0), (0, 4), (4, 4), and (4, 0). Draw line segments
connecting each point with the one immediately following it and the last
point with the first. What 1s the figure?

4. Plot the ponts (1, 2), (3, 2 + 2V3), and (5, 2) and connect them by line
segments. What 18 the figure?

28. DISTANCE BETWEEN TWO POINTS

The distance between two points P; and P, can be found by using
the theorem of Pythagoras. Let the coordinates of P; be (z1, y1)

and of Py, (x2, y2). In Fig. 31, Y P,
2= a2+ b p

but ¢ = z3 — 2, and b = y2 — 1. 1 b

When these values are substituted Py a

for @ and b and the square root of 0 X

both sides taken,

(19) d =V (xs —x1)* + (y2— y1)™

By constructing figures showing FIGURE 31.

Pyand P, in various positions, the student can readily show that
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this formula for the distance between two points is true no matter
where the points P, and P are located.

EXAMPLE. Find the distance between the points (3, 4) and (— 5, 1).
SoruTioN: By substitution in formula (19),
d=VE-[—8)+ @1y
=V@+5+ (-1
=V73 units. Ans.

EXERCISES
1. Find the distance between the points (4, 1) and (6, — 2). Ans. V13.
2. Find the distance from the origin to (— 5, 3).
3. Show that the ponts (0, — 5), (— 2, 1), (10, 5) are the vertices of a right

triangle.

Show that the points (5, — 4), (10, 8), (— 7, 1), (— 2, 13) are the vertices
of a square.

Show that the points (3, 2), (6, 1), (7, — 2) are the vertices of an isosceles
triangle.

Draw a circle with center at (3, 5) tangent to the z-axis. Docs this circle

pass through (6, 1)? Through (6, 9)? Through (- 1, 2)?

Find the sine and the cosine of the angle with vertex at A of the triangle

determined by the three points A(— 8, — 2), B(4, 3), and C'(4, — 2).
ANs. sma = %, cosa = .

29. STANDARD POSITION OF AN ANGLE

In the study of the gencral angle to follow, it is cssential that a
uniform method of viewing an angle be used. Consider an angle
as formed by rotating one side from a position of coincidence with
the other in a fixed position. The fixed side of the angle is called
the initial side and the rotating side in its final position is called
the terminal side. An angle is said to be in standard position with
reference to a rectangular coordinate system when the origin of
the coordinate system is at the '
vertex of the angle and the positive
half of the X-axis coincides with 150°
the initial side of the angle. The \
terminal side of any positive angle

is then obtained by a counter-
clockwise rotation from the z-axis
about the origin, and the terminal
side of any negative angle by a clock-
wise rotation. Thus, in Fig. 32, FIGURE 32.

angles of + 150° and — 70° are

illustrated in standard position. It is obvious that angles of any
magnitude and sign can be constructed in this manner.

N o o B

Y|
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If two or more angles in standard position have the same terminal
side, they are said to be co-terminal. Thus, angles of 225°, — 135°,
and 585° are co-terminal.

It should be noted that the curved arrow denotes the direction of
rotation and indicates whether the angle is positive or negative.

EXERCISES

1. Construct the following angles 1n standard position, give the quadrant in
which the terminal side of each angle falls, and name one angle which is
co-terminal with each:

(a) 45°, (b) 210°, (c) — 130°, (d) 750°, (e) — 65° (f) 270°, (g) — 180°.
2. Specify a negative angle which is co-terminal with each of the following:
(a) 90°, (b) 180°, (c) 270°, (d) 360°.

30. THE TRIGONOMETRIC FUNCTIONS OF ANY ANGLE

Let XOT be any angle 8 in standard position (see illustrations of 8
in different quadrants), and let (z, y) be any point P on the ter-

Y T
.
b (%) P(Xﬁ)

X \ X

P (x,y) P (%)

FIGURE 33.

minal side different from (0, 0). Finally let r represent the absolute
value of the distance from (0, 0) to (z, ), noting that r is always
positive and cannot be negative as can z and y.
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The trigonometric ratios of  are defined as follows:

oY _ ordinate of P
sin 0 r  distance of P from origin ’

cosh =X = abscissa of P
r  distance of P from origin ’
tang = ¥ = ordinate of P
x  abscissa of P’
te=%= abscissa of P
© y ordinate of P !
sech = T = distance of P from origin
x abscissa of P i
csch =T = distance of P from origin
y ordinate of P

To illustrate the application of these definitions, consider a graph-
ical method of determining approximately the values of the trigo-
nometric functions of any given angle. A pair of rectangular axes
are set up as shown, the unit of distance being chosen large enough
to locate tenths of a unit readily. To facilitate the location of any

-1
180°| =9-8-7-6 =5-4-3521

O Wy SR U L s 1o

FIGURE 34.
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angle in standard position, arcs of 15° intervals from 0° to 360° are
marked on a circle of radius 1. The trigonometric functions of
any angle, say 105° are found by locating it on the drawing, and
choosing the point (z, ) so that the distance r = 1, that is, (z, y)
is on the unit circle. By inspection it is seen that

z=—026 and y =0.97. (Approx.)

Hence, from the previous definitions, approximate values of the
trigonometric functions of 105° are

sin105° = ¥ = Qi)__7 = 0.97,

c0s105° =% = =026 _ _ 0
T 1

tan 105° = ¥ = % - _37,

cot 105° = 5 - :(i%?ﬁ - 027,

sec 105° = = —_—(1)% =38,

ese 105° = .1_: = 0—_;—7 = 1.03.

The student is reminded that the point (z, y) could have been
chosen at any point on the terminal side of the angle, the distance
r = 1 being chosen here simply for convenience in computing
ratios.

31. SOME OBSERVATIONS REGARDING FUNCTIONS OF
THE GENERAL ANGLE

The student’s attention is called to several points resulting from
the definitions given in the preceding article:

(a) If 6 is an acute angle, the definitions of the trigonometric
functions are in no way different from those originally given in
Art. 8, for in this case z and y are both positive numbers and may
be considered the base and perpendicular sides, respectively, of a
right triangle of which r is the hypotenuse and of which 6 is an
acute angle.

(b) In general, the six trigonometric functions of an angle are
signed numbers, being positive or negative according to the signs
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of z and y in the quadrant in which the terminal side of the angle
lies when in standard position.

(c) The fact that an angle is negative does not determine the sign
of its trigonometric functions. Negative angles are placed in
standard position with a clockwise rotation of the terminal side.
The signs of the trigonometric functions are determined solely by
the signs of z and y, as noted in (b).

(d) Any trigonometric function of any angle, with certain excep-
tions noted in Article 33, can be determined in some cases exactly
and in others approximately by the graphical method.

(e) The Fundamental Relations, formulas (1) to (8), hold for the
general angle as well as for the acute angle, except that two of the
six functions are not defined for each angle co-terminal with 0°,
90°, 180° and 270° (See Art. 33). This is easily verified by re-
placing a, b, ¢ with z, y, r, respectively, in the developments of
Art. 12,

EXERCISES

1. Construct four figures, each showing a positive angle with terminal side
in a different quadrant. Determine the sign of z and y for each case
(what 1s the sign of 7 ?) and state the signs of the six trigonometric ratios
for each of the four angles.

2. Repeat Ex. 1, using four negative angles with terminal sides in the various
quadrants.

3. Venify the statement: ‘“The sign of sin 6 will always be the same as the
sign of y.””  Of what other function can the same statement be made?

4. Complete the statement: ‘“The sign of cosd will always be the same
as . . .” Can the same be said of any other function? If so, which one?

5. An angle of —150° has been constructed in standard position in Fig. 34.
Taking r = 1 as shown, find the values of z and y and verify that
sin (— 150°) = — 0.5, and that tan (— 150°) = 0.58. Find also the
values of the four remaining functions.

6. Verify the following statement: “If (z, y) is chosen on the terminal side
of angle 6 so that » = 1, then sin 9 = y and cos ¢ = z.”

7. Using Fig. 34 and the results of Ex. 6, find correct to two figures the
following functions:

§a) cos 315°. Ans. 0.71. (e) sin 120°.
b) sin 240°, Ans. — 0.87. (f) cos 135°.
Ec) sin (— 30°). Ans. — 0.50. §g) cos (— 225°).
d) cos (— 75°). ANs. 0.26. h) sin (— 210°).

8. In which quadrant will the terminal side of the following angles lie?.
(a) sina >0, cosa < 0.
(b) sinB <0, tan 8 > 0.
?:) cosf >0, tan g < 0.
d) tan o < 0. cos 0 < 0.
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9. Prove that the eight Fundamental Relations for trigonometric functions
of an acute angle hold for any angle.

10. Find the value of the six trigonometric functions of the angle which when
placed in standard position will have its terminal side passing through

the point: ) 3, 4) © 4 3)
—3,4). c) (—4, —3).
& 22%, @62

32. FINDING THE VALUES OF THE FUNCTIONS OF ANY
ANGLE. REDUCTION TO FUNCTIONS OF AN ACUTE
ANGLE

The tables of trigonometric functions of angles from 0° to 90° can
be used to determine the value of the function of any angle.
Assuming that % and % are positive numbers, the points P(h, k),

FIGURE 35.

Q(— h, k), R(— h, — k), and S(h, — k) can be plotted as shown in
the accompanying figure. The numerical values* of the coordi-
nates of the four points are equal, and the absolute distance r of
each point from the origin is V(h2 -+ k2 From this, it follows that
angles in standard position whose terminal sides pass through P,
Q, R, and S, respectively, have trigonometric functions of the same
numerical value. Of course, the signs of the functions of the various
angles depend upon the quadrant in which the terminal side lies, as
was explained in Art. 31. Since angles 1, 2, 3, and 4 are equal, it
can be stated that any function of any angle may be reduced to the
same function of a positive acute angle by making use of the follow-
ing three suggestions:

* By the numerical or absolute value of a quantity is meant its value independent

o.f sign. Thus the numerical value of — 3 is 3. The numerical value of a quan-
tity is often represented by vertical bars; thus |— 3| = 3.
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(a) Sketch the angle in standard position.

(b) Determine the sign of the desired trigonometric function of the
angle from the signs of  and y at a point on its terminal side.

(¢) The numerical value of the desired function is equal to that of
the same function of the acute angle formed by the X-axis and the
terminal side of the given angle.

EXAMPLE 1. Find cos 217° 24",

SoruTion: Sketching the angle in standard position shows that its terminal
side liesin the third quadrant. Hence the

. . x . .
sign of the cosine, o 1 negative. From '

the third suggestion made previously, the ,\7'\
numerical value of cos 217° 24’ is found

to be the same as that of cos 37°24'. , X
Hence 37°25,

cos 217° 24’ = — cos 37° 24’ = — 0.7944.

EXAMPLE 2. Find tan 100° 30".

Sorution: The angle is in the second

FIGURE 36.

quadrant. The sign of %, the tangent of the angle, is obviously negative

in this quadrant. Why? Thus
tan 100° 30’ = — tan (180° — 100° 30") = — tan 79° 30’ = — 5.396.

EXAMPLE 3. Given sin « = — 0.4067 and cos « = 0.9135, find «.

Sorurion: The terminal side of « lies in the fourth quadrant because the
sign of the sine is negative and the sign of the cosine is positive. The
tables give sin 24° = 0.4067, and cos 24° = 0.9135.

Hence a = 360° — 24° = 336°.
EXERCISES
1. Express the following functions in terms of functions of acute angles:
(a) cos 160°. ANs. — cos 20°. (f) sec -58”-
(b) sin 205°.  Ans. — sin 25°. (@) cos %”-
(c) tan 260°. ANs. tan 80°. (h) tan 140°.
(d) cos (— 85°). ANs. cos 85°. (i) sin 92°.

(e) sm7 ANs. sin 7 (§) cos 5
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2. Recalling the values of the trigonometric functions of angles of 30°, 45°,
and 60°, find without tables the values of the following functions:

@ sl A Y3
(b) cos %’r Ans. ——-\;—-3.-
(c) tan i—” Ans. 1.

(d) sin % Ans. —0.5.
(e) csc— ANs. V2.

27!'
f) cos <"
()083

3r
(g) tan vy

. 3r
h 2.
(h) sin
w

(i) cos :4——

(@ sin

— 2w,
3

3. Find the angle z determined by the conditions given in each instance in

the following:

(a) sinz = 0.5, cosz =— :/2—'3-
(b) sinz =— ——1—, cos z is positive.

V2
(¢) sin z = cos z, both negative.
(d) sinz =— 0.5736, cos z = 0.8192.

1
(e) cosz =— —, tanz =— 1.
V2

(H sinz =05, cotz =V3.

b
Ans. z = 5.
6

Ans. z = 225°,
3r
Ans. ¢ ==~
NS. T 1

33. VALUE OF THE FUNCTIONS OF THE QUADRANTAL

ANGLES

An angle in standard position whose terminal side coincides with
one of the perpendicular axes is called a quadrantal angle. Angles

of 0°, 90° (or g radians), 180° (or ),

270° (or §21') 360° (or 2r), and their

negatives are those usually consid-
ered. (What others are there?) The
values of the trigonometric functions
of these angles can readily be deter-
mined from the definitions of the
functions. As before, let (2, ) be a
point on the terminal side of the angle,
and let r be the distance from the

"

r (X’\,YF)= (f,O)X

FIGURE 37.

point (z, y) to the origin. It is obvious (see Fig. 37) that for an
angle of 0° the point (z, y) has the coordinates z = r and y = 0.

Hence,
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sin0°=g=;q=0,
cos0°=§=£=1,
tan0° =¥ =2,
cot 0° = 5 = (1)" not defined,*
secO°=£=£=l,
csc 0° = 5 = 6, not defined.
Again, for an angle of 90° (or -125 radians) the point (z, ) on the

terminal side makes z = 0, and ¥ = r. Similar observations can
be made for the other quadrantal angles. The student should work
the following exercise with care, not with the view of memorizing
the results, but with the purpose of mastering the idea and method
so that the values of the functions of these angles can readily be
determined mentally when needed.

EXERCISE
Copy and complete the following table of functions:
0 0 12_r ™ %ﬂ: 2w

sin 0 o) {

cos 0 | O

tano |- ,@ ~;

cot 0 ) ¢

sec 0 ! o,

cse 0 Xy t

* In mathematics, division by zero is not a permissible operation, so that the

N .
fraction o 18 not defined. However, as a variable positive angle approaches zero,

the ratio £ becomes infinitely large as y approaches zero. The symbol 0 may

be used as an abbreviation for this state of affairs. Note that «© cannot
be considered in this sense as a number. On the other hand, as a variable
negative angle approaches zero, its cotangent becomes negatively infinite. This

empbhasizes the fact that cot 0° is not defined. The same is true for csc 0°, tan =,
and others. 2
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34. FUNCTIONS OF NEGATIVE ANGLES

Let 6 be any positive angle, and — 6 its negative. Consider them
in standard position as in Fig. 38. Let P and P, be the respective
points of interseetion of the terminal sides of 8§ and — § with the
unit circle. Let their rectangular coordinates be denoted by
(z, y) and (z/, y’), respectively.

Y
P (xy)
|
|
L |
I
0 |
! X
0 -6 1
|
|
|
I
P/(x'y")
FIGURE 38. '
Then for every value of 9,
2 =z, y =—y.
But 2’ = cos (—0),y = sin (—6),
x = cos 9, y = sin 6.
Hence, by substitution,
(20) sin (— 0) = — sin @,
(21) cos (— @) = cos@. )
Moreover from (20), (21), and the fact that tan a = 2%, for all
cos a

values of « for which the functions are defined,
(22) tan (— 0) = — tané.
The student can establish corresponding formulas for cot (— 6),
sec ( — 6), and csc (— 6).
EXERCISES

Exlpress the following in terms of functions of positive angles and find their
values:

1. sin (— 45°). ANs. — sin 45° = — 715- 2. sec (— 510°).
3. cos (— 60°). ANs. cos 60° = 0.5. 4. csc (— 330°).
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S. tan (— 225°). ANs. — tan45° =-—1. 6. sin (— 210°).
7. cot (— 120°). ANs. — cot 120° = T}?; 8. cos (— 135°).

35. LOCI IN POLAR COORDINATES

As a variable angle 0 in standard position varies from 0 to 2w, its
terminal side sweeps over the entire plane so that the location of a
given point in the plane can be precisely expressed by giving (1) the
value of 6 for which the terminal side passes through the point, and
(2) the directed distance of the point from the origin, denoted by the
symbol p. The numbers p and 6 which locate a point P are called
the polar coordinates of P. Corresponding to (z, y) for the rec-
tangular coordinates of P, the polar coordinates are given by (p, 6).

T w
2 2
P(3:5) K\
T L
+—+t—t—+0 +—t—t—+—0
P (5,
3T 37
2 2
FIGURE 39.

The quantity p differs from the distance r, used in the definitions
of the trigonometric functions, in that it is a signed number.
Positive values of p are defined as distances from the origin meas-
ured along the terminal side of 8. Negative values of p are defined
as distances from the origin meas-
ured along the extension of the
terminal side of 0 through the origin.

Thus the point p=—4, 6 =

[NE]

aly

m

: 6’
T\ - . .

0r(—4,g)1sshowan1g.40. T B N W

/)(

X
Note that the points whose coor- v

h -45)
dinates are (— 4, %), (4, -%’r), and ~ 6

(4, - 5—;;’) are identical in position.

]

FIGURE 40.
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Any equation expressing p as a function of 6 restricts the variable
point (p, 6) to occupying only those positions for which the values
of p and 6 satisfy the equation. Hence, by substitution, the locus
can be determined by a sufficient number of points, connected in
order of value of 6.

The problem of graphing equations in polar coordinates is not
essentially different from the problem of graphing equations in
cartesian coordinates. The polar equation may, if necessary,
usually be solved for p explicitly in terms 6 and a table of values of p
corresponding to selected values of § be computed. In general, the
quadrantal values of 8 should be included. In most cases a limited
range of values of 8 will give the complete graph.

EXAMPLE. Trace the locus of the equation p = 4 sin 4.

SovuTion: The loci of simple equations can usually be satisfactorily
™
&
(the multiples of g) Other values of 9 may be chosen as it seems helpful

traced by locating the points corresponding to 6 = 0, 8 = =, 6 = =, etc.,

to do so. It is suggested that the values of p and 6 be tabulated for the
relation p = 4 sin 6 as follows:

0 sin 0 p(= 4 sin 6)
0 0 o
T 0. 2.0
& 5
I 0.87 .
3 8 3.48
m™
5 1 4
2 0.87 3.48
3
5r
5 0.5 2
x 0
Tr
T -05 -
%" — 0.87 — 348
3r
5 1 —4
b —0.87 ~ 348
1lr — 05 _
5 0.5 4



TRIGONOMETRIC FUNCTIONS OF THE GENERAL ANGLE 63

It will be observed that when 8
runs through the third and
fourth quadrants, p is negative,
thus locating P in the first and
second quadrants, respectively.
In fact, for this particular equa-
tion the point P retraces the
path followed as 6 varied from 0
to . By plotting these points
and joining them in order with
a smooth curve, the locus
shown in Fig. 41 is obtained.
This seems to be a circle. This
can be further checked by try-
ing other values of 8. (The fact
that it 7s a circle is proved in
courses in analytic gcometry.)

~ly

2

s,

3

Ly
6

oy

A 57
= 3 20
3 _i’_’ 3
FIGURE 41.

EXERCISES

1. Trace the following loci in polar coordinates:

(a) p = 6 coso.

(b) p = 4(1 — cos6).

() p =2 —4smb.
- 8 .

(d)p_2-—smo

(e) p = 6 cos 29.
(f) p = 6sn30.

(8) p =3cos0 + 4sine.
(h) p = 4sin?6.

(i) pcosd —4 =0.

(G) % =4 cos20.

(k) p = 6 tan? 0 sec 6.

1 e =1.

(m) p = 26.

2. Verify that the formulas z = p cos6, y = p sin  are relations which can
be used to change the equation of a locus from rectangular coordinates to

polar coordinates.



Chapter VI

VARIATION AND GRAPHS
OF THE TRIGONOMETRIC
FUNCTIONS

36. THE SINE AND THE COSINE

Let 6 be a variable angle placed in standard position. Let P(z, y)
be the point at which the terminal side of 6 intersects the circle of
unit radius whose center is the origin. Let MP and OM be the
ordinate and abscissa of P. Then, for any quadrant,

Sln0=——T=MP,
cos0=§=0—1M—0M

The student’s attention is called to the fact that MP and OM are
directed distances, M P being positive or negative as the direction
from M to P is up or down and OM being positive or negative as
the direction from O to M is right or left.

Although the trigonometric functions are ratios, it is thus possible
to construct a line segment whose measure is equal to the sine or to
the cosine of any angle that is desired. It should be noted that
when MP extends above the horizontal axis, its sign is positive,
and when below this axis the sign is negative. Similarly the sign
of OM is positive or negative according as it extends to the right
or to the left of the vertical axis. These directed segments are

known as the line values of the functions.
64
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Y Y
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a/1 \ |2
FIGURE 42.

The figure gives four isolated views of 8, but a motion picture in
in which 6 varies continuously from 0° to 360° would give an excel-
lent illustration of the variation of sin 6 and cos 8 as functions of a
varying angle. As 0 increascs from 0° to 90°, sin 6 increases from
0 to 1; as 6 increases from 90° to 270°, sin 6 dccreases from + 1
through 0 to — 1; as @ continucs to increase from 270° to 360°, sin 8
increases from — 1to 0. If now 6 continues to increase from 360°
to 720°, sin 0 repeats the set of values above described. If 6 con-
tinues to increase indefinitely, sin 6 periodically repeats the same
set of values for every 360° added to . The same sort of thing
happens if 6 is made to vary in a negative sense. The variation of
sin  can be shown graphically with the aid of a rectangular coor-
dinate system, using values of 8 * as abscissas, and the correspond-
ing values of sin 6 as ordinates. The results appear in Fig. 43.

A function which repeats itself in this fashion is called a periodic
function. The interval over which the independent variable runs
before the function begins its repetition is called the period of the
function. Thus the period of the sine is 360° or 2.

* 0 is here expressed in radians because this enables the use of the same unit on

both axes. Degrees could have been used equally well by choosing a proper scale
on the horizontal axis.
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Yl sing *
—t Y
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FIGURE 43.

A similar study of the variation of cos @ discloses that cos 6 is also
a periodic function of period 2x. Its graph as shown in Fig. 43
is seen to differ from that of sine only in its position along the
6 axis. The graphical relation can be stated algebraically by the
equation

sin (6 + 90°) = cos 6.

This relation will be studied more precisely later on.

Y
41
/ 0, il 2 r 4 5 6 /
4-1
FIGURE 44.

Using the unit circle for obtaining line values of sin 6, the graph of
sin @ can be traced accurately and quickly. Draw a unit circle
with its center on the X-axis as shown. Choose a value of 6, say
61, for which the corresponding point on the graph is desired. Con-
struct this angle as a central angle in the circle, and also measure
off on the X-axis the number of radians it contains. Through the
point at which the terminal side of 6 intersects the circle draw a
horizontal line, and through the point corresponding to the chosen
value of 8 on the X-axis draw a vertical linc. The intersection
point of these two lines is obviously the required point of the graph,
since its ordinate is equal to the line value of sin 6;. This can be
repeated for as many values of 8 as are nceded to trace the curve.

If the circle is rotated counter-clockwise through 90°, the ordinate
of the point located by the intersection of the corresponding vertical
and horizontal lines is the line value of cos ;. Hence the locus of
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the points so obtained for all values of 6 is the graph of cos 6. This
rotation of the circle through 90° again calls attention to the
relation

sin (90° 4 6) = cos 6.

It can be remarked here that graphs of sin 8 and cos 6 are exten-
sively used in describing various types of wave motion, as for ex-
ample in sound waves, and certain other periodic phenomena, such
as alternating electric currents.

FIGURE 45.

If f(x) represents the deviation of any periodic function of the
variable z from its mean value, the greatest value of |f(z) | is
called the amplitude of the function f(x). Apply this definition to
the periodic functions sin 8 and cos 6. The amplitude of each is 1,
since the greatest value of [sin@| = 1 and of | cos8| = 1. The
student may already be acquainted with the term amplitude as
the measure of the deviation from the middle position, for instance
the amplitude of the swing of a pendulum bob is the distance
traversed by the bob in swinging from the rest position to an
extreme point of its arc.

Every ordinate of the graph of the function f(§) = a sin 6, where a
is any constant, is seen to be a times the magnitude of the corre-
sponding ordinate of the function f(6) = sin 6. Hence the ampli-
tude of the former function is a. The function a cos 6 obviously
has an amplitude of a also. The graph of 3 sin 6, with amplitude 3
is shown in Fig. 46, which includes the graph of the function sin 8
for purposes of comparison. Note that the period is the same for
both functions, namely, 27.

The function f(6) = 3 sin 20 is shown graphically in Fig. 47.
Note that its period is = and its amplitude is 3. In general it is not
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difficult to venfy that the functions a stn bd and a cos b6 both

have periods of n ™ and amplitudes of a.

Y
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FIGURE 46.
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FIGURE 47.



VARIATION AND GRAPHS OF TRIGONOMETRIC FUNCTIONS 69

37. THE TANGENT AND COTANGENT

Line values of tan 6 and cot 8 can be easily obtained. The idea,
as with the sine and cosine functions, is to express each of them as
the ratio of the directed lengths of two directed line segments,
the segment appearing in the denominator being chosen of length
unity, thus making the directed length of the other segment equal
to the ratio itself. As before, draw a circle 6f radius unity and
let 0 be the central angle in standard position. Construct tan-
gent lines to the circle as shown in the figure.

Y Y
/B cot d é g_coté |B
)

2

tan ¢

Y Y
B

\
R
FIGURE 48.
Then in any quadrant, tan@ = % = %E = AR,
| _BS_BS_
and cot 8 = OF T = BS.

In order to obtain the proper interpretation of the sign of the func-
tion, AR is considered positive when extending upward and nega-
tive when extending downward. Similarly, BS is considered
positive or negative according as it extends to the right or the
left.
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Using the line values of tan 6, the graph is obtained as shown in
Fig. 49. .
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FIGURE 49. '

For clearness, construction lines are shown only for values of 6 in
the first and second quadrants. Observe the variation of tan 6 as 6
varies continuously from 0 to 2. Tan 0 increases from 0 to + «

. T . .
as f varies from 0 to =, increases from — o to 0 as 6 increases
2
T . . T
from 2 to , increascs from 0 to 4 o as # increases from = to %,

. . 3
and increases from — o0 to 0 as 6 increases from ?ﬁ to 2r. Note

that tan 6 repeats the set of values in the interval from = to 2r
that it has from 0 to =. Hence tan 9 is a periodic function of
period .

38. COMPOSITE FUNCTIONS. ADDITION OF ORDINATES

Occasions arise in mathematics when it is necessary to consider
functions which involve sums of trigonometric functions. For
example, the equation
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(a) y = 2sin z + sin (2z) *

can represent a certain musical sound in which an overtone is
present. Other examples of composite functions are:

(b) y= g + sin z,

(© y = sin z — cos z, ete.

The graph of such functions can be obtained in the usual manner
by substituting values of x to obtain the values of y and plotting
the corresponding points. However, considerable labor can be
saved if the loci of the separate functions are first traced, and then
are combined into the composite graph by the method of addition
of ordinates. The method is best shown by an example. Con-
sider equation (b) above. Trace the loci of the two functions,

y = g and y = sin z, upon a single set of axes. The first is a

straight line and its graph is familiar to the student of algebra.

Since the original function, y = g + sin z, is the sum of two func-

tions, the ordinate of its graph corresponding to a chosen value of
z is obviously the algebraic sum of the ordinates of the graphs of
the separate functions corresponding to the same value of z. The

Y
T D P
£
c = >:/°’+
T Y=sint
"B
+ 4 ¥ + t t 5 t t t t A X
0 A
yﬁsin*
FIGURE 50.

* Heretofore the use of the symbol z to represent the variable angle has been
avoided in order that the student might not confuse that symbol with the z and y
used in representing rectangular coordinates of a point. However, the use of z
to represent the variable angle 18 common 1n mathematical works and should
become familiar to the student. In fact, since z can assume any real value, sin z
can be looked upon as a trigonometric function of tHe real variable z, with no
thought of angles being involved.
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word algebraic is used because due regard must be given to the

sign of the separate ordinates. Thus for z = 0, both g and sin z

are 0, hence (0, 0) is a point on the curve. In general when 2 = q,
% = ABand sinz = AC (see Fig. 50). Hence the ordinate AD
of the composite function is

AD = AB + AC.

These ordinates can be added graphically, without computing
them, by means of dividers, or by marking the edge of a strip of
paper to record the lengths.

The graph of the equation (a), y = 2sinz 4 sin 2z is shown
in Figure 51.
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FIGURE 51.

The graphs of y = 2sinz and y = sin 2z are first constructed
and then the ordinates of the two graphs for the same value of =
are added to obtain the corresponding ordinate for the composite
graph. It should be noted that the sum of the two trigonometric
functions is, in this case, a periodic function whose period is 2
and consequently the graph may be continued indefinitely to the
left and to the right.
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EXERCISES

1. Complete the following table on variation of the functions: (The abbrevia-

tion I means “increases from”’; D means ‘‘decreases from.”)

Quadrant 1 11 111 1v

0 10t? IZtor tho32_” I?’21t021r

sin 0 I0tol D1to0O DOto —1 I —-1t0

cos 6

tan 6

cot 6

sec 0

cse 0

. Plot the graph of cos 8, using the unit circle and the line values as sug-
gested previously.
. Plot the graph of cot 6.
. The statement that a variable x ranges over all values from a to b, inclu-
sive, is abbreviated mathematically by the expression: a £z < b. Ex-
press in this form the range of variation of sin 6, cos 6, tan 6, cot 6, sec 6,
and csc 6.
. Using the values of the functions of angles of 0°, 30°, 45°, and their mul-
tiples, plot the graphs of:

(a) y = secuz, (b) y = cscx.
. Statc the period and amplitude of cach of the following functions and
sketch their graphs:

(a) y = 2s1n 3z, (b) y = 4 cos 2x.
. By the method of addition of ordinates, trace the loci represented by the
following equations:

(a) y =sinz 4+ cosz, (¢) y = 2sinz — sin 2z,

() y =z + cosz, @ y= ?Z + sin z.

. What may be said concerning the amplitude of the function f(z) = tan a?



Chapter ViI

FUNCTIONS INVOLVING
MORE THAN ONE
ANGLE

39. INTRODUCTION

In addition to the eight fundamental relations of the trigono-
metric functions considered previously, there is another important
group of formulas expressing such trigonometric expressions as
sin (0 + ¢), tan (6 — ¢), cos 26, etc., in term$ of the proper func-
tions of the single angles. These formulas find frequent use in the
applications of trigonometry.

The student is warned to avoid such errors as that of assuming
cos (0 + ¢) to be equivalent to cos 8 + cos ¢. This fallacy should
not tempt anyone who remembers that cos (8 + ¢) is read “the
cosine of (6 + ¢)”’ and not ‘‘ the cosine times (§ + ¢).”” The fact
that cos (8 4 ¢) is not, in general, equal to cos 6 + cos ¢ is readily
shown by substituting particular values of 6 and ¢, say 8 = 60°,
¢ = 30° in the two expressions.

Thus, cos (60° + 30°) = cos 90° = 0.
o o __ \/g
But cos 60° + cos 30° = § + -

Since 0 is not equal to } +—\%—?—’, it is evident that

cos (60° + 30°) 5 cos 60° + cos 30°.

The following articles state and verify the correct formulas for

expressing cos (6 + ¢), cos (6 — ¢), sin (8 + ¢), sin (6 — @),

tan (6 + ¢), and tan (6 — ¢) in terms of functions of 6 and ¢ alone.
74
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The formulas are frequently called the addition formulas of trigo-
nometry. The double angle formulas for sin 26, cos 2§, and

tan 26, and the half angle formulas for sin g, cos g, and tang will
also be developed.

40. THE COSINE ADDITION FORMULAS

Given any two angles 6 and ¢, the following formulas are true:

(23) cos (8 + ¢) = cos 8 cos ¢ — sin @ sin ¢,

(24) cos (0 — ¢) = cos 0 cos ¢ + sin 6 sin ¢.

Proor or (23). Place angles

6, 0 + ¢, and — ¢ in standard p ¥

position, let Pi(z1, y1), Pa(xs, 2o P

ys), and Ps(zs, ys) be the re- A

spective points of intersection £ \

of their terminal sides with the AR

unit circle, and also let Py(zs, 0 VSR
ys) be the point (1, 0). Then J-6 \ X

P.P, = P,P;, because they \
are chords of the unit circle \
determined by central angles, Py
both of measure |0+ ¢|. There-
fore, by (19) the formula for

the distance between two FIGURE 52.
points,
V(s — 24 + (Y2 — Y2 =V(m — ) + (1 — ys)
But 2 = cos, 71 = sin 6,
z2 = cos (0 + o), y2 = sin (6 + ¢),
x3 = cos (— ¢) = cos ¢, ys = sin (— ¢) = — sin g,
Ty = 1, Ys = 0.

Hence the equation of distances becomes
Vcos (0+¢) —1]2+sin? (0+¢) =V (cos 8 — cos ¢)2+ (sin §+sin p)*

With both sides squared and terms collected, this becomes with the
aid of (6),

2 —2cos(6+ ¢) =2 —2cos6cos ¢ + 2sin 0 sin .
This simplifies to the required formula,
cos (0 + ¢) = cos 0 cos ¢ — sin @sin .
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Proor or (24). Formula (23) has been .verified for any angles 6
and ¢, positive or negative. Hence by means of (23),

cos (@ — ¢) =cos (0 + [— ¢]) = cosfcos[— ¢] —sinfsin[— ¢].
But cos [ — ¢] = cos g, and sin [— ¢] = — sin .
Hence cos (0 — ¢) = cos 0 cos ¢ + sin 8 sin ¢.

EXAMPLE 1. Find the exact value of cos 75°. (The value found in the
table is only approximately correct.)
Sorution: Express 75° in terms of angles whose trigonometric functions
are known exactly. Thus
75° = 45° 4 30°.
cos 75° = cos (45° + 30°)
cos 45° cos 30° — sin 45° sin 30°

- (5 (5)- (26

Norte: This exact answer must be left in radical form. Why?

EXAMPLE 2. Simplify the expression cos (= — 6).

SoruTioN: From (24), '
cos (x — 6) = cos x cos 0 + sin  sin @
= (—1)cos 8+ (0)sin g
=— cosf. Ans.

EXAMPLE 3. Express cos 4o — ¢os 6« in the form of a product.

SOLUTION: 4a = 5a — a, and 6a = 5a + . Hence

co8 4a — ¢0s 6o = cos (ba — o) — cos (5a + a)
= 08 Ha €OS a-+sin Ha sin a — (oS 5a €os a—sin S« sin «)
= 2sin b sin . Ans.

EXERCISES
1. By using 105° = 45° 4 60°, prove that
cos 105° = ﬁ.‘;—‘/g

2. Find the exact value of cos 15°.
3. Simplfy cos 5z cos 2z + sin 5z sin 2z. ANs. cos 3z.
4. Simphfy cos 70° cos 50° — sin 70° sin 50°.
5. After the manner of Example 2, verify the following simplification or

reduction formulas:

(a) cos (g + e) = — gin 6. (d) cos (321 + 0) = gin 6.

(b) cos (r + 6) =— cosé. (e) cos (2r — 6) = cosé.

(€) cos (.'.127[ _ ) = —sino. (f) cos (2x + 6) = cos .
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6. State formulas (23) and (24) in words.
7. Express cos 50° + cos 40° as a product by using 50° = 45° 4+ 5° and

40° = 45° — 5° and simphfying the result. ANs. V2 cos 5°.
8. Simplify cos (z + y) + cos (z — y).
9. Simphfy cos 100° — cos 80°. ANs. — 2sin 10°,

41. GENERALIZATION OF THE RELATIONS COS (1'2- —o)
= SIN8, AND SIN (% — a) — COSH

In Art. 11 it was shown that for any acute angle 6,

(25) cos (g - ) = sin 0,
(26) sin (g — 0) = cos 0.

It is now possible to show that these relations hold for any value
of 6.

By (24), cos (X —6) = cos T cos 6 + sin Z sin 6,
2 2 2
= §in 0,
which proves (25) for the general case.
Since (25) is now known to be true for any value of 6, by sub-
stituting 0= 7—2r —a

in (25), there results

. ™
or CoOSa = SIn (5 - a).

This holds for any value of a.

42. THE SINE ADDITION FORMULAS

The following two formulas are true for any values of the angles
0 and ¢:

(27) sin (0 + ¢) = sin 0 cos ¢ + cos 0 sin ¢,
(28) sin (@ — ¢) = sin @ cos ¢ — cos 0 sin ¢.

Proor or (27). From (25), followed by (24), (25), and (26),
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sin (6 + ¢) cps(’é —-[0+¢]) :

(5]

™ . ™ .
cos <§ 0) cos ¢ + sin (5 0) sin ¢

= sin 6 cos ¢ + cos 8 sin ¢.

Proor or (28). It is obvious that

sin (0 — ¢) = sin (0 + [ ¢]).

Hence, from (27), (20), and (21),

sin (6 — ¢) = sin 6 cos (— ¢) + cos @ sin (— ¢)
= gin 6 cos ¢ — cos § sin o.

EXERCISES

. Expand sin (26 £ 3¢). ANs. sin 20 cos 3¢ + cos 26 sin 3.
. Show that sin (e 4+ 8 + v) = sin « cos B cos ¥ — sin « sin 8 sin v +

cos a sin B cos v + cos « cos 8 sin 7.

3. Find the exact value of sin 15° by using 15° = 45° — 30°,
] —
ANs. iﬁ;—\/§
4. Find the exact value of sin 75°. B
5. Find the exact value of sin 105°. Ans. ﬁ‘ti@
6. Verify the following reduction formulas:
(a) sin (’2—" + 6) = cosé. (e) sin (%E + 0) = — cosf.
(b) sin (xr — 6) = sin 2 §f) sin (2r — 6) = — sin 6.
(c) sin (r + 6) = — sin 6. g) sin (2r + 6) = sin 6.
(d) sin (%’—r - 0) = — cos f.
7. Simplify sin (3z + y) — sin (8z — y). ANs. 2 cos 3z sin y.
8. Simplify sin (9 + 12°) + sin (9 — 12°).
9. Simplify sin 22 cos 222 + cos z2 sin 2z2. ANs. sin 3z2.
10. Simplfy sin (z + y) cos (z — y) + cos (z + ) sin (z — y).

11. Simplify sin 55° + sin 35°. ANs. V2 cos 10°.
12. If « is a 1st quadrant angle with sin @ = ¥, and if 4 is a second quad-
rant angle with sin 6 = £, find the value of sin (@ — 8); cos (a + 8).

13. If sin @ = m, and sin ¢ = n, m and n positive, verify that
sin (0 + ¢) = mV1 — n2 + nV1 — m2.
14. Find sin 120° by using 120° = 60° 4 60°, and check the result.
15. Express sin 4z + sin 6z as a product. Ans. 2 sin 5z cos z.
16. State formulas (27) and (28) in words.
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43. THE TANGENT ADDITION FORMULAS

The two following formulas are valid for all values of  and ¢, €x-
cept when 6, ¢, 6 4+ ¢, and 6 — ¢ are odd multiples of g:

_ tanf 4+ tan o
(29) tan (0 4 o) = T —tanftan ¢’

1+ tanftan g
Proor or (29). From (4), (27) and (23),

- S

_ 8in 6 cos ¢ + cos f sin ¢
cos § cos ¢ — sin 4 sin ¢

Dividing the numerator and denominator of this fraction by
cos 6 cos ¢,
sin § cos ¢ |, cosd sin ¢
tan (6 + <p) — cosfcos o cpsl) c?s @
cosfcosp  sinf sin g
cosfcosp  cosbcos e
tan 6 + tan ¢
1 —tanftan ¢

The student should verify (30).

Simplifying, tan (8 + ¢) =

EXERCISES
1. Given tana = } and tan s =— 3. Find tan (a + 8), tan (« — 5).
AnNs. — 4, 8.
2. Find tan 75° by using 75° = 45° + 30°.
3. Giventana = m and tan § = — % Find the value of « — 5. Ans. 90°.
4. Find tan 150° by using 150° = 75° + 75°, Why not use 90° + 60°?
5. Prove that tan (45° + ¢) tan (45° — ¢) = 1.
. tan (e 4+ §) — tan a ANs. tan
6. Simplify T+ tan (@ +3) tan o 8. tan 4.
3tan a — tan® a
. t =2ala — Lall” a
7. Show tha tan 3« L Steria

8. Verify the following reduction formulas:
T = ind: T=T47T
(a) tan (5 0) = cot 0. (Hmt. Use 2~ 1 + 4)

(b) tan (;_’ 4+ 0) = — cot 6.

§c) tan (r — 6) = — tané.
d) tan (v + 6) = tané.
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44, A NOTE ON THE PERIODICITY OF THE FUNCTIONS
SINa, COSa, AND TAN « '

It is now convenient to give a more precise definition of a periodic
Sfunction than was given in Art. 36.

If y is a function of z, it can be expressed by the following symbol-

ism,
Yy = f (x)’
and y is called a periodic function of z of period p, if

Jx + np) = f(z)

where 7 is any integer. This means that as z varies from 0 to p,
J(r) assumes values which are identical with the corresponding
values of f(x + p), f(z + 2 p), f(z £ 3 p), ete., so that f(z) repeats
its values over every interval of magnitude p.

Consider the periodicity of the functions y = sine, ¥ = cos «, and
y = tan « from the above definition.

First, the function fl@) = sina
is investigated.
In this case fla 4+ np) = sin (@ + np)

= sin a cos np + cos a sin np.
By definition sin « is a periodic function, of period p, if
sin (@ + np) = sin a.

The right-hand member of the preceding equation will equal
sin « provided cos np = 1 and sin np = 0. These conditions are
met when and only when np is a multiple of 2r, i.e., when p = 27.

Hence sin (@ +n-27) = sina,
and sin « is a periodic function of period 2.
In the same manner,

cos (@ + n - 2r) = cos a cos (2nr) — sin a sin (2nr)

= cos a(l) — sin a(0)
= CoS a.

]

Hence cos a is a periodic function of period 2.
Now consider the function tan (e + np). From (30)

tana + tan np
— tan a tan np

tan (@ + np) = 1
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The right-hand member of this equation will reduce to tan o when
tan np = 0, i.e., when np = nm, or p = 7. Hence
tan (a@ + nr) = tana.

Thus tan « is a periodic function of period =.

EXERCISES

1. Show that sin a cannot have a period =.
Show that cos & cannot have a period .
3. Find the period of the function y = sin 3z.

(Hint: Let sin [3(x + np)] = sin 3z, and determine p.) Ans. X

N

4. Find the period of the function
— ooe 3T\
Yy = cos (2 )

45. THE DOUBLE ANGLE FORMULAS

If ¢ = 6, the trigonometric functions of 8 + ¢ become the func-
tions of 26.

Thus, from (27)

sin 20 = sin (9 + 0) = sin 6 cos § + cos O sin 6.
Hence
(31) sin 20
Similarly,
(32) cos 20 = cos?f — sin®4.
Substituting cos?§ = 1 — sin? 6 in (32) gives
(33) cos20 =1 -2 sin'2 0.
Substituting sin? § = 1 — cos® 0 in (32) gives
(34) cos 20 = 2 cos?8 — 1.
It is left to the student to verify that

2 sin @ cos 6.

2tan @
35 tan20 = ———— (tan?@ 31
(35) T tand # 1)
EXERCISES
1. Given sin @ = $, a in the first quadrant; find sin 2a; cos 2a; tan 2.
Ans. #%; — of%; —
2. Find sin 60°, cos 60° and tan 60°, using 60° = 2(30°).

3. Given a in the first quadrant and tan @ = 4, find sin 2a; cos 2a; tan 2a.
Find 2« in degrees. Ans. $; #; 4; 53°8.

4. Prove that the area of a triangle ABC in which C = 90° is %¢? sin 2a.
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5. Find the area of a right triangle with hypotenuse 200 feet and with one
acute angle equal to 32° 15", Ans. 9026 sq. ft.
6. Verify the following identities:

1+ cos2a _ "
@ sin 2a d Q;
ts+ tan é = .
(b) cot 5 + tan sin 28
Ec) cos 2u cos 2v = 2 sin2u sin?y + 2 cos? u costv — 1.
d) cosd4a =1 — 8sin?a + 8sinta.
1 — tan’z
Op = W'z
(€) cos 2z 14 tan?z

(f) sin3y = 2sin?-’2y cos %y

7. In solving certain examples in calculus it is necessary to express the
second degree functions sin? z and cos? z in terms of first degree functions.
With the aid of (33) and (34), verify the following relations:

sin?z = L= ;os 2x,
cos?z = LT ;()323:.
8. Without tables find the value of 2 sin 15° cos 15°.
9. Express cos? 10a — sin? 10« as a single function. ANs. cos 20a.

10. Show that in any right triangle in which « and 8 are the acute angles
8in 2a = sin 28.

46. THE HALF ANGLE FORMULAS

If (33) is solved for sin 6, there results,

sin 8 =i »\"1_:-;2529)

where the sign before the radical is determined by the quadrant
in which angle 8 terminates. Since this result is true for any value

of 8, it is true for 6 = g Hence, by substitution, there results,
. 1 —
(36) smg =+ 4 /—-29‘5—‘-",

(the sign to be determined by the quadrant in which g terminates).

If (34) is treated in a similar manner,

£=+"Li'_£2§_‘£..
(37) cosy == 2

Also,

1 — cos sin 1 — cos
38 tanf=i,/ € = L =2 0F
(38) 2 14cose 14 cose sin ¢
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Since tan g and sin ¢ have the same sign for all values of ¢ and

1 — cos ¢ is always positive the usc of the + sign is not needed
in the last two expressions of this identity.

It is suggested that the student derive the formula for cot -g-

EXAMPLE. Find the exact value of tan 22° 30’.
SoruTioN: Since 22° 30" = (42)°,

tan 22° 30" = tan (42)°

— A /1 — cos 45°
1 + cos 45°

EXERCISES ViR
1. Find the exact value of sin 15° by using 15° = 32°, Ans. M
2. Reduce the answer of the preceding exercise to the form given in the
answer to Iix. 3, Art. 42.
3. Find tan 30° by using 30° = £2°.
4. Show that tan £ = L:EM
2 sin z
5. If sin z = % and z is an acute angle, find sin g ANs. —2%9
6. Certain problems in Analytical Geometry involve finding the value of sin &
and cos @ when the value of tan 2« 1s given, « being an acute angle. Find
sin & and cos a, if tan 2« = %t (Hint: First find cos 2«.)  Ans. #; $.
7. Show that the following may be obtained from the half angle formulas:

(a) cosdzr = + \/@
- 2
i 1 — cos 400°
SN ey
(b)  sin 200 °

% _
(c) tan il +

2
@ sin @ —p) =+ AL Ba=2)

47. THE SUM AND DIFFERENCE OF SINES AND COSINES

OF TWO ANGLES

The student has already learned how to express the sum of sines and
cosines in the form of products for special cases. For example,
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sin 5z-+sin 3z =sin (4x+x)+sin (4 —z)
=gin 4z cos 2+cos 4z sin r+sin 4z cos £ —cos 4z sin
=2 sin 4z cos z.

There are formulas for the general cases of sin § + sin  and cos 6+
cos ¢. After the manner of the previous example write

. . (0t -9 . 0+ 0—9
sm0+sm<p—sm(———2 -l—————2 )+sm(——2 5 ),

= sin (Q_‘tf) coS (0——;——‘5) + cos (0 + ‘”) sin (6 ; ) +
in (Lt e — ¢\ _ 0+ ¢ — @
sm( )cos( 3 ) cos( 5 )sm( 5 )

Hence

39) Sin0+sin¢=251n(0‘g¢)cos(0—2-<p),

It is left to the student to verify in the same manner that

(40) Siﬂa—-Sin¢p=2c03(0';¢)sin(0;¢)’

(41) cos B 4+ cos ¢ = 2 cos (o ;— ‘P) cos (0 —2— (p))

(42) cosf — cosp = — 2sin <Q_—|2;g) sin (Q__E_‘_P)

EXERCISES
%

Show that cos 75° — cos 15° = — >

—
.

2. Show that cos 10° + cos 70° = V'3 cos 40°.
3. Show tlmt sin o« + siné _ tan 3(a + 8)
ma —smnd  tan (e — 8)
4. Express as the product of two trigonometric functions:
(a) sin 4z + sin 2z. (d) s 50° + cos 30°.
(b) cos 6z + cos 2z. (e) sin 75° + cos 75°.
(c) cos 40° — sin 60°. (f) cos 15° — s 15°.

5. Show that sina +sing+siny =4 cos Z cos B cos Y provided that
a4+ B+ v = 180° 2 2 2

Hint: sina+sinﬁ=2sin°‘+3cos —B. Also v = 180° — (a + B),
sothatsmv-sm(a+ﬂ)-251na+ﬁcos°‘+6

6. Show that tan a4 tang 4+ tany = tan « tan g tany, provided that
o+ B+ v =180

7. Show that LT 8iN& = COST _ 4p &,
1 4+ sinx + cosz 2

8. Prove that sin 80° = sin 40° -} cos 70°.
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1)
@)
®3)
(4)

®)

(6)
(7)
(8)
(20)
(21)
(22)
(23)
(24)

(25)

(26)

(@7)
(28)

(29)
(30)

@1
(32)
(33)
(34)

(35)
(36)

37

SUMMARY OF FORMULAS ON RELATIONS OF
THE TRIGONOMETRIC FUNCTIONS

1

Sm0 = m'

0= —.

cos secl
1

tanf = —-

an cot @

tan 0 — sin 6

cos@

tg — 08 0

co prr

sin? @ + cos?8 = 1.
1 4 tan? @ = sec? .
1 4 cot?2 @ = csc26.
sin (— 0) = — sin 6.
cos (— 6) = cos@.
tan(— ) = — tan 0.
cos (0 + ¢) = cos B cos ¢ — sin 0 sin ¢.
cos (0 — ¢) = cos B cos ¢ + sin @ sin .

cos (E - 0) = sin 6.
2

sin (g —0) = cos 0.

sin (0 + ¢) = sin @ cos ¢ + cos @ sin ¢,

sin (0 — ¢) = sin 6 cos ¢ — cos 0 sin ¢.
_ tanf +tanp

tan 6+ = T tan 5

tan (0 — o) = tanf — tan o

1+ tan@ tan ¢
sin 20 = 2 sin 6 cos 6.

cos 20 = cos?@ — sin?@.
cos20 = 1 — 2 sin?6.
cos 20 = 2cos?0 — 1.
tan2g = 200

1 — tan%0

sin}0 = + ll_f;Lsa.
cos30 = + N +zcos0_
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{1 —cosf . sinf _1-—cosh
tani 0 =
(38) 0=+ 1+cos@ 1+cos@  sinf

(39) smo+sin¢=25m(0+¢>cos( )
(40) Sin0—sin¢=2cos<o +‘P)sm<0 )
(41) cos@ +cosgp =2 cos( ) cos (0 )

(42) cosb — cos o =—Zsin(0“;‘¢) Sm(l) - ¢).

2

MISCELLANEOUS EXERCISES

Prove the following thirty relations for all values of the angles for which the
functions are defined:

1.

l+tana

tan (45° + o) = e o

2. cos (0 — 270°) = — sin 6.

CRNaMpw

11.

12.

13.
14.

15.
16.

17.

18. cot

19.

20.
21.
22,
. 8in30 = 3s8inf — 4sin3 6.

sin (60° 4+ v) = (})(V3 cosv + sin v).
cos (60° — v) = (3)(cos v +V3sinv).
sin (30° 4 B) = cos (60° — B).
tan (45° + 8) — tan {45° — §) = 2 tan 25.
sin (30° 4+ a) + sin (30° — @) = cos a.
cos? z — sin (30° + z) sin (30° — z) = {.
tan 15° = 2 — V3.
8in74 + sin34 _ A
cos TA + cos 34 tan 54.
sin 13° 4 sin 7° _ cos 3°

sin 20° cos 10°
sin 176 + sin 116 _ _ cot 36
cos 176 — cos 116
c0s 22°30' = }V2 +V2.
tang = csc f — cot 6.

t 6 coto — 1
cot (0 + = cotocoty — 1,
( ?) cot 8 + cot ¢

cot@cot o + 1,
cot ¢ — cot 6
cot?f — 1

2 cot 0

g=i‘/1+coso_
2 1 — cosé
2 csca cos S = esc e

a s2 cse 5
csc 2a = 4 sec a csc a.

cos £ + cos 3z + cos 5z + cos 7z = 4 cos z cos 2z cos 4z.
sin z + sin 3z + sin 5z + sin 72 = 4 cos z cos 2z sin 4x.

cot (0 — ¢) =

cot 20 =
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24, c0s30 = 4 cos®d — 3 cosé.
3 tan 6 — tan®o
25. =007 — vl T
5. tan 30 1 — 3tan26
26. sin 40 = 4sin 6 cos & — 8 sind 4 cos 4.
27, cos40 =1 — 8sin?0 + 8sint 0.

28. (sina — cosa)? = 1 — cos (g - 2a)-

_ tanz 4 tany 4 tanz — tanz tan y tan z
29, t 2) =

an (@ +y+2) 1 —tanztany —tanz tanz — tany tanz
2

30, ——
1 — cos 2z

= csc? 2.

31. Given sina =—$, tan8 = — 4, a terminates in the third quadrant,
8 terminates in the second quadrant. Find cos (28 — a). Ans. 0.

32. Given « and § as in Ex. 31, find sin (26 - %‘)

In the next eight exercises, apply the formulas of this chapter to reduce by
inspection each given expression to a form involving a single trigonometric
function without radicals or exponents.

33. cos g cosg — sin g sin g ANs. cos x_—%—_y

34. sin a cos (@ — 10°) — cos a sin (@ — 10°).

tan o — tan (@ — 30°) o
35. Ans. tan 30°.
1 4 tan « tan (a — 30°) NS n

36. cos? (3—0‘) — sin? (39‘-)
2 2

37. sin? 6z. Ans. 1= oot 122
38. cos? 5z.
39. cosz cos (z — y) + sin z sin (z — y). ANSs. cosy.

40. 2sin (@ — z) cos (a — z).
41. An observer notes that the angle of elevation of a stationary observation
balloon is 6. He moves z feet nearer to a point directly under the balloon
and finds that the angle of elevation 1s now ¢. Show that the height y
of the balloon above the level ground is expressible by the formula
_ zsinfsin ¢
sin (¢ — )’
a form which is suitable for logarithmic computation.



Chapter VIii

SOLUTION OF OBLIQUE
TRIANGLES

48. OBLIQUE TRIANGLES

Triangles which are not right triangles are called oblique triangles.
One of the angles of such a triangle may be obtuse. In a preceding
chapter the trigonometric functions of obtuse angles were evalu-
ated, so that the solution of an oblique triangle, where the word
solution means the finding of the unknown parts, may be studied
with complete generality.

There are four cases as follows:
Case 1. Given two angles and any side.
Case 2. Given two sides and an angle opposite one of them.
Case 3. Given two sides and the included angle.
Case 4. Given the three sides.

Case 2 involves more than one possibility, as will be explained in
Art. 50.

It should be noted that the methods of this chapter, although
derived for the solution of oblique triangles, are applicable to
the solution of right triangles. In the right triangle the given
data include the right angle.

49. THE LAW OF SINES

This is a relation between the sides of a triangle and the angles

opposite them. Figure 53 illustrates oblique triangles, one with
88
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three acute angles, and the other with one obtuse and two acute
angles. The conventional notation is applied in the figures, that
is, the vertices are A, B, C; the angles are a, 8, v; and the
sides opposite them are a, b, and ¢, respectively. A perpendicular
h is constructed from the vertex C to meet the side AB (or AB ex-

tended) at D. Then, in the right triangle A DC, —2 = sin a.

c

I
|
|
|
|
|
[

h

i
i
|
B L
D A

----- B
FIGURE 53.
In right triangle DBC, h o sin S.
a

If the members of the first equation are divided by the correspond-
ing members of the second equation, k is eliminated and the
result is

a _ Sina
b sinp
a b

which can be written, ——— = -———.
sina sinf

By drawing the altitude from vertex A instead of from C, it is
found in a similar fashion that

b c .
sinf8 siny

From these two equalities it follows that

b c
43 a_ . - :
(43) sina¢ sinf sinvy

This result is known as the Law of Sines. It can be stated in words
as follows:

In any triangle the sides are proportional to the sines of the angles
opposite them. (Note that the Law of Sines applies to right as
well as oblique triangles.)
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50. PROBLEMS INVOLVING THE LAW OF SINES

The equation form (43) of the Law of Sines actually is three equa-
tions, each of which is based on the proportionality of two sides
of a triangle to the sines of the angles opposite them. A study of
these equations shows that cases 1 and 2 of solvable triangles in
Article 48 can be solved by means of the Law of Sines. The
method for the two cases is illustrated in the following examples.

EXAMPLE OF CASE 1. A side of a parallelogram 598 feet long makes
angles of 27° and 42° with the diagonals. Find the lengths of the diago-
nals.

SoruTion: Since the diagonals of the parallelogram bisect each other,
OA and OB (Fig. 54) can be calculated and respectively doubled. To
apply the Law of Sines in solving triangle AOB, the angle opposite AB
isneeded. It may be computed

at once by subtracting the sum B A
of the two known angles from 42° 27
180° and is found to be 111°.

Then from the Law of Sines

OB _ 598 0
sin 27°  sin 111°

But sin 111° = sin 69°. Hence

C D
OB _ 598 FIGURE 54.
sin 27°  sin 69°
or log OB = log sin 27° + log 598 — log sin 69°
= (9.6570 — 10) + 2.7767 — (9.9702 — 10)
= 2.4635.
R OB = 290.7,
and BD = 5814.
Similarly, from the equation
0A 598

sin 42° ~ sin 111°
it follows that
AC = 857.0.

EXAMPLE OF CASE 2. In a rec-
reation park a children’s slide is
27 feet long and makes an angle of
39° with the ground. Its top is
reached by a ladder 18 feet long.
What is the angle of inclination of Be B:
the ladder? FIGURE 55.
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SorurioN: The inclination of the ladder is given by angle g, of Fig. 55.
In the triangle AB,C by the Law of Sines,

sin 8, _ sin 39°

27 18
Therefore, log sin 8; = log 27 + log sin 39° — log 18
= 9.9750 — 10.
ﬁl = 70° 45’.

Note: The angle B2 = 180° — 70° 45’ = 109° 15’ has the same sine and hence
the same log sine as 70° 45’. Hence from the Law of Sines alone, the angle could
be either 70° 45’ or 109° 15’. However, the nature of this problem requires the
rejection of the obtuse angle. Usually, a figure carefully drawn to represent the
conditions of the problem will reveal the correct choice of angle.

Case 2. Given two sides and an angle opposite one of them.
This is called the ambiguous case, because the information given
sometimes is insufficient to determine which solution of the triangle
is wanted. The various sub-cases are discussed by means of
the following problem:

Given sides a and b and angle a, to construct triangle ABC.

Construct angle o with sides AC and A D and along one side lay
off length b = AC. With C as center draw an arc of radius a.
The third vertex of the triangle is found where the arc intersects the
line AD. If a s less than b, there are three possibilities:

(1) If a is equal to the perpen-
dicular from C to AD (Fig. 56),
then B is at the foot of the per-
pendicular, and has only one po-
sition. The triangle is a right
triangle, and sinB = 1. Here
the Law of Sines gives

sin B = bsina _

(2) If a is greater than the per-
pendicular from C to 4D
(Fig. 57), the arc intersects AD
in two points, B; and Bs, each of
which is the vertex of a triangle
which satisfies all the conditions
of the problem. It is evident

S =
Bz - "B

that sin 8 = b_%‘.‘.‘i <1, forais FIGURE 57.

greater in this instance than it was in the first one.
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(3) If aisless than the perpendicular from C to A D (Fig. 58), then
there is no triangle satisfying the given conditions. Again from

the Law of Sines c
sin g = b sin a f
/a a

and since a here is less than b sin & /
it follows that v _

bsina

— 1.

a > A D
FIGURE 58.

This is impossible since there is
no value of 8 such that sin 8 is greater than 1.

If ais equal to or greater than b, there are two possibilities:

1. If ais equal to b, then the triangle is isosceles and only one solu-
tion is possible, provided that « is an acute angle.

2. If a is greater than b (Fig. 59), the arc with radius @ and center
at C intersects AD in two points B; and B, which lie on opposite
sides of A. Howevér the triangle AB,C contains angle «, and the
triangle AB.C does not. Hence only one solution is possible.
(It should be noted that this is the only possibility in which «
can be obtuse and a solution found.)

/
\A ¢ /B

FIGURE 59. ’

Summary of the Ambiguous Case, given a, b, and a:

L. a <b, so that a is acute. Apply Law of Sines.
(1) If sin B = 1, there is one solution, a right triangle.
(2) If sin B < 1, there are two solutions.
(3) If sin B8 > 1, there is no solution.
II. a=0d.
(1) If a < 90°, there i3 one solution.
(2) If @ = 90° there is no solution.
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III. a > b.

There is one solution for every a, acute, right, or obtuse.

EXAMPLE OF | (1). Solve the triangle ABC if a = 6, b = 12, @ = 30°,
SoLuTioN: Here

Therefore, 8 = 90°, v = 60°, and ¢ =V122 — 62 =v108 = 10.39.

EXAMPLE OF I (2). Solve the triangleif a = 8, b = 12, & = 30°.

Sorution: Here

sin 8 =.b S;“ 2 = (12009) _ 07500 < 1.

Hence there are two solutions so that

g = 48° 35’ or 131° 25/,
If p = 48° 35, then

v = 101° 25,
and ¢ = bsi"ﬂ" - (12())'(;)5%%02) = 15.68.
If g = 131° 25, then

v = 18° 3%,
and c= % = 5.099.

EXAMPLE OF | (3). Solve the triangle if a = 5, b = 12, « = 30°.

SovuTion: Here

sin 8 = bsina _ (12);0.5) 12> 1.

a
Hence there is no solution.

EXAMPLE OF Il (1). Solve the triangle if a = 12, b = 12, and & = 30°.
SorutioN: Here

sin B = bs;na _ 512}1(;).51 = 0.5000,

80 = 30° or 150°.
If 8 = 150°, there is no triangle, hence no solution.
Therefore the only solution is

B = 30° 4 = 120°, and ¢ = 280y _ (12(08660) _ 550

sin g 0.5000
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EXAMPLE OF lll. Solve the triangle if a = 12, b = 8, and « = 30°.
Sovution: Here -
sin g = 250 B03) _ ¢ 3555

a
50 8 = 19° 28’ or 160° 32'.

If 8 = 160° 32/, then the triangle does not contain «. Hence there is
only one solution, namely,
8 = 19°98), 4 = 120° 32, ¢ = 25y _ (B)(0.7600) _

sin 8 0.3333 18.24.

EXERCISES

Solve for the parts called for in each of the triangles ABC in the following
exercises:
1. Given b = 30.36, « = 103°36/, B8 = 19°21’; show that v = 57°3,
a = 89.04, and ¢ = 76.88.

2. Given ¢ = 998, &« = 37°58/, 8 = 65°2’; find v, a, b.

3. Givenb = 67.85,8 = 13° 57/, v = 57° 13’; show that ¢ = 266.4,¢ = 236.6.

4. Givena = 4.37,8 = 48°30', vy = 72°8’; find o, b, c.

5. Given a = 168, b = 97, a = 21° 31’; show that g = 12° 14/, ¢ = 254.5.

6. Given a = 186.8,b = 394.2, 8 = 114° 30’; find «, c.

7. Given a = 51, b = 33, 8 = 30°20’; find a = 51° 19’ or 128°41’, and
¢ = 64.7 or 23.4 respectively.

8. Givena = 19, b = 20, and « = 70° 40’; solve the triangle.

9. Givena = 84, b = 69, 8 = 61° 47’; show that there 1s no triangle.

10. Givenc = 8, b = 5, and 8 = 34° 20"; solve the triangle.

11. Two men 1000 yds. apart on a plain, and facing each other, find that

the angles of elevation of a balloon in the same vertical plane with them-
selves are 53° and 79° 12’ respectively. Find the distance from the bal-
loon to each observer, and also the height of the balloon above the plain.

Ans. height, 1059 yds.

12. A hill rises from a horizontal plain, and wishing to know the airline dis-
tance of a point 4 on the plain to the top B of the hill, an observer selects
a point C at the foot of the hill, in the same vertical plane with B and A4,
and finds that BC = 910.6 yds., AC = 770.4 yds., angle CAB = 51°9".
Required, the distance AB.

51. THE LAW OF COSINES

In Fig. 60 below are illustrated a right triangle, an acute triangle,
and an obtuse triangle. To emphasize the variation of value in q,
triangles are chosen having the same values of b and of ¢ in each
case. In the right triangle, a? = b + ¢%. Furthermore, it is obvi-
ous that in the acute triangle a® = b + ¢* — (a term to be deter-
mined) and that in the obtuse triangle a? = b2 4 ¢ + (a term to
be determined). A single formula is developed which will give the
correct value of a? for each of the three cases.
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In the two oblique triangles let fall a perpendicular h from C to
meet AB (or AB extended) at D. In the obtuse case, cos £ DAC =
— cosa. Hence in that figure, from the relation

Pb—A = cos ZDAC,

FIGURE 60.

DA = —bcosa. Thus in both figures it follows that
DB =c¢ - bcosa.

Also, h = bsina.

But in both figures,  a? = h* + DB’

Hence, by substitution,
a? = b2sinfa + (c — b cos a)?
= b?sin?a + ¢ — 2bc cos a + b? cos® o
= b2 (sin? @ + cos?a) + ¢* — 2bc cos a.
Therefore,

(44) a® = b2 4 ¢ — 2bc cos a.

It is evident that similar expressions may be obtained for each of
the three sides (see Art. 57).

This relation is known as the Law of Cosines and may be stated in
words as follows:
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In any triangle, the square of any side is equal to the sum of the
squares of the other twa sides diminished by twice the product of these
sides times the costne of their included angle.

Note that the term, 2bc cos «, of the right-hand side of (44), meets
the requirements of the opening statement; namely, that for the
right triangle it becomes zero (reducing the equation to the Pythag-
orean relation); for the acute triangle it properly diminishes the
value of a? + b%; and for the obtuse triangle, due to the negative
value of cos e, it increases the value of a? + b2

When solved for cos @, (44) gives the alternate form of the Law of
Cosines.

b2 + c? — a2
4. =Tt = €.
(45) cos 2be

52. PROBLEMS INVOLVING THE LAW OF COSINES

Forms (44) and (45) of the Law of Cosines provide relations which
solve triangles cothing under cases (3) and (4) of Art. 48. If two
sides and the included angle are given, (44) gives the value of the
third side. The remaining angles may then be found by means of
the Law of Sines. If three sides are given, (45) gives the means of
finding any one of the three angles.

It will be noted that the Law of Cosines is not well adapted to
logarithmic computation since logarithmic methods are not suit-
able for carrying out addition and subtraction.

The application of the Law of Cosines is next illustrated with two
examples.

EXAMPLE OF CASE 3. A plane with a cruising speed of 120 mi./hr.
heads in the direction north, 52° 30" east. A 45-mi./hr. wind is blowing
toward south, 70° east. Find the actual speed and direction of the plane.

SorLuTioN: A figure is constructed using vectors OA and OB to denote
the air velocity of the plane and the velocity of the wind, respectively.
It is required to find the magnitude of the resultant OC and the size of
angle 6 which will determine the direction of the resultant. Since the
adjacent angles of a parallelogram are supplementary, angle OBC con-
tains 122° 30’. From form (44) of the Law of Cosines as applied to
triangle OBC,
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FIGURE 61.

BC* + OB — 2BC - OB - cos 8
120% + 452 — 2(120)(45) cos 122° 30
14,400 + 2025 — (10,800)(— cos 57° 30’)
14,400 + 2025 + (10,800)(0.5373)
14,400 4 2025 4 5802.84

= 22,997 84:
0C =v22,227.84 = 149.1.

From the Law of Sines, in triangle OBC,
sin § _ sin 122° 30’

g
QU
f

W n

45 1491
log sin 8 = log 45 + log sin 57° 30" — log 149.1
= 94057 — 10.
6 = 14°45'.

Thus £ NOC = 52°30" + 14° 45" = 67°15'.

The conclusion is that the plane actually flies in a direction 67° 15’ east
of north with a speed of 149.1 miles per hour.

Caution: In evaluating b2 + ¢ — 2bc cos « the student should avoid the
common error of subtracting 2bc from b2 + ¢? before multiplying by cos a.
The computation is given in detail in the above example to make the
proper procedure clear.

EXAMPLE OF CASE 4. Two sides of a triangle are 51 and 65. What
must their included angle be in order that the third side shall be 20?

SoLuTioN: Let « be the included angle. Then by (45),

512 4 657 — 207 _
26D 0.9692,
« = 14°16'.

CO8B ax =
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EXERCISES

Solve the triangle ABC as indicated 1n each of ‘the following:

1.
2,
3.
4.
5.
6.

7.

8.

10.

53.

Gwvena = 5,b = 6, v = 15°28’; show that & = 48°28’, 8 = 116° 4",

Given b = 5, ¢ = 6, « = 130°; find a, v, 8. A

Givena = 7,b = 8,c = 9; show that « = 48° 11/, y = 73° 24",

Givena = 19, b = 34, ¢ = 49, find «, 3, 7.

Given a = 12, b = 16, ¢ = 20; show that a = 36° 52/, v = 90°.

Given triangle PQR, use the two forms of the Law of Cosines to express

each part of the triangle in terms of other parts.

Two forces of 50 lb. and 80 lb. respectively act upon an object at an

angle of 65°. Find the magnitude and direction of the resultant force.
ANs. 110.8 Ib. and 24° 9’ with 80 Ib. force.

Show that the Law of Cosines is equivalent to the following theorem of

plane geometry: “In an oblique triangle, the square of the side opposite

an acute (or obtuse) angle is equal to the sum of the squares of the other

sides diminished (or increased) by twice the product of one of these sides

times the projection of the other side on it.”

Two sides of a triangle are 10 and 11, and the included angle is 50°.

Find the third side. Ans. 8.92.

In surveying a tract of land an engineer found it impracticable to meas-

ure the side 4B on account of a thick brushwood lying between 4 and B.

He therefore measured AE, 9.17 chains, and EB, 3.12 chains, and found

the angle at £ = 73° 7. Find the distance from 4 to B.

FIGURE 62.
THE LAW OF TANGENTS

If two sides and the included angle of a triangle (Case 3, Art. 48)
are given, and only the other two angles are required, the Law of



SOLUTION OF OBLIQUE TRIANGLES 99

Cosines could be used. In this case it would be necessary to first
find the third side, then the two angles. Here the solution is a
two-step problem, and logarithms may be used only to a limited
extent. It is desirable to find a way in which these angles may
be found in one step and in which logarithmic computation might
be used. Hence the Law of Tangents.

sina _ a

sin b
sina —sing _a —b,
sinae+sinB a-+b

But applying (40) and (39) to the numerator and denominator,
respectively, of the left-hand fraction, there results,

2cosd(a+B)sing(a —B) _a —b
2sind(@+B)cosa —B) a-+b
which readily reduces to

tanf(a@ —B) _a —b
(16) tanf(a +B8) a+b

This relation is known as the Law of Tangents.

In any triangle ABC,

By composition and division,

Other forms for the Law of Tangents can be obtained by invert-
ing both sides (in case a = b) or by cyclical permutations as
explained in Art. 57.

54. APPLYING THE LAW OF TANGENTS

If two sides, @ and b, and the included angle v of a triangle ABC
are given, a + 8 is easily found from the relation a« + 8 + v =
180°. Hence the value of tan 4(a 4+ 8) may be obtained, or its
logarithm if logarithmic computation is to be used. This leaves
tan $(a — B) as the only unknown in (46). The value of (@ — B)
thus obtained can then readily be combined with the value of
(e + B) already determined, and values of « and 8 separately can
be found. The method is illustrated by an example.

EXAMPLE. Two sides of a triangular field are 236.7 yds. and 341.3 yds.,
respectively. They form with each other an angle of 67° 40’. Find the
other angles of the field.

SorurioN: To avotd negative signs, let the longer of the two sides corre-
spond to the side a of the law of tangents. If v = 67°40', a + 8 =
180° — 67° 40’ = 112° 20’ or ¥(« + B8) = 56° 10’. Now a — b = 104.6,
and a + b = 578.0.
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Substituting these values in (46),
tan 3(a — 8] _ 104.6
tan 56° 10’ ~ 578.0
Hence, logtan 3(a« — 8) = log tan 56° 10’ + log 104.6 — log 578.0
= 0.1737 + 2.0195 — 2.7619

= 9.4313 — 10.
Therefore, a—pB) = 15°6".
But 3(a + B) = 56°10".
If these two equalities are added,
a = 71°16".
If the first is subtracted from the second,
g =41°4.

The solution of the triangle for the third side may now be carried out
by using the Law of Sines as in case 1.

Note: While it is true that the sum of «, 8, and v should equal 180°, this does
not give a complete check on the accuracy of the woik. If }(a + 8) 1s found
correctly and this value 18 combined correctly with the value found for 3(a — 8),
the resulting three angles will total 180°, regardless of the correctness of the value
found for 3(a — ). Hence this check should be used only to discover errors in
finding 3(a + B) anfl in adding and subtracting the last pair of equations.

EXERCISES

Use the Law of Tangents to find the unknown angles in each of the triangles
ABC described below:

1. o = 342.8, b = 301.8, v = 46° 27". ANs. a = 75°12', 8 = 58°21".
2. a =547,b =448, v = 66°20".

3. b = 4016, ¢ = 6104, & = 107° 13". ANs. B = 27°45, v = 45° 8",

4. a = 28.56, c = 32.48, 8 = 57° 40"

5. b = 3625, ¢ = 3982, & = 68°25". ANs. B = 51°51", v = 59° 45".

55. RELATION OF THE HALF ANGLE TO THE THREE
SIDES

Let s represent one-half the perimeter (semi-perimeter) of trian-
gle ABC. Then a+b+c¢=2s. Also, a +b —c =2(s —¢),
a—-b+c=2(s—-b), —a+b+c=2(s—a)
When the members of (36) and (37) are squared and cleared of
fractions, there results
2sin?4a = 1 — cosa, and 2 cos’ 4o = 1 + cos a.
Replacing cos « by its value in (45), the first equation becomes
. 2bc — b2 —c?+ a2 _a® — (b —c)?
2 2 = =
sin’ $a 2bc 2bc

_(a+b—c)a—-b4ec)_2(s —b)(s—¢)
2bc be ’
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and from the second equation
2cos2§a=2bc+b2+cz —-a_(b+c)? —a?

2bc 2bc
_btct+ta)dtc—a)_ 2s(s —a)
2bc be

From these results there follow

(47) sin 1o = /ﬁ:_'%(i:_sl,
c

(48) cos ja = 5(—33“5‘1)-
From (47), and (48),

(49) tan jo = . /(L;(Tb)fi;)'-ﬁ

With these three formulas loga-
rithms may be used in determin-
ing an angle of a triangle when
three sides are given. (It is un-
derstood, of course, that the ad- B
ditions and subtractions must be
performed first.)

c=102
FIGURE 63,

EXAMPLE. The three sides of a triangular field are 37 rds., 102 rds.,
and 85 rds., respectively. Solve the triangle.

SorurionN: Let a = 37, b = 85, and ¢ = 102.

Then 2s = 37 4 85 + 102 = 224,
s=112,s —a =758 —b=27,s —c = 10.

1 Af8 = b)(s =) _ 4/(27)(10)
Stz = be (85)(102)’
log sin 3« = }(log 27 + log 10 — log 85 — log 102).
log 27 = 1.4314 log 85 = 1.9204
log 10 = 1.0000 log 102 = 2.0086
2.4314 3.9380
log sin 1o = 3(2.4314 — 3.9380)
= 0.2467 — 10.
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Similarly, sin}s = YE—2E =0

ac
_ 4/(75)(10)
(37)(102)
Again by logarithms,
log sin 38 = %(log 75 + log 10 — log 37 — log 102).
log 75 = 1.8751 log 37 = 1.5682
log 10 = 1.0000 log 102 = 2.0086
2.8751 3.5768
log sin 38 = 1(2.8751 — 3.5768)
= 0.6491 — 10.
From the tables,
18 = 26°28,
B = 52° 56'.

v = 180° — (20° 20’ + 52° 56') = 106° 44,

CHECK: sindy = \/ES__—%—_”)
- -\’(75)(27)
(37)(85)’

log sin 3y = 2(log 75 + log 27 — log 37 — log 85).

log 75 = 1.8751 log 37 = 1.5682

log 27 = 1.4314 log 85 = 1.9294
3.3065 3.4976

log sin 3y = 3(3.3065 — 3.4976)
= 9.9044 — 10.
From the tables,
3y = 53° 22,
v = 106° 44’.
EXERCISES

Givena = 7,b = 8, ¢ = 9, verify that a = 48°12’, y = 73° 24",
Givena = 17, b = 21, ¢ = 26, find «, B, v, and check.

Givena = 6, b = 8, ¢ = 10, verify that 8 = 53° 8, v = 90°.
Givena = b = ¢ = 5, find «, B, v, and check.

Givena = 3,b = 8, ¢ = 9, venfy that 8 = 61°12/, v = 99° 36'.
Given a = 271, b = 236, ¢ = 185, find o, 8, 7.

QU W

56. AREAS OF TRIANGLES

Denote the area of any plane triangle by K. The formulas for K in
three cases are given below.
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1. When the base and altitude 